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Chapter 1

Carbon and its relevance

1.1 Carbon allotropes

During my master research project I have studied graphene, a recently dis-
covered [1] two dimensional crystalline form of carbon. Carbon appears in all
kind of molecular structures (in combination with other atoms) as for example
carbon-dioxide or petroleum and it is a basic component of all organic struc-
tures. It also appears in pure forms, such as diamond or graphite, which are
crystalline forms of carbon, shown in Fig. 1.1 (a) and (b) respectively.

Figure 1.1: Different forms of carbon: a (diamond) and b (graphite) are three
dimensional materials, c (C60 fullerene) is zero dimensional and d (carbon nan-
otube) is one dimensional. Graphene is a single layer of graphite (b) and is a
two dimensional crystal structure.

Diamond and graphite are structures of carbon with a three dimensional
(3D) appearance, namely they have a well defined (macroscopic) extent in all
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GNR edge reconstructions, Jaap Kroes (1.2)

three basic Euclidean coordinates. An unusual feature of carbon is that there
are actually two stable 3D crystalline forms under normal conditions (room
temperature and atmospheric pressure), while for most atoms there is only a
single equilibrium crystal structure. Even though diamond is slightly less stable
than graphite, so that diamond can be said to be ‘metastable’, the energy needed
to transform diamond into graphite (∼ 0.3 eV [2, 3]) is much higher than thermal
fluctuations (∼ 0.025 eV).

In the last decennia, several stable carbon structures of lower dimensionality
have been discovered. In these materials there is at least one direction in which
the material has such a limited extent that they effectively behave as a system
of lower dimensionality. The carbon nanotube (CNT) shown in Fig. 1.1c, can
be considered a 1D material because the length is much larger than the width.
Experimentally observed CNTs have a diameter of one to a few nanometers
(10−9 m) while the length can be of the order of several micrometers (10−6 m).
CNTs have been known already for some time1 but the general interest for this
material started with the publication by Iijima in 1991 [5]. The C60 molecular
structure (consisting of 60 carbon atoms), a 0D material shown in Fig. 1.1d,
was predicted theoretically [6] in 1970 and discovered by Kroto in 1985 [7].
Since then, other cage-like 0D structures of different sizes have been discovered
and these materials are collectively called fullerenes. These objects provide a
way to probe physics in lower dimensions without creating large and expensive
machinery and have resulted in interesting new condensed matter physics as
well as technological advancements.

Figure 1.2: Rippled surface of graphene at T = 300K, the red arrows (≈ 80 Å)
indicate a typical size of the ripples. Image from [8].

1The exact discovery of CNTs is controversial [4]. The first experimental reference can be
found as early as 1957 by Radushkevich and Lukyanovich, but since they were only published
in Russian (in the Russian Journal of Physical Chemistry) and Russian (scientific) litera-
ture was not easily accessible to the rest of the world during this period (the period of the
communism and the cold war) they were not well known and cited outside Russia.
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1.2 Graphene

A 2D carbon material however, was still missing from the list of carbon struc-
tures. One reason that actually no one had expected such a material to exist
was that already in 1966, there had been theoretical work done by Mermin and
Wagner [9, 10] showing that it would be impossible to have stable 2D crystal
structures at any finite temperature. In other words, even if it were possible to
extract a single layer from graphite for example, it would be unstable and break
apart before you would be able to measure it. While a single layer of graphite
was already known since 1979 to be stable on a substrate (as a condensed layer
on top of another material) [11], in 2004 a single suspended layer of graphite was
isolated experimentally [1] and named ‘graphene’. One way to create graphene
is the so-called ‘scotch tape method’ where a piece of graphite is repeatedly
peeled off using a piece of scotch tape, resulting in thinner and thinner layers of
graphite. While this method may seem simple, the identification of single layers
of graphene was a laborious and non-trivial achievement. Graphene seemed to
be very stable, existing for at least weeks under normal conditions2, in contrast
to what was expected. Because of the relative simplicity of 2D materials in
comparison to 3D materials, this class of materials had already been studied
extensively by theorists before its discovery. In the theory of membranes (thin
mechanical films, but with a thickness of many interatomic distances) it was
predicted that the dangerous long wavelength fluctuations predicted by Mermin
and Wagner, could be suppressed by anharmonic coupling between the bending
and stretching modes of the material [12, 13]. Recent computer simulations have
shown that this theory also applies to graphene and therefore, the stability of
graphene is now ascribed to this anharmonic coupling that makes the graphene
surface rippled [8] (shown in Fig. 1.2).

(a) 3D projection (b) band structure

Figure 1.3: Electronic band structure of graphene within a single Brillouin zone,
showing the linear dependence of E(k) on k near the Fermi level (inset of 1.3(a),
EF set to zero) resulting in (effective) massless charge-carriers. Images from [14]
and [15] respectively.

2Note that already by measuring graphene, using for example a Scanning Tunneling Micro-
scope (STM), a severe force is exerted onto the material so that merely being able to measure
it already shows that it is more stable than expected.
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Since its discovery, scientists have been interested in studying graphene for
many reasons. The exceptional properties of graphene have been reviewed ex-
tensively in recent articles [16, 14, 15] and here I will explain some of these prop-
erties and why they make graphene such an interesting material. First of all
graphene is the first truly two dimensional crystal that has ever been observed
experimentally. Mechanically, graphene has been measured to be extremely
strong, being approximately 200 times stronger than steel with a Young modu-
lus of 1 TPa [17]. Furthermore, graphene has mechanical as well as electronic
properties which make it a possible candidate for replacing silicon in electronic
devices, while simultaneously providing a new and relatively simple way to do
experiments which display physics which could thus far only be studied in exotic
systems such as black holes.

Figure 1.4: The graphene lattice with basis vectors ~a1,~a2 (a) and the corre-

sponding Brillouin zone (b). The reciprocal basis vectors are ~b1 = b(1,
√

3),
~b2 = b(1,−

√
3) with b = 2π/3aCC , where aCC = 1.42 Å is the equilibrium

carbon-carbon distance in graphene.

The band structure of graphene (shown in Fig. 1.3) shows a remarkable
feature near the Fermi energy, namely it is linearly dependent on the reciprocal
wave vector ~k near the K point of the Brillouin zone (illustrated in Fig. 1.4).
So that the effective mass m∗ of electrons [18],

m∗ = ~
2 ∂2k

∂ǫ2
,

where ǫ is the energy of the particle, k the wave vector and ~ Planck’s reduced
constant, vanishes near the Fermi level. The fact that this (effective) mass is
zero near the Fermi level means that the electrons can travel as if they were
photons, which have a similar dispersion relation ǫ = ~ω, albeit with a speed
about one order of magnitude smaller than the speed of light.

The graphene lattice is not a Bravais lattice but can be seen as a triangular
lattice with two atoms in the unit cell. The K and K’ point (shown in Fig. 1.4)
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are not symmetrically equivalent because they are in a different sublattice and
there is no symmetry operation of the graphene lattice to go from one point
to the other. Therefore, these quasiparticles are described by two-component
wavefunction and by the Dirac equation for massless fermions [16], instead of
the Schrödinger equation which holds for ordinary quantum particles. Thus gra-
phene seems to provide physicists with a new way to probe relativistic physics.

Another physical phenomenon occurring in graphene, resulting from this
Dirac-description of the charge carriers, is its demonstration of the so-called
Klein paradox [19]. For Schrödinger electrons, with quadratic dispersion, elec-
tron tunneling has an exponential decrease with the width of the barrier, while
the reflected part of the electrons will backscatter to an opposite k state. How-
ever for particles that obey the Dirac equation the tunneling probability ap-
proaches unity as the barrier height goes to infinity. In order to have backscat-
tering (from k → −k) the opposite state −k must exist in the reciprocal lattice
(shown in Fig. 1.4), for graphene this is not the case and as a result no backscat-
tering is possible. This gives a transmission probability equal to unity for certain
angles of the incoming electrons, independent of the width of the barrier [15], a
result which can be tested in small graphene-based devices.

Figure 1.5: Different ways to cut graphene result in different edge structures
as linear combinations of the zigzag-edge (zz,α = 30◦) and the armchair-edge
(ac,α = 0). Other angles result in a linear combination of zz and ac unit edge
cells. The armchair edge is generally considered to be most stable of these two
(as shown in Fig. 1.6). Image from [20].

1.3 Graphene nanoribbons

In my research I have examined small stripes of graphene, called graphene na-
noribbons (GNRs). In GNRs the edges play an important role because of the
relatively large fraction of atoms that are situated at, or near, the edge. In
analogy to CNTs, the band structure of GNRs can be either metallic (without
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a bandgap) or semiconducting (with a bandgap) depending on the structure
(zigzag or armchair) of the edges as well as on the GNR width [21]. Moreover,
the structure of the edges determines their magnetic properties (ferromagnetic
or anti-ferromagnetic) and the zigzag edge terminated GNR magnetic type can
be controlled by an external electric field [22, 21]. Therefore it is of importance
to know at least the equilibrium (edge) structure of graphene.

In principle, the structure of the edges is determined by the way graphene
is cut (shown in Fig. 1.5). Then one can determine the edge energy, defined as
ǫ = Ebulk−E

2L , where Ebulk is the graphene bulk energy, E the total energy and
L the edge length (the factor two is due to the fact that there are two edges
of one type) for different edge structures. The structure with the lowest edge
energy can then be predicted to the most stable. However, a recent theoretical
study [23] predicted that the most stable graphene edge would be a more com-
plex structure, consisting of alternate pairs of pentagons and heptagons (zz57 as
shown in Fig. 1.6(a)). In analogy to the terminology in surface physics we call
the zz57 (ac56, ac677) a reconstruction of the zz (ac) edge. Furthermore we will
also examine edge transformations, which correspond to changing only a single
pair of hexagons into a heptagon-pentagon pair. The zz57 is found to be the
most stable edge structure of GNRs, not only in comparison to zz, but also with
respect to the ac edge as illustrated by the energy differences in Fig. 1.6(b).

(a) equilibrium edge structures (b) corresponding edge energies

Figure 1.6: In (a) the different reconstructed GNR edges (left) and bond lengths
(right) in Ångström (10−10 m) are shown. The structures zigzag (zz) and arm-
chair (ac) are the ones obtained by cutting graphene as shown in Fig. 1.5 whereas
the structures zz57, ac677 and ac56 are possible reconstructions of the respective
edges. In (b) the corresponding edge energies (from [23]) are given, defined for
a sample of length L with two completely reconstructed edges as ǫ = Ebulk−E

2L ,
to illustrate that the zz57 is the most stable edge. Image from [23].
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Chapter 2

Computational Physics

In computational physics we use a computer to do calculations on problems
in physics that are not analytically soluble or simply unfeasible by hand. In
condensed matter physics, this often means calculating some material property
of a many-body system. There are many different approaches to solving these
kind of many-body problems in physics, all differing in computational cost and
accuracy. For example, there is a whole class of methods based on solving the
Schrödinger equation in a many-body representation (called ab initio), there are
methods based on Markovian chains where phase space is represented by a graph
and there are empirical models where, after defining an interaction potential
between atoms, Newton’s equations of motion are solved for all atoms. All
these methods are very different but have at least in common that a computer
is used. In this chapter I will describe some of the methods I have used including
their advantages and limitations.

2.1 Molecular Dynamics

Molecular Dynamics (MD) is a method to examine the time-dependent be-
haviour of a system by solving the equations of motion for classical many-body
systems. In other words, we solve Newton’s second law Fi = mai, where
the force Fi on particle i is given by the local gradient of the potential field
Fi = −∇iV (x), where x indicates a configuration of the whole system. Starting
with a set of initial positions xi and velocities vi we solve these equations to
find the new positions and velocities a time ∆t later.

2.1.1 Velocity Verlet

To solve this differential equation efficiently we use the velocity Verlet integra-
tion scheme which gives the positions and velocities after a time step ∆t by first
solving the velocity halfway. Taylor expansion of xi(t + ∆t) and vi(t + ∆t/2)
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gives

xi(t + ∆t) = xi(t) + vi(t)∆t + ai(t)
∆t2

2
+ O(∆t3) (2.1)

vi(t +
∆t

2
) = vi(t) + ai(t)

∆t

2
+ O(∆t2)

Based on x(t + ∆t) we evaluate ai(t + ∆t) as

ai(t + ∆t) =
−1

m
∇iV (x(t + ∆t))

to finally find the new velocity as

vi(t + ∆t) = vi(t +
∆t

2
) + ai(t + ∆t)

∆t

2
(2.2)

Note that numerical errors are intrinsically present in MD simulations. While
we may be able to make the error for a single step as small as we like by reducing
∆t, there is always a numerical round-off error in the calculation caused by the
floating point precision of computers which will dominate the total error for
large enough simulation times. Therefore, it is of no use to choose the time step
extremely small. This causes a drift in the energy of the system (see Fig. 3.2
for an example) and will constrain the total simulation that can be done in a
meaningful way.

2.1.2 Sampling ensembles

The sampling in MD simulations can be done in different ensembles of statistical
mechanics. An ensemble describes the physics that governs the system (the con-
served quantities) in terms of the set of all allowed replicas (microstates) of the
system that are different, in a classical picture for example because of different
particle positions and momenta. The simplest ensemble is the microcanonical
(NVE) ensemble, which describes an isolated system, where the number of par-
ticles (N), the volume (V) and the energy (E) are conserved. In this ensemble
every microstate is considered equally likely and thus average (thermodynamic)
quantities (Q̄) can be calculated by averaging over all possible microstates.

Q̄ =
1

W

∑

i

Q(Wi)

A more general ensemble is the canonical (NVT) ensemble, which describes
a system in contact with a heat bath. In this ensemble, energy is not conserved
for the smaller system under investigation because it can exchange heat (energy)
with the surrounding heat bath. Temperature is constant however (hence the
name NVT) because the smaller system will equilibrate to the temperature of
the heat bath (which is by definition large enough that its temperature does not
change) after some transient period. The heat bath and the sample together

8
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form again a microcanonical ensemble and from this the Boltzmann distribution
can be derived, which gives the probability for a microstate with energy Ei of
the system of interest as

pi =
1

Z
e−Ei/kT , (2.3)

where Z is the partition function1

Z =
∑

i

e−Ei/kT . (2.4)

So that in this ensemble we have to weigh every microstate by its probability
(the Boltzmann factor) to calculate a thermodynamic average

Q̄ =
∑

i

piQi

Only since 1984 [24] a thermostat has been invented that truly reproduces the
canonical ensemble (in terms of the velocity distribution) in MD-simulations.
The search for numerical realizations of a thermostat is still actively pursued
[25].

2.2 Monte Carlo

Monte Carlo (MC) sampling is a generic term for computational methods using
probabilistic approaches, realized by means of random numbers. One applica-
tion of this method is the calculation of the integral of a function. This can
be done by sampling random points in the domain of the function and then
checking the number of points above and below the function value.

For example the value of π can be calculated in this way as illustrated in
figure 2.1. We start by defining a square with sides 2r and a circle with radius
r. The surface area of the square is S = 4r2 and that of the circle is C = πr2.
Now if we choose all random numbers inside the square x, y ∈ [−r, r] and we
take enough sampling points we may find the correct ratio of the areas as

lim
nS→∞

nS

nC
=

S

C

Where nS is the number of points in the square (the total number of sampling
points) and nC the number of points in the circle. We can easily obtain nC by
checking for every point if x2 + y2 < r2. From the ratio of the circle and the
square we obtain a simple approximation π∗ of the true value of π as

π∗ = 4
nC

nS
.

While this method may have slow (n
−1/2
C ) convergence, it illustrates how random

numbers can be used in numerical experiments.

1For a classical system of N indistinguishable particles, the sum becomes an integral, so
that Z = 1

N !h3N

R

exp(−E(xi, pi)/kT )d3Nxid
3Npi, where h is Planck’s constant.
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Figure 2.1: Monte Carlo calculation of π ≈ 4nC/nS, where nS is the number
of sampling points (all points in the square, 1000 in this case) and nC is the
number of points inside the unit circle x2 + y2 < r2.

2.2.1 MC in statistical physics

In statistical physics, Monte Carlo sampling is often used to mimic the Boltz-
mann distribution in the canonical (NVT) ensemble using a model potential.
The model potential assigns an energy (E) to each configuration of atoms
and probability of a microstate is given its Boltzmann factor (Eq. 2.3) as
pi(E) ∝ exp(−E/kT ), where k is the Boltzmann constant and T the tempera-
ture. In this way we can calculate any equilibrium thermodynamic properties
of a system of atoms by ensemble averages. The typical problem is to find the
statistical average of some quantity, A, for a system consisting of n particles
each with three degrees of freedom for position and momentum

Ā =

∫

A exp(−E/kT )d3npd3nq
∫

exp(−E/kT )d3npd3nq
. (2.5)

For a large number of particles integration by hand is usually unfeasible if not
impossible. Therefore we resort to a numerical approximation. The phase space
is given by all possible combinations of positions and momenta and if we want to
calculate the thermodynamic average of a quantity we have to sum (or integrate)
over the entire phase space, calculate the value of A at each point and average A,
weighed by its probability (the Boltzmann factor). This would be the simplest
sampling method. However since most microstates of the system have a very
small Boltzmann factor, we will most of the time choose a microstate that
contributes very little to the statistical average in Eq. 2.5. So this method
would lead to very inefficient sampling.

10
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An improvement on this method was invented by Metropolis in 1953 [26] and
is called ‘Metropolis Monte Carlo Sampling’. The basic idea of this method is
(to quote the original author) “. . . instead of choosing configurations randomly,
then weighting them with exp(−E/kT ), we choose configurations with a prob-
ability exp(−E/kT ) and weight them evenly.”. The Metropolis MC-algorithm
is outlined as follows

1. Choose an initial configuration x.

2. For every atom:

(a) Store the original state x and energy E = E(x).

(b) Move one atom at random, giving x → x′ with E′ = E(x′).

(c) Pick a random number r ∈ [0, 1].

(d) Return the new state with probability e
E′

−E
kT

x =

{

x′ if e
E′

−E
kT > r

x else

We call an instance of 2 an MC-step and every instance of 2b a move. A
move means that we take an atom and move it with stepsize ǫ, so that xi =
xi + ǫ(r − 0.5), where r is a random number between 0 and 1. If the random
number generator is good, this type of move shows detailed balance. This means
that every direction of movement is equally likely to be chosen, so that after
a move has been made the system can always return to its original state. A
move will always be accepted if it lowers the energy of the system (i.e. E′ < E)
because the exponent of a positive number is larger than unity. If the move is
energetically unfavorable the move is accepted with a certain probability (the
Boltzmann factor), so that if we are in a local minimum we can still escape
and find the global minimum given long enough simulation times or a large
enough stepsize. Choosing the correct stepsize ǫ requires some knowledge of the
physical system under investigation. A too large stepsize will result in a very
low acceptance rate and thus bad sampling but choosing the stepsize too small
will require a large number of iteration steps so that convergence will be slow.

To estimate a correct stepsize there are a few basic rules we can use. When
doing (classical) atomistic simulations a typical length scale will be of the order
of the interatomic distances a, which is O(Å). The step size should be strictly
smaller than a, otherwise bonds can break in a single step, thus ǫ < a. A typical
value of ǫ is then chosen such that the acceptance rate (the number of accepted
moves divided by the total number of moves) is approximately 1/2. We can
then try some stepsizes within these bounds and plot the series of results Ei.
Convergence is then visualized when after some value m of i, Ei will fluctuate
around the average value Ūm ≡ 1

N−m

∑N
i=m Ui.
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2.2.2 Free energy calculations

The second law of thermodynamics states that, for a closed system (microcanon-
ical or NVE ensemble), the system is in equilibrium when the entropy S is at
a maximum. From this formulation the corresponding conditions for equilib-
rium in other ensembles can be derived. For the canonical (NVT) ensemble the
condition for equilibrium, can be shown to be given by to a minimum in the
(Helmholtz) free energy F = U − TS (or equivalently F = −kT log Z where
Z is the partition function, Eq. 2.4). So if we wish to compare two systems
(α and β) at a finite temperature in the canonical ensemble we should simply
compare their free energies Fα and Fβ and whichever is lowest is the most sta-
ble. Unfortunately, it is not possible to measure the free energy (or entropy
for that matter) directly in computer simulations as well as it is not possible
to measure these quantities directly in any experiment. The reason for this
is that these quantities are not simply statistical averages but rather they are
related to volume in phase space that is accessible to the system. While the
calculation of the statistical properties is often a straightforward application of
MC simulations, the calculation of the free energy requires evaluation of the
complete partition function and is therefore more difficult. Furthermore, the
free energy is not only relevant in equilibrium situations but also in transforma-
tions such as the creation of defects in a crystal structure or the bond formation
between atoms or molecules. In these transformations, the two stable states
are typically separated by a (free) energy barrier much larger than the thermal
fluctuations and thus (because of the exponential decrease of these events with
∆E/kT ), evaluation of this barrier is computationally intensive. These type
of events are therefore called rare events and the calculation of the free energy
barrier (and thus typical transformation times) requires the introduction of a
new computational technique.

Umbrella sampling

An established computational technique to study this type of rare events is the
so called umbrella sampling method (see e.g. [27] page 168). I will describe
the umbrella sampling method for the calculation of the free energy barrier
F (d) (shown in Fig. 2.2) for the edge reconstruction of GNRs, characterized
by a reaction coordinate d. This method is of course more general and can
be applied to any free energy barrier calculation where an appropriate reaction
coordinate is available. A reaction coordinate is a lower dimensional parameter
(with respect to the 6n parameters describing the positions and momenta of an
n-particle system) that fully describes the reaction. In this case the reaction
coordinate is a single parameter, proportional to the distance between an atom
at the edge and a second nearest neighbour in the graphene bulk (see Fig. 3.3).

In Fig. 2.2 the different steps (described below) are illustrated in detail. For
this figure, I have used 40 windows with 10 binning points per window at a
temperature of 300K so that the maximum energy difference per window is
approximately equal to the thermal energy kT ≈ 0.025 eV. First we divide the

12
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Figure 2.2: Four stages of umbrella sampling to calculate the free energy bar-
rier: (upper-left) first 1000 sampling points (Wi) for different sampling windows
(different colors), (upper-right) relative density of states (probability to find sys-
tem in binned state), Pi(Wi), (lower-left) relative free energy, Fi = −kT log(Pi),
(lower-right) free energy shifted by continuity assumption, the shift is calculated
from linear extrapolation of the last two points in each window.

reaction coordinate interval [0, 1] into n equal parts (called windows), where n
is chosen such that the maximum energy change in one window is of the order of
thermal fluctuations and perform n distinct MC-simulations, where the original
potential, U0 is replaced by

U =

{

U0 if d in window i
∞ else

(2.6)

In this way all MC moves outside the i-th umbrella window will be rejected.
Next, we calculate the binned probability density Pi,j for bin j in each window
i, where j ∈ {0, 1, . . . ,m} with typically m = 10. Next, we calculate the free
energy up to an additive constant within each window for each binning as Fi,j =
−kT log(Pi,j). By assuming that the free energy is continuous along the reaction
path, we can calculate the first (n-1) additive constants by linear extrapolation
of the last two binned points in each window to the first point in the next
window. The last additive constant is chosen to make the free energy at d = 0
(the zz edge) zero.

13
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Note however that we should be careful when using this sampling method.
For high enough temperatures or long enough simulation times other recon-
structions or defects will spontaneously occur completely destroying the reliable
sampling by defect-defect interactions. Therefore when applying this method
we should perform several tests to check the validity of the results, such as
checking the acceptance ratio of the MC sampling, the statistics in each win-
dow (an example of incorrect sampling example is shown in Fig. 2.4) and of
course the resulting configurations themselves (by using a graphical visualiza-
tion program like VMD). As another example of incorrect sampling, a graphene
structure with spontaneous transformations is shown in Fig. 2.3. To identify the
occurrence and test for these transformations, I have written a program (called
polypy) that finds all rings (such as pentagons, hexagons and heptagons) in a
crystal structure based on neighbour connectivity. The figure (2.3) was created
using this program and shows that at this point in the simulation (the forced
transformation shown as with distance r = 2.09 Å, so that d ≈ 0.5), several
other spontaneous reconstructions have taken place besides the one forced by
the umbrella window. This program can of course be more generally used to
test configurations for other defective ring structures. The program is described
in detail in Appendix B.

Figure 2.3: Transformation of a single pair of hexagons (zz) to pentagon-
heptagon (zz57) forced by umbrella sampling on the bond shown (r = 2.09 Å).
Pentagons (heptagons) are marked in green (blue). This picture shows sev-
eral other transformations have taken place which have completely destroyed
the correct statistics for umbrella sampling. The visualization of the different
rings (pentagon, hexagon and heptagon) is done with the program polypy (see
App. B) developed for this purpose.

14
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(a) Incorrect umbrella sampling (b) Correct umbrella sampling

Figure 2.4: Two cases of umbrella sampling. Fig. 2.4(a) shows an example
of incorrect sampling because the windows are chosen too large so that the
system will not give good (if any) statistics near the window edge where the
energy is highest while Fig. 2.4(b) shows an example of correct sampling within
the umbrella windows. The incorrect sampling can be caused for example by
incorrect choice of the window size or an inappropriate reaction coordinate.

2.3 Ab initio

Ab initio methods (latin, from the beginning, i.e. from the first principles of
quantum mechanics) are methods that solve the Schrödinger equation numeri-
cally for a many-body system. Even though these are of course always approx-
imations, we regard the results of these simulations as a reference value for the
construction of empirical potentials when there is no experimental value avail-
able. I have used these methods as reference values for equilibrium bond lengths
and energy differences, which are difficult to obtain experimentally. Even the
best modern microscopic techniques do not have a resolution smaller than 0.1 Å,
while the equilibrium bond length for two carbon atoms in a graphene structure
is for example 1.42 Å and the interesting deviations from this value near the
GNR edge are of the order of 0.1 Å so that these deviations are exactly of the
order of the experimental errors.

Using ab initio methods only very small (< 1000 atoms) can be examined,
because these simulations typically require processing time many orders of mag-
nitude larger than when using an empirical potential. Therefore these different
methods form a good complementary set together with experiments and em-
pirical potentials. Small systems can be tested ab initio, based on this and ex-
perimental results an empirical potential can be created to simulate larger (and
more realistic) samples. For my work I was supported by Mikhail Akhukov,
who has calculated several reference properties using the SIESTA-code [28].
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2.4 Empirical potentials

Empirical potential are approximate descriptions of the interaction of particles.
They map a set of coordinates (q3n) to a value of the energy E which can be used
in the computational methods such as Monte Carlo and Molecular Dynamics
to describe the behaviour of the system in a specific thermodynamic ensemble.
Their main purpose is to give a simplified, and thus in general easier to calculate,
view of the true potential felt by the particles.

Figure 2.5: Lennard Jones potential (energy in eV) for different crystal struc-
tures of carbon, illustrating that this potential favors high coordinated (many
first neighbours) or close-packed structures such as FCC (12 nearest neighbours
per atom). Therefore, it cannot describe the carbon system well because the
equilibrium structures of carbon are low coordinated (graphite and diamond
with 3 resp. 4 nearest neighbours per atom).

2.4.1 Lennard-Jones potential

An example of such a potential is the so-called Lennard-Jones potential

VLJ(r) = 4ǫ

[

(σ

r

)12

−
(σ

r

)6
]

Here req = 6
√

2σ describes the equilibrium bond length2 and ǫ is the equilibrium
bond strength (VLJ(req) = ǫ). The 1/r12 part describes the repulsive interaction
from the core of the atom and the 1/r6 part describes the attractive (dipole-
dipole/van der Waals) interactions from the electron-cloud surrounding both
atoms. As r goes to 0 the potential energy goes to infinity and the particles are
strongly repulsive and as r goes infinity the potential goes to zero, reflecting

2This can be seen by minimizing the potential with respect to the distance r between the
two interacting atoms.
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the fact that particles do not interact at infinite distance. The total potential
energy for a many-body system is then given by sum over all interactions.

ELJ =
1

2

∑

i,j 6=i

VLJ(rij)

The Lennard-Jones potential for carbon (with req = 1.42 Å) is shown in the
left plot of Fig. 2.5. The simple Lennard-Jones model gives a good description
of particle interaction in rare (closed shells) gases and can be used to predict
the behaviour of larger ensembles of particles using computer simulations. The
right plot of Fig. 2.5 shows the energy per particle for crystalline structures
(FCC, BCC, SC, diamond and graphite) with different coordinations (12, 8, 6,
4 and 3 nearest neighbours per atom respectively). This illustrates the fact that
central pair-potentials (which depend only on the interatomic distance r = |~r|)
such as the Lennard-Jones potential cannot describe carbon well because they
favor close-packed systems unlike the carbon equilibrium structures.

2.4.2 Bond Order Potentials

To get a more accurate description of many-body interactions of solids we have
to take into account more details about the environment of the atoms because,
unlike systems in the gas-phase, atoms in a solid are not only subjected to
isotropic interactions. To make the potential environment-dependent we in-
troduce a quantity (Bij) called bond-order. The potential energy for a bond
order potential (BOP) consists of an attractive and a repulsive part which are
weighted by the bond order.

EBO =
1

2

∑

i,j 6=i

V ij
r + BijV

ij
a

The bond order is then a number that depends on the local environment, for
example, if atoms (i and j) involved in the bond are highly coordinated the bond
will be weaker (and thus Bij smaller) because there are less electrons available
for the covalent bond.

2.4.3 LCBOPII

Graphite is composed of planes separated by 3.35 Å. The interaction between
atoms in different planes can be modelled by a central-pair potential similar to
the Lennard-Jones potential with a large equilibrium distance compared to that
of the covalent bond (∼ 1.42 Å). Because of this large difference in equilibrium
bond lengths, it is difficult to describe both these effects with a single poten-
tial. However, this is a crucial component to understand e.g. the solid-liquid
phase transition in carbon. To describe both the (long-range) interplanar inter-
actions and the (short-range) chemical bonding properly a potential should not
only work well in the short- and long-range parts but also in the intermediate
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(a) CC bond energy in (CH3)3CC(CH3)3
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Figure 2.6: In (a) the central carbon bond in (CH3)3CC(CH3)3 as computed
with the LCBOPII empirical potential [29] is compared with ab initio (DFT)
results, and two other BOPs, which illustrates that LCBOPII matches better
the behaviour of ab initio results in the intermediate range. In (b) the switch
functions that connect the different interaction ranges of LCBOPII are shown.

part where the chemical bond breaks or forms. A potential which includes all
these effects in the case of carbon is the Long-range Carbon Bond-Order Po-
tential (LCBOP [3], LCBOPII [29]), developed in Nijmegen. The long-range
part of the potential describes for example the interaction between the planes
in graphite (see Fig. 1.1a for the graphite structure), which are separated by
approximately 3.35 Å, and without long-range interaction graphite would not
be a stable structure. The LCBOPII potential is defined as

Eb =
1

2

∑

ij

(

Sdown
sr,ij V sr

ij + Sup
lr,ijV

lr
ij +

1

Z
Sup

mr,ijV
mr
ij

)

, (2.7)

where the switch functions S connect the different short-, middle- and long-
range interactions (resp. Vsr, Vmr and Vlr). The short-range part of LCBOPII
is again a bond order potential, (see Sec.2.4.2)

V sr
ij = V r

ij + BijV
a.

This bond order Bij , is defined for LCBOPII as

Bij =
1

2
(bij + bji) + F conj

ij + Aij + Tij , (2.8)

where bij describes the angular dependence of bonds, Aij describes the anti-

bonding states, Tij describes torsional effects and F conj
ij is the conjugation term
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which describes the (effective) number of electrons in the bond. This last term
turns out to be crucial for a correct description of the edges as will be explained
in the next section. A more detailed description of LCBOPII can be found in
the literature [29].

2.4.4 Conjugation algorithm improvement

Currently the conjugation term F conj
ij in the LCBOPII potential effectively as-

sumes that each atom shares its electrons available for π-bonding equally over its
neighbours. This method does not give an appropriate description of zz57 and
ac edge structures, especially the ac-like bond in Fig. 3.5. The reason for this
is that if both atoms involved in the ac-like bond share their electrons equally
among the neighbours this bond is seen as a double bond (with a typical bond
length of ∼ 1.34 Å) while ab initio calculations show that this bond is closer
to a triple bond (∼ 1.20 Å [23]). To improve this description of the edges we
assume that every atom should be as neutral as possible, or equivalently, each
bond must have equally many electrons from both atoms. In the case of a large
system this may not be possible so that have to resort to a local approximation
up to a certain neighbour distance for this minimization. For a bond between
atom i and j in a crystal structure, we can find the conjugation by minimizing
the functional

F ({Nel
ij }) =

∑

〈i,j〉

(

Nel
ij − Nel

ji

)2
;

∑

i

Nel
ij = NV,i

Where NV,i is the number of valence electrons of atom i (in the case of carbon,
NV,i = 4) and Nel

ij is the number of electrons atom i donates to the covalent
bond between i and j. We then call an approximation Fn of order n of F if the
nth neighbour of any of the two atoms in the bond is divides its electrons equally
over its neighbours. For the other bonds we assume they will minimize their
difference in exchange-electrons. Note that the zeroth order approximation (F0)
is the case where we take only the atoms involved in the bond itself so that we
regain the original approximation where each atom shares its electrons equally
over its nearest neighbours. Each atom has Ni−1 independent variables (where
Ni is the number of neighbours of atom i), except the outer atoms (which are
fixed by assumption), so that we have to take

∑

i(Ni − 1) partial derivatives,
giving

∑

i(Ni − 1) linear equations.
In the appendix this is worked out to first order, which gives a simple equa-

tion for the (effective) number of electrons in a bond between atom i and j. If
both atoms involved in the bond have two neighbours (e.g. the ac-like bond),
this equation gives

Nel
ij + Nel

ji

2
= 4

[

1 − 1

2

(

1

Nk
+

1

Nl

)]

,

where k and l describe respectively the neighbours of i and j as shown in Fig. 2.7.
In the case of the ac-like bond, Nk = Nl = 3 (both have three neighbours), so
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Figure 2.7: Illustration of the terms and indices used in this section. In this
example Ni = 4, Nj = 3, Nk1

= 3, Nk2
= Nl1 = Nl2 = 2 and Nk3

= 4.

that

4

[

1 − 1

2

(

1

3
+

1

3

)]

=
8

3

This is already much closer to a triple bond compared to the value of 2 found
from equal division of electrons, so that we can expect that this approach will
improve the ac-like bond significantly. Therefore, this equation appears to give
a much better description of the conjugation term without loss of computational
efficiency (the nearest neighbour table is already calculated).

2.5 Simulation setup

2.5.1 Boundary conditions

If we want to simulate an infinitely large material we can use periodic boundary
conditions, which means that the atoms at the edge are connected with the ones
on the other side. We do this to simulate infinitely large periodic structures.
There is of course the risk of self-interaction when the sample is too small in
the periodic direction. To see if the sample is indeed large enough a larger (or
smaller) sample can be tested to see if the calculated quantity has converged as
a function of this length.

2.5.2 Run parameters

MC correlation length

In the umbrella sampling scheme we write out the value of the reaction coor-
dinate, d, to be used for binning. To have the most efficient binning we want
every value of d that is written out not to be correlated to the previous. To
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Figure 2.8: Autocorrelation of the reaction coordinate as a function of the
number of Monte Carlo (MC) steps after 64 equilibration steps, showing that
the system is decorrelated after approximately five MC steps.

achieve this I have first performed a test-run and calculated the autocorrelation
of the result. This shows (Fig. 2.8) that after approximately five MC steps the
system is decorrelated. Therefore I have only written out d once every five MC
steps.

MC step size

Since temperature is proportional to the squared velocity kT ∝ mv2, and the
displacement is proportional to the velocity, δx = δtv we choose a typical step-
size for a given temperature as δx = c

√
T . A reasonable value for this propor-

tionality constant is found if the acceptance ratio of MC simulations is approx-
imately equal to 1/2. A reference run of the MC code then gives c ≈ 0.00462
and a step size of ∼ 0.08 Å at 300 K.
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Chapter 3

Results

The presented results are all obtained using the LCBOPII potential unless stated
otherwise.

3.1 Warping of GNRs

Based on a paper by Shenoy from 2008 [30] I started the research for my master
thesis trying to quantify the (time-dependent) Fourier and warping modes of
GNR edges using a Molecular Dynamics (MD) implementation of the LCBOPII
potential [31]. During these simulations another phenomenon occurred, namely
the reconstruction of the edges from zigzag (zz) to zigzag57 (zz57) (see Fig. 3.3).
There had already been theoretical work done [23] that predicted precisely these
reconstructions to be energetically favorable, but up to this time they had not
been observed experimentally. Therefore we decided to change our attention to
these reconstructions to see if LCBOPII could reproduce these results. Since
then, there has been a possible experimental observation of these reconstructions
as shown in Fig. 3.1.

The MD simulations were done using Stamp [31] with time steps ∆t = 0.5 fs,
in an NVE ensemble with free (as opposed to periodic) boundary conditions in
three dimensions. Temperature in this ensemble is defined by the equipartition
theorem (see for example [34] pages 199-200). This theorem gives the average
internal energy as the number of quadratic degrees of freedom that contribute
to the energy times kT/2, where T is the effective temperature and k is the
Boltzmann constant. Thus, in three dimensions, the kinetic energy defines T
through,

∑

i

1

2
m |~vi|2 =

3

2
kT,

where m is the mass of a carbon atom. The temperature was initialized at
3000 K and after an equilibration time (of approximately 10 fs) the temperature
stabilized at approximately 1551 K, as shown in Fig. 3.2. At this temperature
the energy-drift (or equivalently temperature-drift) of ∼ 1 K/ps is negligible
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Figure 3.1: Recent (Dec. 2009) Experimental evidence for the zz57 edge recon-
struction in graphene [32] after reinterpretation of results from [33].

for a simulation time of ∼ 10 ps. The initial dimension of the graphene sheet

was 110.678 × 11.36 Å
2

(zigzag × armchair). During the simulation the zigzag
edge was found to reconstruct spontaneously starting from a completely uniform
edge structure to an inhomogeneous structure with several zz57 transformations
(shown in Fig. 3.3). There are no significant changes in temperature when
a zz57 is formed because the energy gain is well within thermal fluctuations.
The typical time-scale between two reconstructions is approximately 5 ps for
this sample size. Furthermore, the follow-up-transformations (lower panel of
Fig. 3.3) show that it may be favourable for a reconstruction to occur next to
an existing one.

3.2 Rotations as a result of numerical errors

The MD implementation of LCBOPII does not impose the conservation of an-
gular momentum and as a result a free sample (without periodic boundary
conditions) may start to rotate1. These rotations are caused by small error in
the angular momentum for the intermediate axis (principal axis with interme-
diate moment of inertia), a common textbook example of a result from Euler’s
equations in classical mechanics (see for example [35], pages 200-208). Euler’s
equations of motion form a set of differential equations describing the rotation
of a rigid body in three dimensions derived from the Lagrange formalism of

1Example movie online at http://www.youtube.com/watch?v=zYPIfwBA-uk
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Figure 3.2: Stabilization of temperature (K) as a function of time (ps) in the MD
simulation performed in the NVE ensemble. Equilibration time (not visible) is
approximately 10 fs. The fit f(x) = ax + b, shows a drift of a ≈ 1.0 K/ps from
the temperature b ≈ 1551.0 K, which is insignificant for the studied simulation
times. This drift is intrinsic in MD simulations and explained in Sec. 2.1.

classical mechanics
d~L

dt
+ ~ω × ~L = ~N,

where ~L = Iω̃ is the angular momentum (I is the matrix with moment of

inertia), ~ω the angular velocity and ~N the torque exerted on the system. The
moment of inertia for rotation around an axis is defined as I =

∫

r2dm, where r
is the distance to the axis of rotation and dm is a mass element. Since there is
no external torque (and taking the body axes used for the angular momentum
along the principal axes), Euler’s equations now read

I1ω̇1 = (I2 − I3)ω2ω3

I2ω̇2 = (I3 − I1)ω3ω1

I3ω̇3 = (I1 − I2)ω1ω2







(3.1)

Suppose that, due to numerical errors, the system rotates with a constant an-
gular velocity around one of the principal axes, for example ω2. If the other
angular velocities are zero Euler’s equations (3.1) show that ~̇ω = 0, so that the
system keeps rotating around the third axis forever. The converse of this result
is also true. If at some moment, the angular velocity is not along a principal
axis, there are at least two non-zero components of ~ω and Euler’s equations
show that there is at least one component of ~̇ω that is non-zero. Now we want
to see if rotations ω1 or ω3 are stable, that is, whether they stay small for all
time, or they are unstable and will grow with time. From Euler’s equations
we can already see that as long as ω1 and ω3 are small ω̇2 will stay very small
(small × small) compared to ω̇1,3. The first two of Euler’s equations are then
easily solved by taking a second derivative, giving for ω1

ω̈1 = −
[

(I2 − I3)(I2 − I1)

I1I3
ω2

2

]

ω1 (3.2)
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If the coefficient in square brackets is positive, the solution for ω1 is a sine or
cosine and ω1 stays small, returning repeatedly to zero. From the first Euler
equation we see that ω3 is proportional to ω̇1, so that ω3 also stays small and in
this case oscillations around ω2 are stable. If however, the coefficient in square
brackets is negative, the solutions for ω1 and ω2 are real exponents and thus
unstable. This coefficient is only negative if I1 < I2 < I3, so that the initial
rotations are around the principal axis with intermediate moment of inertia (the
intermediate axis). This leads to the conclusion that rotations around interme-
diate axis are unstable. This textbook example of classical mechanics is precisely
what is demonstrated by the MD simulations. These unstable rotations are not
seen in systems with periodic boundary conditions. With periodic boundary
conditions, if one atom moves up, its periodic copy will also move up causing
the bond to break at the periodic edge. This bond breaking usually requires an
energy many orders of magnitude larger than the numerical error and therefore
the system will automatically be stabilized with respect to rotations.

Figure 3.3: Sample with one spontaneously reconstructed zz57 cell (top). The
first transformation (at t = t0) is displayed in detail for different time-frames
(middle), going from zz (left) to zz57 (right). This simulation was done at
∼ 1500 K, in the NVE ensemble with time steps of 0.5 fs. Follow-up trans-
formations are shown (lower panel) where blue (right oriented oval) and red
represent the mirrored symmetric transformations.
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3.3 GNR edge structure

3.3.1 T = 0, Edge Structure and Energetics

Using Monte Carlo (MC) methods we have calculated the structure and ener-
getics of GNRs with different edge terminations at T = 0 K by slowly reduc-
ing the temperature to zero Kelvin after equilibrating the structure at higher
temperature. The MC-code I have used is written by Jan Los, based on the
LCBOPII-potential [29]. We used a GNR sample of dimensions Lx, Ly with
periodic boundary conditions in the direction x-direction (the direction of the
studied edge termination) and width Ly. The edge energy per unit length, for a
sample of length Lx, is defined as ǫ = E−Ebulk

2Lx
, where Ebulk = −7.349 eV/atom

refers to the bulk energy of carbon atoms in graphene and the factor two is
because the sample has two edges. For the zz and zz57 edge terminations we
consider a sample with length Lx = 116 Å (48 zz unit cells) and width Ly = 41 Å
(10 ac unit cells). Periodic boundary conditions are applied so that the sample
is effectively infinitely extended along the zz edge so that all edges are zz (or
zz57). The sample for the ac edge has length Lx = 84 Å (20 unit ac cells) and
width Ly = 58 Å (24 unit zz cells) with periodic boundary conditions along
the ac edge. These widths are in agreement with the energy-convergence as a
function of the width as seen in the right figure of Fig. 1.6. Furthermore, we
use volume fluctuations to relax the bulk structure.
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Figure 3.4: Edge energy of different edge terminations before (a) and after (b)
the change of algorithm for the conjugation term (see Sec. 2.4.4). Before the
change zz energetically favourable over the zz57 edge structure, while after the
change the zz57 is the most stable of these two in agreement with DFT [23].

The results for energy-convergence are shown in Fig. 3.4a. As the energy
differences show, the zigzag edge is more stable than the reconstructed zz57
edge with an energy difference of ∆E = Ezz − Ezz57 = −0.02 eV/Å. This is in
contradiction to DFT results [23], which give an energy difference of 0.35 eV/Å
favouring zz57. The reason that the energy of the reconstructed edge is not
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described properly is that the ac-like bond at the zz57 edge (see left side of
Fig. 3.5, ac-like bond is marked in red) is close to a triple bond (with an equi-
librium bond length ≈ 1.20 Å), while in LCBOPII it is seen as a double bond
(≈ 1.42 Å), therefore the calculated bond in the zz57 edge is in fact too weak.
This bond is seen as a double bond in LCBOPII because, in the calculation of
the conjugation term (see Sec. 2.4.3), the electrons are equally divided among
their neighbours and so, with each atom donating two atoms to the bond this is
a double bond. The algorithm to calculate the conjugation number was changed
to describe the edges properly and this change is extensively described in ap-
pendix A. The bond next to the ac-like bond (1.41 Å in the zz57 edge structure
of Fig. 3.5a) does not change significantly because in the old the algorithm the
excess of electrons in this bond were attributed to the (weak) antibonding term
in Eq. 2.8. To keep this bond length equal the ac-like bond is pushed inward
towards the bulk slightly.
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Figure 3.5: Top (a) and side (b) view of the equilibrium structure of (from top
to bottom) ac, zz and zz57 edges obtained with LCBOPII compared with ab
initio results. The equilibrium interatomic distances of the edge atoms obtained
by DFT [23] (round parentheses) are compared with those given by LCBOPII
before [square parentheses] and after the algorithm change (see Sec. A). The
most important change (the ac-like bond) is marked in red. All ripples at the
edge have an approximate wavelengths of Ly ∼ 30 Å and the height of ripples
is approximately Lx ∼ 2.0 Å, 3.6 Å and 0.4 Å for resp. ac, zz, and zz57 edges.

While ac is still the most favourable edge structure after the algorithm
change, zz57 is now an energetically favourable reconstruction of zz, with an
edge energy difference of ∆E = 0.24 eV/Å with respect to zz. This shows that
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the this algorithm change is indeed an improvement because the zz57 edge state
is more stable, in accordance with DFT results [23]. Also, the new bond length
at the edge is in better agreement with DFT (bond lengths for different methods
are compared in Fig. 3.5a).

Another effect that can be seen from the equilibrium properties at T = 0 is
the rippled edges (shown in Fig. 3.5b) for the ac and zz edge states while the
zz57 appears almost flat. To explain this fact we have calculated the length of
the unit edge cell for these three edge terminations as a function of the width
of the sample with respect to their bulk (infinite width) values by performing
a (fixed volume) ab initio calculation with SIESTA. As shown in Fig. 3.6, both
the ac and zz edge experience a compressive edge stress with respect to their
bulk value, which causes the edge to be compressed, resulting in out-of-plane
fluctuations. The zz57 edge however, experiences a tensile edge stress, causing
the edge to expand with respect to the bulk and therefore stay in-plane.

The fact that ac is the still the most favourable edge is in contradiction
to DFT results. This discrepancy is most likely explained by the out-of-plane
fluctuations (SIESTA calculations and [23] have only allowed moves in 2D),
which allows the edge have a better match to the bulk, decreasing the edge
stress.
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Figure 3.6: Edge unit cell size relative to the bulk unit cell for different edge
terminations as a function of the ribbon width calculated with SIESTA [28] (ab
initio). The edge stress experienced by ac and zz edge are compressive, explain-
ing the out-of-plane fluctuations seen in Fig. 3.5. The zz57 edge experiences a
tensile edge stress, causing the unit cell to expand and flatten out.

3.4 Edge reconstruction

We assume the edge of graphene starts zz-terminated and will reconstruct to
zz57. The thermodynamic occurrence of the zz edge can explained by hydrogen
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(3.4) GNR edge reconstructions, Jaap Kroes

passivation of the edge structure which stabilizes zz [23]. The zz57 edge is
however self-passivated, two hydrogen atoms would sooner form H2 than bind
to the edge. While this hydrogen passivation might stabilize the zz structure
the zz57 is still energetically favourable over the zz+H2 [23]. Furthermore, zz
is much more easily repaired because of the single dangling bond that has to
be restored. If in experiment an electron beam (in TEM experiments) would
damage the zz edge and remove one of the doubly coordinated atoms, the zz
edge would be repaired by diffusing a single carbon atom, while the zz57 requires
two. Hence, its reconstruction is slower, irregardless of the lower edge energy of
the zz57. Finally, there is abundant experimental evidence showing the zz edge
without reconstruction [33].

Based on the MD simulations and the T = 0 equilibrium energetics from the
previous section, we believe that LCBOPII will describe the reconstruction of
the zz edge properly. However, to know whether the zz edge will be transformed
at room temperature we also have to know the free energy barrier. If the free
energy barrier is much higher than thermal fluctuations (as in the example of
the graphitization of diamond) then we can still consider the zz edge to be
(meta)stable and the electronic and mechanical properties will be described by
this edge state. To calculate the free energy barrier I have used the umbrella
sampling as described in Sec. 2.2.2 in combination with a MC-code that uses
the LCBOPII-potential and the Metropolis algorithm.

Based on the MD simulations from Sec.3.1 where the spontaneous recon-
struction of a zz57 edge was observed we can define a reaction coordinate d for
the transformation. As seen in Fig. 3.3, during a typical transformation from zz
to zz57 there will be an atom (B) that gains a neighbour while another (C) loses
a neighbour, so that (B) is pulled inward (towards A) or C is pushed outward.
The reaction coordinate for this process is then defined to be proportional to
the distance between atoms A and B, as

d =
rzz
AB − rAB

rzz
AB − rzz57

AB

Where rzz
AB ≈ 2.42 Å is the equilibrium distance between atom A and B in

the zz edge state and rzz57
AB ≈ 1.46 Å is the equilibrium distance between atom

A and B in the zz57 edge state. As the reaction proceeds the distance rAB

monotonically decreases from rzz
AB to rzz57

AB and d changes from 0 to 1. Using
this reaction coordinate we can describe the progress of a single transformation
of a pair of hexagons into a heptagon-pentagon pair and use this to efficiently
calculate the (free) energy barrier for the process. The sample has 45 unit cells
with zigzag termination on every edge and since every cell can reconstruct in
two possible ways (different symmetric reconstructions shown in lower panel of
Fig. 3.3) there are 180 possible reconstructions based on this reaction coordinate.
Therefore we can estimate the time for a single reconstruction at 1500 K to be
roughly 180 × 5 ps ≈ 1 ns.
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3.4.1 The naive energy barrier

To compare the results of the empirical potential LCBOPII with ab initio meth-
ods (SIESTA) we first calculated a simple energy barrier of the reconstruction.
This reconstruction is done by equilibrating the initial and final edge state (using
SIESTA) and then interpolating the coordinates as shown in Fig. 3.7(a). The
results of [23] are well reproduced by SIESTA and furthermore the resulting
energy barrier, shown in Fig. 3.7(b), shows that LCBOPII and SIESTA behave
similarly (at least qualitatively). This also immediately gives us an upper-limit
for the true energy barrier height as 0.39 eV/Å.
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Figure 3.7: a) The naive reconstruction. Initial and final edge state are equi-
librated using SIESTA and the reconstruction is done by linear interpolation
along the illustrated lines. In b) the corresponding energy barrier is shown for
the same samples using LCBOPII and SIESTA to compare the results and give
an upper-limit to the barrier. The samples used for LCBOPII are the same as
for SIESTA (and equilibrated with SIESTA), so that the energy difference of
0.23 eV found between the two states using LCBOPII is not necessarily the true
energy difference.
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3.4.2 The spring system energy barrier

Next, we want to calculate the energy barrier for this reconstruction. A simple
method to calculate the energy barrier is to force the reconstruction by the
addition of virtual springs between pairs of atoms and gradually changing the
equilibrium distance of the springs from the equilibrium distance for hexagons
(zz) (rzz

eq = 2.42 Å), to the equilibrium distance for zz57, rzz57
eq = 1.46 Å. The

spring is represented by adding a term k(r−req)
2 to the potential which is again

subtracted when analyzing the total energy. Here, r is the distance between the
two atoms, req is the equilibrium distance (which changes slowly from rzz

eq to
rzz57
eq ) and the spring constant k = 12 eV is chosen significantly higher than the

energy barrier that has to be overcome (0.6 eV).

Figure 3.8: Energy barrier before and after algorithm change. Before the first
barrier is passed (r < rb) no type 1 bond (see A) is involved so that nothing
changes. These calculations give an energy barrier of Eb = 0.34 eV/Å, rb = 1.85
and rf = 1.75 and an energy difference of ∆E = −0.02eV/Å (favoring the zz
state) before the algorithm change and ∆E′ = 0.24eV/Å (favoring the zz57
state, in agreement with [23]) after.

The resulting energy barrier is found to be Eb ≈ 0.34 eV/Å (or 1.66 eV per
unit zz57 cell), as can be seen from figure 3.8. This is slightly better than the
result from the naive barrier but still much higher than the 0.6 eV found in
[23]. The second barrier (seen from the zz-side) near rf in Fig. 3.8 is of the
approximately 0.6 eV, similar to DFT results [23], which indicates that the first
barrier may be due to a problem with the spring system. This discrepancy is
most likely due to the fact that the springs force the system into an energetically
unfavourable state, partly because of the strong force constant. However, with
a much smaller force constant the barrier would become invisible because the
system will not stay in the (unstable) saddle point (minimum energy barrier)
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of the potential. To explore the potential landscape more properly, we should
use a method that avoids this problem such as the nudged elastic band method
(where interpolated images between initial and final state are relaxed with re-
spect to energy) to find the saddle point between these two potential minima.
However to use this technique requires a description of the forces which is not
directly accessible in MC so that we would have to numerically calculate the
force (as gradient of the potential field).To avoid this problem we have changed
our interest to the calculation of the free energy barrier using umbrella sampling.

3.5 Free energy barrier

To calculate the free energy barrier for the reconstruction of zz edge or the
transformation of a single pair of hexagons I have used umbrella sampling as
described in Sec.2.2.2. The windows in this method are chosen to limit either
one bond length (transformation) or multiple ones so that the entire edge is
transformed at once (reconstruction).
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Figure 3.9: Free energy barrier for a complete edge reconstruction as a func-
tion of temperature. The free energy barrier is ∼0.7 eV per transformation
independent of temperature.
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To calculate the free energy barrier of a reconstruction a set of bond lengths
are kept within an umbrella sampling window so that the entire edge changes
gradually from zz to zz57. The results for this reconstructed edge are shown in
Fig. 3.9 as a function of temperature. This shows that the free energy barrier
that has to be overcome is roughly 0.7 eV per transformation (pair of hexagons
to heptagon-pentagon pair) independent of temperature, in agreement with the
result for the energy barrier of 0.6 eV found in [23]. However when performing
the same calculations with only a single transformation a higher barrier is found
(1 eV), as shown in Fig. 3.10. The reason for this difference will be explained
in the next section.
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Figure 3.10: Free energy barrier for a single transformation as a function of
temperature. The free energy barrier is ∼1 eV which is significantly higher
than for the complete edge. Anomalous data points (360 and 460) removed
because of incorrect sampling.
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3.5.1 Realistic transformations

In a real sample the reconstruction of the zz edge to zz57 will in general not
occur for the whole edge at the same time. Instead, isolated unit zz57 cells
will transform one at a time. To get a more realistic picture of the free energy
barrier for the reconstruction from zz to zz57, I have simulated these single
transformations separately. These simulations were performed at 1000 K for
convenience, since, as seen in the previous section, this choice of temperature
will not qualitatively affect the results. The sample consists of 16 zz unit edge
cells in the periodic direction. To name different single transformations we use a
8-digit code consisting of the numbers 0 (two hexagons), 1 (pentagon-heptagon
pair) and 2 (transformation from 0 to 1).
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Figure 3.11: Free energy barrier (a) for different transformations as a function
of the reaction coordinate for successive transformations at 1000 K. The zero-
energy point is chosen as the zz state (left) so that the barrier and gain with
respect to the zz57 state (right) can be read off from the figure. The encoding
of the different transformations shown in (b): 0 means two zigzag cells at the
edge, 1 means a (transformed) zz57 cell and 2 denotes the transformation from
zz (0) to zz57 (1).

The free energy barrier of the successive transformations are shown in figure
3.11. This shows that to change one to create the first part of the reconstruc-
tion (20000000) is most difficult (Eb ≈ 1 eV). All following transformations
(12000000, 11200000, . . . ) are easier (Eb ≈ 0.7 eV) and the last reconstruction
(11111112) is the easiest (Eb ≈ 0.6 eV). This last reconstruction describes the
barrier for a heptagon-pentagon pair (zz57 unit cell) to form in between two
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already reconstructed zz57 unit cells. These reconstructions are in agreement
with the results obtained earlier by transformation of the entire edge and DFT
results [23] (by comparison of the average activation barrier) but shows that
the activation barrier that has to be crossed to start the reconstruction process
(the first transformation) is significantly higher. This is difference (0.2 eV) is
significant because the transformation times scale exponentially with the acti-
vation barrier and the difference between 1 eV and 0.8 eV can therefore change
the transformation time by orders of magnitude.

Transformation time

For a single transformation we can use transition state theory [36] to find a
typical escape time τe in which a system can go from one (A) locally stable state
to another (B). In our case the stable states represent for example a zz sample
(00000000) and the same sample with one heptagon-pentagon pair (10000000).
Near an equilibrium point we can approximate the potential by a harmonic
(second order polynomial), giving

U(r) ∼ U0 +
a

2
(r − rA)2,

where rA is the equilibrium position of the system in state A. The decay time
(a measure for the typical attempt frequency to escape the potential minimum)
is given by

τs ∼ M1/2

[

d2U

dr2

]−1/2

r=rA

,

where M is the mass of the (quasi)particle escaping from the potential well
estimated by the mass of a single carbon atom. Fitting the free energy near the
minimum gives τs ≈ 3.4 · 10−14 s. The escape time (typical time for a single
transformation to occur) is then

τe = τs exp(∆E/kT )

At room temperature ∆E ≈ 1.0 eV and kT ≈ 0.025 eV, so that

τe ≈ 3.4 · 10−14 exp(1.0/0.025) s ≈ 104 s

This is roughly two hours, however the next transformation, to (11000000), is
much easier with a barrier of ∆ ≈ 0.8 eV and thus an escape time of τe ≈ 2 s. So
that we can expect that once a first transformation has taken place somewhere
on the zz edge, a large part of the edge will automatically reconstruct. This is in
agreement with the experimental results (shown in Fig. 3.1), where no isolated
reconstructions are seen.
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Chapter 4

Summary and Conclusion

We have studied the edges of graphene nanoribbons using the LCBOPII po-
tential [29] in molecular dynamics and Monte Carlo simulations. We have seen
that the zz57 edge of graphene nanoribbons is a stable reconstruction of the
zz edge. A correct description of the armchair- and of the reconstructed zz57
edge was only possible using the algorithm change described in appendix A.
We compared the equilibrium structure at T = 0 with the results of ab initio
calculations [23] and examined also the role of out-of-plane displacements that
had not yet been considered.

By analyzing molecular dynamics simulations we identified a reaction coor-
dinate for the reconstruction of the zigzag-edge to zz57. Based on this reaction
coordinate we have calculated, by umbrella sampling in Monte Carlo simula-
tions, the free energy profile for the transformation. At room temperature we
find an energy barrier for the reconstruction of a whole edge to be 0.7 eV,
in good agreement with the value of 0.6 eV found with DFT at T = 0 [23].
However, we find that the first step of the reconstruction, namely, the transfor-
mation of a single pair of hexagons into a pentagon-heptagon pair has a higher
energy barrier of about 1.0 eV and therefore it is this barrier that determines
the escape rate. The reconstruction of this edge will most likely happen in large
strings of transformations since successive transformations next to already ex-
isting pentagon-heptagon pairs are significantly easier. Further research should
be done to test the distance dependence of the defect-defect interactions as seen
in Sec. 3.5.1. Experimental evidence has already been given that the predicted
edge reconstruction actually takes place and is indeed found in connected strings
of pentagon-heptagon pairs. Furthermore the program polypy (explained in ap-
pendix B) that was developed for this thesis work can be used for future test
and localization of defects in crystalline materials.
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Appendix A

LCBOPII improvement

In Sec. 2.4.4 we have shown that the large edge energy gain of the ac and the
reconstructed zz57 edge of GNRs can be attributed to the formation of a very
strong (almost triple) bond between two atoms at the edge. Conversely, the
bond of these atoms to the atom in the interior of the GNRs remains graphitic
with a bond length of around 1.42 Å. This fact implies that each atom at the
edge does not share equally the electrons used for bonding among its neighbours.
Here we show how this subtle quantum-mechanical effect can be incorporated
in LCBOPII by introducing a minor change to the conjugation term in equation
(2.8).

Currently the conjugation term in the LCBOPII potential effectively as-
sumes that each atom shares its electrons equally over its neighbours. This
method does not give an appropriate description of the edge structures with
low coordinated atoms. We will improve upon this algorithm for the case where
two atoms involved in a bond each have two nearest neighbours. This improve-
ment does not result in any significant extra computational cost because the
necessary terms (number of nearest neighbours for every atom) are already cal-
culated. With this approach we are able to obtain much better agreement with
DFT calculations in energetics of different edge structures types as shown in
Fig. 3.4.

A.1 Algorithm

We can improve the conjugation term F conj
ij in the LCBOPII potential (Eq. 2.8)

by taking into account second neighbours. To do so we assume each bond to
try and make an equally strong on both sides, so that the number of electrons
that atom i donates to the covalent bond with atom j (Nel

ij ) is equal to Nel
ji ,

the number of electrons atom j donates to the same bond. This assumption is
reasonable because each atom (and therefore also every bond between atoms)
should be neutral. In the case of a large system (more than two atoms) this
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requirement may be difficult to achieve so that we try to optimize this effect.
We define a quantity xij as the effective number of electrons shared between
two atoms:

xij ≡
Nel

ij + Nel
ji

2
(A.1)

The conjugation term F conj
ij in [29] is linearly depend on this quantity so that

it suffices to examine only xij . For a bond between atom i and j in a crystal
structure, we can find x by minimizing the functional

F ({Nel
ji}) =

∑

〈i,j〉

(

Nel
ij − Nel

ji

)2
;

∑

i

Nel
ij = NV,i (A.2)

Where NV,j is the number of valence electrons of atom j, from now assumed
to be equal for all atoms NV,i = NV and for carbon NV = 4. We then call
an approximation Fn of order n of F the case where the nth neighbour of any
of the two atoms in the bond divides its electrons equally over its neighbours.
For the other bonds we assume they will minimize their difference in exchanged
electrons. Note that the zeroth order approximation (F0) is the case where we
take only the atoms involved in the bond itself so that we regain the original
approximation where each atom shares its electrons equally over its nearest
neighbours. Each atom has Ni − 1 independent variables (where Ni is the
number of neighbours of atom i), except the nth neighbours of i and j (which
are fixed by assumption). We have to take

∑

i(Ni−1) partial derivatives, giving
∑

i(Ni − 1) linear equations with
∑

i(Ni − 1) unknowns, so that we can solve
this problem with linear algebra. Now we work out this case to first order (F1),
with k labeling the neighbours of i and l labeling the neighbours of j (as shown
in Fig. 2.7).

F1 =
(

Nel
ij − Nel

ji

)2
+

∑

k

(

Nel
ik − Nel

ki

)2
+

∑

l

(

Nel
jl − Nel

lj

)2
(A.3)

Substituting the boundary conditions of the number of available electrons,

{

Nel
ij = NV − ∑

k Nel
ik Nel

ji = NV − ∑

l N
el
jl

Nel
ki = NV /Nk Nel

lj = NV /Nj

}

, (A.4)

we get

F1 =

(

∑

k

Nel
ik −

∑

l

Nel
jl

)2

+
∑

k

(

Nel
ik − NV /Nk

)2
+

∑

l

(

Nel
jl − NV /Nl

)2

Taking a partial derivative with respect to Nel
ik̃

(where k̃ ∈ {k}, k̃ /∈ {l}) and
equating this to zero gives:

(

∑

k

Nel
ik

)

−
(

∑

l

Nel
jl

)

+ Nel
ik̃

− NV /Nk̃ = 0 (A.5)
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xij ≡ Nel
ij +Nel

ji

2

=
4−(

P

k Nel
ik)+4−(

P

l Nel
jl )

2

(A.6)

Now we evaluate this xij for different pairs of (Ni, Nj)
1

1.

Ni = 2, Nj = 1
So that Eq. A.5 becomes:

j
Nij

el

Nji

el

(Nk=3)

k1

Nel
ik1

= NV /(2Nk1
)

And we get (Nij = 4 − Nel
ik1

and Nel
ji = 4)

xij = 4 − NV /(4Nk1
)

2.

Ni = Nj = 2 (e.g. the ac like bond)
So that Eq. A.5 become:

j
Nij

el

Nji

el

k1 l1

We use a matrix notation because this is more convenient for finding the
solutions (simply invert the matrices)

(

2 −1
−1 2

)

·
(

Nel
ik1

Nel
jl1

)

= NV

(

1/Nk1

1/Nl1

)

⇒
(

Nel
ik1

Nel
jl1

)

= NV

3

(

2 1
1 2

)

·
(

1/Nk1

1/Nl1

)

Thus (sum over the columns)

xij = 4 − NV [1/Nl1 + 1/Nk1
]

2

3.

Ni = 3, Nj = 2 (e.g. the zz-bond)
k1

l1

k2

Nij

el

Nji

el





2 1 −1
1 2 −1
−1 −1 2



 ·





Nel
ik1

Nel
ik2

Nel
jl1



 = NV





1/Nk1

1/Nk2

1/Nl1





⇒





Nel
ik1

Nel
ik2

Nel
jl1



 = NV

4





3 −1 1
−1 3 1
1 1 3



 ·





1/Nk1

1/Nk2

1/Nl1





1In the example figures, all Nk and Nl are chosen equal to 3, of course they can have
arbitrary values.
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Thus (sum over the columns)

xij = 4 − NV [3/Nk1
+ 3/Nk2

+ 5/Nl1 ]

8

4.

Ni = Nj = 3 (e.g. the bulk graphitic
bond)

k1
l1

k2 l2

Nij

el

Nji

el









2 1 −1 −1
1 2 −1 −1
−1 −1 2 1
−1 −1 1 2









·









Nel
ik1

Nel
ik2

Nel
jl1

Nel
jl2









= NV









1/Nk1

1/Nk2

1/Nl1

1/Nl2









⇒









Nel
ik1

Nel
ik2

Nel
jl1

Nel
jl2









= NV

5









4 −1 1 1
−1 4 1 1
1 1 4 −1
1 1 −1 4









·









1/Nk1

1/Nk2

1/Nl1

1/Nl2









Thus (sum over the columns)

xij = 4 − NV [1/Nk1
+ 1/Nk2

+ 1/Nl1 + 1/Nl2 ]

2

So that we now have a set of simple equations for xij in bond-structures,
depending on the number of nearest neighbours of each nearest neighbour of
atom i and j.

A.2 Examples [1.47]
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BC
DE

Figure A.1: Different bond lengths
used in the examples. Results (from
top to bottom): DFT, LCBOPII
and LCBOPII with the applied al-
gorithm change.

Based on the following examples we estimate
that the most important bond lengths (espe-
cially the armchair bond) should be significantly
corrected, thus making the procedure a real im-
provement. To make a crude estimation of the
equilibrium bond length, R, as a function of x
we use the empirical function

R(x) =
(

x(R−2
1 − k) + k

)−1/2
,

as published by J.C. Earl in 1958 [37]. Where

R1 = 0.4185 Å and k = 0.281 Å
−2

. The different
bonds for zz57 used in the example are explained
in Fig. A.1.
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A.2.1 Armchair edge bonding, type 1

We will refer to Ni = Nj = 2 as a type 1 bond. As an example we can work out
the ac-like (DE) bond, i and j both have two neighbours (Ni = Nj = 2), who
in turn have three neighbours (Nk1

= Nl1 = 3) and all atoms are tetravalent
(NV = 4), so that

xac = 4

[

1 − 1

2

(

1

3
+

1

3

)]

= 2
2

3

Which is much closer to a triple bond compared to the value of xold
ac = 2 found

earlier, so that we expect an implementation will shorten the distance to ap-
proximately 1.24 Å. (correct adjustment)

Another example of a type 1 bond is a chain of carbon atoms, in this case
the Nk = Nl = Ni = Nj = 2, previously this was treated as a double bond:
xold = 2 because atom i and j both share two electrons with their neighbours,
now

xchain = 4

[

1 − 1

2

(

1

Nk
+

1

Nl

)]

= 4

[

1 − 1

2

(

1

2
+

1

2

)]

= 2

So that in this case nothing changes. This is good because the behaviour of
LCBOPII for a simple chain was already in accordance with known results.

A.2.2 Zigzag edge bonding, type 2

We will refer to Ni = 3, Nj = 2 as a type 2 bond. As a first example we take
the bond between the edge atom and one of its neighbours in the zz-structure.

xzz = 4

[

1 − 1

8

(

3

3
+

3

2
+

5

3

)]

= 1
11

12

Compared to the zeroth order calculation xold
zz = 1 2

3 , this is a stronger bond

(close to a double bond), so that the distance becomes shorter (≈ 1.36 Å).
(‘neutral’ adjustment)

As another example we take the bond at the side of the ac edge with one
atom on the armrest and one in the bulk (the CD-bond).

xCD = 4

[

1 − 1

8

(

3

3
+

3

3
+

5

2

)]

= 1
3

4

Previously xold
as = 1 2

3 , so that the armside bond gets stronger and its equi-

librium smaller (≈ 1.38 Å). (slightly incorrect adjustment)

A.2.3 Bulk graphene bonding, type 3

We will refer to this Ni = Nj = 3 as a type 3 bond. An example of this type
of binding is the graphitic (or hexagonal) bond in an infinite graphene sheet,
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where each atom has three neighbours, so previously each atom would share
4/3th atom with its neighbour so that xold

hex = 4/3. The new method gives:

xhex = 4

[

1 − 1

2

(

1

3
+

1

3
+

1

3
+

1

3

)]

=
4

3

So that at least for the inner graphene atoms x does not change, and therefore
the equilibrium bond length does not change. A small decrease in one of the
outer coordinations makes the bond slightly weaker. The two other cases in the
zz57-structure give:

xAC = 4

[

1 − 1

2

(

1

2
+

1

3
+

1

3
+

1

3

)]

= 1 (single bond)

xBC = 4

[

1 − 1

2

(

1

2
+

1

2
+

1

3
+

1

3

)]

= 2/3

Previously:

• xold
AC = 1 1

3 , so that the bond gets weaker and the distance CD larger

(≈ 1.54 Å). (correct adjustment)

• xold
BC = 1 1

3 , so that the bond gets weaker and the distance CD larger

(≈ 1.64 Å). (incorrect adjustment)

A.3 Continuous coordinations

In the previous we examples assumed all coordinations are integer, i.e. Ni ∈
N,∀i. In the LCBOPII-potential this is not always the case, the contribution
from j to the coordination of i is continuously switched from 1 to 0 between
1.7 Å and 2.2 Å using the switch function Sdown

N [29]. We can extend the
results from the previous section by adding weights Wk to the different terms
(

Nel
ik − Nel

ki

)2
for all outer atoms. Equation (A.3) becomes

F1 =
(

Nel
ij − Nel

ji

)2
+

∑

k

Wk

(

Nel
ik − Nel

ki

)2
+

∑

l

Wl

(

Nel
jl − Nel

lj

)2

Where the weights Wi are given by the reciprocal of the switch functions Sdown
Ni

Wi = 1/Sdown
Ni

So that the derivative with respect to Nel
ik̃

gives

(

∑

k

Nel
ik

)

−
(

∑

l

WlN
el
jl

)

+ WkNel
ik̃

= WkNV /Nk̃

Where the equations were of the form (k now runs over all neighbours of i and
j except i and j, for convenience in writing)

A ·~j = ~ρ,
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with A some D ≡ kNi+Nj−1 dimensional square matrix with all diagonals 2 and

~j =













Nel
{i,j}k1

Nel
{i,j}k2

...
Nel

{i,j}D













, ~ρ =











NV /Nk1

NV /Nk2

...
NV /ND











.

The solution had the obvious form

~j = A−1 · ~ρ

Now by adding the weights we change the initial equation by a diagonal
matrix W, such that

(A + W − ID) ·~j = W · ~ρ
With ID the unit matrix of size D. So that we are now interested in finding the
inverse of a matrix of the form, A′ ≡ A + W − ID.

Since we have already seen that this algorithm has the largest gain in accu-
racy for the ac-like bond we will now work out only this specific case. For this
bond (Ni = Nj = 2) we get

A′ =

(

1 + W1 −1
−1 1 + W2

)

⇒ A′−1
= 1

det(A′)

(

1 + W2 1
1 1 + W1

)

with
det(A′) = W1 + W2 + W1W2

So that

xij = NV − 1

2

(

Nel
ik + Nel

jl

)

= NV − NV

2 det(A′)
((1 + W1)/Nik+)

This result (for type 1 bonds) has been implemented to give the correct
behaviour of the reconstructed zz57 edge of graphene.
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Appendix B

Ring classification in solids

B.1 Problem statement

Given some molecular structure composed of N atoms, with some bond cut-off
distance rmax, find all rings in the structure.

B.1.1 Background

Computational condensed matter physics is a branch of physics that deals very
often with calculating thermodynamic properties of structures, be it in equilib-
rium or in transitions. For classical simulations1 changes in physical properties
are usually conveniently parametrized by defects and changes in the nearest
neighbours. Because numerical simulations typically involve samples with a
large number of atoms, characterizing these defects by hand soon becomes un-
feasible. A computer (program) then becomes the perfect tool to analyze and
characterize these systems.

1Classical here simply implies that the atoms are represented as 0D points in a 3D space
so that we have a well defined concept of neighbours.
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B.1.2 Definitions

To clarify a little bit more what is meant in the statement of the problem I will
start with some definitions. In the following, I will mostly follow or summarize
what has been explained in Ref. [38]. From a molecular structure we can create
a graph g by taking every atom as a vertex in the graph and every bond (with
ru,v < rmax) between atoms u, v as edges [u, v] of the graph.

Definition 1. A path p over a graph g of length k between vertices u and v is
a set of vertices (u =)x0, x1, x2, . . . , xk(= v) with k unique edges
[x0, x1], [x1, x2], . . . , [xk−1, xk] connecting u and v.

Note that every path forms a new graph as a subset of g, p ⊂ g.

Definition 2. A ring r is a path connecting a vertex with itself.

Definition 3. The distance distg(u, v) between vertices u, v ∈ g is given by the
length k of the shortest path between u and v.

B.1.3 Intuition versus definition

However beautiful the previous section may have seemed to define a ring, the
definition given will sometimes contradict with our intuition. And as it is com-
mon for problems in physics it is important to match the definition to our
intuition and not the other way around. The problem with our intuition here
is illustrated in figure B.1. We cannot consider the decagon (abcdefghij) to be
‘elementary’, because it can be composed by putting together the two hexagons
(abchij and cdefgh), in other words, there is a shorter path between c and h
than cdefgh, namely ch. To avoid ambiguity we define a new quantity, namely
shortest path (SP) rings.

a

b

c

d

e

f

g

h

i

j

Figure B.1: A graph represented by vertices (black dots) and edges (black lines).
In this example three rings are found: the two hexagons indicated by the inner
(green) lines, but also a decagon (red dotted line, abcdefghij). However the
decagon is decomposable into the two hexagons and therefore does not represent
a shortest path ring.

Definition 4. A shortest path (SP) ring r is a ring over a graph g in which,
distr(u, v) = distg(u, v) for every pair u, v ∈ r.
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In this definition all rings are unique and have no ‘shortcuts’. However there
are some cases where this method gives counterintuitive results. An example is
illustrated in figure B.2, the rings abcde and abc′de are both SP rings but abcde
does not look elementary at first sight. The problem here is that there is no
information on dimensionality in the graph, there is only a list of neighbours.
The way we decide intuitively what is elementary and what not is related to the
original (Euclidean) coordinates of the atoms. However, interchanging c and c′

in figure B.2 leaves the graph unchanged and so there is no way to distinguish
between the two rings. Therefore this SP ring definition gives an unambiguous
way to calculate ring statistics in crystalline structures.

c'c

y

z

c'

a

b

c

d

e

x
a

b

d

e

a

b

d

e

x

Figure B.2: A paradoxical situation: starting from a, both rings abcde and
abc′de are SP rings, this defies our intuition because abc′de (in the left figure)
has c enclosed in the loop. On the right c and c′ are rotated over the x-axis,
leaving the graph unchanged, showing that there no criterion can be found to
remove only one of these rings only based on the information of the graph.

It turns out that this definition of shortest path (SP) rings is the best suited
definition for quantifying medium range order in solids [38]. Making the selec-
tion criteria more restrictive will result in losing rings that are intuitively true.
For example you could take only the unique shortest path (USP) rings.

Definition 5. A unique shortest path (USP) ring r is a ring over a graph g in
which, there is only one path in g for which distr(u, v) = distg(u, v) for every
pair u, v ∈ r, thus this path is exactly the path in the ring.

However both abcde and abc′de in figure B.2 are not USP rings because the
shortest path from b to d is not unique. Therefore this is not a valid criterion
for ring statistics because we do not find all ‘intuitively true’ rings. Making the
criterion weaker will result in adding more rings to the selection and since we
already have found all rings we intuitively wanted using the SP ring criterion,
this criterion indeed turns out to the most suitable definition.
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B.1.4 Some properties of rings

In this section I will state some basic properties of rings that can be useful later
in implementations. Some of these I have used in the python implementation,
others can be used for possible improvements. Therefore this list is mostly given
for future reference.

1. Since every edge can be accessed only once, a ring must contain at least
three vertices. For example 1 → 2 → 1 cannot be not a ring because the
edge [1, 2] is traversed twice, but 1 → 2 → 3 → 1 can be, so that smallest
ring is of size k = 3.

2. For every ring r the sequence dr =
{

distr(v1, vi)∀i∈{1,2,...,k}

}

is given by

0, 1, 2, . . . , l, l, . . . , 2, 1 where 2l + 1 = k if k is even

0, 1, 2, . . . , (l − 1), l, (l − 1), . . . , 2, 1 where 2l = k if k is odd

This is called a unimodal distribution: dr is monotonically increasing for
some i ≤ l and monotonically decreasing for some i > l

3. For every SP ring r not only the series dr but also dg is unimodal since
by definition distr(u, v) = distg(u, v).

4. If for some ring r we have that l = distr(u0, ul) = distg(u0, ul) for every
u0 in r then distr(u, v) = distg(u, v) for every pair of u, v in r and r is thus
an SP ring. This means we only have to check the most distant vertices
namely, the so called antipodal points.

B.1.5 Example: characterization of graphene defects

As an example I have analyzed a single layer graphene sample containing 16128
atoms, which was taken from a Monte Carlo simulation using the LCBOPII-
potential [29] at T = 5000 [K]. The structure was analyzed using the program
polypy (explained in the next section), these calculations took approximately
one minute. The fully characterized structure is shown in figure B.3.

Graphene is well known to be sensitive to reconstructions such as the Stone-
Wales defect [39]. Using the characterization as shown in figure B.3 these are
easily found (right inset shows an example). Another type of defect shown in the
same figure (bottom inset) is that of a distorted hexagon. Two atoms have come
slightly closer than the bond cut-off distance (rmax = 2 [Å]) and the hexagon
is no longer an SP ring, instead it is divided into a pentagon and a triangle.
Of course this identification of a distorted hexagon is entirely dependent on the
choice of rmax, but this defect merely serves example in this case.

B.2 Python implementation: polypy

B.2.1 Program outline

1. file.xyz is read in with atom coordinates
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Figure B.3: Graphene sample (16128 atoms, T = 5000 [K]) analyzed with polpy.
On the left the complete sample is shown with rings marked according to the
rings size, on the right insets show a Stone-Wales defect (top) and two distorted
hexagons (bottom).

2. graph is composed based on atom connectivity2

3. search for all rings up to maximum length m

(a) start from an arbitrary vertex, v

(b) generate all rings from v with maximum length m

i. go to neighbouring vertex n

ii. check if n equals v

iii. repeat recursively

iv. remove edge [v,n]

(c) remove v from g

(d) repeat until g is empty

4. remove non-SP rings

(a) start from an arbitrary ring, r

(b) pick v in r

2The cut-off distance for connectivity is taken as 2 Å by default for the description of
carbon.
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(c) pick n in r

(d) if distr(v, n) 6= distg(v, n): delete r

(e) repeat until all combinations r, v and n have been processed

5. mark all atoms according to their ring number: boron for pentagons,
carbon for hexagons, nitride for heptagons, etcetera

6. print out information:

(a) file_marked.xyz write file with atoms marked by ring size

(b) file.nfo write info (nfo) file with ring and neighbour statistics

The most important algorithms I have used are given in pseudocode in
Sec. B.3.

B.3 Algorithms in pseudocode

In this section the most important algorithms used in polypy are given in pseu-
docode. Pseudocode does not refer to any existing language but is written in
a language somewhere in between a programming language and a human lan-
guage. Making it more well-defined than a human language and more readable
than a programming language by leaving out the obvious definitions and sub-
routines.

Pseudocode 1 Nearest neighbours search using Verlet lists.

function: verlet_connect(graph, vertices, rmax)

verlet = empty 3D matrix

for v in vertices

(i,j,k) = box indices of v based on coordinates

add v to box verlet[i][j][k]

for boxes (i,j,k) in verlet

for v in verlet[i][j][k]

for neighbouring boxes (i’,j’,k’) of (i,j,k)

for u in verlet[i’][j’][k’]

if (distance(v,u) < rmax)

add u to neighbours of v
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Pseudocode 2 Find all rings of size from root k < m.
‘v’ is a vertex in the graph, ‘root’ is the root vertex from where the search ini-
tiated, ‘k’ is the current recursion depth, ‘m’ is the maximum recursion depth
and ‘rings’ is a list of rings

function: find_all_rings(graph, m)

rings = []

for v in vertices of graph

find_rings(v, m, rings)

remove v from graph

return rings

function: find_rings(v, m, rings, root = v, k = 0, visited = [])

if (k < m)

visited = visited + v

k = k + 1

for n in {neighbours of v}

if (v is root) and (k > 2)

rings = rings + visited

else if (n not in visited)

find_rings(n, m, rings root, k, visited)

if (k == 1)

remove edge [root,v] from the graph

Pseudocode 3 Find shortest path from start to end.
‘start’ and ‘end’ are vertices in the graph, ‘n’ represents their neighbours, ‘k’ is
the current recursion depth, ‘m’ is the maximum recursion depth, ‘visited’ is a
list of vertices currently visited, ‘path’ is a list of vertices that form the shortest
path.

function: shortest_path(v, end, k, m, visited = [], path = [])

if (k < m)

visited = visited + v

k = k + 1

for n in {neighbours of v}

if (n is end)

path = visited

m = k

if (n not in visited)

shortest_path(n, end, k, m, visited, path)
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