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Abstract

Friction is an important force, which affects both daily life and industrial processes. The
origins of friction at the micro or nanoscale are not yet understood. At the nanoscale,
the structure of the interface of the contacting surfaces (commensurate or incommen-
surate) is important. The Frenkel-Kontorova model, which describes the motion of a
chain onto a periodic substrate, is suitable to understand the role of commensurability
on friction. The periodic force due to the substrate can excite resonantly the phonons
of the sliding chain and thereby dissipate mechanical energy into heat. We have studied
this dissipation as a function of sliding velocity for different temperatures. We have
found that resonant excitations remain important up to high temperatures for incom-
mensurate interfaces and that the relation between friction and temperature is opposite
for (in)commensurate interfaces. These effects could be studied with real systems, like
solid xenon sliding on a silver substrate.
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Introduction

Friction makes it possible to turn the pages of this Master’s thesis. Without friction the
top of your finger would glide over the paper without the ability to stop and it would be
impossible to deliver a force to the paper in order to turn it. Friction plays this positive
role in a lot of processes. It would be unthinkable to ride a bicycle, drive a car, fly a
plane or just even walk without friction. Besides these ways of transportation, a lot of
industrial activities crucially depend on friction. If pulling is part of a process, friction
is a necessary component of it. More generally, one encounters friction whenever two
surfaces come into contact with each other, no matter if these surfaces are a part of an
ocean and a tanker or a bow that plays a violin.

In this sense, friction is a precious force that makes our daily life possible. However,
when one looks at the entry of ‘friction’ in the Oxford English Dictionary, a promi-
nent meaning is “the jarring or conflict of unlike opinions, temperaments, etc.”. Of
course there are reasons for this negative connotation connected to the word ‘friction’.
In devices, friction can cause losses of energy or failure because of wear. It has been
estimated[1] that savings of a huge amount of money, 1.3 to 1.6 % of the GNP , could
be made for a Western country like the United Kingdom when more attention is paid to
tribology. Tribology is defined as : ‘the science and technology of interacting surfaces
in relative motion - and of associated subjects and practices’ and is therefore intimately
related to friction.

An analogy between this balance of positive and negative aspects of the concept of
friction in our lives, is the recent status of friction in science. On a macroscopic level, a
few centuries ago some basic well known phenomenological laws have been established
by eminent scientists like Leonardo da Vinci. However, on the microscopic level there is
a lack of real understanding. We do not know which processes at the nanometer scale,
at which the notion of atoms and molecules becomes important, result in the phe-
nomenological laws at the macroscopic scale. The quest to the answer at this question
is not only an academic curiosity. Because of the ongoing miniaturization of devices,
the lack of understanding of friction at this scale can become a limitation for further
progress. In fact, for some micro-electromechanical systems (MEMS) this is already
the case. The rotation of the first generation of MEMS micro motors is as desired, but
the lifetimes of these motors are too short for most applications because of high friction
and wear[2].
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In order to bridge the gap between the knowledge of friction at the macroscopic level
and the underlying laws on the microscopic level, one could study fundamental models
that try to capture the most important aspects of the situation at the microscopic level.
Within this models, no attention is paid to the details, but only some essential features
of the situation on an atomic level are taken into account. In this way one hopes to
be able to draw general conclusions about friction at this scale. The study of such
a model can give new insights and inspiration for further theoretical or experimental
research. The Frenkel-Kontorova model, a chain of particles connected through springs
on a periodic potential, is such a model and the object of study in this thesis.

After a general introduction of friction in chapter 1, the Frenkel-Kontorova model will
be introduced in chapter 2. Chapter 3 is dedicated to the equilibrium properties of
the system and a way to come from a minimum configuration into this equilibrium.
In chapter 4, friction in the system is studied for different temperatures. This is done
through the observation of the decay of P , the velocity of the center of mass of the
chain, after the addition of different uniform extra velocities to the particles. In chap-
ter 5, which is the last one, two comparisons are made. The first one is a comparison
between different damping parameters, a measure of the decay rate, for different typical
situations in the model. The second one is a comparison between the FK-model and a
real system, a xenon film sliding on a silver substrate.
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Chapter 1

Friction

This chapter serves as an introduction to the concept of friction. It is based on parts
of some monographs ([2],[3],[4]) and a review[5] on friction. The chapter starts with a
historical overview of the study of friction; paragraph 1.1, largely based on the historical
note written by Persson[3]. In the next paragraph (1.2) some general laws will be given
for friction at a macroscopic scale. The last part of this chapter will describe some
possible approaches of the study of friction at a microscopic scale; paragraph 1.3.

1.1 Historical overview

Each time two contacting solid surfaces are in relative motion, a force that opposes this
motion occurs. This force is called friction. Because almost every device developed and
used by mankind consists of solid contacting surfaces in relative motion, friction plays
an important role in the functioning and the design of these devices. For example,
the cutting tools in prehistory were prepared through the use of friction. In the same
era an even more symbolic step in the development of mankind, the generation of fire,
had been made possible by the consequences of friction when flint stones were struck
to each other. In Egyptian culture, the reduction of friction by the use of lubricants
was used to build their famous pyramids. In this way the Egyptians could transport
the huge building blocks more easily and also put the blocks in the right places. These
achievements did probably not result from conscious study, but are nonetheless still
very worthwhile.

The first recorded study of the concept of friction was done by someone who is
considered by many as an ‘homo universalis’, Leonardo da Vinci (1452-1519). This true
polymath did experimental studies on friction, developed bearing materials and studied
wear amongst different other contributions to the field of tribology. Some drawings of
one of his notebooks are shown in figure 1.1. Two of Da Vinci’s original important
statements are:“The friction made by the same weight will be of equal resistance at
the beginning of its movement although the contact may be of different breadth and
length.” and “Friction produces double the amount of effort if the weight be doubled.”
These two statements would later on become the first two laws of friction, attributed
to Guillaume Amontons (1663-1705) and Charles Augustin Coulomb (1736-1806) who
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both rediscovered them.

Figure 1.1: Sketches from da Vinci’s notebook, ca. 1480, demonstrating some of his notable
friction experiments. Image taken from the internet[6].

At the time Da Vinci did his studies the concept of force was not yet defined. This
has been done by Newton in his Principia in 1678. With this new conceptual tool,
Coulomb did research on friction in a terminology we use today. Coulomb is probably
more known for his contributions to the fields of electricity and magnetism, but his
rediscovery of the laws discovered by Da Vinci is a really important contribution to
the understanding of friction. Coulomb investigated the result of different factors on
friction, e.g.: the nature of the materials in contact, the normal pressure, the size of the
surface of contact and the ambient conditions. He summarized many of his results in the
statement that friction is proportional to load and that the coefficient of proportionality,
the friction coefficient µ, is usually almost independent of the load, the sliding velocity,
the area of contact and the surface roughness.

Hydrodynamic lubrication, the study of situations where the sliding surfaces are
separated by a fluid film, is theoretically based on the equations of motion of viscous
fluids, developed by Euler, Bernoulli, Poisseuille, Navier and Stokes during the period
1730-1845. After some refinements by several people, Osborne Reynolds published his
classical theory of hydrodynamic lubrication in 1886. This theory is nowadays widely
used in the design of machinery.

Whereas in the case of hydrodynamic lubrication the viscous properties of the lubri-
cant determine the characteristics of the situation, there are also situations in which the
chemical constitution of the fluid, instead of its viscosity, determines the lubrication.
This difference was clarified by the British biologist W.B. Hardy, who introduced the
term boundary lubrication in 1922. Because this boundary lubrication is a regime of lu-
brication in which the thickness of the fluid film is of the same order as an atomic layer,
this was the starting point of studying friction at an atomic scale. In the decades follow-
ing this clarification, theoretical models were made by Tomlinson (1929), see paragraph
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1.3, and Frenkel and Kontorova (1938), see chapter 2.

1.2 Macroscopic scale

At a macroscopic scale, the historical development of the study of friction brought us
two phenomenological laws; known as the Coulomb laws or the Amonton laws. The
first law states that the static friction force F , which has to be overcome to put a body
into motion, is proportional to the load L, which is most of the time the weight of the
body. The constant of proportionality, µ, is independent of the area of contact and the
surface roughness.

F = µL

The second law is about the difference between static friction, the friction force
when a body is at rest, and kinetic friction, the force needed to keep a body in a state
of motion. This law states that the static friction is higher than the kinetic friction.

µs > µk

In this equation the subscript s stands for static and the subscript k for kinetic.
In cases not too extreme, the friction force is independent of the sliding velocity. This
type of friction is called dry friction; an antipode of viscous friction, which has a linear
dependence on the sliding velocity.

It is somehow counterintuitive that µ is independent of the area of contact between
the surfaces. Adhesion and cohesion processes between surfaces contribute to friction
and at first sight it seems that these processes are an extensive property of the sys-
tem. It were Bowden and Tabor who solved this paradox by realizing that there is
a difference between the apparent area of contact and the real area of contact. Each
macroscopic surface presents roughness, so when two macroscopic surfaces come into
contact with each other, the real area of contact, Ar, is determined by those places
where the asperities touch each other. When an external load is added, the profiles
of these junctions change. As a consequence the real area of contact increases, as is
sketched in figure 1.2.

Furthermore, Bowden and Tabor realised that in order to bring the macroscopic
objects into movement, the junctions should slide past each other. They proposed for
the friction force: F = τcAr, where τc is the shear strength needed to start and sustain
sliding. If one further assumes that the junctions are in a state just below plastic flow,
then each junction is under the influence of the largest compressive stress possible,
σc, without undergoing plastic deformations. In that case the real area of contact
will be of the size, Ar = L

σc

. This leads to the conclusion that F = τc
σc

L ≡ µL. So,
the paradox is solved and friction force is indeed independent of the apparent area of
contact. Actually, this validation of independence of the friction force on the apparent
area of contact is more general. Since that there are more situations where the real
area of contact between rough (macroscopic) surfaces is proportional to the load, as is
nicely explained by Mate[2].
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Figure 1.2: A sketch of two macroscopic surfaces of which the asperities are in contact with
each other. In the upper panel there is no external load. When an external load is added,
the surfaces deform and the real area of contact increases. The apparent area of contact stays
the same, because the macroscopic objects as a whole do not deform. Image taken from the
internet[7].

1.3 Microscopic scale

The laws for friction at a macroscopic scale are truly phenomenological and are in
that sense not real laws, but fit more into the category good rules of thumb. No
derivation of these laws in a rigorous way is possible with our current understanding.
Besides, deviations from these laws exist, like the increase of static friction with time
or the dependence of kinetic friction on sliding velocity[8]. The study of friction at a
microscopic scale is partly motivated by this lack of real understanding of friction at
the macroscopic scale. As already mentioned in the introduction, other motivations to
study friction at this scale are the problems that are caused by friction in devices with
nano or micro meter sizes and the financial consequences resulting from friction related
losses of energy and wear. The possible approaches to study friction at this scale can
be divided into two categories: experimental approaches and theoretical approaches.

1.3.1 Experimental approaches

In the last twentyfive years an enormous progress has been made in the development
and use of experimental tools at a nanometer scale. Three of these tools are the atomic
force microscope, the quartz crystal microbalance and the surface force apparatus.

Atomic force microscope

The atomic force microscope (AFM)[9] is an instrument that can make images of sur-
faces at an atomic resolution. Besides making images, it is also capable of measuring
friction forces. When used in this way, the tip of the atomic force microscope is moved
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along the surface of a substrate at a constant velocity. Because of the interaction be-
tween the tip and the atoms of the surface, the tip will be deflected. This deflection
can be measured in an optical way by a registration of the position of the cantilever to
which the tip is connected. When the force constants which characterize the cantilever
are known, a friction force can be calculated. When an atomic force microscope is used
in this way, it is called a friction force microscope (FFM).

Quartz crystal microbalance

Another instrument that can be used to study friction at this scale is the quartz crystal
microbalance (QCM)[10]. This instrument consists of a single crystal of quartz that
oscillates at a very sharp frequency. If there is an adsorbate layer on this crystal, this
layer will shift the resonance frequency of the QCM. If this layer also moves with respect
to the crystal, the resonance will be broadened. In this way, friction can be measured
by measuring the shift and the broadening of the resonance frequency of the QCM.
However, the friction cannot be too high, because then the relative motion between
the adsorbate layer and the crystal is not large enough to cause any broadening of the
resonance.

Surface force apparatus

The fundamental parts of a surface force apparatus (SFA)[11] are two cylindrically
shaped sheets of mica which are held in a crossed cylinder geometry. One of the sheets
of mica is connected to a spring with a known stiffness. When the other sheet of mica
is given a constant velocity, the deflection of the spring can be measured in an optical
way. In this way the friction force can be calculated from the measurements.

1.3.2 Theoretical approaches

The theoretical approaches that are used to study friction at an atomic scale can be
divided into two categories: molecular dynamics (MD) simulations and models that
try to incorporate the basic physics which is essential at the atomic scale[12]. In MD-
simulations the motion of molecules originating from forces calculated via realistic po-
tentials is simulated. A problem with these simulations is the fact that MD-simulations
for sliding systems are much more complex than for systems at equilibrium. Another
problem is that it takes too long to simulate the time scales at which friction processes
take place[5]. In the category of models that try to incorporate the basic physics at
the atomic scale, there are two classical ones: the Tomlinson model and the Frenkel-
Kontorova model. The Frenkel-Kontorova model is the model used in this thesis to
study friction at an atomic scale. Chapter 2 is an introduction to it. The Tomlinson
model will be briefly described here.

Tomlinson model

The Tomlinson model is a simple onedimensional model introduced by G.A. Tomlinson
in 1929[13]. The model consists of a particle with mass m attached via a spring of
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strength K to a support. The support is sliding at a constant velocity and the particle
moves in an external periodic potential with amplitude V0 and period a, as shown in
figure 1.3. In this model, the particle represents the atom on top of a substrate, which is
represented by the periodic potential. The atom is part of a larger collection of material
from which the effect of it on the atom is represented by the spring and the support
moving at a constant velocity.

Figure 1.3: A sketch of the Tomlinson model, the dashed line shows the periodic potential
originating from the substrate, sketched by the large circles. The particle is sketched as a
triangle. The process of stick-slip movement is illustrated. This process happens when the
energy built up in the spring is high enough to pull the particle across the barrier. Image
taken from the internet[14].
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Figure 1.4: An example of the difference between stick-slip motion and uniform sliding within
the Tomlinson model. In figure 1.4(a) the position of the particle, and in figure 1.4(b) the
velocity of the particle, are shown as a function of time for the two different cases.

The Tomlinson model accounts for the occurrence of a phenomenon much observed
in FFM experiments[15]: the difference between uniform sliding and stick-slip motion.
The two energies that play a role in the model are the basis for this understanding.
These energies are the elastic energy of the spring and the potential energy. When the
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spring is dominant in the trajectory of the particle (when λ ≡ V0

Ka2
< 1), the support will

be able to pull the particle across the potential barriers in an uniform way. However,
when the external periodic potential dominates the trajectory of the particle (when
λ > 1), the particle will stay in a potential minimum until the energy built up in the
spring is large enough to pull the particle across the potential barrier. So at first, the
particle stays in the position of the minimum of the potential and then it suddenly
slips over the barrier into a new potential minimum. These two types of motion are
illustrated in figure 1.4 where both the position and the velocity of the particle for a
stick-slip and an uniform sliding situation are shown.
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Chapter 2

Frenkel-Kontorova model

The original objective of the Frenkel-Kontorova model(FK-model), introduced in 1938,
was to describe the movement of dislocations in crystals [16, 17]. In the decades follow-
ing its introduction, the model has also been used to describe a wide variety of physical
phenomena which have a strong one-dimensional character: adsorbate layers on crystal
surfaces[18], charge density waves[19], Josephson junctions[19] and other phenomena.
More relevant for this thesis is the application of the FK-model to friction at the atomic
scale. Because of the possibility to incorporate the transformation of translational en-
ergy without a phenomenological damping term, the FK-model is really suitable for the
study of the atomic origins of friction.

2.1 Hamiltonian, ground state & commensurability

The FK-model consists of a harmonic chain of identical particles interacting with an
external periodic potential in which the chain can move in one dimension, as is sketched
in figure 2.1.

Figure 2.1: Schematic overview of the FK-model

The following Hamiltonian corresponds to this model:

H = T + V =
N
∑

i=1

[

1

2
m

(

dui

dt

)2

+
1

2
K(ui+1 − ui − a0)

2 +
U0

2π

(

1− cos

(

2πui

as

))

]

(2.1)
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Within this equation, T = 1
2
m
∑N

i=1

(

dui

dt

)2
is the kinetic energy of the moving parti-

cles of the chain: N is the number of particles of the chain, m is the mass of the particles
of the chain and ui is the position of the i-th particle of the chain. The potential energy,
V , is a sum of two terms: the elastic energy stored in the springs between the particles
of the chain and the potential energy of the particles in the periodic external potential.
The former, 1

2
K
∑N

i=1(ui+1 − ui − a0)
2, is based on the spring constant between the

particles, K, and the deviations of the interparticle distances from the unextended one,
a0. The latter,

∑N
i=1

U0

2π
(1− cos (2π/uias)), strongly depends on the amplitude, U0, and

the period, as, of the external potential. Equation 2.1 is a good approximation of a
physical system if the system fulfills three demands. The first demand is that the par-
ticles of the system can move in one direction only. The second demand is that the first
term of the Fourier series expansion of the external potential is sufficient to describe
this potential. The last demand on the system is about the interparticle interaction.
This interaction originates only from nearest neighbours and the nearest neighbours
interact in a harmonic way[20].

In the context of friction, the particles represent the atoms of a sliding body. They
are connected to each other through the springs that describe the bonds between the
atoms. The periodic potential represents the effect of the solid substrate on the atoms
of the sliding body. The movement of the sliding body can be characterized by the
position(Q) and the velocity(P) of the center of mass of the chain of particles:

Q = 1/N
N
∑

i=1

ui

P = 1/N
N
∑

i=1

dui

dt

For the ratio between the unextended equilibrium length of the chain and the period
of the external potential, a0/as, a distinction between two classes can be made. This
ratio can be a rational number and the situation is called commensurate, or the ratio
is an irrational number and the situation is called incommensurate. From a practical
point of view, the incommensurate case is the most interesting, because for two arbitrary
surfaces making contact a finite periodicity of the system is not likely. If the surfaces
would be commensurate, then a0/as = A/B with A and B ∈ N. This means that a0B =
asA, and therefore the commensurate case implies finite periodicity of the system[5].

For the FK-model, another important ratio exists, λ ≡ U0/K. This ratio gives an
estimate of the dominant term in the potential energy. For a large value of λ, the force
needed to get the atoms of the sliding body into movement is big, because the wells of
the substrate potential are more dominant than the stiffness of the bonds between the
particles for the trajectory of the particles. For a small value of λ, the force needed to
increase the velocity of the atoms from zero is smaller because they pull each other over
the potential wells with the help of their strong stiff bonds. It has been shown that for
the incommensurate case, a transition exists between two phases which are separated
by a critical value λc[21]. If λ < λc, the system is in a so called floating phase: there is
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an infinite number of ground states and they can transform into each other without an
energy barrier between them. This means that there is no static friction. If λ > λc, the
potential wells are dominant in determining the minimum configuration of the system.
Energy is needed to move the particles away from this true ground state and the static
friction is not equal to 0. This situation is called the pinned phase. The transition
can be identified by displaying the modulation function, f(ia0 mod as) = ui − ia0 −Q.
This modulation function is analytic for the floating phase and non-analytic for the
pinned phase. Therefore, the transition between these phases is called the ‘transition
by breaking of analyticity’ or after its first describer the ‘Aubry transition’. See for
examples of figures of this transition the PhD thesis of Consoli[22].

Because of the importance of λ, the Hamiltonian (equation 2.1) is divided by K.
The physicist’s desire to simplify equations, adds to this transformation τ = t/τ0,

τ0 ≡
√

m/K and as ≡ 1. The total transformation leads to:

H = T + V =
N
∑

i=1

[

1

2

(

dui

dτ

)2

+
1

2
(ui+1 − ui − a0)

2 +
λ

2π
(1− cos (2πui))

]

(2.2)

In the context of friction, the motion of the center of mass of the sliding body is
the most important aspect of the model. This motion is described by the position(Q)
and the velocity of the center of mass(P), which are after the transformation of the
Hamiltonian:

Q = Q = 1/N
N
∑

i=1

ui (2.3)

P = 1/N

N
∑

i=1

dui

dτ
(2.4)

If, for example, all the particles at a time τ = 0 get an initial velocity P0 in the
forward direction, P = P0. If P decays with time, because of the interaction of the
chain of atoms with the external periodic potential, this can be interpreted as friction.
Translational energy of the center of mass of the sliding body has then been transformed
into internal kinetic and potential energy of the same body. This interplay between
internal and translational movement makes the FK-model suitable to describe friction,
despite the fact that the FK-model conserves energy. Moreover, this interplay makes
it possible to describe friction on an atomic level in terms of interactions between the
substrate and the sliding body, and in terms of inter atomic interactions of the sliding
body.

2.2 Equations of motion

To study the dynamics of the system we need to know the trajectories of the position(Q)
and the velocity(P ) of the center of mass. Therefore, we need to know the trajectories of
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the particles’ positions and velocities. In order to obtain these positions and velocities
it is necessary to solve the equations of motion resulting from equation 2.2:

d2ui

dτ 2
= ui+1 + ui−1 − 2ui − λ sin(2πui) i ∈ N 1 ≤ i ≤ N (2.5)

Because of the sinusoidal term originating from the substrate, these equations are
non-linear. It is this non-linearity that makes it necessary to solve the equations numer-
ically. In order to do this, we transform the N second order differential equations with
help of the velocity of the particles,yi ≡ dui

dτ
, into 2N first order ordinary differential

equations(ODEs):

dui

dτ
= yi (2.6)

dyi
dτ

= ui+1 + ui−1 − 2ui − λ sin(2πui) (2.7)

2.3 Runge-Kutta method

ODEs can in general be written as dx
dt

= F (t; x(t)), where x is a vector with C com-
ponents C ∈ N. If the value x(0) is known, the problem turns into an initial value
problem for ODEs. The equations 2.6 and 2.7 together with the values yi(0) and ui(0)
for 1 ≤ i ≤ N , are 2N of these initial value problems for ODEs. Within the Runge-
Kutta method (RK-method) one can obtain numerical approximations of the solutions
of these initial value problems. The first step is to discretize the problem: making
numerical approximations xn ≈ x(tn) at the points tn = nh where h > 0 is the step
size. The Runge-Kutta method works successively towards the approximation xn+1 at
the new time tn+1[23, 24]. In the classical fourth order Runge-Kutta method, used for
the results in this thesis, these numerical solutions are written as:

xi(t+ h) = xi(t) + h

(

k
(1)
i

6
+

k
(2)
i

3
+

k
(3)
i

3
+

k
(4)
i

6

)

+O(h5) i ≤ 1 ≤ C (2.8)

where k
(1)
i , k

(2)
i , k

(3)
i and k

(4)
i are defined as:

k
(1)
i = Fi (t; xi(t), ...., xC(t))

k
(2)
i = Fi

(

t+
h

2
; xi(t) +

h

2
k
(1)
1 , ...., xC(t) +

h

2
k
(1)
C

)

k
(3)
i = Fi

(

t+
h

2
; xi(t) +

h

2
k
(2)
1 , ...., xC(t) +

h

2
k
(2)
C

)

k
(4)
i = Fi

(

t+ h; xi(t) + hk
(3)
1 , ...., xC(t) + hk

(3)
C

)
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This method is a fourth order method, because the local error, hdn, is of order h
5.

The local error is the error made in one step: it is the difference between the exact
solution at time tn and the numerical approximation that would have been obtained if
one had started with the exact solution at time tn−1: xn−1 = x(tn−1)[23].

One might wonder why we did not use a velocity Verlet algorithm which has the
advantage that it preserves many dynamic properties of the phase space thanks to
its symplecticity. The accuracy of the fourth order Runge-Kutta method has however
been tested against the Verlet algorithm and perfect agreement between the methods
has been found[22]. Because of CPU-time considerations we therefore have chosen to
use the Runge-Kutta method to integrate the equations of motions 2.6 and 2.7.

2.4 Golden mean + periodic boundary conditions

Because of the earlier mentioned occurrence in most practical systems, in the analysis
of the FK-model we emphasize the incommensurate case. It has been shown that for

the value of the irrational golden mean τg = a0/as =
1+

√
5

2
= 1.618033989.., the value

of λc is the largest of all cases[25]. Furthermore, it has been determined that in this
case λc = 0.1546..[26].

Real systems sliding against each other consist of large numbers of atoms. Therefore,
and because we are not interested in the finite size effects of the samples, we would like
to analyse the FK-model in the thermodynamic limit. In this limit, the number of
particles tends to infinity, N → ∞. Because we use a computer to analyse the model,
we have to give a twist to this limit. This twist is, as usual, the use of a large number
of atoms (N = 144) together with the implementation of periodic boundary conditions.
We take the N particles with a length of Na0 and connect the ‘last’ and ‘first’ with
each other:

uN+1 = Na0 + u1 (2.9)

Because it is impossible to use irrational numbers in combination with numerical
integration, an approximation of the golden mean has to be made. The golden mean
can be approximated by the ratio of successive Fibonacci numbers. These numbers are
defined as: F1 = 1, F2 = 1, Fn = Fn−1 + Fn−2 for n > 2. A more precise statement is:

τg = lim
n→∞

Fn+1

Fn
(2.10)

As a consequence of the boundary condition (equation 2.9), the number of potential
periods has to fit exactly in the length of the N particles. Then a0∗N = as ∗M = 1∗M
and a0/as = a0 = M/N = Fn+1/Fn. For the obtained results in this thesis regarding the
commensurate situation, n = 12. So, N = 144 particles are distributed along M = 233
periods of the substrate potential. This results in a value for a0 of 233/144=1.61806.
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2.5 Resonances

In the situation in which there is no substrate potential, λ = 0, the dispersion relation
of the phonon modes is the known dispersion relation for a harmonic chain[27]:

ωk = 2

∣

∣

∣

∣

sin

(

k

2

)
∣

∣

∣

∣

(2.11)

In this equation ωk is the frequency of the phonons, and k = 2πi/N , where i ∈
(

−N
2
,−N−1

2
, ..., N−2

2
, N−1

2

)

. When all the particles start moving with the same velocity
P0, the atoms will slide over the periodic potential with a frequency Ω = 2πP0. This
frequency is called the washboard frequency. If this frequency is equal to the frequency
of the phonon modes corresponding to the interplay between the harmonic and the peri-
odic potential, determined by wave number q = 2πa0/as = 2πa0, a resonant coupling to
particular modes of the chain exists. If λ is small, this frequency can be approximated
by ωq. When this resonant excitement of the system occurs, the translational energy is
quickly transformed into internal kinetic energy and potential energy. In that case, the
movement of the center of mass is transformed into internal movement and potential
energy of the atoms. A sliding body will then decrease its velocity and eventually stop
moving in a well defined direction. This resonance also occurs at higher orders when n
‘washboard waves’ transform into a single phonon[28]:

nP0 =
ωnq

2π
n ∈ N n ≥ 1 (2.12)

The velocities, P0, connected to the first four orders of resonance and the corre-
sponding temperatures calculated by a transformation of the kinetic energy in units of
temperature, are shown in table 2.1. Notice that the temperatures are not necessarily
decreasing with the order of resonance, since there is a sinus involved in the calculation
of ωnq. Next to the physical quantities, there is also a column titled ’Abbreviation’ in
table 2.1. This abbreviation is based on the word ‘resonance’ and is used in the rest of
this thesis to denote for the corresponding order of resonance.

Order of resonance(n) P0(as/τ0) Abbreviation T (10−2m/kB)

1 0.29667 R1 4.4007
2 0.10752 R2 0.57803
3 0.046928 R3 0.11011
4 0.079275 R4 0.31423

Table 2.1: The values of the velocities and corresponding temperatures connected to the first
four orders of resonance. In the third column some nomenclature for this thesis is introduced.
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Chapter 3

Equilibrium properties

It is interesting to know in what final state the system will be, after the evolution
from a situation where all the particles start with the same velocity corresponding to
the resonance-condition, equation 2.12. Will the velocity of the center of mass of the
chain decay? What will be the value of the velocity of the center of mass at the end of
the evolution? Will the system evolve into a state of equilibrium? In order to answer
these questions the equations of motion, 2.6 and 2.7 were solved numerically by the
RK-method (equation 2.8). The results of these simulations are shown in this chapter.

3.1 Simulation details

The results for the time evolution of P were obtained with the RK-method and com-
pared with the results for an adaptive step size Runge-Kutta-Fehlberg (RKF)-method[24]
with a tolerance of 1× 10−12. This comparison showed that 150 steps per τ0 was good
enough to achieve such a tolerance. The choice for a RK instead of an RKF-method
has been made because the RKF-method requires two evaluations per time step(h)
instead of one evaluation per time step(h) of equations similar to equation 2.8. This
evaluations have to be done, in order to adapt the step size to achieve the requested
precision. Because the time step size does not change much in the simulations done,
the RKF-method is much more time consuming than the RK-method.

In order to start integrating the FK-model, initial values for the particles’ positions
and velocities have to be known. The simulations are started by taking a ground state,
which has been calculated by minimizing the total potential energy of the system.
In this calculation, the undistorted chain is positioned with a slight translation with
respect to the potential. All the particles of the chain are given zero velocity. With
the help of a modified Newtonian algorithm from a library routine[29], a minimum of
the potential energy with respect to the particles’ positions is obtained. The positions
corresponding to this minimum are taken as initial values. The initial velocity is the
same for each particle.

It is useful to calculate also the Fourier transform of the displacements of the parti-
cles, in order to monitor phonon excitations of the chain. We have used a Fast Fourier
Transform to do this[30].
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Since we are interested in the characteristics corresponding to resonance, the initial
velocity is one of the resonance values derived from equation 2.12. The first four of
these resonance values, and the corresponding values of the temperature are shown in
table 2.1 and are taken as initial velocities. For the coupling between periodic potential
and the chain of particles, we choose λ = 0.05 ≈ λc/3. For each order of resonance we
store data points each 50 τ0.

3.2 Time evolution of the center of mass

The duration of the simulations and the initial velocity of the particles are: 4.05× 106

τ0 and P = 0.2966 for R1 ; 4.25 × 106 τ0 and P = 0.1075 for R2; 16 × 106 τ0 and
P = 0.04692 for R3; and 8 × 106 τ0 and P = 0.07927 for R4. Because no decay
of P within 8 × 106 τ0 was visible for R4 when the initial positions were taken from
a ground state, we took a different starting configuration of the particles’ positions.
This starting configuration was a slight perturbation of the ground state. We added a
randomly chosen deviation per particle between 0.01 a0 and -0.01 a0 to the calculated
ground state. This configuration has an energy which is 0.9 % higher than the minimum
configuration.

The most important part of results of these simulations for the P -τ evolution are
shown in figure 3.1. For all the resonances, P decays with time until it will jiggle around
0. This decaying in time means that the forward motion of the sliding body as a whole
is transformed into internal vibrational motion and potential energy of the atoms of the
body. The fact that P also reaches negative values, means that the body slides back
and forth at the surface. This sliding back and forth has an amplitude of at most a few
dozen chain lengths. The time that passes until the start of the decay of P , is connected
to the order of resonance. The higher the order of resonance, the longer it takes the
decay of the initial value of P to start. The sub figures correspond to the time range in
which the decay of P takes place for the different orders of resonance. For R1 the decay
of P takes place in approximately 5 × 103 τ0 starting from τ0 ≈ 1 × 103. For R2 the
decay takes approximately 10 times longer, and the beginning is at a few thousand τ0.
For R3, the decay starts again a few thousands τ0 later, and takes somewhere around
2.5 × 106 τ0. The decay of P for R4, does not start until τ0 ≈ 2.5 × 106 and lasts for
about 2×105 τ0. Compared to R3(figure 3.1(c)), the decay of P in the case of R4 (figure
3.1(d)) is much faster. This is linked to the fact that the starting configuration for R4

was slightly different from the calculated ground state. For the calculated ground state
as starting configuration, there is no decay of P with time within 8×106 τ0, as is partly
visibile in figure 3.1(d).

3.3 Thermal equilibrium

Friction is a ‘force’ that transforms kinetic energy into heat. Is this what we observe
in our model system? When the well-defined motion of the center of mass stops, is the
chain in equilibrium at a finite temperature T ? If this is the case, the chain will keep
its properties until there is a disturbance from the outside world.
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Figure 3.1: P as a function of τ in the region in which P decays with time, λ ≈ λc/3. The
time ranges shown are: τ = 0 − 7.5 × 103τ0 for R1 (with lines between the data points) (a);
τ = 0− 75× 103τ0 for R2 (b); τ = 0− 4× 106τ0 for R3 (c); and τ = 0− 3× 106τ0 for R4 (d).
For the fourth order of resonance the evolution of P is shown both for the perturbed (R4)
and unperturbed (unp) starting configuration. Please, note that on both axes different scales
for the different orders of resonance are used.

Several tests to check if the system is in thermal equilibrium exist. One of these
tests is to consider the distribution of P in the time range in which we may expect
that equilibrium has been reached (section 3.3.1); another test is to look at the mean
square displacement of the center of mass of the chain in this same time range (section
3.3.2). A thermal equilibrium goes hand in hand with equipartition. Therefore, a plot
of the total kinetic and potential energy against time, can show the evolution into an
equilibrium (section 3.3.3). The last two tests that will be discussed in this section are
related to the amplitudes of the phonon modes of the chain (sections 3.3.3 and 3.3.3).
Both from the test of the phonon modes and the distribution of P , it is possible to
extract an equilibrium temperature. If these temperatures agree with each other, this
is an extra indication of thermal equilibrium (section 3.3.4).
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3.3.1 Distribution of P

In thermal equilibrium, the probability density function of the velocity of the center
of mass in the FK-model can be described by a one-dimensional Maxwell-Boltzmann
distribution[31]:

Prob(P )dP =

√

M

2πkBTeq

exp

(−MP 2

2kBTeq

)

dP (3.1)

In this equation, Prob(P ) stands for the probability density function of P ; M = Nm
for the mass of the chain; kB for the Boltzmann constant; and Teq for the estimated equi-
librium temperature. This probability density function is a Gaussian with expectation
value µ = 0, because temperature favours no direction; and a variance σ2 = kBTeq/M .
So, if the normalized distribution of P resembles a Gaussian distribution with an ex-
pectation value of zero, thermal equilibrium exists and an equilibrium temperature can
be assigned to it.

The aforementioned probability density function can be calculated with the data of
the simulations described in section 3.2. This calculation is done in the time region
in which we suppose the equilibrium has been reached (the time range in which P
jiggles around 0). The result of this calculation is plotted in figure 3.2. The evaluated
values of P are divided into 100 uniform bins. The starting point of the evaluated time
ranges is connected to the starting time of the oscillation of P . Therefore the starting
point is different for different orders of resonance. The bin widths are connected to the
amplitude of the oscillation of P , and are therefore also different for the different orders
of resonance. The counts per bin are normalized in order to obtain a probability density
function. This is done by the division of the counts per bin by the product of the total
number of counts and the bin width, Probbin = countsbin/(total counts × bin width).
The evaluated time ranges and ranges of P are summarized in table 3.1.

Order of resonance Time range(τ0) P -range(as/τ0)

R1 (5− 405) × 104 (−0.06 : 0.06]
R2 (25− 425) × 104 (−0.02 : 0.02]
R3 (4− 16)× 106 (−0.01 : 0.01]
R4 (4− 8)× 106 (−0.015 : 0.015]

Table 3.1: The evaluated time ranges and ranges of P , used to calculate the probability
density function (equation 3.1).

Visual inspection of figure 3.2 shows that the resemblance between the Gaussian fit
and the data points is clear for the first and second order of resonance. For R3, the
resemblance is less strong. The deviation from the Gaussian fit is the reason to consider
12 instead of 4 million data points. For 4 million data points, τ = (4−8)×106τ0, there
was not enough statistichs for a satisfactory resemblance between the Gaussian fit and
the data points. For R4 there is a good resemblance between the data points and the
fit again. Table 3.2 summarizes the parameters of the fits. In this table, one can see
that the expectation value of the Gaussian is at most one bin away from the two bins
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Figure 3.2: Probability density function of P from data of section 3.2 (points) and the Gaus-
sian fit of these function (lines). The evaluated time ranges and ranges of P are shown in
table 3.1. The parameters of the Gaussian fits are shown in table 3.2.

around 0. In the third column of this table, the variance of the Gaussian, which is equal
to the equilibrium temperature, is shown.

Order of resonance µ(as/τ0) (10−4) σ2(a2s/τ
2
0 ) =

Teq(M/kB) (10−4)

R1 6.5± 2 3.1 ± 0.1
R2 1.5± 0.7 0.45 ± 0.01
R3 3.1± 1 0.091 ± 0.006
R4 −2.0± 0.7 0.19 ± 0.01

Table 3.2: Parameters of the Gaussian fit of figure 3.2 for the different orders of resonance.

3.3.2 Mean square displacement

Another method to test if a system is in thermal equilibrium is related to the mean
square displacement (MSD) of the center of mass. The mean square displacement is
defined as:
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MSD(τdel) =< (Q(τdel)−Q(0))2 > − < (Q(τdel)−Q(0)) >2 (3.2)

The brackets in this equation denote an ensemble average, τdel denotes the time of
delay and τdel = 0 denotes the time origin.

The general behaviour of Q as a function of τ is that it increases for some time
before it starts to jiggle around a constant value. This oscillation corresponds with the
Gaussian distribution around P = 0, shown in figure 3.2. When thermal equilibrium
exists, this oscillation originates from thermal diffusion. For normal thermal diffusion,
the relationship between the mean square displacement of the center of mass and time
is linear, MSD = 2Dτdel, where D is the diffusion coefficient[32]. In order to calculate
the MSD the averaging is done by shifting the time origin[33]. This procedure is valid
if the system is ergodic[34]. The evaluated time ranges for the MSD are the same as
for the histograms of figure 3.2 and are shown in table 3.1. For a certain time of delay,
τdel, as much time origins as possible are chosen within these time ranges. This way
of creating time origins, smooths the data, but for values of the MSD at a small delay
there are more time origins than for the values of the MSD at a large delay. So, after
this procedure, no one to one correspondence takes place anymore between independent
data and the number of origins.

The results of the evolution of the MSD with respect to the time of delay for the
different orders of resonance are shown in figure 3.3. The data points are fitted with a
line, 2Dτdel + b. The time range in which this fit is made, is different for the different
orders of resonance. These time ranges, and the results of the parameters of the fit are
shown in table 3.3.

Order 2D b(103) τdel(τ0)

R1 0.29 −0.08 0 − 20000
R2 0.68 −3.8 10000 − 20000
R3 0.27 −2.2 13000 − 20000
R4 0.37 −2.4 11000 − 20000

Table 3.3: Parameters of the linear fits 2Dτdel + b and the time ranges where the fits of figure
3.3 are done, are shown for the different orders of resonance.

The MSD behaves linearly with respect to the time of delay for all orders of resonance
in a certain time range between τdel = 0 and τdel = 20000τ0. This indicates a situation
of thermal equilibrium for all these orders of resonance. For R1, the time range in
which the MSD grows linearly with time coincides almost completely with the total
time range. When the time of delay is small, there is still a correlation between the
position of the center of mass at the time origin of the MSD and a quadratic dependence
of the MSD on time is expected[32]. The correlation disappears after this initial phase
and afterwards the MSD resembles diffusive linear behaviour. The length of this period
of time in which the MSD is not linear in τdel seems to be related to the absolute value
of P0. The lowest value of P0 (0.04692 for R3) corresponds to the longest period of time
needed for the linear behaviour to start. This ordering also holds for the other cases of
resonance.

25



 0

 1000

 2000

 3000

 4000

 5000

 6000

 0  5000  10000  15000  20000

M
S

D

τdel(τ0)

R1

2D=0.294, b=-79

(a)

 0

 2000

 4000

 6000

 8000

 10000

 0  5000  10000  15000  20000

M
S

D

τdel(τ0)

R2

2D=0.678, b=-3.8x103

(b)

 0

 1000

 2000

 3000

 4000

 5000

 0  5000  10000  15000  20000

M
S

D

τdel(τ0)

R3

2D=0.27, b=-2.2x103

(c)

 0

 1000

 2000

 3000

 4000

 5000

 0  5000  10000  15000  20000

M
S

D

τdel(τ0)

R4

2D=0.37, b=-2.4x103

(d)

Figure 3.3: MSD as a function of τdel for the first four orders of resonance. The data points
are plotted in green, the linear fits in yellow dashed lines. The evaluated time ranges are
shown in table 3.1. The time ranges and parameters of the fits are shown in table 3.3.

3.3.3 Equipartition

If a system is in thermal equilibrium the law of equipartition holds[35]. For one-
dimensional systems, this means that the amount of total kinetic energy (internal +
center of mass) equals the amount of potential energy relative to the minimum con-
figuration. Both the kinetic and the potential energy equal 1/2kBT . A verification
whether equipartition holds or not, is possible by regarding the values of the kinetic
and potential energy or by regarding the phonon modes of the chain.

Energies

In figure 3.4, the total kinetic and the relative potential energy (R1, R2 and R3) are
plotted against time for the first four orders of resonance. For R4 the excess of potential
energy in the starting configuration relative to the groundstate is equally divided over
the kinetic and potential energy. This is showed in figure 3.4(d) where the kinetic
energy is plotted together with Epot − E0 + 1/2Eexc, with Epot the potential energy,
E0 the energy of the groundstate and Eexc the difference between the energy of the
starting configuration and the groundstate. For all cases equipartition is reached when
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the center of mass starts jiggling around a fixed position.
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Figure 3.4: E as a function of τ for the first four orders of resonance. The full lines (green)
are the total kinetic energy and for R1, R2 and R3 the dashed lines (yellow) are the increase
in potential energy relative to the minimum configuration. For R4 the dashed line (yellow)
is Epot − E0 + 1/2Eexc (see text). The dashed vertical lines (red) are the times at which
equipartition is reached. This time corresponds with the time where the center of mass stops
moving in a well-defined direction. Please note that different scales are used on both axes for
the different orders of resonance.

Phonon modes

When themal equilibrium is regarded from the point of view of the Fourier transformed
coordinates of the particles positions xk. The temporal averages of the amplitudes of
these transformed coordinates can tell us whether or not the system obeys the law of
equipartition[36]. Formulated in terms of the amplitudes of the phonon modes, this law
states:

N
∑

k=1

1

2
mω2

k < x2
k >=

1

2
kBT (3.3)

The brackets in this equation denote a time average of the amplitudes of the phonon
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modes. The implication of equation 3.3 is that in thermal equilibrium, the amplitudes
of the phonon modes, x2

k are proportional to 1/ω2
k.

Before we examine the amplitudes of the phonon modes, we regard a property of
the used transform. For the discrete Fourier Transform of a set of N real numbers, the
relation xk = x∗

N−k in which the * denotes complex conjugation is valid[37]. This gives
for the amplitudes of the phonon modes the relation: x2

k = x2
N−k. As a consequence only

half of the amplitudes of the phonon modes contains independent information about
the system.

The amplitudes of the phonon modes are shown in the log-log figure 3.5. In this
figure there is a time average taken of x2

k for τ = (5 − 405) × 104 τ0 for R1; for
τ = (25−425)×104 τ0 for R

2; for τ = (4−16)×106 τ0 for R
3; and for τ = (4−8)×106 τ0

for R4.
For R1 and R2, the amplitudes of the phonon modes follow the behaviour of 1/ω2

k

nicely. For R3, there is a clear deviation from this behaviour with a peak at k = 55. It
is no coincidence that the deviation has its peak around this particular phonon mode.
Because of the property of the discrete Fourier transforms described earlier: x2

55=x2
89.

And 89/55 is the approximation of the golden mean for n = 10 (equation 2.10). In other
words, the incommensurability of the system breaks down for R3. This phenomenon
could be studied further with the help of a special form of angular momentum(GAM)
that is only conserved with time for a floating incommensurate case[38, 22]. Besides
this breaking down of the incommensurability, the deviation from 1/ω2

k also indicates
deviation from thermal equilibrium. The amplitudes of the phonon modes for R4 also
have this deviation from the 1/ω2

k behaviour around k = 55, but in this case the
deviation is less strong.

Equilibrium temperature

Because of the involvement of T in equation 3.3, it is also possible to obtain an equi-
librium temperature from the amplitudes of the phonon modes. If the temperature
reaches a stable value with respect to time, this is an indication of thermal equilibrium.
In figure 3.6 the value of Teq as a function of τ is shown for different orders of reso-
nance. The amplitudes of the phonon modes are averaged over different numbers of
almost uniform time bins of approximately 20000 τ0. For R

1 and R2 the data is divided
into 200 bins, for R3 the data is divided into 800 bins, and for R4 the data is divided
into 400 bins.

For all the cases in figure 3.6 a stable value of the temperature at the end of the
time evolution occurs. This suggests that for the first four orders of resonance1 the
system is in thermal equilibrium after a certain ‘transition time’. This ‘transition time’
increases with the order of resonance.

3.3.4 Comparison of Teq

Because both equation 3.1 and equation 3.3 contain Teq, a comparison of these two
temperatures can be made. If there is an agreement between the temperatures, this is

1For R4 a slightly perturbed starting configuration is used.
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Figure 3.5: The amplitudes of the phonon modes < x2k > as a function of mode number k for
the first four orders of resonance. The data points are plotted in green and the fit according
to 1/ω2

k in yellow. On both axes a logarithmic scale is used. The used time ranges for the
averaging of the amplitudes are: for R1 τ = (5−405)×104τ0 (a); for R

2 τ = (25−425)×104τ0
(b); for R3 τ = (4− 16) × 106τ0 (c); and for R4 τ = (4− 8)× 106τ0 (d)

a clear sign of thermal equilibrium with a well-defined temperature. For the comparison,
the temperature originating from the Maxwell-Boltzmann distribution (equation 3.1) is
called T dis

eq and the temperature originating from the equipartition law (equation 3.3)

is called T equi
eq . Furthermore a third temperature exists, which can be compared to

the other two. This is is the temperature corresponding to the initial velocity of the
particles T ini

eq , as shown in table 2.1. In table 3.4, these three temperatures are shown.

The difference between T dis
eq in this table and in table 3.2 is caused by a difference in

definition of the temperatures and the corresponding relation between the mass of the
whole chain and the mass of one particle, M = Nm.

For the first, second, and third order of resonance the temperatures obtained from
the averaging of the phonon modes and the temperature obtained from the histogram
of the positions of the center of mass of the chain, agree with each other within the
error margin. Besides, they are close to the temperature corresponding to the initial
value of the velocities of the particles. Therefore, the comparison seems to be a good
agreement for the different equilibrium temperatures. For R4 the temperatures do not
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Figure 3.6: Temperature as a function of τ obtained with help of equation 3.3. The used time
bins for averaging the phonon amplitudes are: 20250 τ0 R1(a); 21250 τ0 for R2(b); 20000 τ0
for R3(c); and 20000 τ0 for R4(d). Please note that different scales are used on both axes for
the different orders of resonance.

Order T dis
eq (10−2m/kB) T equi

eq (10−2m/kB) T ini
eq (10−2m/kB)

R1 4.5 ± 0.1 4.5 ± 0.1 4.4
R2 0.65 ± 0.02 0.63 ± 0.02 0.58
R3 0.13 ± 0.01 0.15 ± 0.01 0.11
R4 0.27 ± 0.02 0.37 ± 0.01 0.31

Table 3.4: Comparison of the equilibrium temperatures originating from equation 3.1 (T dis
eq )

and equation 3.3 (T equi
eq ).

agree very well. A reason for this could be a lack of statistics.However, because of the
results of the tests described in the earlier sections there is still a strong indication that
also R4 develops into a state of thermal equilibrium.

Based on the temperature comparison and the observations originating from the
other tests previously described, the statement can be made that the systems starting
with initial velocities for the particles equal to the first four orders of resonance and
starting with initial positions as described in section 3.2, develop into a state of thermal
equilibrium.
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Chapter 4

Sliding at different temperatures

In the last chapter, we have not mentioned friction in an explicit way many times.
When the P -τ evolutions for the first four orders of resonance were shown (figure 3.1)
we interpreted the decay of P as a function of time as friction. However, we did not
try to give a quantitative measure for this. In this chapter, we will study friction for
different temperatures and different sliding velocities in a more quantitative way. To
this purpose we will investigate whether the effects of the coupling can be described
by an effective damping coefficient that describes friction. We do this with help of the
information we have obtained in chapter 3. But before we do that, we will consider a
special case of friction.

4.1 Superlubricity

In 1992, it was claimed by Shinjo and Hirano that for incommensurate contacts de-
scribed by the Frenkel-Kontorova model there would be situations without any dynam-
ical friction[39]. They studied an incommensurate case in which the particles started
from a minimum configuration and all particles obtained the same initial velocity, which
is exactly the same approach as we used in chapter 3 to evaluate the P -τ evolution
sketched in figure 3.1. To be more precise, for the value of λ = 0.05 they claimed
that for P0 ≥ 0.10 no friction at all would be present. They called this phenomenon
superlubricity.

Consoli et al. pointed out that these claims about superlubricity were not valid
for this wide range of initial velocities. The conclusions drawn by Shinjo and Hi-
rano are oversimplified as a result of too short simulation times or too small system
sizes([36],[40],[22],[5]). The decay of P with time shown in figure 3.1, gives two examples
that prove that the claim about superlubricity is not valid for all cases. However, there
are values for the initial velocity of the particles for which it is questionable whether
in that specific situation superlubricity exists or not. For example, when we took in
section 3.2 the minimum configuration as initial positions of the particles and as initial
velocities P0 = 0.07927 (R4) no decay of P was visible within 8× 106 τ0. This could be
a sign of superlubricity for this value of the initial velocity of the particles or it could
be the beginning of an evolution towards a decay at later times. In order to see if the
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absence of decay was caused by the initial positions of the particles, we took a slightly
perturbed intitial state. When we added a uniformly distributed random deviation
between 0.01a0 and −0.01a0 to each particle, a decay of P in time within 3 × 106 τ0
occurred. This is shown in figure 3.1(d). So, with a slight modification of the ground
state, a decay exists and therefore superlubricity does not exist for this situation. How
small was this modification? In order to give a qualitative answer to this question, we
examined the distribution of ∆u/a0 ≡ (ui+1 − ui − a0)/a0 for i ∈ N, 1 ≤ i ≤ N for the
time range τ = (4− 8)× 106τ0. In this time range, the system is in a state of thermal
equilibrium. The histogram of ∆u/a0 for 100 uniform bins between −0.2 and 0.2 is
shown in figure 4.1.
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Figure 4.1: The probability density function of ∆u/a0 for the case in which the initial positions
of the particles were taken from the obtained ground state with a uniformly distributed random
deviation between −0.01a0 and 0.01a0 per particle and the initial velocity of each particle was
P0 = 0.07927, R4. The probability density function is based on data from the time range
τ = (4− 8)× 106τ0 from which a histogram of 100 uniform bins between -0.2 and 0.2 is made.
The points (green) are the data of the histogram and the line (yellow) is the Gaussian fit,
with an expectation value of zero and a standard deviation of 0.037.

The Gaussian fit of ∆u/a0 is nearly perfect. This is an indication of a state of thermal
equilibrium. This thermal equilibirum was already tested in chapter 3. More important,
the value of the standard deviation of the Gaussian fit is 0.037. This value is almost
4 times larger than the value of the amplitude of the deviations of the modification
of the ground state used to obtain the initial positions of the particles. So, when the
chain is shaken a little bit out of its minimum configuration and all the particles are
given a velocity of P0 = 0.07927, the interaction between chain and potential causes
a distortion of the chain about 4 times larger than the initial distortion. When one
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thinks of this effect in terms of temperature, then the temperature at which the system
can give the particles this value of the initial velocity, is higher than the temperature
needed to cause the distortion of the chain that makes the decay of P with time within
a few million τ0 possible. So, if superlubricity exists for this particularly value of P0

at T = 0, it is questionable that it would exist at T 6= 0, corresponding to this initial
velocity of the particles.

4.2 Damping of P

If a system is in a state of thermal equilibrium, like the systems described in section 3.3,
the influence of the thermal fluctuations is known. However, there could be disturbances
from the outside world. It is interesting to know what the response of a system on
such an disturbance would be. In order to study this response, we took the particles’
positions and velocities of the system in equilibrium and added an extra velocity P+ to
their velocities. As a result of this extra velocity, the velocity of the center of mass, P ,
increases by P+. The evolution of P with time has been studied. We try to describe
the evolution of P with time with an effective damping term. If this description is
successful, the system can be considered as equivalent to a particle moving in a viscous
fluid.

4.2.1 Stokes’ law

If a particle moves in a fluid, the most simple expression of the friction force working
on it is Stokes’ law[32]. This law states that the friction force is proportional to the
velocity of the particle, Ffric = −γv. The equation of motion for this description of the
friction force becomes, in absence of any external driving force:

M
dv

dt
= −γv (4.1)

which has the solution:

v(t) = v(0)e−ηt (4.2)

where η ≡ γ
M

So if the relevant forces working on a system are a result of friction and if this friction
can be described by Stokes’ law, then the velocity of the system decays exponentially
with time.

4.2.2 Method

In order to study if this kind of decay takes place in the FK-model, we take config-
urations from the end part of the evolution towards thermal equilibirum described in
section 3.2, and let these configurations evolve after the addition of extra momentum.
With configuration is meant: the position and velocity of each particle at a certain time.
The addition of momentum is done by adding a uniform velocity P+ to the velocity

33



of each particle. The configurations are taken as ensemble individuals over which the
quantities P and Q are averaged. These averages are denoted by 〈P 〉 and 〈Q〉. It is
only in this statistical sense, that the decay of P with time could be expected to be
correctly described by an effective damping term.

Temperatures

Before we discuss the details of the method used to determine η as a function of P+

for different temperatures we interpret the studied temperatures in a way strongly
related to the FK-model. We do this by expressing them in units of λ. In this way the
temperature is related to the amplitude of the potential, which makes it easier to judge
whether a temperature is high or low. Besides, this way of expressing the temperature
makes it easier to compare the η(P+)-curves to other realisations of the FK-model. In
table 4.1, the different temperatures are shown together with the initial velocities of
the particles, P0, used to obtain them.

T (10−2m/kB) T (λ) P0 (as/τ0)

4.4 5.5 0.2966
0.80 1.0 0.1262
0.58 0.73 0.1075
0.11 0.14 0.04692
0.31 0.39 0.07927

Table 4.1: The temperatures at which the η(P+) curves are studied, are shown in units of
10−2m/kB and in units of λ. In the last column the initial values of the velocities of the
particles used to obtain the temperatures, are written.

Approach

To illustrate the procedure of determining η as a function of P+ for different temper-
atures, we show how to determine η for temperatures corresponding to the first four
orders of resonance and P+ = 0.09. For this we took 500 configurations wich are sepa-
rated 2000 τ0 in time. We simulated the system with 150 RK-calculations per τ0. The
figures are made with data points plotted each 50th or each τ0. Since both the substrate
and the inter atomic forces do not change in this situation, the value of λ = 0.05 ≈ λc/3
stays the same.

In figure 4.2 we show the evolution of P with respect to τ for T = 5.5 λ. The decay
of 〈P 〉 occurs within a few thousands τ0 and can be described by an exponential decay
as is shown in figure 4.2(a). In this logarithmic plot, deviations from a straight line
indicate deviations from the exponential decay. The exponential decay is shown in a
more intuitive way in a linear plot (figure 4.2(b)).

The data points of figure 4.2 can be fitted well with the exponential function
〈P (τ)〉 = 0.0923 exp (−ητ) with η = 0.00194. We chose 0.0923, because 〈P (0)〉 =
0.0923. Please, note that this 〈P (0)〉 is something different than P0. 〈P (0)〉 is the aver-
age value of P after all the particles obtained an extra velocity P+ and P0 is the initial
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velocity which all the particles got in order to equilibrate into a situation in which the
ensemble individuals could be taken. Since after the evolution shown in figure 3.1(a)
the system is in thermal equilibrium, the value of P averaged over the starting config-
urations is approximately zero, see also figure 3.2. This means that 〈P (0)〉 ≈ P+. The
choice for the time index of 0 is made, because a new simulation started.
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Figure 4.2: The evolution of P with respect to time after the addition of a velocity P+ = 0.09
to all the particles for T = 5.5 λ. 500 configurations have been evolved for 25000 τ0 to obtain
an ensemble average, the time range shown is τ = 0 − 1500τ0. In (a) the exponential decay
of 〈P 〉 with time is shown in a logarithmic plot. In (b) the exponential decay is shown in
an intuitive way. In this subfigure the evolution of 〈P 〉 with time is shown in a linear plot.
The data points (green) can be fitted by the line (yellow) 〈P (τ)〉 = 0.0923 exp−ητ with
η = 0.00194.

For all the orders of resonance a τ - log 〈P (τ)〉 sub figure is shown in figure 4.3. The
values for P 0, η, time range for the fit and the distance between data points are shown
for the different orders of resonance in table 4.2.

Order of resonance Temperature(λ) P 0(as/τ0) η(10−3(1/τ0)) Time
range(τ0)

Distance(τ0)

R1 5.5 0.0923 1.94 0-1500 50
R2 0.73 0.0877 0.175 0-25000 1
R3 0.14 0.0879 0.0325 0-50000 1
R4 0.39 0.0891 0.0911 0-40000 1

Table 4.2: The values of temperature, P 0, η and the corresponding time range of the fit for
the first four orders of resonance. The sixth column denotes the distance in time between
stored data points.

For R1 and R2 the exponential function describes the decay of 〈P 〉 nicely. For R3

and R4 a deviation from the fit exists, but there is a fairly good resemblance between
the fit and the data points in the beginning of the decay. This deviation of the fit
could be caused by an evolution of the system from the starting temperature to other
temperatures. Before the extra velocity is added to each particle, the system is in a
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Figure 4.3: The evolution of P with respect to time for the temperatures corresponding
to the first four orders of resonance. The points(green) are obtained from the simulations
and are averages of 500 ensemble individuals. The lines (yellow) are the fits corresponding
to 〈P (τ)〉 = 〈P (0)〉 exp−ητ . The values for the characteristics of the fit and the distance
between the data points are shown in table 4.2.

state of thermal equilibrium determined by the initial temperature, originating from P0.
After the addition of P+ the decay of 〈P 〉 with time is monitored for this temperature.
However, it is possible that the temperature of the system changes during the decay of
〈P 〉. If that happens, the value for η will change together with the slope of the straight
lines in the τ - log 〈P (τ)〉 plot. If this change of temperature of the system takes place
after approximately 25 × 103 τ0, it could be the explanation for the deviations of the
fits in figures 4.3(c) and 4.3(d).

Time range of fit

In order to obtain values of η as a function of P+ for different temperatures, we have
to decide in which time range we want to fit the 〈P 〉− τ data. For example, which part
of the sub figures of figure 4.3 has to be taken to extract the value of η? If one takes
too large of a time range, the temperature of the system evolves during this time range.
This means that the fit of the decay does not correspond to one temperature. Since we
want to study the damping as a function of added velocity at one temperature, this is
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an undesired consequence of a time range which is too large. However, when the time
range is too small, it is not possible to extract reliable data from the decay of P with
τ .

For the highest value of the temperature, T = 5.5 λ, the obtained values of η are
not really sensitive to the time range of the fit. We decided to take τ = 0 − 500τ0 as
the time range to use for the fits. For the other temperatures, the difference of the time
ranges had more influence on the values of η. For τ = 0− 500τ0 the values of η were a
bit higher than for the other time ranges, but the shape of η−P+-curve was similar to
the time range τ = 0− 1000τ0. For the time range τ = 0− 2000τ0 the values of η were
a bit lower than for the time range τ = 0 − 1000τ0, but in this case the shape of the
η − P+-curve was different for the time ranges τ = 0− 1000τ0 and τ = 0− 500τ0. The
peak of η shifts towards higher values of P+. The influence of the time range of the fit
is shown in figure 4.4 for T = 0.73 λ. After this testing, we choose τ = 0 − 1000τ0 as
time range of the fit for the four lowest temperatures.
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Figure 4.4: The influence of the time range of the fit on η(P+). The situation shown is for
T = 0.73 λ, but is also representative for the other temperatures lower than or equal to λ.

Ensemble individuals

The ensemble individuals selected to give an extra velocity of P+ to each particle, are
all obtained in the same way. The particles are all given the same initial velocity, P0.
For four of the five cases, the initial positions of the particles are obtained from the
calculated ground state. Only for the case where P0 = 0.07927(R4), a slightly perturbed
ground state has been taken as initial positions of the particles. The details of this
perturbation are described in section 3.2. With this initial values for the positions and
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velocities, the system has been evolved for a time long enough to reach a state of thermal
equilibrium. In this time range of thermal equilibrium, at least 100 configurations which
are separated 2000 τ0 away from each other, are taken. The procedure of evolving the
system in order to reach a state of thermal equilibrium, is shown for the temperatures
T = 5.5 λ, T = 0.73 λ, T = 0.39 λ and T = 0.14 λ in chapter 3. These four temperatures
correspond to the first four orders of resonance. The configurations obtained in this
way are used as a starting point to give each particle an extra velocity P+. After this
addition the decay of 〈P 〉 with time, from which an example is shown in figure 4.2, is
studied.

4.3 Temperature dependence of η

In this section we show the values of η as a function of P+ for five different temperatures.
The values of η are derived by fitting the time dependence of 〈P 〉 with an exponential
function, as is described in section 4.2.2. For the discussion, we divide the temperatures
into two classes. The class of high temperature contains T = 5.5 λ, because at this
temperature the thermal fluctuations are larger than the amplitude of the periodic
potential. The class of low temperatures contains T = 1 λ, T = 0.73 λ, T = 0.39 λ and
T = 0.14 λ, because for these temperatures the thermal fluctuations are of the order of
or lower than the amplitude of the periodic potential.

4.3.1 High temperature

The values of η as a function of P+ for T = 5.5 λ are shown in figure 4.51. In the
region P+ ≤ 200 × 10−3(as/τ0), η is more or less constant. When P+ is higher than
this value, η has a peak. We expect that the effective damping will be highest close
to the resonance frequencies (equation 2.12). Indeed η has a peak around, but not
exactly at R1 (indicated by a vertical line at P+ = 296.6 × 10−3(as/τ0)). The peak,
however is shifted to values of higher P+ than the values of resonance. For values of P+

corresponding to the other orders of resonance (indicated by the other vertical lines),
no structure is visible for η. In terms of temperature this could be explained by the
fact that the thermal fluctuations are too big to notice influence from lower orders of
resonance than the main one.

4.3.2 Low temperature

The values of η as a function of P+ for T = 1 λ, T = 0.73 λ, T = 0.39 λ and
T = 0.14 λ are shown in figure 4.6. The vertical lines in this figure, are the values of
P+ corresponding to the first four orders of resonance; they are obtained from equation
2.12. For P+ ≤ 200 × 10−3(as/τ0) the absolute values of η are clearly lower than
for the same velocity range of P+ for T = 5.5 λ. For T = 0.73 λ and a value of
P+ around 400 × 10−3(as/τ0), the value of η is of comparable size to the values of η
for this same velocity range at T = 5.5 λ. For the other temperatures, the velocity

1Figures like figure 4.5 are made with a procedure which is described in a generalized way in appendix B.
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Figure 4.5: η as a function of P+ for T = 5.5 λ. The vertical dashed lines are the values of
P+ corresponding to the first four orders of resonance (equation 2.12).

range P+ > 200× 10−3(as/τ0) has not been studied. Furthermore, one can clearly see
that the lower the temperature, the more influence does the added velocity, P+, have
on the value of η. For the lowest temperature, T = 0.14 λ, one can see two peaks
corresponding to R2 and R3. The peak corresponding to R2 is much higher than the
peak corresponding to R3. For the other temperatures, the influence of R3 is absent,
but for R2 the influence of velocity on the damping is still present. If the temperature
increases, the peak corresponding to R2 becomes less pronounced. This results from
the broadening over a wider range of P+. All the peaks of the values of η are again a
bit shifted towards higher values of P+.

A nice feature of the influence of R2 on η can be seen in figure 4.7, which is a
combination of the four sub figures of figure 4.6. The peak of η related to R2, has the
same height for these four temperatures. It is only the broadening of the peak that is
changed with the change of temperature. So there is a temperature range where the
height and the location of this peak is a universal property of the FK-model. Since the
location of this peak is the same for these four cases, it seems that the shift of the peak
with respect to the calculated resonance values is independent of temperature in this
temperature range.

4.3.3 Weak coupling λ limit

We have seen in sections 4.3.1 and 4.3.2 that the peaks in η are shifted towards higher
values of P+ relative to the velocities that correspond with the orders of resonance.
This shifting of the peaks could be caused by properties of the approximation used in
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Figure 4.6: η as a function of P+ for different temperatures. The vertical dashed lines are the
values of P+ corresponding to one of the first four orders of resonance (equation 2.12). The
temperatures are: T = 1 λ(a), T = 0.73 λ(b), T = 0.39 λ(c), and T = 0.14 λ(d)

equation 2.12. This equation is an approximation in which the influence of the substrate
on the resonance frequencies is neglected. Only when this influence is negligible, the
frequency corresponding to the wave number q can be calculated with the help of the
dispersion relation for a harmonic chain, equation 2.11.

In order to study the validity of this approximation we did a simulation for a FK-
model with λ = 0.005 ≈ λc/30. The approach was exactly the same as described in
the first sections of this chapter. We calculated a ground state and used this as the
initial positions of the particles of the chain. As initial velocities of the particles we
took the value corresponding to R1, P0 = 0.2966. In this way, we obtained a state of
thermal equilibrium with a temperature of 55 λ. From this state, we took 100 ensemble
individuals separated by 2000 τ0 and gave the particles of these ensemble individuals
an uniform extra velocity P+ between 0 and 500× (10−3as/τ0). After this addition of
velocity, the damping, η, was fitted in the region τ = (0− 500) τ0.

The values of η are much lower for this smaller value of λ. This is not strange
because a lower value of λ means less interaction between the periodic potential and
the chain. Less interaction means less friction and thus a lower damping coefficient, η,
is resulting. Nonetheless, there is a peak of η, and more important, this peak is shifted
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in a less strong way to higher values of P+ than in the case of λ = 0.05 and T = 5.5
λ. This is clearly visible when one compares figures 4.5 and 4.8. Since this shift away
from the resonance value of the velocity is smaller for the case where λ is smaller, a
strong indication exists that the approximation used in equation 2.12 to calculate the
resonance frequencies of the system is not very precise.

4.3.4 Comparison to driven systems

Figures 4.5, 4.6, 4.7, and 4.8 can be compared with figure 4.9 which comes from an
article written by Strunz and Elmer[28]. In this article, Strunz and Elmer studied
the Frenkel-Kontorova model with an external driving force and a phenomenological
damping term added to the Hamiltonian at a temperature T = 0. Within this version of
the FK-model, they studied the values of the velocity of the center of mass as a function
of the external driving force. When one transforms this plot by showing the force as
a function of the velocity of the center of mass, it is possible to make a comparison
with figures 4.5, 4.6, 4.7, and 4.8. However, in that case the contribution to friction
originating from the phenomenological damping term has to be removed. After this
subtraction, the force resulting is a measure for the friction originating from the system
without the ‘manually’ added damping term. This force can therefore be compared
with η. This transformation has been done in the inset of figure 4.9.

Strunz and Elmer studied an incommensurate case, albeit with a different ratio
between the period of the potential and the equilibrium length of the chain. Peaks in
the friction force are shown at velocities corresponding to the resonances calculated with
help of equation 2.12. These peaks are therefore similar to the peaks shown in figures
4.5, 4.6, 4.7, and 4.8. However, one big difference can be noticed: the peaks in this
case are located at the precise value of the velocity corresponding to the resonance. No
shift exists towards higher values of P+. This is remarkable because they used λ = 2,
for which one could expect a large shift away from the velocities corresponding to the
resonance based on the difference between figures 4.5 and 4.8. The comparison seems to
indicate that a difference exists with respect to the velocity dependence of friction in the
FK-model between the externally driven FK-model with a phenomenological damping
term at T = 0 and the hamiltonian dynamical FK-model at a finite temperature.

To clarify further this point, we would need to calculate the phonons of the chain in
interaction with the substrate. It is known that in this case a gap opens in the phonon
dispersion relation[20]. The position of the resonances might also change. This is left
for further studies.
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Figure 4.9: A velocity force characteristic for a driven Frenkel-Kontorova model with phe-
nomenological damping term. The inset shows a force velocity characteristic in which the
‘manually’ added damping contribution to the force is removed. In this case similar peaks
are visible as in figures 4.5, 4.6, 4.7, and 4.8. However, in this case the resonances do occur
at the exact resonance velocities, denoted in the figure with numbers and lines. See for more
information about the different lines in the plot, the article by Strunz and Elmer from which
the figure is taken[28].
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Chapter 5

Comparison to commensurate
systems and real materials

In this chapter a comparison will be made between the results obtained sofar and
two distinct cases. The first, is the study of friction in a commensurate system. The
majority of systems in which friction plays an important role is in an incommensurate
situation (section 2.1), but commensurate systems do exist and they have interesting
properties. The other case is a comparison between the results of the previous chapter
and observable quantities in real physical system. For a system of xenon sliding on a
silver substrate, we estimate the values of the parameters in the FK-model and will
give predictions about typical timescales and velocities.

5.1 Commensurate systems

Commensurate systems within the FK-model behave in a completely different way than
incommensurate systems. For example, there is always static friction in a commensu-
rate case and therefore no critical value of λ exists. Besides, the periodicity of the
substrate and chain gives rise to strong differences in potential energy when the atoms
of the chain slide with respect to the potential, therefore friction is usually higher in
commensurate than in incommensurate cases. There are also systems in which both
commensurate and incommensurate systems can occur. An example of such a sys-
tem is a graphite flake sliding over a graphite substrate[41]. The orientation of the
graphite flake determines the (in)commensurability of the system. The stability of the
incommensurate, low friction, state is determined by the physical parameters and the
experimental conditions[42].

The dynamics of the FK-model have been studied for commensurate cases with a
phenomenological damping term[43]. But to the best of our knowledge no studies have
been done of the friction of the hamiltonian FK-model in commensurate cases for a finite
T . We will do this in the current section, in which we study friction as a function of
added velocity, P+, in commensurate cases for the same five temperatures as in chapter
4. Before discussing the results, the method of studying friction in commensurate
systems is introduced.
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5.1.1 Method

In order to equilibrate the system at a certain temperature, we used for the incom-
mensurate cases the evolution of the chain in time from a starting situation where the
particle positions were taken from a ground state1 and the particle velocities were the
same. For commensurate systems there is one ground state regardless of the value of
λ. This ground state is exactly determined by the ratio of the equilibrium interparticle
distance of the chain and the period of the potential. In the simulations done in this
chapter we take N = 144 particles placed in M = 144 potential periods2. In this way
there is one period of the potential for each particle. Each particle therefore can ‘sit’
at the minimum of the potential. This one-to-one correspondence is a reason why this
situation is called the perfect commensurate case. For this choice, the minimum energy
positions of the particles at rest are: ui = ia0 i ∈ N 1 ≤ i ≤ N .

However, the analogy with the approach to equilibrate the systems in chapter 4 stops
here. Since the perfect commensurate case implies that all the particles have exactly
the same potential energy, the positions of all the particles will change in exactly the
same way when each particle has the same initial velocity, irrespective of its value. The
center of mass of the chain experiences a static friction force up to the heigth of the
potential well. This friction force can be overcome if the initial velocity of the particles
is high enough and than the chain will continue to move over the potential barriers until
eternity. If the initial value of the velocity is too small to overcome the static friction,
the particles will not cross the potential barriers. The position of the center of mass will
then not move further than a part of one potential period. In both cases, the distance
between neighbouring particles will remain a0 during the whole time evolution. So, no
thermal fluctuations exist and this approach is not suitable to equilibrate the system.

Another approach to equilibrate the system is to use a thermostat. A thermostat
mimics thermal fluctuations by adding a stochastic force (f(t)) to the FK-model. In
order to not only heat the system by this stochastic forces, but equilibrate the system at
a certain temperature, energy has to be dissipated. This is done by a phenomenological
damping force Fdamp = −mǫv where m is the mass of the particle, ǫ is a phenomeno-
logical damping term and v is the velocity of a particle. If the stochastic forces obey
the fluctuation-dissipation relation expressed as:

〈f(t)f(0)〉 = 2mǫkBTδ(t), (5.1)

the thermostat is called a Langevin thermostat and can be used to equilibrate the
FK-model at a temperature T [5, 44].The Langevin thermostat is used to equilibrate
the FK-model for the commensurate cases which are studied in this section. A more
detailed description of the Langevin thermostat is given in appendix A. After the use
of the thermostat, configurations are taken to study the behaviour of η as a function
of P+. This is done in a similar way as in section 4.3. However, again a choice for
the time range of the fit to extract η from the 〈P 〉 − τ evolution has to be made. In
the commensurate situation this choice is a delicate one. There is a strong damping of

1Actually for one temperature corresponding to R
4, T = 0.39 λ, we used a slightly perturbed ground state.

2We keep the definition of the unit of length, so as = a0 = 1

45



〈P 〉 with time at the begin of the evolution. This strong damping can be interpreted
as a kind of static friction which has to be overcome to enter the kinetic regime. A
typical representation of this strong damping at the begin of the evolution is shown in
figures 5.1(a) and 5.1(b). In figure 5.1(a) the evolution of P with τ at T = 5.5 λ is
shown for an ensemble consisting of 100 individuals. To each particle of the individuals
a uniform extra velocity P+ = 0.15 as/τ0, is added. After this addition of velocity, 〈P 〉
drops to a value below 0.10 as/τ0 within 10τ0. In figure 5.1(b) the corresponding time
evolution of the position of the center of mass is shown. Since we want to compare the
commensurate cases with the incommensurate cases described in chapter 4, we want to
probe the friction in the kinetic and not in the static regime. Therefore we chose for
the time range of the fit in order to extract η: τ = 50− 500τ0.

However, there is another problem when we want to extract η for commensurate
cases. There are situations in which 〈P 〉 jiggles around 0 with an amplitude in the
order of P+. If this is the case, it is hard to determine a damping coefficient with help
of Stokes’ law (equation 4.1). This happens especially for small temperatures and small
values of P+. There are cases in which the combination of temperature and P+ makes
it impossible to determine a damping term in the way described in section 4.2.2. A
typical example of such a case is given in figure 5.1(c). In this figure the 〈P 〉 − τ (100
ensemble individuals) evolution is shown for T = 0.14λ and a value of P+ = 0.05 as/τ0.
In figure 5.1(d) the corresponding behaviour of the position of the center of mass is
shown. Because of this effect, there are values of P+ for which no η is obtained.

5.1.2 Results

For each of the temperatures, 100 configurations are taken from the data obtained
by using the thermostat at the desired temperature. The thermostated system is first
equilibrated and after this equilibration time the configurations are taken 2000 (T = 5.5
λ) or 1000 (other T ) τ0 away from each other. Data is stored each 10τ0. P

+ was raised
in steps of 5×10−3as/τ0 from 10×10−3as/τ0 to 500×10−3as/τ0 for T = 5.5λ and from
0× 10−3as/τ0 to 200× 10−3as/τ0 for the other temperatures.

5.1.3 High temperature

The values of η as a function of P+ at a temperature T = 5.5 λ are shown for both the
incommensurate and the commensurate case, in figure 5.2. One can clearly see that for
values of P+ ≤ 150× 10−3as/τ0 the value of η for the commensurate case is larger than
the value for η in the incommensurate case. In the biggest part of this velocity range,
there is a factor of difference of approximately 4. When P+〉150× 10−3as/τ0 the value
of η for the commensurate cases decreases and for values of P+ ≥ 350 × 10−3as/τ0,
the values for the commensurate and the incommensurate cases are approximately the
same. This value of P+ corresponds with a temperature of 7.7 λ. Figure 5.2 shows
that for a high temperature, which means that the thermal fluctuations are much larger
than the influence of the amplitude of the potential on the chain, and for high values of
added velocity, there is no difference in friction for commensurate and incommensurate
cases.
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Figure 5.1: To extract η from the evolution of 〈P 〉 with time for commensurate cases, we
need to take two aspects into account. The first one is shown in subfigures (a) and (b). In
(a), 〈P 〉 is plotted as a function of τ for the case where at a temperature of 5.5 λ to each
particle of 100 ensemble individuals an uniform velocity P+ = 0.15 as/τ0 is added. Within 10
τ , 〈P 〉 drops to a value below 0.10 as/τ0. This situation is representative for the fast decay
of 〈P 〉 in the begin of the evolution with time in commensurate cases. In (b), the change in
the position of the center of mass is plotted for the same case. It can be seen that the chain
moves a few dozen as. The second aspect is shown in subfigures (c) and (d). In (c), 〈P 〉 is
plotted as a function of τ for the case in which at a temperature of 0.14 λ to each particle
of 100 ensemble individuals a uniform velocity P+ = 0.05 as/τ0 is added. This situation is
representative for some values of small P+ at low temperatures, for which it is hard or not
possible to extract η with the method described in section 4.2.2. In (d), it is shown for this
situation that there is only a small oscillation, smaller than as, of the position of the center
of mass of the chain. The chain does not move in a well defined direction.

5.1.4 Low temperatures

For the temperatures T = 1 λ, T = 0.73 λ, T = 0.39 λ and T = 0.14 λ, η is plotted as
a function of P+ for commensurate cases in figure 5.3. For these temperatures thermal
fluctuations are smaller than the potential barriers caused by the substrate potential.
This results in higher friction forces compared to the high temperature case. In figure
5.2 where the high temperature case is shown, the values for η are a few times smaller
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Figure 5.2: η as a function of P+ for T = 5.5λ for both the commensurate (green full line)
and the incommensurate cases (yellow dashed line).

than the values for η in figure 5.3. The error bars in figure 5.3 are big, this results from
the limitations of the procedure to obtain η as has been described in 5.1.1. Nonetheless,
visual inspection shows some structure in η with respect to P+. Compared with figure
4.6, the values for η are much higher, about a factor 100, in the commensurate case
than in the incommensurate case. The movement of Q is either of the form of figure
5.1(d) or of the form of figure 5.1(b). For P+ ≥ 175 10−3as/τ0 the movement is of the
form of figure 5.1(b) for all temperatures.

5.1.5 Sign of (in)commensurability

For the commensurate cases, friction at low temperatures is higher than friction at high
temperatures. Thermal fluctuations help the particles to cross the potential barriers and
therefore reduce friction in commensurate cases. This is opposite to incommensurate
cases, in which thermal fluctuations help to induce internal vibrational motion and
therefore increase friction. This is the reason why the values of η in figure 4.6 are lower
than the values of η in figure 4.5.

Another difference between the commensurate and incommensurate cases is the
absolute value of the damping coefficient η. The values of η are higher for the com-
mensurate than for the incommensurate cases for all situations discussed, except for
T = 5.5 λ and P+ ≥ 350 × 10−3as/τ0. The physical picture behind this difference,
is the locking of the particles in the substrate potential minima for the commensurate
cases and the distribution of the particles across all heights of the substrate potential
for the incommensurate cases.
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Figure 5.3: η as a function of P+ for different temperatures. The temperatures are: T = 1λ(a),
T = 0.73λ(b), T = 0.39λ(c), and T = 0.14λ(d)

Based on these two differences between incommensurate and commensurate cases,
there are two ways two distinguish them. One way is based on the relative difference
of η with the change of temperature. If the temperature increases and η increases, this
is a sign of incommensurability. If the temperature increases and η decreases, this is a
sign of commensurability. The other way is based on absolute values of η and can be
used whenever estimations of the parameters of the FK-model in physical units can be
made. If these parameters are known, one can calculate typical values of P+ and τ0.
With this values one can compare the measured value of η with the predicted one for
a commensurate or an incommensurate case.

5.2 Real system

Up till know we have studied the FK-model itself without any direct coupling to reality.
In this section we will give some estimates in physical units of the parameters of the
FK-model for a xenon film sliding on a silver layer. A film of xenon sliding on a
Ag(111) substrate is a highly incommensurate system[45]. Furthermore this system
has been studied experimentally and numerically[45, 46, 47]. For these two reasons,
incommensurability together with experimental and computational information, it is
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interesting to make some predictions for typical time and velocity scales at which the
phenomena studied in chapter 4 occur.

5.2.1 Typical scales

In order to give a value in physical units for the velocity and time scales involved in the
FK-model, it is necessary to know the values in physical units of m, as, a0 and K. For
this system, m is the mass of a xenon atom, as the lattice spacing between the silver
atoms, a0 the equilibrium spacing between the xenon atoms and K the spring constant
that describes the bonds between the xenon atoms. These parameters are obtained from
an article by Tomassone et al.[47]. The values of the first three of these parameters can
be found in a straight forward way, the value of K is determined by a Taylor expansion
of the Lennard-Jones potential around its minimum. The ratio between the lattice
parameters of the substrate and the sliding body is: a0/as = (4.55 × 10−10/2.892 ×
10−10) = 1.57 ≈ τg. With the parameters, values can be calculated with help of the

factor
√

m/K (equation 2.2) for τ0 and as/τ0, which are the used units of time and
velocity in this thesis. An overview of the values of the parameters and the used units
is shown in table 5.1.

Parameter/unit Value

m 2.16 × 10−25 kg
a0 4.55 × 10−10 m
as 2.892 × 10−10 m
K 1.142 × 10−19 J/m2

τ0 6× 10−13 s
as/τ0 5× 102 m/s

Table 5.1: The parameters (first four rows) used to make an estimate of the unit of time and
velocity (last two rows) for a xenon film sliding on a silver substrate.

One can see that a typical value for the velocity scale is 5 × 102 m/s for one unit
as/τ0. The translation of this velocity scale to the velocities corresponding to the first
four orders of resonance is shown in table 5.2. This table gives an indication of the
velocity range one needs to study, in order to check if the FK-model is able to describe
the friction processes that play a role when a xenon film slides over a silver substrate.
For values of the added velocity around 20 m/s and 50 m/s one could see the peaks in
η shown in figure 4.6 corresponding to the second and third order of resonance. If this
could be done with an QCM experiment (section 1.3.1), verification of the capability
of the FK-model to describe friction for a xenon film sliding over a silver substrate is
possible.

These values of the velocity for R2 and R3 are however above the current reachable
values, up till approximately 10 m/s, for QCM experiments. Since velocity scales
with the mass of the particles of the chain as 1/

√
m, a four times higher mass would

correspond with a velocity of 10 m/s for R3. However, because the mass of xenon is
about 131 atomic weights, there are no atoms with a four times higher mass. Molecules
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in principle can have a mass of about 524 atomic weigths, but for molecules the modeling
of the interparticle forces through uniform springs is a very crude approximation.

Order of resonance Velocity (m/s)

R1 100
R2 50
R3 20
R4 40

Table 5.2: The estimated velocities corresponding to the first four orders of resonance for a
xenon film sliding on a silver substrate.

There is another comparison that can be made between the reality and the FK-
model. In the simulations we used λ = V0/K = 0.05. If we take for the value of V0,
the amplitude of the potential in equation 2.1, half the diffusion barrier of xenon on a
silver substrate, then V0 = 0.135 × 10−19 J[48]. Divided by the value of K shown in
table 5.1, this gives a value λ = 0.1 < λc which is remarkably close to the value of λ
we used in the simulations. The value of λ for the film of xenon sliding on silver, gives
an extra indication that the simulations with the FK-model in chapter 4 are suitable
to gain understanding of friction in this system.

51



Conclusion & Outlook

In this thesis we have shown that it is possible to study friction at the atomic scale
with the help of the Frenkel-Kontorova model without a phenomenological damping
term. The Frenkel-Kontorova model consists of a chain of particles connected through
springs, moving in a periodic potential. In the context of friction, the chain represents
the atoms of a sliding body and the periodic potential represents the substrate on which
the body slides. The structure of the interface of the contacting surfaces is important.
This structure can either be commensurate or incommensurate.

The periodic force due to the substrate can excite resonantly the phonons of the
sliding chain and thereby dissipate mechanical energy into heat. This dissipation is a
sign of friction. Therefore, in this thesis, friction has been characterized by the decay of
the velocity of the center of mass of the chain of particles. When the initial positions of
the particles are taken from a minimum energy configuration, friction has been observed
in the incommensurate case for an uniform initial velocity of each particle corresponding
to resonances of the system. This friction generates heat and equilibrates the system
at a well-defined temperature.

If friction is studied at a finite temperature, the influence of the resonances is shown
in the incommensurate case. However, the sliding velocities at which the friction is the
highest do not coincide with the approximated resonance values. This suggests that the
approximation of calculating the phonon modes of the chain with help of the harmonic
dispersion relation (equation 2.11), is not accurate enough to describe the influence of
the resonances on friction at a finite temperature. Further studies could be done in
order to calculate the phonon modes of the chain of particles in interaction with the
substrate. If this is done, a new comparison between predicted resonance values and
observed peaks in the friction can be made. Another extension of the research could be
done by taking into account a wider range of temperatures and sliding velocities.

For the commensurate case, friction has been studied in this thesis for the same
temperatures as the incommensurate case. In order to equilibrate the commensurate
systems a Langevin thermostat is used. It has been shown that the relation between
friction and temperature is opposite for the incommensurate and the commensurate
cases.

A real system which is studied to understand the origins of friction at the atomic
scale is Xenon sliding on a silver substrate. For this incommensurate system a calcu-
lation at which velocity scale the influence of the resonances is present is made. We
have predicted that the influence of the third order of resonance could be visible at
sliding velocities near 20 m/s. This is a velocity scale not yet reachable with the used
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QCM technique. However, this technique could improve in the future or other sliding
materials with a higher mass and/or lower inter-particle forces could be used in order
to reach a regime in which experimental verification is possible.

A new direction to study friction at the atomic scale with the Frenkel Kontorova
could be the use of analytical methods in combination with the numerical methods
used in this thesis. Further research along the lines of the work done by Consoli et
al.[40], could clarify under which conditions friction occurs from the minimum energy
configuration in incommensurate systems. Another new direction could be the use of
a combination of the two classical models of section 3.3 and chapter 2: the Frenkel-
Kontorova-Tomlinson model (FKT-model). This model has been used to study friction
at the atomic scale for T=0 [49, 50]. It would be interesting to study friction at finite
temperatures with this model and to make a prediction for real systems. An advantage
of the FKT-model would be the possibility to both incorporate the stick-slip motion
of the Tomlinson model and the interplay between the length scales of substrate and
sliding body of the Kontorova model. Because of the velocity of the support in the
Tomlinson model, it would unfortunately not be possible to use the FKT-model without
a phenomenological damping term. Since, this would mean a continuous addition of
energy to the system.
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Appendix A

Langevin thermostat

The goal of the use of the Langevin thermostat is to equilibrate a system at a cer-
tain temperature. This is done by imposing two phenomenological effects to the
system([5],[44]). One of these effects is a heatbath that serves as a source of stochastic
forces. These stochastic forces mimic the thermal fluctuations. However, these stochas-
tic forces, f(t), add energy to the system and this energy has to be removed in some
way in order to come into a situation of equilibrium. A phenomenological damping
term(ǫ) accounts for this removal of the energy. If the coupling between the stochastic
force and the phenomenological damping term can be described by the fluctuation-
dissipation theorem (equation A.1), the system will evolve after some time in to a state
of thermal equilibrium.

< f(t)f(0) >= 2mǫkBTδ(t) (A.1)

In this equation, m is the mass of a particle of the chain, kB is Boltmzann’s constant,
T is the temperature and δ(t) is the delta function. The phenomenological damping
term is transformed into a force according to Stokes’ law: Fdamp = −mǫv where v is
the velocity of the particle of the chain.

The way used to implement these heat bath and damping term is a velocity Verlet
algorithm. Within this algorithm, time is discretized with steps of ∆t between the
discrete time points. From the initial values of the velocity and position of the particles
at time t, the force acting at the particles at time t is calculated. This force is used
to calculate the velocity at time t + ∆t/2 and the positions at time t + ∆t. With the
help of these positions the force acting at time t + ∆t is calculated and with the help
of this force, the velocity of the particles at time t +∆t is calculated. If one describes
the positions of the particles (x), the velocities of the particles (v), and the forces (F )
acting on the particles of the chain as a vector with N components, this procedure can
be written in formulas as:
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In which F (t) and F (t+∆t), are given by a relation between the positions and the
stochastic forces at respectively time t and time t +∆t. This relation is shown for the
case where the time is t:

Fi(t) = (xi+1(t) + xi(t)− 2xi(t))− λ sin (2πxi(t)) + fi(t)

In which f(t) is given by equation A.1. A way to implement these delta relation
in time for the stochastic forces, is a method developed by Box and Muller[51]. This
method is used to generate a stochastic force f with mean zero and a variance of:

< f 2(t) >= 2mǫkBT/∆t

This variance is obtained by using uniformly distributed random numbers, r1 and
r2, in a smart way.

ζ− = (−2lnr1)
1/2 cos(2πr2)

ζ+ = (−2lnr1)
1/2 sin(2πr2)

In this way ζ− and ζ+ are random numbers distributed according to a Gaussian
distribution with mean 0 and variance 1. These numbers can be transformed in a
random number with a mean c and a standard devitation σ in this way:

f± = c+ σζ±

In the case of the Langevin thermostat, c = 0 and σ2 = 2mǫkBT/∆t. The stochastic
force fi(t) is then obtained as an average of f+ and f−:

fi(t) =
1

2
(f+ + f−)

This thermostat was tested first for a temperature T = 0, then for different values
of ǫ at the same temperature and finally for different temperatures at the same ǫ. All
these tests succeeded and the thermostat was used to create ensemble individuals to
study damping of the FK-model after adding a uniform velocity P+ to each particle of
the chain.
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Appendix B

Ensemble averages

In computational physics a lot of situations exist in which ensemble averages are taken in
order to make statements about properties of a system. In principle, taking an average
is a simple task; nonetheless this task can become time consuming when there are a lot
of individuals of which the ensemble consists or when a lot of ensemble averages have
to be taken. In these cases some thoughts about the procedure of taken the averages
can be very worthwhile. This appendix is a generalized summary of the procedures
I have used for the ensemble averages I have taken to produce figures like figure 4.5
and equivalent ones. I hope that it can be helpful for other students who want to take
ensemble averages and do not yet have well defined ideas about the way to do this
in a handy way. This appendix will consist of four sections, in the first two sections
(B.1 and B.2) two generalized scripts used to make ensemble individuals are described.
In the third section, B.3, some extra explanation is given about the contents of these
scripts. Section B.4 contains a script with which the ensemble averages and the fits of
these averages are made. In the scripts, lines beginning with a #-sign are comment
lines. The exception on this rule is line 1 in which is defined that the script is written
in shell scripting language ‘csh’

B.1 Distributionscript

1 #!/ b in/ csh
2
3 #Import s e t t i n g s to use the command qsub . A command to submit
4 #job s to the queuing system .
5 source / usr / share / g r ideng ine / de f au l t /common/ s e t t i n g s . csh
6 #The argument g iven to D i s t r i b u t i o n s c r i p t i s used as an ID fo r the
7 #simu la t i on .
8 set s im id=$1
9
10 set c = beg
11 #While loop f o r d i f f e r e n t ensembles
12 while ( $c < end)
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13 #Parameter to change per ensemble
14 @ d = inc ∗ $c
15 set a = 1
16 #While loop f o r i n d i v i d u a l s o f one ensemble
17 while ( $a < 101)
18 #Submit Runscript wi th low p r i o r i t y to c l u s t e r nodes
19 #be long ing to TCM. The arguments o f Runscript conta in
20 #informat ion about the ensemble ( $d ) , the i n d i v i d u a l o f
21 #th i s ensemble ( $a ) and the s imu la t i on ID( $ s im id ) .
22 qsub −p −1023 −q ’∗@@tcmhosts ’ . / Runscr ipt $d $a $s im id
23 @ a++
24 end
25 #End wh i l e loop f o r i n d i v i d u a l s o f one ensemble
26 @ c++
27 end
28 #End wh i l e loop f o r the d i f f e r e n t ensembles

B.2 Runscript

1 #!/ b in/ csh
2
3 #These v a r i a b l e s are ob ta ined from D i s t r i b u t i o n s c r i p t and i n d i c a t e
4 #which ensemble ( d ) , which i n d i v i d u a l o f t h i s ensemble ( a ) and which
5 #simu la t i on ID are cons idered .
6 set d = $1
7 set a = $2
8 set s im id = $3
9
10 #Test whether the s imu la t i on a l r eady has been done .
11 #I f t h i s i s the case , e x i t the s c r i p t .
12 i f ( −e / pathproj /{ $s im id }/name{$d}/name{$d} {$a}/ f i n i s h e d ) then
13 exit
14 endif
15
16 #Create d i r e c t o r i e s in the s c ra t ch o f the c l u s t e r node .
17 #$JOB ID i s genera ted by the commando qsub in D i s t r i b u t i o n s c r i p t .
18 #User can be changed to your own username .
19 mkdir / sc ra t ch / user
20 mkdir / sc ra t ch / user /{$JOB ID}
21 mkdir / sc ra t ch / user /{$JOB ID}/ d i r {$d} {$a}
22 set d i r e = / sc ra t ch / user /{$JOB ID}/ d i r {$d} {$a}
23
24 #Enter t h i s d i r e c t o r y .
25 cd $d i r e
26
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27 #Create s t r u c t u r e f o r the program .
28 mkdir run
29 mkdir l i b
30 mkdir bin
31 mkdir s r c
32 mkdir bu i ld
33
34 #Copy source−, bu i l d− and i n p u t f i l e s from f o l d e r s o f the p r o j e c t .
35 cp / pathproj / s r c / s o u r c e f i l e s . / s r c
36 cp / pathproj / bu i ld / b u i l d f i l e s . / bu i ld
37 cp / pathproj / run/ i n p u t f i l e s . / run
38
39 #Copy con f i g u ra t i on s correspond ing with the ensemble i n d i v i d u a l s .
40 #The th ree d i f f e r e n t cases ( i f , e l s e i f and e l s e ) come from nomenclature
41 #of the con f i g u ra t i on s .
42 i f ( $a < 10) then
43 cp / pathproj / run/ c o n f i g s / conf \ \ $a run
44 else i f ( $a > 9 & $a<100 ) then
45 cp / pathproj / run/ c o n f i g s / conf \ $a run
46 else
47 cp / pathproj / run/ c o n f i g s / conf$a run
48 endif
49
50 #Change the genera l i n p u t f i l e in a s p e c i f i c i n p u t f i l e f o r t h i s ensemble .
51 #Each s t r i n g ’ cha ’ w i l l be r ep l a ced with ’ chato ’ and each s t r i n g
52 # ’ chb ’ w i l l be r ep l a ced with ’ chbto ’ .
53 cat i n p u t f i l e g e n e r a l | sed −e s /cha/ chato /g | sed −e s /chb/ chbto }/g

> i npu t f i l e n e ed ed
54
55 #Move i n p u t f i l e to c o r r e c t p l a ce .
56 mv inpu t f i l e n e ed ed run
57
58 #Compile
59 cd bu i ld
60 . / b u i l d f i l e s
61
62 #Enter d i r e c t o r y to run .
63 cd . . / run
64
65 #Run the used program with l owe s t p r i o r i t y
66 nice +19 . . / bin /program
67
68 #Create d i r e c t o r i e s in output f o l d e r s o f the p r o j e c t
69 mkdir / pathproj / output /{ $s im id }
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70 mkdir / pathproj / output /{ $s im id }/name{$d}
71 mkdir / pathproj / output /{ $s im id }/name{$d}/name{$d} {$a}
72
73 #Move the output to t h i s d i r e c t o r y .
74 mv ∗ / pathproj / output /{ $s im id }/name{$d}/name{$d} {$a}
75
76 #Create a f i l e f o r t e s t ( l i n e 12) purpose .
77 echo ” f i n ” > / pathproj / output /{ $s im id }/name( $d}/name{$d} {$a}/ f i n i s h e d
78
79 #Remove the f i l e s in the s c ra t ch o f the c l u s t e r node .
80 cd / sc ra t ch / user /
81 rm −r {$JOB ID}

B.3 Explanation

In section B.1 a script is shown that distributes (end-beg-1)1 ensembles of 100 ensemble
individuals over the cluster nodes belonging to the group Theory of Condensed Matter.
The actual distribution is done with the commando ‘qsub’ in line 22. This line is
reached (end-beg-1)×100 times and each time it is reached, it starts Runscript with a
different combination of ensemble number ($d) and individual ($a).

In section B.2 a script is shown to start the calculation of a specific ensemble in-
dividual. This is done in line 66. In the beginning of the script some environment is
created to start this calculation. The creation of a directory structure with the used
source- and input files in the scratch of the used cluster node is an important part of
this. In principal it is possible to run the programs directly from the path of the project
(pathproj). However, this makes it necessary to communicate continuously between the
cluster node and the host of the project when calculations are done. This significantly
slows down the speed of the calculations and could in the end lay down the whole
system of cluster nodes2, especially when you distribute a lot jobs at one time with the
help of a script like section B.1. It is a good habit to remove the used space of the
scratch of the cluster node after the calculations are finished and the output is moved
to the place where it belongs.

B.4 Datamanagement

With the scripts shown in sections B.1 and B.2, the data of ensemble individuals for
different ensembles can be created. If all these data are calculated, ensemble averages
can be taken. This can be done with the help of the script Datamanagement:

1 #!/ b in/ csh
2
3 set c = beg
4

1Where both end and beg are integers.
2Unfortunately, I can write with experience about this
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5 #Create o u t p u t f i l e wi th a header a t the f i r s t l i n e .
6 echo ”#Header o f the o u t p u t f i l e ” > o u t p u t f i l e
7
8 #While loop f o r the ensembles .
9 while ( $c < end)
10 #Enter the d i r e c t o r y correspond ing to the ensemble .
11 cd / pathproj / output / s im id
12 @ d = inc ∗ $c
13 cd name{$d}
14
15 #Make a d i r e c t o r y f o r the averages and copy an i n p u t f i l e to the re .
16 mkdir Av
17 cp / pathproj / run/Av . inp / pathproj / output / s im id /name{$d}/Av
18
19 set a = 1
20 #While loop f o r the i n d i v i d u a l s o f one ensemble .
21 while ( $a < 101)
22 #Move the o u t f i l e s o f the i n d i v i d u a l s to the d i r e c t o r y
23 #where the averages are taken .
24 cd name{$d} $a
25 mv o u t f i l e . . /Av
26 cd . .
27 @ a++
28 end
29 #End wh i l e loop f o r the i n d i v i d u a l s o f one ensemble
30 cd . .
31 mv name{$d} . .
32
33 #Adapt s o u r c e f i l e o f averag ing and compi le a f t e rward s .
34 cd / pathproj / s r c
35 cat Avnor . f90 | sed −e s /cha/ chato {$d}/g > Avn . f90
36 cd . . / b u i l d f i l e s
37 . / Avnbuild
38
39 #Enter d i r e c t o r y o f averages and adapt i n p u t f i l e .
40 cd / pathproj /name{$d}/Av
41 cat Av . inp | sed −e s /cha/ chato {$d}/g > Avm. inp
42 mv Avm. inp Av . inp
43
44 #Run program to average .
45 / pathproj / bin /Avn
46
47 #Copy and adapt s c r i p t to p l o t and f i t data ob ta ined
48 #with the averag ing .
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49 cp / pathproj /Avgen . p l o t . /
50 cat Avgen . p l o t | sed −e s /cha/ chato {$d}/g > Avspec . p l o t
51
52 #Run the p l o t s c r i p t and expor t the wanted data to the o u t p u t f i l e .
53 rm f i t . l o g
54 gnuplot Avspec . p l o t
55 grep −A3 ’ F ina l set of ’ f i t . l o g > dum
56 grep ’ f inda ’ dum > dum2
57 cat dum2 | sed −e s /” f inda ”/”$c”/g > dum
58 rm dum2
59 mv dum . . / . .
60 cd . . / . .
61 cat dum >> o u t p u t f i l e
62 rm dum
63 @ c++
64 end

This script makes the calculation of averages over the individuals for different en-
sembles possible. The actual averaging is done in line 44. This averaging could also
be done with a program like ‘awk’, however I was not aware of that fact at the time
I wrote these scripts. Therefore, I have written an external program to calculate the
averages. After the calculation of the average, a plot and a fit of an ensemble average
can be made. This is for example shown in figure 4.2. Plotting and fitting is done in
the lines 48 until 62. In line 61 for each ensemble the wanted value, written in the file
dum, is added to the output file.
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