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Starting from the expression for the partition function of a quantum electronic sys-
tem, three-particle correlation functions are derived and analyzed the in the frame-
work of a quantum field theory in condensed matter physics. Corresponding three-
point diagrams are calculated in the Matsubara scheme using the formalism of Green’s
functions at finite temperatures. Afterwards, obtained results are applied to the fol-
lowing physical problems of interest. The first problem is related to optical prop-
erties of two-dimensional Dirac-like systems and consists of the calculation of the
optical second harmonic response from these materials. The latter is presented in
systems with the broken inversion symmetry and can be revealed, for example, in
the Graphene model with the non-zero mass term. This situation is relevant, for
instance, when the Graphene is disposed on top of an insulating substrate with the
honeycomb lattice structure. Here, all components of the second harmonic response
function have been calculated for the model of Graphene on the hexagonal boron ni-
tride substrate, and their relation to the crystal symmetry of the obtained system has
been investigated. The second problem concerns the study of the three-spin interac-
tion that appears in the system of localized spins coupled to itinerant electrons. Here,
the general expression for the three-particle correction to the energy of the system is
explicitly calculated in the framework of the s-d model. As the result, the relevant
three-spin interaction term that enters an effective spin model has been derived. It has
been found that the chiral term corresponding to the triple product of spins emerges
in the presence of a magnetic flux. Other terms that arise in the presence of strong
electron-spin interaction or spin-orbit coupling have also been investigated. Further-
more, a continuous limit of the spin model in the presence of the chiral three-spin
interaction (micromagnetic model) has been developed, starting a preliminary study
of the stability of topological spin textures that can appear in the system due to the
novel twisted-exchange interaction derived in this work.
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Summary

In this thesis I will report the results of my Internship at the Theory of Condensed
Matter (TCM) of Radboud University, Nijmegen, The Netherlands. During the pe-
riod I did my internship at the TCM, I worked on different topics. In this thesis I
collect all these different topics in a unified framework. This thesis in particular will
be focused on the calculation of Three-Particle Response functions using Feynman
diagrammatic techniques.

• Chapter 1 I will present the definition of Three-Particle Response Functions.
Response functions represent the variation of a physical observable when the
system is perturbed by an external field, that can be a probe field like in the case
of spectroscopies or another classical or bosonic field present in the system.
The Three-Particle Response function in particular describes the quadratic de-
pendence in the external field. Specifically, starting from an a Quantum Action
Formalism at finite temperature, I will develop a definition of a generalized
Three-particle Response function in terms of Matsubara Green’s function for
free electrons. I will show that the Three-Particle Response functions is com-
posed by two diagrams, the triangular diagram and the non-linear bubble dia-
gram. I will then obtain an expression for a general Three-Particle Response
function for a non-interacting electron gas for a system symmetric with respect
to arbitrary or finite translations in space. I will then specify my derivation to
different cases.

• Chapter 2: An example of Three-Particle Response is the generation of pho-
tons with double the frequency of the incident radiation and is called Second
Harmonic Generation (SHG). It turns out to be a very efficient technique to
study systems that lack of Inversion Symmetry. In particular I will compute
the SHG Response function of electrons on a honeycomb lattice with broken
inversion symmetry. This kind of materials are called Dirac materials, because,
at sufficiently low energies, the tight-binding Hamiltonian that describes it is a
two dimensional analogue of the Dirac equation for electrons, due to its linear
dependence in momentum and peculiar matrix structure. Using that the Trian-
gle Diagram is zero, if there is symmetry in k-space, as discussed in [1], I will
calculate the non-linear bubble Diagram for various Dirac materials, specifi-
cally Graphene on hexagonal Boron Nitride, Graphene on Silicon Carbide and
hexagonal Boron Nitride, using the full tight-binding nearest-neighbor Hamil-
tonian. I will show that the response increases as a function of the Inversion
symmetry breaking parameter m.
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• Chapter 3: I will then consider the SHG in magnetic fields. In this thesis I
will only consider contributions coming from χ

(2)
αβγ and not from high-order

multipoles. A section will be devoted to the derivation of the Green’s function
of an electron in a magnetic field and I will show that the resulting Green’s
function has a phase factor depending on initial and final position. This phase
factor is not important for SHG since the Triangular diagram is zero in our
case, but is important every time we consider a situation where I have a closed
loop that encloses a non-zero area in real space. I will then derive an expression
based on Landau Levels for the Green’s function. After showing that the Dirac
approximation is not enough to account for SHG in Dirac Materials, I will
show that the low energy contribution comes from the deformation of the Dirac
dispersion, known as trigonal warping. I will show that the SHG spectrum
allows to classify the Landau Levels and to distinguish it from the levels of a
non-Dirac material.

• Chapter 4: I will then switch to a different topic, that is the Three-Particle Spin
Interaction. In the framework of s-d model for electron-spin interaction, I will
show that a Three-Spin interaction term can arise from the expansion of the Ac-
tion and I will define an effective Energy for this spin interaction. I will prove
that this interaction is allowed only if a gauge field is present in the system and
I will obtain an equation for the Three-Spin coupling J(3) as a function of the
flux of the external gauge field. Subsequently I will derive a micromagnetic
model for this Three-Spin interaction and I will investigate how the phases of
a material with Exchange coupling between spins and Dyaloshinsky-Moryia
interaction (DMI) is influenced by the chiral term. I will investigate if partic-
ular spin structure, called Skyrmions are favored by the presence of the chiral
three-spin interaction.

• Chapter 5: I will discuss the conclusions of my work.
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Chapter 1

Correlation Functions in Quantum
Field Theory

1.1 Path Integral Formalism in Quantum Mechanics

1.1.1 Tight-binding Hamiltonian
In Condensed Matter physics an electronic system is often treated using a model
Hamiltonian. In particular, in our case we study problems where the non-interacting
electrons are described in a tight-binding approximation. This means that the Hamil-
tonian is written in the basis of localized electron states on each atoms as:

Ĥ0 =
∑

i j,σσ′
ti j,σσ′c

†

iσc jσ′ , (1.1)

where ti j,σσ′ is the hopping term between the lattice sites i and j. For the moment
σ can represent spin or pseudospin degrees of freedom. We will specify later in
each problem in which space they are defined. In Quantum Field Theory (QFT)
a fermionic system can be in general described by a set of harmonic oscillators,
defining creation and annihilation operators ĉ†i and ĉi as follows:{

ĉi, ĉ†j
}
= δi j,{

ĉi, ĉ j
}
=

{
ĉ†i , ĉ†j

}
= 0. (1.2)

These relations must hold for any basis set identified by general quantum numbers
i = i,σ . . .. It can be shown that this choice of the creation/annihilation operators is
the correct one to describe the Fermi distribution function for non-interacting parti-
cles:

nF(E) =
1

e β(E−µ) + 1
. (1.3)

Here, β = 1/kBT is the inverse temperature and kB is the Boltzmann constant, and
µ is the chemical potential.

In equation 1.1 we see that two creation/annihilation operators in the basis of
localized atomic states at each lattice site. This Hamiltonian can be conveniently
rewritten in momentum space representation if the system exhibits invariance with
respect to translations, as in the case of crystals or free electron gases. Then, we
can change the operators to basis of Bloch states (or plane-wave states with definite
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momentum) in the following way.

ĉi =
∑

k
cke−ik·Ri , (1.4)

ĉ†j =
∑

k
c†keik·R j . (1.5)

If we substitute Eqs. 1.4 and 1.5 in the Eq. 1.1, we get the following expression for
the Hamiltonian:

Ĥ0 =
∑

k,σσ′
εk,σσ′ c

†

kσckσ′ , (1.6)

where εk,σσ′ =
∑
i j

ti j,σσ′e−ik·(Ri−R j) is the Fourier Transform of the hopping coeffi-

cients. Here, I used the following relation that is valid for a periodic system:∑
j

e−i(k−k′)·r j = δk,k′ . (1.7)

Note that the momentum k runs over the first Brillouin Zone (BZ) for a periodic
system like a lattice, or over the whole momentum space for a system that is invariant
with respect to arbitrary translations in real space. This means that for the latter
system, the summation over momentum implies

∑
k
=

∫
dk

(2π)3 , where the integral is

taken over the whole k-space. On the other hand, for a crystal the sum is taken on the
appropriate domain as

∑
k
=

∫
BZ

dk
(2π)3 , where BZ defines the first Brillouin Zone.

1.1.2 Partition Function for Fermions
Let me recall some concepts of quantum theory and, in particular, of Quantum Field
Theory. First of all, let me consider a system characterized by states {i} with energies
Ei in the Grand Canonical Ensemble. I use the grand-canonical ensemble, because
the number of particles is not necessarily fixed. For simplicity the chemical potential
µ is included in the Hamiltonian, so that we can omit it in the following

Ĥ|Ei〉 = (Ei − µ)|Ei〉. (1.8)

In general in Statistical Physics the partition function of the system is defined as
(see for example [2]):

Z = Tr
[
e−βĤ

]
=

∑
i

e−β(Ei−µ), (1.9)

where the trace Tr[. . .] is taken over a complete set of quantum mechanical states.
From the Partition Function we are able to calculate all the thermodynamic properties
of the system, taking an appropriate derivative.

In this first chapter we aim to derive a general expression for a three-particle re-
sponse function. To obtain this, the Partition function can be reformulated in a Path
Integral representation according to Quantum Field Theory. The Hamiltonian (1.1) is
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written as a combination of creation/annihilation operators on the states of the basis
set. We can define the corresponding Path Integral in the basis of the eigenstates of
these operators in terms of the corresponding eigenvalues. These operators are not
only non-Hermitian (their eigenvalues are not bound to be real), but also anticom-
muting. As in the problem of the single fermionic oscillator, we have to define a set
of anti-commuting variables c∗i and ci , called Grassmann variables, such that:

c∗i c j = −c jc
∗
i ; ci c j = −c jci ; c∗i c∗j = −c∗jc

∗
i . (1.10)

We can then rewrite the trace in Partition Function (1.9) substituting these states. The
Partition Function then becomes (see [3] for more details):

Z = Tr
[
e−βĤ

]
=

∫ ∏
i

dci dc∗i e−c∗i ci 〈−ci |e
−βĤ |c∗i 〉. (1.11)

We can now apply the Path Integral formalism, which is based on Trotter factoriza-
tion, to calculate the expression:

e−c∗c〈−c|e−βĤ |c∗〉 = lim
N→+∞

∫ N−1∏
j=1

∏
i

dci (τ j) dc∗i (τ j) e−βS[c,c∗], (1.12)

where the corresponding Action S[c, c∗] is given by

S[c, c∗] =
∫ β

0
dτ

∑
i

c∗i (τ)
∂

∂τ
ci (τ) + H[c(τ), c∗(τ)]

 . (1.13)

This follows from the consideration that e−βĤ → e−
∫ β

0 Ĥdτ is the same expression
that appears in the usual Path Integral in QFT except for a factor −i. Therefore it
corresponds to an evolution in imaginary time τ from 0 to β, and it leads to the
appearance of an integral over imaginary time. We then introduce the usual notation
used in these context:∫

D[c, c∗] ≡ lim
N→+∞

∫ ∏
i

N∏
j=1

dci (τ j) dc∗i (τ j). (1.14)

In the following c = {ci}, where i is the set of the quantum numbers of the system
(can represent a pair of numbers {i,σ} corresponding to the position and spin, for ex-
ample). The final expression for the partition function can be rewritten in a compact
form as:

Z =

∫
D[c, c∗] e−βS[c,c∗]. (1.15)

Then, we can switch from the imaginary time to imaginary frequency. We can
divide the Hamiltonian in two terms, a single particle term H0 and a term U repre-
senting the electron-electron interaction, such that H = H0 + U. The single particle
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term contains just couples of Grassmann variables, so it can be written as:

H0[c(τ), c∗(τ)] =
∑

i j,σσ′
ti j,σσ′ c

∗
iσ(τ)c jσ′(τ). (1.16)

The electron-electron interaction term has the following usual form:

U[c, c∗] =
∫ β

0
dτ

∑
i jkl

Ui jkl c∗i c jc
∗
l ck. (1.17)

The Grassmann variables are defined on a finite interval, and they can be rewritten as
Fourier series:

c j(τ) =
1
β

∑
ν

eiντc jν and c∗j(τ) =
1
β

∑
ν

e−iντc∗jν (1.18)

with antiperiodic boundary conditions c(∗)j (β) = −c(∗)j (0). Since the domain is fi-
nite, we can define the summation over frequencies as a discrete series. The antiperi-
odic boundary condition means that the discrete frequencies must take the values

νn =
(2n + 1)π

β
. (1.19)

These frequencies are called Fermionic Matsubara frequencies.
Then, the Action (1.13) transforms to

S[c, c∗] = −
1
β

∑
i j,ν,σσ′

c∗iνσ
[
(iν+ µ)δi jδσσ′ − ti j,σσ′

]
c jνσ′ + U[c∗, c], (1.20)

where U[c∗, c] is calculated in frequency space. Summations are taken over the Mat-
subara Frequencies defined by equation 1.19 (see, for example, [4]). Furthermore,
the action can be rewritten as:

S[c, c∗] = −
1
β

∑
i j,ν,σσ′

c∗iνσG−1
i j,ν,σσ′c jνσ′ + U[c, c∗] = S0[c, c∗] + U[c, c∗], (1.21)

where Gi j,ν,σσ′ is the non-interacting Matsubara Green’s function of the problem
defined as G−1

i j,ν,σσ′ = (iν+ µ)δi jδσσ′ − ti j,σσ′ . Here, S0[c, c∗] is the single-particle
part of the Action.

Every step written so far is correct for every complete set of quantum numbers
i for the single particle problem. We refer to a system that is modeled in a tight-
binding approach by a single-particle Hamiltonian (1.1). In the case the translation
invariant system, the Green’s function depends just on the difference ri − r j. So, it is
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possible to perform the Fourier Transform of the Action S[c, c∗] as:

S[c, c∗] = −
1
β

∑
i j,ν,σσ′

c∗iνσG−1
i j,ν,σσ′c jνσ′ =

= −
1
β

∑
i j,ν,σσ′

∫
dk dk′ dk′′ c∗kνσ e−ik·riG−1

k′,ν,σσ′e
−ik′·(ri−r j)ck′′νσ′e

−ik′′·r j =

= −
1
β

∑
k,ν,σσ′

c∗kνσG−1
k,ν,σσ′ckνσ′ , (1.22)

where we made use of the relation 1.7 to reduce the number of integrations over
k-space. We discuss the expression for the Green’s functions in the next subsection.

1.1.3 Green’s Function in Matsubara Representation
In the previous section we introduced the concept of Green’s Function at finite tem-
perature without specifying a meaning of this quantity. A general definition is given
of the Green’s function in terms of field operators is explained in details in any text-
book on Quantum-Many Body Theory or Quantum Field Theory, see e.g. [4]. We
will perform all calculations at finite temperature T within the entire thesis, so we
define the interacting Green’s function in the imaginary time representation using
the Matsubara’s Trick:

G(r τ, r′ τ′) = 〈Tτ [cσ(r, τ)c†σ′(r
′, τ′)]〉, (1.23)

where τ ∈ [0, β], and Tτ is the time-ordering operator in the imaginary time. The
average 〈A〉 is defined as:

〈A〉 ≡
Tr[e−βĤA]

Tr[e−βĤ ]
. (1.24)

In terms of Path Integral representation the definition 1.24 can be reformulated as:

〈A〉 ≡
1
Z

∫
D[c, c∗] e−βS[c ,c∗]A. (1.25)

From this definition we can obtain the Green’s function for non-interacting electrons
in the case of a translationally invariant system. Since the system is invariant with
respect to translations in time, we can take the Fourier Transform with respect to that
variable, keeping in mind that ci(τ) and c∗i (τ) are antiperiodic function in the domain
τ ∈ [0, β]. Then, the Fourier Series involves just odd frequencies. We can rewrite the
expression for the Green’s function using the same transformations performed above
when passing from Eq. 1.9 to Eq. 1.11:

Gi j,ν,σσ′ = −
〈
ci c∗j

〉
S
= −

1
Z

∫
D[c, c∗] e−βS[c,c∗]ciνσc∗jνσ′ . (1.26)

The same expression for the Green’s function can be obtained introducing sources
η(∗) for fermionic fields c(∗) in the Partition Function (1.11). In this way we obtain
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the Generating Functional of the Correlation Functions defined as:

Z[η, η∗] =
∫
D[c, c∗] e

−βS[c,c∗]−
∑

i,ν,σ
(c∗iνσηiνσ+η

∗
iνσciνσ)

. (1.27)

The Green’s Function can then be obtained as:

Gi j,ν,σσ′ = −〈ciνσc∗jνσ′〉 = −
∂2Z[η, η∗]
∂η∗iνσ∂η jνσ′

∣∣∣∣∣∣∣
η,η∗=0

. (1.28)

The non-interacting case again leads to:

Gi j,ν,σσ′ = [(iν+ µ)δi jδσσ′ − ti j,σσ′ ]
−1 . (1.29)

In the entire thesis we use the non-interacting Green’s function as the building block
for perturbation theory.

An important property that will be used in the following is the equation of motion
of the Green’s function:

[(iν+ µ) δi jδσσ′ − ti j,σσ′ ]Gi j,ν,σσ′ = δi jδσσ′ . (1.30)

This equation is the same as the one that defines the action of the Feynman Operator
Ĝ = 1

ω−Ĥ
, and allows us to calculate the Green’s function in Matsubara representa-

tion starting from that operator. In the case of a translationally invariant system, it is
simple to show that the non-interacting Matsubara Green’s function is given by:

Gk,ν,σσ′ =
δσσ′

iν+ µ − εk
, (1.31)

where εk represents the dispersion relation of the non-interacting system.
To compute the higher-order Correlation functions, we will use Wick’s theorem

developed in the context of Gaussian Integration. Wick theorem allows to reduce the
expectation value of an even number of Grassmann variables taken with respect to
the non-interacting (Gaussian) Path Integral to the product of non-interacting Green’s
Functions (for derivation see [3]):〈

c1c∗2 . . . cn−1c∗n
〉
=

∑
p∈P

sgn(p)
〈
cp1

c∗p2

〉
. . .

〈
cpn−1

c∗pn

〉
. (1.32)

Here, p is an index that runs on the permutations of the indexes, sgn(p) is the sign of
the permutation, and P is the set of the possible permutations. The expectation value
of any odd combination of Grassmann variables is zero.
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1.2 Three-Particle Response Functions

1.2.1 Definition of Three-Particle Response Function
Before introducing the mathematical treatment of Three-Particle Response Function
(TPRF), we have to define what they physically represent. I follow the approach pre-
sented in [3]. Imagine we have an electronic system described by an Action S[c, c∗].
This system can be perturbed by an external field Aα, where α can indicate the de-
grees of freedom of the field. Let say we want to investigate how a general observable
quantity Xα is affected by the presence of this external field. We can introduce the
coupling term with the external source in the Hamiltonian in the form:

V̂ [A] =
∫

dτ ηαβAα(τ)X̂β(τ) +
∫

dτ λαβγX̂γ(τ)Aα(τ)Aβ(τ), (1.33)

where we have defined the coupling between the electronic field and the perturbation.
We can now define the expectation value of X̂α, that is Xα =

〈
X̂α

〉
. If the perturbation

is weak enough we can expand Xα as a function of the external field as follows:

XA
α (τ) = Xα[0] +

∑
µ

δXα
δAµ

∣∣∣∣∣∣
A=0

Aµ +
1
2

∑
µ,µ′

δ2Xα
δAµδAµ′

∣∣∣∣∣∣
A=0

AµAµ′ + O[A3] (1.34)

This expression is just formal, since Aµ is a function of its parameters, and XA
α is

a functional of Aµ. If we define δXα[A] = Xα[A] − Xα[0], the second term in the
external field at the right-hand side of equation 1.34 describes the linear variation of
Xα to the perturbation A. A general description of Linear Response Functions can
be found in [3]. On the other hand, the third term is quadratic and defines a second-
order Response Function to the external perturbation on observable X. We define the
coefficient δ2Xα

δAµδAµ′

∣∣∣∣
A=0

as the Three-Particle Response Function.
If we now consider the expression for Xα in a second quantized form, we have to

specify a corresponding operator. We assume that X̂α represents some single-particle
quantity, so it can be written as:

X̂α =
∑
a,a′

ĉ†i
(
X̂α

)
i j

ĉ j, (1.35)

where
(
X̂α

)
i j

is the matrix element of the operator in the i basis. This allows us to
write the expressions for the corrections to the Hamiltonian and it will be discussed
in details in the next section. From the point of view of QFT the quadratic response
to the external perturbation describes the interaction between three particles, so we
denominate the corresponding response function Three-Particle response function.
It is important to underline that the name we choose at this point has no connection
with the concept of Three-Particle Green’s Function. We will show that the expres-
sion it related to the expectation value of six fermionic operators, that in literature is
referred to as Three-Particle Green’s function. With this name we indicate processes
that can represented by Feynman diagrams involving three external legs, in opposi-
tion to the linear response functions that are represented by diagrams with involving
two particles. It can describe the production of two particles from a single incoming
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particle, the annihilation of two particles into a single one or the exchange of en-
ergy and momentum between three different particles. The similarity between all the
processes that can be described by a Three-Particle Response function, is the pres-
ence of a diagram with three external sources that describe the perturbation applied
to the system. In the following chapters we will derive the response functions using
different approaches, depending on the quantity we want to calculate. The optical
response is easier to formulate in the Hamiltonian formalism, while spin interactions
are immediately incorporated in a functional approach.

1.2.2 Derivation from Path Integral
A general approach for the derivation of the Three-particle Green’s function is asso-
ciated to the inclusion of external sources coupled to the electronic field in the Path
integral. These terms represent the interaction with external boson or classical fields.
The type of the field will be specified later on in the derivation of diagrams that de-
scribe a measurable quantity, and in the analysis of the corresponding problem. We
now only state that, in general, the field Aα represents a Boson field, and we take
the classical limit at the end. A Boson field can be represented by creation and an-
nihilation operators that obey commutation rules instead of anticommutation ones.
Actually, this is not important in the following, because we will only use Correlation
functions that involve Fermionic Green’s functions. However, in the derivation of the
Three-Particle diagram we will use the fact that these fields can carry only a bosonic
Matsubara frequency ωn = 2πn

β . This can be derived similar to what we did in the
previous section with fermions with the only difference that now Bosonic variables
are commuting numbers. It is possible to express two terms in equation 1.33 in terms
of Matsubara frequencies, by substitution of the Fourier transforms, assuming that
each external field can be rewritten in term of Matsubara summations as follows:

Aα(τ) =
∑
ω

Aαωeiωτ, (1.36)

where ω is a bosonic Matsubara frequency. We define the sources for the external
perturbation as Ai jωσσ′ and the couplings with external perturbation as λa

i jσσ′ . The
first term of equation 1.33 reads:

V1[c, c∗, A] = −
1
β

∑
ν,ω

∑
i j,σσ′,a

λa
i jσσ′ Aa

iωc∗iσνc jσ′ν+ω + h.c., (1.37)

where Aa
i jωσσ′ creates or destroys a boson depending on the sign of ω. In the case of

photons this corresponds to a vector potential, while in the case of spins it represents
the localized magnetic moments in a lattice, as it will be explained later. At this point
the specific expressions for the coupling constants are not important and they will be
specified later in each problem.

The second term is important when it comes to interaction with Fermions:

V2[c, c∗, A] = −
1
β

∑
ν,ω,ω′

∑
i j,kl,σσ′,a

γab
i j,σσ′ Aa

iωAb
jω′c
∗
iσνc jσ′,ν+ω+ω′ + h.c. (1.38)



1.2. Three-Particle Response Functions 9

This term represents the two-Boson emission/absorption by the Fermions and we
will show it plays an important role in Optical processes in Condensed Matter. On
the other hand it is not present in the Spin case, where each spin is represented by a
vector with fixed lattice position that must be always different from the others. It does
not appear in many Gauge Theories, like Quantum Electrodynamics, for example.
However, in Condensed Matter theory electron-photon interactions are, in general,
non-linear, and such a term must be included.

The Path Integral in the presence of Bosonic fields becomes:

Z[A] =
∫
D[c, c∗] e−β(S0[c,c∗]+V [c,c∗,A]), (1.39)

where now the Integral depends on the external field A, and we specify this in order
to distinguish it from the Path Integral of equation 1.11. V = V1 + V2.

Recalling the previous section, we can introduce δX = X1 + X2 where the sub-
script indicates the power of the external field involved. Now we consider the second-
order term in the external field. Using that the first order is obtained by

δXα(τ) =
δlnZ[A]
δAα(τ)

∣∣∣∣∣∣
A=0

Aα(τ). (1.40)

The second order term is given by the following relation:

X2α(τ) =

∫
dτ′

∫
dτ′′

∑
γβ

(
δ3lnZ[A]

δAα(τ)δAβ(τ′)δAγ(τ′′)

∣∣∣∣∣∣
A=0

)
Aβ(τ′)Aγ(τ′′). (1.41)

This allows us to define the TPRF as a function of time as:

Π̃αβγ(τ, τ′, τ′′) =
(

δ3lnZ[A]
δAα(τ)δAβ(τ′)δAγ(τ′′)

∣∣∣∣∣∣
A=0

)
. (1.42)

The analysis of the term corresponding to linear response X1 can be found in [3].
In the following we will not be interested in the response as a function of time, but
rather as a function of the frequency. The Fourier Transform in time can be obtained
immediately, since we have already written the Action in terms of frequencies. Then,
the equation 1.40 can be written in the same way as a function of frequencies:

δXα(iω) =
δlnZ[A]
δAαω

∣∣∣∣∣∣
A=0

. (1.43)

Since the system is written in terms of Fourier components Aαω, each component is
periodic in time once the frequency is fixed.

The non-linear correction to the measured operator becomes:

X2α(iω) =
∑
ω′βγ

(
δ3lnZ[A]

δAαδAβωδAγ−ω−ω′

∣∣∣∣∣∣
A=0

)
Aβω′Aγ−ω−ω′ . (1.44)
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We can finally define a generalized Three-Particle Response function as:

Π̃abc
i jk (iω, iω′) ≡

δ3lnZ[A]

δAa
iωδAb

jω′δAc
k,−ω′−ω

∣∣∣∣∣∣∣
A=0

. (1.45)

We want to compute this quantity at lowest order in perturbation theory. In order to
obtain this result, we expand the exponential in equation 1.39 to the third order in the
coupling and neglect all the other terms:

Z[A] =
∫
D[c, c∗] e−β(S0[c,c∗] e−V [c,c∗,A]

=

〈
1 − V [c, c∗, A] +

V2[c, c∗, A]
2

−
V3[c, c∗, A]

3!
+ ...

〉
S 0

. (1.46)

We have to take derivatives with respect to bosonic fields, and then put Fields to zero.
Thus, we keep just the third order terms in sources. Terms like this are present only
in the square term (V1V2) and cubic term (V3

1 ).
We can define the associated currents of the problem as follows:

V1[c, c∗, A] =
∑
i,α,ω

Aiαω · Jiαω[c, c∗], (1.47)

V2[c, c∗, A] =
∑

i j,αβ,ωω′
AiαωA jβω′ · J

(2)
i jαβωω′ [c, c∗], (1.48)

where the currents are defined as:

Jiαω =
∑

j,ν,σσ′
λαi jσσ′ c

∗
iσνc jσ′,ν+ω, (1.49)

J(2)i jαβωω′ =
∑
ν,σσ′

γ
αβ
i jσσ′ c

∗
iσ,ν−ω′c jσ′,ν+ω. (1.50)

This allows us to rewrite everything in terms of currents. The expression for equa-
tion 1.45 then reads:

Π̃abc
i jk (ω,ω′) =

1
β

〈[
Jiaω J jbω′ Jk,c,−ω−ω′

]〉
+

1
β

〈[
J(2)i jabωω′ Jk,c,−ω−ω′

]〉
=

(
Π̃(3)

i jk

)abc
(ω,ω′) +

(
Π̃(2)

i jk

)abc
(ω,ω′), (1.51)

where J and J(2) are matrices in the space of electronic degrees of freedom. Replac-
ing explicit expressions for Jα and J(2)αβ , we get the susceptibility in terms of coupling
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constants with sources:

Π̃abc
i jk (ω,ω′) =

1
β

∑
ν,σ(′)

∑
lmn

λa
ilσσ′λ

b
jmσ′σ′′λ

c
knσ′′σ×

×
〈
cl,ν+ω,σc∗j,ν+ω,σ′cm,ν+ω,σ′c

∗
k,ν+ω′,σ′′cn,ν−ω−ω′,σ′′c

∗
i,ν+ω,σ

〉
+

+
1
β

∑
ν,σ(′)

∑
lmn

λa
ilσσ′λ

bc
jmσ′σ′′

〈
ci,ν+ω,σc∗j,ν+ω,σ′cm,ν+ω,σ′′c

∗
i,ν+ω,σ

〉
=

(
Π̃(3)

i jk

)abc
(ω,ω′) +

(
Π̃(2)

i jk

)abc
(ω,ω′). (1.52)

This expression is general and is formally valid for systems where electrons interact
with each other. The second-order response function is then related to expectation
values of four and six creation and annihilation operators. In the general case of a
system with interacting electrons, this expression has to be studied using the proper
formalism based on Dressed Green’s Functions and effective vertexes. However, in
this thesis we will neglect electron-electron interaction. For a description of Second
Harmonic Generation in Strongly Correlated systems see reference [5], where the
authors also show the expression for the Three-Particle susceptibility.

Since we are interested in systems with non-interacting electrons, we can use
Wick’s theorem to rearrange the expectation values of operators into combinations
of Green’s functions. The final result becomes:

Π̃(3)
i jk (ω,ω′) =

1
β

∑
ν,σ()

∑
lmn

λa
ilσσ′(G0)

ν+ω
l jσ′σ′′λ

b
jmσ′′σ′′′(G0)

ν+ω′

mkσ′′′σvIλ
c
knσvIσv(G0)

ν−ω−ω′

niσvσ

+
1
β

∑
σ(′)(′′)ν

∑
lmn

λa
ilσσ′(G0)

ν+ω
l jσ′σ′′λ

bc
jmσ′′σ′′′(G0)

ν+ω′

miσ′′′σ =

=
(
Π(3)

i jk

)abc
(ω,ω′) +

(
Π(2)

i jk

)abc
(ω,ω′). (1.53)

where σ() means summation over all the σ indexes. Later we will simplify the nota-
tion. Here, superscripts (3) and (2) represent the two diagrams shown in Figure 1.1,
respectively. For the sake of completeness, we also underline that if we want to
include the response of the system generated by bosons in the last expression, we
have to introduce an extra term in equation 1.53. This term Π̃abc

i jk (ω,ω′)BOS corre-
sponds to the coupling between sources and the Boson field, that has to be included
in the Action. This term is not important in our derivation of the Three-Particle di-
agram in Optics and for interactions between localized magnetic moments, but it is
not negligible in other cases. For example, the presence of anharmonic terms in the
crystal Hamiltonian leads to the interaction of phonons. A more exotic example is
the self-interaction of Gluons in Quantum Chromodynamics.

1.2.3 Furry’s Theorem
Before computing the specified above Response functions, we have to consider a par-
ticular case of the Three-Point Response Function. It corresponds to the considera-
tion that odd-photon processes in Quantum Electrodynamics (like Second-Harmonic
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a) b)

p1

k + p1

k + p1 + p2

k

p2

−p1 − p2

p1

k + p1

k

−p1 − p2

p2

Figure 1.1: Triangular (a) and Non-linear bubble (b) Diagrams that
describe the Three-Particle Processes. The big dot represents the sec-

ond order vertex.

Generation) are forbidden. The demonstration can be found on many textbooks (see
e.g. [6]) and is based on the charge conjugation. If a system is invariant with respect
to the charge conjugation, we can define an operator C that represents the charge
conjugation. The transformation of the corresponding current operator with respect
to this operator leads to a change of the sign. In a Matsubara formalism it means
that the sum over energies in a process involving an odd number of currents leads
to a zero value of the diagram itself. In the context of Condensed Matter Theory, it
means that the triangular diagram for the SHG in systems with electron-hole sym-
metry is equal to zero. This considerations appears to be very important in the rest
of the thesis. Note that we always need to break some symmetry in order to obtain a
Response Function different from zero. This also ensures that the case of Graphene
without breaking of the particle hole-symmetry is vanishing.

1.2.4 General Expression for the Three-Particle Response Func-
tion in Momentum-Space

Equation 1.53 provides the general expression for the Three-Particle Response Func-
tion. Here, we aim to compute it in momentum-space for a translational invariant
system. In this case, calculations can be simplified, since the each non-interacting
Green’s function depends on just one momentum instead of two different indexes. If
we take the Fourier Transform with respect to i, j, k in Eq. 1.53, we get an object that
depends on just two external momenta in the case of a theory that ensures momentum
conservation. However, we will keep the dependence on three external momenta in
order to keep the notation as general as possible. We split the Response Function
into two diagrams:

Π̃(3) = Π(3) + Π(2), (1.54)
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where Π(3) represents the value of the triangular diagram and Π(2) represents the
non-linear bubble. The second term will be analyzed in the Chapter 2. For the mo-
ment, we will derive an expression for the triangular diagram. The Fourier Transform
of the expression in time representation, which is the usual Response Function in fre-
quency and momentum representation, can be easily derived substituting the Inverse
Fourier Transforms of the Green’s Functions and vertexes in equation (1.53). It cor-
responds to the following expression as a function of the three external momenta:

Π(3)
αβγ(p1, p2, p3) =

∑
ν

∫
d2k
(2π)2 Tr [vαG(k + p1)vβG(k + p2)vγG(k + p3)] ,

(1.55)

where we use a combined indices for the momentum and frequency k = {k, ν}, and
p = {p,ω}. Here, the condition p3 = −p1 − p2 ensures the momentum conservation.
Trace is taken over the spin-space. The sum

∑
ν includes 1/β factor. vα is the vertex

function that is related, for example, to the velocity operator when calculating the
nonlinear optical response function.

We calculate the specified diagram for a general two-band model. The 2D tight-
binding model Hamiltonian can always be written in the matrix form as:

Ĥk =

(
m + fk S k

S ∗k −m + fk

)
. (1.56)

Here, the diagonal fk and off-diagonal S k terms describe the inter- and intraband
electronic processes, respectively. A mass term m is responsible for the breaking
of inversion symmetry. The role and the physical meaning of all these terms will
be discussed in details in Chapters 2 and 4. So far we notice that this is the most
general two-bands Hamiltonian, because any 2× 2 matrix can be expanded in a linear
combination of the Identity matrix 1 and Pauli Matrices σ = (σx,σy,σz) with the
appropriate coefficients. Pauli Matrices are defined as:

σx =

(
0 1
1 0

)
, σx =

(
0 −i
i 0

)
, σx =

(
1 0
0 −1

)
, (1.57)

in order to ensure the desired commutation and anticommutation between them.
The Green’s function G(k, ν) associated to the Hamiltonian (1.56) is defined as

G(k, ν) =
1

1(iν+ µ) − Ĥk
=

1(iν+ µ − fk) +σ · ξk

(iν+ µ − fk )
2 − ξ2

k
. (1.58)

Here ξk = (Re S k, Im S k, m). This representation of the Green’s function is not
convenient to look for a compact expression for the diagram (1.55), so we define the
so-called spectral representation of the Green’s function (see e.g.[7]). It’s basically
an expansion of the denominator in the above expression in simple fractions

1(iν+ µ − fk) +σ · ξk

(iν+ µ − fk )
2 − ξ2

k
=

Â
iν+ µ − fk − ξk

+
B̂

iν+ µ − fk + ξk
. (1.59)
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The system obtained equating coefficients of the same powers of the frequency reads:{
Â + B̂ = 1

Âξk − B̂ξk = σ · ξk
(1.60)

Solving for the matrix coefficients Â and B̂, we find the following expression for the
propagator

G(k, ν) =
∑

s=±1

Λs(k)
iν+ µ − fk − sξk

, (1.61)

where we have introduced projectors over positive and negative energy states

Λs(k) =
1
2

(
1 +

s
ξk
σ · ξk

)
. (1.62)

The generalization of the method to systems without particle-hole symmetry and to
the multiband case is straightforward at this level, and it amounts to consider the
replacement s ξk → ξs

k, where now “s” plays the role of a spin-band index. We now
define the third-order factor for the diagram as:

Ωss′s′′
αβγ (k; p1, p2, p3) = Tr

[
vαΛs(k + p1)vβΛs′(k + p2)vγΛs′′(k + p3)

]
, (1.63)

where of course the velocities depend on all the involved momenta. This object
depends on every momentum involved in the diagram, but the only important during
this calculation is the dependence on the frequency ν. Omitting the integration over
momenta in (1.55), one gets

Π(3)
αβγ(k; p1, p2, p3) =

∑
ν,s(′)(′′)

Ωss′s′′
αβγ (k; p1, p2, p3)

[iν+ iω1 + µ − fk+p1
− ξs

k+p1
]
× (1.64)

×
1

[iν+ iω2 + µ − fk+p2
− ξs′

k+p2
][iν+ iω3 + µ − fk+p3

− ξs′′
k+p3

]
.

Now we concentrate on the following part of the denominator and notice that it can
be conveniently manipulated exploiting partial fractions:

1(
iν+ iω2 + µ − fk+p2

− ξs′
k+p2

) (
iν+ iω3 + µ − fk+p3

− ξs′′
k+p3

) =

A
iν+ iω2 + µ − fk+p2

− ξs′
k+p2

+
B

iν+ iω3 + µ − fk+p3
− ξs′′

k+p3

, (1.65)

where

A = −B = −
1

i(ω2 −ω3) −
(

fk+p2
− fk+p3

)
−

(
ξs′

k+p2
− ξs′′

k+p3

) . (1.66)

The useful fact is that the previously complicated evaluation is reduced to the evalu-
ation of two polarization bubbles. The method for the calculation of this diagram at
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finite chemical potential can be found, for example, in [7]. In our case one gets

Π(3)
αβγ(k; p1, p2, p3) = (1.67)∑

s,s′,s′′

−Ωss′s′′
αβγ (k; p1, p2, p3)

i(ω2 −ω3) −
(

fk+p2
− fk+p3

)
−

(
ξs′

k+p2
− ξs′′

k+p3

)×
×

∑
ν

1
iν+ iω1 + µ − fk+p1

− ξs
k+p1

×

×

 1
iν+ iω2 + µ − fk+p2

− ξs′
k+p2

−
1

iν+ iω3 + µ − fk+p3
− ξs′′

k+p3

 .

The first term in the second line of Eq. 1.67 reads∑
ν

1
[iν+ iω1 + µ − fk+p1

− ξs
k+p1

][iν+ iω2 + µ − fk+p2
− ξs′

k+p2
]
=

−1

i(ω1 −ω2) −
(

fk+p1
− fk+p2

)
−

(
ξs

k+p1
− ξs′

k+p2

)×
×

∑
ν

 1
iν+ iω1 + µ − fk+p1

− ξs
k+p1

−
1

iν+ iω2 + µ − fk+p2
− ξs′

k+p2

 . (1.68)

Now we see that this expression can be summed introducing a convergence factor
eiνnη with η → 0 in every term (see e.g. [8], p. 272). Then, the evaluation of the
Matsubara sum becomes simply the evaluation of the function 1

2 − nF(ξ) in corre-
spondence of the poles of the function involved, where

nF(ξ) =
a

exp{β(ξ − µ)}+ 1
(1.69)

is the Fermi distribution function. In this case there are two poles: The first one
i(ν+ ω1) = −µ+ fk+p1

+ ξs
k+p1

is for the first fraction in the square brackets, and

i(ν + ω2) = −µ+ fk+p2
+ ξs′

k+p2
is for the second one, keeping in mind that ω1

and ω2 are Bosonic Matsubara’s frequencies, and that the exponential of Bosonic
frequencies gives 1. The result of Eq. (1.68) becomes:∑

ν

1
[iν+ iω1 + µ − fk+p1

− ξs
k+p1

][iν+ iω2 + µ − fk+p2
− ξs′

k+p2
]
=

nF

(
ξs

k+p1
+ fk+p1

)
− nF

(
ξs′

k+p2
+ fk+p2

)
i(ω1 −ω2) −

(
fk+p1

− fk+p2

)
−

(
ξs

k+p1
− ξs′

k+p2

) . (1.70)

The second term in the second line of Eq. (1.67) is given by a similar expression with
the corresponding replacements p2 → p3 and s′ → s′′. The full expression for the
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diagram can be obtained putting these two terms together and reads

Π(3)
αβγ(k; p1, p2, p3) =

∑
s,s′,s′′

−Ωss′s′′
αβγ (k; p1, p2, p3)

i(ω2 −ω3) −
(

fk+p2
− fk+p3

)
−

(
ξs′

k+p2
− ξs′′

k+p3

)×
×


nF

(
ξs

k+p1
+ fk+p1

)
− nF

(
ξs′

k+p2
+ fk+p2

)
i(ω1 −ω2) −

(
fk+p1

− fk+p2

)
−

(
ξs

k+p1
− ξs′

k+p2

) −
−

nF

(
ξs

k+p1
+ fk+p1

)
− nF

(
ξs′′

k+p3
+ fk+p3

)
i(ω1 −ω3) −

(
fk+p1

− fk+p3

)
−

(
ξs

k+p1
− ξs′′

k+p3

)
 . (1.71)

This is the first result obtained in this thesis. The expression for the corresponding
Three-Particle Response function is given by the integral over k of this function. The
result is an object that depends on all the band indexes and on two external momenta
and frequencies. The third momentum and the the third frequency are fixed by energy
and momentum conservation laws.

We can finally mention that, although we have chosen a specific form of the
Hamiltonian that will be used in the following, we have never explicitly used this is
the calculation of the diagram. This means that equation 1.71 can be easily gener-
alized to Hamiltonians with a generic number of bands by just replacing s,s′ and s′′

with an index running over the bands of the system and a trace appropriately defined
in the space where the Hamiltonian is defined.

The bubble contribution to the Three-Particle Response Function has the follow-
ing form:

Π(2)
αβδ(p1, p2) =

∑
ν

∫
BZ

d2k
(2π)2 Tr

[
v(2)αβ G(k + p1)vδG(k)

]
= (1.72)

=

∫
BZ

d2k
(2π)2 Π(2)

αβγ(k, p1, p2),

where v(2)αβ = v(2)αβ (p1, p2, k) is a function of the two external momenta. The eval-
uation of the Matsubara summation can be done in the same way as we did for the
triangular diagram. The integrand of the non-linear bubble Π(2)

αβγ(ω) becomes:

Π(2)
αβγ(k, p1, p2) = (1.73)

=
∑
s,s′

Θss′
αβγ(k, p1, p2)

∑
ν

1
i(ν+ω1) + µ − fk+p1 − ξ

s
k+p1

·
1

iν+ µ − fk − ξs′
k

,

(1.74)

where Θss′
αβγ(k, p1, p2) = Tr

[
v(2)αβ Λs(k+p1)vδΛs′(k)

]
. In analogy to the case of the

triangular diagram, the frequency dependent part can be rewrite in simple fractions
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as

1(
i(ν+ω1) + µ − fk+p1

− ξs
k+p1

) (
iν+ µ − fk − ξ

s′
k

) =
=

A
i(ν+ω1) + µ − fk+p1

− ξs
k+p1

+
B

iν+ µ − fk − ξ
s′
k

, (1.75)

where

A = −B = −
1

iω1 − fk+p1
− ξs

k+p1
+ fk + ξs

k
. (1.76)

Now the fractions can be evaluated using the standard method to evaluate Matsubara
summations as follows

1
β

∑
ν

1
iν+ µ − fk − sξk

=
1
2
− nF( fk + ξs

k − µ), (1.77)

and

1
β

∑
ν

1
i(ν+ω1) + µ − fk+p1 − sξk+p1

=
1
2
− nF( fk+p1 + ξs

k+p1
− µ). (1.78)

Finally we get

Π(2)
αβγ(k, p1, p2) =

∑
s,s′

Θss′
αβγ(k, p1, p2)

nF(ξs′
k + fk − µ) − nF(ξs

k+p1
+ fk+p1 − µ)

iω1 − fk+p1
− ξs

k+p1
+ fk + ξs

k
.

(1.79)

This is the final answer for the bubble. Now it is possible to calculate responses for
systems invariant with respect to translations summing the two diagrams.
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Chapter 2

Second Harmonic Generation in
Graphene

2.1 Theory of Second Harmonic Generation

2.1.1 Second Harmonic Response Function
In the next section we will consider the application of the Three-Particle Response
functions to Optics. As we saw in previous Chapter, the Three-Particle Response
function involves different frequencies. This is justified by the fact that it involves
interaction with the electrons in the sample that leads to an exchange of energy.
High-order Harmonic Generation consists in the conversion of a beam with a fixed
frequency into a beam that also contains frequencies that differs from the frequency
of the incoming beam by a multiplicative factor, that means ωout = nωin, and n de-
fines the order of the process involved. According to the order of the non-linearities
involved, it can be a Second-Harmonic Generation, Third-Harmonic Generation and
etc. The Three-Particle Response function describes the first non-linear response,
namely, the quadratic response to the external field. This process is called Second-
Harmonic Generation (SHG) and is a very important tool to investigate the properties
of materials. An important fact about SHG is that it is forbidden by inversion sym-
metry. This means that we need to break inversion symmetry to induce a significant
SHG as explained in [9]. This is a common feature of all the High-order Harmonic
Generation processes of even order. As a consequence, this makes the SHG a useful
tool to probe the absence of the inversion symmetry in the system. On the other hand,
the drawback of the SHG is that in many materials including Graphene the amplitude
of the SHG Response is smaller than the one of the Third-Harmonic Generation, al-
though the order of the involved non-linearity is smaller [10, 11]. As we saw in
previous chapters, we can obtain Three-Particle Response Functions from Diagram-
matic calculations. First of all, we want to introduce the concept of Second Harmonic
Generation and show how it is linked to Three-Particle Response functions. High-
order Harmonic generation can be included starting from Maxwell equations, adding
a contribution to the polarization proportional to the square of the Electric Field.
Consider a material that induces quadratic non-linearities in the Polarization from
the optical point of view, but with a negligible magnetic response. Following [9], the
Maxwell equations in presence of a material can be written as:

∇2E −
1
c2
∂2E
∂t2

=
1
ε0c2

∂2P
∂t2

, (2.1)
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where E is the Electric Field and P is the Polarization vector. The Polarization vector
includes the contributions to the total field given by the response of the material and
in general is an unknown Functional of the external field and depends on the charac-
teristics of the material. Now we can assume that the Electric Field is described by a
wave as follows:

E(t) = Eωeiωt + c.c. (2.2)

Substituting it in the previous equation, we see that there is an appearance of a term
with double the frequency in the quadratic term in the Polarization. This can be
shown considering an external field small enough in order to allow an expansion of
the Polarization in terms of its components

P(2)
α (t) =

∑
β

χ
(2)
αβλ(ω)Eβ(t)Eλ(t)

=
∑
β

χ
(2)
αβ (ω)[EωβEωλei2ωt + c.c.] + 2

∑
β

χ
(2)
αβλ(ω)EωβEωλ. (2.3)

The first term describes the SHG as can be seen from the phase factor containing 2ω,
while the last term has the name of Optical Rectification, and can be neglected. In
terms of frequencies, the Maxwell equation can be rewritten as:

∇2En +
ω2

n

c2 ε(ωn) ·En = −
ω2

n

ε0c2 PNL
n , (2.4)

where PNL
n is the non-linear part of the Polarization, and in my case is just P(2). More

general form of the Polarization written in terms of two frequencies reads:

Pm =
∑

n
χmn(ω)En(ω) +

∑
ln

χ
(2)
lmn(ω,ω′,−ω −ω′)El(ω)En(ω

′). (2.5)

Here, χ(2)lmn(ω,ω′,−ω −ω′) represents the TPRF, and this is the object we can calcu-
late with the use of the theory presented in the Chapter 1.

We consider in particular a 2D material, so we assume that the electric field is
homogeneous in the xy plane and depends only on the z as depicted in Figure 2.1.
Putting everything in Maxwell equations, we can study the shape of the generated
wave (see [9] for details). For the moment we are interested in the case whenω = ω′.
That represents the generation of harmonics with double the frequency of the incident
wave. It is possible to show that we can relate the second-order susceptibility χ(2) to
the coefficient of the energy density of the Electric Field (see [9], p. 37). According
to Poynting Theorem, the energy density of the Electric Field is given by:

U =
1
2

∑
α

〈DαEα〉 , (2.6)

where D is the Electric Displacement Field that is defined as:

D = ε0E + P, (2.7)
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Figure 2.1: Reference system for normal incidence

and P is defined in equation 2.5. Substituting Eq. 2.7 in Eq. 2.6, we get several con-
tributions proportional to different powers of the electric field. The term proportional
to the square of the field is the following:

U(2) =
ε0

2

∑
lmn,ω

χ
(3)
lmn(ω,ω′,−ω −ω′)El(ω)Em(ω

′)E∗l (ω+ω′). (2.8)

This shows that, in principle, we could have followed a different derivation based on
an Effective Action Formalism. This means that we could have obtained the expres-
sion for χ(3)lmn directly by expanding the source-electron interaction term up to third
order in the Path Integral and then integrating out the electronic degrees of freedom.
Finally an identification between terms in the Effective Action and those of this equa-
tion directly give us expression the Response Function. However, we have already
done most of the derivation in Chapter 1, so we will rather identify the coupling
constants directly from an Hamiltonian approach and then apply definition 1.53.

2.1.2 Two-Photons processes and spectroscopy
Previous results, coming from non-linear Optics and Classical Field theory, can be
easily interpreted in the context of Quantum Mechanics. In particular, from the point
of view of QFT, Electromagnetic Fields are quantized and represented by Photons. In
our analysis the second order response can be interpreted as two photons impinging
to the material are absorbed by the material, and a third one emitted with a frequency
given by the sum of the other two. In a simple single-electron band picture this pro-
cess is represented in Figure 2.2. This technique turns out to be more sensitive to the
incident angle of applied light and to the number of layers of a sample than conven-
tional linear Optics (see [11, 12]). For example, Figure 2.3 highlights the possibility
to study the number of layers of material just combining conventional Optical mi-
croscopy, Second and Third Harmonic Generation (THG). The first technique allows
to understand where the flake of the sample (in this case WSe2, taken from [12]) are
located. However, it is not sensitive to the number of layers. SHG and THG mi-
croscopies allow to determine precisely how many layers are present in each region.
This sensitivity to the number of layers makes the SHG a very useful tool for the
analysis of 2D materials, that are made of just one or few layers. The consequence
of this approach is that we also need much more sensitive and selective detection
devices, since the intensity of the SHG is usually orders of magnitude smaller than
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Figure 2.2: a) Scheme of SH Response Function; b) Scheme of two-
photon absorption in a 2-level system.

the signals produced in linear Optics. An other important restriction is that the re-
sponse is not allowed in systems with inversion symmetry. SHG generation is then
a suitable tool to study surfaces, because in a bulk material the creation of a surface
breaks inversion symmetry. In this thesis we are interested in 2D materials, and in
this case we need a situation where the inversion symmetry in the plane is broken.
The common setup is made of a laser source that excites the system (pump) and fil-
ters that allow the separation of the pump signal and the SHG signal (see Figure 2.4).
The emitted light is then a superposition of photons with the same frequency as the
incident beam and photons with double the frequency.

2.2 Light-Matter Interaction for Dirac-like materials

2.2.1 Light-Matter Interaction in Tight-Binding models
We recall that in the case of non-interacting electrons the tight-binding Hamiltonian
will simply have the form of equation 1.1. Since we want to study Optical Response
Functions, the next step is to include a vector potential A(r, t) that represents the
external radiation. We follow the procedure used in the paper [13]. Usually, the
coupling with an external field in the Gauge, where the scalar potential is fixed to be
φ = 0, is given by the Peierls substitution. This corresponds to the substitution of
each annihilation operator in the following way [14]:

c̃α = cαei e
c

∫
Rα

A(r,t)·dr, (2.9)

and complex conjugate for the creation operator.
Since we want to describe a Hamiltonian with more than one atom in the unit

cell, we explicitly write α = {i,σ}, where Riσ = Ri + rσ. Ri represents the lattice
vector that labels the unit cell, and rσ represents the displacement of the atom σ with



2.2. Light-Matter Interaction for Dirac-like materials 23

Figure 2.3: Study of the intensity of SHG (b) and THG (c) from sam-
ples of WSe2. (a) is Optical microscopy. Numbers indicate the num-

ber of layers in each region. Reproduced from [12].

respect to Ri within the unit cell. The light-electron Hamiltonian then becomes:

Ĥ =
∑

i j,σσ′
tσσ

′

i j exp
(
i
e
c

∫ R j

Ri

A(r, t) · dr
)

c†iσc jσ′ , (2.10)

where e is the modulus of the electronic charge and c is the speed of light. Now we
are interested in the Second Order Response in the external field and we consider an
homogeneous field, so we can expand the exponential in the Hamiltonian as follows:

Ĥ '
∑

i j,σσ′
tσσ

′

i j c†iσc jσ′ + i
e
c

Aα(t)
∑

i j,σσ′
tσσ

′

i j

(
Riσα − R jσ′α

)
c†iσc jσ′

+
1
2

( ie
c

)2
Aα(t)Aβ(t)

∑
i j,σσ′

tσσ
′

i j

(
Riσα − R jσ′α

) (
Riσβ − R jσ′β

)
c†iσc jσ′ . (2.11)

Since the system is translationally invariant, we can take the Fourier Transform of
the electronic unperturbed Hamiltonian and rewrite it as:

Ĥ0 =
∑

i j,σσ′
tσσ

′

i j c†iσc jσ′ =
∑

k,σσ′
tσσ

′

k c†kσckσ′ , (2.12)

where tσσ
′

k =
∑

i j tσσ
′

i j e−ik·(Ri−R j). We can easily rewrite this in terms of Grassmann
variables by just replacing the creation/annihilation operators. In this way we can
recall the Action formalism of Chapter 1.
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Figure 2.4: Typical experimental setup for multi-photon spectro-
scopies. MLL: linearly polarized mode-locked fiber laser. VA: vari-
able attenuator. QWP: quarter-wave plate. BP filter: Bandpass filter.

PMT: Photomultiplier tube. Reproduced from [11]

We assume that the external field has a fixed frequency, and can be written as:

A(t) = Aωe−iωt (2.13)

Then, the action of the problem becomes

S[c, c∗, A] = S0[c, c∗] + V1[c, c∗, A] + V2[c, c∗, A] (2.14)

=
∑

i j,ν,σσ′
tσσ

′

i j c∗iσνc jσ′ν + i
e
c

Aαω
∑

i j,ν,σσ′
tσσ

′

i j

(
Riσα − R jσ′α

)
c∗iσν+ωc jσ′ν

+
1
2

( ie
c

)2
AαωAβω′

∑
i j,ν,σσ′

tσσ
′

i j

(
Riσα − R jσ′α

) (
Riσβ − R jσ′β

)
c∗iσν+ωc jσ′ν−ω′ .

The next step is to calculate currents. They can be obtained as follows:

Jα =
δV1[c, c∗, A]

δAαω

∣∣∣∣∣∣
A=0

= e
∑

k,σσ′
vαkσσ′c

∗
kσckσ′ (2.15)

Jαβ =
δV2[c, c∗, A]
δAαω′δAβω

∣∣∣∣∣∣
A=0

= e2
∑

k,σσ′
v(2),αβkσσ′ c∗kσckσ′ . (2.16)
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Expressions for the linear and non-linear couplings (we will call them velocities in
this situation) can be defined by comparison with the Action 2.14 and are given by:

vαkσσ′ = i
∑

i j,σσ′
tσσ

′

i j

(
Riσα − R jσ′α

)
e−ik·(Ri−R j), (2.17)

v(2),αβkσσ′ = i2
∑

i j,σσ′
tσσ

′

i j

(
Riσα − R jσ′α

) (
Riσβ − R jσ′β

)
e−ik·(Ri−R j). (2.18)

The Fourier Transform can be explicitly calculated and leads to following expres-
sions:

vασσ′k = [∂kα − i (rσ′α − rσα)] tσσ
′

k (2.19)

v(2),αβkσσ′ =
[
∂kα∂kβ + i(rσ′α − rσα)∂kβ + i(rσ′β − rσβ)∂kα − (rσ′α − rσα)(rσ′β − rσβ)

]
tσσ

′

k ,
(2.20)

which is, of course, the same result found in [13]. So far we have studied the response
to the vector potential, which is not what we can experimentally measure. Indeed the
measurable quantity is the corresponding Electric field. According to the gauge we
chose before the relation between vector potential and Electric field is quite simple
and is given by:

Aω = −ic
Eω

ω
. (2.21)

We obtain the Response Function χ(3) for Second Harmonic Generation from the
Response to the vector Potential Π̃(3) as follows:

χ
(2)
αβλ(ω) = −i

e3

c2ω2 Π̃(3)
αβλ(ω). (2.22)

The physical susceptibility in real frequency is obtained using the Feynman pre-
scription that is needed to ensure causality and is mathematically obtained doing an
analytical continuation of the function χ(3)αβγ(iω) to iω → ω+ iε with ε → 0+. This
analysis is general and can be referred to tight-binding Hamiltonian, given that atoms
are numbered according to σ. For a full discussion see [14].

The measurable quantity in experiments is the Conversion Efficiency (see [1]).
This quantity can be calculated from the susceptibility in the slowly varying wave
amplitude (SVWA) approximation (see [9]), defined by the condition∣∣∣∣∣∣d2Eω

dz2

∣∣∣∣∣∣ �
∣∣∣∣∣kdEω

dz

∣∣∣∣∣ , (2.23)

in the following way:

η =
I2ω

Iω
'

2ω2χ
(2)
e f f (ω)

n2ωn2
ωc3ε0

Iωl2sinc2
(
∆kl
2

)
. (2.24)
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The factor χ(2)e f f = 1
2χ

(2)
yyy(ω), l is the thickness of the sample, and ∆k ' 0 is the

wavector mismatch. See [9] and [15] for more details.

2.2.2 2D Materials
What we did before was intended for a general material described in a tight-binding
approach. In this subsection we will specialize this approach to a precise class of ma-
terials, that are 2D Dirac-like materials. With this denomination we define materials
that can be described by the Hamiltonian (1.56) in a certain range of frequencies that
depends on the characteristic energies of the system. This means that if we want to
describe a 2D material in a tight-binding approach, we can usually construct a two-
band model if we consider an energy range small enough. This is indeed the case
for materials with simple hexagonal crystal structure, like Graphene and hexagonal
Boron Nitride (h-BN) (see Figure 2.5), that will be addressed more specifically in the
next section. It was shown that this approach can be carried out also for slightly more
complex materials, like single-layer Transition Metal Dichalcogenides (TMDs). This
class of materials has recently attracted the attention for the possibility of a various
range of applications due to a indirect-to-direct band-gap transition at the level of
single layer, and the tunability of the band-gap as a function of external fields (see
e.g [16] and [17]). These properties are particularly important when it comes to
Optical properties and Optoelectronic applications. A two-band model was obtained
in [18] for the specific case of MoS2, but the derivation can, in principle, be applied to
other TMDs straightforwardly. The general method to derive it from a tight-binding
approach that generates a larger number of bands, is the k · p method. Computation-
ally this can also be obtained considering just two closer bands and expand them in
terms of projectors over bands. Low energy two-band Hamiltonian can be obtained
also in the case of layered materials, like bilayer Graphene (see [19]).

Figure 2.5: Some examples of 2D materials (adapted from [20]).
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It is important to discuss limitations of the single particle approach in the case
of 2D materials. It is well known that interactions between electrons and between
electrons and phonons in 2D materials are strongly enhanced by confinement (see
[21]). This means that in general we should not neglect interactions if we want an
accurate descriptions of those materials. Excitons can contribute to Optical properties
in a strong way (see [22]) and should be taken into account in the description of
realistic materials. In this thesis we will neglect these effects, in order to keep the
derivations analytical as long as it is possible.

2.2.3 Case of Honeycomb lattice materials
In this chapter we discuss in details materials with honeycomb lattice structure. The
simplest tight-binding model consists in considering just one orbital per atom and
nearest- and next-nearest-neighbor hopping parameters. Recalling the tight-binding
Hamiltonian (1.56)

Ĥk =

(
m + fk S k

S ∗k −m + fk

)
, (2.25)

we can now interpret each matrix element in a physical way. The honeycomb lattice
is described by a unitary cell that contains two atoms, so the correspondence with
Hamiltonian (1.56) is very easy to understand. Each matrix element is associated
with the orbital of a specific atom in the elementary cell. In the case of honeycomb
lattice with just orbital per atom, we name each orbital with the name of the corre-
sponding atom. Honeycomb lattice is not a primitive lattice and it contains two atoms
in the basis. This two atoms define the two sublattices A and B that constitute the
honeycomb lattice, as shown in Figure 2.6. The index of matrix element is usually

Figure 2.6: Hexagonal (honeycomb) lattice. Different colors indicate
the two different sublattices.

called pseudospin index, because it defines a two-dimensional vector space similar
to that of spin particles in 2D. The diagonal terms correspond then to hopping terms
in the same sublattice. This means that they can contain a term corresponding to
energy in the same site. If two sublattices are equivalent, then we can subtract the
onsite energy from both the diagonal terms and put them to zero. This corresponds
to the situation of pristine Graphene. On the other hand if two sublattices are not
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equivalent, then we introduce a quantity m that defines this asymmetry. This term ef-
fectively breaks the inversion symmetry, which is a necessary condition for the SHG
(see [9]). In other cases the “mass term” m can be originated from different mech-
anisms, see for example the case of monolayer MoS2 [23], Germanene under the
effect of electric field [24] and heterostructures like Graphene disposed on hexagonal
Boron Nitride [25, 26, 27, 28]. On the other hand, the term fk contains contributions
from next-nearest-neighbor (NNN) hoppings and is important to break the electron-
hole symmetry. The off-diagonal contributions come from nearest-neighbor (NN)
hopping. In the case of Graphene the orbital is the pz. In the case of 2 × 2 Hamilto-
nians corresponding to hexagonal structure as shown in 2.6, the unit cell is identified
by two vectors a1 and a2, and contains two atoms A and B. The corresponding Bril-
louin Zone is depicted in figure 2.7. We recall that the expression for the k-dependent

Figure 2.7: Brillouin Zone of Honeycomb lattice. Different colors
indicate the two inequivalent K and K’ points.

parameters are the Fourier Transform of the ti j,σσ′ in equation 1.56

S k = t
∑

i ∈NN

e−ik·Ri , (2.26)

fk = t′
∑

i ∈NNN

e−ik·Ri . (2.27)

Explicit relations in the case of a material with simple honeycomb structure like
Graphene are the following:

S k = t
exp(ikya) + 2 exp

(
−

ikya
2

)
cos

 √3
2

kxa
 , (2.28)

fk = 2t′
cos(

√
3kxa) + 2 cos

 √3
2

kxa
 cos

(
3
2

kya
) , (2.29)

where a is the nearest-neighbor distance. The electronic dispersion relation shown in
Figure 2.8 then reads:

E±k = fk ±
√
|S k|

2 + m2, (2.30)
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where we take t = −2.8 eV, t′ = 0.1|t|, m = 0.01|t|, and the chemical potential as
µ = −3t′. It is possible to show that the absolute value of the expression in equation

Figure 2.8: Dispersion relation of Graphene with (solid line) and
without (dashed line) account for the next-nearest-neighbor hopping
process. Red arrows show optical resonances at the van Hove singu-

larity (M point) and the bandwidth (Γ point).

(2.28) is equal to zero in correspondence of points K and the K’ (see figure 2.7). If
we analyze the term S k in the vicinity of K and K’ we get:

S τ
k '

3at
2
(τδkx − iδky) (2.31)

where τ = 1 for K and τ = −1 for K’ and it is called valley index and is linear
in the momentum. For this reason we will call the two valleys Dirac points or con-
ical points. At low energies and for δk small enough the Hamiltonian 2.25 can be
approximated as:

Ĥτ =

(
m τv(px − ipy)

v(τpx + ipy) −m

)
(2.32)

where we have introduced the electron speed at the conical points v = 3at
2 . In absence

of the mass term this leads to the physics of massless Dirac electrons in pristine
Graphene (see [29]). On the other hand, if there is mass term m different from 0,
a gap Eg = 2m opens and the electrons behave like massive Dirac particles in the
vicinity of the Dirac points. Anyway the behavior becomes very different from the
one of a simple material with parabolic bands, as we have seen in the case of Landau
levels in Chapter 3. The SHG in the case of Dirac electrons is forbidden by Furry’s
theorem (see Chapter 1) already at the level of a single cone. This means that we need
to use the full dispersion to achieve the correct SHG spectrum, as we will discuss later
on. However, for sufficiently small energies of the order of 10 meV, we can assume
that the second order in momentum for S k is enough. The corresponding effective
Hamiltonian at second order is given by

HTW(τ) = λTW[2τσykxky −σx(k2
x − k2

y)]. (2.33)
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where λTW = 3a2t/8 (see [19]) is the trigonal warping parameter. Its effect is to
deform the isoenergy lines around the Dirac points, as we show in figure 2.9.

Figure 2.9: (a) Direction of the trigonal warping around the two con-
ical points (taken from [30]), (b) deformation of the cylindrical sym-
metry around a conical point induced by the trigonal warping (repro-

duced from [31]).

2.3 Derivation of the SH response function for Dirac-
like Materials

2.3.1 Derivation of the Diagrams
We can now collect every ingredient in order to study the SHG of Dirac-like materi-
als. First of all, we can specialize the result for the triangular diagram to the case of
SHG. There are two sources of SHG in Graphene. Since SHG is induced by the lack
of inversion symmetry, we can generate it either by breaking the symmetry of the lat-
tice and inducing an asymmetry between the two sublattices, or considering the fact
that the photon momentum q already works as a source of asymmetry. This second
case was already study in [32]. The results for the inclusion of the photon momen-
tum only show that the SHG becomes possible if we consider the photon momentum,
but the resulting response is very weak, since the photon momentum is very small
(q = ω/c). Therefore, we can study the case when symmetry is broken neglecting
photon momentum. The same problem has been already addressed in papers [11,
31]. Our aim is to perform calculations using the diagrammatic technique with the
full dispersion and studying 2D materials with different band-gaps. Another possible
source of symmetry breaking that can allow the SHG in Graphene is the valley po-
larization. This mechanism is discussed in details in the paper [13], and, in principle,
can be included in the diagrammatic technique considering a k-dependent chemical
potential µ = µ(k). Although this mechanism could be very useful in the context
of valleytronics, addressing the valley polarization experimentally is still a matter of
study.

It is possible to investigate the triangular diagram (1.71) in the case of SHG,
neglecting photon momenta, so putting p1 = p2 = p3 = 0, ω1 = 0. The external
frequencies can be defined as ω2 = −ω3 = ω that corresponds to the SHG optical
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response. The triangular diagram then becomes:

Π(3)
αβγ(k,ω) =

∑
s,s′,s′′

−Ωss′s′′
αβγ (k)

2iω −
(
ξs′

k − ξ
s′′
k

) nF
(
ξs′

k + fk − µ
)
− nF

(
ξs

k + fk − µ
)

iω −
(
ξs′

k − ξ
s
k

) +

−
nF

(
ξs

k + fk − µ
)
− nF

(
ξs′′

k + fk − µ
)

iω −
(
ξs

k − ξ
s′′
k

)  . (2.34)

One can observe that in this limit the result becomes different from 0 only if s , s′

or/and s , s′′, otherwise one of the numerators in brackets in Eq. 2.12 vanishes.
Therefore, one gets three contributions

1) Π(3)
αβγ(k,ω) =

∑
s=±1

Ωs,s,−s
αβγ (k)

2(iω − sξk)

[
nF (sξk + fk − µ) − nF (−sξk + fk − µ)

iω − 2sξk

]
,

(2.35)

2) Π(3)
αβγ(k,ω) =

∑
s=±1

Ωs,−s,s
αβγ (k)

2(iω+ sξk)

[
nF (sξk + fk − µ) − nF (−sξk + fk − µ)

iω+ 2sξk

]
,

(2.36)

3) Π(3)
αβγ(k,ω) =

∑
s=±1

−Ωs,−s,−s
αβγ (k)

ω2 + 4ξ2
k

[nF (sξk + fk − µ) − nF (−sξk + fk − µ)] .

(2.37)

These three terms can be interpreted in terms of diagrams in a straightforward way
as shown in Figure 2.10. Rearranging terms in (2.35) and (2.36), and changing s to

Figure 2.10: Processes corresponding to Eq. 2.35 (a), Eq. 2.36 (b) and
Eq. 2.37 (c).
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−s in the second one, we get the expression

Π(3)
αβγ(k,ω) =

∑
s=±1

Ωs,s,−s
αβγ (k) −Ω−s,s,−s

αβγ (k)

2(iω − sξk)

[
nF (sξk + fk − µ) − nF (−sξk + fk − µ)

iω − 2sξk

]

−
∑

s=±1

Ωs,−s,−s
αβγ (k)

ω2 + 4ξ2
k

[nF (sξk + fk − µ) − nF (−sξk + fk − µ)] . (2.38)

The next step is to calculate the contribution coming from the non-linear bubble.
The bubble contribution to the susceptibility has the following form:

χbubble
αβδ (ω) = −i

e3

ω2

∑
ν

∫
BZ

d2k
(2π)2 Tr

[
v(2)αβ G(k, ν −ω)vδG(k, ν+ω)

]
, (2.39)

that is the bubble diagram calculated in Chapter 1 setting the external momenta to
zero and the external frequencies to ω1 = −2ω and ω2 = ω. The evaluation of
the Matsubara summation can be done in the same way as we did for the triangular
diagram. The integrand of the non-linear bubble Π(2)

αβγ(ω) becomes:

Π(2)
αβγ(k,ω) =

∑
s,s′

Θss′
αβγ(k)

∑
ν

1
iν − iω+ µ − fk − ξs

k
·

1
iν+ iω+ µ − fk − ξs′

k
,

(2.40)

where Θss′
αβγ(k) = Tr

[
v(2)αβ Λs(k)vδΛs′(k)

]
.

and finally we get

Π(2)
αβγ(k,ω) =

∑
s,s′

Θss′
αβγ(k)

nF(ξs′
k + fk − µ) − nF(ξs

k + fk − µ)

2iω −
(
ξs′

k − ξ
s
k

) . (2.41)

As in the previous case, the only possible contribution is given by s , s′, so we can
write

Π(2)
αβγ(k,ω) =

∑
s

Θ−s,s
αβγ (k)

nF(sξk + fk − µ) − nF(−sξk + fk − µ)
2iω − 2sξk

. (2.42)

The physical quantity for the diagram is Π̃(n)
yyy(ω) = Π(n)

yyy(ω)−Π(n)
yyy(0), because

the value at zero comes from the definition of the gauge and the fact that our model is
actually well defined in a limited range of frequencies, and therefore it is unphysical
(see [33]). The corresponding susceptibility reads

χ
(2)
αβγ(ω) = −i

e3

ω2

∫
k∈BZ

d2k
(2π)2

[
Π̃(2)
αβγ(k,ω) + Π̃(2)

αβγ(k,ω)
]

= −i
e3

ω2

[
Π̃(2)
αβγ(ω) + Π̃(2)

αβγ(ω)
]

, (2.43)

where the Brillouin Zone (BZ) in the case of hexagonal lattice can be taken to be
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the rectangular area defined by the relations −2π
3a < ky < 2π

3a and − 4π
3
√

3a
< kx <

2π
3
√

3a
. With these definitions the profile of the Conversion Efficiency in (2.24) can be

evaluated as follows [11]:

ηω ∼

∣∣∣∣∣∣∣∣Π̃
(3)
yyy(iω)

ω

∣∣∣∣∣∣∣∣
2

. (2.44)

In this case the calculation of the efficiency is more meaningful than the susceptibility
itself, because it reduces the severity of the divergence as ω → 0. In the cases we
will consider the prefactor is more or less the same for all the materials.

2.3.2 Calculation of the currents
The next step is to consider the current for the electron-photon coupling. We recall
the expression for the current (2.19) that was derived following [19]:

vLL′
i (k) = −

δHLL′
k

δAi

∣∣∣∣∣∣∣
A=0

= ∂ki H
LL′
k − i(rL′

i − rL
i )H

LL′
k , (2.45)

where A is the vector potential introduced by the Peierls substitution and LL′ indi-
cates the pseudospin degrees of freedom related to sublattice space. r indicates the
atomic position within the unit cell. Specializing to the case we are interested in,
we can calculate the expression for Hamiltonian (2.25) with dispersion (2.30). The
resulting expression for velocities becomes:

vx(k) =

 vAA
x (k) −

√
3ta e

−ikya
2 sin

( √
3kxa
2

)
−
√

3ta e
+ikya

2 sin
( √

3kxa
2

)
vBB

x (k)

 , (2.46)

vy(k) =

−6t′a cos(
√

3
2 kxa) sin(3

2kya) −3ita e−
ikya

2 cos
( √

3
2 kxa

)
3ita e

ikya
2 cos

( √
3

2 kxa
)

−6t′a cos(
√

3
2 kxa) sin(3

2kya)

 , (2.47)

where vAA
x = vBB

x = −2
√

3t′a
(
sin(
√

3kxa) + sin(
√

3
2 kxa) cos(3

2kya)
)
. In the same

way, recalling the equation for the two-photon velocity (2.20)

v(2)LL′

αβ (k) =
δHLL′

k
δAαδAβ

∣∣∣∣∣∣∣
A=0

= (2.48)

=
[
∂kα∂kβ + i(ρL′

α − ρ
L
α)∂kβ + i(ρL′

β − ρ
L
β)∂kα − (ρ

L′
β − ρ

L
β)(ρ

L′
α − ρ

L
α)

]
HLL′

k .
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This leads to the following expressions for the components of the second-order ve-
locities

vxx(k) =

 v(2),AA
xx −3ta2

2 e−
ikya

2 cos
( √

3kxa
2

)
−3ta2

2 e
ikya

2 cos
( √

3kxa
2

)
v(2),BB

xx

 (2.49)

vyy(k) =

 −9t′a2 cos
( √

3kx
2

)
cos

(
3ky
2

)
−1

2e−
1
2 (iky)t

(
cos

( √
3kx
2

)
+ 8e

3iky
2

)
−1

2e−ikyt
(
e

3iky
2 cos

( √
3kx
2

)
+ 8

)
−9t′a2 cos

( √
3kx
2

)
cos

(
3ky
2

)  ,

where v(2),AA
xx = v(2),BB

xx = −3t′a2
(
cos

( √
3kxa
2

)
cos

(
3kya

2

)
+ 2 cos

(√
3kxa

))
, which is

the expression for the two-electrons-two-photons vertex (see e.g. [13]). In our case
we are interested in diagonal elements of the three-momenta matrix element Ωαβγ

for symmetry reasons (see [31]).

2.4 Results for the case of Graphene with broken In-
version Symmetry

2.4.1 General Considerations
The triangular diagram turns out to be zero even in the case with non-zero next-
nearest-neighbor coupling t′ = 0 and chemical potential. The reason is that every
factor in equation (2.12) is periodic in k-space, but non-negative, while the matrix
elements Ωs,s′,s′′

αβγ (k) depend on combinations of an odd number of sines and cosines
that cancel when averaged over the Brillouin zone. In particular this happens due
to periodic symmetry in kx, as was discussed before. This is the reason why intro-
ducing a valley polarization generates a non-zero contribution from the triangular
diagram: the factor nF (sξk + fk − µk) − nF (−sξk + fk − µk) has no more even pe-
riodicity over the domain, so the integral over kx gives a non-zero result. This cor-
responds to a generalization to the situation that is described in [1]. In their case of
low-energy Hamiltonian for MoS2, the triangular diagram contribution was canceled
by symmetry with respect to inversion of ky. In our case the same situation appears,
but in the tight-binding periodic dispersion it is ensured by periodicity with respect
to k when integrated over the Brillouin Zone. Contrary to the triangular diagram,
the contribution from the bubble is nonzero, and the χ(2)αβγ(ω) tensor reveals the re-
duced symmetry C3 instead of C6 with respect to rotation. Therefore, the contribution
χ
(2)
xxx(ω) = 0, whereas the result for χ(2)yyy(ω) is nonzero and shown in Figure 2.11. It

is worth mentioning that the account for the next-nearest-neighbor hopping process
t′ does not change the result.

2.4.2 Study of the response for specific materials
So far we have derived analytical expressions for SHG in honeycomb lattice materi-
als. The next step is to calculate the response for materials with different band-gaps
in order to understand how the response changes. Results are shown for hexagonal
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Figure 2.11: Polarization Π(2)
yyy(ω) (left) and the susceptibility

χ
(2)
yyy(ω) (right) as the function of energy given in eV. Here, one can

clearly distinguish two resonances depicted in Fig. 2.8 by red arrows.
The first one corresponds to the van Hove singularity, and the second
to the half of the bandwidth. Note that here χ(2)yyy(ω) is plotted without

−ie3 prefactor containing in Eq. (2.43).

Boron Nitride (hBN), Graphene on a SiC substrate (Gr/SiC) and Graphene on hBN.
The reported values in literature for the mass m are in the three-materials are 2.78 eV,
0.13 eV and 0.03 eV respectively [34, 31]. The band-gap is given by Eg = 2m. The
Plot of the values for the diagrams calculated in this thesis can be found in Figure
2.12, while Figures 2.13 and 2.14 show the SHG response function and the quantity
|Π(2)

yyy(ω)|
ω that is proportional to the square root of the conversion efficiency η defined

in equation (2.44). The values of the diagram show an onset in correspondence of the
gap, as we expect from the resonant behavior. The most important resonance peak
corresponds to Van Hoove singularities corresponding to the red lines in Figure 2.8.
It is also possible to see resonance peaks in correspondence of ω̄ = m, that is the
transition that corresponds to the band-gap. As you can see, the response function
from materials with a smaller gap is bigger in a frequency range up to 1 eV, while
it becomes negligible as the frequency increases. In particular, the resonance cor-
responding to the Van Hoove singularity is strongly suppressed and becomes barely
distinguishable. These considerations appears to be in agreement with what was de-
rived for MoS2 in [11], and also reproduces the trend found in other papers (see [35])
that shows that at small frequencies the response decreases as the gap increases. The
highest response peak is located in correspondence of the band-gap energy. On the
other hand, what the other papers were not able to investigated is the behavior at
higher-energies. Up to 4.5 eV we are safely in the validity of the two-band model for
this materials, so the other bands originated from σ orbitals can be safely neglected.
In this range the contribution coming from the Van Hoove singularities appear to be
very important especially in the case of large band gap and leads to a resonant be-
havior. This resonant behavior appears to dominate the measurable quantity η in the
case of big band-gaps, while it is strongly weakened for materials with small band-
gap. In this second case the transition corresponding to the band-gap is the one that
dominates the response, as can be clearly seen in the Figure 2.14.

If we want to develop a deeper insight of what happens at low energies we have
to avoid the divergence in the susceptibility. Adding a small imaginary part to the
denominator, we get the plot of the real and imaginary part of the susceptibility.

As we can see, the larger the mass the larger are the value of the diagram Π(2)

and the conversion efficiency η. This is due to the fact that the mass m is the factor



36 Chapter 2. Second Harmonic Generation in Graphene

Figure 2.12: The result for the absolute value of Π(2)
yyy(ω) for hBN

(black line), Gr/SiC (green line) and Gr/hBN (red line). Data for
Gr/SiC is multiplied by a factor 10 and data for Gr/hBN is multiplied

by 100.

that breaks the inversion symmetry and hence is responsible for SHG. of course we
expect a bigger intensity of the SHG if the breaking of symmetry is more severe.
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Figure 2.13: The result for the absolute value of χ(2)yyy(ω) for hBN
(black line), Gr/SiC (green line) and Gr/hBN (red line).

Figure 2.14: The result for |Π(2)
yyy(ω)|/ω for hBN (black line), Gr/SiC

(green line) and Gr/hBN (red line).
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Figure 2.15: The result for χ(2)(ω) for hBN (black line), Gr/SiC
(green line) and Gr/hBN (red line). Thick lines indicate the real part
and dashed lines the imaginary part. The broadening for this figure

corresponds to 10−2 eV.



39

Chapter 3

Second Harmonic Generation in
Magnetic Fields in Dirac Materials
with broken Inversion Symmetry

3.1 Green’s function in magnetic fields
In this section we will calculate the Green’s function of both a non-relativistic and a
Dirac electron in the presence of an external constant magnetic field. In this case we
have to derive the expression for the Green’s function based on Path Integral method.
We will use the result for the classical expression in Chapter 4 and the expression for
the Dirac electron in this chapter. Let us start from the non-relativistic case, since
the it is simpler and we need the result to derive the Dirac case. If we introduce a
magnetic field in general the Hamiltonian reads:

Ĥ =
1

2m

(
p +

e
c

A
)2
− µBB · S (3.1)

Now we choose a static magnetic field along z-axis and Landau gauge, so that we ob-
tain A = B

2 (−y + y0, x− x0) is the vector potential associated to a constant magnetic
field B = Bẑ. y0 and x0 are needed in order to preserve the original translational
symmetry of the problem: the result doesn’t depend on initial position of the elec-
tron, since B is homogeneous. Since typically µB is small, we assume that the scale
at which the Zeeman term becomes important is much smaller than the energy scale
we are interested in. This is justified because the effective mass m is much smaller
than the bare electron mass me. The cyclotron frequency with parabolic dispersion
is given by ωc = eB

mc and the Zeeman splitting is ∆zeeman = h̄eB
2mec . This means that

h̄ωc � ∆zeeman and we can safely assume that the two Zeeman levels are degenerate.
On the other hand the introduction of the vector potential breaks the translational
symmetry in the Hamiltonian. With the usual substitutions one can obtain:

Ĥ =
1

2m

(
px +

e
2c

By
)2
+

1
2m

(
py −

e
2c

Bx
)2

(3.2)

It is possible to calculate the scattering rate xt → x′t′ using path integral ap-
proach. If I attach a spin label to initial and final states, the Zeeman term of the
Hamiltonian is diagonal and simply leads to a multiplicative factor, so I can neglect
it till the end of the calculation. Now we consider simply this form of the potential,
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obtained by a simple choice of the coordinate frame:

A · p =
1
2

B(−x py + y px)

From the theory of path integral, we find an expression for this bracket product, that
is:

G(x, x′, t − t′) = 〈xt|x′t′〉 =
∫
Dx e−iS (3.3)

where we have defined the classical action as:

S =

∫ t

t′
dt L(x, ẋ, t) (3.4)

The connection with the Matsubara Green’s function will become later on, but it de-
pends on the calculation of this quantity. We will call it G(x, x′, t) just for simplicity
in the following. It is well-know from any text of Classical Electrodynamics that the
classical Lagrangian of a particle described by the Hamiltonian (3.2) can be obtained
by Legendre Transformation and is the following:

L(x, ẋ, t) =
1
2

mẋ2 −
e
c

ẋ ·A (3.5)

So that we can find an expression for the action:

S =

∫ t

t′
dt

[
1
2

mẋ2 −
e
c

ẋ ·A
]
=

∫ t

t′
dt

[
1
2

mẋ2
]
−

e
c

∫ x

x′
dx ·A (3.6)

Now we have to calculate expression (3.3). We can use the well-known result
([quad], [Feyn], [green]) that the propagator of a generic quadratic action is given
by:

G(x, x′, t) =
1

(2π)2 det
[
∂S cl

∂x′∂x

] 1
2

e−iS cl (3.7)

where S cl is the classical action. Our aim is now to calculate the classical action and
this is indeed simple with a trick. The classical action is the one calculated on-shell,
i.e. where the equation of motion are obeyed.

The Lagrangian is:

L =
1
2

m(ẋ2 + ẏ2) −
1
2

mωc(xẏ − ẋy)

where ωc =
eB
mc . The equations of motion are ẍ = eB

mc ẏ and ÿ = − eB
mc ẋ and they must

be satisfied along the classical trajectory. A solution of these equations can be found
as: x(t) = A cos(ωct) + B sin(ωct)

y(t) = C cos(ωct) + D sin(ωct)

with boundary conditions x(t′) = x′ and x(t) = x. We set x′ = 0 (for transla-
tional invariance as pointed out at the beginning) and t′ = 0, so that the coefficients
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become: 
A = 0
B = x

sin(ωct)

C = 0
D = −y

sin(ωct)

Now we calculate the action along the classical path, so we have to integrate each
term in the Lagrangian.∫

dt(ẋ2 + ẏ2) = ωc(x2 + y2) cot(ωct)

And the second part in the Lagrangian can be left as it is, hence:

S cl =
1
4

mωc(x2 + y2) cot(ωct) −
e
c

x∫
0

dx ·A(x) (3.8)

The last thing we need is to evaluate the determinant of the classical action, but
since it’s a simple harmonic oscillator now, it simply becomes (see [36]):

det
[
∂S cl

∂x′∂x

] 1
2

=
eB

sin(eBt)

At this point we can restore the general coordinate system, namely x(t′) = x′, and
we obtain:

G(x, x′, t) =
1

4π2 e
− ie

c

x∫
x′

dx·A(x) eB
sin(eBt)

exp
{
−

im
4
ωc(x − x′)2 cot(ωct)

}
= e−i e

cφ(x,x′)G̃(x, x′,ω) (3.9)

If the particle has spin, the previous equation becomes:

Gσ,σ′(x, x′, t) = G(x, x′, t)eiµBBσtδσ,σ′ (3.10)

with s, s′ the final and initial spins. This expression defines the Green’s function of a
particle in a uniform magnetic field. We have the expression in (x, t) representation,
but we are interested in the (x,ω) representation. To obtain the result it is easier to
work using Schwinger proper-time, because the previous expression has no analytical
form for the Fourier transform with respect to time.

G(x, x′,ω) =
〈
x
∣∣∣∣∣ 1
σµiω − Ĥ

∣∣∣∣∣ x′〉 (3.11)

The connection between this operator expectation value and the Matsubara Green’s
function emerges from the equation of motion, because this is the formal solution of
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the equation of motion (1.30).

i
iω − Ĥ

=

+∞∫
0

dseis(ω−Ĥ)

So now the result is really simple because we obtain:

G(x, x′,ω) = −i

+∞∫
0

ds〈x|e−s(ω−iĤ)|x′〉

The expression for this Green’s function becomes:

G(x, x′,ω) = −i

+∞∫
0

dse−sω〈x(s)|x′〉 (3.12)

when we see that 〈x(s)|x′〉 is exactly what we had before. As previously pointed out
this is possible just for the translationally invariant part, which is:

G(x, x′,ω) = −ieiφ(x,x′)
+∞∫
0

dse−sω ωc

sin(ωcs)
exp

{
−

im
4
ωc(x − x′)2 cot(ωcs)

}
= eiφ(x,x′)G̃(x, x′,ω) (3.13)

If now we take the limit B→ 0, that is everything we need to have a flux different
from 0, we can study the Fourier Transform of G̃(x, x′,ω).

G̃(kω) =
∫

dx e−ik·(x−x′)G̃(x, x′,ω)

= −i

+∞∫
0

dse−sω 1
cos(ωcs)

exp
{
−

1
2im

k2 tan(ωcs)
ωc

}

=
B→0

1
iω − k2/2m

(3.14)

For the limit of weak magnetic field we obtain the Matsubara Green’s function
that we had for the case without Magnetic Field, except for unimportant phase fac-
tors. This shows that we are consistent with our previous conventions. The result
was already derived in [36]

G̃(x, x′,ω) ' G̃2DEG(x, x′,ω) (3.15)
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3.2 Green’s function for a Dirac electron in (2+1)D
As we have pointed out previously in Chapter 2, the Hamiltonian that describes the
low-energy physics of electrons in honeycomb lattice with broken inversion symme-
try is:

Ĥτ = vp ·στ + mσz. (3.16)

The corresponding Schroedinger equation becomes:

i∂tΨ = (vp ·στ + mσz)Ψ (3.17)

setting h̄ = c = 1 for simplicity, remembering that σ is defined in pseudospin-
space and τ is the valley index. With the simple canonical substitution for small
momenta, we get the equation in presence of an external magnetic field, as defined
in the previous section:

i∂tΨ = v (p + ieA) ·στΨ + mσzΨ (3.18)

As before, we can neglect the Zeeman splitting because the cyclotron frequency

h̄Ωc =
√

2h̄v2eB
c � ∆zeeman. We can also rewrite it in covariant form to emphasize

the fact that this is a Dirac equation in (2+1)D.

(iσµτ D̂µ −mσz)Ψ = 0 (3.19)

where here D̂µ = ∂µ + ieAµ is the covariant derivative and we choose the metric
tensor to be gµν = diag(1,−1,−1), so σµτ = (1, vστ). Notice that we have absorbed
the constant v in σµτ and Aµ.

In the following we use the notation x = (t, x) and we omit the valley index τ,
so the Green’s function of the theory can be calculated as:

G(x, x′) =
〈
x

∣∣∣∣∣∣ 1
σµiD̂µ −mσz

∣∣∣∣∣∣ x′
〉
=

〈
x

∣∣∣∣∣∣ iσµDµ −mσz

D̂2 + m2

∣∣∣∣∣∣ x′
〉

(3.20)

where |x′〉 and |x〉 are eigenstates of the position operator corresponding to initial and
final states and where D̂ = σµD̂µ.It’s possible to introduce Schwinger proper-time
starting from the formal following consideration:

−i
D̂2 + m2

=

+∞∫
0

ds exp
{
−is(D̂2 + m2)

}
. (3.21)

Now we realize that the exponential can be treated as an evolution with re-
spect to the Hamiltonian ĤKG = D̂2 + m2, so we define |x(s)〉 = eisĤ |x(0)〉 and
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Dµ(s) = eisĤDµe−isĤ .

G(x, x′) = i

+∞∫
0

ds 〈x|[iσµDµ −mσz]e−is(D̂2+m2)|x′〉

= i

+∞∫
0

ds 〈x(s)|[iσµDµ(s) −mσz]|x′〉, (3.22)

where we inserted the identity e−is(D̂2+m2)e+is(D̂2+m2) = 1 between 〈x| and the prop-
agator operator. The compact expression for the Green’s function becomes:

G(x, x′) = i

+∞∫
0

ds σµ[〈x(s)|iDµ(s)|x′〉 −mσz〈x(s)|x′〉] (3.23)

We have to obtain an explicit expression for this Hamiltonian in terms of elemen-
tary operators:

ĤKG = D̂2 + m2 = −[σµ(∂µ − i
e
c

Aµ)]2 + m2

= m2 − ∂0∂
0 + v2∂i∂

i +
v2e2

c2 AµAµ − i
e
c
[σµ∂µσ

νAν + σµAµσν∂ν]. (3.24)

The last term can be analyzed in more detail taking into account the expression for
Aµ in this case. Remembering that Aµ = B

2 (0, x2,−x1) we can rewrite it as.

σµσν[∂µAν − Aµ∂ν] = −2(∂µAµ) + σ1σ2(∂1A2 + A1∂2) + σ2σ1(∂2A1 + A2∂1)

At this point we can see that, if µ , ν:

∂µAν − Aν∂µ = (∂µAν)

(the parenthesis means that the operator acts only on what is inside the parenthesis).
Now espression above becomes, using anticommutation of sigma matrices:

σµσν[∂µAν + Aµ∂ν] = −2(∂µAµ) + σ1σ2[∂1A2 + A1∂2 − ∂2A1 − A2∂1]

= −2(∂µAµ) + σ1σ2[∂1A2 − A2∂1 + A1∂2 − ∂2A1]

= −2(∂µAµ) + σ1σ2[(∂1A2) − (∂2A1)]σ
µσν[∂µAν + Aµ∂ν]

= −2(∂µAµ) + σ1σ2F12. (3.25)

We realize that vσ̂3 = iσ1σ2, remembering that the Pauli Matrices with numerical
index are defined as σ1/2/3 = vσx/y/z:

ĤKG = ∂0∂
0 − v2∂i∂

i + m2 − ieσ1σ2F12 + 2eAµ∂µ + e2AµAµ

= ∂0∂
0 + m2 − evσzB− v2∇2 − 2ev2A · ∇+ v2e2A2 (3.26)
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The last three terms are exactly as in the case of the classical particle (previous
notes), the first term is a "plane wave" contribution and m2 is constant.

〈x(s)|x′(0)〉 = −

√
i

(4πs)3/2
eieΦ(x,x′) eBv2s

sin(eBv2s)
× (3.27)

× exp
{
−i
4s

[x2
0 − (x − x′)2eBv2s cot(eBv2s)] + iσ3eBs

}
where Φ(x, x′) =

x∫
x′

Aµ dxµ =
B(x−x′)(y−y′)

2 .

A useful observation is that, as pointed out in [37, Appendix A]:

〈x(s)|σµD̂(s)µ|x′(0)〉 = σµ
∫
DxD(s)µe−isH = (σµ∂µ)x〈x(s)|x′(0)〉

where (∂µ)x means derivative with respect to the coordinates of the final point x. The
result of the derivative is:

−i
2s

{
x0 −σ

k(x − x′)kev2Bs cot(eBv2s) − eBv2s[σy(xx − x′x) + eBsσx(y − y′)]
}
〈x(s)|x′(0)〉
(3.28)

where we consider that the integral of Aµ gives 0, because it’s an odd function, and
the implicit summation over the latin index k means sum over the space components
only.

Now it’s possible to expand the exponential in σ3 observing that σ2n
z = 1 and

σ2n+1
z = σz.

eiσzeBv2s =
+∞∑
n=0

(iσzeBv2s)n

n!
= cos(eBv2s) + iσz sin(eBv2s)

Now we recall the expression for 〈x(s)|x′(0)〉 from the previous section:

〈x(s)|x′(0)〉 = −

√
i

8(sπ)3/2
eieΦ(x,x′) exp

{
−i
4s

[x2
0 − (x − x′)2eBv2s cot(eBv2s)]

}
×

× e−ism2
[eBv2s cot(eBv2s) + iσzeBv2s] (3.29)

Collecting all the terms from (3.28) and (3.29), the final expression for the Green’s
function in a magnetic field becomes:

G(x, x′) =

+∞∫
0

ds

√
i

8(sπ)3/2

{
1
2s

[1x0 −σ
k(x − x′)keBv2s cot(eBv2s)]

−
eBv2

2
[σy(x − x′) + σx(y − y′)] −mσz

}
[eBv2s cot(eBv2s) + IσzeBv2s]×

× eieΦ(x,x′) exp
{
−ism2 − i

1
4s

[x2
0 − (x − x′)2eBv2s cot(eBv2s)]

}
(3.30)
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We can compare this expression to the one found in [37] and [38] to check that
they coincide up to the choice of the σ/γ matrices.

3.2.1 Fourier representation for the Dirac case
We end up with an expression of the kind:

G(x, x′) = eieΦ(x,x′)G̃(x − x′)

Next important thing is to compute the Fourier transform of the G̃(x) which is:

G̃(p) =
∫

d3x eip·xG̃(x)

. using the substitution p→ p − q.
The evaluation of the Fourier transform of G̃(x) requires just the two gaussian

formulas: ∫ +∞

−∞

dx e−ax2−ikx =

√
π

a
e−

k2
4a (3.31)

and:∫ +∞

−∞

dx xe−ax2−ikx = i
∂

∂k

[∫ +∞

−∞

dx e−ax2−ikx
]
= i

∂

∂k

[√
π

a
e−

k2
4a

]
= −i

k
2a

√
π

a
e−

k2
4a

(3.32)
The integral can be divided in many terms that can be easily evaluated. Putting

everything back together, we obtain:

G̃(p) =
∫ +∞

0
ds exp

{
−ism2 + isk2

0 − isk2 tan(eBv2s)
eBv2s

}
×

×
[
−mσz + σµkµ − v(σxky −σykx) tan(eBv2s)

]
[1 − iσz tan(eBv2s)] (3.33)

where we have recovered the expression calculated in [37], remembering that in the
article the metric is taken in the opposite direction and that we have Pauli Matrices
instead of γ matrices.

3.3 Landau Levels and spectral Representation
In this treatment, we have never taken into account the spectrum of Hamiltonians
(3.2) and (3.16). It is known from diagonalization of those Hamiltonians that they
lead to the formation of a discrete spectrum composed of the so-called Landau Lev-
els, that can be labeled by an integer number. The spectra are given by:

Enon−rel
n = h̄ωc

(
n +

1
2

)
n = 0, 1, 2... (3.34)

EDirac
n =

±m n = 0±

sgn(n)
√

m2 + h̄2Ω2
cn n = ±1,±2...

(3.35)
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where ωc =
eB
mc and is the usual cyclotron frequency for a free electron gas and Ω2

c =
2eBv2

h̄c is the Graphene cyclotron frequency, restoring the correct units. Where do
landau Levels appears in our treatment? We realize that the exponents of cotangent
and the cosine in the denominator can be expanded in Taylor Series. In the paper by
[38] it is shown that the integral:

J = −
i

eB

∫ +∞

−∞

dx
cos x

exp
[
ix

(
−A − z

tan x
x

)]
(3.36)

can be rewritten as:

J = −
4iπ
eB

+∞∑
n=0

(−1)n Inn(2z)
−2n − A − 1

(3.37)

Using this procedure (3.14), it leads to the following expression for the non-relativistic
Green’s Function:

G̃non−rel(kω) = −π
+∞∑
n=0

Inn(
ck2

|eB|)

(iω+ µ) −ωc(n + 1
2)

(3.38)

where Ink(x) = e−xLnk(x) is the generalized Laguerre Function and Lnk(x) are the
normalized Laguerre Polynomials. We can see that we have now a summation over
the Landau Levels, that are represented by the poles of the Green’s Function and are
characterized by a positive, integer number n. This expression is valid in general
and can be now specialized to the case of very strong magnetic field. In this case
the dominant term is the one with n = 0 because the other terms decrease very
rapidly with the denominator. The suitable approximation for strong magnetic fields
becomes:

G̃(kω) = −π
e−

ck2
|eB|

(iω+ µ) −ωc/2
(3.39)

that shows a single peak at ω = ωc/2 − µ. At the same time the corresponding
expression in real space becomes:

G̃(r, r′,ω) = −πe−i e
cφ(r,r′) e−

ωcm
2h̄ (r−r′)2

(iω+ µ) −ωc/2
(3.40)

Since (pseudo)magnetic fields involved in our study should be very strong this
last expression appears to be the most useful one. The case of the Dirac Green’s
Function (3.33) is a bit more cumbersome, but the procedure is the same and leads
to the following expression:

G̃Dirac(kω) = −π
+∞∑
n=0

Dnn(k)

(iω+ µ)2 − EDirac
n

2 , (3.41)
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where:

Dnn(k) = (mσz − iω)
[
[1 −σz]Ln

(
ck2

|eB|

)
− [1 + σz]Ln−1

(
ck2

|eB|

)]
+ 4(kxσx + kyσy)L1

n−1

(
ck2

|eB|

)
(3.42)

and Lαn (x) are generalized Laguerre Polynomials. We can now see that the denomi-
nator has two poles for each frequency. We can rewrite everything in simple fractions
in order to obtain a summation over functions with a single pole. Dn can be written
as −i exp

(
− ck2

|eB|

)
(−1)nDn = Σ0(n, k) + Σ1(n, k) iω, where

Σ0(n, k) = −i exp
(
−

ck2

|eB|

)
(−1)n

[
mσzΣ1(n, k) + 4(kxσx + kyσy)L1

n−1

(
ck2

|eB|

)]
,

Σ1(n, k) = i exp
(
−

ck2

|eB|

)
(−1)n

[
[1 −σz]Ln

(
ck2

|eB|

)
− [1 + σz]Ln−1

(
ck2

|eB|

)]
. (3.43)

As a consequence we can reduce it to simple fractions as follows:

Dn(eB, k)
ω2 + m2 + 2|eB|n

=
Σ0 + Σ1 iω

ω2 + m2 + 2|eB|n
=

Λ1

iω −
√

m2 + 2|eB|n
−

Λ−1

iω+
√

m2 + 2|eB|n
.

(3.44)

Solving the corresponding system, we find that:

Λns(k) =
1
2

Σ1(n, k) − is
Σ0(n, k)

2
√

m2 + 2|eB|n

 (3.45)

where s = ±1. Now we extend n to negative numbers with the following substitu-
tions n→ |n| and s→ sgn(n). Λns becomes simply Λn.

The Green’s function then becomes:

G(ωk) =
+∞∑

n=−∞

Λn(k)
iω − sgn(n)ξn

, (3.46)

where ξn =
√

m2 + 2h̄2Ω2
c |n| are the energies of the Landau levels and we have

found the fact that in Dirac case the spectrum is not bounded from below. This
method to obtain the Green’s function looks cumbersome because it involves many
transformations and expansions, but at the same time it allows to study the physics of
Landau levels without solving the Dirac equation in the presence of a magnetic field
and without working explicitly with Spinor solutions of that equation. The order of
magnitude for the cyclotron frequency in Graphene can be estimated replacing the
value of the electron velocity v = c

300 :

Ωc =

√
2eBv2

h̄c
≈ 37 meV

√
B(Tesla)

Tesla
(3.47)
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The physics of Landau levels in a (2+1)D is actually very rich and is very im-
portant in the case of Graphene [39]. As it is discussed in [37], the presence of the
mass leads to the appearance of a chiral condensate for a single Dirac cone. In our
case, where we have two cones that behave in different ways, we see that the lowest
Landau levels correspond to electrons for wavevectors corresponding to the K valley
and holes for the K’ valley. In [38] the authors show that a Chern-Simons term in
the effective electromagnetic Lagrangian is dynamically generated by the presence
of magnetic field if we consider the Polarization at one-loop approximation. We will
use these expressions for the Green’s function of non-relativistic and Dirac electrons
in magnetic fields in Chapter 4 and in the following of this chapter respectively.

3.4 Second Harmonic Generation for a Dirac-like Ma-
terial in Magnetic Fields

We want now to study the SHG in the presence of a constant Magnetic field perpen-
dicular to a layer of a Dirac material. We see that in the case of Dirac materials, we
still have symmetry with respect to inversion in k-space also in presence of Magnetic
field. This ensures that the Triangular diagram Π(3) is zero. Furthermore, if we con-
sider the low energy behavior, we could naively adopt the lowest order approximation
around the K and K’ points, that is a linear approximation.

Ĥ0(τ) = vστ · p + mσz (3.48)

where we remind thatστ = (τσx,σy) with τ = ±1 is the valley index. If we consider
also the magnetic field, electrons are described by the Dirac equation (3.16). We add
the a vector potential describing the incident light to study the Optical properties.

Ĥτ = vστ ·
(
p + ieAB + ieArad

)
+ mσz (3.49)

where AB is the vector potential describing the external constant magnetic field and
Arad describes the radiation field of the incident light. The triangular diagram is zero,
but we can consider the bubble. The velocities in this case are defined in the low
energy limit (continuous limit) as

vα = i
δH

δArad
α (t)

∣∣∣∣∣∣
Arad=0

= ∂kαH
∣∣∣
A=0 (3.50)

and

v(2)αβ = i2
δ2H

δAα(t)δArad
β (t)

∣∣∣∣∣∣∣
Arad=0

= ∂kα∂kβH
∣∣∣
A=0 (3.51)

in a simplified notation where v, v(2) and H are 2 × 2 matrices. As we can see
immediately the second derivative of the Hamiltonian with respect to the radiation
field Arad is zero, so both the Triangular Diagram Π(3) and the Bubble Diagram Π(2)

are zero. The important thing to notice is that actually electrons is Graphene also
higher powers of momentum appear if we expand at higher orders around the points
K and K’. The expansion up to second order in momentum around K and K’ is given
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by:

Ĥ = Ĥ0 + ĤTW (3.52)

where the trigonal warping Hamiltonian is

HTW(τ) = λ[2τσykxky −σx(k2
x − k2

y)]. (3.53)

with λ is the trigonal warping parameter. We consider λ ∼ as a small parameter and
we consider the lowest order in λ. The crucial role of trigonal warping for SHG in
Graphene at low energies was already pointed out in other papers ([40], [margulis]).
We use the simplest approximation, that amounts to include Trigonal Warping just in
the calculation of the non-linear velocity v(2)αβ . This is justified by the fact that in the
dispersion relation trigonal warping appears multiplied by the squared momentum,
so the correction to the position of the poles of the Green’s function is assumed to
be small. On the other hand it is the first non-zero contribution to the non-linear
velocity so it is relevant in that situation. This amounts to have a bubble diagram
with a usual velocity v that does not depend on λ and a non-linear vertex that is linear
in λ. This is the lowest order in λ that describes SHG. In this case the velocities can
be just obtained differentiating the Hamiltonian with respect to momentum, so they
are simply proportional to Pauli Matrices as follows.

vx = vτσx

vy = vσy

vxx = vyy = −λσx

vxy = vyx = 2τλσy (3.54)

We remind the expression for the Green’s function of an electron in magnetic field,
that are:

G(ωk) =
+∞∑

n=−∞

Λn(k)
iω − sgn(n)ξn

, (3.55)

where ξn =
√

m2 + 2|eBv2n| are the energies of the Landau levels and Lambda are
defined in equation (3.45). Now only the quantity at the denominator depends on
the Matsubara frequencies and we can repeat exactly the same steps as in the case
without magnetic field to calculate the bubble. The Matsubara summation reads:

Π(2)
αβγ(ω, k) =

1
β

∑
ν

Tr [vαβG(ν+ωk)vγG(ν −ωk)] =

=
+∞∑

n,n′=−∞

∑
ν

Θαβγ(k, n, n′)
(i(ν+ω) − sgn(n)ξn) (i(ν −ω) − sgn(n′)ξn′)

=

=
+∞∑

n,n′=−∞
n,n′

Θαβγ(k, n, n′)
nF(ξn − µ) − nF(ξn′ − µ)

2iω − sgn(n)ξn + sgn(n′)ξn′
, (3.56)
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Figure 3.1: |χ(3)(ω)|/λ with different magnetic fields B and m =
0.13 eV

where Θαβγ(k, n, n′) = Tr [vαβΛn(k)vγΛn′(k)]. The use of this expression low-
ers the computational effort necessary to compute the Polarization that appears in
other methods, because the only factor that depends on the momentum is the matrix
element.The Three-Particle Polarization can be written simply as:

Π(2)
αβγ(ω) =

+∞∑
n,n′=−∞

n,n′

Θαβγ(n, n′)
nF(ξn − µ) − nF(ξn′ − µ)

2iω − sgn(n)ξn + sgn(n′)ξn′
, (3.57)

where Θαβγ(n, n′) =
∫

BZ′ d
2kΘαβγ(k, n, n′) and the ′ indicates that we are integrat-

ing in a small region where the quadratic approximation is enough to describe the
bands of Graphene around the two valleys with τ = ±1. In natural units e = 0.0854
and 694 eV2 = 1 T. Finally λ′ = 0.4 Å · v and 1 Å = 1

2000 eV , so that λ = 0.06,
that justifies our assumptions of small λ. Using this method for the calculation of the
Green’s function, the very big computational time required for calculations in mag-
netic fields can be overcome. I also approximated considering just few k-points per
valley (since the k points are weighted by a Gaussian function and they decay quite
fast). We can easily check that the all the symmetries present in the case without
magnetic field are still valid in this case. In particular we can substitute the currents
in the expression for Π(2)

αβγ and we can show that the only non-zero components are

Π(2)(ω) = Π(2)
yyy(ω) = −Π(2)

xxy(ω) = −Π(2)
yxx(ω). In figure 3.1 we show the result

for the χ(2)yyy with mass term m = 0.13, that is the case for Graphene/SiC and various
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Transition ω (eV), B = 0.5 T ω (eV), B = 1 T ω (eV), B = 3 T
0→ 1 0.162 0.201 0.301
1→ 2 0.263 0.358 0.602
2→ 3 0.331 0.458 0.781
3→ 4 0.388 0.540 0.924
4→ 5 0.437 0.610 1.04

Table 3.1: Position of the peaks and corresponding transition for the
case shown in figure 3.1 with m = 0.13 eV and B = 0.5, 1 and 3 T.
Changing the sign of both the involved levels and reversing the arrow

gives the same energy.

values for the magnetic field. We clearly see the structure due to Landau levels. It
is actually quite easy to identify the peaks. Analyzing the structure of the matrix
element Θαβγ(n, n′) it is easy to show that there is a selection rule on ∆ = n− n′ for
the allowed transitions, that is

∆n = ±1. (3.58)

This becomes evident if we realize that the integral in the matrix element contains an
integral over k of Laguerre Functions, that are orthonormal by definition.

3.4.1 Remarks about SHG in magnetic fields
This study shows that it is possible to investigate the Landau Levels of a Dirac Ma-
terials with broken Inversion Symmetry using Infrared radiation in the case of small
gaps like the Graphene/hBN or Graphene/SiC or visible light for other materials
with bigger gaps. Experimental study using conventional Optics of Landau Levels
in Graphene is reported in [41], showing that it is indeed feasible in experiments up
to value of the magnetic field of 18 Tesla. The interesting thing about SHG is that
it gives a negligible response for every material that has inversion symmetry. This
technique could be important as a tool to resolve Landau levels in a sample without
Inversion symmetry, as an alternative to transport measurement. In particular this
could be applied for example to detect the presence of honeycomb lattice materials
with broken Inversion symmetry on top of substrates where that symmetry is not
broken and to resolve those levels only. Another interesting feature is that the spec-
trum for a Dirac Material is radically different from the one from a normal metal.
Keeping this in mind, we would in principle be able to study Dirac materials de-
posited on a substrate that has a non-zero SHG, but behaves in a non-relativistic way,
just with a careful analysis of the behavior of the Landau levels as a function of the
magnetic field 3.3. In regions where the two materials overlap, we would see both
non-relativistic and Dirac Landau levels as shown in figure 3.2 and where they do
not overlap we could see just one of the two behaviors. This analysis was carried out
using transport measurements in [42]. It could be the case also for semiconductors
where usually SHG would be forbidden, but becomes allowed for the presence of
magnetic field due to the Magnetic-Field-Induced SHG (see [43]) and [44]).
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Figure 3.2: |Π(2)(ω)| of Dirac and non-relativistic electrons with
Magnetic field of 1 Tesla. The non-relativistic spectrum can be the
one for a semiconductor with gap close to gap of the Dirac case. The
sum of the two diagrams is shown. It is possible to understand that the

first peak comes from a Dirac material simply varying B

Figure 3.3: Peaks corresponding to the transitions indicated in figure.
Blue lines indicate non-relativistic case, red line the Dirac case. If
we increase the magnetic field and we keep track of the displacement
of each level, we can understand if it is Dirac Enn′ ∼

√
B or non-

relativistic Enn′ ∼ B
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The Magnetic-Field-induced SHG is determined by the term

Pi(2ω) ∼ χ
(3)
i jklE j(ω)Ek(ω)H0

l (3.59)

in the expansion of the Polarization. This term is clearly a higher order term in the
multipole expansion, so we suppose it is small and we neglect it here. In very strong
magnetic fields in principle we have to take it into account, but we can exclude it by
a proper choice of the direction of the detector as shown in [44]. The experimental
study in [44], even though it derives from an expansion of the Polarization in terms of
magnetic field, shows that the response is clearly determined by the presence of the
Landau Levels as in our spectra. An other feature of the SHG spectra in Magnetic
Fields is that it could be easier to investigate the amplitude of the gap, since the
onset is now constitute by an atomically sharp level. We also expect a much larger
response than in the case without magnetic field, because the transitions between two
atomically sharp levels leads to a Dirac δ-function structure. This looks confirmed
by our calculations where the Response function in the presence of magnetic field,
since the peaks in the Response are of the order of 4, 2 · 104 in our arbitrary units and
4 · 102 for the case without magnetic field.
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Chapter 4

Three-Spin Interactions

4.1 Model Hamiltonians for Conducting electrons in
Spin lattices

4.1.1 Exchange and Dyaloshinsky-Moryia Terms
In the next chapter we want to study interactions between localized magnetic mo-
ments (spins) in a lattice. The first thing is to understand how this magnetic mo-
ments are generated. The origin of these magnetic interactions has to be traced to
the presence of localized electrons strongly bound to the atoms. If these electrons
can interact with each other, but are too strongly bound to move inside the crystal,
they can be modeled as localized magnetic moments. These interactions can be two-
spins interaction and in this case can contain an Exchange term in the following form
(Heisenberg model):

E =
∑

i j

Ji j Si · S j, (4.1)

where i and j represent different lattice sites. This term is responsible for Ferro-
magnetism or Antiferromagnetism, because it is evident that if we consider just the
coupling between nearest-neighbors J = JNN, the ground state configuration is sim-
ply the one with the spins aligned (J < 0) or anti-aligned (J > 0). Actually, the same
kind of interaction can lead to different kind of magnetic ground states if we also
include a longer range couplings, or to a frustrated system under certain conditions
(antiferromagnetic triangular lattice). Another two-spin coupling that can appear in
situations where inversion symmetry is broken is the Dyaloshinsky-Moriya Interac-
tion (DMI). This interaction has the form:

EDMI =
∑

i j

Di j · (Si × S j) . (4.2)

This term favors a non-collinear configuration of spin textures, because it is mini-
mized when couples of neighboring spins are orthogonal with respect to each other.
This kind of interaction appears in magnetic materials with high atomic number Z,
because it is induced by the presence of spin-orbit coupling. The simplest model to
account for the presence of DMI from a model Hamiltonian is the Rashba model (see
[45]).
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4.1.2 Three-Spin Interactions
What we want to introduce in this thesis is a new term that represents the interaction
between three spins instead of two. This interaction in general takes the form:

E(3) =
∑
i jk

Jαβλi jk S α
i S β

j S
λ
k , (4.3)

where Greek letters indicate Cartesian components. Later, we will show under which
conditions this term can be non-zero, but first of all we want to introduce a particular
form of this term that we want to study further. This term is the following:

E(3)
chiral =

∑
i jk

J(3)i jk Si · (S j × Sk) . (4.4)

This kind of three-spin interaction is called the chiral three-spin interaction. As we
can easily see, it favors a non-collinear configuration of spins in which three neigh-
boring spins lay in orthogonal planes with respect to each other. It is particularly
interesting for many reasons (see [46], [47],[48]). In particular in [46] the authors
claim that this kind of interaction combined with an antiferromagnetic exchange term
will lead to chiral spin states and chiral spin liquid behavior. Other papers like [47]
claim that this term can be related to some non-conventional superconducting mech-
anisms . In our case we are interested in this kind of interaction because we want to
understand if it leads to a stabilization of Skyrmions, a peculiar spin configuration
that will be discussed later on, and under which conditions this can be achieved. The
motivation for this is that we will show that the continuous limit of equation 4.4 is
proportional to the number of Skyrmions (see (4.45)). We then expect that is some
situations a non-zero number of Skyrmions would lead to a minimum in the energy.
A third situation when this interaction can be important, will be briefly introduced in
the section about the calculation of the three-spin Hamiltonian and is related to cold
atoms and quantum computation.

4.1.3 s-d model
We have previously discussed the form of interactions between spins, but not how
these interactions are generated. The origin of the interaction can be due to exchange
of electrons between the sites that means overlap of the electronic wavefunctions
centered on each site. Our aim is not to describe this kind of interaction. This mech-
anism is called Direct Exchange, and is very important in many situations. On the
other hand, in the system we also have conducting electrons that can move “freely”
in the lattice, given that their bare mass me is renormalized and substitute by an ef-
fective mass m (see [49]). In this case the interaction between localized spins can
be mediated by conducting electrons. This mechanism was proposed to explain the
oscillatory behavior of the exchange interaction in transition metals and rare-earth
metals and leads to the RKKY interaction (see [50]). If we want to study a system
where we have both conducting electrons and magnetic moments (spins) localized
on each atom, the simplest model is to consider electrons with a fixed dispersion and
introduce a local interaction between electrons and spins considered as a classical
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field. Written in first quantization the Hamiltonian is given by (see [51]):

H = H0 + ∆
∑

i

σ · Si δ(r −Ri) = H0 + ∆σ ·m(r), (4.5)

where ∆ is called s-d coupling or electron-spin coupling and r is the electron position
operator. m(r) =

∑
i Si δ(r − Ri) is the magnetization field. We will use the spin

or the magnetization notation depending on the different situations. The name s-d
model comes from the fact that usually the localized electrons are associated to the d
atomic orbitals of transition metals and the conducting electrons can be traced back
to the s orbitals.

We want to introduce the Hamiltonian in second-quantized form because it will
be particularly useful in the following. Its expression becomes:

Ĥ = Ĥ0 + V̂ =
∑

i jσσ′
tσσ

′

i j c†iσc jσ′ + ∆
∑
iσσ′

c†iσSi ·σσσ′ciσ′ , (4.6)

where
∑
σσ′

c†iσσσσ′ciσ′ = si is the electronic spin operator. This Hamiltonian is the

simplest model that can encode the physics of a Kondo lattice (see [51]), and in the
case of weak electron-spin interaction can lead to simple diagrammatic study of the
spin-interactions. There is another case that allows a perturbative expansion and is
the case when the coupling is not small, but we assume a small deviation from a fer-
romagnetic ground state and we expand in terms of this deviation. This approach was
applied in [52] to study Skyrmions. Following for example [53], the spin interaction
in a 3D lattice mediated by free electrons induced by RKKY mechanism, leads to:

E =
∑

i j

JRKKY
i j Si · S j (4.7)

with JRKKY
i j = JRKKY(ri j) = −∆2 sin(2kFri j−2kFri j cos(2kFri j)

(kFri j)4 . In 2D the expression
is different as pointed out in [54] and []. The oscillating behavior of this interaction
leads to a ferromagnetic or antiferromagnetic coupling depending on the distance be-
tween the localized spins. Therefore it is at the basis of complex magnetic behavior
of many rare-earth metals and transition metal oxides. This coupling mechanism is
reported to be very important in the physics of magnetic thin films and nanostruc-
tures and is crucial for the applications to Giant-magnetoresistance devices used in
Spintronics (see [55]).

4.2 Derivation within Effective Action formalism

4.2.1 Expansion of the Partition Function
The Partition function of the problem can be obtained in a simple way using Hamil-
tonian (4.6) and the theory in Chapter 1. Here, we leave the spin indexes everywhere
because we assume that the electronic part is given by the following Hamiltonian:

H0 = fp + αk ·σ, (4.8)
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where fp is the dispersion of conducting electrons, and αk · σ is the Rashba-type
contribution to the energy. This Hamiltonian is called Rashba Hamiltonian and ac-
counts for the presence of spin orbit in the system (see [56] for details). The local
magnetization m(r) is a vector field of unit vectors that is coupled to the electrons
via ∆. The corresponding action of the problem reads

S = −
1
β

∑
ν,σσ′

c∗kνσ [(iν+ µ − εk)δσσ′ − αk ·σσσ′ ] ckνσ′ −
∆
β

∑
i,ν,σσ′

c∗iνσ mi ·σσσ′ ciνσ′ .

(4.9)

Here εk and αk are the Fourier transforms of the hopping amplitude and spin-orbit
interaction, respectively. One can define the magnetization at every site as mi =
m0 + δmi, keeping in mind that δmi is a small deviation of magnetization from the
ferromagnetic ground state. The direction of m0 is taken arbitrarily. Then, one can
rewrite the action as follows

S = −
1
β

∑
ν,σσ′

c∗kνσ
[
(iν+ µ − εk)δσσ′ − αk ·σσσ′ + ∆ m0σσσ′

]
ckνσ′+

−
∆
β

∑
i,ν,σσ′

c∗iνσ δmi ·σσσ′ ciνσ′ . (4.10)

The partition function of the problem looks like

Z =

∫
D[c∗, c] e−βS (4.11)

=

∫
D[c∗, c] e−βS0

1 + ∆
∑

i,ν,σσ′
c∗iνσ δmi ·σσσ′ ciνσ′

+
1
2

∆
∑

i,ν,σσ′
c∗iνσ δmi ·σσσ′ ciνσ′ ∆

∑
j,ν′,σ′′σ′′′

c∗jν′σ′′ δm j ·σσ′′σ′′′ c jν′σ′′′

+
1
6

∆3
∑

i,ν,σσ′
c∗iνσ δmi ·σσσ′ ciνσ′

∑
j,ν′,σ′′σ′′′

c∗jν′σ′′ δm j ·σσ′′σ′′′ c jν′σ′′′ ·

·
∑

l,ν′′,σ′′′′σ′′′′′
c∗lν′′σ′′′′ δml ·σσ′′′′σ′′′′′ clν′′σ′′′′′ + . . .

 = ∫
D[c∗, c]e−βS0−βS[m],
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where we have defined the effective action depending on the external magnetization
field as:

S[m] = −
∆
β

∑
i,ν,σ(′)

δmi ·σσσ′ G
0
ii,ν,σ′σ +

∆2

2β

∑
i j,ν,σ(′)

δmi G0
ji,ν,σ′′′σσσσ′ Gi j,ν,σ′σ′′ σσ′′σ′′′ δm j

−
∆3

6β

∑
i jk,ν,σ(′)

δmi δml δm j G0
ji,ν,σ′′′σσσσ′ G

0
il,ν,σ′σ′′′′ σσ′′′′σ′′′′′ G

0
l j,ν,σ′′′′′σ′′ σσ′′σ′′′

−
∆3

6β

∑
i jk,ν,σ(′)

δmi δm j δml G0
li,ν,σ′′′′′σσσσ′ G

0
i j,ν,σ′σ′′ σσ′′σ′′′ G

0
jl,ν,σ′′′σ′′′′ σσ′′′′σ′′′′′ .

(4.12)

The three-spin interaction part is simply given by the third-order contribution to the
effective action and reads:

S(3)[m] = −
∆3

3β

∑
i jk,ν,σ(′)

δmi δm j δml G0
li,ν,σ′′′′′σσσσ′ G

0
i j,ν,σ′σ′′ σσ′′σ′′′ G

0
jl,ν,σ′′′σ′′′′ σσ′′′′σ′′′′′

= −
∑
i jk

Jαγθi jk δm
α
i δm

γ
j δm

θ
l , (4.13)

where we can define the exchange coefficients for the three-spin interaction ad fol-
lows:

Jαγθi jk =
∆3

3β

∑
ν,σ(′)

G0
li,ν,σ′′′′′σ σ

α
σσ′ G

0
i j,ν,σ′σ′′ σ

γ
σ′′σ′′′ G

0
jl,ν,σ′′′σ′′′′ σ

θ
σ′′′′σ′′′′′ . (4.14)

If the system is translationally invariant, we can introduce the Fourier transform of
each term. The action can then be transformed to the momentum space as follows∑
i jk,ν

∑
k,k′,k′′

∑
qq′q′′

Trσ
[
G0

kνe
ik(rl−ri)σαG0

k′νe
ik′(ri−r j)σγG0

k′′νe
ik′′(r j−rl)σθ

]
mα

q eiqrimγ
q′e

iq′r jmθ
q′′e

iq′′rl =∑
ν

∑
kqq′′

Trσ
[
G0

kνσ
αG0

k−q,νσ
γG0

k+q′′,νσ
θ
]

mα
q mγ
−q−q′′m

θ
q′′ . (4.15)

Therefore, the three-spin interaction in momentum space is

Jαγθqq′ =
∆3

3β

∑
k,ν

Trσ
[
G0

kνσ
αG0

k−q,νσ
γG0

k+q′,νσ
θ
]

. (4.16)

4.2.2 Introduction of a Magnetic Flux in the system
Chiral three-spin interaction is supposed to be particularly important in triangular
lattices, so we will assume this symmetry in the following. Let us suppose for the
moment that there is no spin orbit in the system, that means that the Green’s function
contains just diagonal elements. We also consider a system where ∆ is small enough
to neglect the dependence on ∆ in the Green’s function. In the next section, we will
show that under these conditions the chiral interaction is zero except if we introduce
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a gauge field in the system that induces the presence of a flux. For simplicity we call
the flux a Magnetic Flux even though the origin can be different. As one can easily
prove, the triangular term in the action is:

S(3)[m] = −
∆3

3β

∑
i jk,ν,σ(′)

δmi δm j δml G0
li,ν,σ′′′′′σσσσ′ G

0
i j,ν,σ′σ′′ σσ′′σ′′′ G

0
jl,ν,σ′′′σ′′′′ σσ′′′′σ′′′′′

(4.17)

and for systems without matrix structure (like 2DEG), we get:

S(3)[m] = −
∆3

3β

∑
i jk

∑
ν

G0
li,ν G0

i j,ν G0
jl,ν

 δmi δm j δmk Tr
[
σ σ σ

]
=

= −
∆3

3β

∑
i jk

∑
ν

G0
li,ν G0

i j,ν G0
jl,ν

∑
αβλ

δmα
i δm

β
j δm

λ
k Tr

[
σα σβ σλ

]
=

= −
∆3

3β

∑
i jk

∑
ν

G0
li,ν G0

i j,ν G0
jl,ν

∑
αβλ

δmα
i δm

β
j δm

λ
k 2iεαβλ, (4.18)

where I used the expression for the trace of three Pauli matrices:

Tr
[
σα σβ σλ

]
= 2iεαβλ (4.19)

Now we just consider the nearest-neighbor hopping. In this case the Green’s function
depend just on the distance, so we can write:

S(3)[m] = −
∆3

3β

∑
i

∑
ν

G0
a,ν G0

a,ν G0
a,ν

∑
αβλ

∑
〈 jk〉

δmα
i δm

β
j δm

λ
k 2iεαβλ, (4.20)

where 〈 jk〉 means summation over nearest-neighbors. We also introduce the sum
over triangles 〈 jk〉′, that means that the spin indexes are taken clockwise in the order
in which they appear. Then we rewrite the previous expression:∑
αβλ

∑
〈 jk〉

δmα
i δm

β
j δm

λ
k 2iεαβλ =

∑
αβλ

∑
〈 jk〉′

δmα
i δm

β
j δm

λ
k 2iεαβλ +

∑
αβλ

∑
〈k j〉′

δmα
i δm

β
k δm

λ
j 2iεαβλ.

(4.21)

We can then rename j → k and k → j in the last equation remembering that this
means that we have also to exchange β and λ∑

αβλ

∑
〈 jk〉

δmα
i δm

β
j δm

λ
k εαβλ =

∑
αβλ

∑
〈 jk〉′

δmα
i δm

β
j δm

λ
k (εαβλ + εαλβ) = 0, (4.22)

which is 0 for the properties of the antisymmetric tensor. Of course this is true only
if there is no spin structure, and if the Green’s function depends just on the difference
between the points. This is why the diagram is non-zero in presence of magnetic field
and can be non-zero in presence of spin-orbit coupling. The easiest way to perform
the calculations is to work in real space. We are actually interested on the flux part
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only, so we can neglect higher order corrections in the Green’s function.
In the case of a constant magnetic field, the Green’s function becomes:

G(r, r′,ω) = e−iφ(r,r′) GB
0 (r, r′,ω), (4.23)

where φ(r, r′) = e
c

∫ r′

r A(x) · dx and GB
0 (r, r′,ω) is the Fourier Transformation with

respect to time of the magnetic Green’s function. In the limit of small magnetic field
the magnetic Green’s function corresponds to the Green’s function of free electrons
GB

0 (r, r′,ω) ' G2DEG
0 (r, r′,ω). With this Green’s function the action becomes:

S(3)[m] = −
2i∆3

3β

∑
i

∑
〈 jk〉

∑
ν

e−iφ(i, j)G0
a,ν e−iφ( j,k)G0

a,ν e−iφ(k,i)G0
a,ν

∑
αβλ

δmα
i δm

β
j δm

λ
k εαβλ =

= −
2i∆3

3β

∑
i

∑
〈 jk〉

e−i e
c ΦB(Ai jk)

∑
ν

G0
a,ν G0

a,ν G0
a,ν

∑
αβλ

δmα
i δm

β
j δm

λ
k εαβλ.

(4.24)

where I introduced the magnetic flux ΦB(A) = B · An̂, with n̂ the unit vector per-
pendicular to the area and positive if the area is covered in clockwise direction and
negative otherwise. It’s possible to repeat exactly the same considerations as before
and the result is:

S(3)[m] = −
2i∆3

3β

∑
i

∑
ν

G0
a,ν G0

a,ν G0
a,ν

∑
〈 jk〉

e−i e
c ΦB(Ai jk)

∑
αβλ

δmα
i δm

β
j δm

λ
k εαβλ =

= −
2i∆3

3β

∑
i

∑
ν

G0
a,ν G0

a,ν G0
a,ν


∑
〈 jk〉′

e−i e
c ΦB(Ai jk)

∑
αβλ

δmα
i δm

β
j δm

λ
k εαβλ+

+
∑
〈k j〉′

e−i e
c ΦB(Aik j)

∑
αβλ

δmα
i δm

β
k δm

λ
j εαβλ

 , (4.25)

where we emphasize that the second term has a − sign in the exponent and j and k are
swapped. Now we change the names as before, remembering that the magnetic flux
is positive if the area is followed clockwise and changes sign in the other direction.
Then we get:

S(3)[m] = −
2i∆3

3β

∑
i

∑
ν

G0
a,ν G0

a,ν G0
a,ν


e−i e

c ΦB(A)
∑
〈 jk〉′

∑
αβλ

δmα
i δm

β
j δm

λ
k εαβλ+

−ei e
c ΦB(A)

∑
〈k j〉′

∑
αβλ

δmα
i δm

β
j δm

λ
k εαβλ


=

∑
〈i jk〉′

J(3)(B) Si · (S j × Sk) , (4.26)
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where I defined the effective magnetic field-dependent triple exchange coupling:

J(3)(B) = −
4S 3∆3

3
sin

(
2π

ΦB(A)
Φ0

)
1
β

∑
ν

G0
a,ν G0

a,ν G0
a,ν

 , (4.27)

where in real units Φ0 = hc
e . The last expression was obtained using the Euler

relation:

sin φ =
eiφ − e−iφ

2i
. (4.28)

As you can see this term now contains an oscillating term that depends on the flux
of the magnetic field. This is reminiscent of the Aharonov-Bohm effect. The sign
of J(3)(B) is periodic and depends on the ratio between the magnetic flux and the
quantum of magnetic flux. This term can be maximized or put to zero varying the
magnetic field. In particular it’s equal 0 if:

ΦB(A)
Φ0

=
n
2

with n ∈ Z. (4.29)

This conclusion was found for the specific case of exchange interaction mediated by
conduction electrons. Actually it’s possible to show that is a general feature of the
chiral structure.

If we consider the general three-spin interaction:

E(3) =
∑
〈i jk〉

Ji jkSi · (S j × Sk) , (4.30)

we can see that exchanging j and k the result is 0 except if there is some kind of flux,
because:∑

〈i jk〉

J̃i jkSi · (S j × Sk) =
∑
〈i jk〉′

J̃i jkSi · (S j × Sk) +
∑
〈ik j〉′

J̃ik jSi · (Sk × S j)

=
∑
〈i jk〉′

(J̃i jk − J̃ik j)Si · (S j × Sk) , (4.31)

where the primed summation is over triangles with indexes taken clockwise. Now if
J̃i jk = J̃ik j the chiral term is 0. The situation is different if we include a flux, because
in that case:

J̃i jk = J̃ e−iΦ(Ai jk) (4.32)

and the sign of the flux changes if the area is considered clockwise or anticlockwise.
In this case the result is:

E(3) = −
∑
〈i jk〉′

Ji jkSi · (S j × Sk) , (4.33)

where Ji jk = 2=[J̃] sin(Φ(Ai jk)). Note that J̃ is an imaginary quantity here, but
this comes from the definition of the trace of three Pauli matrices that contains a 2i
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in front. This is the demonstration that chiral terms can only contribute to the energy
if there is a magnetic flux in the system.

4.3 Calculation of the Third-order Exchange

4.3.1 Calculation in Real Space: RKKY-like oscillations
In the previous section we have derived the term corresponding to three-spin inter-
action. We can then proceed defining the interaction strength between three-spins
as:

Hi jk = −
(∆)3

3β
sin

(
Φ
Φ0

)∑
ν

Tr [(Si ·σ)G(Ri j, ν)(S j ·σ)G(R jk, ν)(Sk ·σ)G(Rki, ν)] .

(4.34)

This calculation is important not only to study the case of a lattice with localized
spins, but also in the case of q-bits interacting with each other as reported in [48].
Now we can study different dispersion relations to calculate the Green’s function in
real space. The way to avoid to take a double Fourier Transform of the third-order po-
larization is to immediately perform the Fourier Transformation of the Green’s func-
tion as done in [57]. I will consider only the case of equilateral triangle, even though
it is straightforward to calculate the strength for a general geometry. Another step is
to calculate the trace over three spins configurations. This can be easily done using
repeatedly the relation for Pauli matrices (A ·σ) (B ·σ) = (A ·B) 1+ i (A ×B) ·σ:

Tr [(Si ·σ)(S j ·σ)(Sk ·σ)] = 2iSi · (S j × Sk) (4.35)

Putting everything together, we finally get the expression for the interactions under
these approximations:

H3D
123(r) = −

(
∆3

3π3βr3

)
cos (3pFr)

sinh
(

3πr
vFβ

) S1 · (S2 × S3) (4.36)

The shape of this interaction strongly resembles the one of the RKKY interaction
and displays oscillations given by the cosine at the numerator. It also decays as ∼ r−4

with the distance, that means that it decays faster than the RKKY interaction. In the
case of spin-orbit the terms that are non-zero are more than just xyz component.

From now on it’s very difficult to proceed in Matsubara formalism, so we will
switch to T = 0 as soon as we get to an expression that can not be computed analyt-
ically. The Inverse Fourier Transform of the Green’s function is:

G0(r, ν) =
∑

s=±1

1
4π

∫ +∞

0
dp

p J0(pr)

iν+ µ −
p2

2m − s αso p
, (4.37)

where J0(x) is the Bessel function of order 0. Following Dugaev et al., Magnetic
Impurity Interactions..., 1994, this can be split in the two terms with different s and
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rearranged as follows:

G0(r, ν) =
1

4π

∫ +∞

−∞

dp
p H(1)

0 (pr)

iν+ µ −
p2

2m − αso p
, (4.38)

where H(1)
0 is the Hankel function. This function is convergent in the upper complex

plane, so we can solve the integral by contour integration. The case of the free 2D
gas is already contained here. Putting pα = 0 we get:

G f ree
0 (r, ν) = −

im
2π

H(1)
0 (qr) ' −

im√
2πqr

eiqr. (4.39)

That is different from the 3D case. Now we take the limit T = 0, because it’s
impossible to perform calculations analytically otherwise.

1
β

∑
ν

G(Ri j, ν)G(R jk, ν)G(Rki, ν) =
∫ +i∞

−i∞

d(iω)
2π

G(Ri j,−iω+ i0+)G(R jk,−iω+ i0+)·

·G(Rki,−iω+ i0+) = i
∫ +∞

−∞

dω
(2π)5/2

m3

(qr)3/2
e3iqr (4.40)

Now we split the integral into positive and negative domains. Then we change the
sign of ε and we can perform the substitution ω = q2

2m − µ, that leads to:

dω = d
(

q2

2m
− µ

)
=

q
m

dq (4.41)

sin(3qFr)
∫ 0

−∞

dω
1

(qr)3/2
eiqr =

m
r3/2

sin(3qFr)
∫ +∞

0
dq

e−iqr
√

q
=

2m
√
π

r2 sin(3qFr),

(4.42)

and the final expression for two dimensional electron gas becomes:

Hi jk(r) = −
m∆3

6π2r2 sin(3qFr) sin
(

Φ
Φ0

)
[(Si ·σ)(S j ·σ)(Sk ·σ)] . (4.43)

It’s interesting to see that, while in 3D the three-spin interaction decays faster
than RKKY, in this case it doesn’t happen. It oscillates faster, but the decay with
the distance does not change. From [57] we see that the RKKY exchange coupling
is J ∼ ∆2 sin(2qFr)

r2 in 2D. Of course we assumed the coupling ∆ to be much smaller
than the energy scale of electronic processes, but at the same time the fact that it does
not decay much faster with the distance ensures that we can find a regime where the
exchange coupling J and the chiral exchange coupling J(3) are both non-zero. The
oscillatory behavior also ensures that we can in principle tune the lattice parameter
in order to obtain the desired sign for both the parameters. In this way we can in
principle realize what was proposed [47] or realize by mean of a different carrier what
was proposed in [48](in their case they proposed that the interaction was mediated
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by phonons). On the other hand, if we consider the limit of strong magnetic field, the
triangular diagram can be easily identified to be:

Hi jk(r) = −
4∆3

3
sin

(
Φ
Φ0

)
S1 · (S2 × S3) ·

·

∫ +i∞

−i∞

d(iω)
2π

G(Ri j,−iω+ i0+)G(R jk,−iω+ i0+)G(Rki,−iω+ i0+)

= −
4∆3

3
sin

(
Φ
Φ0

)
n′′F(|eB|/2m − µ)e−3mω2

ca2/8 S1 · (S2 × S3) . (4.44)

4.4 Micromagnetic Model

4.4.1 Phases of the system: Skyrmions and Spirals
As we have anticipated before, in this section we will discuss the phases of the model
we proposed. We will show that including only the exchange term and the three-
spin interaction is not enough to see stabilization of the Skyrmionic configuration.
To achieve that result it is necessary to include also a Dyaloshinsky-Moryia (DM)
term as defined by equation 4.2. In a situation where we have Exchange terms and
DM term, we can have three different phases in the system. The first one is the
simple ferromagnetic configuration where all the spins are aligned, typically in the
direction of the external magnetic field. The magnetization is then homogeneous.
The other two phases imply some kind of twisting of the magnetization depending
on the position.

• Spiral state: this phase is characterized by a rotation of the spin textures, but
it never leads to a reversal of the magnetization at any point. This implies
that there is no topological conserved charge in the system and it is possible
to go back to the ferromagnetic state by changing the temperature. Since this
state is not topologically protected, it is not very interesting for applications.
Typically it sets the minimum magnetic field necessary to allow the formation
of Skyrmions in the system.

• Skyrmionic phase: a Skyrmion is a particular configuration of the magnetiza-
tion field that is topologically protected (see [58]). This means that we can de-
fine a conserved charge, the Skyrmion number, and it is not possible to change
this number in a continuous way changing, for example, the Temperature. The
Skyrmion number is defined as (see [59]):

N =
1

4π

∫
drm · [∂xm · ∂ym] . (4.45)

If this quantity is equal to an integer number different from zero, then we have
a Skyrmion in the system. The system is then a vortex in the magnetization
field as depicted in figure 4.1.

These twisted configurations are generally associated to a competition between
the ferromagnetic term that would force the spins to lay parallel to each other and
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Figure 4.1: Skyrmion profile. Reproduced from [59]

the DM term that pushes the spins to remain orthogonal to each other. The magnetic
field also plays an important role in forcing the spins in a particular direction and can
lead to ferromagnetic order if it is strong enough or allow one of the twisted con-
figurations. Typically we observe a spiral state for low values of the magnetic field.
Then if we increase the field we have a Skyrmionic phase and finally, if the magnetic
field is very strong, it forces all the spins to be aligned and we get a ferromagnetic
configuration. Other ways to produce Skyrmions were proposed. For example in
[59], the authors suggest that it is possible to stabilize Skyrmions in materials were
the Exchange term is dynamically suppressed by an external high-frequency field. A
typical phase diagram for a term with DM term is depicted in Figure 4.2.

Skyrmions look particularly interesting for applications (see [60]). The fact that
this configuration of the spins is topologically protected makes them particularly
appealing for the development of memory devices based on magnetic thin films.
From the technological point of view devices based on Skyrmions would be resistent
with respect to a change of magnetization due to temperature or external fields. At
the same time it is possible to move, remove or induce Skyrmions using magnetic
fields, polarized light and currents, leading to many sources of tunability,

4.4.2 Derivation of Micromagnetic model for chiral interaction
What we can do next is to take a continuum limit of the model we developed so far.
This allows us to obtain the so called micromagnetic model of the three-spin inter-
action. The micromagnetic model consists in going from the discrete energies Hi
depending on Si to a continuous limit where the energy H(r) depends on a contin-
uous vector field m(r) that represents the magnetization of the system. In the case
of the mixed product structure of the 3-spin interaction, that is the only term that
appears if we consider no spin structure is the Hamiltonian, the energy of each site
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Figure 4.2: Typical Phase diagram of a Rashba Ferromagnet a func-
tion of the factor D/J and B/J, where D is the DM parameter, J the

exchange coupling and B the external magnetic field.

in the case of the three-spin interaction is given by:

E(3)
i =

∑
〈i jk〉′

J(3)i jk Si · [S j × Sk] = S 3
∑
〈i jk〉′

J(3)i jk mi · [m j ×mk] , (4.46)

where we defined the magnitude of the spin S , mi are unitary vectors and i, j, k are
ordered clockwise around a triangle (corresponds to the model in reference [46] with
triangular lattice). The next step is to recast the expression in a way that contains just
mi and differences m j −mi. This is very simple using the properties of the mixed
product. In particular we remember that: a · [a × b] = 0, so that we can write:
mi · [(m j −mi) × (mk −mi)] = mi · [m j ×mk −mi ×mk −m j ×mi + mi ×mi] =
mi · [m j ×mk] .

The micromagnetic model corresponds to assume the continuous limit of this
expression, that is that the lattice constant a → 0. In this limit we can expand the
magnetization as follows:

m j = m(r + δri j) ' m(r) + (δri j · ∇)m(r). (4.47)
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This allows us to rewrite the previous expression, keeping just terms of the first order:

E(3)
i = S 3

∑
jk

J(3)i jk mi · [(m j −mi) × (mk −mi)] =

= S 3
∑

jk

J(3)i jk m(ri) · [(m(ri + δri j) −m(ri)) × (m(ri + δri j) −m(ri))] =

' S 3a2
∑

jk

J(3)i jk m(ri) · [(ei j∇)m(ri) × (eik∇)m(ri)] . (4.48)

We can now specialize the result to the case of triangular lattice and nearest-
neighbor interaction:

E(3)
i =S 3a2J(3)

∑
〈 jk〉′

m(ri) · [(ei j∇)m(ri) × (eik∇)m(ri)] , (4.49)

where ei j is the unit vector connecting two spins, so that: ei j∇ = ex
i j∂x + ey

i j∂y. We
now have to consider the summation over the triangles, remembering to consider
always the right ordering in i, j, k. There are six different triangles to consider. Rear-
ranging all the terms the final result is:

E(3)
i =J(3)f mi · (∂xmi × ∂ymi), (4.50)

where we defined: J(3)f = −4
√

3S 3a2J(3). We also observe that the chiral energy
term looks particularly appealing to obtain Skyrmions. Indeed, if we consider the
Skyrmionic number N in equation (4.45), we observe that it is proportional to the
chiral energy as follows:

E(3) = 4πJ(3)N. (4.51)

Our aim now is then to understand when this term can be important to stabilize or
lower the energy of Skyrmions. Now we can minimize the energy in this micromag-
netic model to obtain an approximated ground state configuration of the system. The
model we use is the following spin Hamiltonian with exchange and magnetic field:

H(r) = EJ(r) + EJ(3)(r) + ED(r) − S B mz(r) (4.52)

EJ(r) =
J
2

[(
∂x m(r)

)2
+

(
∂y m(r)

)2
]

(4.53)

EJ(3)(r) = −J(3) m(r) ·
(
∂x m(r) × ∂y m(r)

)
(4.54)

ED(r) = D [mz (∂xmx) −mx (∂ymz) + mz (∂ymx) −my (∂ymz)] (4.55)

For the derivation of the exchange, DM and magnetic field micromagnetic contribu-
tions see [59] and [61].
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4.4.3 Simple Investigation of the presence of Skyrmions
In the next subsection what we want to do is to understand if it is possible to obtain
Skyrmionic solutions in the system we are studying and to derive an approximated
phase diagram for the system. We want to obtain a Skyrmionic lattice solution, so we
have to minimize the energy density of the system (see [61]). First of all we have to
derive an expression for the energy in suitable coordinates. Since the magnetization
vector is defined as a unit vector, the best way to define it is in spherical coordinates.
Following what was done by the authors in [59], we can represent the magnetization
at each point as:

m = sin θ cosψex + sin θ sinψey + cos θez

in spherical coordinates. Next thing to do is to study the variation as a function of the
position. For this reason we define the position r in a cylindrical set of coordinates.
Still following [59], the derivatives of the magnetization in the new coordinates can
be expressed as:

∂xm(r) = cos(φ) ∂ρm(r) −
sin(φ)
ρ

∂φm(r)

∂ym(r) = sin(φ) ∂ρm(r) +
cos(φ)
ρ

∂φm(r), (4.56)

where we defined the derivatives in cylindrical coordinates as:

∂ρm(r) = (cos θ cosψθ̇ρ − sin θ sinψψ̇ρ) x̂ + (cos θ sinψθ̇ρ − sin θ cosψψ̇ρ) ŷ − sin θθ̇ρẑ,
(4.57)

∂φm(r) = (cos θ cosψθ̇φ − sin θ sinψψ̇ρ) x̂ + (cos θ sinψθ̇φ − sin θ cosψψ̇φ) ŷ − sin θθ̇φẑ.
(4.58)

The vector product between the two derivatives reads:

∂xm(r) × ∂ym(r) =

=

(
cos(φ) ∂ρm(r) −

sin(φ)
ρ

∂φm(r)
)
×

(
sin(φ) ∂ρm(r) +

cos(φ)
ρ

∂φm(r)
)

=
1
ρ
∂ρm(r) × ∂φm(r). (4.59)

Remembering the triple product expression for the energy, the contribution to the
micromagnetic energy due to that expression is surprisingly simple and reads:

E(3)(θ,ψ) = −J(3)
1
ρ

sin(θ) (θ̇ρψ̇φ − θ̇φψ̇ρ) . (4.60)

We then introduce also the components due to the exchange interaction and the mag-
netic field. The micromagnetic energy density then takes the form:

E(θ,ψ) =
2

R2

∫ R

0

∫ 2π

0
E(θ,ψ, φ, ρ)dφdρ, (4.61)
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where R is an unknown parameter that defines the lattice constant of the Skyrmion
lattice and

E(θ,ψ, φ, ρ) = Eexc(θ,ψ, φ, ρ) + E(3)(θ,ψ, φ, ρ) + EB(θ,ψ, φ, ρ) = (4.62)

=
J
2

[
ρθ̇2

ρ + ρ sin2 θψ̇2
ρ +

1
ρ
θ̇2
φ +

1
ρ

sin2 θψ̇2
φ

]
− B′ρ cos θ − J(3) sin θ (θ̇ρψ̇φ − θ̇φψ̇ρ) .

We want to minimize the energy density in order to find the profile and radius of
the Skyrmionic solution. The energy density is a functional of the components of
the magnetization, so we can derive the Euler-Lagrange equations. In this case the
Euler-Lagrange equations are:

∂E
∂θ −

d
dρ

∂E
∂θ̇ρ
− d

dφ
∂E
∂θ̇φ

= 0,
∂E
∂ψ −

d
dρ

∂E
∂ψ̇ρ
− d

dφ
∂E
∂ψ̇φ

= 0.
(4.63)

In principle, one should study this two dimensional problem where both θ and ψ
depend on ρ. The dependence can lead to various Skyrmion profiles as shown in
[61]. In the following we assume that the Skyrmion is cylindrically symmetric and
that ψ does not depend on ρ, so we can reduce the minimization problem to a one
dimensional problem. Furthermore in [61] the authors show that the phase diagram
can be approximately obtained with a rather simple procedure by defining a linear
ansatz. We calculate the energy with the simple ansatz and the resulting phase di-
agram should give hints of the presence or not of the Skyrmions. Of course the
functional minimization leads to corrections of this phase diagram, but it requires a
numerical evaluation. The simplest ansatz is a linear one and Skyrmions are defined
by the boundary conditions θ(r = 0) = π and θ(r = R) = 0. The linear function
that ensures this is:

θ(r) = π
(
1 −

r
R

)
, r < R (4.64)

where R is defined as the Skyrmion radius. We can analytically evaluate the energy
density with this Ansatz and the result is:

E(R) =
2

R2

∫ R

0
dr

{
J
2

[
π2 r

R2 +
1
r

sin2
(
π

r
R

)]
+ B′r

[
cos

(
π

r
R

)
− 1

]
− J(3)

π

R
sin

(
π

r
R

)}
=

=
Jπ2

2R2 +
JC1

R2 −
4B
π2 +

4J(3)

R2 . (4.65)

In this simplified 1D method, the minimum condition is simply defined by:

∂E(R)
∂R

= 0. (4.66)

It is easy to see that in this case the equation has no minimum, meaning that, in the
context of micromagnetic model as it was introduced here, there are no Skyrmionic
solutions. This means that we have to take into account something more complicated.
The most natural step is to consider then a system where Skyrmionic solutions are
already allowed, to see if the presence of this new spin interaction leads to a lower
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critical magnetic field to obtain Skyrmions in the system. This system is the one
where we include Dyaloshinsky-Moryia Interaction (DMI). In this case we have to
add a term in equation (4.65). This term ED was derived in literature many times (for
example [61]) and is found to be:

ED(θ, r) = −D
[
∂θ

∂r
+

sin 2θ
2r

]
. (4.67)

The density energy function with DMI then becomes:

E(R) =
2

R2

∫ R

0
r dr [EJ(θ, r) + EC(θ, r) + ED(θ, r) − B′ cos θ] , (4.68)

where EJ(θ, r) = J
2

[(
∂θ
∂r

)2
+ sin2 θ

r2

]
is the exchange term and EC(θ, r) = − J(3)

r
∂θ(r,R)
∂r

sin(θ(r, R)) is the chiral term. The Skyrmionic configuration is not the only alter-
native to the ferromagnetic state in this system. We have also another phase that
is eligible as a ground state configuration. This state is called Spiral state and is
described by the following ansatz function:

θ(r) = 2π
r
R

, r < R. (4.69)

Now I remember that J(3) = J(3)max sin(B/B0) = J(3)max sin(Jβ/B0), where B0 =
Φ0/A. The next step is to compare the Skyrmion lattice energy to the ferromagnetic
energy and the energy of the spiral configuration. Including the DMI contribution we
find the following relation for the Skyrmion radius:

Rsky =
Ci(2π)J − π2J − γJ − J log(2π) − 8J(3)

πD
, (4.70)

where Ci() is the cosine integral function and γ is the Euler constant. The energy
density in the Skyrmionic configuration is given by:

Esky =

(
1 −

4
π2

)
B̃−

π2D̃2

2
(
−Ci(2π) + 8J̃(3) + π2 + γ+ log(2π)

) , (4.71)

and the energy density of the Spiral state is given by:

Espir = B̃−
2π2D̃2

−Ci(4π) + 4π2 + γ+ log(4π)
, (4.72)

where the tilde means that we divide by J. The energy of the ferromagnetic phase is
set to be zero, because it is subtracted by the energies of the other two configurations.
Interestingly the Spiral state has an energy which does not depend on J(3). This can
be easily explained by noticing that the chiral energy is proportional to the Skyrmion
number N, but in the Spiral case N = 0. This is not necessarily the case and can
not be assumed automatically at the beginning. We plotted the Phase Diagram of the
system for different values of the quantity J(3)/J. The results are depicted in Figure
4.3. We notice that the minimum magnetic field Bcrit that allows a stabilization of
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Skyrmions in lowered by the presence of the chiral term if J(3) is larger than 0 and
raised otherwise.

As you can see from the Figure 4.4, the minimum magnetic field that allows
Skyrmion in the system decreases with the intensity of the J(3)/J ratio. The expres-
sion for the minimum critical field can be obtained analytically equating the energy
of the Skyrmionic phase and the one with the Spiral Phase.

Bcrit/D2 =

=
π4(−4Ci(2π) + Ci(4π) + 32J̃(3) + 3γ+ 4 log(2π) − log(4π))

8 (−Ci(4π) + 4π2 + γ+ log(4π))
(
−Ci(2π) + 8J̃(3) + π2 + γ+ log(2π)

) .

(4.73)

We remind that J(3) ∼ J ∆
t sin

(
Φ
Φ0

)
where Φ is the flux of an external gauge field.

We can now estimate the flux necessary to reach the values necessary to induce a
relevant variation of Bcrit. We suppose that ∆ ∼ 0.1t, where t is the typical energy
scale of electronic processes. The typical area of triangles for heavy materials is
A ≈ a2 ≈ 100 Å

2
with a the lattice constant. The value of the quantum of magnetic

flux is Φ0 ≡ 4 · 10−15Wb = 2 · 105TÅ
2
. As we see from figure 4.4, the necessary

J(3)/J ratio to induce a relevant variation of the critical field is of the order of 0.02−
0.05. The value of B can be estimated to be of the order of B ∼ 103T to achieve
values corresponding to J(3)/J ∼ 0.1. This value of the magnetic field is obviously
unphysical. If we consider the source of the flux to be the external magnetic field, this
means that the flux through that area is too small to induce a J(3) big enough to induce
Skyrmions in the system, because it leads to J(3) ≈ J(3)max sin(10−4 B) ≈ J(3)max10−4 B
for fields of the order of 1 T .

4.4.4 Possible alternatives
The direct use of a magnetic field is then unfeasible. We have to take into account
other possible sources for the flux. A possible solution could be to exploit strain en-
gineering. It is well know that strain can induce gauge fields that work in a perfectly
analogous way as a magnetic field. For this reason it is referred to in literature as
a pseudo-magnetic field. The order of the flux induced by these gauge fields can
reach the order of 10−3 − 10−1Φ0 [62] in materials particularly resistant to strain like
Graphene, but it has to be checked if it is actually experimentally possible to obtain
such values. If we can reach a value around unity, we can reduce a lot the value of
Bcrit and even maybe reach a value when it is negligible. A different strategy could
be used in principle to reduce the critical field and is to dynamically decrease the
value of J using external high-frequency fields. This mechanism was suggested to
tune many properties of the materials and could be the case also to solve this prob-
lem. In particular in [59], the authors suggest the possibility of dynamically switch
off the J parameter. A third possibility could be to study what happens in antiferro-
magnetic systems. This situation appears to be far from trivial due to the topological
non-trivial situations that can occur in a system where there is a competition between
the antiferromagnetic exchange and the chiral term, as suggested in [63].
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Figure 4.3: Different phase diagrams in the simplified model with
only Exchange, DMI and chiral terms.
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Figure 4.4: Critical magnetic field necessary to induce Skryrmions in
the system, where β = B/J and β0 is the critical field for J̃(3) = 0.
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Chapter 5

Conclusions

5.1 Three-particle Response functions
We successfully derive an equation describing the Three-Particle Response function
starting from a quantum Action formalism at finite temperature. In particular we
demonstrated that the Response from a non-interacting electronic system then corre-
sponds to equation (1.53). and amounts to the calculation of the diagrams in figure
1.1. We have also found an expression for the Triangular diagram in momentum
space for a system with translational symmetry in (1.71). This diagram could be
used to calculate other Three-Particle Response functions, after we correctly define
the matrix elements. We have also generally sketched the expression of Π̃(3)for
an interacting electronic system in equation (1.52) as an average of six Grassmann
variables. it is then natural that further developments would be in that direction, ex-
panding this six-point Correlation Function in terms of interacting Green’s functions
and six-point effective vertices.

5.2 Second Harmonic Generation
We have used the results from the previous section to obtain the Response function
for Second Harmonic Generation (photons with ω are converted to photons with 2ω)
in materials that exhibit a Dirac-like spectrum with a non-zero mass. This corre-
sponds to the situation of Graphene with broken Inversion symmetry (combination
of two inequivalent triangular lattices A and B). As pointed out in [9], this condition
is necessary to have a χ(2) Response function different from zero. We have studied
the triangular diagram, that is indeed present in cases where symmetry in k-space is
broken, as it is the case for valley Polarization. We have then checked numerically
that it is zero in our case where this symmetry is not broken. Hence the only dia-
gram that contributes in our case is the non-linear bubble that is given by (2.42). We
have then plotted the SHG spectra for materials that exhibit the Dirac-like behav-
ior, but have different mass terms. Our calculations were focused on Graphene/hBN,
Graphene/SiC and hBN itself. The spectra show resonances in correspondence of the
gap and of the Van Hoove singularities. Since the SHG χ(2) is weighted by a factor
1/ω2, smaller gap means bigger χ(2) as shown in figure 2.13. This is why some
papers claimed that the response of Graphene/SiC is bigger than the on for hBN.
However we point out that the true measurable quantity is the conversion efficiency
η (see equation (2.24)) as shown in [1], that is proportional to ωχ(2). In this case
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the intensity of the spectra increases as the mass increases, as we expect theoretically
since the mass is the symmetry breaking factor that allows SHG, as shown in 2.14.

We have then addressed the problem of SHG in the same class of materials, but
with magnetic field. We adopted in this case a low energy approximation that allowed
us to calculate the Green’s function of a Dirac electron in a magnetic field as shown
in equation (3.46). We pointed out that SHG in a material with simple linear Dirac
behavior is forbidden by symmetry and we need to include also the second order in
momentum, the trigonal warping term of equation (2.33). The SHG is then propor-
tional to the Trigonal Warping parameter λ at low energies, because the non-linear
velocity v(2)yy calculated in equation (3.54) is proportional to the trigonal warping pa-
rameter. We analytically calculate the response in (3.57). Consequently we show
that with this technique it is possible to study the Landau levels in a system, just by
mean of Optics or Infrared Radiation (see figure 3.1). The advantage with respect
to linear Optics is that is would allow to investigate the presence of massive Dirac
electrons or massless Dirac electrons just by observing the presence or absence of the
signal. Furthermore it allows to understand if we have a Dirac-like material on top
of a non-relativistic material just studying the evolution of the peaks as a function of
the magnetic field also in systems with similar gaps, as shown in figure 3.2 and 3.3.

5.3 Three-Spin Interaction
In the study of spins we first expanded the Action in the s-d model. The action con-
tains a term at the third order that can be included in an effective Action formalism.
This effective Action has the expression in equation (4.17) where the Three-Spin In-
teraction strength is defined in equation (4.27) and clearly depends on an external
gauge field. As far as we know, we were the first to derive explicitly the expression
for J(3), even though in other papers (see [46]) it was claimed that a gauge field is
necessary to introduce a chiral Three-Spin term. We also studied the behavior of the
Three-Spin Interaction, both in the limit of weak and strong magnetic field, show-
ing the the behavior as a function of the interatomic distance. Finally we derived an
expression for the chiral term in the micromagnetic model (see equation (4.50)) to
look for Skyrmionic solutions in the system. In a system with just chiral interaction,
exchange interaction and magnetic field, we have not found stable Skyrmionic solu-
tions. In the case where DMI is added to the system (so in the case of heavy atoms
with strong Spin-orbit interaction), we find that is principle a negative chiral term
lowers the energy of the Skyrmionic solution, as shown in (4.71) for the energy and
in figure 4.3. This difference becomes relevant where J(3) ∼ 0.02 J, where J is the
exchange coupling. For values of J(3) ∼ 0.02 J, we would have the stabilization of
Skyrmions at zero field (see figure 4.4). At the same J(3) depends on the s-d cou-
pling ∆ and on the sine of the ratio between the magnetic flux Φ and the quantum
of magnetic flux Φ0 ∼ 4 · 10−15Wb. This means that J(3) is typically very small if
we consider the magnetic field through the triangular area enclosed by three atoms
separated by a lattice constant a ∼ 10 Å. The flux becomes comparable only if the
interatomic distance a is of the order of 10 nm. Maybe it is possible to measure J(3)

in the case of magnetic nanoparticles or quantum dots deposited on a surface. There
are many ways to try to increase the flux term (strain, high-frequency fields), but
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none of those we have considered looks sufficient to obtain values of J(3) big enough
Skyrmions in the system.
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