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Chapter 1

Introduction
The beauty of a living thing is not the
atoms that go into it, but the way those
atoms are put together.
Carl Sagan [1]

While carbon-based crystals like graphite or diamonds have been of interest to humanity
since at least the 4th millennial BC, graphene, a single layer of carbon atoms ordered in a
two-dimensional honeycomb lattice, has a much younger history [2]. The first scientist who
unknowingly came into contact with this fascinating material was the British chemist Benjamin
Brodie (1817-1880). He created and analysed graphite oxide, an aggregate of several layers of
graphene with hydrogen and oxygen compounds, which he called carbonic acid [3]. It was not until
1962, when the chemist Hanns-Peter Boehm (born 1928) and the physicist Ulrich Hofmann (born
1931) were the first to observe single layers of graphite oxide. Approximately twenty years later,
they were also the first scientists to come up with the term graphene, a definition that is used to
this day [3, 4]. Boehm’s and Hofmann’s work on graphite oxide paved the way for a lot of research
conducted in the following decades, hoping to find admirable electrical properties [2]. However,
scientists of all fields struggled with the reduction of graphite oxide to mono-layer graphene, let
alone the creation of a single layer [2]. On top of that, theoretical physicists argued that graphene
could not exist due to the fact that two-dimensional crystals were thermodynamically unstable
[2, 5]. Nevertheless, in 2004 a paper [6] published by the Russian-born physicists Andre Geim
(born 1958) and Konstantin Novoselov (born 1974), showed that the experimental creation of
graphene was possible on top of non-crystalline substrates [5]. With a rather straightforward
approach, where they repeatedly peeled off layers of industrial graphite until they obtained a
single layer of graphene, they were also able to analyse its electrical properties for the first time
[2, 6]. Up to this point, most of the research conducted on graphene-like samples was purely
observational, but Geim and Novoselov were able to show that graphene exhibits some surprising
electronic properties [3, 6]. The most astonishing discovery was the fact that electrons could
travel thousands of interatomic distances without being scattered, even though the graphene layer
was analysed in suboptimal conditions (rough substrate, room temperature, polymer residue),
which implied that the electrons in this two-dimensional material were basically unaffected by the
non-homogeneous environment [3, 5, 6]. These completely counter-intuitive electronic properties
sparked a new interest in this material and the graphene ’gold rush’ was initiated [5]. Throughout
the last two decades the number of publications mentioning graphene has grown exponentially
and not only have new electronic properties been discovered, but also astonishing thermal, optical
and mechanical features came to light [2]. In 2010, Novoselov and Geim won the Nobel prize
’for ground breaking experiments regarding the two-dimensional material graphene’ [2]. The
scientific community hopes for many future applications of graphene like field effect devices (e.g.
transistors in computers and smartphones), sensors, solar/smart cells, energy storage devices,
composites – to name a few [2].
One way to analyse these remarkable electronic properties of mono-layer graphene are plas3
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monic excitations (or plasmons), which are collective oscillations of the charge density [7]. These
plasmons have some appealing properties, like their strong interaction with electromagnetic
radiation [7]. Especially in graphene, which has a high carrier mobility and variable charge
density, plasmonic excitations with unusual properties can be found [7]. Plasmons have already
been investigated for a long time in metals, but due to the strong energy loss of free moving
electrons in metals, it is very difficult to control these charge density oscillations [7]. This is
different for graphene, where plasmons can easily be tuned with different environments (e.g.
substrates) [7, 8]. Furthermore, unlike plasmons in metals, graphene plasmons exhibit a strong
energy confinement [8]. These are strong indicators why graphene plasmonics could find a large
number of applications in fields like photonics, optoelectronics, molecular/biological sensing or
light detection [8].
Based on the definition of plasmonic excitations, it is not surprising that they highly depend on
the Coulomb interaction between electrons. In solid state physics it is sometimes common practice
to only regard atom-atom and electron-atom interaction, but this can lead to quantitatively
unjustifiable systems [9]. The electron-electron interaction, especially in two-dimensional materials
like graphene, can be very strong and should not be neglected [10]. This so-called screened
Coulomb interaction has been studied to a large extent. However, research examining the effects
of the environment (dielectric screening) on the screened Coulomb interaction is still in its early
developments [10].
It is our goal to investigate the influence of dielectric screening on the plasmonic excitations of
graphene. A two-dimensional substrate which has been of interest in the last years is hexagonal
boron nitride (h-BN), which due to its structural similarity to graphene, is expected to generate
less disorder compared to other substrates (like silicon dioxide) [11]. The effect of environmental
screening has been done to some extent in momentum-space, which can have computational
advantages [12, 13]. However, as we are interested in analysing plasmonic excitations and
displaying them on a graphene lattice in Cartesian coordinates, it can be beneficial to work in realspace [14, 15]. Research addressing the dielectric screening of the environment in two-dimensional
materials and analysing the resulting plasmonic excitations in real space has only been done to a
small extent [15, 16] and will be the main goal of this thesis.
We will start by introducing the theoretical background (see section 2.2) of two important
quantities for the derivation of the dielectric function (see section 2.2.2): the tight binding
Hamiltonian (section 2.1.2) and the screened Coulomb matrix (see 2.2.1). These concepts will
be applied to some extent to a simple square lattice (see 3.1). We will then use high-quality ab
initio calculations based on the constrained random-phase approximation (cRPA) to create a
model which describes the screened coulomb interaction in mono-layer graphene (see section 3.2).
This model can in turn be applied to derive the dielectric function in graphene, which will be
the basis of describing real-space plasmonic excitations. Using the model found for free-standing
graphene, we can analyse the effect of dielectric screening from the environment by comparing
various approaches with the ab initio data for h-BN (see section 3.2.3). Once again it is our goal
to find a suitable model which represents the Coulomb interaction within mono-layer graphene
and to describe plasmonic excitations within this surface. Last but not least, the effect of different
dielectric environments will be examined to investigate the effect of environmental screening on
the plasmon frequencies.

4

Chapter 2

Theory
2.1
2.1.1

Tight Binding Theory
Energy Band Structure

An important concept in quantum mechanics and solid state physics is the band structure of solids.
All atoms have a particular electron configuration, which characterises its quantum mechanical
and electronic properties. Sodium (Na), for instance, has atomic number Z = 11 and therefore
eleven electrons [17]. Four of these electrons fill the 1s and the 2s shell, six more fill the 2p
shell and one electron occupies the 3s shell. The 1s, 2s and 2p shells are closed whereas the last
electron in the 3s configuration is a valence electron, which is responsible for bonding to other
atoms or molecules. Another important group of electrons are the conduction electrons (in the
case of Na this is the 3s electron), which are responsible for the conductivity of a solid.

Figure 2.1: Sketch of the band structure of a lattice at atomic energy level E and interatomic
distance R [17] (image source: Quinn and Yi [17]).
Let us now consider two Sodium atoms separated by some distance R. If these atoms are
brought closer together, they start experiencing the Coulomb potential from the other Sodium
atom [17]. The Coulomb potentials of the two atoms start to overlap and the electrons in Na begin
experiencing both potentials. As a consequence, the electron energy levels become degenerate,
meaning that one energy level corresponds to several quantum mechanical states of this electron.
This is an important effect in solids, where several atoms are packed closely to each other and
form a lattice. If the nearest neighbour distance in these solids is decreased, the energy levels
start to broaden and create energy bands, which can create an overlap (see figure 2.1) [17]. The
valence electrons and the conduction electrons in a solid form the so-called valence and conduction
bands. These bands represent the range of energy levels that electrons can occupy and ultimately
determine with what kind of crystals we are dealing with (e.g. metals, semiconductors, insulators).
In metals the conduction and valence bands overlap, while in semiconductors and insulators there
are gaps between these bands. These overlaps and gaps define the electrical properties of these
solids.

5
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2.1.2

Tight Binding Model

There are several methods to analyse energy bands in crystal structures. The two most well-known
approximation methods are the tight binding model and the free electron model. The first model
assumes that electrons have a rather strong bond to the ion core whereas the latter works with
weakly bound electrons which do not experience a strong Coulomb repulsion (e.g. metals) [17]. In
other words, the tight binding theory assumes that there is a strong periodic Coulomb potential
which is an ideal model to describe covalently bound crystals, as the electrons in these solids
experience a strong coupling [18, 19]. Furthermore, the tight binding approximation can be used
to describe the band structure of the lower shells too, because those electrons are tightly bound
to the core [20]. It is important to point out that the free electron and the tight binding model
are approximations and both of them can lead to good results for the band structure of a system
if all contributing factors are considered [19]. In this thesis we will be working with the tight
binding approximation.
Suppose we have an atom with Coulomb potential Va (r) and a single valence electron (e.g.
Sodium). The Schrödinger equation can then be written as [17]


~2 2
∇ + Va (r) − Ea φ(r) = 0,
−
(2.1)
2m
where ~ is the reduced Planck constant, m the mass of the atom, ∇ the del-operator, Ea the
atomic energy level and φ(r) the wave function of the electron with r representing the position of
the electron relative to the core. If we are now dealing with a crystal in the tight binding theory,
the Coulomb potential of each atom in the lattice overlaps with the potential of neighbouring
atoms [17]. In the tight binding approximation we assume that only the nearest neighbours
located at some point Rj contribute to this Coulomb potential. Due to the periodicity the
energy of these neighbours can be assumed to be Ea and the wave function can be written as
φ(r − Rj ) [17]. Taking several of these points in a crystal lattice will create a linear combination1 .
Furthermore from Bloch’s theorem2 it follows that [17]
1 X ik·r
ψk (r) = √
e φ (r − Rj )
N j
(2.3)
ψk (r + Rn ) = eik·Rn ψk (r).
For the Band structure we have to find the energy of the state ψk (r) with Hamiltonian H, which
in Dirac notation can be written as [17]
Ek =

hψk |H| ψk i
.
hψk | ψk i

(2.4)

The Hamiltonian is defined as the sum of the Coulomb potential and the kinetic energy of the
electron [21]. From equation 2.3 it follows that [22]
1 X X ik·(Rj −Rm )
hψk |H| ψk i =
e
hφm |H| φj i ,
(2.5)
N
m
j

1

In some textbooks the tight binding method is sometimes referred to as the linear combination of atomic
orbitals (LCAO) [20].
2
Bloch’s theorem states that a crystal with periodic boundary conditions meets the following condition:
ψ(r) = eik·r uk (r),

(2.2)

where uk (r) = uk (r + a) is a periodic function (with periodicity a) and k is the wave vector in momentum space
[17].
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where φm ≡ φ(r − Rm ) and φj ≡ φ(r − Rj ). By defining a new variable ρm = Rm − Rj , we can
rewrite equation 2.5 as [22]
Z
X
ik·ρm
hψk |H| ψk i =
e
d3 r φ∗ (r − ρm )Hφ(r).
(2.6)
m

In many cases only the nearest neighbours at a distance ρ and the on-site interaction has to be
considered such that most integrals in equation 2.6 can be neglected, which implies that [22]
(2.7)

hψk | ψk i = 1,
and

Z
hψk |H| ψk i =

Z

∗

3

d3 r φ∗ (r − ρ)Hφ(r)

d r φ (r)Hφ(r) +

X

expik·ρm .

(2.8)

m

The energy of the state ψk (r) given in equation 2.4 can now be written as
X
expik·ρm ,
Ek = −α − γ

(2.9)

m

where α and γ are defined as [22]
Z
α=−
Z
γ=−

d3 r φ∗ (r)Hφ(r)
3

(2.10)

∗

d r φ (r − ρ)Hφ(r).

The band structure is now given by the energy Ek and the distance ρm = Rm − Rj between
two atoms. One can for instance easily determine the maximum and minimum value to find a
bandwidth for Ek [17].

2.1.3

Tight Binding Model in the Second Quantisation Representation

Solid state physics often deals with many-body systems composed of interacting particles. The
second quantisation method, originally designed by the English physicist Paul Dirac (1902 1984), offers an alternative to the Schrödinger formulation used in section 2.1.2 [23]. In the
second quantisation the wave functions of the particles can be written in terms of the so-called
annihilation and creation operators, which simplify the expression for the Hamiltonian. In our
case it is convenient to define the following annihilation and creation operators respectively and
their inverse [17]
1 X
1 X
0
0
ck eik·Rn ⇐⇒ ck = √
cn e−ik·Rn
cn = √
N k
N n
(2.11)
1 X † −ik·R0n
1 X
0
c†n = √
ck e
⇐⇒ c†k = √
cn eik·Rn .
N k
N n
The operator cn annihilates and c†n creates electrons at site R0n . The kinetic energy of a system
of electrons can then be written as [17]
X
0
0
1 X X †
K=
k c†k ck =
k
cn cm eik·(Rn −Rm )
N
n,m
k
k
(2.12)
X
1 X
ik·(R0n −R0m )
†
=
Tn,m cn cm where Tn,m ≡
k e
.
N
n,m
k

7
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k is the kinetic energy of a single electron with wave vector k. The periodic potential can be
written as a Fourier series of the form [17]
X
V (r) =
VK eiK·r ,
(2.13)
K

where the sum over all wave vectors K form a lattice in reciprocal space. Note that this can
only be done if the potential is periodic at each lattice point [17]. The potential energy of the
electrons is then given by the relation [17]
X
X
1 X
0
0
c†n ei(k+K)·Rm cm e−ik·Rm
U=
VK c†k+K ck =
VK
N
n,m
k,K
k,K
"
#
1 X X ik·(R0n −R0m )
0
=
VK eiK·Rn n†n cm
e
N
K,n,m
k
(2.14)
{z
}
|
=N ·δnm

=

XX
n

0
VK eiK·Rn c†n cn

=

X
n

K

|

V (R0n )c†n cn

{z

≡V (R0n )

}

Combining equations 2.12 and 2.14 the Hamiltonian H = K + U can then be written as [17]
X
X
H=
Tn,m c†n cm +
V (R0n )c†n cn .
(2.15)
n,m

n

The first term in equation 2.15, i.e. the kinetic energy, represents the tight binding Hamiltonian,
with so-called hopping parameters Tn,m , which describe the amplitude of a electron hopping from
site m to site n [17]. If, for instance, we are dealing with a square lattice and periodic boundary
conditions where only nearest neighbour hopping has to be considered, we will obtain a matrix
with four elements for Tn,m on each row, as each site has four nearest neighbours. Note that we
can often make an approximation such that these hopping parameters are assumed to be constant
for the entire lattice, i.e. Tn,m = t can be taken out of the sum [9].
The second term in equation 2.15 can be interpreted as the atomic potential at site R0n (see
equation 2.13). In many cases it is already possible to obtain a good approximation/model for a
crystal if the on-site potential is neglected and only nearest neighbour interactions are considered
[9]. In this case the Hamiltonian reduces to [14]
X
H=t
c†n cm .
(2.16)
n,m

With this Hamiltonian and a Coulomb interaction model, it will be possible to analyse the band
structure and find the electrical properties of a solid.

2.1.4

Density of States

The density of states (DOS) is an important concept from statistical mechanics used to analyse
the electronic structure of solids and has therefore become an essential concept in solid state
physics. In statistical mechanics the DOS is defined as the total number of states per unit volume
[17]. For a system with n ∈ Z particles, the density of states is given by the relation
X
D(E) =
δ(E − Ei ),
(2.17)
i

8
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where Ei are the energy eigenstates and δ is the Dirac delta function3 [22]. For instance, take
E = 0, then the DOS D(0) shows how many states can be occupied by electrons for the given
energy. The energy eigenstates are the eigenvalues of the tight-binding Hamiltonian (see equations
2.15 and 2.16), which satisfy the time-independent Schrödinger equation
(2.19)

Hψi = Ei ψi ,

with H being the Hamiltonian, Ei the on-site energy and ψi the atomic wave function [21]. In
solids with a large number of atoms or molecules the DOS can be taken as continuous, such that
it can be represented with a probability density function [22].
From a computational point of view implementing equation 2.17 is problematic since the
Dirac delta function is not finite for E = Ei . However, the Dirac delta function is normalised
(see equation 2.18), which means that we can use a density function to determine the DOS [21].
For this particular problem, the so-called kernel density estimation (KDE) can be used, which is
defined as


n
1 X
E − Ei
ˆ
fh (E) =
,
(2.20)
K
nh
h
i=1

where K is an arbitrary distribution function and h the smoothing parameter [24]. The standard
normal (or Gaussian) distribution function ϕ can be used as a function for K, such that


n
E − Ei
1 X
ˆ
ϕ
,
(2.21)
fh (E) =
nh
h
i=1

where ϕ is defined as [25]

1 −x2
ϕ(x) = √ e 2 .
(2.22)
2π
The smoothing parameter h can adjust the bandwidth to ’flatten’ the function D(E) [24]. It is
important to point out that the KDE function is normalised, i.e.
Z ∞
fˆh (E) = 1.
(2.23)
−∞

and can therefore be used to express the DOS.

2.2

Description of Plasmonic Excitations

A plasmon is defined as a collective oscillation of electrons in (two-dimensional) materials [7],
which has been an important concept in metallic materials for a long time. In recent years,
especially since the discovery of graphene by Novoselov [6], the so-called surface plasmons have
conquered the field of two-dimensional materials. Surface plasmons are evidently defined as
collective oscillations of electron charges throughout the two-dimensional material. Plasmons
within materials can lose a lot of energy over a short distance, whereas surface plasmons can
propagate long distances before decaying [7]. What makes plasmons very interesting is that on
top of their interaction with electrons, they also interact with photons and phonons4 [7].
3

(
∞
δ(x) =
0
4

for
for

x=0
x 6= 0

Z

∞

with

δ(x) dx = 1
−∞

Phonons are collective oscillations of atoms arranged in a solid, i.e. lattice vibrations [20]

9
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2.2.1

Screened Coulomb Interaction

In section 2.1.3 we mentioned that the Coulomb interaction between electrons can often be
neglected, but there are good reasons why this should not be done. In general it can be said that
many phenomena are still visible when disregarding the Coulomb interaction [20]. Nevertheless,
the interaction between electrons is still a significant force, and can lead to new or modified
electrical properties [20].
Taking the tight binding Hamiltonian H from section 2.1.3 (see equation 2.16) we now
introduce a second interaction matrix, which takes electron-electron interaction into account. The
potential acting between two electrons r and r0 can be written as [9]
u(r, r0 ) =

1
e2
,
4π0 |r − r0 |

(2.24)

where e is the elementary charge of an electron and 0 the permittivity of free space such that
the total Hamiltonian for a lattice can be written as
X
Htot = H + V = H +
u(ri , rj ),
(2.25)
i,j

where H represents the tight binding matrix given in equation 2.16 [9] and ri , rj are the locations
of the electrons in real space. V is the bare coulomb interaction, which just like the tight-binding
Hamiltonian can be written in matrix form. The bare Coulomb interaction is related to the
screened Coulomb interaction W in the following way [26, 27]
Z
0
W (r, r , ω) =
dr00 −1 (r, r00 , ω)V (r00 , r0 ),
(2.26)
where ω is the frequency and −1 is the inverse of the dielectric function5 , which can be written as
Z
00
00
(r, r , ω) = δ(r − r ) −
dxV (r, x)Π(x, r00 , ω).
(2.27)
Here Π(x, r00 , ω) denotes the polarisability matrix. The polarisability refers to a quantity, which
describes the tendency of dielectric materials creating dipole moments [17]. In other words,
the polarisation is defined as the electric dipole moment per unit volume (or per unit area for
two-dimensional materials) [17]. We will not discuss the polarisability matrix in this thesis in
detail, however it can formally be defined as [14]
X
Π(r00 , r0 , ω) = 2 lim
G(i, j, ω)ψj† (r00 )ψi (r00 )ψi† (r0 )ψj (r0 ),
(2.28)
η→0+

i,j

where ψ are energy eigenstates and G(i, j, ω) is a function, which reads as follows
G(i, j, ω) ≡

ni − nj
.
Ei − Ej − ~ (ω + iη)

(2.29)

Here E refers to energy eigenvalues and ni ≡ n(Ei ) denotes the occupation of the ith state. The
factor η is a damping factor, which will be analysed in appendix A.
5

Unlike conductors, a material where electrons can move around freely without being associated with a nucleus,
dielectrics are materials where all charges are bound to the corresponding atoms [28].

10

CHAPTER 2. THEORY
Inserting equation 2.26 into 2.27 we can see that [15]
Z
V (r00 , r0 )
R
W (r, r0 , ω) =
dr00
,
δ(r − r00 ) − dxV (r, x)Π(x, r00 , ω)

(2.30)

As we are going to be working with two-dimensional materials and analysing the influence of
a dielectric environment, we will split the polarisability matrix into two components. The first
term Π0 will correspond to the screening effects of all orbitals, except the pz orbital [15]. In other
words, Π0 will describe the screening caused within the two-dimensional material, i.e. ω = 0. The
second term Πpz accounts for the pz orbital only, such that [15]
Π(x, r00 , ω) = Π0 (x, r00 ) + Πpz (x, r00 , ω).
Inserting equation 2.31 into equation 2.30 yields [15]
Z
V (r00 , r0 )
0
R
W (r, r , ω) =
dr00
δ(r − r00 ) − dxV (r, x) [Π0 (x, r00 ) + Πpz (x, r00 , ω)]

(2.31)

(2.32)

Using matrix notation for V , Πpz (ω) and Π0 equation 2.32 can be rewritten as follows
V
1 − V [Π0 + Πpz (ω)]
U
V
=
with U =
,
1 − U Πpz (ω)
1 − V Π0

W (ω) =

(2.33)

where 1 is the identity matrix [15]. U is the background screened Coulomb interaction and is
ω-independent, which follows from the fact that Π0 and V are ω-independent. Using the same
matrix notation as in equation 2.33 the dielectric matrix can be written as [15, 29]
(ω) = 1 − U · Π(ω).

(2.34)

Given equation 2.15, the total Hamiltonian now assumes the form
H=

X

Ti,j c†i cj +

i,j

1X
Ui,j ni nj ,
2

(2.35)

i,j

where ni = c†i ci is the pz atomic orbital annihilation operator and nj = c†j cj the creation operator
[15]. Note that the Coulomb interaction is written in matrix form, such that Ui,j denotes the
interaction between sites i and j. If the hopping parameter is assumed to be constant, the
Hamiltonian in equation 2.35 can be further reduced to [12]
H=t

X

c†i cj +

i,j

1X
Ui,j ni nj .
2

(2.36)

i,j

Equation 2.35 and 2.36 are many-body Hamiltonians which take both electron-electron interaction
and dielectric screening into consideration.
We can now use Ui,j to describe plasmonic excitations, but we must find an appropriate model
for it. Looking at the classical Coulomb model (see equation 2.24) we can see that the point
charge e is a constant value, which implies that V (r) ∝ 1/r. This means that even electrons
far from each other will be influenced by this potential [30]. Therefore, electronic properties of
crystal structures can be extremely dependent on their environment [31]. This especially holds
11
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Figure 2.2: Three-dimensional material consisting of several layers with thickness h and dielectric
constant 1 . The variables 2 and 3 are the dielectric constants of the slab between the layers.
The dashed lines correspond to the electric field created by the two charges qa and qb [12] (image
source: Rösner et al. [12]).
for two-dimensional lattices, as due to their thin structure, they can be very sensitive to the
surrounding medium. In order to find an appropriate description of the electrical properties, it is
important to find a realistic Coulomb matrix [30].
Suppose one is dealing with a three-dimensional material with several identical layers which
all have the same dielectric constant 1 (see figure 2.2) [12]. The space between these layers is
either filled with another dielectric material with constants 2 and 3 or simply empty space such
that 2 = 3 = 1 eV. Let h be the thickness of one layer and z the distance from the origin, such
that that the dielectric materials can be written as (see figure 2.2)


if z > h2
2
(z) = 1
(2.37)
if − h2 < z < h2 .


h
3
if z < − 2
Throughout the history of physics, starting with the French physicist Charles-Augustin de
Coulomb (1736-1806), many different models have been proposed to properly represent the
Coulomb interaction in real space. Some of them did not form proper divergence for in-plane
separation at r → 0 and others did not account for the surrounding environment in a correct way
[31]. In order to account for these effects, it is possible to use the following model [31]
∞

X
e2
U (r, r ) ≡ U (r) =
+2
1 r
00

e2 Ln Ln
q 12 13
2
n=1 1 r 2 + (2nh)

with L1n

∞
X

e2 Ln12 Ln13
q
2
n=0 1 r 2 + ((2n + 1) h)
1 − n
=
,
1 + n

+ (L12 + L13 )

(2.38)

where r = ||r − r00 || is the absolute distance. The first term represents the classical Coulomb
interaction which is proportional to 1/r, whereas the second and the third terms take the
environmental screening with 2 and 3 into account [31]. Nevertheless, ab initio data has shown
12
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that the on-site potential, where r → 0, does in fact not diverge [32]. This can be corrected with
the Ohno potential fit, where
p
ρ = r2 + δ 2
(2.39)
replaces r in equation 2.38 [32]. δ > 0 is a constant which can be fitted such that the on-site
potential (r → 0) can be displayed with the screened Coulomb interaction U (ρ). In other words,
U (ρ → 0) will not diverge.

2.2.2

Plasmonic Excitations

Plasmons can be examined by analysing the collective energy loss of electrons, which occurs when
plasmonic excitations arise [7]. This method is known as the electron energy loss spectroscopy
(EELS), which can be derived from the dielectric function (see equation 2.34). The dielectric
function itself can be calculated with the polarisability matrix and the Coulomb interaction matrix.
The latter of these matrices will be determined with the use of data derived from first principles
(ab initio data). This data will be created with the constrained random-phase approximation6 .
This data will be used to find suitable parameters for the screened Coulomb interaction U (r) (see
equation 2.38), such that a continuous model can be derived. From this model we can create
an interaction matrix Ui,j , such that together with the tight-binding Hamiltonian (see equation
2.36), the dielectric matrix can be found with the random-phase approximation (RPA).
The dielectric function can be diagonalised to find eigenvalues and eigenvectors, i.e. [15]
 X
 r, r0 , ω =
n (ω) |φn (ω)i hφn (ω)| ,
(2.40)
n

where n (ω) are the eigenvalues/eigenenergies and |φn (ω)i = φn (r, r0 , ω) are their corresponding
eigenmodes. The full EELS can be determined by finding the leading eigenvalue 1 (ω). In that
case the EELS can be written as


1
EELS(ω) = −Im
,
(2.41)
1 (ω)
or equivalently


EELS(ω) = max −Im



1
n (ω)


.

(2.42)

Mathematically, plasmons are defined as the eigenmodes φn (r, r0 , ω) corresponding to the frequencies, where
1 (ω) = 0.
(2.43)
We can immediately see why the EELS is a useful tool to find plasmons, as the peaks/maxima
of the EELS correspond to 1 (ω) → 0. Nevertheless, these plasmon frequencies can also be
found when determining the frequency at which Re(1 (ω)) = 0. The eigenmodes, which are the
eigenvectors found during the diagonalisation of the dielectric matrix, represent the plasmons,
which can now be portrayed in real-space.
6

The random-phase approximation (RPA, also referred to as the ’dynamical Lindhard approximation’) assumes
that electrons only respond to the total potential. As a consequence the exchange-correlation contribution is
neglected and the polarisability and dielectric function depend on the variables r, r0 and ω [18]. The constrained
random-phase approximation (cRPA) refers to the RPA where excitations between certain low-energy bands are
neglected [33]. That way we can investigate the effect of dielectric screening of substrates before applying the
RPA. For more details on the RPA see chapters 15.7 and 15.8 in Girvin and Yang [18].
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To summarise, we first determine the matrix elements of the tight-binding Hamiltonian (see
equations 2.15 and 2.16), which we will denote as Htb . Combining this matrix with a specified
frequency range, we can determine the polarisability matrix Π(ω) (see equation 2.28). At the same
time we can make use of first principle calculations to derive the ab initio data. From this data
we can fit the parameters for a continuous screened Coulomb potential U (r) (see equation 2.38),
which in turn can be converted to a Coulomb interaction matrix Ui,j . The dielectric function
(ω) (see equation 2.34) can then be determined with the RPA from the Coulomb interaction
matrix elements Ui,j and the polarisability Π(ω). Schematically this can be written as follows:
(Htb , ω)

)

⇒ Π(ω)

cRPA ⇒ ab initio data ⇒ U (r) ⇒ Ui,j

14

(Π(ω), Ui,j ) ⇒ RPA ⇒ (ω)

(2.44)

Chapter 3

Implementation and Results
3.1

Square Lattice

Lattice Structure and DOS
The square lattice is a relatively simple system which can help understand concepts and check
algorithms before jumping to more complex systems and substrates. In two dimensions the square
lattice can be constructed with two lattice vectors ~a and ~b, such that
R = m~a + n~b for n, m ∈ Z,

(3.1)

is a well-defined point (see figure 3.1). The area highlighted in red is the so-called Wigner-Seitz
cell, a primitive unit cell with one lattice point [19]. In other words, the entire square lattice
can be constructed with one constant a = ||~a|| = ||~b|| = 2.46 Å. We will consider only nearest
neighbour hopping, such that we can use the Hamiltonian from equation 2.16 with hopping
parameter t = 2.7 eV. For a 20 × 20 periodic square lattice, the Hamiltonian consists of 400 rows
and 400 columns with four hopping parameters per row. All other elements are zero.

Figure 3.1: Structure of a 4 × 4 square lattice, where ~a and ~b are lattice constants. The highlighted
area is the Wigner-Seitz cell [19].
The eigenvalues of this matrix can be used to plot the DOS (see equation 2.19), which is
shown in figure 3.2 (see figure B.1 in appendix B for the DOS of a non-periodic 20 × 20 square
lattice). The histogram in yellow shows the cumulative number of states that are occupied by the
system within a certain energy range. The three lines show the probability of an electron having
a certain eigenenergy using different smoothing parameters. Using a parameter which is too large
will result in an obscured plot, such that peaks are flattened and the eigenstates are not localised
(see green line in figure 3.2). Using a parameter which is too small will result in an distorted plot
(see red line in figure 3.2). In this case the eigenstates are assumed to be very localised, which
15
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can make it very difficult to interpret the plot for the DOS. For the DOS of the 20 × 20 square
lattice it seems like a smoothing parameter of h = 0.5 is a suitable choice.

DOS of a periodic 20x20 Square Lattice
35

KDE with h = 0.25
KDE with h = 0.5
KDE with h = 1

Hist. of DOS with n=61
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0
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Histogram of DOS
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0
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Figure 3.2: Density of states of a 20 × 20 periodic square lattice with different smoothing
parameters h. The left axis shows the cumulative number of eigenstates E within the total range
[Emin , Emax ] divided over a certain number of bins (here n = 61 bins), whereas the right axis
corresponds to the KDE of the DOS (see section 2.1.4).
Description of Plasmonic Excitations
The Coulomb interaction matrix for the square lattice is given by the classical potential (see
equation 2.24). From the tight binding Hamiltonian it is possible to derive the polarisability
matrix Π with the random phase approximation [14]. The polarisability combined with the
Coulomb interaction defines the dielectric function, with which we can determine the EELS and
the plasmon eigenmodes. In figure 3.3a we can see the EELS of a 20 × 20 square lattice and
figure 3.3b shows the corresponding eigenmodes to three of the peaks in the EELS. The coefficient
d is a damping factor, which can be tuned to obtain better plots for the EELS (see appendix
A for more details on the damping factor). The peaks in the spectrum correspond to plasmon
frequencies [14].
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Figure 3.3: (a) EELS of the 20 × 20 periodic square lattice with a damping factor of d = 0.001 eV.
(b) Three different plasmon eigenmodes for the frequencies ~ω1 = 5.7eV, ~ω2 = 13.4eV, ~ω3 =
17.2eV. The x- and y-axis denote a lattice point in the 20 × 20 periodic square lattice and the
colour-bar denotes the charge of the plasmonic excitations (blue: negative, red: positive).

3.2
3.2.1

Mono-Layer Graphene
Lattice Structure and DOS

As mentioned in the previous section (see section 3.1), a two-dimensional square lattice is a
relatively simple system. This is different for Graphene, which exhibits a honeycomb structure
[34]. This structure cannot be described with primitive unit cells, which can only contain one
lattice point [19]. It is therefore necessary to define a sub-lattice, such that each (non-primitive)
unit cell has two lattice points (see red highlighted area in figure 3.4a). The blue vectors ~a and ~b
in figure 3.4a are the lattice constants between two unit cells, whereas the vector ~c = 13 ~a + 23~b
is the translation between the two sub-lattices (blue and red dots). Note that the unit cell can
be constructed differently (e.g. connecting the dots B1 , B5 , B8 , B4 ), which will result in an
equivalent definition of the lattice [19]. In figure 3.4b we can see how this looks like for a small
system with n = 366 lattice points. The density of states of this graphene lattice is given in figure
3.5, where we can see why graphene is referred to as a zero-gap semiconductor (also referred to as
gap-less semiconductor or semimetal) [35]. Normally semiconductors, like silicon, show a band
gap around the Fermi energy and metals do not possess a gap, i.e. the DOS assumes finite values
at Fermi energy [35].
17
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(a)

(b)

Figure 3.4: (a) Structure of a graphene honeycomb lattice, where ~a, ~b are unit vectors (blue)
between non-primitive unit cells (red highlighted area) and the red vectors denote the transformation vectors between the unit cells and the corresponding sub-lattice (red and blue dots Ai ,
Bi ) [19]. (b) Graphene lattice in a snowflake-like shape with one red and one blue dot forming
one unit cell. All red (or blue) dots form a sub-lattice.
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DOS of a Non-Periodic Graphene Snowflake Lattice
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Figure 3.5: Density of states of a non-periodic graphene snowflake with smoothing parameters
h = 0.1 and a total of 1626 lattice points. The left axis shows the cumulative number of eigenstates
E within the total range [Emin , Emax ] divided over a certain number of bins (here n = 60 bins),
whereas the right axis corresponds to the KDE of the DOS.
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3.2.2

Free-Standing Graphene

Coulomb Interaction
The Coulomb interaction in mono-layer graphene can be determined using ab initio cRPA
calculations. This has been done for a rhombus-shaped graphene lattice with unit cell constant
a = 2.468 032 Å and periodic boundary conditions. In figure 3.6a we can see the ab initio data for
the Coulomb interaction between all lattice points. The Coulomb elements from the ab initio data
grow as r increases, which is a consequence of periodic boundary conditions. These boundary
conditions imply that two points on opposite sides of the lattice are treated as nearest neighbours,
which creates a vertical symmetry (see figure 3.6a). As we will be fitting this data to the model
given in equation 2.38 for distances smaller than 10 Å, the boundary conditions and the shape
of the lattice should not have a big impact on the Coulomb interaction and can therefore be
neglected. The blue dots in figure 3.6a denote the interaction between the initial points of the
unit cells (A-A) and the blue dots the interaction between the two sub-lattices (see blue and red
points in figure 3.4a).
The cyan line in figure 3.6b shows the classical Coulomb interaction given in equation 2.24 and
we can immediately see why the classical model is not suitable to describe mono-layer graphene.
The nearest neighbour interaction is overestimated in the classical model. By fitting the cRPA
data to the function U (r) given in equation 2.38, we will obtain the purple line shown in figure
3.6b. The ab initio data for r < 10 Å is shown in green. We can see that this function fits the
data points incredibly well, including the nearest neighbour interaction and the on-site interaction.
This Coulomb model is therefore suitable to determine the dielectric function for a non-periodic
snowflake lattice via the RPA. For a thickness1 d = 3.35 Å we were able to find the following
values for δ and 1 :
δ = 0.709 016 44 Å and 1 = 2.57524703
(3.2)

Coulomb Interaction

Ab Initio Calculations for the Coulomb Interaction
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Figure 3.6: (a) Coulomb interaction in free-standing graphene, where the red and blue dots
represent the ab initio data of the two sub-lattices. (b) The green dots are the ab initio data for
r < 10 Å, the purple line is the screened Coulomb potential given in equation 2.38 fitted to the
ab initio data and and the cyan line is the classical Coulomb interaction (see equation 2.24).
1

With thickness we define the distance between the layers 2 and 3 , which in the case of free-standing graphene
are 2 = 3 = 0 = 1 eV
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Description of Plasmonic Excitations
The total energy loss function of the electrons is shown in figure A.1 (see appendix A) for a
large frequency-range of ω ∈ [0, 5] eV. We will now analyse the lower frequencies, especially the
infrared spectrum and the low frequency visible spectrum (red light), i.e. a frequency-range of
ω ∈ [0, 2] eV [36], because the plasmonic excitations where we have extremely localised surface
charge density oscillations, are expected to be within this range. In section 2.2.2 we mentioned
that the dielectric function (ω) (see equation 2.34) equals zero if it corresponds to a plasmon
frequency. A way to find plasmon frequencies is to determine the EELS and find its maxima. On
top of that the dielectric function corresponding to these maxima must fulfil the condition [14]
Re((ω)) = 0 and Re((ω1 )) < Re((ω2 )) for ω1 < ω < ω2 .

(3.3)

In other words the dielectric function of a plasmon frequency has a real part which both equals
zero and is increasing [14]. In figure 3.7a we can see the real part of the dielectric function as a
blue dotted line and the EELS as a green line. The red vertical line denotes the frequency where
the blue line fulfils the conditions given in equation 3.3. We can see that the peak of the EELS
can be found at approximately the same height as the vertical line, which is a strong indicator
that we are dealing with a plasmonic excitation. The plasmon frequency is ~ω = 0.8157 eV and
the eigenmode corresponding to this frequency is shown in figure 3.7b. We are dealing with a
total of 1626 lattice points, which means that the length of the hexagon is approximately 40 Å.

EELS for FSG with d = 0.001
EELS
Re( )

0.6

40
30

1(

)]

0.2

20

0.0

-Im[

Re[ ( )]

0.4

0.2

10

0.4
0.6

0
0.790 0.795 0.800 0.805 0.810 0.815 0.820 0.825 0.830
[eV]

(a)

(b)

Figure 3.7: (a) Real (blue dots) and the imaginary (green line) part of the EELS with a vertical red
line indicating the plasmonic excitation. (b) Eigenmode corresponding to the plasmon frequency
in figure 3.7a

3.2.3

Graphene Embedded in Hexagonal Boron Nitride

Coulomb Interaction
Hexagonal boron nitride (h-BN) has the same lattice structure as graphene and very similar
lattice constants, which makes it a very interesting choice as a dielectric layer embedding graphene
[11, 37]. Research has shown that h-BN is a great substrate when it comes to retaining the
electrical properties of graphene [37]. Hexagonal boron nitride is an insulator, which implies that
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it has a larger band gap than free-standing graphene [37]. If graphene is embedded in h-BN, the
band gap of graphene will become larger and the Coulomb repulsion will increase [37], i.e. the
total screened Coulomb interaction U (r) (see equation 2.38) is expected to decrease (see ab initio
points in figure 3.8a). Ideally we can use the parameters from the free-standing model given in
equation 3.2 to fit the screened Coulomb interaction to the ab initio data for graphene embedded
in h-BN. This should be possible because all we change is the environment, i.e. 2 and 3 , but
all other parameters should be unaffected by this. The parameters δ, 1 and d are expected to
depend on the properties of free-standing graphene. However, we can see in figure 3.8a (blue line)
that there appears to be an overestimation of the on-site potential and the Coulomb interaction
decreases too quickly for increasing distances. By fitting different parameters we were still not
able to find a good fit for all data points.
Figure 3.8b shows the screened Coulomb interaction when all parameters (δ, 1 , 2 , d) are
fitted. We can conclude that the model given in equation 2.38 still holds for the case of
graphene embedded in h-BN, but all parameters must be fitted. The resulting parameters are
δ = 0.715 770 5 Å, 1 = 3.11780114, 2 = 1.34354999, d = 10.658 051 82 Å, which show some
interesting characteristics. The first constant which immediately catches attention is the thickness
d. The thickness of the graphene layer has been fixed for the ab initio calculations and is therefore
expected to be d = 3.35 Å. Somehow we can get a better fit when d is more than three times as
thick as mono-layer graphene. It seems like the parameter d does now correspond to the total
thickness of mono-layer graphene and the two h-BN layers. This assumption is supported by
the derived values for the parameters 1 and 2 . The dielectric constant of h-BN is expected to
be between 1.8 and 3.3 [38, 39]. So 1 , which is now significantly larger than for free-standing
graphene, seems to correspond to the total dielectric constant of all three layers. Furthermore,
the parameter 2 is significantly smaller than the expected dielectric constant for h-BN, and is
quite close to the permittivity of free space (2 − 0 ≈ 0.34). We might therefore hypothesise that
fitting the parameters 1 and d to both the dielectric slab and mono-layer graphene, results in a
better model.

Coulomb Interaction

10

ab initio data for FSG
ab initio data for h-BN
( 1, )-fit for FSG
2-fit for h_BN

6

ab initio data
W(r)

6
5
V(eV)

V(eV)

8

Coulomb Interaction for Graphene in h-BN

7

4
3

4

2

2

1
0

2

4

r(Å)

6

8

0

10

(a)

2

4

r(Å)

6

8

10

(b)

Figure 3.8: (a) Coulomb interaction in graphene embedded by h-BN, where the red (green) dots
represent the ab initio data for h-BN (free-standing graphene). The blue (purple) line shows the
fit to the ab initio data of h-BN (free-standing graphene) (b) Screened Coulomb interaction (blue
line) given in equation 2.38, where all parameters are fitted.
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Description of Plasmonic Excitations
The EELS and eigenmodes can be found using the same methods we used for free-standing
graphene. In figure 3.9a we can see the EELS spectrum with three peaks, which correspond to
plasmonic excitations. This becomes clear when looking at the red vertical lines which fulfil the
conditions in equation 3.3. The largest of the three peaks corresponds to the 1s-like eigenmode
shown in figure 3.9b. It is interesting to see that the frequency which corresponds to the 1s-like
state (~ω = 0.7915eV) has shifted to the left compared to the free-standing graphene case, where
~ω = 0.8157eV. We will investigate the shift of these frequencies in the following section.
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Figure 3.9: (a) Real (blue dots) and the imaginary (green line) part of the EELS with a vertical
red lines representing the plasmonic excitations. (b) Eigenmode corresponding to the plasmon
frequency in figure 3.9a.

3.2.4

Plasmonic Excitations in Different Dielectric Environments

Previous research [38] has shown that the dielectric function (ω) can be slightly shifted for
different materials. Steinke, Wehling, and Rösner [38] have compared different mono-layer
TMDCs2 affected by different dielectric surroundings. The four two-dimensional materials
investigated were Tungsten disulfide WS2 , Tungsten diselenide WSe2 , Molybdenum disulfide
MoS2 and Molybdenum diselenide MoSe2 . For all four materials the absolute and the relative
band-gab difference decreases for increasing dielectric constants corresponding to the substrate
[38]. In figures 3.10a-3.10d we can see how the frequency corresponding to a plasmonic excitation
changes for different dielectric constants 2 = 3 3 . The dielectric constant for h-BN is expected to
be found between 1.8 and 3.3 [38, 39] For the 1s-like state given in figure 3.10a we were able to
find a plasmon frequency of ~ω ≈ 0.79 eV for 2 = 2, which matches the results found for h-BN
in the previous section very well (the green line corresponds to ~ω = 0.7915eV). Furthermore,
2

TMCD: semiconducting transition-metal dichalcogenide
Note that the red dots in figures 3.10c and 3.10d, i.e. the plasmon frequencies, correspond to the 1p- and
1d-like eigenmodes. These eigenmodes are slightly rotated for different 2 . In other words, not all frequencies
correspond to the eigenmode shown in the image, but to an eigenmode which is slightly rotated. The eigenmodes
in figures 3.10a and 3.10b are rotationally invariant, such that all frequencies correspond to the eigenmode shown
in the figure.
3
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the frequencies for the 1p- (figure 3.10c), 1d- (figure 3.10d) and 2s-like states (figure 3.10b) are
all expected to correspond to a dielectric constant of 2 ∈ [1.8, 3.3] eV. It is possible to draw
two conclusions: first of all the frequencies corresponding to plasmons are expected to decrease
when the dielectric constant 2 is increased. Secondly, by altering the Coulomb interaction matrix
and using the same tight-binding Hamiltonian (and consequently the same polarisability matrix),
we are able to find the approximate frequency of plasmonic excitations in different dielectric
environments. For instance, if graphene would be embedded in Silicon dioxide (SiO2 ), which has
a dielectric constant of approximately 3.6 [38, 40], the 1s-like state can be found in the range
~ω ∈ [0.763, 0.774] eV.
s

1 -like states with different

s

2 -like states with different

2

2

1.34
0.81
1.33

0.80

1.32

s

0.78

2

1

s

0.79

1.31

0.77

0.76
1.30
0.75

0.74

1.29

2

4

6

8

2

4

2

6

8

2

(a)

(b)

p

1 -like states with different

d

1 -like states with different

2

2

1.05
1.275
1.04
1.270

1.03

d
1

1

p

1.265

1.260

1.02

1.255
1.01
1.250
1.00
2

4

6

8

2

2

4

6

8

2

(c)

(d)

Figure 3.10: Dependency of four different plasmon eigenmodes (1s-like state in 3.10a, 2s-like
state in 3.10b, 1p-like state in 3.10c and 1d-like state in 3.10d) on the dielectric constant 2 = 3 .
The green line represents the frequency for which a plasmon eigenmode for mono-layer graphene
embedded in h-BN has been determined.
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Discussion & Conclusion
From first principle cRPA calculations, we were able to derive a continuous model for the screened
Coulomb interaction in real-space for free-standing graphene. The same model can be applied
to graphene embedded in h-BN by altering parameters to account for dielectric screening such
that it properly corresponds to the ab initio data. Combining this Coulomb interaction model
with a simple tight-binding Hamiltonian, which only accounts for nearest neighbour hopping, we
determined the dielectric function. The eigenvalues of the dielectric function could be used to
find plasmon eigenmodes (eigenvectors of the dielectric function), which were mapped in real
space. Furthermore, we were able to determine how the plasmon frequencies alter when the
dielectric environment is changed. Even though the results of the research conducted in this
thesis is satisfactory there are a couple of issues that should be addressed.
One of the most important problems that should be discussed, is the Hamiltonian in equation
2.15 and equation 2.35, more concretely the hopping parameter Ti,j . In this thesis the general
(and highly inaccurate) assumption has been made that only nearest neighbour hopping has to
be considered. In general electron hopping can occur between any two lattice points, but with
different probabilities, i.e. different values for Ti,j [15]. These values can change the tight binding
Hamiltonian quite drastically, which implies that a different dielectric function will be obtained
after the RPA calculations, which in turn will lead to different electron energy loss spectra,
eigenmode plots and plasmon frequencies. The frequencies in particular cannot be trusted without
analysing the dielectric function based on a more accurate tight binding Hamiltonian with more
hopping parameters. Nevertheless, the Coulomb interaction can still be analysed as it does not
depend on the hopping parameters. Furthermore, the change in frequency for different dielectric
constants as seen in section 3.2.4 will most likely still be visible for a different tight-binding
Hamiltonian.
Furthermore, one has to keep in mind that due to computational limitations, the lattice size
of all systems was relatively small. If the ab initio data assumes a periodic lattice, we have to be
careful not to accidentally include those effects into the fit for the screened Coulomb interaction
(see figures 3.6a, 3.6b and equation 2.38). This issue can be resolved by exclusively taking near
neighbour interaction into consideration, but that implies less ab initio data points are included
in the fitting process. It is therefore advantageous to use larger lattices to be certain that the
effect of periodicity can be excluded.
One of the reason why h-BN is used as an embedding/substrate is because of its similarities to
graphene. Analysing different substrates which exhibit dissimilar lattice and electrical properties
might be advisable when testing the model for the screened Coulomb interaction (equation 2.38)
before using it in different dielectric environments. Furthermore, it might be interesting to see
how the interaction model compares to using a substrate instead of an embedding, such that
2 6= 3 . The screened Coulomb model in equation 2.38 can be used for both cases.
One parameter that was not discussed in this thesis is the temperature. The conductivity
of graphene depends on the surrounding temperature [11]. For all calculations in this thesis a
temperature of kT = 0.0256 eV was assumed, which corresponds to approximately T = 297 K ≈
23 °C, i.e. room temperature. Investigating the dependence on the temperature might lead to
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new insights, though it is also known that graphene does not have a very strong temperature
dependence for T < 300 K [11].
Nevertheless, the general insights derived from the results of the conducted research can
be taken to be positive. One particularly remarkable result were the fitted parameters for the
Coulomb interaction in h-BN embedded graphene (see section 3.2.3). The fact that the fit
interpreted the ab initio data not as three different layers, but as one layer consisting of two
materials, came as a surprise. This unanticipated result should be investigated in the future.
The plasmon frequencies and their corresponding patterns in real space show interesting
symmetries (1s-, 2s-, 1p-, 1d-like states), which could find applications in many different fields [7].
Knowing how the dielectric environment influences the plasmon frequencies (see section 3.2.4)
can be very valuable for future applications.
To sum up, we were able to derive a suitable Coulomb interaction model in real space for
graphene, which takes environmental screening into account. This model can be used for further
research which makes use of dielectric materials (e.g. substrates) to examine electrical properties
in two-dimensional materials with semiconducting properties. We can furthermore conclude that
boron nitride is a very suitable substrate for graphene, as it maintains plasmonic excitations
within it. Furthermore we have seen that these plasmonic excitations can still occur in different
dielectric environments, where the effect of screening is even larger. These key results are the
reason why we can conclude that the screened Coulomb interaction model and the influence of
the dielectric environment on plasmonic excitations led to new insights and further investigations
can build on the research of this thesis.
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Appendix
A

Damping Factor

The damping factor plays a crucial role when using RPA calculations to determine the EELS and
plasmon eigenmodes. In the theory we mentioned the damping factor η (see equations 2.29 and
2.28), which was shown in the polarisability matrix
X
Π(r00 , r0 , ω) = gs lim
G(i, j, ω)ψj† (r00 )ψi (r00 )ψi† (r0 )ψj (r0 ).
(1)
η→0+

i,j

Based on this definition the damping factor η tends to zero when determining the polarisability
matrix, however choosing the initial value for η can be tricky. In figure A.1 we can see how four
different damping factors compare to each other. A damping factor of η = 0.1 eV is very large,
such that certain frequencies which correspond to plasmonic excitations might not be visible on
the EELS. A very high damping factor like η = 0.0001 eV might be better for a good resolution,
but it requires determining more frequencies, so that no peaks are left out. Therefore, based
on the EELS in figure A.1, it appears that η = 0.001 eV is a good damping factor for the RPA
calculations. The resolution is better than for η ∈ {0.1 eV, 0.01 eV} and lower damping factors,
like η = 0.0001 eV, do not bring significant changes to the quality of the EELS.

Loss Function with Different Damping Factors
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Figure A.1: Comparison of the EELS for a single layer of graphene (snowflake lattice) with four
different damping factors d = η.
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Figures
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Figure B.1: Density of states of a 20 × 20 non-periodic square lattice with different smoothing
parameters h. The left axis shows the cumulative number of eigenstates E within the total range
[Emin , Emax ] divided over a certain number of bins (here n = 61 bins), whereas the right axis
corresponds to the KDE of the DOS.

C

Python Algorithms and Code

For the plots and fits created in this thesis the standard libraries numpy [41], scipy [42] and
matplotlib [43] were used. Furthermore for the RPA calculations the algorithms from Westerhout
et al. [14] were used. The cRPA ab initio calculations were provided by dr. Malte Rösner. For
the creation of graphene lattices the package TiPSi (created by Edo van Veen, Guus Slotman,
Kaixiang Huang & Shengjun Yuan) has been used. The documentation for TiPSi can be found
under:
http://www.edovanveen.com/tipsi/index.html.
For non-linux users (a part of) the package can be downloaded from the Anaconda cloud (provided
by Tom Westerhout):
https://anaconda.org/twesterhout/tipsi
The source code of the thesis and the figures, can be found in the following repository:
https://github.com/adriansousapoza/Bachelor-Thesis
The entire source code used to create the plots, (i.e. determine plasmon eigenmodes, plasmon
frequencies, EELS, fitting parameters for the Coulomb interaction, etc.) can be found in the
following repository:
https://github.com/adriansousapoza/Bachelor_Plasmons
Note that many of these algorithms can only be executed if the user has access to the original
data (e.g. ab initio data, h5py files). Last but not least, the algorithms created and used during
this internship are based on previous work and ideas from BSc student Samber Bastiaansen and
PhD student Tom Westerhout.
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