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Summary

The mechanical properties of graphene are of great importance for their applications, for
example, they are highly needed to exploit graphene as a superstrong structural material.
In my master project I developed a code to compute, numerically, the phonons of graphene
and a coefficient called bending rigidity, κ, which is a measure of the energy needed to
bend the graphene layer. With temperature, the graphene layer becomes rippled and, as a
result, the bending rigidity is expected to increase. There are several ways to calculate the
bending rigidity, and one of them is from calculations of the phonon spectrum. Phonons
and their proprieties are a subject of great research efforts. It has been demonstrated that,
near the Γ point, the two in-plane acoustic modes of graphene exhibit a linear dispersion,
while the out-of-plane acoustic mode has a quadratic dispersion. From this quadratic
dispersion we can compute directly the bending rigidity. Since both phonons and κ are
known to depend on the temperature, I used my code to compute them for different
temperatures.

Since it has been shown that the usual quasi-harmonic approximation does not work
for graphene due to the large anharmonicity, the phonons will be obtained from the peaks
of the power spectral density. This can be computed as the temporal Fourier Transform
of the k-space velocity autocorrelation function (kVACS). Obviously, to calculate kVACS
we need the positions and the velocities of all particles from a molecular dynamics sim-
ulation, using an existing code. This code uses an empirical potential, called long-range
Carbon Bond-Order Potential, to estimate the interactions between the carbon atoms.
Previous numerical studies suggested that the temperature dependence of κ changes, us-
ing a different torsion term in the potential of the molecular dynamics code. Therefore,
I have implemented in the molecular dynamics code a new torsion term, and calculated
the phonon spectrum with both models of the torsion. The structure of the thesis is the
following:

1. In the first chapter we will describe the proprieties of graphene and its phonons,
defining the bending rigidity for the first time.

2. The second and third chapter describes the numerical method used to compute the
phonon dispersion. In particular in the second one the long-range Carbon Bond-
Order Potential and its two different torsion models are presented. While in the
third chapter we will describe the method that, starting from the velocities and
positions of atoms, generate the phonon dispersion.

v



3. Chapters four, five and six show the results: in the fourth the complete phonon
dispersion is presented; in the fifth we will show how to compute the bending rigidity
from the out-of-plane acoustic modes; in the sixth we will compute the bending
rigidity using normal-normal correlation functions

4. The last chapter contains a summary of all the results and few more conclusions.

vi



Chapter 1

Graphene

1.1 Lattice
Graphene is the two-dimensional allotrope of carbon, discovered in 2004 [25]. It has a
characteristic honeycomb periodic lattice where the carbon atoms are the vertices of the
hexagons, as shown in figure 1.1. At T = 0 K the interatomic distance is a = 1.42 Å, and
the unit cell is defined by the following two vectors:

a1 = a

[√
3

0

]
a2 = a

2

[√
3

3

]
(1.1)

Moreover there are two atoms per unit cell, defined by the following two basis vectors:

δ1 = a

[
0
0

]
δ2 = a

[√
3

1

]
(1.2)

We can, therefore, recognize two sublattices, A and B, colored with two different colors in
figure 1.1.

The reciprocal lattice can be obtained by the well known relation [14]: ai ·bj = 2πδi,j ,
where δi,j is the Kronecker delta, yielding:

b1 = 2π√
3a

[
1
− 1√

3

]
b2 = 4π

3a

[
0
1

]
(1.3)

In the Brillouin zone (BZ) of graphene, shown in figure 1.2, we can recognize three high
symmetry points at its boundaries:

Γ =
[
0
0

]
K = 2π√

3a

[
2
3
0

]
M = 2π√

3a

 1
2
1

2
√

3

 (1.4)

1.2 Phonons
In this thesis we will focus on the phonon spectra of graphene. So, first of all we will recall
the general description of the phonon spectra in 3D crystals. A crystal lattice is invariant
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1 – Graphene

Figure 1.1: The hexagonal lattice structure of graphene. A (blue dots) and B (red dots)
denote the two sublattices. a1 and a2 are the lattice vectors and a is the distance between
two nearest neighbour carbon atoms.

under translation of the lattice vector r, so at the equilibrium (temperature T = 0K) the
generic position of a specific atoms can be written as:

R(0)
nj = rn + δj (1.5)

where n labels elementary cells and rn are translation vectors; j = 1,2...ν labels the atoms
within the elementary cell, in the case of graphene ν = 2, and δj are basis vectors, 1.2.
At finite temperature the coordinates of the nuclei are:

Rnj = R(0)
nj + unj (1.6)

where unj are the atomic displacements. The standard theory of crystal lattices assumes
that the average atomic displacements from the equilibrium positions are small compared
to the interatomic distance a:

〈u2
nj〉 << a2. (1.7)

2



1.2 – Phonons

Figure 1.2: The hexagonal Brillouin Zone of graphene. In our computation we will use
the k-path marked in blue: from Γ to M to K and then back to Γ.

According to eq. 1.7 we can expand the potential energy V (Rnj) in terms of unj . Since the
linear term vanishes due to mechanical equilibrium, using the harmonic approximation,
we can stop the expansion to second order:

V (Rnj) = V (R(0)
nj ) + 1

2
∑

nn′ijαβ

Aαβni,n′ju
α
niu

β
n′j , (1.8)

where Aαβni,n′j is the force-constant matrix:

Aαβni,n′j =

 ∂2V

∂uαni∂u
β
n′j


u=0

(α, β = x, y, z). (1.9)

The classical equations of motion for the potential energy 1.8 read

M
d2uαni
dt2

= −
∑
n′jβ

Aαβni,n′ju
β
n′j (1.10)

Looking for solution of the form uαn′j ∝ exp(i(krn − ωt)):

M
d2uαni
dt2

= −Mω2uαni = −
∑
n′jβ

Aαβni,n′ju
β
n′j , (1.11)

and using translational symmetry we can prove that the eigenfrequencies of the problem
ω2
ξ (k), are eigenvalues of the dynamical matrix:

Dαβ
i,j =

∑
n

Aαβ0i,nj
M

exp(ikrn). (1.12)
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1 – Graphene

Here k is the phonon wave vector running over the BZ and ξ = 1,2, ...,3ν is the phonon
branch label.
There are some restriction on Aαβni,n′j , due to the translational invariance of the problem.
If we move all the nuclei of the crystal by the same constant displacement vector u, the
force applied to the system should be zero, so from equation 1.10:

∑
nj

Aαβ0i,nj = 0. (1.13)

Condition 1.13 allows us to define, in three dimensional space:

• three acoustic modes, with ω2
ξ (k→ 0)→ 0 (ξ = 1,2,3);

• 3(ν − 1) optical modes, with finite ω2
ξ (k→ 0).

The acoustic modes, for k→ 0, correspond to coherent displacements of all atoms in the
elementary cell by the same vector u. Instead, the optical modes, at k = 0, correspond to
the motion of atoms within the elementary cells with fixed inertia center. For example, in
crystals with 2 atom in the elementary cell, like graphene, the atoms are moving against
each other.

1.2.1 Phonons of graphene

Following [13] (chapter 9) we can deduce from the mirror symmetry of a graphene plane
that:

Axz = Ayz = 0 (1.14)

so the modes with polarization along the z-direction are separated, in the harmonic ap-
proximation, from the modes in the xy-plane. Moreover, since the two sublattices are
equivalent:

Dαβ
11 = Dαβ

22 (1.15)

where, following the notation of [13] we renamed the sublattices in the following way:
1 ≡ A and 2 ≡ B. Then, from eq 1.12 and 1.13 we can claim:

Dαβ
12 (k = 0) +Dαβ

11 (k = 0) = 0. (1.16)

In conclusion graphene has 6 phonon branches:

1. The Z-acoustic flexural mode (ZA) (u ‖ Ôz) with frequencies:

ω2
ZA(k) = Dzz

11(k) +Dzz
12(k) (1.17)

2. The Z-optical mode (ZO) (u ‖ Ôz) with frequencies:

ω2
ZO(k) = Dzz

11(k)−Dzz
12(k) (1.18)

4



1.2 – Phonons

3. Two acoustic modes in the x-y plane: longitudinal acoustic mode (LA) and transverse
acoustic mode (TA). The eigenfrequencies are the eingenvalues of the following 2×2
matrices:

Dαβ
12 (k) +Dαβ

11 (k) (α, β = x, y) (1.19)

4. Two optical modes in the x-y plane: longitudinal optical mode (LO) and transverse
optical mode (TO) . The eigenfrequencies are the eingenvalues of the following 2× 2
matrices:

Dαβ
11 (k)−Dαβ

12 (k) (α, β = x, y) (1.20)

Figure 1.3: The phonon dispersion of graphene calculated by Leendertjan Karssemeijer
[12] at T = 0 K based on the LCBOPII potential.

In figure 1.3 we have the phonon dispersion along high symmetry lines, calculated from
the phenomenological potential LCBOPII [23] that we will use in this study. We can see
that, near the Γ point, the phonon dispersion for the TA and LA modes is linear. In fact
from condition 1.16 we can derive ω2 ∝ k2 at k → 0. In fact expanding the dynamical

5



1 – Graphene

matrices in eq. 1.19 we get:

ω2 = Dαβ
12 (k) +Dαβ

11 (k) =
∑
j

Dαβ
1j (k) =

=
∑
nj

Aαβ01,nj
M

1− 1
2
∑
γλ

kγkλrγnr
λ
n + 1

4!
∑
γλδµ

kγkλkδkµrγnr
λ
nr
δ
nr
µ
n

 (1.21)

Since the zero-order vanishes due to eq. 1.13, the first non zero term of the dispersion of
ω2(k) is quadratic in vector k.

However, the ZA mode has a quadratic dispersion (ω2
ZA ∝ k4) which is a special

characteristic of 2D layer material. This follows from the rotational invariance of the
system [19] that gives the condition:∑

nj

Azz0i,njr
α
nr

β
n = 0. (1.22)

By combining equations 1.21 and 1.22 we can see that the first non zero term is the one
proportional to k4 and therefore cannot be neglected.

The ZO mode has much lower frequency that the other optical modes in the long
wavelength limit. Therefore in graphene the out-of-plane displacements are much easier
to excite than the in-plane displacements, because in the z-direction the atoms can move
freely. Moreover, as we will discuss next, the mode ZA is linked to the bending of the
surface.

1.2.2 Bending Rigidity

The bending rigidity κ is a measure of the resistance of a (two dimensional) material to
bending. Within the elasticity theory, the bending rigidity is defined by the following
integral:

ε =
∫
dx2κ

2H
2 (1.23)

where ε is the bending energy and H is the mean curvature (e.g. R−1 for a cylindrical sur-
face). Leendertjan Karssemeijer [12] determined in this way the bending rigidity κ = 0.69
eV at T = 0 K, by calculation the energy of nanotubes of increasing radius R. However,
following the theory of elasticity for thin plates ([13] chapter 9.2), we can represent the
bending energy as:

Fb = κ

2

∫
d2x(∇2h)2 (1.24)

where h(x, y) = uz is the deformation along the z-direction. We add the kinetic energy

T = 1
2

∫
d2xρ2D

(
∂u
∂t

)2
≈ 1

2

∫
d2xρ2D

(
∂h

∂t

)2
(1.25)

where we introduced the 2-dimensional mass density ρ2D, we assumed that ∂h
∂t �

∂ux
∂t ,

∂uy
∂t

and write the Lagrangian L = T − Fb and the corresponding equation of motion:
∂

∂t

(
ρ2D

∂h

∂t

)
−∇2

(
κ∇2h

)
= 0. (1.26)
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1.2 – Phonons

Then, since h ∝ exp(ikx− iωt), the frequencies of the bending waves for small k vectors
are:

ωZA(k) =
√

κ

ρ2D
|k|2 (1.27)

Since there are indications that κ can depend on temperature [6], in this project we
will use eq. 1.27 to find the bending rigidity from the phonon dispersion for different
temperatures, with the method suggested in [16].

Normal correlation functions approach

An other method that we will use to get the bending rigidity κ involves the computa-
tion of the normal-normal correlation function [6]. From the general theory of statistical
mechanics of membranes [1], the total deformation energy is:

F = 1
2

∫
d2xκ

(
∇2h

)2
+ λ(uαα)2 + 2µuαβuαβ, (1.28)

where λ and µ are the two dimensional Lamé constant, while uαβ (α, β = x, y) is the
deformation tensor:

uαβ = 1
2

(
∂uα
∂xβ

+ ∂uβ
∂xα

+ ∂h

∂xα

∂h

∂xβ

)
. (1.29)

According to the general theory of membrane [1], starting from Eq. 1.28 an expression
for the normal-normal correlation function G(k) has been given in the form of an effective
Dyson equation:

G−1
a (k) = G−1

0 (k) + Σ(k) (1.30)

where G0 is the value derived in harmonic approximation:

G0(k) = TN

κS0k2 (1.31)

and the self energy is:
Σ(k) = AS0

N
k2
(
k0
k

)η
(1.32)

with N the number of atoms, S0 = LxLy/N the area per atom, T the temperature in
units of energy, k0 = 2π

√
B/κ, B the two-dimensional bulk modulus and A an unknown

pure numerical factor. The self energy takes into account non linear effects and gives a
new scaling G(k) ∼ k−2+η. The scaling parameter η = 0.85 has been computed fitting the
G(k) obtained from Monte Carlo simulations [22]

In this thesis, from the configurations obtained by the Molecular Dynamics (MD)
simulations we will compute the normal-normal correlation function, then we will fit the
harmonic part with G0(k) = Ck−2. From the fitting parameter we can easily get the
bending rigidity κ:

κ = TN

CS0
(1.33)
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1 – Graphene

1.3 Quasiharmonic approximation
Computing the phonons of graphene at different temperature is not a trivial task because
in graphene strong anharmonic effects have to be taken into account. In fact, 2D crystals
are expected to be strongly anharmonic due to an intrinsic bending instability coupled
to in-plane stretching modes. This coupling, that leads to intrinsic ripples formation at
any finite temperature, is crucial to prevent crumpling of the crystal and stabilize the
flat phase [4]. Usually, anharmonicity in crystals is weak enough and thus can be well
described, for example, in the framework of quasiharmonic approximation. In this section
we will show why such approach fails in the study of graphene.

In the quasiharmonic approximation the partition function Z, and then the resulting
lattice thermodynamic properties, are assumed to be described by the harmonic expres-
sions but with phonons frequencies ωλ dependent on the lattice constant, a(T ).

Z =
∏
kj

[ ∞∑
n=0

e
−

}ωkj(a)
kBT

(n+ 1
2 )
]

=
∏
kj

e− }ωkj(a)
2kBT

(
1− e−

}ωkj(a)
kBT

)−1
. (1.34)

Then we have to compute the free energy including, also, the zero temperature energy
of the crystal U0(a):

F (a, T ) = −kBT ln(Z) = U0(a) + 1
2
∑
kj

}ωkj(a) + kBT
∑
kj

ln
(

1− e−
}ωkj(a)
kBT

)
. (1.35)

From the free energy we can compute all the thermodynamic proprieties such as the
thermal expansion coefficient [13]:

αp = 1
Σ

(
∂Σ
∂T

)
p
, (1.36)

where Σ is a volume for 3D crystals and an area for the 2D crystals.
In graphite it is known that αp is negative up to 700K [33] and, according to the

quasiharmonic theory, it was suppose to be more or less constant up to temperatures of
the order of at least 2000K [24].

However, Monte Carlo atomistic simulation with the (LCBOPII) not assuming the
quasiharmonic approximation [36] gave a different results, reported in figure 1.4. According
to this calculation, αp appears to change sign at T ≈ 700− 900 K, when lattice parameter
a changes its behaviour. This temperature dependence of αp(T ) is a true anharmonic
effect and beyond the quasiharmonic approximation.

8



1.3 – Quasiharmonic approximation

Figure 1.4: The temperature dependence of the lattice parameter a (solid and blue line)
and the nearest-neighbour distance Rnn (dashed and red line) in single-layer graphene
[36].
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Chapter 2

Numerical Methods

As we discussed in chapter 1 in order to compute the phonons we need the positions and
velocities of all the atoms as a function of time.
There are two main methods to get this kind of information. The first one is to start from
elementary equations like the Schrödinger equation and calculate the quantities needed.
Therefore this method is called ab-initio or from first principles. The second one uses
an empirical potential which gives the energy of a certain configuration of atoms. This
potential is based on a model and on certain parameters. The advantage of using an
empirical potential is that it allows one to calculate much larger samples for longer times,
since it is computationally less time-consuming than ab-initio calculations. So, we will
study the lattice dynamics using molecular dynamics (MD) simulations based on an em-
pirical potential, called Long-range Carbon Bond-Order Potential (LCBOP) [23]. In this
chapter we will describe in details the potential we used and we will explain the numerical
algorithm used to get the phonons dispersion.

2.1 Molecular Dynamics
MD is a widely used technique to obtain numerical results about the dynamics of many-
body systems that are not analytically solvable. In MD, the classical equations of motion
are solved numerically for N-particles. MD is really useful to compute macroscopic quanti-
ties, such as temperature and pressure, as time averages from the positions and trajectories
of the particles. We have to keep in mind that, in MD, the generated trajectories are very
sensitive to the initial conditions, thus one should always treat the trajectories with cau-
tion: averages, and so simulations, should be taken over a large enough time.

The main goal of a MD program is to solve, numerically, the equation of motion using
a discrete time step ∆t. A general MD program is composed by the following steps:

1. Set up the initial conditions, positions, velocities, for your sample;

2. Calculate the forces on each particle, using empirical (many body) potentials, like
LCBOP;

3. Update the velocities, vi, and positions, ri, of the particles, at discrete time step;

11



2 – Numerical Methods

4. Repeat steps 2 and 3 to get a simulation on a relevant timescale.

To perform step 3 we need an efficient algorithm to integrate the classical equation of
motion:

Fi = mir̈i (2.1)

or in the hamiltonian formalism:

q̇i = ∂H

∂pi
ṗi = −∂H

∂qi
i = 1,2, ..., n (2.2)

where qi are the generalized coordinates, while pi are the conjugate momenta.

2.1.1 Canonical transformation and symplectic condition

In the following sections we will show and derive the algorithm used by our program, called
velocity Verlet. The arguments presented in these sections follow the chapter written by
Piero Procacci and Massimo Marchi [28] that can be found in Pasini’s and Zannoni’s book
[27].

The Hamiltonian equations of motion 2.2 can be written in a more compact form,
defining a column matrix with 2n elements such that:

x =
(

q
p

)
(2.3)

thus equation 2.2 can be written:

ẋi = J∂H
∂x (2.4)

where J is the following 2n× 2n matrix, called sympletic matrix:

J =
(

0 1
-1 0

)
(2.5)

with 1 a n× n identity matrix and 0 a n× n matrix of zeros.
Using the same notation we may define a transformation of variables from x ≡ {q, p}

to y ≡ {Q,P} as
y = y(x). (2.6)

We know that, for canonical transformation [11], the Hamilton’s equations of motions in
the y basis have the exactly same form as equation 2.4:

ẏi = J∂H
∂x . (2.7)

Taking the time derivative of equation 2.6, using the chain rule we arrive at:

ẏi = MJMt∂H

∂x , (2.8)

12



2.1 – Molecular Dynamics

where M is the Jacobian matrix Mij = ∂yi/∂xj . Comparing equations 2.7 and 2.1.1 we
get a necessary and sufficient condition for M to be a canonical transformation:

MJMt = J. (2.9)

Equation 2.9 is called symplectic condition, and M is called a symplectic transformation.
An important consequences of the symplectic condition is the invariance under canonical
(or symplectic) transformation of many proprieties of the phase space. In particular a sym-
plectic transformation preserve the phase space volume. In fact, taking the determinant
of equation 2.9 we see that |detM | = 1 and therefore:

dy = | detM |dx = dx (2.10)

A stepwise numerical integration scheme defines a canonical transformation:

y(∆t) = y(x(0))→
{
Q(∆t) = Q(q(0), p(0),∆t)
P (∆t) = P (q(0), p(0),∆t) (2.11)

Symplectic algorithm, such as velocity Verlet, have proven to be robust, i.e. resistant
to time step increase, and generate stable long time trajectories, i.e. they do not show
drifts of the total energy.

2.1.2 Velocity Verlet through Liouville Formalism

In the previous section we have seen why we want to use symplectic algorithms, in this
section we will show how to construct them, in particular the algorithm called Velocity
Verlet, from "first principles". We start noting that any function, A depending implicitly
on time through p, q ≡ x satisfies

dA(p, q)
dt

=
n∑
p,q

(
q̇
∂A

∂q
+ ṗ

∂A

∂p

)
=

n∑
p,q

(
∂H

∂p

∂A

∂q
− ∂H

∂q

∂A

∂p

)
= iLA (2.12)

where we defined the Liouvillean operator L:

iL =
n∑
p,q

(
q̇
∂

∂q
+ ṗ

∂

∂p

)
=

n∑
p,q

(
∂H

∂p

∂

∂q
− ∂H

∂q

∂

∂p

)
. (2.13)

Equation 2.12 can be integrated:

A(t) = eiLtA(0) (2.14)

We can use equation 2.14 to integrate Hamilton’s equations:[
q(t)
p(t)

]
= eiLt

[
q(0)
p(0)

]
. (2.15)

This is the formal solution of the equation of motion. One can show that the adjoint of
the exponential operator correspond to the inverse, thus eiLt is unitary. This implies that
the trajectory is time reversible.

13



2 – Numerical Methods

In order to build our integrator, we need to define the discrete time propagator eiL∆t:

eiLt =
[
eiL∆t

]n
=
[
eiLt/n

]n
; ∆t = t/n (2.16)

eiL∆t = e
∑

p,q

(
q̇ ∂
∂q

+ṗ ∂
∂p

)
∆t
. (2.17)

We seek, now, approximate expressions of the discrete time propagator that maintain
both the symplectic and reversibility property. To this end, we use the symmetric Trotter
formula [10]:

e(A+B)t = lim
n→∞

(
eAt/2neBt/neAt/2n

)n
= eAt/2eBteAt/2 +O(∆t3). (2.18)

Applying 2.18 to operator 2.17 we have:

eiL∆t = e
(
q̇ ∂
∂q

+ṗ ∂
∂p

)
∆t = e

ṗ ∂
∂p

∆t/2
e
q̇ ∂
∂q

∆t
e
ṗ ∂
∂p

∆t/2 +O(∆t3) (2.19)

The action of an exponential operator ea∂/∂x on a generic function f(x) corresponds
to the advancement by a of the argument, as can be shown by using the Taylor expansion
of f(x+ a) around x

ea∂/∂xf(x) = f(x+ a). (2.20)
Using equation 2.20 we get the effect of application of the operator 2.18 onto a state

vector at time t to produce updated coordinate and momenta at a later time t+ ∆t.

p

(
t+ 1

2∆t
)

= p(t) + F (t)∆t/2

q(t+ ∆t) = q(t) +
p
(
t+ 1

2∆t
)

m
∆t

p(t+ ∆t) = p

(
t+ 1

2∆t
)

+ F (t+ ∆t)∆t/2

(2.21)

We can notice that the transformation given by these three equations obeys the symplectic
condition 2.9 and has a Jacobian determinant equal to one.

The algorithm in 2.21, the so called velocity Verlet, is equivalent to the one discovered
by Loup Verlet in the 1960s [34]. To implement the algorithm in our code we have to
rewrite equation 2.21 as a function of the positions of the particles, ri, and their velocities,
vi.

for ∆t=1,...,N
vi(t+ 1

2∆t) = vi(t) + 1
2miFi(t)∆t

ri(t+ ∆t) = ri(t) + vi(t+ 1
2∆t)∆t

Compute the forces Fi(t+ ∆t)
vi(t+ ∆t) = vi(t+ 1

2∆t) + 1
2miFi(t+ ∆t)∆t

end for

The velocity Verlet algorithm generates an error of the third order O(∆t3) both for
vi(t+ ∆t) and ri(t+ ∆t) [30].
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2.2 – Discrete Fourier Transform

Berensen Thermostat

As we will explain later, in our computation we will use the NVT ensemble: constant
number of particles N (Np for the rest of the chapter), volume V and temperature T .
In order to keep the temperature constant we need a thermostat. In our program the
Berensen thermostat is implemented.

The Berendsen thermostat is an example where the system is (weakly) coupled to a
heat bath with a constant temperature T0 . Physically the system undergoes collisions
with a heat bath and exchanges kinetic energy as to end up at a certain temperature. A
way to describe this process is provided by the Langevin approach:

mir̈i = Fi −miγiṙi + Ri(t) (2.22)

where we have a friction term with a damping constant γi and we have Ri(t) which is a
Gaussian stochastic variable with zero mean and amplitude:

〈Ri(t)Rj(t+ ∆t)〉 = 2miγikBT0δ(∆t)δij . (2.23)

However, drawing 3Np Gaussian random numbers at each step is computational very
expensive, leading to longer simulation times. The idea of the Berendsen thermostat is to
replace this random term by an extra damped term [9].

mir̈i = Fi +mi
1

2τt

(
Ek(T0)
Ek(T ) − 1

)
ṙi (2.24)

where τt = 1
2γ is the coupling constant which determines how much the heat bath and the

system are coupled; Ek(T0), Ek(T ) are, respectively, the thermal-kinetic energy (3
2NpkBT )

for the target temperature T0 and for T , the current temperature of the system at one
specific MD step. Equation 2.24 is the new equation of motion and results in rescaling of
the velocity at every MD step according to:

v′ =
√

1 + ∆t
τt

(
Ek(T0)
Ek(T ) − 1

)
v. (2.25)

2.2 Discrete Fourier Transform
As stated in the introduction, we use a recently proposed method based on MD simula-
tions and Fourier Analysis to calculate the phonon frequencies of graphene at different
temperatures. So, we need a method to compute numerically the Fourier Transform.

Analytically the Fourier Transform g(ω), of a function f(t), is given by the following
integral [5]:

g(ω) = 1√
2π

∫ ∞
−∞

f(t) exp (−iωt). (2.26)

However, to compute this integral we do not have a continuous function f(t), but a
discrete sequence of N steps spaced by ∆t. We can visualize this sequence as:

f(n∆t) = f(0), f(∆t), f(2∆t), ..., f((N − 1)∆t) (2.27)
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2 – Numerical Methods

with n = 0, 1, 2, ..., N − 1.
Since we do not have any data point before t = 0 and continuous function, we cannot

compute the true Fourier Transform, but we have to calculate an approximate form called
Discrete Fourier Transform (DFT).

Changing the continuous function f(t) in equation 2.26 with the discrete sequence
f(n∆t) results in a discrete frequency distribution g(k∆ω) after the transformation. The
value of the discrete frequency steps ∆ω is determined by the length of the complete
sequence t = N∆t:

∆ω = 2π
N∆t (2.28)

So the DFT is defined as [5]:

g(n∆ω) =
N−1∑
m=0

f(m∆t)e−in∆ωm∆t =
N−1∑
m=0

f(m∆t)e−i2πnm/N . (2.29)

2.3 Long-range Carbon Bond-Order Potential
LCBOP is a bond order potential. This type of potential can describe different bonding
states of the atom. It assumes that the strength of a chemical bond depends on the
bonding environment of the atoms: number of bonds, bond length and bond angle etc.
[23]. Bond order potentials allow, for example, changes of coordination, bond formation
and breaking. LCBOP is specifically developed for carbon systems and describes all phases
of carbon and transitions among them with good accuracy [8]. The total binding energy
Eb for a system consisting of Nat atoms is:

Eb = 1
2

Nat∑
i,j

(
Sdownsr,ij V

sr
ij + Supsr,ijV

lr
ij + 1

Zmri
Sdownmr,ijV

mr
ij

)
(2.30)

where we can see that the potential is divided into three parts:

• V sr
ij = V sr(rij) describes the covalent, short range interactions.

• V lr
ij = V lr(rij) takes into account the long range non-bonded interactions like the van

der Waals forces. These are very important to describe the interplanar interactions
in graphite.

• V mr
ij = V mr(rij) represents middle range bonded (attractive) interactions, meant to

improve the description of reactivity.

The prefactor 1
Zmri

, where Zmri is an effective middle range coordination number, is a cor-
rection factor that takes into account many body effects. The three S function are switch
functions that provide a smooth connection between the various interaction contribution.

Figure 2.1 shows a schematic overview of all the spatial range interaction of LCBOPII.
Figure 2.2 gives a fit of this binding energy. It is interesting to notice that the resulting
potential does not look harmonic. Actually it looks more like a Morse potential which
includes anharmonic effects.
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2.3 – Long-range Carbon Bond-Order Potential

Figure 2.1: Schematic overview of the short-range (SR), middle-range (MR) and long-
range (LR) interaction domains of LCBOPII. The bottom line gives the total interaction
range ri,j ∈ [0 Å, 10 Å]. The cutoff functions Sij are active in the domains between the
numbers 0 and 1.

Figure 2.2: Bonding energies for single bond (sb), double bond (db) and triple bond
(tb) carbon atoms calculated by density functional (dashed curves) and LCBOPII (solid
curves). From [23].

2.3.1 Torsion term

We are not going to describe in detail all the parts that compose the potentials. But since
we will analyze the temperature dependence of κ using two different type of torsion term
(that we will call old and new torsion term), we will describe the torsion terms.

First of all this term is a part of the short range interaction term, present in the whole
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potential (eq. 2.30). The form of what we will call "old potential" is the following:

Tij =
∑

{σk=0,1}

∑
{σl=0,1}

Wi,j,{σk}Wi,j,{σl}tij(yij,{σk},{σl}, N
conj
ij,{σk},{σl}) (2.31)

Where the summations ∑{σk=0,1} runs over all sets of numbers {σk}, one number for each
neighbour k, with σk = 0,1. tij is the torsional term that depends on:

• yij,{σk},{σl} = cos
(
ωij,{σk},{σl}

)
with ωij,{σk},{σl} the torsion angle.

• N conj
ij,{σk},{σl} is the conjugation number for the specific configuration.

Fitting the behaviour of the torsional barrier to some configuration ([23],page 12) we can
get the following form for tij :

tij(y, z) =
{
τ1(z)(y2(1− y2))2 z ≤ 1

8
τ2(z)(1− y2)(2− y2)2 z > 1

8
(2.32)

where

• y = cos
(
ωij,{σk},{σl}

)
• z = N conj

ij,{σk},{σl}

• τ1(z) = At(z − 1
8)2

• τ2(z) = Bt1(z−1/8)2(z+Bt2∆2
el[∆

2
el−(2/3)2])2(1−Bt3z)

Bt4+(z−1/8)2

In LCBOPII [23] the authors formulated the expression for the torsion angle starting from
the facts that: two bonded atoms i and j both have two other neighbors (k1, k2) and
(l1, l2) respectively, and are characterized by the two sets of numbers {σk} and {σl}. So
they defined the single torsion angle through the following six body term:

yij,{σk},{σl} = cos
(
ωij,{σk},{σl}

)
= tijk · tjil
|tijk||tjil|

(2.33)

where the vector tijk is given by:

tijk = r̂ij ×w−ijk +
√

3r̂ij ·w−ijk
|w−ijk|

(r̂ij ×w+
ijk) (2.34)

with:
w−ijk = r̂ik1 − r̂ik2 , w+

ijk = r̂ik1 + r̂ik2 (2.35)

and r̂ij = rij/|rij |.
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2.3 – Long-range Carbon Bond-Order Potential

2.3.2 The new torsion term

In this thesis, we will study how the temperature dependence of the bending rigidity κ
changes, if we use a different expression for the torsion in the definition of the potential.
This term has been modified to fit better recent ab-initio calculation.

The "new torsion" term can be expressed like in Eq. 2.31, but now tij has a simpler
expression:

tij(y, z) = (1− z3)(1 + z(1 + z)χ(y))τ0(y) + z3τ1(y) (2.36)

where:

τ0(y) = (At1 +At2y
4(3− 2y2))(1− y2)

τ1(y) =
(
Bt1 +Bt2y

2 +Bt3y
4

1 +Bt4y2

)
(1− y2)

χ(y) = Ct1 + Ct2y
2

and the parameters At1, At2, Bt1, Bt2, Bt3, Bt4, Ct1 and Ct2 are determined by fitting ab-
initio calculation.The new torsion has been implemented in the Fortran code for LCBOPII,
adding the piece of code presented in appendix C.
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Chapter 3

Computing the phonons of
graphene

In this chapter we will shortly describe all the different steps that we used to calculate
the phonons of graphene at different temperatures. We will also show how we derived the
bending rigidity k from the phonons. In the next chapter we will analyze in detail each
steps but, for now, just give an overview of the method, as in figure 3.1 [3]:

1. First of all, starting from some initial conditions we performed a MD simulation to
get the velocity and the position of atoms at N time steps.

2. Then compute the spatial Fourier transform of the velocities vk(t);

3. Compute the k-space velocity autocorrelation function (kVACF);

4. Find the power spectral density (PSD), by means of the Wiener-Khintchine theorem
that states that the temporal Fourier Transform of an autocorrelation function is
the power spectral density |P (ω)|2;

5. In conclusion, the phonon frequencies corresponding to the wavevector k are obtained
from the position of the peaks in the PSD

The MD simulations have been performed using a code developed by J. H. Los and al.
[23], but for steps 2 to 4 we wrote a code reported in appendix B.

3.1 Creation of the input
First of all we have to choose the size of our sample. The larger the sample the more
accurate will be our simulation, because we will have more discrete values of the wave
vectors. In our computation we used a 80× 80 computational cell of 12800 atoms. Figure
3.2 shows an example of a smaller computational cell. As we can see the computational cells
is defined by the two lengths Ly and Lx that depend on temperature and the torsion model,
as given in table 3.1. Figure 3.3 shows the equilibrium 2D density, ρ2D = Np/(LxLy), for
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3 – Computing the phonons of graphene

Figure 3.1: Schematic overview of all the steps to get the power spectral density [3]. 1. from
some initial conditions perform a MD simulation; 2. compute the spatial Fourier transform
of the velocities; 3. compute the k-space velocity autocorrelation function (kVACF); 4. in
conclusion compute the TFT of kVACF. Arrows indicate the input parameters and the
output variables of each step. In order to perform steps 2 to 4 we wrote a code reported
in appendix B. This image is taken from Coopmans’ bachelor thesis [3]

all the temperature considered and for both torsions. As we can see the new torsion
produces densities that are lower than the old torsion, except for 3500K.

Figure 3.2: A graphene sample of 20×20 unit cells. Lx denotes the length and Ly denotes
the width of the sample. The equilibrium values vary for different temperatures to take
into account the lattice expansion and contraction.

The densities in figure 3.3 have maxima between 500 K and 1000 K, the same region
of minima for the lattice parameter, a, in figure 1.4, as we expected since ρ2D ∝ a−2.
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Figure 3.3: The temperature dependence of the equilibrium 2D density, ρ2D = Np/(LxLy),
for graphene samples with 12800 atoms. The red line is calculated for the old torsion, blue
dashed line for the new torsion.

Temperature Old torsion (Lx, Ly) New torsion (Lx, Ly)
K Å Å
100 (196.59,170.25) (196.69,170.34)
300 (196.45,170.13) (196.63, 170.28)
500 (196.39,170.08) (196.59,170.25)

1000 (196.41,170.10) (196.60,170.26)
2000 (196.80,170.44) (196.93,170.54)
3500 (197.73,171.24) (197.50,171.04)

Table 3.1: Equilibrium values of Lx, Ly for different temperature and for both torsions.
These values are obtained through NPT Monte Carlo simulations of a graphene sample
with 12800 atoms and P = 0.
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3 – Computing the phonons of graphene

3.2 The k-path
From the computational cell we can derive the elementary wave vectors, using Eq. 1.3. In
this case we do not have just one unit cell, but we have n = 80 unit cells.

For a general rectangular sample of n unit cells the wave vectors must be partitioned
as follow:

kij =


2π
Lx
i

2π
Ly
j

 (3.1)

with i and j integer numbers. Now calling al = a
√

3, where al is the lattice constant,
we can get the two expressions for Lx , Ly in a n× n sample:

Lx =aln (3.2)

Ly =
√

3
2 aln (3.3)

Inserting equation 3.2 into 3.1:

kij = 2π
aln

 i
2√
3
j

 (3.4)

Now, we have to analyze the k-path in the BZ, that is shown in Fig. 3.4.
Recalling the definition of the high symmetry points from Eq. 1.4 and using the

definition of lattice constant al we get:

Γ =
[
0
0

]
K = 2π

al

2
3
0

 M = 2π
al


1
21

2
√

3

 (3.5)

Then we can divide the path in three parts:

ΓK: in that direction j = 0, so:

kij = 2π
aln

[
i
0

]
0 ≤ i ≤ 2n

3 (3.6)

As we said in section 3.1 in our 80× 80 computational cell n = 80, then, since 2
3 · 80 is not

integer, we cannot reach exactly K point.

KM : in that direction ky = −
√

3(kx − 4π
3al ), so we obtain a condition for j:

j = −3
2 i+ n (3.7)
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3.2 – The k-path

(a) The whole BZ (in blue) compared with the k-path for our computation.
The red mark represent the discretization of the k-path used for the actual
computation.
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(b) The k-path is represented with a blue line, while the red marks show us its discretization for
a 80 × 80 computational cell. Note that we reach exactly the points Γ and M but not K point.

Figure 3.4: The whole BZ (in blue) compared with the k-path for our computation. The
discretization is for a sample of graphene with 12800 atoms.
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Since j must be an integer i must be an even number. In conclusion eq. 3.4 becomes:

kij = 2π
aln

 i

−
√

3i+ 2√
3
n

 i even n

2 ≤ i ≤
2
3n (3.8)

MΓ : in that direction ky =
√

3kx, so 2j = i then i must be even.

In conclusion eq. 3.4 becomes:

kij = 2π
aln

 i
i√
3

 i even 0 ≤ i ≤ n

2 . (3.9)

Note that, since n = 80 and 80
2 = 40 is an integer number, we can reach point M .

3.3 Computation of the phonon frequencies

In this section we will describe how we computed the frequencies ω corresponding to a
specific k vector. The method is the same used in [16] and sketched in figure 3.1. According
to that figure, once we have obtained the velocities and positions of the atoms via MD
simulation, we need to compute the velocity distribution in k-space by spatial Fourier
Transform:

vpk(t) =
∑
j

vpj (t)e−ik·Rj(t) (3.10)

where j runs over the unit cells and p is a component (x,y or z) in a Cartesian system.
Then, we can compute the kVACS Zpk(t), defined as follows:
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3.3 – Computation of the phonon frequencies

Zpk(t) = 〈vpk(0)vp∗k (t)〉∑′
p〈v

p′

k (0)vp′∗k (0)〉
(3.11)

where averages denote time averages.
Then, from Zpk(t), we can find the Power Spectral Density (PSD). This quantity, for a

general stochastic signal y(t), is defined by [29]:

|P (ω)|2 = lim
N→∞

E

{
1
N
|
N∑
t=1

y(t)e−iωt|2
}
, (3.12)

where E {·} denotes the expectation operator. The Wiener-Khintchine theorem [32], how-
ever, states that the temporal Fourier Transform (TFT ) of an autocorrelation function is
the power spectral density |P (ω)|2 = TFT

{
Zpk(t)

}
. In conclusion the phonon frequencies

corresponding to the wavevector k are obtained through the position of the peaks in the
PSD.

3.3.1 k-space velocity autocorrelation function

Since the quantities involved came from MD simulations which are carried out with finite
time steps, the variables are discrete and the velocity autocorrelation function needs to be
calculated as such. In general the autocorrelation function is defined as follows:

C(t) = lim
τ→∞

1
τ

∫ τ

0
A(t0)B(t0 + t)dt0 = 〈A(t0)B(t0 + t)〉 (3.13)

where < · > represent the averaging over the time origin t0. In order to compute kVACS
from Eq.3.11 we denote rvp

k
vp
k
[m] as the numerator of the kVACS, where m is an integer

index denoting time differences from a reference point. Then we get:

rvp
k
vp
k
[m] = 〈vpk[n]vp∗k [m+ n]〉 (3.14)

Zpk(t) =
rvp
k
vp
k
[m]∑

p′ rvp
′
k
vp
′
k

[0] (3.15)

where < · > represent over the time origin n. Moreover the autocorrelation series is not
infinite, but truncated to the total number of steps N , available from the MD simulation.
In equation 3.13 we have to substitute the integral with a sum over the discrete time step
m, and to truncate it to the total number of steps N. Then rvp

k
vp
k
[m] becomes:

rvp
k
vp
k
[m] = 1

N −m

N−m−1∑
n=0

vp∗k [n]vpk[m+ n] (3.16)

The 1
N−m

∑N−m−1
n=0 is the discrete representation of 1

τ

∫ τ
0 dt0 in equation 3.13 that is the

averaging of the time origin (< · > in equation 3.14
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3.4 Technical considerations

In the following sections we will discuss several technical considerations required to obtain
a good resolution to acquire the six dispersion curves.

1. First of all we have to choose properly the MD parameters, such as the total number
of steps N and the time step ∆t. All these details will be discussed in section 3.4.1.

2. Several realizations of each MD simulation should be taken into account. In fact,
since we want to perform NVT simulations, the initial velocities are randomly gen-
erated by a Boltzmann distribution, starting with a different seed for the generation
of random numbers. The choice of this seed affects the intensity and, to a lesser
extent, the position of the peaks and, since the seed is determined by the FOR-
TRAN function time, it changes every time we run a simulation. For example figure
3.5 shows PSD(ω) of three different simulations made on the same sample (12800
atoms) at the same temperature, but with two different seeds. As we can see not
only the intensity but also, to a lesser extent the position of the peaks can change
from one simulation to another. So, in order to have a more precise results, for each
temperature and torsion model, we performed three MD simulations.

3. Double precision variables should be used for the trajectories, for the velocities cal-
culated by the MD and when defining the k-path vectors. All the positions and
velocities are stored in a binary file not to lose precision during reading/writing
operations

4. In systems like graphene that have two equivalent sublattices (A, B), in order to
obtain all the optical phonon branches we need to perform the sum in Eq. 3.10 only
on the atoms of one sublattice. As we mentioned in chapter 1.2, in graphene, for
optical modes the atoms, within the elementary cells, move against each other. So,
if we would use both sublattices the optical branches would be zero.

5. Our MD simulation are made on a roughly square cell and not on a triclinic cell, as
suggested by [16], so we had to pay attention in the discretization of the Brillouin
Zone (BZ), as we have discussed in the section 3.2.

3.4.1 Molecular dynamics Parameter

In order to compute the kVACS we need the time dependence of the positions and velocities
of each particle. These data can be obtained by the MD simulations performed by the
LCHBOP program. The total number of steps N and the time step ∆t must be defined.
For our calculations we chose ∆t = 0.1 fs and N = 1667880, so the total length of the
simulations is N∆t = 166.788 ps. Using these parameters we can get, after the temporal
FT, a frequency step enough small. In fact, according to equation 2.28:

∆ω(rad/sec) = 2π
N∆̃t

= 3.767 · 1011rad/sec, (3.17)
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Figure 3.5: The resulting PSD, along the z-direction, of three different MD simulations,
made on the same graphene sample (12800 atoms), at the same temperature (500K) and
at the same k vector. The PSDs are obtained reading velocities and positions of particles
each 60 MD steps, where the MD simulation has N = 1667880 total number of steps and
a time step ∆t = 0.1fs.

then we can convert this quantity in cm−1 adding the following factor:

∆ω(cm−1) = ∆ω(rad/sec) 1
2π · 100c = 0.199993cm−1 (3.18)

where c is the speed of light. So we can indeed measure low phonon frequencies with a
quite good precision.

Moreover in our MD simulations we did not write the velocities and positions at every
MD steps, but every k∆t, so that the real time step used in the Fourier Transform to get
the phonon is ∆̃t = k∆t, which leads to a sampling rate of f = 1/∆̃t. Figure 3.6 shows the
differences between two PSD obtained from the same NVT MD simulation but reading
the velocities every 10 time steps or every 20 time steps. The simulation considered in
this picture is characterized by ∆t = 0.09fs and N = 2500000. The vertical line shows
us that the maximum is at the same point, if we read the velocities each 20 steps all the
points around the maximum are lower.
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Figure 3.6: The PSD obtained reading the velocity every 10 MD time steps (green ×) or
every 20 MD steps (red +). A graphene sample of 12800 atoms at 300K is used. The PSDs
are obtained from a NVT MD simulation with N = 2500000 and ∆t = 0.09fs. Notice
that the position of the maxima coincide although the amplitude is different

As we said, to obtain the velocities and positions of each atom we performed MD
simulations, each divided in three steps:

1. A first short NVT simulation useful to thermalize and relax the system: N = 9000,
∆t = 0.1fs but the data are written each 40 MD step, then ∆̃t = 4fs and the
sampling rate f = 2.5 · 1014 Hz.

2. a second NVT simulation to fix the temperature at a constant value: N = 1667880,
∆t = 0.1fs but the data are written each 40 MD step, whence ∆̃t = 4fs and the
sampling rate f = 2.5 · 1014 Hz.

3. in conclusion, a NVE simulation in which the system can reach the equilibrium
without the constrain of the thermostat. N = 1667880, ∆t = 0.1fs but the data are
written each 15 MD step, then ∆̃t = 1.5fs and the sampling rate f = 1.0 · 1016 Hz.
As we can see, in this simulation we wrote much more data, this kind of simulations
will be used to get the complete phonon dispersions, since also the LO and TO
modes can be clearly detected.

Memory problem As we said in the previous section we wrote the data each 15 MD
steps. This number is actually constrained by the total amount of memory of the hard
drive at my disposal: 3.5 TB. In fact, the MD program for such simulations produce an
output of 69 GB for the NVE (step 3) and of 26 GB for the second NVT (step 2). Since
we will study 6 temperatures with 2 different torsion we have 12 cases in total. As we
explained in the section 3.4, we will perform 3 simulation for each case, arriving at a final
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3.5 – Peaks of PSD

amount of 36 simulations. Then, the total occupied space is 36 · (26 + 69)GB= 3.348 TB,
that is almost all hard drive’s memory.

3.5 Peaks of PSD

As discussed in section 3.3 the phonon modes are given by the peaks of the PSD function.
In this way we have calculated the phonon spectra at different temperatures: 100 K, 300
K, 500 K, 1000 K, 2000 K, 3500 K. First of all, figures 3.7 and 3.8 are two examples of the
PSD. We can easily recognize the regions of the peaks. We wrote a program that, first,
finds these regions and then it finds the peak inside them.

It is important to notice that the second picture has only two maxima while the first
one has four. To explain this behaviour we have to remember how we defined the kVACF
in eq. 3.11 Zpk(t) where p is a component x, y or z. Since the PSD is the Fourier transform
of Zpk(t) we will get one PSD for each direction.
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Figure 3.7: The PSD, in the x direction, for a sample of 12800 atoms at 500 K and for a
specific k = 1.60 Å−1 vector in the Γ-K path. The PSD is obtained by reading velocities
and positions of particles each 60 MD steps, where the MD simulation has N = 1667880
and ∆t = 0.1fs.

Now, in figure 3.7, 3.8 we are looking at PSDs, respectively, along the x-direction and
the z-direction. In graphene the modes along the z direction are completely decoupled from
the in-plane modes, so in the PSD along z we see only the ZA and ZO. Longitudinal and
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Figure 3.8: The PSD, in the z direction, for a sample of 12800 atoms at 500K and for a
specific k = 1.60 Å−1 vector in the Γ-K path. The PSDs is obtained by reading velocities
and positions of particles each 60 MD steps, where the MD simulation has N = 1667880
and ∆t = 0.1fs.

transverse modes, instead, have both components in the x and y directions and therefore
in figure 3.7 we find both the transverse TA, TO and longitudinal LA, LO modes.

To make this more evident in figure 3.9 we plot together the PSDs for the x and the
y directions, and see that all peaks are in both graphs.
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Figure 3.9: The PSDs for x (red marks) and y (green marks) directions, the sample is
the same used in figure 3.7. The PSDs are obtained reading velocities and positions of
particles each 60 MD steps, where the MD simulation has N = 1667880 and ∆t = 0.1fs.
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Chapter 4

Results

4.1 Phonons spectra

In this section we will show and analyze the complete phonon spectra for each temperature
and both torsion models. Moreover some problems, encountered in finding the peaks of
PSD, will be presented.

In order to find automatically the peaks from the PSD’s file we wrote a FORTRAN
code. The procedure can be summarized in these few points:

1. It reads the PSD file.

2. It recognizes a region of maxima, or in other words it delimits a region where some
values of PSD are bigger than a certain tolerance, given as input and obtained a
posteriori as the best possible for that specific simulation. In figure 4.1 we can see
an example of the region of maxima delimited by black vertical lines, the tolerance in
that case is 20000. As we can see, due to oscillations some values in the region could
be lower than the tolerance. Knowing that, the program ends a region of maxima
only if the PSD stays lower than the tolerance for more than 20 steps (∼ 4 cm−1).

3. Then inside that region it compute the maximum value as the weighted average of
all the ω in that region, with weight the values of the PSD function at that point.

Using this procedure we should be able to get the complete phonon dispersion of
graphene at each temperature (some issue in finding these maxima will be discussed in
section 4.2).

In figure 4.2 we can see all the phonon dispersions for all the temperatures, obtained
using the old torsion model (upper panel) and the new torsion (lower panel). The phonon
dispersions are obtained from the maxima of a PSD, which has been computed by averaging
other 3 PSD, obtained from three MD simulations. Every simulation was performed in
the NVE ensemble with ∆t = 0.1fs, N = 1667880 and for a graphene sample of 12800
atoms, but each simulation has a different initial seed, for the random number used for
the generation of initial velocities.
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4 – Results

Figure 4.1: Region for maxima, delimited by two vertical lines, for a PSD in the Γ-K
k-path. The tolerance is equal to 20000 . The PSD is obtained from a MD simulation in
NVE ensemble with ∆t = 0.1fs and N = 1667880.

First of all we can see that the phonon dispersion depends on the temperature. In
particular the ZA modes goes to zero in slightly different ways, for different temperatures.
These differences imply different values of the bending rigidity κ and they will be deeply
analyzed in the following chapters 5. Moreover it seems that the ZA modes, near the
Γ-point, depend more on the temperature in the simulations with the old torsion than in
the ones with the new torsion. With the old torsion it appears evident that the frequency
of ZA increases with the temperature. All these features will be important in chapter 5,
where we will analyze the T dependence of κ. Moreover, in figure 4.2, we can see that for
phonon at 3500 K, with the old torsion, the frequencies of LO and TO near Γ point are
close to 1450 cm−1, while for the other temperatures they are: around 1600 cm−1, 100 K
and 2000 K, and around 1700 cm−1, 300 K, 500 K and 1000K. Actually, the longitudinal
and transverse dispersions, at 3500 K, seem to have a lower frequency with respect the
same dispersions for other temperatures; on the other hand the Z-modes, at 3500 K, appear
to be higher in frequency with respect the Z-modes for the other temperature. A similar
behaviour can be recognized, also, in the dispersion at 2000 K. In fact, the longitudinal
and transverse dispersions are lower in frequency than those for temperature between 300
K and 1000 K, but the Z-modes, at 2000 K, have an higher frequency than the ones at

36



4.1 – Phonons spectra

 0

 200

 400

 600

 800

 1000

 1200

 1400

 1600

 1800

Γ K M Γ

ω
 (

cm
-1

)

k

Old torsion

ZA
ZA

ZO ZO

LA

LA
TA

TA

TO

LO

100K
300K
500K

1000K
2000K
3500K

 0

 200

 400

 600

 800

 1000

 1200

 1400

 1600

 1800

Γ K M Γ

ω
 (

cm
-1

)

k

New torsion

ZA
ZA

ZO ZO

LA

LA
TA

TA

TO

LO

100K
300K
500K

1000K
2000K
3500K

Figure 4.2: Phonon dispersions, for a graphene sample with 12800 atoms at all the analyzed
temperatures (100 K, 300 K, 500 K, 1000 K, 2000 K, 3500 K). in the upper (a) panel are
shown the dispersions for the old torsion and in the lower panel (b) for new torsion.
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lower temperature. The dispersion with the new torsion, instead, shows a frequency of
the transverse and longitudinal modes at 3500 K higher than the previous case. In fact,
figure 4.3 shows the values of ω for the LO modes at the Γ point for both torsion. The
frequencies increase with the temperature up to 500 K then it starts decreasing, but at
3500 K for the old torsion we get the lowest value (ω ≈ 1419 cm−1), instead the new
torsion gives me ω ≈ 1675 cm−1.
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Figure 4.3: Frequencies of the LO modes at the Γ-point for both torsions as function of
the temperature. The red solid line is calculated with the old torsion, the blue dashed line
with the new torsion.
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4.2 – Error in the maxima of PSD

4.2 Error in the maxima of PSD

In the present section we will discuss some problems faced in finding the maxima of the
PSD. As we can see in picture 4.2a at high temperature, 3500K in particular, the TO
modes and LO modes in the Γ-K path have some k points that have more than one points
for each mode. Now, we will analyze the PSD for a specific k in the Γ-K path. For
example, the sixth k from Γ: k6 = 0.19 Å. Figure 4.4 shows the PSD in that case, we can
recognize clearly at least four peaks that have similar intensity, instead we expected only
2. Then we decided to report all the peaks in the total dispersion, then sometimes, in
ω(k), one k-value might have more points than we expected. It is important, for the future
chapters, to note that the modes with lower energy, in particular the Z-modes, are not
affected by this problem. In these cases, in fact, the peaks are always easy to recognize,
as the one in figure 4.1.
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Figure 4.4: PSD for the sixth k point in the Γ-K path, starting from Γ (k6 = 0.19 Å).
The PSD are obtained from a MD simulation at 3500K and with the old torsion. In this
picture we can see that can be difficult find the maxima, in fact, in this region I would
expect only two but, instead, I have at least four at: ω = 1413.29 cm−1, ω = 1430.88
cm−1, ω = 1440.68 cm−1, ω = 1453.67 cm−1
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4.3 Comparison with the experimental data
In the following section we will compare our results and the experimental phonon disper-
sions for a bilayer graphene at 300 K [35].

In figure 4.5 we can see the dispersions at 300 K for the new torsion (black circles),
the old torsion (grey triangles) and the experimental data (red markers). First of all,
comparing the two torsion models, I see that while the transverse and longitudinal modes
are quite similar with the two models. The Z-modes, instead, with the new model have
almost always a frequency bigger than the one with the old torsion. This difference in the
ZA modes will lead, in the next chapter, to a greater value of bending rigidity at 300 K
for the new torsion model.

Both the models seem to have a smaller Z-mode frequency than the experimental data.
Even if the new torsion model, having higher frequency, appears to be much closer to the
experimental behaviour of the ZA mode near the Γ point, that is a region of interest for
us. For longitudinal acoustic modes, even if in the Γ-K path the theoretical model seem
to approximate experiments, close to the K point the frequency of the experimental data
is, again, larger than the one for the theoretical models. Note also that we have zero
experimental data for the TA modes. To conclude the TO modes in the M-K path have a
frequency around 1650 cm−1 in the theoretical models, while in the experiment there are
no modes with such high frequency.
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Figure 4.5: Phonon dispersion for a sample at 300K. The black circles are computed with
the new torsion, the grey triangles with the old torsion and the red markers represent
the experimental values for two layers of graphene [35]. The theoretical values are the
same presented in section 4.1, so they comes from a MD simulation with ∆t = 0.1fs and
N = 1667880 and with a graphene sample of 12800 atoms.
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Chapter 5

Bending Rigidity

In this chapter I will explain exactly how we get the values of κ from the acoustical out-
of-plane phonons dispersion. As we said in section 1.2.2, κ can be computed using the
following relation:

ωZA(k) =
√
κ

ρ
|k|2 (5.1)

So, we can get it from a linear relation between ωZA and |k|2. However, figures 5.1a (old
torsion) and 5.1b (new torsion) show the dependence of ω on k2. The behaviour is clearly
not linear, in particular for small values of |k|2 it seems more a square roots. A more
detailed theory [37] shows that even for really small stretch, equation 5.1 becomes:

ωZA(k) =
√
κ

ρ
|k|4 + b

ρ
|k|2, (5.2)

where b = 2u(λ+µ), with u is the stretching and λ+µ are the Lamé constants. We wanted
to stress that, even if we tried to use a structure with zero stretch, previous studies [37]
show us that even small amount of stress (u ∼ 10−2) can change the behaviour of the ZA
modes.

Equation 5.2 tells us that we could try to get the bending rigidity using the following
fitting function:

ρω2 = κt2 + bt (5.3)

where t = k2.
Figure 5.2 shows an example of the behaviour of ρω2 as function of k2. We also

have shown some different curves obtained fitting the data with the relation 5.3 and with
different intervals of k2.

From figure 5.2 we can see that the value of κ depends critically on the number of
points used for the fit, for example using 4 or 5 points changes κ from 1.61 eV to 0.65 eV.
Similar behaviour can be found at all temperature and both torsion models, then we need
to find a new way to analyze our data.
In order to see clearly the behaviour of the curves we can transform equation 5.3 in a
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Figure 5.1: The graphs show the dependence between ωZA and |k|2, near the Γ point,
for all the temperatures and with the old torsion (panel a) or the new torsion (panel b).
Lines through the points are a guide to the eye. It can be easily seen that at small k the
behaviour is not linear. The image is obtained from a graphene sample with 12800 atoms
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by the relation: ρω2 = κt2 + bt where t = k2. The legend shows the range used for the fit
and the relative value of κ in eV.

linear relation dividing both sides for t = k2:

ρω2

k2 = κt+ b (5.4)

Figures 5.3a and 5.3b show the behaviour of ρω2/k2 as function of k2 at every tem-
peratures and both torsions, we can see that for all the temperatures we can recognize a
linear behaviour for k2 > 0.03 Å−2 (k2 = 0.03 Å−2 is the dashed vertical line). Moreover,
at really small values of k2 the most dominant part in equation 5.4 is due to b that depends
on the strain, since we would like to find κ with small, or zero, strain we can think to use
a k range that starts not at zero but at higher values. Note that: since k2

K ∼ 2.7 Å−2,
even using k2 = 0.15 Å−2 we are quite far from the border of the BZ, then the hypothesis
of small k vector is satisfied. Furthermore, for k2 < 0.03 Å−2 the curves seem to change
behaviour, in particular, for k2 → 0, they seem to go to zero, instead to a constant value
as suggested by 5.4, we will try to explain this behaviour in section 5.2 using a renormal-
ization of the elastic coefficients. Figures 5.4-5.9 show in each case the resulting fitting
curves using equation 5.4 for a different fitting range. As we can see, in this case the
different ranges gives me values that are always quite consistent with each other.

Choosing the best fitting range as k2 = [0.03,0.13] Å−2, the results are shown in table
5.1 and in figure 5.10. To get the shown values we averaged over three different values of κ
obtained from three different phonons dispersions, computed from three MD simulations
at the same temperature. While with the old torsion κ increases with the temperature,
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Figure 5.3: The graphs show the dependence between ρω2
ZA/k

2 and |k|2, near the Γ point,
for all the temperatures and with the old torsion (panel a) or the new torsion (panel
b). Lines through the points are a guide to the eye. It can be seen that at small k the
behaviour is not linear. The dashed vertical line, at k2 = 0.03 Å−2, represent the beginning
of the linear region. The phonon dispersions are obtained from NVE MD simulations with
N = 1667880, ∆t = 0.1 fs and a graphene sample of 12800 atoms.
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reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2. The legends
show the range used to obtain the fit and the relative value of κ in eV.
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Figure 5.5: ρ
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)2 (k2) near Γ point with the old (a) or new (b) torsion at 300K. The fits
reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2. The legends
show the range used to obtain the fit and the relative value of κ in eV.

46



 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

ρω
2 /k

2 (K
g 

ra
d2 /s

ec
2 )

k2(Å−2)

[0.03:0.15]: κ= 1.04 
[0.03:0.13]: κ= 1.06 
[0.03:0.12]: κ= 1.09 

(a) old torsion

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

ρω
2 /k

2 (K
g 

ra
d2 /s

ec
2 )

k2(Å−2)

[0.03:0.15]: κ= 1.38 
[0.03:0.13]: κ= 1.42 
[0.03:0.12]: κ= 1.44 

(b) new torsion

Figure 5.6: ρ
(
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)2 (k2) near Γ point with the old (a) or new (b) torsion at 500K. The fits
reported are obtained by the linear relation ρ

(
ω
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)2 = κt + b where t = k2. The legends
show the range used to obtain the fit and the relative value of κ in eV.
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Figure 5.7: ρ
(
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)2 (k2) near Γ point with the old (a) or new (b) torsion at 1000K. The fits
reported are obtained by the linear relation ρ

(
ω
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)2 = κt + b where t = k2. The legends
show the range used to obtain the fit and the relative value of κ in eV.
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Figure 5.8: ρ
(
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)2 (k2) near Γ point with the old (a) or new (b) torsion at 2000K. The fits
reported are obtained by the linear relation ρ

(
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)2 = κt + b where t = k2. The legends
show the range used to obtain the fit and the relative value of κ in eV.
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Figure 5.9: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 3500K. The fits
reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2. The legends
show the range used to obtain the fit and the relative value of κ in eV.
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with the new torsion it stays pretty constant, this behaviour, with the new torsion, has
been found also in other computations of κ from graphene nanotubes [26]. Moreover, for
T < 2000 K κnew > κold, at 3500 K, instead, κold continues increasing and become higher
than κnew. Figure 5.10 shows also the values of κ obtained from the Fourier transform of
normal-normal correlation function [6], in this work they used Monte Carlo simulations
and the energy for each simulation has been evaluated with LCBOPII and the old torsion.
Our values, for the old torsion, appear to be smaller that those obtained in [6].

Table 5.1 shows also the values of the strain obtained from the fit. If b is the fitting
coefficient in 5.4 then u = b/[2(λ + µ)]. For the temperature dependence of the bulk
modulus B = λ + µ we used the values reported in [36]: λ + µ = 12.54, 12.36, 12.22,
11.895, 11.31, 11.23 eV Å−2 at respectively T = 100, 300, 500, 1000, 2000, and 3500
K. Since in [36] there is not explicit values at T = 1000 and 3500 K, we approximate
B1000K = (B1100K + B900K)/2, since 1100 K and 900 K are the closest temperatures to
1000 K: and B3500K = B2100K , since 2100 K is the highest temperature analyzed in the
article. The strain is always quite small, ∼ 10−3, but even small amount of strain can
affect the behaviour of the phonon [37]. In the next section we will study more the effects
of the strain.

T κold κnew uold unew
K eV eV ·10−4 ·10−4

100 0.77± 0.02 1.39± 0.04 5.8± 0.4 5.8± 1.2
300 0.93± 0.02 1.38± 0.03 7.8± 0.7 9.4± 1.0
500 1.04± 0.04 1.44± 0.02 10.4± 1.4 8.6± 0.6

1000 1.27± 0.03 1.55± 0.05 15.8± 1.2 13.1± 1.6
2000 1.58± 0.13 1.53± 0.9 20± 4 23± 3
3500 1.78± 0.14 1.66± 0.13 29± 5 26± 37

Table 5.1: Values of the bending rigidity κ, old torsion in the second column and new
torsion in the third column, and the strain u, old torsion in the fourth column and new
torsion in the fifth column, for each temperature, first column, for a graphene sample of
12800 atoms. All the phonon dispersion are computed reading the configuration each 60
MD step from MD simulation n NVE ensemble and with N = 1667880, ∆t = 0.1fs.

Figures 5.4-5.9 show that for small values of k the phonons cannot be approximated
by the purple fitting line. Then, we can introduce k?, the value of k such that for k < k?,
ρ
(
ω
k

)2 is not linear anymore. This behaviour is caused by the renormalization of the elastic
constants and it will discussed in details in section 5.2. k? can be seen as an approximation
of the Ginzburg wave vector, k?G, since for k < k?G the the elastic moduli of graphene are
renormalized. Figures 5.11 show ρω2/k2 and the fitting line for every temperatures with
both torsions. From those graphs we can see that k? increases with the temperature,
in agreement with the theoretical behaviour of k?G ∝

√
T [22]. Since the number of k

values smaller than 0.14 Å−1 is small, we cannot get a proper numerical estimate for k?
to compare with the theoretical behaviour ∝

√
T .
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Figure 5.10: The values of κ, and the errorbars, as function of the temperature for the
new (blue dashed line) or old (red line) torsion. These values are obtained fitting the data

in the interval k2 = [0.03,0.13] with ρω2
ZA

k2 = κt + b with t = k2. The dashed green line
are the values obtained from Fourier transform of normal-normal correlation function [6].

5.1 The strain

In section 5 we showed that for small k-vectors the behaviour of ω is not what we expected.
In particular from figures 5.1a, 5.1b we hypothesized that maybe a small amount of strain
was applied to the system then we changed the fitting equation from 5.1 to 5.2. In this
section, we will analyze what will happen if we try to reduce the strain and perform
again the calculation of the phonon dispersion. All the calculations in this section will be
performed on a graphene sample of 12800 atoms at 300K with the new torsion.

In order to reduce the strain applied to our sample we obtained, in table 5.1, u from
the fit, then we get a new strain-free value for the interatomic distance a0. Remember that
the u from table 5.1 is a pure number equal to: u = δa

a [31], where a is the interatomic
distance and δa = a− a0 is the change in length due to the application of strain (a0 is the
value with no strain). Table 5.2 shows the values of Lx, Ly and a used in section 5 (first
line), and the same quantities obtained subtracting the strain from table 5.1.

Figure 5.12a shows ω as function of k2 in both cases with strain and without strain:
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Figure 5.11: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion for every temper-
ature. The fit reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2

and t ∈ [0.03,0.13] Å−2.

Lx Ly a

Å Å Å
with strain 196.6283 170.2851 1.419043

without strain 196.6253 170.2825 1.419021

Table 5.2: Values of Lx, Ly and a in both cases: in first line there are the values used in
section 5 and in the third line those without strain. The value of a reported in the table
in the second line is the hypothetical unstrained interatomic distance, a0, obtained from
a−a0
a0

= u. All these values are computed with a graphene sample of 12800 atoms, at 300
K and with the new torsion.

using the unstrained structure (purple line) we get lower values of ω and the behaviour
may be slightly more linear (figure 5.12a), but at really small k we can, still, recognize
a non-linear behaviour (figure 5.12b). Figure 5.12b shows the behaviour of ρω2/k2 as
function of k2 and from here it is clear that for small k the behaviour is still not what
predicted by equation 5.4, in fact it goes to zero for k → 0. Therefore, we suppose that
there might be something more, hidden in this small k behaviour and in the next section
we will try to explain the problem using the renormalization of the elastic constants.
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Figure 5.12: The two panels show ω as function of k2 (panel 1) and ρω2/k2 as function
of k2 (panel 2) in both cases: the green line is obtained by the data from section 5
with the strained structure; for the purple line we performed all the computation with
the interatomic distance given by the second line of table 5.2. All these simulations are
performed with a graphene sample of 12800 atoms, at 300 K and with the new torsion.

5.2 Renormalization of the elastic constants

Figures 5.3a and 5.3b show that for small values of κ, the function ρω2/k2 seems to go to
0 instead to a constant value as stated by equation 5.4. This behaviour could hide some
phenomena that we have not considered so far. For k < k?G, where k?G is the Ginzburg
wave vector, the elastic moduli of graphene are renormalized, in particular we have the
following relations for the bending rigidity κ and the bulk modulus B = µ+ λ [20] [15]:
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5.2 – Renormalization of the elastic constants

κ→ κR(k) = κ

(
k

k?G

)−η
(5.5)

B → BR(k) = B

(
k

k?G

)2−2η

(5.6)

where κr and BR are, respectively, the renormalized bending rigidity and bulk modulus;
κ and B are the bare bending rigidity and bulk modulus; the new exponent η has been
estimate in many works, in table 5.3 we can see some values obtained with different
techniques, all the values are in the range η ∈ [0.72,0.85]; and the Ginzburg wave vector
is equal to [21]:

k?G =
√

3kBTY
16πκ2 = 2π

L?G
, (5.7)

where L?G = 2π
√

16πκ2/(3Y kBT ) ≈ 40 Å is the Ginzburg length [4]. Numerical simula-
tions [21] give a value twice smaller than the theoretical one: L?G ≈ 20 Å then k?G ≈ 0.31
Å−1.

Thus, in the long wavelength limit, ρω2 (equation 5.3) can be rewritten as:

ρω2 = C1k
4−η + C2k

4−2η (5.8)

or dividing both sides for k2:

ρω2

k2 = C1k
2−η + C2k

2−2η, (5.9)

where C1 and C2 are fitting parameters that can be related to k?G;

C1 = κ(k?G)η (5.10)
C2 = 2uB(k?G)2η−2. (5.11)

Then from equation 5.10 I can obtain the value of κ:

κ = C1
(k?G)η . (5.12)

Figures 5.13-5.18 show the behaviour of ρ
(
ω
k

)2 as function of k2 near the Γ point at
all temperatures and with both torsions. The fitting lines presented in those pictures are
obtained by the following version of equation 5.9:

ρ

(
ω

k

)2
= C1t

1−0.5η + C2t
1−η (5.13)

where t = k2. There are three possible fitting parameters (C1, C2, η) but in order to have
a converging fit, we need to fix at least one.
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η

Self-consistent screening approximation (SCSA) [18] 0.82
SCSA with next-order corrections [7] 0.789
renormalization group approach [17] 0.849

MC simulations for self-avoiding membranes [2] 0.72
atomistic MC simulation [22] 0.85

Table 5.3: Values of η for graphene obtained with different approaches, all the values are
in the range [0.72− 0.85].

The green and blue lines in figures 5.13-5.18 are fitted keeping η constant and equal, re-
spectively, to η = [0.85,0.72]; the black line is fitted with constant C2 = 0 Kg · Å2−2η/sec2.

Since C2 = 0 means u = 0, in that fit we tried to assume that all the distortion from
the relation ω =

√
κ
ρk

2 is due to the renormalization and not to some external the stress.
Table 5.4 shows us that the values of η in this cases depends on the temperatures and
they are not in the range [0.72,0.85] know in literature (table 5.3 for more details), then,
even taking into account the renormalization of the elastic constant, the stretching effects
must be considered as well.
Tables 5.5 and 5.6 show the values of κ and C2 fitted with a constant value of η =
[0.85,0.82,0.72]. Figures 5.13-5.18 show that the curves seems to reproduce, phenomeno-
logically, the behaviour of the points even for small k. Unfortunately obtaining quantita-
tively κ is not so easy. In fact, the κold in tables 5.5-5.6 are all bigger than the values found
in section 5 or known in literature [6]. Starting from analysis of simulation data for the
renormalized Young modulus [20, main text and Supplementary Information S1], recent
works have proposed that the value L?G ≈ 20 Å should be an overestimate. Of course a
smaller value of L?G implies bigger k?G and, from eq. 5.12, smaller κ. Anyway, new esti-
mates of L?G should be investigate in future works. Moreover we have always considered
L?G, and then k?G, independent on the temperature, but both quantities, theoretically (eq.
5.7 and [4]), depend on T and also κ.
The negative values of C2, tables 5.5-5.6, suggest a negative strain. Compressed graphene
samples should have corrugated low-energy phase [31], but the strain is really small and
corrugation cannot be seen in our samples. For example, at 300K with the old torsion,
using data from table 5.5 and B = 12.36 eV Å−2 [36]: u = C2

2B(k?G)2η−2 ∼ −9.6 · 10−4. As
we said, the strain is really small, and the corrugation cannot be seen in our sample.

5.2.1 Renormalization as an anharmonic effect

The effects of the renormalization are anharmonic effects. We will try to show that the
anharmonicity is due to some little coupling between in plane and out of plane modes. To
prove that we can compute the PSD from the correlation function between the velocities
in the direction x and z. In particular, recalling the definition of kVACS in equation 3.11:
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5.2 – Renormalization of the elastic constants

T κold ηold κnew ηnew
K eV eV

100 0.95± 0.07 0.60± 0.06 1.40± 0.17 0.46± 0.04
300 1.13± 0.06 0.52± 0.04 1.57± 0.12 0.56± 0.04
500 1.28± 0.05 0.62± 0.03 1.61± 0.07 0.45± 0.03
1000 1.81± 0.10 0.64± 0.05 1.78± 0.11 0.69± 0.05
2000 2.21± 0.09 0.74± 0.03 2.23± 0.11 0.70± 0.04
3500 2.50± 0.10 0.71± 0.05 2.26± 0.10 0.70± 0.03

Table 5.4: Values of the fitting coefficient κ and η with the old torsion (second and third
columns) and the new torsion (fourth and fifth columns). The values are obtained using
the relation fitting ρ (ω/k)2 = C1t

1−0.5η + C2t
1−η with C2 = 0 Kg · Å2−2η/sec2 and

t ∈ [0.0 : 0.1], and κ follows from equation 5.12.

T κold C2old κnew C2new
K eV Kg· Å2−2η/sec2 eV Kg· Å2−2η/sec2

100 1.12± 0.05 −0.42± 0.10 1.99± 0.12 −0.9± 0.2
300 1.37± 0.05 −0.54± 0.09 2.00± 0.10 −0.8± 0.2
500 1.59± 0.05 −0.57± 0.11 2.05± 0.08 −0.95± 0.15

1000 1.92± 0.08 −0.64± 0.16 2.20± 0.12 −0.8± 0.2
2000 2.29± 0.07 −0.50± 0.13 2.40± 0.08 −0.49± 0.16
3500 2.57± 0.07 −0.26± 0.14 2.47± 0.08 −0.48± 0.15

Table 5.5: Values of the parameters κ and C2 with the old torsion (second and third
columns) and the new torsion (fourth and fifth columns). The values are obtained using
the relation fitting ρ (ω/k)2 = C1t

1−0.5η + C2t
1−η with η = 0.85 and t ∈ [0.0 : 0.1], κ

follows from equation 5.12.

T κold C2old κnew C2new
K eV Kg· Å2−2η/sec2 eV Kg· Å2−2η/sec2

100 1.11± 0.06 −0.53± 0.15 2.03± 0.11 −1.4± 0.3
300 1.35± 0.04 −0.67± 0.11 1.98± 0.10 −1.1± 0.3
500 1.54± 0.06 −0.67± 0.15 2.07± 0.07 −1.3± 0.2

1000 1.85± 0.09 −0.6± 0.2 2.17± 0.11 −0.9± 0.3
2000 2.13± 0.07 −0.2± 0.2 2.24± 0.10 −0.1± 0.2
3500 2.31± 0.09 0.4± 0.2 2.28± 0.09 −0.09± 0.25

Table 5.6: Values of the parameters κ and C2 with the old torsion (second and third
columns) and the new torsion (fourth and fifth columns). The values are obtained using
the relation fitting ρ (ω/k)2 = C1t

1−0.5η + C2t
1−η with η = 0.72, κ follows from equation

5.12.
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Figure 5.13: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 100K. All the
fits are obtained by relation: ρ

(
ω
k

)2 = C1t
1−0.5η+C2t

1−η where t = k2 and k2 ∈ [0.0 : 0.1],
but the green, purple and blue lines are fitted with a constant value of η, respectively equal
to η = [0.85,0.82,0.72]; while the black line is fitted with constant C2 = 0 Kg · Å2−2η/sec2.
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Figure 5.14: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 300K. All the
fits are obtained by relation: ρ

(
ω
k

)2 = C1t
1−0.5η+C2t

1−η where t = k2 and k2 ∈ [0.0 : 0.1],
but the green, purple and blue lines are fitted with a constant value of η, respectively equal
to η = [0.85,0.82,0.72]; while the black line is fitted with constant C2 = 0 Kg · Å2−2η/sec2.
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Figure 5.15: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 500K. All the
fits are obtained by relation: ρ

(
ω
k

)2 = C1t
1−0.5η+C2t

1−η where t = k2 and k2 ∈ [0.0 : 0.1],
but the green, purple and blue lines are fitted with a constant value of η, respectively equal
to η = [0.85,0.82,0.72]; while the black line is fitted with constant C2 = 0 Kg · Å2−2η/sec2.
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Figure 5.16: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 1000K. All the
fits are obtained by relation: ρ

(
ω
k

)2 = C1t
1−0.5η+C2t

1−η where t = k2 and k2 ∈ [0.0 : 0.1],
but the green, purple and blue lines are fitted with a constant value of η, respectively equal
to η = [0.85,0.82,0.72]; while the black line is fitted with constant C2 = 0 Kg · Å2−2η/sec2.
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Figure 5.17: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 2000K. All the
fits are obtained by relation: ρ

(
ω
k

)2 = C1t
1−0.5η+C2t

1−η where t = k2 and k2 ∈ [0.0 : 0.1],
but the green, purple and blue lines are fitted with a constant value of η, respectively equal
to η = [0.85,0.82,0.72]; while the black line is fitted with constant C2 = 0 Kg · Å2−2η/sec2.
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Figure 5.18: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 3500K. All the
fits are obtained by relation: ρ

(
ω
k

)2 = C1t
1−0.5η+C2t

1−η where t = k2 and k2 ∈ [0.0 : 0.1],
but the green, purple and blue lines are fitted with a constant value of η, respectively equal
to η = [0.85,0.82,0.72]; while the black line is fitted with constant C2 = 0 Kg · Å2−2η/sec2.
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Zpk(t) = 〈vpk(0)vp∗k (t)〉∑′
p〈v

p′

k (0)vp′∗k (0)〉
, (5.14)

where p = x, y, z. In this case we want to compute Zxzk (t):

Zxzk (t) = 〈vxk(0)vz∗k (t)〉∑′
p〈v

p′

k (0)vp′∗k (0)〉
. (5.15)

Figure 5.19 shows, in red, the Temporal Fourier Transform of correlation function
between the velocity component in the x direction and the one in the z direction. The
green and blue lines represent, respectively, the TFT of the autocorrelation function of
the velocity component in the x direction and in the z direction multiplied by a factor
to make them visible in the same graph. In the x-z correlation three peaks, due to the
ZA, LA and TA modes, can be recognized but we see, also, that the tails of these peaks
merge and also new peaks appear. This fact can be due to a coupling between the modes
in the z direction and the in-plane modes. This coupling can be the anharmonic effect
that make necessary the renormalization of the elastic constants to understand the small
k behaviour.
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Figure 5.19: The Temporal Fourier Transform of the autocorrelation function: of the x
component of the velocity (blue line); of the z component of the velocity (green line); and
the TFT of the correlation function between the x and z component of the velocity (red
line). The first two TFTs are multiplied by 10000 and 100, respectively, to make them
visible in the graph. All these results are obtained at 300K and for a specific k-vector:
k = 0.0959 Å−1.
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Chapter 6

Correlation function

In chapter 1.2.2 we showed how to get the values of κ from the normal-normal correlation
function.
Once we computed the normal-normal correlation function from the data of the MD
simulation we can fit the correlation function’s data in the harmonic region, where :

G0(k)
N

= TN

κLxLyk2 . (6.1)

Figure 6.1 shows the behaviour, in a logarithmic scale, of some normal-normal correlation
functions G0(k)/N for some temperatures and the old torsion. For small k vectors anhar-
monic effect appears (ref. [22]) and the slope is different; instead, at higher k vectors a
Bragg peak is visible.
In order to perform the fit we need to find a fitting range [kmin, kmax] for each tempera-
ture and torsion. kmin and kmax are both obtained looking at the graphs but kmin must
be higher than the Ginzburg wave vector k?G ≈ 0.31 Å−1 found in section 5.2. For kmax,
instead, we have no theoretical limitations but we will use the value that: for k > kmax the
correlation function changes behavior. Table 6.1 shows the fitting range for each tempera-
ture and both torsion. According to what we claimed kmin is always larger than k?G ≈ 0.31
Å−1. kmax, instead, is generally bigger with the new torsion than the old torsion.

T(K) [kmin, kmax] Å−1 [kmin, kmax] Å−1

old torsion new torsion
100 [0.4,0.8] [0.5,0.95]
300 [0.4,0.95] [0.4,1.05]
500 [0.45,0.95] [0.5,1.2]

1000 [0.45,1.1] [0.6,1.0]
2000 [0.5,1.0] [0.55,1.0]
3500 [0.5,1.0] [0.5,1.0]

Table 6.1: Fitting ranges [kmin, kmax] for all the temperatures and both torsion: old torsion
in the second column and new torsion in the third.
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Figure 6.1: Normal-normal correlation function, G(k)/N for a sample of N = 12800
atoms with the old torsion and at 300K (green markers), 1000K (black markers) and
3500K (orange markers). The values are averaged over 27798 configurations. Each one
is obtained reading each 60 MD steps the MD configurations for a MD simulation with
N = 1667880 and ∆t = 0.1fs.The red, yellow and blue lines represent the fitting lines in
the harmonic region for the data, respectively, at 300 K, 1000 K, 3500 K.

6.1 Computation of bending rigidity

In the previous section we showed the behaviour of the normal-normal correlation functions
and defined for each case the linear region, an so the fitting range. From equation 6.1 we
can describe the relation between G0 and κ, in particular using the logarithm on both side
of equation 6.1:

log(G0/N) = a− 2 · log(k), (6.2)

with a = log
(

TN

κLxLy

)
, then:

κ = TN

LxLy
ea. (6.3)
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6.1 – Computation of bending rigidity

Fitting equation 6.2 in the ranges given in table 6.1 we can obtain the estimates of κ for
each G0. As we said in section 3.4, for each temperature and torsion we performed three
different MD simulations with different seeds. From all of these, we can obtain a different
correlation function and a value of κ, that we can average to get a single estimate for κ at
a fixed temperature and torsion. Table 6.2 shows the final values of κ for each temperature
and torsion, and it compares them with the values obtained in [6] (the green line). Our
results are almost always consistent with those obtained in [6], and while κold increases a
lot with the temperature, κnew increases slower, as it was already found in graph 5.10.

T κold κnew
K eV eV
100 0.86± 0.03 1.53± 0.06
300 1.110± 0.002 1.655± 0.014
500 1.251± 0.012 1.710± 0.014

1000 1.517± 0.009 1.744± 0.004
2000 1.8036± 0.0014 1.825± 0.007
3500 2.067± 0.004 1.889± 0.009

Table 6.2: Values of the bending rigidity κ at each temperature, with old torsion (in the
second column) and with new torsion (in the third column). The values of κ are obtained
fitting the logarithm of the normal-normal correlation function: log(G0/N) = a−2 · log(k)

with a = log
(

TN

κLxLy

)
.

Figure 6.3 compares the values of κ obtained in this chapter with those obtained in
section 5. With the correlation function method and the old torsion, the results are quite
close to those presented in [6], but with the phonon dispersion we underestimate the values
of κ. Even with these differences, one common behaviour can be recognized: κold increases
sharply with the temperature, while κnew is more constant. Similar behaviour with the
new torsion, has been recently found through the analysis of nanotubes [26], in this work
graphene is considered as a limit nanotube with radius R→∞.

In appendix A, for completeness, we will use the bending rigidity obtained with the
correlation function method to fit the phonon spectrum.
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Figure 6.2: The values of κ, and the errorbars, as function of the temperature for the new
(blue line) or old (purple line) torsion. These values are obtained fitting the normal-normal
correlation functions with equation 6.1. The green line represents the values obtained from
normal-normal correlation function in [6]. The values are averaged over 27798 configura-
tions, each one is obtained reading each 60 MD steps the MD configurations for a MD
simulation with N = 1667880 steps and ∆t = 0.1fs. The graphene sample used in the
simulations has 12800 atoms.
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Figure 6.3: The values of κ, and the errorbars, as function of the temperature for both
torsion: blue line represents normal-normal correlation function methods new torsion;
purple line represents normal-normal correlation function methods with old torsion; red
line represents the data with the old torsion from graph 5.10; black line represents the
data with the new torsion from graph 5.10; the green line represents the values obtained
from normal-normal correlation function in [6].
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Chapter 7

Conclusions

In this chapter we are going to summarize and analyze some results obtained during our
work and we are going to write the final conclusions. The goal of this project was to study
some properties of phonons in graphene at different temperatures and with two different
torsion models. In particular we wrote a code to compute the phonons frequencies as
the peaks in the PSD of the kVACS as reported in [16] and described in this thesis in
chapter 3. In section 4.1 we presented the complete phonon spectra and we showed that
the frequency of the phonon change with the temperature. In particular, we analyzed
the behaviour of the LO modes close to the Γ-point (figure 4.3), and we showed that ω,
with both torsions, it continues to increase up to 500 K but between 2000K and 3500K:
it further decreases with the old torsion but it increases with the new one.
In order to check our results we compared the phonons at 300K obtained with both torsion
and the experimental data obtained for a bilayer graphene [35]. In this comparison (figure
4.5) the new torsion seems to give a better approximation of the experimental ZA modes,
even though near K-point the theoretical models seem to be still a bit too low.

From the ZA modes we wanted to compute the temperature dependence of the bend-
ing rigidity κ, a coefficient that measure the energy needed to bend the graphene layer.
According to the theory of membrane, near the Γ-point, the ZA modes are quadratic in
the k-vector, and the coefficient is related to κ:

ωZA(k) =
√
κ

ρ
|k|2. (7.1)

We needed to modify the theory to include more effects. For example, we included some
strain and modified the relation as follow:

ωZA(k) =
√
κ

ρ
|k|4 + b

ρ
|k|2. (7.2)

Plotting the relation between ρωZA/k
2 and k2 (figure 5.4-5.9), we showed that further

effects must be taken into account to describe the behaviour at really small k. We showed
that in this regime the effects of the renormalization of the elastic constants are not
negligible and we needed to use a new renormalized bending rigidity, κR(k).
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7 – Conclusions

We choose a fit range and we obtained values of κ at each temperature and torsion,
reported in table 5.1 and 5.10. We showed that with the new torsion model κ increases
slowly with the temperature, whereas with the old torsion κ increases quite sharply with
T. At small T the new torsion give values of κ higher than those with the old torsion but,
for T > 2000 K, κold > κnew, in fact, it seems that with the old torsion κ always increases
with the temperature, while with the new torsion it stays quite constant. We compared
the values that we computed with those in [6], we discovered that our values, with the old
torsion, are lower, even thought the temperature dependence is similar.
As we said, at small k, ρωZA/k2 is no more approximated by our fitting line. Then, we
can define k?, the value of k such that for k < k?, renormalization has to be considered.
From the panels in figure 5.11 we see that k? increases with T even though the precision
is not enough to test the expected dependence on square root of temperature

√
T . In

particular we cannot get a proper numerical evaluation for this quantities, but we can see
that is always smaller than 0.16 Å−1.

As we said we tried to introduce in our theory the effects of renormalization of elastic
constants. In this case the phenomenological behaviour of the fitting curves was really
good, also at small k, but due to the small precision of L?G, we obtained values bigger
that those obtained in literature [6]. Even in this case κold seems to increase a lot with T,
whereas κnew increases slowly with the temperature.

In [6] κ was computed from the normal-normal correlation function. Thus, we used the
same procedure to get the G0 from the data of the molecular dynamic, then we obtained
the results reported in table 6.2 and figure 6.2. In this case, our values and those from [6]
are compatible and comparing (figure 6.2) these new κ with those from the phonons, we
showed that with the correlation function we get higher values, even if the behaviour is
similar. In fact, even thought the values of κ are different with both methods with the old
torsion the bending rigidity increases sharply with the temperature, while with the new
torsion it increases slowly. The behaviour with old and new is so different that: even if at
100 K κnew ∼ 2κold, at high temperature T = 3500 K, κold > κnew.

In this work we described a method to compute the phonon dispersion and from the
ZA modes we computed the bending rigidity for a set of temperature. We computed κ in
many ways and all of them give me the same phenomenological result, even thought the
computation of κ suffered of some technical issues: different realization of the MD generate
slightly different values of κ that must be averaged to get a final result; anharmonic effects,
such as renormalization of the elastic constants, changes the behaviour of the phonons in
the proximity of Γ-point, a region really important for the computation of κ. Computing
the bending rigidity with the renormalization is difficult because the small precision in the
knowledge of the Ginzburg wave vector k?G and the exponent η. Then, in this case, we
get values of κ that are the same order of those known in literature [6] but they are not
compatible with them.

All the different approaches proved that the bending rigidity, with both the theoretical
model, increases with the temperature but: the old torsion model gives a strong depen-
dence with the temperature, while κnew is higher than κold, at small T, but it stays more
constant as already suggested by [26].

In addition, to prove definitively which torsion model gives a better estimate of κ, we
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need to wait experimental measurements. Anyway the new torsion model proved to give
better results in the phonon spectra (chapter 4.1), and in other cases [23].
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Appendix A

Comparing the correlation
function method with the phonons

In this appendix we will use the values of κ obtained, in chapter 6.1, by correlation
functions of the out-of-plane displacements, to fit the phonon dispersion, shown in chapter
5. Figures A.1-A.6 show the behaviour of ρω2/k2 as function of k2. They, also, show some
fitting lines: the blue one is obtained by the fitting function ρω2/k2 = κt+ b with t = k2

in the range k2 ∈ [0.03,0.13] Å−2, the same used in chapter 5; the green line is obtained
fitting ρω2/k2 = κt+b with t ∈ [0.013 : 0.08] Å−2 and a constant κ equal, in each cases, to
the one computed by the correlation function method (table 6.2). In addition, from figures
A.1-A.6 we can see that the green lines approximate quite well the behavior of the data
in the region t ∈ [0.013 : 0.08] Å−2, with the old torsion, and t ∈ [0.013 : 0.04] Å−2 with
the new torsion. This region is really close to the Γ point where the renormalization effect
should be more important, but we could try anyway to use this region to fit the phonon.
The red lines in figures A.1-A.6 are exactly the results of fit in the regions: t ∈ [0.013 : 0.08]
Å−2, with the old torsion, and t ∈ [0.013 : 0.04] Å−2 with the new torsion. As we can see
the red line is always quite close to the one obtained with the constant κ (green lines).

The resulting values of κ are shown in table A.1 and in graph A.7. In this case the
results obtained from the phonon dispersion, both with old (red line) or new torsion (black
line), are compatible with the corresponding values obtained with the correlation function
method (purple line for the old torsion, blue line for the new torsion). The values in table
A.1 show quite large errors, this fact is probably due to the small number of points (4-5)
used in the fit. The black line in graph A.7 shows an unexpected behaviour at 1000 K
with a value of κ that increase sharply, then decrease again at 500 K.
Moreover, at 3500 K κ is smaller than the one at T = 2000 K. These values of κ have an
high statistical errors, around 10%, probably due to the fact that, in this case, we used a
smaller number of points for the fit, around 4-5 points. Moreover, the k range used in this
case is really close to the Γ point, where the renormalization effects are more relevant.
Even considering all these details the general behaviour of κ(T ) is: κold increases quickly
with the temperature, while κnew slowly, even if at small T is bigger that κold. This is the
same temperature dependence shown in figures 5.10, 6.2 and suggested in Robbert’s work
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A – Comparing the correlation function method with the phonons

T κold κnew
K eV eV
100 0.88± 0.03 1.58± 0.04
300 1.05± 0.05 1.70± 0.15
500 1.18± 0.08 1.60± 0.08
1000 1.42± 0.09 1.64± 0.15
2000 1.78± 0.10 1.9± 0.2
3500 2.11± 0.16 2.01± 0.14

Table A.1: Values of the bending rigidity κ at each temperature, with old torsion in the
second column and with new torsion in the third column. The values of κ are obtained
fitting ρω2/k2 = κt + b with t = k2 ∈ [0.013 : 0.08] Å−2, with the old torsion, with
t = k2 ∈ [0.013 : 0.04] Å−2, with the new torsion (red lines in figures A.1-A.6). All the
phonon dispersion are computed reading the configuration each 60 MD step from MD
simulation n NVE ensemble and with N = 1667880, ∆t = 0.1fs.

[26], showing that different torsion models effect the behaviour of the bending rigidity.
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Figure A.1: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 100K. The
fits reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2: for the
black line we fitted in the range t ∈ [0.03,0.13] Å−2, the same used in section 5; for the
green line we fitted in the range t ∈ [0.013 : 0.08] Å−2 and a constant κ equal to the one
computed by the correlation function method (table 6.2); for the red line we fitted in the
region t ∈ [0.013 : 0.08] Å−2, for the old torsion, and t ∈ [0.013 : 0.04] Å−2, for the new
torsion. The legends show the relative value of κ in eV.
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Figure A.2: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 300K. The
fits reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2: for the
black line we fitted in the range t ∈ [0.03,0.13] Å−2, the same used in section 5; for the
green line we fitted in the range t ∈ [0.013 : 0.08] Å−2 and a constant κ equal to the one
computed by the correlation function method (table 6.2); for the red line we fitted in the
region t ∈ [0.013 : 0.08] Å−2, for the old torsion, and t ∈ [0.013 : 0.04] Å−2, for the new
torsion. The legends show the relative value of κ in eV.
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Figure A.3: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 500K. The
fits reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2: for the
black line we fitted in the range t ∈ [0.03,0.13] Å−2, the same used in section 5; for the
green line we fitted in the range t ∈ [0.013 : 0.08] Å−2 and a constant κ equal to the one
computed by the correlation function method (table 6.2); for the red line we fitted in the
region t ∈ [0.013 : 0.08] Å−2, for the old torsion, and t ∈ [0.013 : 0.04] Å−2, for the new
torsion. The legends show the relative value of κ in eV.
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Figure A.4: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 1000K. The
fits reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2: for the
black line we fitted in the range t ∈ [0.03,0.13] Å−2, the same used in section 5; for the
green line we fitted in the range t ∈ [0.013 : 0.08] Å−2 and a constant κ equal to the one
computed by the correlation function method (table 6.2); for the red line we fitted in the
region t ∈ [0.013 : 0.08] Å−2, for the old torsion, and t ∈ [0.013 : 0.04] Å−2, for the new
torsion. The legends show the relative value of κ in eV.
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Figure A.5: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 2000K. The
fits reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2: for the
black line we fitted in the range t ∈ [0.03,0.13] Å−2, the same used in section 5; for the
green line we fitted in the range t ∈ [0.013 : 0.08] Å−2 and a constant κ equal to the one
computed by the correlation function method (table 6.2); for the red line we fitted in the
region t ∈ [0.013 : 0.08] Å−2, for the old torsion, and t ∈ [0.013 : 0.04] Å−2, for the new
torsion. The legends show the relative value of κ in eV.

83



A – Comparing the correlation function method with the phonons

 0

 1

 2

 3

 4

 5

 6

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

ρω
2 /k

2 (K
g 

ra
d2 /s

ec
2 )

k2(Å−2)

κ=2.07 
κ=1.98 
κ=2.02 

(a) old torsion

 0
 0.5

 1
 1.5

 2
 2.5

 3
 3.5

 4
 4.5

 5
 5.5

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

ρω
2 /k

2 (K
g 

ra
d2 /s

ec
2 )

k2(Å−2)

κ=1.89 
κ=1.78 
κ=1.94 

(b) new torsion

Figure A.6: ρ
(
ω
k

)2 (k2) near Γ point with the old (a) or new (b) torsion at 3500K. The
fits reported are obtained by the linear relation ρ

(
ω
k

)2 = κt + b where t = k2: for the
black line we fitted in the range t ∈ [0.03,0.13] Å−2, the same used in section 5; for the
green line we fitted in the range t ∈ [0.013 : 0.08] Å−2 and a constant κ equal to the one
computed by the correlation function method (table 6.2); for the red line we fitted in the
region t ∈ [0.013 : 0.08] Å−2, for the old torsion, and t ∈ [0.013 : 0.04] Å−2, for the new
torsion. The legends show the relative value of κ in eV.
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Figure A.7: The values of κ, and the errorbars, as function of the temperature for both
torsion: blue line is obtained with the normal-normal correlation function methods and
new torsion; purple line with the normal-normal correlation function methods and old tor-
sion; red line represents the data with the old torsion from table A.1; black line represents
the data with the new torsion from table A.1; the green line represents the values obtained
from the normal-normal correlation function in [6].
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Appendix B

getvelcf code

In this appendix we will show the code we wrote to compute the PSD from the MD data.
This code, to read the file with the configurations, uses some routines as mkrunseq that
have been written in the group where I worked and that are not reported in this thesis.

! This program reads configurations from the files OUTDAT/config.xxx.
! It creates a file with the eigenfrequencies.

program getvelcfxyz
implicit none
integer, parameter::nrsm=100,nrpsm=100,nspcm=1
integer :: ncm,m,imaxeven
character*100 irpschar
character*100 charnrs
character*1000000 charnq
character*2 atom!,atspc(nspcm)
character*3 ext,lstrs(0:nrpsm,nrsm),yes
character*10 config,chaine,path
integer ipbc(3)!,isp(npm),nei(npm)
integer, allocatable :: isp(:)
integer, dimension(nrsm):: nrps
integer, dimension(nrpsm,nrsm):: nconflst,nmclst
real*8, dimension(3)::h(3)
real*8, allocatable:: atpos(:,:), atvel(:,:)!,atvelMG(:,:)
real*8, dimension(2,nrpsm,nrsm):: templst,preslst!,atpos0(3,npm)
real*8, allocatable :: atpos0(:,:)
integer:: i,ncells,nc,nci,imax,imin
integer:: j,np,ip,iq,iomega,im,invwcf,k,nmcext,omp_get_num_threads
real*8 qvec(2),vkr(3),vki(3),kint(3,80)
real*8, allocatable,dimension(:,:,:,:):: kvelt
real*8, allocatable,dimension(:,:,:):: rrseq,riseq,psdr,psdi
real*8, allocatable,dimension(:,:,:):: afreqr,afreqi,fwsq
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B – getvelcf code

real*8, allocatable,dimension(:,:):: qlst
real*8 qx,qy,temp1,temp2,pres2,pres1,alat,twopi,zmax,atvelpar,tpDan
integer:: istatus,iskip,irun,irs,irps2,irps1
integer:: nskip,nspc,nrun,nrs,nq,nctot,irps,iextout,iextinp,nqKM,nqMG
config=’config.xxx’
chaine=’0123456789’

!$ print*,"Compiled with OpenMP support: "
!$ print*,"number of threads ",omp_get_num_threads()
path(1:10)=’ ’
path(1:7)=’OUTDAT/’
write(6,*)’path=’,path
print*,path(1:index(path,’ ’)-1)
open(16,file=path(1:index(path,’ ’)-1)//’inp.log’)
print*,’control2’,path
read(16,*)nrun,nspc
if(nspc.gt.nspcm)then

write(6,*)’ERROR: nspc > nspcm’
write(6,*)’set parameter nspc >= nspcm and retry’

endif
do irun=1,nrun

read(16,*,iostat=istatus)iextinp,iextout,nmcext,invwcf,temp1,temp2
if(istatus>=0)then

call mkrunseq(nrsm,nrpsm,chaine,nrs,nrps,lstrs,irun,iextinp,iextout,&
nmcext,invwcf,temp1,temp2,pres1,pres2,nconflst,nmclst,templst,preslst)

else
exit

endif
enddo

write(6,’(a28,i5)’)’ Number of run sequences :’,nrs
do irs=1,nrs

write(6,*)
write(6,’(a30,i6)’)’ run sequence :’,irs
write(6,’(a30,i6)’)’ no runs for this sequence :’,nrps(irs)
write(6,*)’ irs extinp extout nmcext nconf temp1 temp2 pres1 pres2’
write(6,*)’ --- ------ ------ ------ ----- ----- ----- ----- -----’
do irps=1,nrps(irs)
write(6,’(i5,4x,a3,2x,a3,x,a3,x,2i7,1x,f8.2,a4,f8.2,f7.2,a4,f7.2)&

’) irps,lstrs(irps-1,irs),’-->’,lstrs(irps,irs),nmclst(irps,irs),&
nconflst(irps,irs),templst(1,irps,irs),’ -->’,templst(2,irps,irs),&
preslst(1,irps,irs),’ -->’,preslst(2,irps,irs)

enddo
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enddo

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
! reading input file for input

open(100,file=’INDAT/getvelcf.in’)
read(100,*)

! read number of cells, run sequence, lower and upper sequence number
! number of configurations to be skipped, skip modulo.

read(100,*)ncells,irs,irps1,irps2,iskip,nskip

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

charnrs=lstrs(irps1,irs)
print*,’OUTDAT/sample.’//trim(charnrs)
open(10,file=’OUTDAT/sample.’//trim(charnrs),form=’unformatted’)
read(10)np
allocate(atpos0(3,np))
allocate(atvel(3,np))

read(10)(h(i),i=1,3)
close(10)

alat=h(1)/dfloat(ncells)
print*,np,alat,h(1),h(2),h(3)

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
write(6,*)
if(nrs.gt.1)then

write(6,*)’From which run sequence do you want configurations.’

print*,’irs= ’,irs

else
irs=1 !isn’t working!

endif
write(6,*)’the lower and upper sequence number’
print*,’irps1,irps2= ’,irps1,irps2

write(6,*)’Give the number of configurations to be skipped’
print*,’iskip= ’,iskip
write(6,*)’Give skip modulo’
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print*,’nskip= ’,nskip

twopi=2.d0*dacos(-1.d0) !define twopi
tpDan=twopi/(alat*ncells)

!! Make qlst with allowed qvectors
imax=2*ncells/3
imin=ncells/2

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
if(mod(imin,2).ne.0)then

imin=imin-1
endif

if(mod(imax,2).ne.0)then
imaxeven=imax-1

else
imaxeven=imax

endif
nq=int(dfloat(imax)+(dfloat(imax)-dfloat(imin))/2.0+(dfloat(imin)+1)/2.0)
allocate(qlst(2,nq))
print*,’nq_prova1= ’,nq
nq=0

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

do i=1,imax !path GammaK

nq=i
qx=tpDan*i

qlst(1,nq)=qx
qlst(2,nq)=Real(0)

enddo
nqKM=nq
do i=imaxeven, imin,-2 !path KM

nq=nq+1
qx=tpDan*i
qy=tpDan*(-i*SQRT(3.0) +2.0*ncells/SQRT(3.0))

qlst(1,nq)=qx
qlst(2,nq)=qy

enddo
nqMG=nq
do i=(imin-2),0,-2 !path MGamma
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nq=nq+1
qx=tpDan*i
qy=tpDan*i/SQRT(3.0)

qlst(1,nq)=qx
qlst(2,nq)=qy

enddo
open(11,file=’OUTDAT/2complete_qlist.dat’) !creates a outputfile with the qvectors
write(11,*),’#The coordinates of the’,nq,’q-vectors of this sample’
write(11,*),’#number x-coordinate y coordinate’

do iq=1, nq
write(11,’(i3,2e14.6)’)iq,(qlst(1:2,iq))
print*,iq,(qlst(1:2,iq))

enddo
close(11)

print*,’qlist is created!’

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

nctot=0
allocate(isp(np))
allocate(atpos(3,np))
do irps=irps1,irps2

ncm = nconflst(irps,irs)
if(irps.eq.irps1)then

print*,’ncm = ’,ncm
endif
allocate(kvelt(2,3,nq,ncm))
nci=0
ext=lstrs(irps,irs)
if(ext.eq.’999’)cycle
config(8:10)=ext(1:3)
print*,’path=’,path,path(1:index(path,’ ’)-1),’ conf= ’,config

open(8,file=’OUTDAT/’//config,status=’old’,form=’unformatted’)
do nc=0,ncm
read(8,iostat=istatus)np,(h(i),i=1,3),&
((atpos(k,i),k=1,3),i=1,np),(isp(i),i=1,np),((atvel(k,i),k=1,3),i=1,np)

if(istatus>=0)then
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if(iskip.gt.0)then
iskip=iskip-1
cycle

endif
if(mod(nc,nskip).ne.0)cycle
nci=nci+1
do iq=1,nq !take the fouriertransform for different q values

qvec(1:2)=qlst(1:2,iq) !read in qvector
call FTvel(np,atpos,atvel,qvec,vkr,vki) !determine velocity distribution for qvector
kvelt(1,1:3,iq,nci)=vkr(1:3)
kvelt(2,1:3,iq,nci)=vki(1:3)
kint(1:3,iq)=kvelt(1,1:3,iq,nci)**2+kvelt(2,1:3,iq,nci)**2

enddo !end do over iq

else
nctot=nctot+nci
print*,’nctot= ’,nctot
print*,nc,’ snapshots are read from file ’,config
m=nctot
exit

endif
enddo !end do over nc

allocate(rrseq(nq,3,0:m))
allocate(riseq(nq,3,0:m))
allocate(psdr(nq,3,0:m))
allocate(psdi(nq,3,0:m))
allocate(afreqr(nq,3,0:m))
allocate(afreqi(nq,3,0:m))
allocate(fwsq(nq,3,0:m))

print*,’datafiles kspacevelocities are created!’

call kVACS(nctot,m,kvelt,rrseq,riseq,psdr,psdi,nq,ncm)

print*,’kVACS for all qvectors have been created!’
write(charnq,’(I0)’)nq
open(12,file=’OUTDAT/2complete_kvacsreal_z.dat’)
open(13,file=’OUTDAT/2complete_kvacsreal_x.dat’)
open(14,file=’OUTDAT/2complete_kvacsreal_y.dat’)
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open(120,file=’OUTDAT/2complete_kvacsimm_z.dat’)
open(121,file=’OUTDAT/2complete_kvacsimm_x.dat’)
open(122,file=’OUTDAT/2complete_kvacsimm_y.dat’)

do im=0,m
write(12,’(i6,’//trim(charnq)//’e14.6)’)im,psdr(1:nq,3,im)
write(13,’(i6,’//trim(charnq)//’e14.6)’)im,psdr(1:nq,1,im)
write(14,’(i6,’//trim(charnq)//’e14.6)’)im,psdr(1:nq,2,im)
write(120,’(i6,’//trim(charnq)//’e14.6)’)im,psdi(1:nq,3,im)
write(121,’(i6,’//trim(charnq)//’e14.6)’)im,psdi(1:nq,1,im)
write(122,’(i6,’//trim(charnq)//’e14.6)’)im,psdi(1:nq,2,im)

enddo !endo over im
close(12)
close(13)
close(14)
close(120)
close(121)
close(122)

print*,’kVACS for all qvectors have been saved!’

print*,’Mtot=’,nmclst(irps,irs)
call FTfreq(psdr,afreqr,afreqi,qlst,nq,m,psdi,twopi,nmclst(irps,irs))
write(irpschar,’(I0)’)irps
write(charnq,’(I0)’)nq

print*,’fouriertransform to frequency has been done’
open(18,file=’OUTDAT/complete_’//trim(irpschar)//’_omegaintensitiesx.dat’)
write(18,*),’ omegax intensity for every k-vector’
write(18,*),’ omega in steps of 0.1333 wki1 wki2 .... wki(nq)’
open(19,file=’OUTDAT/complete_’//trim(irpschar)//’_omegaintensitiesy.dat’)
write(19,*),’ omegay intensity for every k-vector’
write(19,*),’ omega in steps of 0.1333 wki1 wki2 .... wki(nq)’
open(20,file=’OUTDAT/complete_’//trim(irpschar)//’_omegaintensitiesz.dat’)
write(20,*),’ omegaz intensity for every k-vector’
write(20,*),’ omega in steps of 0.1333 wki1 wki2 .... wki(nq)’

do iomega=0,m !20000
do iq=1,nq

fwsq(iq,1:3,iomega)=afreqr(iq,1:3,iomega)**2+afreqi(iq,1:3,iomega)**2
enddo
write(18,’(i6,’//trim(charnq)//’e14.6)’)iomega,fwsq(1:nq,1,iomega)
write(19,’(i6,’//trim(charnq)//’e14.6)’)iomega,fwsq(1:nq,2,iomega)
write(20,’(i6,’//trim(charnq)//’e14.6)’)iomega,fwsq(1:nq,3,iomega)
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enddo
print*,’finished lets hope!’
print*,’number of config_ files =’,irps2-irps1+1,’, all are read’
print*,’total # of snapshots=’,nctot
deallocate(kvelt)
deallocate(rrseq)
deallocate(riseq)
deallocate(psdr)
deallocate(psdi)
deallocate(afreqr)
deallocate(afreqi)
deallocate(fwsq)

enddo !end do over irps
deallocate(isp)
deallocate(atpos)
deallocate(atvel)
deallocate(atpos0)

end program getvelcfxyz

!===================================================================!
subroutine FTvel(np,atpos,atvel,qvec,vkr,vki)
implicit none
integer np,ip
real*8 qr
real*8 atpos(3,np), atvel(3,np),qvec(2) !input
real*8 vkr(3),vki(3) !output

vkr(1:3)=0.d0
vki(1:3)=0.d0

do ip=1,np,2 !!steps of 2 because of using just 1 sublattice
qr=qvec(1)*atpos(1,ip)+qvec(2)*atpos(2,ip) !inproduct qvector with position atoms

vkr(1:3)=vkr(1:3)+atvel(1:3,ip)*dcos(qr)
vki(1:3)=vki(1:3)+atvel(1:3,ip)*(-dsin(qr))

enddo

end subroutine FTvel

!===================================================================!
subroutine kVACS(nctot,m,kvelt,rrseq,riseq,psdr,psdi,nq,ncm)
implicit none
integer ncm,m,nq
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real*8 pf

real*8 kvelt(2,3,nq,ncm),rrseq(nq,3,0:m)
real*8 riseq(nq,3,0:m),psdr(nq,3,0:m),psdi(nq,3,0:m)
integer im,nctot,n,step,i,iq

rrseq(1:nq,1:3,0:m)=0.d0
riseq(1:nq,1:3,0:m)=0.d0
psdr(1:nq,1:3,0:m)=0.d0
psdi(1:nq,1:3,0:m)=0.d0
!$omp parallel do
do iq=1,nq

do im=0,m
if(nctot-im.eq.0)exit
do n=1,nctot-im

step=n+im
do i=1,3

rrseq(iq,i,im)=rrseq(iq,i,im)+&
kvelt(1,i,iq,step)*kvelt(1,i,iq,n)+&
kvelt(2,i,iq,step)*kvelt(2,i,iq,n)

riseq(iq,i,im)=riseq(iq,i,im)-&
kvelt(1,i,iq,step)*kvelt(2,i,iq,n)+&
kvelt(2,i,iq,step)*kvelt(1,i,iq,n)

enddo !end i

enddo !end n
pf=1.d0/(dfloat(nctot-im))
rrseq(iq,1:3,im)=pf*rrseq(iq,1:3,im)
riseq(iq,1:3,im)=pf*riseq(iq,1:3,im)
psdr(iq,1:3,im)=rrseq(iq,1:3,im)/(rrseq(iq,1,0)+rrseq(iq,2,0)+&

rrseq(iq,3,0))
psdi(iq,1:3,im)=riseq(iq,1:3,im)/(rrseq(iq,1,0)+rrseq(iq,2,0)+&

rrseq(iq,3,0))
! print*,’’, psdr(iq,1:3,im)

enddo ! end im
enddo !end iq
!$omp end parallel do
end subroutine kVACS

!===================================================================!
subroutine FTfreq(psdr,afreqr,afreqi,qlst,nq,m,psdi,twopi,Mtot)
implicit none
integer m,nq,Mtot
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real*8 twopi,tr,ar

real*8 psdr(nq,3,0:m),afreqr(nq,3,0:m-1)
real*8 afreqi(nq,3,0:m-1),psdi(nq,3,0:m),omega
real*8, dimension(2,nq):: qlst
integer iomega, im,iq

tr=twopi/dfloat(m)
afreqr(1:nq,1:3,0:m-1)=0.d0 !12800 atoms
afreqi(1:nq,1:3,0:m-1)=0.d0
!$omp parallel do collapse(2)
do iq=1,nq
do iomega=0,m-1

do im=0,m-1
ar=dfloat(im)*(dfloat(iomega))*tr
afreqr(iq,1:3,iomega)=afreqr(iq,1:3,iomega)+&

(psdr(iq,1:3,im)*dcos(ar)+&
psdi(iq,1:3,im)*dsin(ar))

afreqi(iq,1:3,iomega)=afreqi(iq,1:3,iomega)+&
(-psdr(iq,1:3,im)*dsin(ar)+&
psdi(iq,1:3,im)*dcos(ar))

enddo
enddo

enddo
!$omp end parallel do
end subroutine FTfreq
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Appendix C

Computation of the new torsion
for the LCBOPII code

The following piece of code shows the new torsion model. It has been inserted in the code
that compute the whole LCBOPII potential.

!CC function T(y,z) and dT(y,z) for new torsion for carbon

subroutine subTyzdTyz_new_C(y,ysq,xNcj,dxNcj,&
Tyz,dTyzdy,dTyzdz1,dTyzdz2)
implicit double precision(a-h,o-z)
parameter(dNelsq0=4.d0/9.d0,onemeps=1.d0-1d-12)
onemysq=1.d0-ysq
chiy=Ctrs1+Ctrs2*ysq
t0y1=Atrs1+Atrs2*ysq*ysq*(3.d0-2.d0*ysq)
t0y=t0y1*onemysq
if(xNcj.le.1d-12)then

Tyz=t0y
dTyzdy=12*Atrs2*y*ysq*onemysq*onmysq-2*y*t0y1
dTyzdz1=0.d0
dTyzdz2=dTyzdz1

elseif(xNcj.gt.1-1e-12)then
t1yNum=Btrs1+Btrs2*ysq+Btrs3*ysq*ysq
t1yDen=1+Btrs4*ysq
t1yNoD=t1yNum/t1yDen
Tyz=t1yNoD*onemysq
dt1yNoD=((2*Btrs2*y+4*Btrs3*ysq*y)*t1yDen-2*y*Btrs4*t1yNum)/&

(t1yDen*t1yDen)
dTyzdy=dt1yNoD*onemysq-2*y*t1yNoD
dTyzdz1=(3*Tyz-(1+2*chiy)*t0y)*dxNcj
dTyzdz2=dTyzdz1

else
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yfr=ysq*ysq
ycube=y*ysq
zsq=xNcj*xNcj
zcube=xNcj*zsq
onemzcube=1.d0-zcube
t1yNum=Btrs1+Btrs2*ysq+Btrs3*yfr
t1yDen=1+Btrs4*ysq
t1yNoD=t1yNum/t1yDen
t1y=t1yNoD*onemysq
chiy=Ctrs1+Ctrs2*ysq
tz1=1+xNcj*(1+xNcj)*chiy
tz=onemzcube*tz1*t0y
Tyz=tz+zcube*t1y
dty1=(1+2*xNcj*(1+xNcj)*Ct2*y)*t0y
dty2=tz1*(12*Atrs2*ycube*(1-ysq)*onemysq-2*y*t0y1)
dty3=onemysq*((2*Btrs2*y+4*Btrs3*ycube)*t1yDen-2*y*Btrs4*t1yNum)/(t1yDen*t1yDen)
dty4=-2*y*t1yNoD
dTyzdy=onemzcube*(dty1+dty2)+zcube*(dty3+dty4)
dTyzdz1=(onemzcube*(1+2*xNcj)*chiy*t0y-3*zsq*(t1y-t0y*tz1))*dxNcj
dTyzdz2=dTyzdz1

endif

end subroutine subTyzdTyz_new_C
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Appendix D

The path in the BZ zone

In section 1.2 we showed how to compute the k-path we used to compute the phonons.
Table D.1 shows, exactly, all the k-point we used in the computation.

index kx ky
Å−1 Å−1

0 0.0 0.0
1 0.0320 0.0
2 0.0639 0.0
3 0.0959 0.0
4 0.128 0.0
5 0.160 0.0
6 0.192 0.0
7 0.224 0.0
8 0.256 0.0
9 0.288 0.0

10 0.320 0.0
11 0.351 0.0
12 0.383 0.0
13 0.415 0.0
14 0.447 0.0
15 0.479 0.0
16 0.511 0.0
17 0.543 0.0
18 0.575 0.0
19 0.607 0.0
20 0.639 0.0
21 0.671 0.0
22 0.703 0.0
23 0.735 0.0

99



D – The path in the BZ zone

24 0.767 0.0
25 0.799 0.0
26 0.831 0.0
27 0.863 0.0
28 0.895 0.0
29 0.927 0.0
30 0.959 0.0
31 0.990 0.0
32 1.02 0.0
33 1.05 0.0
34 1.09 0.0
35 1.12 0.0
36 1.15 0.0
37 1.18 0.0
38 1.21 0.0
39 1.25 0.0
40 1.28 0.0
41 1.31 0.0
42 1.34 0.0
43 1.37 0.0
44 1.41 0.0
45 1.44 0.0
46 1.47 0.0
47 1.50 0.0
48 1.53 0.0
49 1.56 0.0
50 1.60 0.0
51 1.63 0.0
52 1.66 0.0
53 1.69 0.0
54 1.66 0.0738
55 1.58 0.184
56 1.53 0.295
57 1.47 0.406
58 1.41 0.516
59 1.34 0.627
60 1.28 0.738
61 1.21 0.701
62 1.15 0.664
63 1.09 0.627
64 1.02 0.590
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65 0.959 0.553
66 0.895 0.516
67 0.831 0.480
68 0.767 0.443
69 0.703 0.406
70 0.639 0.369
71 0.575 0.332
72 0.511 0.295
73 0.447 0.258
74 0.383 0.221
75 0.319 0.184
76 0.256 0.147
77 0.192 0.111
78 0.128 0.0738
79 0.0639 0.0369
80 0.0 0.0

Table D.1: The coordinates of the 80 k-vectors.
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