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Abstract

We investigate an XXZ quantum Heisenberg model with ferromagnetic 2-spin
exchange and a 4-spin plaquette interaction on a square lattice, and compare it to the corresponding Ising model. We use finite temperature Lanczos
method (FTLM) for this, and gather results for 20 spins. We construct the
phase diagrams for different values of the anisotropy parameter, and investigate
the phases and phase transition using the operators of squared magnetization,
squared staggered magnetization and spin-correlation. We find that this system
is very rich and non-trivial, and that the quantum Heisenberg model exhibits
interesting phases not encountered in the Ising model.
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Introduction

The multi-spin exchange interactions are often neglected in the modeling of
spin systems, even though they are essential to describe certain physical systems. One of these systems is solid 3 He [1, 15]. In solid 3 He, when the system
is fully packed, the three spin exchange is dominant and induces a ferromagnetic
ordering. When the system is loosely packed, the four and six spin exchanges
become dominant and induce a frustrated antiferromagnetic ordering. Another
relevant system is La2 CuO4 , which is important for superconducting cuprates.
The analysis in [8] shows that this system has K ≈ 0.48J, where K is the
strength of the four-spin exchange and J is the strength of the 2-spin exchange.
Thus, the 4-spin exchange is certainly not negligible! Another material in which
multi-spin interactions are needed for its description is F eRh. This is an interesting material in which an ultrafast phase transition occurs from a ferromagnet
to an antiferromagnet, above room temperature. [3] shows that, when including a 4-spin exchange between certain bonds, this phase transition exists in
the Heisenberg model. Lastly, we have the Wigner crystal [4, 9], which is a
crystalline phase of electrons. Here, the ferromagnetic 3-spin exchange is very
relevant, and when the electron density is high, even multi-spin exchanges as
big as the 6-spin exchange become relevant to its properties.
It was previously found by Nagaev [20] that, in the mean field approximation
of the system we study, an anomaly happened in the Curie-Weiss law for the
system: Above the Curie temperature of the ferromagnet, the magnetic susceptibility behaved as if it was the magnetic susceptibility of an antiferromagnet,
and vice versa. Also, the 4-spin exchange has been studied using semi-classical
approximations such as spin-wave theory [6] and Ising models [5, 7, 11]. However, pretty much all such studies are conducted on 3-dimensional systems. We
consider a fully quantum system, based on the quantum Heisenberg model. We
will show that the fully quantum system is much richer than the Ising version
of the system, having more different phases, interesting phase transitions and
nontrivial correlation functions. We study a range of models in between the
Ising model and the isotropic quantum Heisenberg model, and find a first order
ferromagnet-antiferromagnet phase transition in all systems except the Ising
system.
To study the system, we use Exact Diagonalization (ED), which amounts
to diagonalizing (part of) the Hamiltonian matrix. We use ED in order to get
reliable and accurate results, and because it is a general method that can be
applied to a very wide range of lattices and Hamiltonians. The main limitation
of ED is that the system size needs to remain small, since the dimension of the
matrix grows exponentially with the system size. Full ED, i.e. diagonalizing
the full matrix is unfeasible for any system that is not extremely small. For this
reason, we use the finite temperature Lanczos method (FTLM), which is much
cheaper both memory-wise and computationally. The FTLM is relatively easy
to implement and works together nicely with the lattice-symmetries library [19]
underlying the code. There exist methods that work for larger system sizes, like
the density matrix renormalization group (DMRG) [14] method and quantum
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Monte Carlo (QMC) [16]. However, DMRG is only applicable to 1-dimensional
and pseudo-1-dimensional lattices, and QMC is not very general as you run into
the infamous sign problem when considering a system with frustration. These
methods also take a much longer time to implement than FTLM, so it is worth
studying new systems with FTLM first to see if the system is worth investigating
further using the other methods.

3

Theory

3.1

Spin Space

The state-space of a single spin-1/2 site is two-dimensional. The spin site can
be in the spin down state |↓⟩, the spin up state |↑⟩, or any linear combination of
these two states, a |↓⟩ + b |↑⟩ where a, b ∈ C. Note that in this state-space, the
states aren’t necessarily normalized. If we now want to construct the state-space
of two spin-1/2 sites, we can take the Kronecker product of two single-site spin
spaces. The basis of this new two-site spin space is given by:
|↑⟩ ⊗ |↑⟩ = |↑↑⟩

|↑⟩ ⊗ |↓⟩ = |↑↓⟩

|↓⟩ ⊗ |↑⟩ = |↓↑⟩

|↓⟩ ⊗ |↓⟩ = |↓↓⟩

(1)

We can then easily generalize this to construct the state-space of N spin-1/2
sites. This state-space will have dimension 2N , since we have two possible spin
orientations for each of the sites, and each possible combination of spins makes
up a basis state of the spin space. The set of all these combinations will be the
standard basis of spin space, and it will be ordered in the following way:
We assign spin down (↓) the value 0, and spin up (↑) the value 1. We then order
the spins in binary. So, for 4 spin sites, |0000⟩ comes first, |0001⟩ next, then
|0010⟩, |0011⟩, etc, until we have reached |1111⟩.
We also need to know how to extend the linear operators on the component
spin spaces to this tensor product of the spaces. For this, the matrix Kronecker
product is used. Here, I will give its definition when A is a 2x2 matrix. Its
generalisation should then be clear.
The Kronecker product of A and B is given by the following block matrix:


a11 B a12 B

A⊗B =
(2)
a21 B a22 B

3.2

Quantum Heisenberg Model

Now that we know what state space we will be working in, we need to define
the important operators on the space that will govern the physics of the system.
The most important of these operators is, of course, the Hamiltonian. We will
use the quantum Heisenberg model for the Hamiltonian in order to work with
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a fully quantum system. We define the Pauli matrices:

 
 
 
0 1
0 −i
1 0
ẑ
x
y
z
,
,
 = 
⃗σ = (σ , σ , σ ) = 
1 0
i 0
0 −1
x̂ + iŷ

x̂ − iŷ
−ẑ



(3)

And we define the following operators in the spin space:
σjx = I2 ⊗ I2 ⊗ ... ⊗ I2 ⊗ σ x ⊗ I2 ... ⊗ I2 ⊗ I2

(4)

Where σ x is in the j’th position and I2 is the identity matrix of dimension 2.
σjy and σjz are defined analogously to .σ x .
We now define the Hamiltonian for the 2-spin exchange interaction:
X
y y y
x x x
z z z
Ĥ2 =
Jij
σi σj + Jij
σi σj + Jij
σi σj
(5)
(i,j)∈E

Here E is the set of interaction edges, which are the pairs of spin sites that
x
interact with each other. Jij
is the strength of the exchange interaction between
site i and j in the x direction. Usually, E will be the set of pairs such that site
i and site j are nearest neighbors, and Jij will be constant along all of these
(i, j) pairs.
In this thesis, we will use both of these assumptions, and we use a quantum
y
x
Heisenberg XXZ model [17]. This means that Jij
= Jij
= Jx = Jy = J∆, and
z
Jij
= Jz = J for all i and j. Now, our Hamiltonian is as follows:
Ĥ2 = J

X



∆ σix σjx + σiy σjy + σiz σjz

(6)

<i,j>

Where < i, j > means we are summing only over nearest neighbors. When
∆ = 1, this is just the isotropic quantum Heisenberg model, and when ∆ = 0,
this model is equivalent to the Ising model.
Let us consider a very simple example, where we have only 2 spin sites that
isotropically interact with each other:


1 0
0 0





0 −1 2 0
x
x
y
y
z
z


Ĥ2 = σ ⊗ σ + σ ⊗ σ + σ ⊗ σ = 
(7)

0 2 −1 0


0 0
0 1

3.3

4-spin plaquette interaction

Interactions with more than 2 spins are often neglected, while they are essential
to describe certain physical systems. [15] derives the Hamiltonian for the 4-spin
plaquette interaction. We modify this equation such that it is anisotropic in the
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same way as the 2-spin exchange in the XXZ model. To this end, we define the
following product:

σ⃗i ⊙ σ⃗j ≡ ∆ σix σjx + σiy σjy + σiz σjz
(8)
We can now briefly write the 2-spin exchange Hamiltonian as:
X
Ĥ2 = J
σ⃗i ⊙ σ⃗j

(9)

<i,j>

And we define the following 4-spin plaquette interaction:
X
Ĥ4 = K
(σ⃗i ⊙ σ⃗j )(σ⃗k ⊙ σ⃗l ) + (σ⃗i ⊙ σ⃗l )(σ⃗j ⊙ σ⃗k ) − (σ⃗i ⊙ σ⃗k )(σ⃗j ⊙ σ⃗l ) (10)
<i,j,k,l>

Where < i, j, k, l > means we sum over quadruplets (i,j,k,l) that form a plaquette
together in the following way:

Figure 1: The labeling of the vertices on a plaquette. Note that the term in the
Hamiltonian with a minus sign corresponds to the "cross-term"
Our final Hamiltonian is given by:
Ĥ = Ĥ2 + Ĥ4
X
=J
σ⃗i ⊙ σ⃗j

(11)
(12)

<i,j>

+K

X

(σ⃗i ⊙ σ⃗j )(σ⃗k ⊙ σ⃗l ) + (σ⃗i ⊙ σ⃗l )(σ⃗j ⊙ σ⃗k ) − (σ⃗i ⊙ σ⃗k )(σ⃗j ⊙ σ⃗l )

<i,j,k,l>

(13)

3.4

Important operators

In this section, we will define the magnetization squared operator M̂ 2 , the staggered magnetization squared operator M̂ 2 stag and the spin-spin correlation operator Ĉij . These operators will be used to map out the phase diagram and
investigate the phase transitions.
The main use of M̂ 2 is to be used as an order parameter for the ferromagnetic
phase. In order to define this operator, we first need to define the magnetization
M̂ , which is a very important operator for studying spin systems in general.
Given a standard basis state |ψ⟩, M̂ returns N1 (#(↑) − #(↓)) as the eigenvalue
of |ψ⟩, which is an eigenvector of M̂ . More formally, it is defined as:
M̂ =

N
1 X z
σ
N i=1 i

5

(14)

Note that the expectation value of this operator always lies in the interval [−1, 1].
Unfortunately, M̂ itself is not of much use to us. This is because we have spin
inversion symmetry in the Hamiltonian Ĥ : Any state will have the same energy
as its spin-inverted state, that is, the state with all ↑ replaced with ↓ and vice
versa. Meanwhile, the spin-inverted state and the original state always have
the same magnitude of magnetization, but the signs are opposite. This means
that we will always have ⟨M̂ ⟩ = 0, since both states are equally likely in the
statistical ensemble (they have the same energy).
For this reason, we use the operator M̂ 2 . Qualitatively, M̂ 2 has the same
properties as M̂ , except that it gives the same, positive expectation value for
both a state and its spin-inverted state. We calculate it as:
M̂ 2 = M̂ M̂ ∗ = (M̂ )2 =

=

N X
X

1 
N 2 i=1

j̸=i

N
1 X z
σ
N i=1 i

σiz σjz +

N
X

!2
=


σiz σiz  =

i=1

N N
1 XX z z
σ σ
N 2 i=1 j=1 i j
N
2 XX z z
1
σ σ + 1
N 2 i=1 j<i i j
N

(15)

(16)

Note that, when we have an external magnetic field, this operator will also be
useful to calculate the magnetic susceptibility:


χM = β ⟨M̂ 2 ⟩ − ⟨M̂ ⟩2
(17)
We note that this equation holds if and only if [Ĥ, M̂ ] = 0, which in our case is
trivially true since M̂ is diagonal.
Now that we have an order parameter for the ferromagnetic phase, we also
need an order parameter for the antiferromagnetic phase. Inspired by use of
magnetization for the ferromagnet, let us define the staggered magnetization.
Our computational cell is a bipartite graph [18]. This means that the set of
vertices can be partitioned into two subsets S1 and S2 , such that every edge in
the graph connects a vertex in S1 with one in S2 . Its formal definition is given
by:
!
1 X z X z
M̂stag =
σi −
σi
(18)
N
i∈S1

i∈S2

The staggered magnetization suffers from exactly the same problem the classical
magnetization suffers from: We will have ⟨M̂stag ⟩ = 0 because of symmetries.
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Analogously to the case of classical magnetization, we use the squared operator:
!2
X
X
1
2
2
z
z
M̂stag = (M̂stag ) = 2
σi −
σi
(19)
N
i∈S1
i∈S2

!
X
X
X
X
1
= 2
σiz −
σiz 
σjz −
σjz 
(20)
N
i∈S1
i∈S2
j∈S1
j∈S2


=

X
X
X X

1 

σiz σjz + #S1 1 +
σiz σjz 
σiz σjz + #S2 1 − 2


2
N
i,j∈S1
i̸=j

i,j∈S1
i̸=j

i∈S1 j∈S2

(21)



=

X
X
X X

1
2 

σiz σjz +
σiz σjz −
σiz σjz 
+ N1

2
N
i,j∈S1
i<j

i,j∈S2
i<j

(22)

i∈S1 j∈S2

Another very important set of operators are the spin-spin correlation functions.
These will be useful to understand what the different phases of the system look
like. The correlation functions measure the degree to which the spins on two
sites are correlated to each other. If the correlation between two sites is 1,
they will always have equal spin. If the correlation between to sites is -1, they
will always have opposite spin. The formal definition for the spin-correlation
operator between site i and site j is given by:
Cˆij = σ⃗i · σ⃗j = σix σjx + σiy σjy + σiz σjz

(23)

And we have the spin-correlation function:
Cij (T ) = ⟨Cˆij ⟩ = ⟨σ⃗i · σ⃗j ⟩

(24)

These three operators, so the squared magnetization M̂ 2 , the squared staggered
magnetization M̂ 2 stag and the spin-spin correlations Cˆij will be sufficient to
map out the phase diagram and investigate phase transitions. M̂ 2 and M̂ 2 stag
will be used as order parameters for the ferromagnetic and antiferromagnetic
phases respectively, and the correlation functions will be used to understand the
magnetic ordering in the different phases.

4

Thermodynamic expectation values

In order to get results, we need to calculate the expectation value for the relevant
operators for a range of temperatures. To this end, we use the thermodynamic
expectation value in the canonical ensemble. For an operator A, this is given
by:
PNst −βEj
⟨ψj | A |ψj ⟩
j=1 e
⟨A⟩ =
(25)
PNst −βE
j
j=1 e
7

Where the Ej are the eigenvalues of the Hamiltonian, and the |ψj ⟩ are the
corresponding eigenvectors.
In order to calculate the thermodynamic expectation value of A exactly, we
need to know all eigenvalues of the Hamiltonian H exactly, along with their exact
eigenvectors. In other words, full exact diagonalization (ED) of the Hamiltonian
matrix is necessary. Even if the full ED is successful, the evaluation of the
expectation value still requires many operations and, most importantly, a lot of
memory, as all Nst eigenvalues and eigenvectors must be saved and ⟨ψj | A |ψj ⟩
must be evaluated Nst times: one time for each of the Nst eigenvectors. It is
clear that we need to find a good approximation rather than perform the full
ED. This approximation will be based on the Lanczos Method, and rely on the
fact that only the lowest eigenvectors and eigenvalues significantly contribute to
(25).

4.1

Lanczos Method

The Lanczos method [10, 12] is a numerical algorithm that is used to approximate the extremal eigenvalues of a matrix, along with their corresponding approximate eigenvectors. An algorithm like this is necessary since full exact
diagonalization (ED), i.e. diagonalizing the entire Hamiltonian matrix, is only
possible for very small systems: For full ED, the memory costs are proportional
2
, and the computational costs (in terms of number of operations) are proto Nst
3
portional to Nst
. If we use sparse matrices, the Lanczos method’s memory cost
and computational cost both depend linearly on Nst .
The Lanczos algorithm reduces a symmetric Nst ×Nst matrix to a symmetric
tridiagonal m × m matrix. To start the algorithm, we pick a normalized starting
vector r. This vector is usually picked at random; the reason for this will soon
be clear. We also pick the number of Lanczos vectors, m. This is also the
amount of eigenvalues the method will return. The Lanczos method works in
the Krylov subspace [2] span({r, Hr, H 2 r, ..., H m−1 r}). We can now state the
reason we usually pick r at random: We want to greatly reduce the chance that
these vectors are linearly dependent, so that we indeed have an m-dimensional
subspace. Usually, 50 < m < 100, depending on the system size. If m is too
small, the result will not be accurate since we can’t expect this small subspace
to contain a large enough part of the relevant eigenvectors. If m is too large,
there are too many iterations, and since the Lanczos algorithm is unstable, the
numerical errors will grow and become problematic.
The first step of the algorithm is to apply H to |r⟩ = |ϕ0 ⟩ and split the
outcome into two parts: one part parallel to |ϕ0 ⟩ and one part orthogonal to it:
H |ϕ0 ⟩ = α0 |ϕ0 ⟩ + β1 |ϕ1 ⟩

(26)

Where |ϕ1 ⟩ is normalized. It follows that α0 = ⟨ϕ0 | H |ϕ0 ⟩, which is real since H
is symmetric. β1 can also be chosen real by absorbing its phase into |ϕ1 ⟩. Now,
for 1 ≤ i < m:
H |ϕi ⟩ = βi |ϕi−1 ⟩ + αi |ϕi ⟩ + βi+1 |ϕi+1 ⟩
(27)
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Where the first two terms are known, and the last term is not. Note that |ϕi+1 ⟩
is normalized, and that we can again make sure that all αi and βi are real.
When the procedure is done, we obtain a set of m Lanczos vectors {|ϕi ⟩}0≤i<m ,
which are orthonormal up to numerical errors. Now {|ϕi ⟩}0≤i<m forms the basis
in which Hm is a symmetric, tridiagonal matrix:


α0 β1


β α

β2
1

 1


..


(28)
Hm = 
.

β2 α2




..
..

.
.
βm−1 


βm−1 αm−1
This matrix can now easily and efficiently be diagonalized using standard procedures. We have now obtained approximations to the lowest m eigenvalues and
their corresponding approximate eigenvectors |ψj ⟩ given by:
|ψj ⟩ =

m−1
X

vji |ϕi ⟩

(29)

i=0

Where vji is the matrix of eigenvectors of Hm .

4.2

Finite Temperature Lanczos Method

The idea of the finite temperature Lanczos method (FTLM) is to use the fact
that only the states with the lowest eigenvalues significantly contribute to ⟨A⟩,
since the weight of each ⟨ψj | A |ψj ⟩ term decays exponentially as the size of the
eigenvalue Ej increases. This means that we only need the lowest eigenvalues
and their corresponding eigenvectors to approximate ⟨A⟩ with good accuracy.
It is now very natural to use the Lanczos method to efficiently find these eigenvalues and eigenvectors.
In [13], P. Prelovšek and J. Bonča show that it is possible to accurately
approximate (25) in such a way that only m eigenvectors are needed by using
a high-temperature expansion. However, after applying this high-temperature
expansion, we still need to sum over Nst terms, each of which includes a matrixvector multiplication. Clearly, we need to make another approximation to be
able to use the algorithm in practice. Inspired by Monte-Carlo methods, they
replace the sum over the complete set of Nst basis states by a sum over a set of
R random vectors. The final equation we obtain is:
⟨A⟩ =

Z=

R m−1
Nst X X −βEjr
e
⟨r|ψjr ⟩ ⟨ψjr | A |r⟩
ZR r=1 j=0

(30)

R m−1
Nst X X −βEjr
e
⟨r|ψjr ⟩
R r=1 j=0

(31)
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Where |r⟩ is a random vector, Ejr and |ψjr ⟩ are the approximate eigenvalues and
eigenvectors obtained by the Lanczos method with starting vector |r⟩, and Z is
the canonical partition function.
The value of m is typically between 50 and 100, and the value for R is of
the same order of magnitude. We note that R can be taken smaller when the
system size gets bigger. Clearly, the FTLM is way more efficient than the naive
calculation using equation (25). [13] also gives an error estimate for
√ the FTLM:
For low temperatures, the error is expected to be of√order O(1/ R), and for
high temperature we expect an error of order O(1/ RNst ). It is possible to
increase the accuracy for low temperatures. For this, we refer to the Discussion.

5

Results

5.1

Exact calculation for the 4-spin system

In order to understand the effect of the interactions better, we performed exact
calculations for the system consisting of a single plaquette, see figure 1. Note
that we did not use periodic boundary conditions here. Labeling the sites in a
clockwise manner, the Hamiltonian of this system is given by:
Ĥ = J (σ⃗1 ⊙ σ⃗2 + σ⃗2 ⊙ σ⃗3 + σ⃗3 ⊙ σ⃗4 + σ⃗4 ⊙ σ⃗1 )
+ K ((σ⃗1 ⊙ σ⃗2 )(σ⃗3 ⊙ σ⃗4 ) + (σ⃗1 ⊙ σ⃗4 )(σ⃗2 ⊙ σ⃗3 ) − (σ⃗1 ⊙ σ⃗3 )(σ⃗2 ⊙ σ⃗4 ))

(32)
(33)

Which can be represented as a 16x16 matrix.
In order to calculate the eigenvectors and corresponding eigenvalues of this
Hamiltonian, we exploited two of its symmetries, that is, operators Â such
that [Ĥ, Â] = 0. The first symmetry we used is the magnetization operator
PN
M̂ = N1 i=1 σiz , and the second one is the rotation operator R̂ | ad cb ⟩ = | dc ab ⟩.
1
Note that the eigenvalues m of M̂ satisfy m ∈ {−1, −1
2 , 0, 2 , 1} and that the
eigenvalues r of R̂ satisfy r ∈ {1, i, −1, −i}, because R̂4 = 1, which implies
r4 = 1.
By constructing a basis such that all elements of this basis are eigenvectors of M̂ , we can split the problem of diagonalizing the full matrix Ĥ into
diagonalizing the restriction of Ĥ to the different sectors of magnetization. A
sector of magnetization is a subspace spanned by all eigenvectors with a specific eigenvalue. Now, we have reduced the problem from diagonalizing the full
16x16 matrix to diagonalizing two 1x1 matrices, two 4x4 matrices and a 6x6
matrix. The 1x1 matrices are in the subspaces with magnetization −1 and 1.
1
The 4x4 matrices are in the subspaces with magnetization −1
2 and 2 . These
subspaces have dimension 4, sincefor each basis vector we choose 1 (or 3) of
the 4 spins to be up, and 41 = 43 = 4. The 6x6 matrix lives in the subspace

with magnetization 0. This subspace has dimension 6 since 42 = 6.
While working with one of these smaller matrices, we can apply the same
trick once more, now using R̂ as the symmetry. This fully diagonalizes the 4x4
matrices, and almost completely diagonalizes the 6x6 matrix. All that is then
10

left to diagonalize, is a single 2x2 matrix. Sorting the eigenvectors in a table
according to their values of m and r, we get the following:
m

r

eigenvector

−2

1

| 00 00 ⟩

−1

1

1
2

(| 10 00 ⟩

−1

i

1
2

(| 10 00 ⟩ + i | 00 10 ⟩ − | 00 01 ⟩ − i | 01 00 ⟩)

(2∆ − 1)K

−1

−i

1
2

(| 10 00 ⟩

(2∆ − 1)K

−1

−1

1
2

(| 10 00 ⟩ − | 00 10 ⟩ + | 00 01 ⟩ − | 01 00 ⟩)

0

1

0

1

eigenvalue
4J + K

+

−

√
b+ D
ψ1
c
√
b− D
ψ1
c

| 00 10 ⟩

+

i | 00 10 ⟩

| 00 01 ⟩

−

+

| 00 01 ⟩

| 01 00 ⟩)

+

i | 01 00 ⟩)

+ ψ2
+ ψ2

4∆J + (2∆ − 1)K

−4∆J − (6∆ + 1)K
√
a+2 D
√
a−2 D

0

−1

0

−1

√1 (| 1 0 ⟩ − | 0 1 ⟩)
01
10
2
1
1
1
0
1
00
2 (| 0 0 ⟩ − | 0 1 ⟩ + | 1 1 ⟩

0

i

1
2

(| 10 10 ⟩

i | 11 00 ⟩)

K

0

−i

1
2

(| 10 10 ⟩ − i | 00 11 ⟩ − | 01 01 ⟩ + i | 11 00 ⟩)

K

1

1

1
2

(| 01 11 ⟩

4∆J + (2∆ − 1)K

1

i

1
2

(| 01 11 ⟩ + i | 11 01 ⟩ − | 11 10 ⟩ − i | 10 11 ⟩)

(2∆ − 1)K

1

−i

1
2

(| 01 11 ⟩

(2∆ − 1)K

1

−1

1
2

(| 01 11 ⟩ − | 11 01 ⟩ + | 11 10 ⟩ − | 10 11 ⟩)

1

| 11 11 ⟩

2

+

+

−

i | 00 11 ⟩
| 11 01 ⟩

−

+

i | 11 01 ⟩

− | 11 00 ⟩)

| 01 01 ⟩

| 11 10 ⟩

−

−4J + (1 − 8∆2 )K

−

+

| 11 10 ⟩

| 10 11 ⟩)

+

i | 10 11 ⟩)

(1 − 4∆)K

−4∆J − (6∆ + 1)K
4J + K

Where ψ1 = 12 (| 10 10 ⟩ + | 00 11 ⟩ + | 01 01 ⟩ + | 11 00 ⟩) and ψ2 = √12 (| 10 01 ⟩ + | 01 10 ⟩).
We note that it is not very important to understand the coefficients a, b, c, D
for the [m = 0, r = 1] sector. The important takeaway is that these two
states are a complicated linear combination of the pure Néel state and the
other fully symmetric state. For completeness, we list the √coefficients here:
a = −2J + 4∆2 K + 2∆K + K, b = J − 2∆2 K + ∆K, c = 2 2∆(J − K) and
D = 8∆2 J 2 + J 2 − 20∆2 JK + 2∆JK + 4∆4 K 2 − 4∆3 K 2 + 9∆2 K 2 .
Let us study the system for the values J = 0 and K = 1, to see the effect of
the 4-spin plaquette interaction. See figure 2 for a plot of the eigenvalues.
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Figure 2: Eigenvalues for J=0 and K=1. Knowing these is useful for studying
the effect of the interaction. The different eigenvalues are labeled by sector. By
’AFM’, we mean the √12 (| 10 01 ⟩ − | 01 10 ⟩) state. The + and - variants of m = 0,
r = 1 correspond to the sign of the square root term.
We now notice that, for 0 ≦ ∆ ≦ 1, the lowest eigenvalue is −1 − 6∆ which
corresponds to the state 21 (| 10 00 ⟩ − | 00 10 ⟩ + | 00 01 ⟩ − | 01 00 ⟩). For ∆ > 1, the lowest
eigenvalue is 1 − 8∆2 , corresponding to the state √12 (| 10 01 ⟩ − | 01 10 ⟩). At ∆=1,
these eigenvalues
√ coincide. For any ∆ > 0, the highest eigenvalue (by far) is
4∆2 +2∆+1+ 4∆2 − 4∆ + 9, corresponding to the state with the + sign in the
[m = 0, r = 1] sector. This implies that, when K is negative and |K| >> |J|, the
ordering is antiferromagnetic. More precisely, it is a Néel ordering with defects.
At ∆ = 0, a lot of states are degenerate. The m = −1, m = 0 and m = 1 states
1
each have the highest eigenvalue of 1, while the m = −1
2 and m = 2 states each
have the lowest eigenvalue of −1. Note that introducing nonzero J breaks most
of these degeneracies.
We also note that, when K is very small, the purely ferromagnetic ground
state prevails for J = −1, while the purely antiferromagnetic ground state
prevails for J = 1.

5.2

Computational results

We study a square lattice with the Hamiltonian (32). In order to have more
options available for lattice sizes, we use a tilted square tiling. These are some
of the computational cells used:

12

Figure 3: The computational unit cells used for the different system sizes. The
(tilted) squares tile the plane in an obvious way, which gives the boundary
conditions that should be used for the computational unit cell.
Throughout the rest of the results section, we will work with a ferromagnetic
exchange interaction, i.e. J = −1. Also, for all results, we will use a number
of spins of N = 20, because this is the biggest system size we could calculate
due to memory constraints. It should be noted that N = 25, so 5x5, is also
possible, but a system with odd lattice periodicity behaves differently. For the
calculations with ∆ > 0, we used FTLM 4.2 with m = 60 Lanczos vectors and
sample size R = 100. For ∆ = 0, the Ising model, all relevant operators are
already diagonal, so using exact diagonalization is not necessary and we can
directly compute the expectation values via (25).

5.3

Scaling

In order to see observe the effect of the system size, as well as to be able to
extrapolate to bigger systems, the squared magnetization and magnetic susceptibility were calculated at D = 0 and ∆ = 0.9. To calculate χM , a small
magnetic
h was required. This magnetic field is implemented by adding a
Pfield
N
Ĥh = h i=1 σiz term to the Hamiltonian.
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Figure 4: The squared magnetization and magnetic susceptibility as a function
of temperature. We hypothesize that, as N goes to infinity, the maximum of
susceptibility goes to infinity. We also note that the magnetization changes
quite significantly with a small increase in system size.

5.4

Phase Diagram

The first result that will be presented is the family of phase diagrams for different values of the anisotropy parameter ∆. After some explanation, we will
proceed to explore the different phases and phase transitions in the subsequent
subsections.
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Figure 5: Four phase diagrams, each for one specific value of the anisotropy
parameter ∆. Along the y-axes, we have plotted the temperature in a range
of 0 to 10, while along the x-axes, we have plotted the plaquette interaction
strength K in the range -3 to 3. Red AFM = antiferromagnet, light blue PM
= paramagnet, dark blue FM = ferromagnet, green SM = skewed magnet, see
figure 10, yellow high-K = high-K phase, see figure 10
Firstly, notice that the red AFM (antiferromagnetic) state does not exist in
the Ising system. We confirm that this state does not exist for arbitrarily big
negative K, as the state does not exist even when J → 0− (so K
J → −∞). We
AF M/F M
also observe that, as ∆ gets smaller, the critical K value Kcrit
decreases.
We hypothesize that the AFM state exists for all ∆ such that 0 < ∆ ≤ 1, and
AF M/F M
that Kcrit
→ −∞ as ∆ → 0. Also note that the AFM state exists even
at high temperatures, while the other states (except the paramagnet) only exist
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at low temperature.
Now notice that the yellow high-K state exists for all K > 1, regardless
of the value of the ∆ parameter. This is an interesting state with a constant
magnetization, the size of which is somewhere between 0 and 1, depending on
the value of ∆. This state will be further investigated in section 5.6.
We now turn our attention to the green skewed magnet (SM) region, of which
it is unclear if it is its own state or just part of the phase transition between
the ferromagnet and the high-K state. The SM is distinguished by its unique
correlation function, which we will further investigate in section 5.6. We notice
that, as ∆ decreases, the SM region gets smaller and smaller, while for the Ising
model ∆ = 0, it does not exist anymore.
Between the AFM and the SM, we have the blue ferromagnetic (FM) state.
As ∆ decreases, the ferromagnetic state grows in both the negative K and
AF M/F M
positive K directions. In the negative direction, we have Kcrit
→ −∞
F M/SM
as ∆ → 0, while in the positive direction, we have Kcrit
→ 1 as ∆ → 0.
Lastly, We have a paramagnetic (PM) state which exists for all values of K,
above some critical temperature TcP M (K).

5.5

Magnetization and Staggered Magnetization

In order to differentiate these different states from one another, three main
variables will be used: squared magnetization (15), squared staggered magnetization (19), and spin-correlation (23). The first variables we consider are the
squared variants of the magnetization and staggered magnetization. The next
plot shows the thermodynamic expectation value of both of these quantities as a
function of the plaquette interaction strength K. These are shown at
of
E
D a variety
2
temperatures. The left column shows the squared magnetization M̂ , while
E
D
2
. The
the right column shows the squared staggered magnetization, M̂stag
different rows correspond to certain values of the ∆ parameter.
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Figure 6: Squared magnetization and squared staggered magnetization as a
function of plaquette interaction strength K. For more details, we refer to the
text above. The plot for the Ising system, ∆ = 0, is displayed below.
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Figure 7: Squared magnetization and squared staggered magnetization as a
function of plaquette interaction strength K for ∆ = 0, the Ising model.
As we can see, the Ising system ∆ = 0 behaves very differently from the
Heisenberg system with ∆ > 0.
We notice that the phase transition between the antiferromagnet (AFM) and
the ferromagnet (FM) is first
D order,E as there
D isE a discontinuous jump in their
2
respective order parameters M̂stag
and M̂ 2 .
Also, the phase transition from the FM to the high-K state looks very
interesting. At T = 0, we see that multiple discrete steps in magnetization and staggered magnetization are made between these phases. The reason these discrete steps appear is that only certain discrete values are possible for the squared (staggered) magnetization, namely the values of the form
1
1
1
2
2
2
N 2 (#(↑) − #(↓)) = N 2 ((#(↑)) + (#(↓)) − 2(#(↑))(#(↓))) = N 2 ((#(↑) + #(↓
4
2
)) − 4(#(↑))(#(↓))) = 1 − N 2 (#(↑))(#(↓)). It should be noted that the long
plateau in this transition, which corresponds to the skewed magnet state, has a
very interesting correlation function, which will be explored in the next subsection.
The FM state obviously has a magnetization of 1. The AFM state has
a magnetization of 0, which is also to be expected. The high-K state has a
magnetization of 0.25 at ∆ = 0. This corresponds to states with #(↑) = 15
and #(↓) = 5, and states with #(↑) = 5 and #(↓) = 15 because of spin
inversion symmetry. At ∆ > 0, the high-K state has a magnetization of 0.36.
This corresponds to states with #(↑) = 16 and #(↓) = 4, or the spin inverted
counterparts of these states.
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5.6

Correlation functions

The correlation function is our main tool to investigate what these states actually look like. We have calculated the spin-spin correlation function between
one specific site on the lattice and all the other sites. We note that translation
invariance guarantees that this is sufficient to know all spin-spin correlation
functions. It also guarantees that it does not matter which site we pick as our
"centre site" from which all correlations are calculated. We will show the correlation functions in a color plot. Since we are working with a tilted square unit
cell 3, we requires some explanation of how the plot is constructed:

Figure 8: Tiles with the same marker are the same tile. The red tile and the
other tiles with the • correspond to the center site from which the correlation
to the other sites is calculated. The green tiles are the tiles within the slanted
square computation cell. The blue tiles on the outside are copies of tiles in the
computation cell, determined by the periodic boundary conditions. The tiles
with a ⋆ marker are the tiles furthest away from the center and are the corners
of the slanted square computation cell.
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Figure 9: Real space spin-correlation functions for N = 20, ∆ = 0 and variable
values for K. To see which phase corresponds to which K value, see figure 5.
In the ferromagnetic region, the real space spin-correlation function behaves
as expected: all correlations are equal to 1. When the temperature gets higher,
we find that the correlation of the center site with the other sites goes to 0,
indicating that this is indeed a paramagnet. We see that, for lower K, the
ferromagnetic states exists for higher T, which we also observed on the phase
diagram. The most interesting result is the correlation function for K = 2, in
the high-K state. We can now see what this high-K state looks like. This state
is quite a logical result of the Ising version of our model: We either have exactly
one spin up and three spins down in every plaquette, or one spin down and three
spins up in every plaquette. As the temperature increases, we see that we get
the usual paramagnetic correlation function.
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Figure 10: Real space spin-correlation functions for N = 20, ∆ = 1 and variable
values for K. To see which phase corresponds to which K value, see 5
For K = −2, the system is antiferromagnetic. What we can instantly notice,
is that the corresponding state is not the classical Néel state. Instead, when we
investigate the ground state, we find that the state is a linear combination of
the Néel state with other, more complex states with zero magnetization. States
which are closer to the true Néel state have higher coefficients in this linear
combination. This phenomenon can already be seen in the analytical solution
of the single-plaquette system 5.1, in the m = 0, r = 0 sector. Another thing we
notice about the antiferromagnetic state, is that it prevails even at very high
temperatures.
In the ferromagnetic region, K = 0, we observe the usual ferromagnetic
ground state for low temperatures. When the temperature is increased, a relatively straight forward transition to the paramagnetic state occurs: the higher
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the temperature, the quicker the correlation falls of as a function of distance.
For K = 0.6, we are in the green "skewed magnet" region on the phase
diagram. This is the transition between the ferromagnetic state and the high-K
state. The correlation function shows that the state consists of two sublattices,
each of which is ferromagnetic. However, the correlation between points of these
sublattices is about 0.6, indicating that the spins of these sublattices point in
different directions.
The plot at the bottom, corresponding with K = 2, displays the correlation
of the high-K state. The correlation with the nearest neighbors is about −0.25.
The rest of the state consists of two sublattices. The correlation of the center
site with the sublattice it is on itself is about 0.45, while the correlation of the
center site with the sublattice it is not on is about 0.25.
For both the antiferromagnetic and high-K phases, it would be very insightful
to see these on bigger lattices that are not plagued by finite-size effects as much
as our N = 20 system.

6

Conclusion and Discussion

The 4-spin plaquette interaction and the ferromagnetic 2-spin exchange compete
in a very interesting way. Both for the Ising system (∆ = 0) and the quantum
Heisenberg system (∆ > 0), we found interesting states and phase diagrams.
The main conclusion is that the quantum Heisenberg version of our system is
way more complex and interesting than the Ising version: there exists an antiferromagnetic state that does not exist in the Ising model, the High-K state is
very complex and not understood very well yet, and we confirm the existence of
a first-order phase transition between the ferromagnetic and antiferromagnetic
states. Most of the interesting behavior happens at low or zero temperature.
Only the AFM state prevails at high temperatures, the other states have quite a
low Curie temperature in comparison. The higher Curie temperature is expected
for the antiferromagnet.
By calculating analytically the eigenstates and eigenvectors of the system
consisting of a single plaquette, the behavior of the plaquette interaction is
understood better for all ∆.
It is safe to say that the FTLM was implemented successfully and works
well to study this system. In order to understand the high-K and AFM phases
better and not be plagued by finite-size effects as much, it is worth improving
the FTLM implementation by exploiting the symmetries of the system and
improving memory efficiency. We will continue working on this problem, and
these two limitations will be the first ones to be lifted
The only regime where the FTLM failed to perform well was when ∆ ≈ 0.
This happens because the Lanczos vectors fail to be orthogonal to each other
because of the high degeneracy of the system. It would be interesting to study
the ∆ ≈ 0 regime using another method. A good candidate is perturbation
theory: it is possible to write the hamiltonian as Ĥ = ĤIsing + ∆V̂ with ĤIsing
independent of ∆.
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√
At high temperatures, the error of √
the FTLM scales as O(1/ Nst R), while
for low temperature, it scales as O(1/ R) [13]. This fact, along with the fact
that our system is most interesting at low temperatures suggests future utilization of the Low-Temperature Lanczos Method, in which the FTLM is modified
to give exact ground state results and accurate low temperature results at the
cost of inaccurate results for high temperatures (unless computation time is
significantly increased).
Additionally, it would be interesting to explore eventual critical points and
critical exponents of the phase transitions, which was beyond the scope and
time-frame of the bachelor internship.
Lastly, it would be interesting to calculate susceptibilities to see if the CurieWeiss law holds for K ̸= 0 and classify the continuous phase transitions as either
a second-order phase transition or phase crossover.
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