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INTRODUCTION

Introduction

O

ver the past couple of decades, one of the most trending materials within the field of Condensed
Matter Physics, has been graphene. The honeycomb lattice, as it is sometimes better known as,
has an unique electronic structure and set of mechanical, magnetic and thermal properties. For
example, there are regions where electrons show massless dispersive behaviour [Ariel and Natan, 2012],
and there is the possibility for a ferromagnetic ground-state at room temperature [Sinha et al., 2021].
However, one of the main factors of influence in such a 2D van der Waals material, is the Coulomb interaction. As it happens, these interactions are of quite significant size for graphene [Wehling et al., 2011],
and therefore it must be treated as a correlated electron system to be studied properly. As graphene also
has an extremely high quantum efficiency for light-matter interactions [Grigorenko et al., 2012], these
types of correlation effects are of particular interest. The field of plasma-optics concerns themselves
with the latter, and generally speaking studies the physics behind plasmons, which are quanta for the
(induced) collective oscillations of charge in a correlated many-body electron system. For graphene specifically, much research has already been done in this regard [Bonaccorso et al., 2010, Koppens et al., 2011].
More recently, research devoted its attention to the plasmonic structure of layered van der Waals materials, such as bilayer graphene. The latter can be tuned to have relatively weak interlayer-coupling,
and is shown to exhibit very tuneable plasmonic modes by the means of doping and gating voltages
[Fei et al., 2015]. Therefore, the applicability of a finite sample in real-world devices is highly promising.
Keeping this applicability in mind, more and more research has shifted to studying the plasmonics
of these nanostructures. To be more specific, the overall goal is to create systems that would function as a plasmonic quantum dot, as these have a wide spread of applications in opto-electronic devices
[Bitton et al., 2019].
A new direction of research, is studying the effect of a twisting angle on such systems, thus creating
layered and twisted van der Waals (hetero-)structures. A prime example of such a system is twisted
bilayer graphene, whose twisting angle can be tuned to extreme precision with real-world experimental
methods, due to the weak interlayer-coupling and overall stability of the system [Cai and Yu, 2021]. For
this specific material, it has already been shown that it can exhibit ultra-flat bands at certain ”magicangles” [Tilak et al., 2021], and that there is the possibility for superconducting gaps to exist based on
the doping level [Cao et al., 2018].
For plasmonics in particular, it is also a very interesting material, as for example is illustrated by
the elaborate study on the effect of the twisting angle on local plasmonic spectra in [Novelli et al., 2020].
Furthermore, a recent publication on hexagonal, electron doped and large-angle twisted bilayer graphene
supercells, has shown how the twisting angle creates quantum-dot like plasmonic excitations with s- and
p−symmetries [Westerhout et al., 2021].
So in this work, we present an extensive study on the plasmonic structure of both monolayer and
(twisted) AA-stacked bilayer graphene, which we model in the form of finite hexagonal supercells. We
review the lattices within a tight-binding approximation, for which we in specific apply an exponential
Slater-Koster parametrisation of [Guinea and Walet, 2019] to set the hopping integrals in the interlayer Hamiltonian of our layered systems, allowing for variation of the allowed interlayer hoppings per
atomic site. The Coulomb interaction in these systems is then modelled based on presented methodology in [Schüler et al., 2013, Rösner et al., 2015], after which we use the fast and convenient real-space
RPA-algorithm of [Westerhout et al., 2018] to calculate the full real-space dielectric and polarisability
matrices for a given frequency. These matrices we will then use to review both the plasmonic excitations
in real- and momentum space, by the means of real-space and Fourier-space loss spectra, and real-space
plasmonic eigenmodes.
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Theory
Electronic Properties of Graphene

In this section, we opt to cover the basic electronic properties of graphene, as very thoroughly presented
in [Katsnelson, 2012, Castro Neto et al., 2009].
The crystal lattice of graphene is a honeycomb lattice, which can be span by a triangular Bravais
lattice with lattice vectors a1 and a2 :
√
a
a √
(2.1)
a1 = (3, 3) ; a2 = (3, − 3) ,
2
2
where a ≈ 1.42 Å denotes the carbon-carbon distance.
It is shown in Fig. 2, and as becomes clear from that image,
it contains two atoms per unit cell. Each of these belongs to a
different sublattice, which both combined span the whole crystal
lattice again. This is shown in Fig. 1. Notice that this lattice is
also bipartite, as each atom of sublattice A is surrounded by by 3
atoms of sublattice B and vice versa.
Now in reciprocal space, the lattice is still considered triangular, and the unit cell there is span by the reciprocal lattice vectors
b1 and b2 :
b1 =

2π √
(1, 3)
3a

; b1 =

√
2π
(1, − 3) .
3a

(2.2)

The resulting unit cell is shown in Fig. 2, where some of the points
of high-symmetry are immediately introduced. As these are quite
important, we will give the exact point in the First Brillouin Zone
for all of them:


2π
1
Γ = (0, 0, 0)
K=
1, √
3a
3
 

,
(2.3)
2π
2π
1
M=
1, 0
K0 =
1, − √
3a
3a
3
where a once again the carbon-carbon distance.

Figure 1: The sublattices A and
B, for which each unit cell (span
by the lattice vectors a1 and a2 )
contains one carbon atom of each.
[Katsnelson, 2012]

Figure 2: The Bravais lattice (left) and the First Brillouin Zone in reciprocal space (right) for graphene
[Maffucci and
√ Miano, 2014]. This image uses the quantity b for the carbon-carbon distance, meaning
that: a0 = b 3 is the lattice constant.
Graphene also happens to be a material whose electronic behaviour is very well describable within
a tight-binding approximation. In short, this approximation assumes a very high degree of charge
localisation, meaning we can thus rather speak about electrons occupying orbitals then them dispersing
freely throughout the material.
3
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The in-plane carbon bonds (σ−states) in graphene are sp2 -hybridized, and in terms of a band-picture,
their location is not close to the Fermi level [Katsnelson, 2012]. This means that their contribution to
the overall electronic behaviour of graphene can be reasonably neglected. The interest thus lies with
the π−states of graphene, whose bands lie way closer to the Fermi energy. These π−states consist pz orbitals, which are each occupied by one electron exactly. The simplest form of a tight-binding model for
graphene, only takes these electrons into account, and restricts itself to nearest-neighbour hoppings only.
This formalism was originally constructed by [Wallace, 1947], and is referred to as the single-particle
tight-binding description of graphene. A schematic overview of this model is given in Fig. 3:

Figure 3: This figure shows: (a) a sheet of graphene (b) the orbital configuration for one hexagon in the
graphene sheet [Liang, 2014]. Notice how the in-plane orbitals are sp2 -hybridized, and that we can thus
define a nearest-neighbour hopping between two pz -orbitals as shown.
The resulting tight-binding Hamiltonian, is in this case given by:
X †
Ĥtb = −t
âi b̂j + b̂†j âi ,

(2.4)

hiji

where t is the value of the hopping integral corresponding to a nearest-neighbour hopping between pz orbitals and the hiji a nearest-neighbour site index. The â†i , b̂†j and âi , b̂j are fermionic creation and
annihilation operators for sublattices A and B respectively.
Now as also is shown in [Wallace, 1947], this Hamiltonian is diagonalisable in momentum space. The
results of this process were fascinating, as it proved that graphene was in fact a gapless material within
the approximations of this model. Furthermore, in [Wallace, 1947] is also shown that in the vicinity of
the K, K0 -points, the dispersion relation is linear in k:


E± (q) ≈ ± vF |q| + O (|q|/|K|)2 ,
(2.5)
where: q = k − K(i) << K(i) is a (small) momentum with respect to the K, K0 -points and vF = 3ta/2
is the Fermi velocity (∼ 1 · 106 m/s).
The Hamiltonian given in Eq. (2.4), is also diagonalisable in real-space, which is usefull to look at
the density of states, or DOS in short. So given a set of energy eigenvalues Ei , their total contribution
to the DOS at an energy E is given by:
X
ρ(E) =
δ(E − Ei ) ,
(2.6)
i

where δ(x) is the Dirac-Delta distribution given in x and centered around the origin.
Now the interesting part, is that for graphene the DOS is slightly different depending on the chosen
edge type of the lattice. The two common edge types are an armchair boundary (Fig. 4b) and a zig-zag
boundary (Fig. 4d). The differences that this makes to the real-space DOS is shown in the rest of Fig.
4.
Both of the edge types conserve roughly the same bandwidth of the DOS of rougly 6t, as well as the
location of the Van Hove singularities near: E/t = ±1. The clear difference is the appearance of the
non-zero occupation in the zig-zag boundary its DOS near E/t = 0. Systems with such a property are
commonly referred to as metallic, as is more elaborated on in [Dutta and Pati, 2010].

4
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(a)

(c)

(b)

(d)

Figure 4:
For the:
(b) armchair-boundary (d) and zig-zag-boundary types of graphene
[Poklonski et al., 2012], the real-space DOS is given in (a) and (c) respectively. Notice that there is
a zero occupation at zero energy in (a), but there is a non-zero DOS at zero in energy (c).

2.2

Electronic Properties of Bilayer Graphene

The crystallographic stacking of graphene layers, provides a new set of materials with very interesting
electronic properties and many degrees of freedom. The most common material which is created in
this way, is bilayer graphene [Novoselov et al., 2006], or two stacked layers of graphene. Now the way
these layers are stacked, for example heavily impacts the strength of the interlayer-screening effects
[Koshino, 2010] and the amount of present spin-orbit couplings [McCann and Koshino, 2010].
For bilayer graphene, this is stacking-process is commonly done in either of the following two ways:
1. AA-stacking: each atom of the same sublattice in the upper layer lies directly an interlayer distance
above the one in the bottom layer. This is shown in Fig. 5.
2. AB- or Bernal-stacking: each atom of the same sublattice in the upper layer lies an interlayer
distance above the one in the bottom layer, but also gets shifted in the xy−plane with a lattice
constant. This is shown in Fig. 7.
It’s important to note here, that these ways of stacking also introduce plenty of new possibilities when it
comes to possible hoppings between sites. Therefore, it makes sense to look at the two unique branches
of hoppings that can occur in such a bilayer system:
1. A hopping between two sites in the same layer, an intralayer hopping.
2. A hopping between two sites in different layers, an interlayer hopping.
Now since the amount of stacked layers is finite, the tight-binding model of Eq. (2.4) can be extended to
suite our new bilayer system. For the two different stacking arrangements, we will provide an overview
of these models. These derivations will be far more elaborately presented in [Rozhkov et al., 2016], along
with a band-picture of both bilayer systems, which we opt not to show given our goals in this project.
2.2.1

Tight-Binding Theory for AA-stacked Bilayer Graphene

First, we are going to derive a tight-binding model for AA-stacked bilayer graphene, whose crystal
structure is shown in Fig. 5. The unit cell for such a system thus spans over the two layers 1 and 2, and
contains an atom of sublattice A and B of both layers. Notice how this way of stacking thus ensures that
the atoms of the same sublattice are located directly an inter-layer distance above each other.
5
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Figure 5: The crystal structure for AA-stacked bilayer graphene. The colored dots denote carbon atoms in
the A (red) and B (blue) sublattices in the bottom (1) and top (2) layers respectively. The unit cell of the
AA-stacked bilayer graphene then consists of four atoms: A1, A2, B1, and B2. Hopping integrals t and t0
correspond to the in-plane and interplane nearest-neighbor hopping, t0 and tg correspond to the in-plane
and interplane next-nearest-neighbor hoppings. This figure is reproduced from [Rozhkov et al., 2016].
Now given we restrict ourselves to the single-particle description again, and we thus consider only
the electrons occupying the pz −orbitals per atomic site, the tight-binding Hamiltonian is given by
[Rozhkov et al., 2016]:
X †
X †
X †
Ĥtb = −t
âiα b̂jα + t0
(âi1 âi2 + b̂†i1 b̂i2 ) − t0
(âiα âjα + b̂†iα b̂jα )
hiji,α

hhijii,α

i

X †
+tg
(âi1 b̂j2 + â†i2 b̂j1 ) + H.C. ,

(2.7)

hiji

where the α ∈ {1, 2} is a layer index, the i are numerical site tags and the hhijii,hiji denote (next-)nearest
neighbour site coordinates respectively. The â†iα , b̂†jα and âiα , b̂jα are once again fermionic creation and
annihilation operators per sublattice, which in this case are specified per layer and suite the hopping in
question as specified in Fig. 5.
This means, that the first term in this sum is the contribution of the nearest-neighbour hoppings, as
already given in Eq. (2.4). The second term accounts for the inter-layer hopping if we go to the same
sublattice type in layer 2 as in layer 1. The amplitude of this hopping integral is t0 . The third term is the
contribution of the next-nearest intra-layer hopping, with a value of t0 . Lastly, the summation scaling
with tg represents the inter-layer hopping between different sublattices in layer 1 and 2 respectively.
The values of these hopping integrals are off course quite relevant, and therefore we will opt to cover
an estimate for each here. The value for t is very well known, and is most commonly estimated to be
around: t ≈ 2.7 eV. The value for t0 is also decently accurately determined by [Castro Neto et al., 2009],
and is given to be: t0 ≈ 0.4 eV. Now the value of t0 is still not very well known to date, but with an
ab-initio model [Reich et al., 2002] have estimated that:
0.02t . t0 . 0.2t .

(2.8)

The value of tg is significantly smaller then the earlier stated values, and has the opposite sign. Once
again by an ab-initio calculation, [Brandt et al., 1988] has determined that: tg ≈ −0.3 eV.
In [Rozhkov et al., 2016], they also show the real-space DOS for two different AA-stacked bilayer systems. The systems differ in how the values of the hopping integrals of Eq. 2.7 are set. This is shown in
Fig. 6.
The key findings from this result, are that the addition of t0 and tg slightly shift the charge-neutrality
point, as well as the DOS losing its inversion symmetry in that point. Furthermore, all AA-systems
exhibit an approximately constant density of states near their corresponding charge-neutrality points.
Lastly, the two van Hove singularities as present in the monolayer DOS, have split up into two each.
This effect can be explained from the presented band structure of AA-stacked bilayer graphene in
[Rozhkov et al., 2016].

6
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Figure 6: The DOS for AA-stacked bilayer graphene, for the following set of parameters of Eq. (2.7):
1) t0 = tg = 0 (solid red curve) 2) t0 = 0.1 eV and tg = −0.3 eV (blue dashed curve). In both cases the
values of t = 2.7 eV and t0 = 0.36 eV are set. Furthermore, the gray dashed line is the mono-layer DOS
following the Hamiltonian of Eq. (2.4), where t0 = 0 thus is set implicitly. Figure is reproduced from
[Rozhkov et al., 2016].
2.2.2

Tight-Binding Theory for AB-stacked Bilayer Graphene

For AB-stacked bilayer graphene, the scenario is very different. The crystal structure of this Bernalstacked system is shown in Fig. 7, where immediately becomes clear that atoms of the same sublattice
are not necessarily only separated by an interlayer distance. This also makes sense, since this system is
constructed by shifting the top layer by a lattice constant horizontally as well as by a vertical separation.

Figure 7: The crystal structure of AB- or Bernal-stacked bilayer graphene. The colored dots denote
carbon atoms in the A (red) and B (blue) sublattices in the bottom (1) and top (2) layers respectively.
The sites which lie exactly an inter-layer distance above one another are connected with green lines.
Notice how this configuration thus forces that the A2 sublattice lies opposite to the B1 sublattice.
Keeping the same definition of t and t0 as in Fig. 5, we introduce the extra triangular hoppings t3 and
t4 . This figure is reproduced from [Rozhkov et al., 2016].

7
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If we now consider the single-particle description for the pz −orbitals again, we can construct the following
tight-binding Hamiltonian [Castro Neto et al., 2009]:
X †
X †
X †
X †
Ĥtb = −t
âiα b̂jα − t0
âj1 b̂j2 − t3
(âj1 b̂j2 + â†j2 b̂j1 ) − t4
b̂j1 b̂j2 + H.C. ,
(2.9)
hiji,α

j

j

j

where the α ∈ {1, 2} once again a layer index, the j are numerical site tags and the hiji denote nearest
neighbour site coordinates respectively. The â†iα , b̂†jα and âiα , b̂jα are once again fermionic creation and
annihilation operators per sublattice, which in this case are specified per layer and suite the hopping in
question as specified in Fig. 7.
The values of these hopping integrals are once again quite important to mention here. So the nearestneighbour hopping parameter t ≈ 2.7 eV still holds, but t0 for example is now is given in a slightly wider
interval (due to the different sublattices in both layers) [Rozhkov et al., 2016]:
0.3 eV . t0 . 0.4 eV .

(2.10)

As determined in [Brandt et al., 1988, Dresselhaus and Dresselhaus, 2002], the values of t3 and t4 are
approximately: t3 ≈ 0.04 eV , t4 ≈ 0.3 eV.
In [Castro Neto et al., 2009], they also show the real-space DOS for several different AB-stacked
bilayer systems. The systems differ in how the values of the hopping integrals of Eq. 2.9 are set. This
is shown in Fig. 8.

Figure 8: The DOS for AB-stacked bilayer graphene, for which a local DOS is given for the following
set of parameters of Eq. (2.9): b) γ3 =
b t3 = 0 c) γ3 =
b t3 6= 0. Notice how the removal of t3 has as a
result that there is a finite and non-zero DOS at zero energy, whereas for t3 6= 0 the DOS locally makes
a spike-like motion around 0 and the DOS vanishes linearly there. In d) is shown what impact it can
make if a small (transverse) bias voltage is applied, leading to the opening of a band gap. This figure is
reproduced from [Castro Neto et al., 2009].
What is important to notice here, is that there is a similar splitting of the Van Hove singularities as
given in Fig. 6 for AA-stacking, as well as quite a similar bandwidth of the non-zero DOS. The different
behaviour really sets in at small energies, as for all subfigures of Fig. 8 the DOS as shown certainly isn’t
(by approximation) flat or always non-zero at E/t = 0.

2.3

Introduction to Twisted Bilayer Graphene

Twisted bilayer graphene is a layered van der Waals structure, that consists of two stacked sheets of
monolayer graphene, which are misaligned due to an introduced relative twisting angle θ between the
layers. The resulting crystal structure will thus be a hybrid of both AA- and AB-stacked bilayer graphene,
which is illustrated by Fig. 9.
Now given the fact both layers have the same lattice constant, each vector R of this common lattice
can be represented as a linear combination of a modified version of the unit cell vectors of single layer
graphene [Katsnelson, 2012]. This is shown below:
R = n1 a01 + n2 a02 = n1 R̂θ a1 + n2 R̂θ a2

8

;

n1 , n2 ∈ Z ,

(2.11)
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where a1 , a2 as given in Eq. (2.1) and R̂θ is the
2D-rotation matrix:


cos(θ) − sin(θ)
R̂θ =
,
(2.12)
sin(θ) cos(θ)
given we rotate anti-clockwise over an angle θ and
around the origin of the system. For completeness, notice how we can set that for one of the
layers holds that θ = 0◦ , and in that case R̂θ is
the indentity matrix. This way, we will retrieve
that the primed lattice vectors of Eq. (2.11) for
that layer are the same lattice vectors as given in
Eq. (2.1).
Figure 9: This figure shows the a twisted biFurthermore, the introduction of this twistlayer system, consisting of two rectangular-shaped
ing angle θ, also introduces a characteristic length
sheets of graphene. Notice how the combined sysscale for the material. The twisting namely leads
tem locally approximates AA- and AB-stacking in
to the appearance of Moiré-patterns, which are the
the indicated regions respectively. Figure is reprointerference patterns that can be observed when
duced from [Huder et al., 2018].
we allow two (nearly or identical) line-based geometries to interfere in the same plane.
In experiment, these patterns can be observed with STM-images, as for example is shown in [Luican et al., 2011].
Here, they introduce the Moiré-period LM as the distance between two dark (or bright) neighboring centers. Mathematically, it is commonly described as given below:
LM =

a
,
2 sin(θ/2)

(2.13)

where a is the lattice constant of the system. Notice how the appearance of such patterns thus depends
smoothly on the twisting angle. However, one of the big downsides of solely characterising a system of
twisted bilayer graphene using the Moiré-period, is that strictly speaking it is only periodic for a limited
amount of θ [Sboychakov et al., 2015]. So even though the observed Moiré-cells may look alike, they are
not exactly equal.
The limited amounts of twisting angles for which this is the case though, reproduce a commensurate
structure. These structures are very special, as their periodicity allows for the construction of socalled superlattices, which are large supercell-equivalents to a unit cell of a normal system. Such a
superlattice cell (SC) contains many sites, and can be found for the following commensurate twisting
angles [Lopes dos Santos et al., 2012]:
cos(θ) =

3m20 r + 3m0 r + r2 /2
3m20 r + 3m0 r + r2

;

0◦ ≤ θ ≤ 60◦ ,

(2.14)

where m0 and r are co-prime and positive integers.
One of the main applications of such superlattice cells, is that they can be used for tight-binding
calculations, as for example is given in [Sboychakov et al., 2015, Lopes dos Santos et al., 2012]. Now the
exact implementation of the models does not add much to the overall discussion here, as all of them are
limited to specific regimes of θ or energy and thus not generally applicable. Furthermore, most of the
presented results in such works are aimed at investigations of the band structure of the system, which
are not of particular interest for this study. However, it must be stated that the effect of long-range
interlayer hoppings in these systems, are proven to be of significant impact [Guinea and Walet, 2019].

2.4

Plasma Phenomena and Screening Effects

In this section, we will elaborate on the physical phenomena occurring in a plasma, which as a substance
has already been briefly introduced in the introduction to this work.
One of the main characteristics of a plasma, is that it exhibits physical behaviour that suggests a
decisive amount of electron-electron interaction, and thus differs inherently from a normal gas. On first
sight, one wouldn’t expect that its behaviour thus would be comparable to charges present in real solids.
However, the present free charges in metals and semi-conductors, do resemble a highly ionised gas in
some ways. This statement is especially valid, if the periodic distortion due to the ion-core potential is
negligible (i.e. the electrons disperse almost freely throughout the material). The model that describes
this very behaviour, is commonly referred to as the plasma model for metals, in which the chargeneutrality condition is satisfied by assuming a smear of positive charge across the plasma.
Now it must be stated that this model has its applications and shortcomings, as it always heavily
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links the observed phenomena with the presence of the free electrons. However, it enables us to study
some of the optical properties of metals, which in particular are of interest for this study.
To be more specific, the principles of linear response theory can be derived within this model. In
essence, this theory attempts to explain how a many-body electron system (like a plasma), will react to
a small perturbation in the form of a time- and spatially dependent potential. As one can imagine, the
classical charge-screening that occurs in a static scenario:
Φ(r, r0 ) =

Φext (r, r0 )
,
ε(r, r0 )

(2.15)

will be no longer valid as the plasma starts to vibrate and show a frequency dependence. Now as we
will see shortly, the dielectric constant will become frequency dependent as a result. It happens to be
that this quantity yields much information about the allowed electromagnetic waves present in such a
plasma, under which are the so-called plasmons. These quasi-particles are the quanta for a standing
wave of charge density, caused by the vibrations of the plasma.
So to be able to properly define what conditions such a plasmon should yield, and how we can describe
its dispersive behaviour in the plasma, we will now first discuss this theory of linear response. To do
so, we will summarise the excellent derivations present in [Vonsovsky and Katsnelson, 1989], which are
a continuation of the quantum-mechanical theory called the Random-Phase Approximation (RPA) as
presented by [Bohm and Pines, 1953].
2.4.1

Classical Theory of Linear Response

We will first briefly summarise the classical theory of linear response , as first introduced by [Vlasov, 1938].
In this work, they derive that a classical many-body electron system subject to a weak oscillating potential
Vext (r, t), will yield the following equation [Vonsovsky and Katsnelson, 1989]:
Z
V (r, t) =

dr0

Z

t

dt0 ε−1 (r, r0 , t − t0 )Vext (r0 , t0 ) ,

(2.16)

−∞

where V (r, t) is the total potential experienced by the system due to the perturbation and charge displacement, and ε−1 (r, r0 , t) is the inverse-dielectric function. The integrands are set this way to preserve
causality.
Now more potently, we can take the Fourier Transform of Eq. (2.16), to find [Vonsovsky and Katsnelson, 1989]:
Z
V (r, ω) = dr0 ε−1 (r, r0 , ω)Vext (r0 , ω) ,
(2.17)
where:

ε−1 (r, r0 , ω) = lim+ ε−1 (r, r0 , ω + iη)
η→0
Z ∞
= lim
dt ei(ω+iη)t ε−1 (r, r0 , t) .
η→0+

(2.18)

0

−1

In this, we use that ε (ω + iη) is holomorphic on the upper half of the complex plane, and implicate
Titchmarsh’s theorem [Titchmarsh, 1926]. For comparison with the quantum mechanical description we
will derive shortly, we use that Eq’s (2.17) and (2.18) can be conveniently rewritten as:
Z
Vext (r, ω) = dr0 ε(r, r0 , ω)V (r, ω) ,
ε(r, r0 , ω) = lim+ ε(r, r0 , ω + iη)
η→0
Z ∞
= lim+
dt ei(ω+iη)t ε(r, r0 , t) .
η→0

2.4.2

(2.19)

0

Quantum Mechanical Treatment of Linear Response

We will now consider the very same scenario, but now we describe it quantum mechanically and use the
formalisms of RPA as introduced in [Bohm and Pines, 1953].
So suppose we have a many-body system of non-interacting electrons, described by a single-particle
Hamiltonian Ĥ0 , with eigenstates |νi and single-particle energies Eν . We introduce the single-particle
density-matrix as:
X
ρ̂0 =
wν |νi hν| ,
(2.20)
ν
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where wν is the probability to find an electron in state |νi. In the case that the system is in equilibrium,
this quantity is given by the Fermi-Dirac distribution evaluated at Eν . This way, the canonical average
of an arbitrary single-particle operator Â becomes:
X


hÂi =
wν hν|Â|νi = Tr Âρ̂0 .
(2.21)
ν

Now in the Heisenberg picture, operators oscillate in time, and the equations of motion for the
single-particle density matrix yield:


∂ ρ̂0
= Ĥ0 , ρ̂0 = 0 .
(2.22)
i~
∂t
We now introduce a perturbing potential V (r, t), with as operator V̂ (r, t), such that:
Ĥ = Ĥ0 + V̂ (r, t)

; ρ̂ = ρ̂0 + ρ̂0 .

(2.23)

Now within RPA, we consider a perturbing potential of the form [Vonsovsky and Katsnelson, 1989]:
V̂ (r, t) = V̂ (r)e−i(ω+iη)t

η→0+

,

(2.24)

where ρ̂0 ∝ V̂ (r, t) and the extra factor exp{ηt} ensures that the potential can be adiabatically switched
on and off. More on the importance of this factor can be found in [Nussenzveig, 1972].
Within the realm of linear response, we restrict ourselves to first-order perturbation theory, so in an
analogue of Eq. (2.21) we set:
[Ĥ, ρ̂] = [Ĥ0 + V̂ (r, t), ρ̂0 + ρ̂0 ]

≈ [Ĥ0 , ρ̂0 ] + [Ĥ0 , ρ̂0 ] + [V̂ (r), ρ̂0 ]e−i(ω+iη)t + O V̂ 2 ,

(2.25)

Now use the linearity of the partial derivative and Eq. (2.22) to find:
∂ ρ̂0
= [Ĥ0 , ρ̂0 ] + [V̂ (r), ρ̂0 ]e−i(ω+iη)t .
∂t

(2.26)

Considering the matrix elements of each part of this Eq. yields [Vonsovsky and Katsnelson, 1989]:


∂ ρ̂0 0
ν
ν = (Eν − Eν 0 ) hν|ρ̂0 |ν 0 i
∂t
D
E
(2.27)
ν [Ĥ0 , ρ̂0 ] ν 0 = ~(ω + iη) hν|ρ̂0 |ν 0 i
D
E 

ν [V̂ (r), ρ̂0 ] ν 0 = wν 0 − wν hν|V̂ (r)|ν 0 i ,
which leads to the important conclusion that:
hν|ρ̂0 |ν 0 i =

nν 0 − nν
hν|V̂ (r)|ν 0 i e−i(ω+iη)t
Eν − Eν 0 − ~(ω + iη)

; nν = n(Eν ) = wν .

(2.28)

Now introduce the electron density operator: N̂ (r) = |ri hr|. The difference in electron density
that is caused by the addition of the perturbation, is then given by [Vonsovsky and Katsnelson, 1989,
Westerhout et al., 2018]:
δ N̂ (r, t) = hr|δ N̂ (t)|ri




(2.21)
= Tr N̂ (r)(ρ̂0 + ρ̂0 ) − Tr N̂ (r)ρ̂0


= Tr N̂ (r)ρ̂0 ,
where:

(2.29)


 X 0
Tr N̂ (r)ρ̂0 =
hν |N̂ (r)ρ̂0 |ν 0 i
ν0

=

X

hν 0 |ri hr|νi hν|ρ̂0 |ν 0 i .

(2.30)

ν,ν 0

We can now use the self-consistency condition, namely that our total perturbing potential should be the
result of some external potential V̂ext (r, t) and the potential induced by δ N̂ (r, t):
Z
e2
V̂ (r, t) = V̂ext (r, t) + dr0
δ N̂ (r0 , t) .
(2.31)
kr − r0 k
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If we now insert Eq’s (2.28) and (2.30) into (2.31), we will find [Westerhout et al., 2018]:
Z
V̂ext (r, t) = dr0 ε̂(r, r0 , t)V̂ (r0 ) ,

(2.32)

where:
X

ε̂(r, r0 ) = hr|r0 i −

ν,ν 0
0

0

nν 0 − nν
Eν − Eν 0 − ~(ω + iη)

−i(ω+iη)t

ε̂(r, r , t) = ε̂(r, r )e

Z

dr00

e2
hν 0 |r00 i hr00 |νi hν|r0 i hr0 |ν 0 i ,
kr − r00 k

(2.33)

.

In this, ε̂(r, r0 , t) is the time-dependent dielectric function operator. We can get the frequency-response
of this operator, by looking at the Fourier transform of Eq. (2.32) [Westerhout et al., 2018]:
Z
0
V̂ext (r, ω) = dt0 eiωt V̂ext (r, t0 )
Z
(2.34)
= dr0 ε̂(r, r0 , ω)V̂ (r0 ) ,
where:

ε̂(r, r0 , ω) = lim+ ε̂(r, r0 , ω + iη)
η→0
Z ∞
dt ε̂(r, r0 , t)ei(ω+iη)t ,
= lim+
η→0

(2.35)

0

where we notice the simularity with the classical results as presented in Eq. (2.19). Using this definition
and with Eq. (2.32), we can conveniently express ε̂(r, r0 , ω) as [Westerhout et al., 2018]:
Z
0
0
ε̂(r, r , ω) = hr|r i − dr00 V̂C (r, r00 )χ̂(r00 , r0 , ω) ,
(2.36)
where:
χ̂(r00 , r0 , ω) = gs · lim

η→0+

X
ν,ν 0

nν 0 − nν
hν 0 |r00 i hr00 |νi hν|r0 i hr0 |ν 0 i
Eν − Eν 0 − ~(ω + iη)

2

(2.37)

e
V̂C (r, r ) =
,
kr − r00 k
00

are the polarisability matrix and the operator representing the Coulomb interaction respectively.
The importance of these results can’t be understated, as we now can conclude that the natural
oscillation spectrum of the plasma (i.e. without other external effects), can be obtained from setting Eq.
(2.34) to 0, or equivalently:
ε̂(r, r0 , ω) = 0 ,
(2.38)
given V̂ (r) can still be chosen arbitrarily at this point in the derivation.
At the same time, Eq. (2.38) is also the formal condition for a plasmon to be excited, where we thus
inherently obtain that these quasi-particles are very susceptible to the electrostatic interactions between
charges present in the plasma and to how polarisable the medium is.

2.5

Techniques to Probe and Represent Plasmonic Spectra

Now we have formally derived what a plasmonic excitation yields within the principles of real-space
RPA, we will cover some important concepts on how to create and interpret plasmonic spectra from
these calculations.
2.5.1

EELS and Notation Conventions

To start off with, we will briefly explain how we can experimentally probe a plasmonic excitation. As
one can imagine though, proving the existence of a plasmon directly through experiment, is quite the
challenge. Therefore, one of the most common ways to probe a plasmon being excited is done with
an indirect technique, called Electron Energy Loss-Spectroscopy, or EELS in short. This technique is
based around the energy loss of scattered electrons who have interacted with the material in question.
The double differential cross-section that can be obtained by capturing these scattered electrons, namely
is proportional to the electronic loss function. This quantity provides a lot of information about the
interaction of an incident charged particle with the conduction electrons of the material in question, and
in itself is dependent on the dielectric function.
12
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So suppose we now quantify the wavevector q of the electrons hitting the sample, then this technique
actually allows for the experimental determination of Fourier Space dielectric matrix elements by the
means of this electronic loss function (L.F.):
L.F. = −Im[1/ hq|ε̂(ω)|qi] .

(2.39)

An example EELS-setup with a rough overview of how it functions is given in Fig. 10. As the concrete
experimental details for such an experimental setup are rather technical and don’t add to much to the
discussion here, the interested reader can refer to [Brydson, 2001, Egerton, 2009].

(a)

(b)

Figure 10: This figure shows: (a) A typical EELS-experimental setup. An electron beam projects highenergy electrons (through lenses to straighten the beam) onto the sample. After the electrons have
interacted with the sample, only a small range of scattering angles actually corresponds to the sort of
inelastic scattering sought after. These electrons go through several spectroscopic processes, after which
an EELS-spectrum can be created. (b) A close-up image of the sample interacting with a beam-electron.
Notice how the scattering angle indeed provides a lot of information about how the beam-electron actually
interacted with the sample. Figures from [Gatan and Amatek, ]
The EELS is usefull for more than links with experiment, however. In [Wang et al., 2015] they state,
that for any finite N −atom nanostructure, we have access to the N distinct eigenvalues and eigenvectors
of the dielectric function per ω. As a result, they thus consider a spectral decomposition of the dielectric
function operator :
X
ε̂(ω) =
n (ω) |φn (ω)i hφn (ω)| ,
(2.40)
n

where the n (ω) and |φn (ω)i are the eigenvalues and eigenvectors of the dielectric function respectively.
The reason that this is usefull to do, is because we can perform a similar technique for the inversedielectric operator, whose eigenvalues are closely coupled to the EELS (as presented in Eq. (2.39)). This
quantity is always well defined, as is more elaborated on in [Wang et al., 2015].
In [Wang et al., 2015] they also introduce the possibility to order these eigenvalues by EELS-contribution,
which is formally introduced in [Westerhout et al., 2018]. So suppose that we introduce a number set:
S = {ni | i ∈ [1, 2, . . . , N ]}, with the property that for any ni ,nj ∈ S holds that:




1
1
≥ −Im
,
(2.41)
ni ≤ nj
=⇒
−Im
ni (ω)
nj (ω)
and we thus assign the property to the elements of S to order the eigenvalues of the dielectric matrix by
EELS-contribution.
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If we now take a look at the expansion belonging to the EELS-contribution of the inverse-dielectric
operator:


 −1  X
1
|φni (ω)i hφni (ω)|
−Im ε̂ (ω) =
−Im
ni (ω)
i




1
1
(2.42)
= −Im
|φn1 (ω)i hφn1 (ω)| − Im
|φn2 (ω)i hφn2 (ω)|
n1 (ω)
n2 (ω)


1
− Im
|φn3 (ω)i hφn3 (ω)| − . . . ,
n3 (ω)
we thus obtain a set of EELS contributions which are ordered in decreasing order by height.
So a bit of notation that we can now introduce, is that we start to refer to n1 (ω) as the leadingeigenvalue, or the eigenvalue that maximises the EELS. Following this way of thought, the sub-leading
eigenvalue would then be n2 (ω), and the sub-sub-leading eigenvalue would be n3 (ω), and so forth.
The very same can then be done for the eigenvectors of the dielectric function, as they are coupled to an
eigenvalue. So introduce: |φn1 (ω)i, as the leading-eigenvector, and |φn2 (ω)i as the sub-leading eigenvector, etc.
We will use this convention of notation frequently throughout this work, to clearly state what is
actually displayed in results or explain intermediary steps.
2.5.2

Real-Space EELS-spectra and Plasmonic Eigenmodes

The first application of Sec. 2.5.1 , is the definition of the real-space EELS-spectra, as also defined in
[Wang et al., 2015]. As already stated, we have access to the N -eigenvalue problem of each dielectric
matrix per ω. So let εn1 (ω) (ω) be the eigenvalue of ε(r, r0 , ω) that maximises the EELS, then we can
look at the development of the quantity:


L.F. = −Im ε−1
(2.43)
n1 (ω) (ω) ,
which for a given ~ω-range provides the (leading) real-space EELS-spectrum. The reason we actually
want to investigate this, is because there should be a strong correlation between the real- and Fourierspace spectra, as we will elaborate on shortly in Sec. 2.5.3.
Fully analogous, we can also perform an investigation on the corresponding eigenvectors of each
ε(r, r0 , ω), as these are coupled to an eigenvalue. Ordering these by EELS-contribution, allows us to
study how the real-space representation of these eigenmodes look like. This in itself is an unique aspect
the real-space RPA approach, and thus allows to study how a real-space plasmonic eigenmode confines
itself on a (finite) lattice.


To be more specific, we thus consider the development of the quantity: Re hr|φn (ω)i , which is once
again an approach presented in [Wang et al., 2015]. Notice that with the latter, we haven’t specified
any restriction on for example leading or sub-leading indices, so in principle we can study the real-space
patterns of several modes. This allows us to look at possible degenerate eigenmodes present in the
system, which is a technique we will implement later on in this study.
2.5.3

Plasmonic Spectra in Momentum-Space

Now the property of plasmons that we have not touched on yet, is their dispersive behaviour. To properly
study this, we have to transform the results of Sec. 2.4.2 to momentum space. This extra step, is also
immediately the reason why most RPA-calculations are done directly in momentum space, as for example
is shown in [Ehrenreich and Cohen, 1959].
However, such approaches lose the ability to present the type of results as discussed in Sec. 2.5.2
, which for this study are very important. Furthermore, we will now show that with a simple Fourier
transform, we can yield the same results.
We will consider the Fourier Transforms of both ε̂(r, r0 , ω), and χ̂(r, r0 , ω), for reasons that will be
explained shortly. This yields:
Z
Z
0
1
d
d
r
dd r0 ε̂(r, r0 , ω)e−iq(r−r )
ε̂(q, ω) =
(2π)d
Z
Z
(2.44)
1
d
d 0
0
−iq(r−r0 )
χ̂(q, ω) =
d
r
d
r
χ̂(r,
r
,
ω)e
,
(2π)d
where d is the dimensionality of the transform. Notice that this type of transform only gives us access
to the diagonal elements of the full matrices.
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This might seem a downside, but in [Despoja et al., 2013]
they present a very clever interpretation of this problem.
The formal statement would namely be, that the values for
q in the transform of Eq. (2.44), can only be chosen along
one axis in momentum space. In other words, letting q take
values along a pathing between points of high-symmetry in
the first Brillouin-Zone, also meets this criteria. An example
of this is given in Fig. 11.
So such an interpretation, allows for the study of electronic
loss per excitation energy ~ω and wavevector q, where the
wavevector is chosen along a meaningfull

 pathing. The
resulting density of plot of: −Im ε̂−1 (q, ω) , is what we will
refer to as the plasmonic dispersion.
This kind of graph provides a lot of information about where
plasmonic excitations are more likely to occur, due to the
direct correlation to the EELS as presented in Eq. (2.39).
Also, this density plot should show some correspondence
with the real-space EELS-spectrum as defined in Sec. 2.5.2,
as a transform like a Fourier Transform should preserve the
regions where high electronic loss occurs.

Figure 11: The First Brillouin Zone for
graphene in momentum space. The red
arrow indicates the pathing: K → Γ →
M.

So far, we have not done anything with χ̂(q, ω). The reason we are interested in this quantity, is
because the fact that the dielectric function even has an imaginairy part, can be related to the phenomena
of Landau damping. [Vonsovsky and Katsnelson, 1989]
This is a rather difficult phenomena to explain in full detail, but in essence it boils down to the energy
loss that a plasmon dissipates into single-particle excitations. Regions where this process heavily occurs
in momentum space, a plasmon is less likely to be propagating and even be excited in the first place. The
strength of this Landau damping is heavily
 correlated by how polarisable the medium is, and in specific
how big the contribution of: Im χ̂(q, ω) , is at each q. So a density of plot of this quantity, given at a
combination of different excitation energies ~ω and wavevectors q, we will refer to as the polarisability
in momentum space.
The combination of the plasmonic dispersion and the polarisability in momentum space, presents a
comprehensive combination to observe how plasmons disperse in momentum space, which we we will
implicate later on in this work.
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3.1

System Building

Approach and Numerics

This section is designed to give insight into the numerics used to achieve our results, as given in Sec. 4.
The full code won’t be given in this document, but can be found under [Bastiaansen, 2021].
Fig. 12 is an overview of the most important steps taken during the project, with the arrows indicating
what the step was that had to be taken. In the upcoming subsections, these arrows will be explained if
they require extra information to be understood.
Initial conditions

System building

TiPSi Sample-object

Model for the screened Coulomb interaction

Diagonalisation of Htb

Htb and VC (r, r 0 )

Eigenvalues of Htb

0

DOS

Real-space eigenmodes

RPA

0

Model for the DOS

Diagonalisation of ε(r, r 0 , ω)

ε(r, r , ω), χ(r, r , ω)

Eigenvalues and eigenvectors
of ε(r, r 0 , ω)

EELS-spectrum

Discrete Fourier Transform

Pseudo-diagonalisation in the VC (q)-basis
ε(q, ω), χ(q, ω)

Plasmonic dispersion and
polarisability in momentum space

Figure 12: A flowchart representing the most important steps taken during the project. Each yellow
block represents a necessary step to be taken inbetween, and each purple block is an (indirect) result to
be gained from one of these yellow blocks.

3.1

System Building

First off, we’ll be looking at the way we simulate a lattice in tight-binding description. This study uses
the Phython module TiPSi [van Veen et al., ] to do so, which is a tight-binding propagation simulator.
The usage of this module, allows for the construction of many geometries the user might want to build,
which is then captured in a Sample-object. This captures a combination of geometrical and electronic
properties of the lattice of choice. For the full documentation about TiPSi, see [van Veen et al., ].
Now within the bounds of this project, we considered three different kinds of geometries, namely:
• Monolayer Graphene (MLG)
• Untwisted Bilayer Graphene (BLG)
• Twisted Bilayer Graphene (T-BLG)
, for which we will cover how we constructed them.
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3.1

System Building

Construction of MLG-Supercells

The first lattice we’ll consider is a monolayer of graphene, or MLG in short. Now when building the
MLG-lattice, we had to keep in mind that we would want to look at T-BLG later on, since these systems
are constructed from MLG-layers. Due to our interests, and applicability, it was very convenient to build
the MLG-lattice as supercells. Such a supercell contains all the atoms of the whole lattice, and thus on
its own can be already quite significant in size. Furthermore, any form of boundary conditions that are
applied to such a supercell, thus only regard the lattice sites at its boundary.
Our choice concerning the matter, was to reflect the finiteness of a real system (i.e. something that
would resemble a quantum dot) with these supercells. We achieved this by not implementing any form
periodic boundary conditions, and thus not replicating the artificial span of an infinite crystal. Or in
other words, we thus consider open boundary conditions, where for sites within the supercell we consider
a tight-binding model that is along the lines of Eq. (2.4). This model thus restricts itself to nearestneighbour hoppings only.
Furthermore, the supercells are chosen
to be hexagonally shaped, to ensure a 60◦
rotationally invariant system of T-BLG
later on. And lastly, Fig. 4 shows the
difference between the electronic properties of both the zig-zag and the armchair
boundary types. To avoid any form of
metallic screening at small energies, we
decided to go with the armchair-only
boundary type for our MLG-supercell.

≈ 68.9 Å

When considering all of these variables, in combination with the common
rhombus-shaped unit cell for graphene
(as shown in Fig. 2), the amount of sites
in the MLG-supercell are quantised with
an internal size-parameter H as given
below:

4.5H2 − 15H + 12 , if H is even
Nsites =
4.5H2 − 18H + 19.5 , if H is odd

≈ 79.5 Å
Figure 13: The lattice of the hexagonally-shaped MLGsupercell for H=21, with armchair-boundaries only. Each
black dot represents an atomic site, of which there are
1626 in total.

An example of a H = 21 supercell is given
in Fig. 13, with a lattice constant of: a ≈
2.46 Å.
3.1.2

Construction of BLG-Supercells

As said before, the supercell of a bilayer system exists of stacking two MLG-supercells. The two layers
are displaced over an interlayer distance d, and stacked in an AA-fashion, as given in Fig. 5. The whole
BLG-supercell also applies the same open boundary conditions as the MLG-supercell, for the very same
reasons as given in Sec. 3.1.1. An example of a H = 21 BLG-supercell is given in Fig. 14.
The tight-binding model is where the differences start to occur with respect to the MLG-supercells
though. We deviate from the theoretical expression as presented in Eq. (2.7), which is reflected in the
way we set the values for the hoppings in the interlayer-Hamiltonian.
To be more specific, we consider a tight-binding Hamiltonian of the following form:
X †
Ĥtb = −t
âiβ b̂jβ + Ĥinter + H.C. ,
(3.1)
hiji,β

where the first term is regular intralayer Hamiltonian of Eq. (2.4) with layer index β, and the second
term is interlayer Hamiltonian. The values for the hopping integrals in the latter, we set according to an
adaptation of the exponential Slater-Koster parametrisation, as is presented in [Guinea and Walet, 2019].
This is shown in Eq. (3.2):

X
0.4 exp{−α · (krij k − d)} , if: krij k ≤ krmax k
Ĥinter =
t(rij )ĉ†i1 ĉj2 ; t(rij ) =
,
(3.2)
0
, elsewhise
i,j

where α is a material specific fitting constant, d is the interlayer distance between the two layers and
krij k = kri − rj k is the modulus of the vectorial difference between the two sites.
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Furthermore, the ĉ†iα , ĉjβ are layer-resolved fermionic creation and annihilation operators, where the i,j assume numerical site indices per layer 1 and 2 respectively.
Now our adaptation to the model, is the introduction
of the krmax k, which acts as a cut-off distance. In the
absence of this quantity, this model always assigns a positive and non-zero value to any possible interlayer-hopping
present in the system, as krk ≥ d. As presented in Eq.
(3.2), the amount of allowed interlayer hoppings thus is
constraint by the value of krmax k. Later on in this work
(i.e. in Sec. 4.2), we will experiment with several values of
krmax k, to see how it impacts the electronic structure of
the BLG-systems.
Furthermore, it must be noted that in Eq. (3.2) we
completely disregard the separation between an AB or
BA sublattice interaction, since those operate over the
same (vectorial) distance. This is immediately one of
the big differences with the other two models supplied
in [Guinea and Walet, 2019], which include more environmentally dependent effects like this difference, or the possible screening effects that can occur between interlayer
hoppings.
3.1.3

System Building

d

Figure 14: For the H = 21 AA-stacked
BLG-supercell, the 3D-projection of the
lattice is given for an interlayer distance
d. The 2D-projection is fully equivalent
to Fig. 13.

Construction of T-BLG-Supercells

Now the T-BLG supercells are constructed accordingly to the BLG supercells, meaning that they also
follow the tight-binding model as is presented in Eq. (3.1). The adaptation lies in the fact that we can’t
implement any finite form of krmax k here, due to the fact that any finite value would lead to inconsistent
distance comparisons across a variety of twisting angles. So in other words, to remain a 60◦ rotationally
invariant system, we always allow all the inter-layer hoppings (i.e. krmax k → ∞ in Eq. (3.2)).
Furthermore, it’s worth pointing out that the twisting angle is measured about the center of the
middle hexagon, as is given in Fig. 15. Notice that by setting θ this way, we ensure that at zero twisting
angle, there’s perfect AA-stacking, which can be regained for integer multiples of: θ = 60◦ .
Also, as clear as it may already be, these supercells thus also have open boundary conditions, as they
consist of stacked MLG-supercells.
An example of such a supercell is given in Fig. 16, for θ = 10◦ , H=21 and a lattice constant of:
a ≈ 2.46 Å. Notice how there are regions that locally approximate AA- and AB-stacking respectively.

≈ 74.7 Å

≈ 79.5 Å
Figure 15: The middle hexagons for the untwisted layer (blue) and the twisted layer
(red), where θ denotes the twisting angle
and a is the carbon-carbon distance.

Figure 16: The 2D-projection of the lattice of a T-BLG
supercell, for θ = 10◦ and H=21. Each black dot once
again is an atomic site, of which there are 3252 in total.
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Model for the DOS

Now let Htb be a real tight-binding Hamiltonian, as constructed for one of the systems of Sec. 3.1. Since
this Hamiltonian is based on the implementation of Eq’s. (2.4) and (3.2), this matrix is also Hermitian.
Therefore, it’s diagonalisable and we can obtain the set of energy eigenvalues of Htb .
In principal, we can now implement the formula given for the DOS as given in eq. (2.6).
However, the Dirac-distribution is a mathematical object which can’t be exactly executed in
programming languages. Therefore, we have to
use an approximation which we can actually
implement. The model used in this study, is a
one-dimensional Gaussian approximation, with
broadening factor :
 2
x
1
exp −
.
(3.3)
δ(x, ) = √
2
2π
In Fig. 17, we show how this factor  impacts the values of δ(x, ). Furthermore, the
trend that follows from Fig. 17, is also linked
to a mathematical formulation.

Figure 17: Several curves of δ(x, ) for different values
for . Notice how for smaller values of , the width of
the peaks shrinks.

The formula in Eq. (3.3), namely is considered as a weakly converging function to the Dirac distribution function δ(x). The formal details of this are given in [Saichev and Woyczynski, 2013].
So, in other words:
lim+ δ(x, ) = δ(x) .
(3.4)
→0

Therefore, the implemented model for the DOS is given by:
X
ρ(E) =
δ(E − Ei , ) ,

(3.5)

i

where the Ei are the energy eigenvalues of Htb and  some small, positive and finite value for the
broadening factor as given in equation (3.3).

3.3

Model for the Screened Coulomb Interaction

Now we covered some of the tight-binding properties of the systems of Sec. 3.1, it’s time to look at how
we model the Coulomb interaction in these systems.
The model we apply during this study, is a so-called Ohno-interpolation, as is given in [Schüler et al., 2013].
The model is named after its original founder [Ohno, 1964], which means that the model we use is an
applied form of this original publication. It is given in Eq. (3.6):
A0
VC (r, r0 ) = q
,
2
(δ + )2 + kr − r0 k

(3.6)

where A0 and δ + are (non-zero) material specific fitting constants, and kr − r0 k is the distance between
the sites for which the Coulomb interaction exists.
One of the main utilities of this model, is that it makes sure that the on-site potential VC (r, r0 = r)
converges to a finite value. This is a necessity when it comes to the executability in programming
languages, and this otherwise singular behaviour is also one of the immediate downsides to the bare
Coulomb interaction:
VC,bare ∝ 1/r
=⇒
lim+ VC,bare = +∞ .
r→0

It must be stated why it is allowed to make this singularity converge in the Ohno-model. The underlying
argument is the Pauli-exclusion principle, which states that no two fermions can occupy the exact same
quantum state. As our position vectors are not coupled to a spin as well, the electrons for which the
Coulomb-interaction exists, can never be in the exact same spatial configuration (i.e. kr − r0 k will never
be 0, unless we’re regarding the same electron). Therefore, we can safely implement the model of Eq.
(3.6).
Now as we already introduced that some of the variables in Eq. (3.6) are material-specific fitting
constants, we thus require some experimental data to fit our model to. In this study, we use the
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results provided by [Rösner et al., 2015], which are realistic Coulomb matrix elements as calculated from
the freestanding bulk material. Their calculations were perfomed according to an ab-initio model, or
sometimes better known as from-first-principles model, which involved the usage of the constrainedrandom-phase-approximation (c-RPA). As their exact methodology goes beyond the boundaries of this
project, more extensive details can be found under [Rösner et al., 2015].
What we can explain, however, is that this model accounts for some electronic screening effects. One
of which, is a form of partial electrostatic screening, and it regards the screening effects of the px - and
py -orbitals with respect to the reviewed pz -orbitals of the honeycomb lattices. This is important to
mention, as this model thus doesn’t regard full-electrostatic screening.
They provide data for both mono- and bilayer graphene, from which a replica is shown in Tab. 1:
Vi [eV]
Material
MLG
BLG

V0

V1

V2

V3

V4

V5

9.7
9.1

5.3
4.7

3.8
3.2

3.5
2.9

3.0
2.5

2.8
2.3

(a)

ri [Å]
Material
MLG/BLG

r0

r1

r2

r3

r4

r5

0

1.42

2.46

2.82

3.85

4.23

(b)

Table 1: (a) The Coulomb matrix elements Vi (in eV) for MLG and BLG , as given in [Rösner et al., 2015].
The main trend here is that the BLG data has a lower value then the MLG data. (b) The distances
(kr − r0 k in Eq. (3.6)), for which the Vi elements were calculated. These are given in Å, and kept
consistent for both MLG and BLG.
These (Vi , ri )-pairings of Tab. 1 are then used
to determain the values of the fitting constants A0
and δ + of Eq. (3.6), for which the results are given
in Table 2.
Now our Coulomb model thus is complete, so
we can have a look at a graphical representation.
This is shown in Fig. 18.

MLG
BLG

A0 [eV·Å]
10.338
8.554

δ + [Å]
1.077
0.945

Table 2: The values of the fitting constants A0 and
δ + as in Eq. (3.6), given the (Vi , ri )−pairings of
Table 1.

Figure 18: The model for the (partially) screened Coulomb interaction, as given in Eq. (3.6), with the
fitting constants as specified in Tab. 2. For a variety of different r = kr − r0 k, the solid lines are the
applied models for MLG (blue) and BLG (red) respectively. The scattered points are the (Vi , ri )-pairings
from Tab. 1, for which the fitting constants of Tab. 2 were determined. These are once again given in
blue and red for both MLG and BLG respectively. The gray-dashed line is the bare Coulomb interaction,
which clearly shows singular behaviour as r → 0.
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Now it is off course worth noting that this way of constructing the Coulomb model is by the means
of a fit, and thus as follows from Fig. 18 it over/under estimates some of the interactions as presented
in [Rösner et al., 2015]. However, for the means of this project, we considered this model as more then
acceptable.

3.4

Real-Space RPA in the Tight-Binding Basis

In Sec. 2.4.2, we have already covered how we can calculate the real-space dielectric and polarisability
matrices using real-space RPA. Now, we will elaborate on this, showing how exactly we implemented
this algorithm.
In [Westerhout et al., 2018], they present a very convenient way to perform these calculations, given
the fact we review our lattice in the tight-binding description. Since for our study this off course the
case, we can look at how this heftily simplifies the calculations, and under which assumptions it does so.
First of all, due to the tight-binding model, our Hilbert space is fully discretised. This means that
there exists an orthogonal, complete and highly-localised (around atomic sites) set of atomic basis vectors
|ai (for a ∈ {0, N − 1}). We can now perform the analogue of Eq. (2.36) using this basis, where we then
can decently approximate the integral as a summation. The result is the following:
X
ha|V̂ext |ai =
ha|ε̂(ω)|bi hb|V̂ |bi ,
b

ha|ε̂(ω)|bi = ha|bi −

X

ha|V̂C |ci hc|χ̂(ω)|bi ,

c

hc|χ̂(ω)|bi = gs · lim

X

η→0+

i,j

ni − nj
ψj (rc )ψi∗ (rc )ψi (rb )ψj∗ (rb ) ,
Ei − Ej − ~(ω + iη)

ha|V̂C |bi = q

A0

(3.7)

(Our Coulomb model of choice) .
2

(δ + )2 + kra − rb k

Here , ψi (r) denotes the i-th eigenstate of the tight-binding Hamiltonian Ĥtb , which is located at position
r and has eigenenergy Ei . Furthermore, gs = 2 is the spin-degeneracy, η the inverse-relaxation time and
ni the i-th level occupation number according to the Fermi-Dirac distribution:
ni =

1
.
exp{(Ei − µ)/kB T } + 1

The unique aspect of this algorithm is that its calculations rely on a high degree of vectorisation,
making it quite fast and very efficient. As the creation of this algorithm was not part of this study, we
refer to [Westerhout, 2017] for further computational details and the documentation.
What is of relevance for this study though, is that for all the results we present in Sec. 4, we use
the same parameters for the RPA-calculations. These are listed below:
kB T = 0.0259 eV (Room temperature)
µ = 1.0 eV
η = 0.1 eV

(3.8)

We thus consider a doped sample for all of the previously discussed systems, as well as a quite a high
inverse-relaxation time. The range of ~ω-values is chosen material specific, which will be elaborated on
in Sec. 4.

3.5

Discrete Fourier Transform

Suppose that we performed the calculation of several ε(r, r0 , ω) and χ(r, r0 , ω) matrices for a set of different ω, following the algorithm as specified in section 3.4. To properly analyse the dispersive behaviour
of the coherent plasmonic spectra, these matrices need to be transformed to momentum space. This
section is designed to give insight behind the computational techniques used to make that happen.
It’s also worth noting that unless specified differently, everything stated for ε̂ also holds for χ̂.
Now suppose that ε(r, r0 , ω) is a real-space dielectric matrix, and ε̂(ω) is the corresponding real-space
dielectric operator. The way this operator transforms to momentum-space, has already briefly been
introduced in Eq. (2.44). However, in that formulation we did not utilise that we review our lattice in
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a tight-binding description. So if we consider the presented Fourier Transform in a discretised fashion,
this will yield:
X
hq|ε̂(ω)|qi =
hq|ri hr|ε̂(ω)|r0 i hr0 |qi
r,r0

(3.9)
1
hq|ri = hr|qi = √ exp{−i(q · r)} ,
2π
where the |ri are atomic position eigenstates, the |qi are momentum eigenstates and the hr|ε̂(ω)|r0 i are
real-space dielectrix matrix elements. The exact way we implemented this expression is a bit different,
so we will elaborate on that now.
†

3.5.1

Ordering by Sublattice Interaction

First of all, for now assume that our lattice consists of n sublattices containing one atomic orbital each,
and label each of these sublattices with an sublattice index Ai (i ∈ [1, n]). And more potently, we assume
that our lattice consists of full unit cells (of n orbitals) only. We will come back to this assumption and
its validity/necessity in Sec. 3.5.4.
Then what we can do, is re-formulate the summation in Eq. (3.9) as the following:

X
X X X
. . . =⇒
... ,
(3.10)
r,r0

i,j

r∈Ai r0 ∈Aj

where we thus split our summation over all atomic basis vectors, into smaller summations of atomic basis
vectors belonging to each individual sublattice. In other words, each part of our summation now describes
the Fourier Transformed dielectric matrix elements belonging to a possible sublattice interaction Ai Aj .
This is a very usefull insight, as we will see now. We assumed our lattice consists of full unit cells
only, so therefore each sublattice interaction should be present within every unit cell. So per value of q,
we can construct a matrix E, which contains all of these elements:

 A1 A1
ε
εA1 A2 . . . εA1 An
 AA
.. 
 ε 2 1 εA2 A2
. 


(3.11)
E(q, ω) =  .
..  ; E = hÊi ,
.
..
 ..
. 
εAn A1
...
. . . εAn An
where each: εAi Aj = hq|r ∈ Ai i hr ∈ Ai |ε̂(ω)|r0 ∈ Aj i hr0 ∈ Aj |qi, a complex number.
3.5.2

Pseudo-diagonalisation in the VC (q)-basis

The eigenvalues of the matrix in Eq. (3.11) provide a lot of information about the possible charge
oscillations, so therefore we want to diagonalise it (i.e. solve the eigenvalue problem). We could in
principal do this by solving the exact eigenvalue problem:


det E − λn 1̂n×n = 0 ,
but this is not preferred in our case. We will use the fact, that within the approximations of realspace RPA, the Coulomb basis of Wannier functions is a correct basis choice for the dielectric matrix
[Rösner, 2016]. Therefore, the basis belonging to the Fourier-transformed Coulomb matrix VC (q), can
be used to transform a matrix like in Eq. (3.11) to an approximately diagonal form, which we will refer
to as pseudo-diagonal from here on out.
So to be more specific, we can construct an analogue of Eq. (3.9) for the real-space Coulomb matrix
as:
X
hq|V̂C |qi =
hq|ri hr|V̂C |r0 i hr0 |qi
r,r0

(3.12)
1
†
hq|ri = hr|qi = √ exp{−i(q · r)} ,
2π
after which we can make the same transition as described in Eq. (3.10), and arrive at a similar result as
shown in Eq. (3.11):
 A1 A1

VC
VCA1 A2 . . . VCA1 An
 A2 A1
.. 
V
VCA2 A2
. 
C


VC (q) =  .
..  ,
.
.
.
(3.13)
 .
.
. 
VCAn A1
A Aj

VC i

...

...

VCAn An

= hq|r ∈ Ai i hr ∈ Ai |V̂C |r0 ∈ Aj i hr0 ∈ Aj |qi .
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From here, we solve the exact eigenvalue problem, to obtain the n (right-)eigenvectors of VC (q).
Suppose we now name the one of these eigenvectors ϕi (q) = hq|ϕi i, and let hq|ϕji i denote one of its
components. Then we can perform the sought-after basis transform as:
X
ˆ
αβ
0
(ω)|qi hq|ϕφβ i ,
(3.14)
hφ|Ẽ(ω)|φ
i=
hϕα
φ0 |qi hq|Ê
α,β

where α, β, φ, φ0 ∈ [1, n] and hq|Ê αβ (ω)|qi =
b
matrix:

ε̃1

 β2,1
Ẽ(φ, φ0 , ω) = 
 .
 ..
βn,1

εAα Aβ , as specified earlier in Eq. (3.11). The resulting full

β1,2 . . . β1,n
.. 
ε̃2
. 
ˆ

(3.15)
..  ; Ẽ = hẼi ,
..
.
. 
. . . . . . ε̃n

is now pseudo-diagonal. In this, the ε̃i are pseudo-eigenvalues of E(q, ω) and the βi,j are small offdiagonal elements.
The approximation we then apply is the following: as the off diagonal elements are sufficiently
small, we choose to neglect them fully. By this, we thus imply that our set of pseudo-eigenvalues is
approximately equal to the exact set of eigenvalues of E(q, ω). Or in other words:
Ẽ(φ, φ0 , ω) ≈ diag(ε̃1 , ε̃2 , . . . , ε̃n ) .
3.5.3

(3.16)

Interpretation of Results for Plotting

Now please note that as if now, we have assigned n values to each combination of ω and q, which makes
plotting rather inconvenient. Therefore, our implementation of plotting the plasmonic dispersion (as
introduced in Sec. 2.5.3), is to only consider the leading pseudo-eigenvalue ε̃n1 (q, ω) per combination of
(q, ω). Or in other words, we set:



1
−1 
.
(3.17)
− Im hq|ε̂(ω)|qi
=
b − Im
ε̃n1 (q, ω)
A fully analogous expression as in Eq. (3.15) can be derived for the polarisability matrices, which we
will label as the matrix X̃ (φ, φ0 , ω) with pseudo-eigenvalues χ̃m . Now as all the single-particle excitations
contribute to the total level of Landau-damping [Vonsovsky and Katsnelson, 1989], it doesn’t make much
sense to look at the contribution of the leading eigenvalue only. Therefore, we take the trace of imaginairy
parts of the pseudo-diagonalised matrix X̃ instead:





0
Im hq|χ̂(ω)|qi =
b Im Tr X̃ (φ, φ , ω)
X

(3.18)
= Im
χ̃m (q, ω) .
m

In the upcoming Sec. 4, we will widely use these implementations, and represent both quantities by a
density plot, accomponied by a colormap to show a scale of the quantity.
3.5.4

Discussion about Assumptions/Approximations

In Sec. 3.5.1, we already briefly mentioned to two following assumptions:
1. The lattice consists of n sublattices, containing one atomic orbital each.
2. The lattice consists of full unit cells only.
As we won’t be doing any kind of Fourier Transform for T-BLG systems, we will be discussing the
statements for the MLG- and BLG-supercells of Sec’s. 3.1.1 and 3.1.2.
The first statement both systems completely satisfy, as our systems all can be span by an integer amount of sublattices, and only have one pz -orbital per atomic site. In the second one however,
we have to make an approximation. The way the supercells are build, implicates the open boundary
conditions, meaning that there will always be some sites at the edges which won’t have a complete unit
cell. In the case of both the MLG- and BLG- systems considered in Sec. 4, the amount of sites for which
this is the case is less then 5% of the total amount. Therefore, we opted to leave the data belonging to
these sites out of the discrete Fourier Transform, such that our system mathematically consists of full
unit cells only. This is off course an approximation, but a very reasonable one at that.
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Results

In this section we will represent the results we managed to produce in this study, which are shown
separately for each investigated system for clarity.

4.1

Monolayer Graphene

The first system we have reviewed in this study, is the H = 21 MLG-supercell as given in Fig. 13, which
has a lattice constant of 2.46 Å and 1626 atomic sites in total.
The nearest-neighbour hopping parameter for
the tight-binding Hamiltonian of Eq. (2.4)
was set to: t = 2.7 eV.
The resulting DOS of the system is shown
in Fig. (19), which has been calculated with
Eq. (3.5). For clarity we didn’t include the
µ = 1 eV offset due to the doping of the
sample. We see that we do in fact have a
zero occupation at zero energy, have Van
Hove singularities near E/t ±1, and roughly a
bandwidth of non-zero DOS of 7t.
Furthermore, for the RPA-calculations of
Sec. 3.4, we have set a ~ω-range that suits this
non-zero bandwidth of the DOS, namely from
[0,7t]. Any points outside this range would
not add much to the discussion, as there are
no possible excitations between states there.
4.1.1

Figure 19: The DOS for the H= 21 MLG-supercell of
Fig. 13, for a broadening factor of:  = 3.5 · 10−3 in Eq.
(3.5).

Real-Space EELS-spectrum and Plasmonic Eigenmodes

As a first set of results, we will cover the real-space electronic loss spectrum and some real-space plasmonic
eigenmodes, as defined earlier in Sec. 2.5.2.
To start off with, Fig. 20 shows the real-space EELS-spectra for both the full-bandwidth of [0,7t],
and a scoped-in interval of [0, t]. These plots serve as main purpose, to give us some insight in which
regions high electronic loss occurs, and to be able to couple this information later on to the plasmonic
dispersion (as already briefly mentioned in Sec. 2.5.3).
We thus observe that for Fig. 20, there are two clear regions where high electronic loss occurs (i.e. at
[0, t] and ≈ [2t, 6t]). Furthermore, we observe that in the scoped-in interval of [0,t], that this lower-main
branch is somewhat split into two main parts. This effect was previously not as well visible due to energy
resolution.

Figure 20: The real-space EELS-spectra for the H = 21 MLG-supercell, that denote the development
the EELS contribution of the eigenvalue that maximises the EELS. It is given for the whole effective
bandwidth of [0,7t] and ~ωres = 0.1 eV, and with a zoomed-in region of [0,t] with a higher energy
resolution of : ~ωres = 0.025 eV. The scattered gray dots denote the excitation energies for which we will
show the corresponding real-space plasmonic eigenmode as well.
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As already highlighted in Fig. 20, we have chosen to show some real-space plasmonic
eigenmodes
as


well for certain ~ω-values. In such a plot, we thus consider the contribution of Re hr|φn (ω)i , where
|φn i is the nth leading eigenvector. In the case of Fig. 21, we consider the leading eigenvector when it
comes to EELS.
The overall goal of Fig. 21, is to show that some plasmonic eigenmodes really show a familiar spatial
symmetry, and that even for a finite supercell they do actually confine themselves as a part of a continuous
pattern on the lattice.

~ω = 0.025 eV

~ω = 0.05 eV

~ω = 0.15 eV

(a) Dipole-like
~ω = 1.175 eV

~ω = 1.35 eV

(b) 1s-like
~ω = 1.525 eV

~ω = 1.925 eV

(c) 2p-like

(d) 3d-like

Figure 21: For different ~ω-values, this figure shows a (leading) real-space plasmonic eigenmode
 of the H =
21 MLG-supercell. In this, the colors red and blue denote positive and negative
values
of
Re
hr|φn (ω)i


respectively. When the figure shows a white region, this means that Re hr|φn (ω)i is either close to
or zero there. The spatial symmetry of the plasmonic eigenmode in question is given in the subfigure
caption. Also note that the dipole-like modes are rotationally degenerate, even though their exitation
energies are different. This indicates that only one of them is the real plasmonic eigenmode, and the
other two are so-called virtual modes.
4.1.2

Plasmonic Spectra in Momentum Space

We will now present both the plasmonic dispersion and the polarisability in momentum space for the H
= 21 MLG-supercell. These spectra are calculated following the discrete Fourier transform of Sec. 3.5,
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with as starting point the real-space dielectric and polarisability matrices calculated according to the
real-space RPA-algorithm as described in Sec. 3.4.
First of all, we will adress how we chose the momenta to perform the Fourier Transform for. We
will use the approach of evaluating momenta along a pathing between points of high-symmetry in the
first Brillouin Zone of graphene, as already discussed in Sec. 2.5.3. This method is adapted from
[Despoja et al., 2013], and we will consider the whole (or parts of the) pathing: K → Γ → M, as is
visualised in Fig. 11.
Furthermore, since we do not consider any form of periodic boundary conditions, the values of q do
not have to satisfy specific conditions for it to be a good quantum number. Therefore, we have opted
to consider an amount of 377 q−points between each pathing point, such that we thus consider a total
amount of 757 of q−points in total.
For these parameters, the results for the plasmonic dispersion and the polarisability in momentum
space are given in Fig. 22, where we consider the same two energy intervals of [0,7t] and [0,t] as in Fig.
20 for the EELS.

(a)

(b)

Figure 22: For the H = 21 MLG-supercell, this figure shows: the plasmonic dispersion (left column), realspace EELS (middle column), and the polarisability in momentum space (right-column). The dispersions
are considered along the pathing of: K → Γ → M, in the first Brillouin Zone of graphene. In specific,
they are given for: (a) the full energy bandwidth of the DOS: [0,7t], and ~ωres = 0.1 eV. (b) the energy
domain of: [0,t] , and ~ωres = 0.025 eV. At 2kF (≈ 0.21 1/Å) displaced of the Γ-point, lines are given as
a sense of scale.
Now before we start analysing this result, it must be stated that it is next to impossible to interpret
these spectra to the fullest for a student on the bachelor level. However, we can observe some important
characteristics and extract trends, and even being able to create these spectra in the first place was an
achievement of the project. So therefore, we have opted to show and attempt an analysis on these results
nevertheless.
So starting with Fig. 22a, we can clearly deduce the existence of two main branches, which corre26
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sponds to the trend as observed in the real-space electronic loss spectrum. The lower branch is com√
monly associated with acoustic plasmons or 2D-electron gas modes, meaning they disperse like ∼ q.
We do observe this trend here, which is most clearly visible in Fig. 22b. More on this is covered in
[Das Sarma and Hwang, 1998, Hwang and Das Sarma, 2009].
The higher branch are plasmonic modes with a smaller wavelength, and we will refer to them here
as optical modes. The formation of this branch matches up quite well with the results presented in
[Despoja et al., 2013], who performed a similar analysis as in this study for the plasmonic structure of
graphene. Most importantly, they also considered a doping of 1 eV. One thing that is different though,
is the highest optical mode, which we predict is due to the finiteness of our system given the lack of
periodic boundary conditions.
Furthermore, in Fig. 22b we can see a smeared-out triangular region of zero polarisation for small momenta around the Γ-point. This is a theoretical phenomena which gets properly deduced in [Kotov et al., 2012],
and is the result of the linear dispersion of graphene near the Dirac Points. The upper bound of the triangle depends on the amount of doping present in the system. We can see that it approximately reaches
twice our dopant level of 1 eV (≈ 0.8t), which is in great correspondence with formalisms presented in
[Kotov et al., 2012].
Lastly, as a general statement, we can conclude that the regions where there exists a high level of
Landau damping (i.e. Im[ hq|χ̂|qi] tends to large negative values), the plasmonic excitations are severely
damped or non-existent in the first place. This is off course in great correspondence with what one would
expect, given the RPA-derivation of Sec. 2.4.2.
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The next sort of system we considered was the AA-stacked H = 21 BLG-supercell, for which an example
is given in Fig. 14. This system shares the lattice constant of 2.46 Å and intralayer nearest-neighbour
hopping parameter of: t = 2.7 eV, with the previously discussed H = 21 MLG-supercell. Now differences
are off course the double amount of total sites (3252), and the new variable of the interlayer-distance,
which we set to d =3.46 Å given data from [Guinea and Walet, 2019].
Furthermore, the tight-binding model is set according to Eq’s. (3.1, 3.2). In this, we determined
the value of the constant α in the exponential Slater-Koster parametrisation of Eq. (3.2) to be approxemately: α ≈ 0.93. We have done so by the means of a fit, where the data was taken from
[Guinea and Walet, 2019]. In this work, they also calculate numerical estimates for interlayer-hoppings
for several systems of bilayer graphene, which also have our chosen interlayer distance.
Now the overall goal of this implementation, was to be able to experiment with the amount of allowed
interlayer hoppings, to see how this would alter electronic and plasmonic structure of the system. So
for clarity, we will now show the exact values for the cut-off distances krmax k that we used for our
simulations, paired with hoppings that would be allowed in this case. For completeness, we added Fig.
23 to visualise the used terminology.
1. krmax k = d, only γ1 would be allowed.
√
2. krmax k = a2 + d2 , then both γ1 and γ2 are allowed.
√
3. krmax k = 3a2 + d2 , then γ1 , γ2 and γ3 are allowed.
√
4. krmax k = 4a2 + d2 , then γ1 , γ2 , γ3 and γ4 are allowed.
5. krmax k → ∞, all the interlayer hoppings are allowed (original model of [Guinea and Walet, 2019]).

Figure 23: A 2D and 3D projection of a hexagon in a non-twisted AA-stacked bilayer sytem. Every color
indicates an interlayer hopping over the same distance, meaning they get assigned the same value. In
specific, γ1 =
b t0 and γ2 =
b tg of Fig. 5, but γ3 and γ4 are additions from the model of Eq. (3.2) with
respect to the one given in Eq. (2.7). It must be stated that this figure only highlights the possible
hoppings along one direction, but the exact implementation of Eq. (3.2) exhibits spherical symmetry.
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The DOS for Different Amounts of Interlayer Hoppings

To begin with, we investigated how altering the amount of allowed interlayer-hoppings, would alter the
real-space DOS of the several different BLG-supercells. The results of these calculations are given in Fig.
24.
Now in order to make a consistent comparison,
we keep our broadening factor  in Eq. (3.3) at
a fixed value of:  = 3.5 · 10−3 for all systems.
This will cause some over/under smoothening
effects in the plotting process, but is absolutely
necessary because the amplitude of the DOS cannot be compared otherwise. To further enhance
comparability, we only consider the undoped
scenario (µ = 0 eV), and all the DOS are offset
in the y-direction. Lastly, the DOS of the H = 21
MLG-supercell of Fig. 19 is added for a sense of
scale.
If we now consider the concrete results of
Fig. 24, we see that these show a lot of interesting
behaviour. We will go through each individual
DOS, starting from the bottom of Fig. 24,
working our way up to the DOS for the system
with all the allowed interlayer hoppings located
at the top.
So to start off with, we consider the DOS for
the BLG-supercell with only γ1 as an allowed interlayer hopping per atomic site. We immediately
notice that it is nicely symmetric, and we have an
(approximately) constant DOS around E/t = 0.
Furthermore, we also reproduce the splitting of
the two Van Hove singularities of the monolayer
DOS. This makes that the overall shape heftily
resembles the theoretical equivalent as given in
Fig. 6, which is great to see.
We see that for any system with more allowed
interlayer hoppings, particle-hole symmetry gets
broken as a result. For example, the result of
both γ1 and γ2 allowed illustrates this property.
Here, we also immediately see how the addition
of γ3 severly alters the overall shape of the DOS,
as it is inheritly different from the only γ1 case.
Adding even more hoppings, the other two results
with finite amounts of hoppings (i.e. wine-red and
brown curves of Fig. 24) follow suit in drastically
Figure 24: This figure shows the real-space DOS
changing the shape of the DOS.
for several AA-stacked bilayer systems, which vary
If we consider the case where we allow all the
in the amounts of allowed interlayer hoppings per
interlayer hoppings, we see that the unoccupied
atomic site. In this, we keep the definitions of the
part of the DOS (i.e. E/t > 0), shows great
γi as in Fig. 23.
resemblence to overall shape of the monolayer
DOS in this region.
The main difference being the amplitude though, as it is signifcantly higher. Furthermore, the DOS
seems to show a sharp peak near: E/t ≈ −1.8, after which the amplitude drops significantly for even
lower (i.e. more negative) energies. The exact place where such a drop happens seems to shift closer to
E/t = 0, as more hoppings are added. Also, the amplitude of the drop increases with the addition of
more interlayer hoppings as well.
Another general conclusion to be drawn from Fig. 24, is that the overall effective non-zero bandwidth
of the DOS increases when more interlayer hoppings are added. This makes sense, given the fact that
allowing more inter-layer hoppings to take place guarantees a wider variety of states to exist at different
energies.
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Real-Space EELS-spectrum for Different Amounts of Inter-Layer Hoppings

Now these changes in the real-space DOS do imply that the resulting plasmonic structure of the several bilayer systems should differ as well, which we aim to confirm and study in the upcoming subsections.
First of all, we will look at whether there is something we can conclude from the real-space electronic loss
spectra, as defined in Sec. 2.5.2. For clear comparability, we set the ~ω-range for the RPA-calculations
all of our 5 BLG-supercells to [0,9t], as this is a safe interval for the widest bandwidth obtained from
Fig. 24.
Considering the 5 previously discussed H = 21 BLG-supercells, we present the results of these calculations in Fig. 25.

Figure 25: The real-space EELS spectra, for the 5 considered H = 21 BLG-supercells, which differ in
the amount of allowed interlayer hoppings per atomic site (following notation of Fig. 23). It is given for
the whole effective bandwidth of [0,7t] and ~ωres = 0.1 eV, and with a zoomed-in region of [0,t] with a
higher energy resolution of: ~ωres = 0.027 eV.
One of the main things to notice from Fig. 25, is that we can still (roughly) distinguish the existence
of the two branches as previously observed in Fig. 20 for the MLG-supercell. Therefore, we will now
briefly discuss what we see for both of these branches.
Starting with the interval of (approximately) [3t, 6t], for which we observe that allowing more hoppings results in an overall decrease in the amplitude of the electronic loss. At the same time, the present
peaks widen up a bit, resulting in an overall increase of total bandwidth near the tail of the shown energy
range of Fig. 25. This trend mathces well with what we observed for the DOS in Fig. 24.
Now in the low energy regime (≈ [0, t]), there are a couple of things which are interesting. First
of all, this branch previously had only one real peak for the MLG-supercell (see Fig. 20), but now it
has split into two smaller branches. This phenomena is very likely linked to splitting of bands in the
band structure of AA-stacked bilayer graphene, which is excellently covered in [Castro Neto et al., 2009].
However, what is very interesting is that the upper-split mode also experiences this very same damping
effect as observed for higher energies. When allowing more hoppings, this branch slowly merges with the
lower-split branch.
So this spectrum already provides a lot of information, so we will now look whether the Fourier-space
picture agrees.
4.2.3

Momentum-Space Dispersions for Different Amounts of Inter-Layer Hoppings

We will now look at the momentum space dispersions for the 5 different AA-stacked H = 21 BLGsupercells. For this, we apply the same conditions for the Fourier Transform as listed in Sec. 4.1.2, and
review both the [0,9t] and [0.t] interval for which we have provided the EELS-spectra in Fig. 25 (at
their respective energy resolutions). The results of these calculations are shown in Fig. 26 and Fig. 27
respectively.
Furthermore, even though we cannot explain every fine detail of these results, we chose to attempt
an analysis and show them, for the very same reasoning as given in Sec. 4.1.2.

29

4

RESULTS

4.2

(a) Only γ1 allowed

(b) Both γ1 and γ2 allowed

(c) All of the: {γ1 , γ2 , γ3 } allowed

(d) All of the: {γ1 , γ2 , γ3 , γ4 } allowed
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(e) All the interlayer hoppings allowed
Figure 26: Considering the full bandwidth of [0,9t] for the 5 H = 21 BLG-supercells, this figure shows:
the plasmonic dispersion (left column), real-space EELS (middle column), and the polarisability in
momentum space (right-column). The dispersions are considered along the pathing of: K → Γ → M, in
the first Brillouin Zone of graphene. The allowed interlayer hoppings per atomic site are given in the
subfigure caption, where we keep the convention of notation of Fig. 23.
Now as we can see from Fig. 26, the overall structure of the dispersions gets altered significantly
when we increase the amount of allowed inter-layer hoppings per atomic site. This was to be expected,
given the earlier presented results for the DOS in Fig. 24 and the real-space EELS-spectrum in Fig. 25,
but is still great to confirm.
Now starting at Fig. 26a, we observe that the main branches as we observed them for the H = 21
MLG-supercell in Fig. 22a, have splitted into several shifted ones each. This property is also supported
by the polarisability, which shows the same kind of trend. The overall structure of the plot, still resembles
Fig. 22a though, and corresponds very well to the real-space EELS-spectrum.
This changes if we add more interlayer hoppings, as for example is illustrated by Fig. 26b. The
presented dispersions not only change drastically in scale, but also smear-out a lot at the same time.
These two phenomena support each other well, as we also observe that the smearing is accompanied by
further branch splitting. The real-space EELS-spectrum however, does still correspond very decently, as
it drops significantly in amplitude and shows peak-widening as well.
This process continues for the other two spectra where the amount of hoppings is finite (i.e. in Fig.
26c and Fig. 26d). The important thing to note here that the real-space EELS-spectra still are in decent
correspondence.
Lastly, we have the result of Fig. 26e, in which all the possible interlayer hoppings are allowed. The
interesting part about this result, is that the energies for which (relatively) strong electronic loss occurs
in momentum space, have been severely damped into (approximately) the interval of [0,5t]. This trend
is also supported by the real-space EELS, which also shows a very low amplitude of high electronic
loss above 5t. Furthermore, we see that the overall structure of the plasmonic dispersion is relatively
organized, and in some ways resembles the monolayer result of Fig. 26e on a different energy interval.
We will now discuss the region of Fig. 26 which is not that clearly represented, namely the lower
energy regime of [0,t]. As there is a lot of interesting physics to observe in this energy domain, we present
a clear overview in Fig. 27.

(a) Only γ1 allowed
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(b) Both γ1 and γ2 allowed

(c) All of the: {γ1 ,γ2 ,γ3 } allowed

(d) All of the: {γ1 , γ2 , γ3 , γ4 } allowed

(e) All the interlayer hoppings allowed
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Figure 27: Considering the energy interval of [0,t] for the 5 H = 21 BLG-supercells, this figure shows:
the plasmonic dispersion (left column), real-space EELS (middle column), and the polarisability in
momentum space (right-column). The dispersions are considered along the pathing of: K → Γ → M, in
the first Brillouin Zone of graphene. The allowed interlayer hoppings per atomic site are given in the
subfigure caption, where we keep the convention of notation of Fig. 23. At 2kF (≈ 0.21 1/Å) displaced
of the Γ-point, lines are given as a sense of scale.
Starting at Fig. 27a, we see that there are two distinctive branches (i.e. a square-root like and
parabolic branch), which in itself is already different then we observed for the MLG-supercell in Fig.
22b. The existence of both of these has been predicted or observed by other publications on AA-stacked
bilayer graphene [Roldán and Brey, 2013, Hwang and Das Sarma, 2007], so it is great to replicate that
behaviour here. Furthermore, we see that the triangular region of zero polarisability around the Γ-point
is no longer present, which is the result of the overlapping Dirac Cones in AA-stacked bilayer graphene
its band structure [Castro Neto et al., 2009]. Lastly, we see that the real-space EELS-spectrum is in very
good correspondence with the Fourier-space equivalent.
If we now start to add more interlayer hoppings, we see that from the rest of Fig. 27 becomes clear that
the parabolic branch slowly gets damped and merges with the square-root like branch. This process is
reflected very decently by the polarisability as well, as the distinctive splitting between the two branches
in Fig. 27a (at approximately 0.4t) lowers in energy as well as amplitude for each consecutive step.
The overall consequence of this very behaviour, is that adding more hoppings results in a polarisability
that starts to resemble the found result for the MLG-supercell in Fig. 22b more and more. Or to be
more specific, one could argue that for Fig. 27e we once again observe this triangular region of zero
polarisability.

4.3
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Now we’ve had a thorough look at the plasmonic structure of both the H = 21 MLG- and BLG-supercells,
we’ll cover the way we studied the plasmonic excitations in twisted bilayer graphene. To do so, we consider a variety of H = 21 T-BLG supercells with twisting angles between 0◦ and 30◦ , constructed as
described in Sec. 3.1 and with similar lattice parameters as discussed for the BLG-supercells in 4.2. An
example of such a system is given for θ = 10◦ in Fig. 16. It must be noted that we can in fact find all
the necessary characteristics from this θ-domain, as all the considered systems have been built to be 60◦
rotationally invariant.
Now as we consider quite a wide range of
twisting angles, performing a Fourier-Space
analysis presents problems when it comes
to correctly defining the momenta in the
T-BLG supercells. This is mainly caused
by the rotation of points of high-symmetry
for T-BLG, which for any non-zero twisting
angle no longer perfectly overlap (i.e. these
supercells do not share a similar equivalent
to the First Brillouin Zone). Therefore, we
will only the cover the real-space analysis of
the plasmonic structure. This means we will
be analysing the real-space EELS-spectra
we can obtain for different twisting angles,
and we’ll be very thoroughly investigating
the confinement and degeneracy of the
real-space plasmonic eigenmodes.
But first, we will take a brief look at
the real-space DOS for these systems, as
we have seen in previous sections that this
already can indicate a lot on its own.

Figure 28: The resulting real-space DOS for θ ∈
{0◦ , 10◦ , 20◦ , 30◦ }. As the results are so similar, a close up
is given of the interval [-2t,-t/2], where there exist some
minor differences.

For 4 different values of θ, these were calculated with Eq. 3.5 for a broadening factor of:  = 3.5 · 10−3 .
The results of these calculations are shown in Fig. 28, where we immediately notice that the twisting
angle barely impacts the overall shape of the DOS. This in itself is a result, but a surprising one at
that. We expect that this might be due to the fact that for every twisting angle, a symmetric pairing of
interlayer hoppings exists that increase/decrease with roughly the same amplitude, given the vectorial
difference between the sites does so.
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EELS for Different Twisting Angles

For the twisted bilayer systems specifically, it’s very interesting to look at how the height of the electronic
loss function changes under variation of the twisting angle. Spotting massive differences here, would point
at different regions where plasmonic excitations are more likely to occur at that given twisting angle.
We will investigate this in a similar fashion as we have done for the MLG- and BLG-supercells, where
we consider a bandwidth of [0,9t] following the results of the DOS in Fig. 28. The results of these
calculations are shown in Fig. 29.

(a)

(b)

Figure 29: The EELS for several different twisting angles between 0 and 30◦ , where we consider: (a) the
full bandwidth of [0,9t], and an energy resolution of: ~ωres = 0.1 eV. The clear separation of the two
main branches of high electronic loss is still prevalent, as it also existed in the MLG- and BLG-supercells.
(b) the interval of [3t,5t], with an higher ~ω−resolution of: ~ωres = 0.027 eV. Mainly the regions near
~ω ≈ 3.3t and ~ω ≈ 4.2t show differences in EELS when changing the twisting angle.
The simularity of the given EELS-spectra in Fig. 29 across the variety of twisting angles is an interesting
result, but given the very minor differences the twisting angle causes in the real-space DOS of Fig. 28, it
is not as surprising. Furthermore, even though the differences are minor, there are in fact some regions
where the twisting angle impacts the height of the electronic loss-function. So we will now have a look
at how some of the real-space plasmonic eigenmodes look in these regions.
4.3.2

Real-Space Plasmonic Eigenmodes for Different Twisting Angles

Following the description of Sec. 2.5.2, we have thus defined a way to seperate the eigenvectors |φni (ω)i
of the dielectric function by the means of the height of the EELS-contribution of their corresponding
eigenvalue ni (ω). What is now very interesting to do, is to have a look at more then solely the leading
plasmonic eigenmode, to see whether we can track eigenmodes over the course of the several twisting
angles. We will thus consider the first 3 leading-eigenmodes, which following Sec. 2.5.2 are given by:
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1. |φn1 (ω)i (leading eigenmode)
2. |φn2 (ω)i (sub-leading eigenmode)
3. |φn3 (ω)i (sub-sub-leading eigenmode)
Now as also defined in Sec. 2.5.2, we will consider the real-space pattern by evaluating: Re[hr|φni (ω)i],
for which we will introduce the shorthand notation: φni . Furhtermore, we will evaluate the eigenmodes
at a fixed frequency and thus energy of: ~ω = 8.1 eV, and at a variety of twisting angles between 0◦
and 30◦ . This allows us to study how the eigenmodes develop purely due to the influence of the twisting
angle. Lastly, as already stated, it is not neccessary to review any values outside this domain, given that
the supercells are built to be 60◦ -rotationally invariant.
The results of this simulation are captured in Fig. 30 shown on the next couple of pages, where each
subfigure contains three rows and three columns. The rows represent one of the 3 eigenvectors, which
are labelled with an index ni (i ∈ {1, 2, 3}) for clarification. The columns represent a specific part of
the plasmonic eigenmode that is shown. The two left columns represent the layer-separated view of the
total plasmonic eigenmode, and the 3rd one represents the summed mode of the two layers together.
The latter is made under the approximation that the modes present on each layer can fully interfere
with each other and can do so with the same strength. Or in other words, we thus consider them to be
in the same plane. This is a reasonable approximation to make, given the layers of our T-BLG supercells
are only separated by a couple of Å, and the layer-resolved modes are very likely to sense each others
presence.
However, as some of the results of Fig. 30 will illustrate, this will cause some artifacts (i.e. very
bright colored regions near the edges). This is due to the fact that these images are created with an
algorithm that implicates a form of cubic interpolation, which means that for the regions where the
layers of supercell do not overlap, it might over/under estimate the given values. More details on that
are given in [Bastiaansen, 2021].
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(a) θ = 0◦
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36

Twisted Bilayer Graphene

Summed Mode

4

RESULTS

Bottom Layer

4.3

Top Layer

φ n1

φ n2

φ n3

(d) θ = 12.5◦
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(e) θ = 15◦
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(g) θ = 20◦
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(i) θ = 27.5◦
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(j) θ = 30◦
Figure 30: For an excitation energy of: ~ω = 8.1 eV, this figure shows the 3 leading real-space plasmonic
eigenmodes for a variety of twisting angles θ between 0◦ and 30◦ . The exact twisting angle of the H
= 21 T-BLG supercell in question is given in the subfigure
 caption. Furthermore, the colors red and
blue denote positive and negative
values
of
Re
hr|φ
(ω)i
respectively. When the figure shows a white
n


region, this means that Re hr|φn (ω)i is either close to or zero there. Also, all the presented plots have
been normalised on the same scale, so brighter colors represent an higher amplitude of the excitation.
Now from this result, there is a lot to observe. First of all, for twisting angles between 0◦ and 10◦ the
order and spatial configuration of the φni stays consistent (apart from some rotational degeneracy’s).
We observe a 60◦ -rotationally symmetric standing wave pattern as leading mode, and two rotationally
degenerate triangular/spherical standing wave patterns as sub- and sub-sub leading modes. However,
when we arrive at θ = 12.5◦ , we see that the order of the φni gets reversed. This is commonly explained
by the crossing of the eigenvalue contributions, or an eigenvalue-crossing in short. This trend then sticks
around for θ = 15◦ , and the eigenvalues cross back at θ = 17.5◦ , to find the trend observed earlier for
0◦ ≤ θ ≤ 10◦ .
Now for θ = 20◦ , something interesting is happening once again. The full spatial configuration of the
sub- and sub-sub leading modes has changed, so either of two things has happened:
1. A new degenerate pairing of eigenvalues overtook the previous in terms of their EELS contribution,
causing the previous spatial mode to vanish and a new one to appear.
2. The previous sets of eigenvalues obtained a brand-new configuration for the eigenvectors, causing
an altering in the spatial pattern.
It’s next to impossible to tell with 100% confidence which of the 2 took place, but by looking at the
modes presented for θ = 25◦ it’s very tempting to say it’s option 1). The sub-sub leading mode namely
recovers the previous pattern, meaning that the EELS contributions of the competing eigenvalues are
probably very close and a full-on spatial reconfiguration is rather unlikely.
Now the presented modes for θ = 27.5◦ and θ = 30◦ show very odd behaviour. First of all, for
θ = 27.5◦ an almost vanishing mode is the leading mode when it comes to EELS, which is rather
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strange. Not only that, but also the full on spatial configuration of all the presented modes has changed
with respect to θ = 25◦ . And for θ = 30◦ we still have a vanishing mode present in the top 3 leading
modes, but now a 2-fold rotationally degenerate and completely different standing wave pattern occupies
the top 2 modes. Given the presented data, it’s unfortunately very hard to explain to great detail why
this happens at these exact twisting angles and/or why it happens at all.
What we will do however, is have a look at the pathing of the EELS-contributions of all the considered εni (ω), to see whether we can confirm some degenerate behaviour. This is shown in Fig. 31:

Figure 31: For the reviewed domain of twisting angles: θ ∈ [0◦ , 30◦ ], this figure shows the height and
course of the leading (ni = n1 ), sub-leading (ni = n2 ) and sub-sub leading (ni = n3 ) eigenvalues εni (ω) (ω)
corresponding to the shown eigenvectors in Fig. 30.
Now if lines overlap in Fig. 31, this suggests that the eigenvalues have the same EELS-contribution
and thus are degenerate. Notice that we do indeed observe a 2-fold degeneracy for 0◦ ≤ θ ≤ 10◦ , satisfying
what we observed in Figures 30a to 30c. Also, the observed eigenvalue-crossings for 12.5◦ ≤ θ ≤ 17.5◦
in Figures 30d to 30f are reproduced in Fig. 31.
Furthermore, we see that there are three clear distinguished lines at θ = 25◦ , meaning we’re most
likely dealing with 3 different spatial patterns. This is also what we observe in Fig. 30h, so in great
correspondence there. However, also this diagram can’t explain the spatial configurations for θ = 27.5◦
and θ = 30◦ , but it does correctly reproduce the observed degeneracy’s.
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Conclusion and Discussion

In this study, we presented our approach and results of studying the plasmonic structure of both monoand (twisted) AA-stacked bilayer graphene systems, which we modelled in the form of a finite supercell
and within a tight-binding approximation.
For monolayer graphene, we found that the electronic loss function shows two main branches of high
electronic loss. In the lower branch, the corresponding real-space plasmonic eigenmodes can confine
themselves with recognisable symmetry, even though our lattice can be considered quite small. So this
is a great result. Furthermore, the plasmonic dispersion was in great correspondence with results as
presented in [Despoja et al., 2013], who took a similar approach as presented in this study to review the
plasmonic structure of doped graphene.
For the several different bilayer systems, we found that changing the amount of allowed inter-layer
hoppings per atomic site severly impacts the resulting electronic and plasmonic structure of the system.
This can be derived from the resulting DOS, electronic loss functions and dispersions in momentum
space, which all support this conclusion and are very self-consistent with each other.
For the twisted bilayer systems, we found that the electronic loss function is relatively unimpacted under
change of the twisting angle. There are some energy domains where there exist some differences however,
and there the real-space plasmonic eigenmodes show very interesting confinement. These eigenmodes
also show a great correspondence to the presented degeneracy of the corresponding EELS-contributions
of the eigenvalues correlated to the eigenmodes in question.
There are some points for discussion, however. One of the main ones is off course the choice of producing
our systems in the form of a finite supercell. This choice meant that there is always the possibility to
encounter finite size effects, of which a prime example are the so-called ”edge-modes” we encountered
during the creation of the real-space patterns. These plasmonic eigenmodes confine themselves solely
near the edges of the supercell, and it is very likely that given an infinite crystal these modes would
not have shown the same behaviour. However, the inverse statement holds also true, as with an sample
with included periodic boundary conditions the now shown nicely confined modes would probably change
shape as well. Therefore, we still stand by our choice of creating the lattices as finite supercell.
Also, another point for discussion is the applied model for the Coulomb interaction. The main point
for discussion here, is that the experimental data was not calculated for twisted bilayer systems specifically, as these are hybrids of both AA- and AB-stacked bilayer graphene. We thus approximated that
for our twisted bilayer systems we could still implement this, which in itself is a point open for discussion
given we review quite a wide range of twisting angles.
And lastly, an important thing to mention is that not all the plasmonic eigenmodes that we show
are strictly taken a plasmonic excitation. By that, we are referring to the fact that the real part of the
dielectric function does not have an exact pole there, but some finite value. So this should be taken into
account.
But overall, the results of this study are very compelling, even though some of the ones we have presented
are very hard or impossible to exactly verify and there are thus some relevant points for discussion. The
goal of this project was to spark interest in the field, and to discover what we could actually already
achieve by studying it on this level. We thus hope that this study will inspire further research, and that
there are more professional publications in this direction soon.
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[Wehling et al., 2011] Wehling, T. O., Şaşıoğlu, E., Friedrich, C., Lichtenstein, A. I., Katsnelson, M. I.,
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