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Abstract
Plasmons in two-dimensional materials have a gapless square-root-like dispersion which
can be eﬀiciently tuned by external dielectric screening or charge doping. At the same
time, plasmons can couple strongly to electrons, which renders them particularly interesting for superconducting properties in layered materials.[1]
In this thesis we use an extended version of density functional theory for superconductors
(SC-DFT)[2][3] to account for both the full dynamic Coulomb interaction and phonon
contributions in two dimensions. We find that interplaying phonons strongly enhance the
superconducting critical temperature, especially at small interaction strengths. The interplay between phonons and plasmons shows both suppression and enhancement depending
on the doping level. These results are promising in the view of exciton mediated superconductivity in sandwich structures[4][5] and in various layered materials like transition
metal dichalcogenides[6][7][8] and twisted bilayer graphene[9]. In all of these materials
plasmonic contributions have so far been neglected.

1

Radboud University
Theory of Condensed Matter
Department

2

The University of Tokyo
Department of Applied Physics

October 1, 2020

Contents
1 Theory
1.1 BCS theory . . . . . . . . . . . . . . . . . . . . . .
1.2 Coulomb interaction . . . . . . . . . . . . . . . . .
1.2.1 Screening . . . . . . . . . . . . . . . . . . .
1.2.2 Thomas-Fermi limit . . . . . . . . . . . . .
1.3 DFT for superconductors . . . . . . . . . . . . . . .
1.3.1 The SC-DFT gap equation in energy space .
1.3.2 Static Coulomb interaction . . . . . . . . .
1.3.3 Phonons . . . . . . . . . . . . . . . . . . . .
1.4 Plasmons in SC-DFT . . . . . . . . . . . . . . . . .
1.4.1 Plasmons . . . . . . . . . . . . . . . . . . .
1.4.2 Plasmonic kernels . . . . . . . . . . . . . . .
1.4.3 Calculating the plasmonic Kernels . . . . .
1.5 McMillan’s equation . . . . . . . . . . . . . . . . .
1.6 Numerical methods . . . . . . . . . . . . . . . . . .
1.6.1 Numerical integration . . . . . . . . . . . .
1.6.2 Solving the gap equation . . . . . . . . . . .
1.6.3 Simulating the two-dimensional free electron

. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
gas

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

6
7
9
9
10
12
13
15
16
19
19
20
22
25
27
27
29
29

2 Results - phonons & static Coulomb
32
2.1 Single phonons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.2 Interplaying phonons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.3 Including the static Coulomb interaction . . . . . . . . . . . . . . . . . . . 42
3 Results - plasmons
3.1 Plasmon properties . . . . . . . . . .
3.2 Interpreting the SC-DFT functions .
3.2.1 Plasmonic Eliashberg function
3.2.2 Plasmonic kernels . . . . . . .
3.2.3 Analytic SC-DFT model . . .
3.2.4 Tuning the kernel structure .
3.3 Plasmonic superconductivity . . . . .
3.3.1 Takada benchmark . . . . . .

2

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

47
48
51
51
54
57
60
63
63

Plasmonic superconductivity in layered materials
3.3.2

Interplay of phonons and plasmons . . . . . . . . . . . . . . . . . . 69

4 Conclusions & discussion

74

Appendices
A
Derivation of the Coulomb pseudo-potential in the two-dimensional free
electron gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
B
Derivation of the analytic plasmonic Eliashberg function . . . . . . . . .
C
Derivation of the phononic analytic SC-DFT model . . . . . . . . . . . .
D
Derivation of the plasmonic analytic SC-DFT model . . . . . . . . . . .

78

3

.
.
.
.

79
81
84
89

Introduction
In this thesis an outline will be given of the work I have done during my masters project,
partly done with the Theory of Condensed Matter (TCM) department at the Radboud
University and partly with the department of applied physics at the University of Tokyo.
The history of superconductivity started in 1911, when professor Heike Kamerlingh Onnes
discovered superconductivity in mercury. Since then various theories have been proposed
to explain this exciting phenomenon, most notable of which BCS-theory and later MigdalEliashberg theory.[10][11] Nowadays we can predict conventional, i.e. phonon-mediated,
superconductivity extremely well even up to large interaction strengths.
The theories started to fail when we entered the realm of the so-called unconventional
superconductivity, where more complicated physics became important. One origin is the
coupling mechanism between the two electrons in Cooper pairs. In standard superconductors it is believed that phononic excitations create an effective binding between two
electrons, but previous studies have shown that this glue can also be provided by various
other bosons, like plasmons, magnons or excitons.[4][5][12] Within this thesis we focus on
plasmonic excitations.
Plasmons can be seen as charge oscillations within a material and are therefore completely
dependent on the frequency dependent (dynamic) part of the Coulomb interaction. Intuitively one can explain the attractive force by imagining that a travelling electron will
push away the electrons along its path. This push on the charge-density will create a relatively positive region which can attract a second electron, effectively creating an attractive
interaction between the two particles.
Plasmons are especially interesting in two-dimensional materials, where they have been
shown to more strongly affect the critical temperature Tc than in three dimensions.[12]
This is most likely due to their typical gapless square-root-like dispersion, as opposed
to the gapped dispersion of three-dimensional plasmons.[1][13] Even more, various layered materials, like transition metal dichalcogenides (TMDCs)[6][7][8] and twisted bilayer
graphene[9], exhibit superconductivity that is not well understood with conventional
methods. In all of these materials plasmonic contributions have so-far been neglected.
Recently, also the superconducting critical temperature as a function of the amount of
layers has been measured experimentally. For example in the TMDC MoS2 a reduction
of Tc was observed when increasing the amount of layers.[7] The authors proposed the
decrease of the electrostatic screening, and thus the increase of the static Coulomb repul4
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sion, as a possible mechanism for this reduction. Similarly, plasmons could also play an
important role in these kinds of systems, especially since their effect on superconductivity
weakens when going from 2D to 3D. Other examples include layered NbSe2 , which also
showed a decreasing Tc with increasing amount of layers.[14][15][16]
From a more practical viewpoint plasmons are interesting because they are easily tunable,
especially in layered materials, where the plasmonic excitation is fully dependent on the
Coulomb interaction and is therefore heavily influenced by screening and charge doping.
[1] This property could be used to tune the plasmon dispersion and coupling in such a
way to generate the required Tc , which opens the way to superconducting devices.
Usual Eliashberg theory was shown to not always reproduce experimental results when
more than just static Coulomb and phonon interaction were at play.[17][18] More recently
there are hints that Eliashberg theory underestimates the critical temperature when plasmonic excitations were taken into account.[19] These discrepancies are in a large part
expected to appear due to the handling of the Coulomb interaction. The static part is
usually handled with an empirical parameter µ∗ and the dynamic part is often completely
ignored. This is why we will use density functional theory for superconductors (SC-DFT)
as the main theory in this thesis.[2][3] Its more simple description allows it to describe the
static Coulomb interaction from first principles and the dynamical part can also be described consistently within the SC-DFT framework.[20] Furthermore, its simplicity makes
numerical calculations significantly more feasible, especially at low temperatures. The details of this approach and more required theory will be described in chapter 1.
The results of this work consist of two main parts. The first, described in chapter 2, focuses on conventional superconductivity and gives a comparison between Eliashberg theory, McMillan’s equation and SC-DFT in the case of multiple Einstein phonons. Many
material descriptions use only a single effective boson to predict properties, neglecting
completely the interplay that multiple bosons might have. An old study by D. Allendar et al. from 1973 showed that excitons from the substrate can enhance the critical
temperature significantly by a factor of 5 or more.[4] We find a similarly strong enhancement using two Einstein phonons, indicating that even in this simple case the interplay
between multiple bosons is non-trivial and should be handled with care. A secondary purpose of these results is investigating the validity of SC-DFT in the regime where we know
Eliashberg theory to hold. This sets the first steps towards a more systematic comparison
between Eliashberg theory and SC-DFT.
The second part, described in chapter 3, focuses on plasmon induced superconductivity.
We reproduce the superconducting dome found by Y. Takada in 1978 and extend his
results by introducing an interplaying Einstein phonon as well.[12] Also here we find a
non-trivial interplay between bosons, where the presence of a plasmon enhances Tc for
large electron densities and suppresses Tc at small electron densities. Furthermore, we can
argue how the critical temperature is affected by the structure of the plasmon dispersion
and therefore how one might tune the superconductivity with the substrate and charge
doping.
5

Chapter 1
Theory
In this chapter we will go over most of the theory we need to understand this thesis. We
will start with a brief overview of BCS theory in section 1.1. It will function as a foundation for the more advanced theories and we will refer back to these results for comparison.
In section 1.2 we will discuss how the Coulomb interaction is handled. The equations we
derive here will be important when we derive plasmonic properties later. Next we will
discuss density functional theory for superconductors (SC-DFT) in section 1.3. We will
focus on the application of the theory instead of on the derivation of the theory. SC-DFT
in its original description cannot handle plasmonic excitations. In section 1.4 we will
therefore show how the theory is extended and what approximations are made along the
way. In section 1.5 we will discuss McMillan’s equation, which is a very simple model
which nonetheless is known to work very well for small interaction strengths. Because
of its simplicity it is ideal to use as a benchmark or as a guide to interpret the results.
Finally, in section 1.6 we will discuss the methods we implemented to solve the SC-DFT
gap equation numerically. We will also describe the two-dimensional free electron gas
model.
Throughout the thesis we will use units where the reduced Planck constant is h̄ = 1, the
Boltzmann constant is kB = 1 and the vacuum permittivity is ϵ0 = 1/(4π). Because of
these units the electron charge squared is given by e2 = 14.399 Å eV and the electron mass
−2
by me = 0.131 Å eV−1 .

6
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1.1

BCS theory

BCS theory is named after the three people who invented it, Bardeen, Cooper and Schrieffer.[10] This theory is the very first to give a microscopic description on what is happening
when a material becomes superconducting. It can predict the critical temperature, as well
as the size of the superconducting gap, extremely well in the case of superconductivity
mediated by weakly coupled phonons. BCS theory starts with the following Hamiltonian
written in the second quantization language
H=

X

ξk c†k,σ ck,σ +

k,σ

1 X
Vk,k′ c†k,↑ c†−k,↓ c−k′ ,↓ ck′ ,↑ ,
N k,k′

(1.1)

where ξk ≡ ϵk − EF is the single particle energy ϵk measured from the chemical potential
EF and c†k,σ and ck,σ are creation and annihilation operators of electrons with momentum
k and spin σ, respectively. N is the total number of sites in the lattice and Vk,k′ is the
interaction between two electrons with momentum k and k′ . Unlike a usual Hamiltonian of this form we will assume Vk,k′ to be negative and therefore to be an attractive
interaction.
At the basis of BCS theory is the mean field approximation, which neglects small deviations
from the expectation values of the creation and annihilation operators. This allows us to
write the fully interacting Hamiltonian as an effective tight-binding model via a simple
Bogoliubov transformation. The resulting quasi-particles
are two bound electrons called
p
2
2
Cooper pairs that have eigenenergy Ek ≡ ξk + |∆k | , where the gap function ∆k is
defined as
∆k ≡

−1 X
Vk,k′ ⟨c−k′ ,↓ ck′ ,↑ ⟩.
N k′

(1.2)

Note that ∆k introduces a superconducting gap around the chemical potential, hence its
name. In order to calculate ∆k we use the BCS gap equation

tanh 21 Ek′ β
1 X
∆k = −
Vk,k′
∆k′ ,
(1.3)
2N k′
Ek ′
which can be derived within the BCS framework. For general interactions Vk,k′ this equation has to be solved self-consistently, but by making the assumption that the electrons
are only coupled with a constant strength −V0 within the Debye frequency ωD around the
Fermi level, one can simplify the gap equation enough to make it solvable analytically.
In mathematical language we assume the following
(
−V0 |Ek |, |Ek′ | < ωD ,
Vk,k′ =
(1.4)
0
elsewhere.
By substituting this into our gap equation we find that solutions can only exist if the
temperature is below the critical temperature Tc . We can also find that the gap function
7
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is constant ∆k = ∆ and we can find the size of the gap at zero temperature. We define a
dimensionless interaction strength λ ≡ V0 N0 and find
∆T =0 = 2ωD e−1/λ
2eγ
Tc =
ωD e−1/λ ,
π

(1.5)
(1.6)

where N0 is the density of states (DOS) at the Fermi level and γ ≈ 0.577 is Euler’s constant. This critical temperature is plotted as a function of λ in Fig. 1.1. The shape, where
the slope first increases and then decreases with increasing λ, is one of the big successes of
BCS theory. It explains the superconductivity in simple phononic superconductors very
well.[10] However, for more complicated interactions like plasmons, we will need more
advanced theories.

Figure 1.1: The superconducting critical temperature Tc from BCS theory plotted against
the interaction strength λ, for various Debye frequencies ωD .

8
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1.2

Coulomb interaction

Before we discuss plasmons it is important to first briefly describe how screening is handled
within this project. For this we will use an approach that is reminiscent of the constrained
random phase approximation (cRPA).[21] In short, we will assume that we can approximate the band structure near the Fermi level by a single orbital band and capture all
the screening within this band using the random phase approximation (RPA). All other
contributions to the screening (far laying bands, substrate, etc.) are handled macroscopically.[22][23] This approach makes it numerically feasible to do ab initio calculations,
while taking into account far laying bands as well.

1.2.1

Screening

First we have the bare Coulomb interaction Vq , which is just the standard Coulomb repulsion between electrons without any screening. Since we are investigating two-dimensional
materials it has a 1/q dependence on momentum q. In full it is given by
Vq =

2πe2
,
A(q + γq 2 )

(1.7)

where e is the electron charge and A is the unit cell area. The parameter γ is there to be
able to better fit the bare Coulomb interaction to realistic materials. However, throughout this thesis we will set it to zero, so we omit a detailed explanation.
Second we introduce the background-screened Coulomb interaction Uq , which is found
when the bare Coulomb interaction is screened by the far-laying bands and substrate,
Uq =

Vq
Vq
= rest ,
rest
1 − Vq Πq
ϵq

(1.8)

where Πrest
is the background polarisation function and ϵrest
the corresponding dielectric
q
q
function. This dielectric function includes only screening from far-laying bands and substrate, which means there is effectively a gap around the Fermi level. In other words, we
can treat this dielectric function as if we are dealing with an insulator. For simplicity
we will calculate it macroscopically, which, for a two-dimensional material of thickness d,
embedded above and below in a substrate with dielectric function ϵenv , gives us[22][24]
= ϵ∞
ϵrest
q

1 − ϵ̃2 e−2qd
,
1 + 2ϵ̃e−qd + ϵ̃2 e−2qd

(1.9)

where
ϵ∞ − ϵenv
(1.10)
ϵ∞ + ϵenv
and ϵ∞ is the dielectric constant within the material, which we assumed to be constant.
The parameters ϵ∞ and ϵenv allow us to tune the dielectric function in such a way that it
ϵ̃ =

9
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fits experimental measurements. When we take ϵ∞ = ϵenv we see that all the complicated
structure and q-dependence disappears and we are left with ϵrest
= ϵ∞ = ϵ. We will call
q
this case local screening, whereas the case ϵ∞ ̸= ϵenv we will call non-local screening.
Finally, we screen the background-screened Coulomb interaction by intraband scattering
processes to give us the fully-screened Coulomb interaction Wq (ω). We define the full
band
polarisation as Πfull
(ω) + Πrest
q (ω) = Πq
q , which allows us to write Wq (ω) as
Wq (ω) ≡

Vq
Uq
Uq
=
=
.
1 − Vq Πfull
1 − Uq Πband
(ω)
ϵband
(ω)
q (ω)
q
q

(1.11)

The intraband polarisation function Πband
(ω) can be calculated using RPA, resulting in
q
the Lindhard function
(ω) = 1 − 2Uq
ϵband
q

X fβ (ξk−q ) − fβ (ξk )
,
+
ξ
k−q − ξk + ω + i0
k

(1.12)

where fβ (ξ) is the Fermi-Dirac distribution function and i0+ an infinitesimally small,
positive imaginary number. The factor 2 is due to the spin degree of freedom. For
(ω) → 1, which means that
ω → ∞ we note that ϵband
q
Wq (ω → ∞) → Uq .

(1.13)

This limit will be important later, when we derive the electron-plasmon coupling.

1.2.2

Thomas-Fermi limit

For the various analytic expressions we will derive later in the thesis we need an analytic
expression for the fully screened Coulomb interaction. The Lindhard function still has a
summation over momentum, which makes it inconvenient when we want to solve equations
analytically. A common approximation for the polarisation is the Thomas-Fermi limit. It
is defined by the combined limit q → 0 and ω → 0, but generally works very well for larger
values as well.[25] From the Lindhard function one can derive that Πband
q→0 (ω → 0) → −2N0 ,
where N0 is the DOS at the Fermi level and the factor 2 again due to spin. We can
substitute and find
Wq→0 (ω → 0) →

Uq
Uq
= TF ,
1 + 2Uq N0
ϵq

(1.14)

where we define ϵTq F as
qT2DF (q)
q + γq 2

(1.15)

2πe2
≡
N0 .
Aϵrest
q

(1.16)

ϵTq F ≡ 1 + 2
and
qT2DF (q)

10
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Figure 1.2: The bare Coulomb interaction Vq (blue), background-screened Coulomb interaction Uq (orange) and fully-screened Coulomb interaction at zero frequency Wq (ω = 0) in
the Thomas-Fermi approximation (green), plotted against the crystal momentum q = |q|.
We used a two-dimensional free electron gas, with m∗ = 1 me and local background
screening of ϵ = 5.0.

In Fig. 1.2 we plot the different Coulomb interactions together in one plot for easy comparison. Here we used the model of a two-dimensional free electron gas with m∗ = 1 me ,
discussed later in section 1.6, together with a local background screening of ϵ = 5.0. The
fully-screened Coulomb interaction is calculated using the Thomas-Fermi approximation.
First of all we see that, as expected, the background-screened Coulomb interaction is simply lowered compared to the bare Coulomb interaction due to the simple local screening.
When we compare the fully-screened and background-screened interactions we see that
the main difference arises at small q. Uq diverges for q → 0, whereas Wq (ω) takes a
well defined value at q = 0. For larger momenta Wq (ω = 0) converges to Uq because ϵTq F
converges to unity.

11
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1.3

DFT for superconductors

The main results in this thesis are obtained using density functional theory for superconductors (SC-DFT), originally developed by E. K. U. Gross et al. in a set of papers from
2005.[2][3] The derivation of the theory has a similar approach to conventional density
functional theory (DFT) in that we derive a non-interacting Kohn-Sham system which we
can use to derive information on our fully interacting system via ground state densities.
Within this framework one can derive the SC-DFT gap equation
tanh( 12 βEk′ )
1X
FHxc,k,k′
∆k′ ,
(1.17)
2 k′
Ek′
p
where FHxc,k,k′ is the exchange-correlation kernel, Ek ≡ ξk2 + |∆k |2 are the Kohn-Sham
eigenenergies and ξk the non-interacting band structure. Up until this point the derivation
is almost exact, with the most important approximations being the decoupling approximation and the Born-Oppenheimer approximation. However, the main approximation
one makes in SC-DFT is in the exchange-correlation kernel. It is defined using the second
derivative of the exchange-correlation energy Fxc with respect to the anomalous density
χk . The problem is that an exact form of Fxc is currently not known. Luckily, good
approximations for the functional do exist. These approximations are the main difference
between SC-DFT and the widely used Eliashberg theory.[11] To make this more clear let
us first split the kernel into a diagonal part Zk and an off-diagonal part Kk,k′
∆k = −

tanh( 12 βEk′ )
1X
Kk,k′
∆k′ .
∆k = −Zk ∆k −
2 k′
Ek′

(1.18)

The gap equation now has a very similar form to the BCS gap equation, where the Kkernel Kk,k′ plays the role of the attractive interaction. The diagonal part Zk is similar
to the mass-renormalization function in Eliashberg theory, which is why we will call it
the mass-renormalization kernel from now on.
Following Gross et al. we will approximate the exchange-correlation energy Fxc by the
following diagrams[2]

12
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Dqphon (ω)

Wq (ω)
Fxc =

+

Wq (ω)

Dqphon (ω)

+

+

,

(1.19)

where the line with two arrows in opposite directions denotes the anomalous electron
propagator and the line with two arrows in the same direction the normal electron propagator. Dqphon (ω) denotes the phonon propagator and Wq (ω) the fully-screened Coulomb
interaction. The first two diagrams contribute only to the K-kernel Kk,k′ , whereas the
last two diagrams contribute only to the mass-renormalization kernel Zk .
Within Eliashberg theory the propagators in Eq. 1.19 are all dressed using a self-consistent
procedure, where vertex corrections are neglected by Migdal’s approximation. This is the
big difference with SC-DFT, where the diagrams are only dressed once using RPA-like
methods, as described in section 1.2 for the Coulomb interaction and in Ref. [26] for the
phonons. Because of this big simplification in SC-DFT all Matsubara sums are hidden
within the kernels and can be calculated beforehand, instead of during the self-consistent
iterations. Even more, we can often compute the Matsubara sums analytically. All of this
makes SC-DFT a lot less computationally heavy compared to Eliashberg theory, especially
at small temperatures where the Matsubara grid becomes very dense.
Another advantage of SC-DFT is the handling of the Coulomb interaction. Within Eliashberg theory it is very diﬀicult to handle the static Coulomb interaction, which is why it
is often described by a parameter µ∗ , which is tuned to get the best fit with experiments.
Within SC-DFT one does not need to introduce an empirical parameter and can instead
calculate it from first principles. Even more, recent studies hinted that Eliashberg theory
might be overestimating the critical temperature when including the dynamic Coulomb
interaction.[19]

1.3.1

The SC-DFT gap equation in energy space

Within this work we will focus on the superconducting critical temperature Tc . At the
critical temperature we know that the gap function ∆k vanishes, thus as long
p as we are in
the vicinity of Tc we can linearize the gap-function by approximating Ek ≡ ξk2 + |∆k |2 ≈
ξk . One can reduce the numerical cost even more by assuming that the gap equation has
s-wave symmetry and satisfies ∆k = ∆(ξk ). Using these simplifications we can rewrite
13
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the SC-DFT gap equation in energy space
1
∆(ξ) = −Z(ξ)∆(ξ) −
2

Z

′

′

′

dξ N (ξ )K(ξ, ξ )

tanh

1
βξ ′
2
ξ′


∆(ξ ′ ),

(1.20)

where the density of states (DOS) is given by
X
N (ξ) ≡
δ (ξ − ξk ) .

(1.21)

k

The kernels have been transformed to energy space by the following Fourier transformations
K(ξ, ξ ′ ) ≡

X
1
δ (ξ − ξk ) δ (ξ ′ − ξk′ ) Kk,k′ ,
′
N (ξ)N (ξ ) k,k′

(1.22)

and
Z(ξ) ≡

1 X
δ (ξ − ξk ) Zk .
N (ξ) k

(1.23)

We note that it does not matter how the k-sums are normalised, as long as it is done
consistently. All normalisation factors are cancelled during the transition to energy space,
as they should. In this thesis we will often normalise to the amount of unit cells in our
material. Which means that we will use the shorthand
X
k

≡

1 X
,
NU C k

(1.24)

with NU C the amount of unit cells. The DOS is implicitly also normalised to spin, because
ξk is defined per spin.
In conventional SC-DFT one would only consider the static part of the Coulomb interaction. However, since we want to investigate plasmonic superconductivity we will have to
retain the dynamical part as well. To disentangle the effects of these parts we will write
(1.25)

Wq (ω) = Wq (ω = 0) + ∆Wq (ω) ,
which will also split the kernels
∆Wq (ω)

Dqphon (ω)

Wq (ω = 0)

+

+

,

(1.26)

where the solid lines can be either normal or anomalous electron propagators. In the
following sections we will address the different kernels of Eq. 1.26 one by one and transform
14
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them to energy space. By doing this the approximations we make along the way will be
made clear and the origin of the definitions of various functions will be understandable.

1.3.2

Static Coulomb interaction

The static Coulomb K-kernel originates from the following diagram in Fxc

Wq (ω = 0)
,

(1.27)

which gives us
statCoul
Kk,k
=
′

X
1
1
Fk (iω1 )Fk′ (iω2 )Wk−k′ (ω = 0) ,
β 2 tanh( 21 βξk ) tanh( 12 βξk′ ) iω ,iω
1

(1.28)

2

where Fk (iω) is the anomalous Green function given by
Fk (iω) ≡

1
1
−
.
iω + ξk iω − ξk

(1.29)

We note that the only frequency dependencies are in the anomalous Green functions.
Therefore we can separate the Matsubara sums and calculate them analytically.


1X
1X
1
1X
1
1
βξk , (1.30)
Fk (iω) =
−
= fβ (−ξ)−fβ (ξ) = tanh
β iω
β iω iω + ξk β iω iω − ξk
2
stat Coul
where fβ (ξ) is the Fermi-Dirac distribution function. We find Kk,k
= Wk−k′ (ω = 0).
′
When translating into energy space we get

K statCoul (ξ, ξ ′ ) =

X
1
δ (ξ − ξk ) δ (ξ ′ − ξk′ ) Wk−k′ (ω = 0) .
N (ξ)N (ξ ′ ) k,k′

(1.31)

To simplify even more we will assume that the static Coulomb K-kernel is approximately
constant over the entire energy range and that the terms at small ξ and ξ ′ are dominating.
We find
K statCoul (ξ, ξ ′ ) ≈

1 X
δ (ξk ) δ (ξk′ ) Wk−k′ (ω = 0) ,
N02 k,k′

(1.32)

where N0 is the DOS at the Fermi energy. Approximating the static Coulomb kernel like
this often works well, as can for example be seen in the case of aluminum or pressurized
15

Plasmonic superconductivity in layered materials
lithium.[20][27] It is however a non-trivial approximation and has to be kept in mind when
using the method for realistic materials.
It is convenient to define the Coulomb pseudo-potential µ as the static Coulomb interaction
averaged over the Fermi surface
µ≡

1 X
δ (ξk ) δ (ξk′ ) Wk−k′ (ω = 0) ,
N0 k,k′

(1.33)

i.e. µ = N0 K statCoul (ξ = 0, ξ ′ = 0). In other words, the K-kernel is simplified to
µ
.
(1.34)
N0
Finally, we can find that the static Coulomb contribution to the mass-renormalization
kernel vanishes
K statCoul (ξ, ξ ′ ) =

Z statCoul (ξ) = Z statCoul = 0.

1.3.3

(1.35)

Phonons

The phononic K-kernel is connected to the following diagram of Fxc
Dqphon (ω)
(1.36)

,

where the phonon propagator is given by
Dqphon

(ω) =

−2ωqphon
ω 2 + (ωqphon )2

,

(1.37)

and ωqphon is the phonon dispersion. Substituting these into our Feynman diagram and
writing out the K-kernel we find
phon
Kk,k
′ =

X
1
1
Fk (iω1 )Fk′ (iω2 )Dqphon (i(ω1 − ω2 )) |gk−k′ |2 ,
β 2 tanh( 12 βξk ) tanh( 12 βξk′ ) iω ,iω
1

2

(1.38)
with |gk−k′ | the electron-phonon coupling. Let us collect all the Matsubara sums in the
following functions
2

I(ξ, ξ ′ , ω) − I(ξ, −ξ ′ , ω) =

1 X
−2ω
′ (iω2 )
F
(iω
)F
,
ξ
1
ξ
β 2 iω ,iω
(i(ω1 − ω2 ))2 − ω 2
1

2
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which means the K-kernel becomes




phon
phon
I ξk , ξk′ , ωk−k
− I ξk , −ξk′ , ωk−k
′
′
phon
Kk,k
|gk−k′ |2 .
′ =
tanh( 12 βξk ) tanh( 21 βξk′ )

(1.40)

When we translate this equation into energy space it is convenient to define the phononic
Eliashberg function as
α2 F phon (ω) ≡



1 X
phon
δ (ξk ) δ (ξk′ ) δ ω − ωk−k
|gk−k′ |2 .
′
N0 k,k′

(1.41)

We can interpret this function as an effective electron-phonon coupling, weighted by the
electronic and phononic DOS. If we now assume that ξ and ξ ′ are close to the Fermi level
we can rewrite the K-kernel in energy space in a compact way

K

phon

1
2
(ξ, ξ ) =
1
1
′
tanh( 2 βξ) tanh( 2 βξ ) N0
′

Z

dωα2 F phon (ω) [I (ξ, ξ ′ , ω) − I (ξ, −ξ ′ , ω)] .

(1.42)
Finally, we should perform the Matsubara sums in Eq. 1.39. In this thesis we will just
mention the result from the original SC-DFT study[2]
 βξ

′
′
e − eβ(ξ +ω) eβξ − eβ(ξ+ω)
′
′
−
I(ξ, ξ , ω) = fβ (ξ)fβ (ξ )nβ (ω)
.
(1.43)
ξ − ξ′ − ω
ξ − ξ′ + ω
For the mass-renormalization function Z(ξ) we will use the expressions found by R. Akashi
and R. Arita for asymmetric electronic structures.[28] The energy space equivalent for the
expression of Akashi and Arita is

Z

phon

1
(ξ) =
tanh( 12 βξ)

Z

Z
dω

dξ ′

N (ξ ′ ) 2 phon
α F
(ω) [I(ξ, ξ ′ , ω) − 2J (ξ, ξ ′ , ω)] ,
N0

(1.44)

where the functions I(ξ, ξ ′ , ω) and J (ξ, ξ ′ , ω) are defined by Eqs. 41 and 43 in Ref. [28],
respectively. In order to reduce the cost of converged results Akashi and Arita introduced
a smoothing function p(x) = tanh(500βx)4 . In this thesis we will use a slightly altered
function p(x) = tanh(20βx)2 , which heavily stabilised the convergence.
Einstein phonons
In this thesis we will only be dealing with the simplest model of a phonon, the Einstein
phonon. Within this model we approximate the phonon dispersion with a single Einstein
frequency ωE and the electron-phonon coupling with a fixed constant g 2 . This means our
phononic Eliashberg function becomes a simple function
α2 F phon (ω) = N0 δ (ω − ωE ) g 2 ,
17
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and we can perform the frequency integration in our kernels analytically as
K phon (ξ, ξ ′ ) =

2g 2
[I (ξ, ξ ′ , ωE ) − I (ξ, −ξ ′ , ωE )] ,
tanh( 12 βξ) tanh( 12 βξ ′ )

(1.46)

and
Z

phon

g2
(ξ) =
tanh( 12 βξ)

Z

dξ ′ N (ξ ′ ) [I(ξ, ξ ′ , ωE ) − 2J (ξ, ξ ′ , ωE )] .

We define the dimensionless interaction strength as
Z
α2 F phon (ω)
λ ≡ 2 dω
,
ω

(1.47)

(1.48)

which for Einstein phonons is given by
2N0 g 2
.
(1.49)
ωE
This parameter is a nice tool for comparing critical temperatures between theories, since it
is dimensionless and it contains all important parameters like the coupling, the dispersion
and the DOS. We saw it before with the BCS results in section 1.1.
λ=
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1.4

Plasmons in SC-DFT

The final kernel of Eq. 1.26 that we have not yet discussed is the contribution from the
dynamic Coulomb interaction, originating from
∆Wq (ω)
(1.50)

.

The dynamic Coulomb interaction will give rise to a type of excitation called the plasmon. This excitation can be visualised as oscillations of the charge density in a material.
Somewhat intuitively, these bosons can also introduce an effective attractive interaction
between pairs of electrons, just like phonons. In three-dimensional materials plasmonic
contributions to superconductivity have been found to be relatively weak. However, there
are hints that the coupling is much stronger in two-dimensional materials, which makes
it an interesting topic in layered materials.[12]
In order to handle plasmons within the SC-DFT framework the original theory had to
be extended, which was done by R. Akashi and R. Arita.[20][27] In this work we will use
their proposed method for handling plasmonic excitations in SC-DFT.

1.4.1

Plasmons

We start by simply writing out our plasmonic K-kernel
plasm
Kk,k
=
′

X
1
1
Fk (iω1 )Fk′ (iω2 )∆Wk−k′ (iω1 − iω2 ) .
β 2 tanh( 21 βξk ) tanh( 12 βξk′ ) iω ,iω
1

(1.51)

2

With the expressions for the fully-screened Coulomb interaction from section 1.2 we could,
in principle, calculate the Matsubara sum numerically. However, this would cost significant numerical power. Instead, R. Akashi and R. Arita proposed a simplified equation
for ∆Wq (ω) using the Plasmon-Pole model (PPM), which makes it possible to evaluate
the Matsubara sums analytically.[20] It is given by


2
2
plasm
∆Wq (ω) ≈ |aq |
+ Dq
(ω) ,
(1.52)
ωqplasm
where |aq |2 is the electron-plasmon coupling, ωqplasm is the plasmon dispersion and Dqplasm (ω)
is the plasmon propagator. The plasmon propagator has a similar expression to Eq. 1.37,
using the plasmon dispersion instead of the phonon dispersion, i.e.
Dqplasm

(ω) ≡

−2ωqplasm
ω 2 + (ωqplasm )2
19
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Please note that ∆Wq (ω = 0) = 0, as required. The electron-plasmon coupling can be
found by taking the limit ω → ∞. In this case Dqplasm (ω → ∞) → 0 and Wq (ω → ∞) →
Uq . After substituting we get
Uq − Wq (ω = 0) = ∆Wq (ω → ∞) = |aq |2

2
ωqplasm

,

(1.54)

which gives us the electron-plasmon coupling when rewritten
1
(1.55)
|aq |2 = ωqplasm (Uq − Wq (ω = 0)) .
2
The plasmon dispersion ωqplasm is defined as the ω and q for which the intraband dielectric
function ϵband
(ω) vanishes. The definition for ϵband
(ω) given by Eq. 1.12 works well when
q
q
performing numerical calculations, but is inconvenient when an analytic expression for
the plasmon dispersion is required. An approximation for two-dimensional plasmons that
seems to work very well for all parameters we used is derived by A. Bill et al..[29] It is
given by
s
(N0 Uq )2
ωqplasm = qvF 1 + 1
,
(1.56)
+ N0 Uq
4
where vF is the Fermi velocity. Via Eq. 1.55 and the Thomas-Fermi limit discussed in
section 1.2.2 we now also have an analytic expression for the electron-plasmon coupling.
Using these expressions we can derive that in the long wavelength limit
plasm
ωq→0
∝

√

q
1
|aq→0 |2 ∝ √ .
q

(1.57)
(1.58)

In other words, our dispersion goes to zero and our coupling diverges. This shape of the
dispersion is well known and unique to two-dimensional plasmons, as opposed to threedimensional plasmons where the dispersion is gapped at small q.[30] If we were to naively
plasm
use V0 = ∆Wq→0 (ω) ∼ 2|aq→0 |2 /ωq→0
in the conventional BCS results of Eq. 1.6, we
see that the interaction strength λ, and therefore the critical temperature Tc , would be
enhanced drastically. Of course, we cannot assume that the same will be true in the
more sophisticated models, but it at least it motivates the investigation of plasmonic
superconductivity in two-dimensional materials.

1.4.2

Plasmonic kernels

In Eq. 1.52 we split our dynamic Coulomb interaction into two parts. The first part
2|aq |2 /ωqplasm is independent of frequency and will therefore be another static contribution
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to our full K-kernel. The second part |aq |2 Dqplasm (ω) acts exactly like a normal bosonic
interaction. If we write out the K-kernel we get
K plasm (ξ, ξ ′ ) = K plasm,stat (ξ, ξ ′ ) + K plasm,dyn (ξ, ξ ′ ),

(1.59)

which is derived from the following diagrams
∆Wq (ω)

Dqplasm (ω)

2/ωqplasm
=

+

.

(1.60)

In the static part there is no dependence on frequency, just like in the case of the static
Coulomb interaction in section 1.3.2. This means we can perform the Matsubara sum
analytically and cancel to tangent factors in front. When we then transform to energy
space we find
Z
2
α2 F plasm (ξ, ξ ′ , ω)
plasm,stat
′
K
(ξ, ξ ) =
dω
,
(1.61)
N0
ω
where we introduced the plasmonic Eliashberg function as
α2 F plasm (ξ, ξ ′ , ω) ≡



X
N0
plasm
′
′
|ak−k′ |2 . (1.62)
δ
(ξ
−
ξ
)
δ
(ξ
−
ξ
)
δ
ω
−
ω
k
k
k−k′
N (ξ)N (ξ ′ ) k,k′

Note that in this case we did not assume ξ and ξ ′ to be small, as we did for the phononic
Eliashberg function in Eq. 1.41. For two-dimensional plasmons this approximation would
not be justified, since K plasm,stat (ξ, ξ ′ ) diverges at the diagonal, even at large energies. In
the next section we will derive more rigorously where this divergence comes from, but it
stems from the fact that the plasmon dispersion ωqplasm vanishes for q → 0.
The dynamic part follows the exact same steps as the phononic kernel in section 1.3.3,
except for the fact that we will retain the energy dependence in the Eliashberg function.
We find

K

plasm,dyn

2
1
(ξ, ξ ) =
1
1
tanh( 2 βξ) tanh( 2 βξ ′ ) N0
′

Z

dωα2 F plasm (ξ, ξ ′ , ω) [I (ξ, ξ ′ , ω) − I (ξ, −ξ ′ , ω)] .
(1.63)

Similarly, for the mass-renormalization function we find

Z

plasm,dyn

1
(ξ) =
tanh( 21 βξ)

Z

Z
dω

dξ ′

N (ξ ′ ) 2 plasm
α F
(ξ, ξ ′ , ω) [I(ξ, ξ ′ , ω) − 2J (ξ, ξ ′ , ω)] ,
N0
(1.64)
21

Plasmonic superconductivity in layered materials
using again the corrections for asymmetric electronic structures proposed by R. Akashi
and R. Arita.[28] Just as in the case of the static Coulomb interaction, the static part of
the plasmonic kernel has no contributions to the mass-renormalization kernel.

1.4.3

Calculating the plasmonic Kernels

The diverging K-kernel
For all plasmonic kernels we require knowledge of the plasmonic Eliashberg function
α2 F plasm (ξ, ξ ′ , ω). The usual approach would be to make a simplifying approximation,
like assuming ξ and ξ ′ to be close to the Fermi level. As mentioned before, this will not
do in the case of two-dimensional plasmons due to the divergence at the diagonal of the
K-kernel. To understand this we consider the static plasmonic K-kernel in Eq. 1.61 and
perform the frequency integral
K plasm,stat (ξ, ξ ′ ) =

X
2
|ak−k′ |2
′
′)
.
δ
(ξ
−
ξ
)
δ
(ξ
−
ξ
k
k
plasm
N (ξ)N (ξ ′ ) k,k′
ωk−k
′

(1.65)

We see that for k = k′ the plasmon dispersion vanishes, causing the kernel to diverge.
If we were to neglect the energy dependence of the delta-functions, the function would
be diverging for all ξ and ξ ′ , giving unreliable results. Similar reasoning can be done for
the dynamic part in Eq. 1.63, but it is less trivial due to the complexity of the I(ξ, ξ ′ , ω)
functions.
A problem one runs into when retaining the energy dependence in the Eliashberg function is that the momentum grid resolution has to be very good in order to capture the
diverging term well. Especially at small frequencies the numerical cost to get converged
results becomes unreasonably large, making calculations impossible. Using the expression
for the plasmon dispersion found by A. Bill et al.[29] in Eq. 1.56, together with the PPM
one can find an analytic expression for the Eliashberg function, but the results only hold
at small frequencies. To fix this problem we propose to calculate the Eliashberg function
analytically at small frequencies, numerically at large frequencies and stitch the results at
the boundary. The remainder of the section will cover the details of this approach.
As a first step we will rewrite the sum in terms of the average momentum p and the
transfer momentum q. We will do the following transformations
1
k = p + q,
2
1
′
k = p − q,
2

(1.66)

such that q = k − k′ and p = 12 (k + k′ ). We can now rewrite the sum in terms of p and
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q, giving us
α2 F plasm (ξ, ξ ′ , ω) =

 

X 

N0
′
plasm
1
1
δ
ξ
−
ξ
δ
ξ
−
ξ
δ
ω
−
ω
|aq |2 .
q
p+ 2 q
p− 2 q
N (ξ)N (ξ ′ ) p,q

(1.67)
We can perform a Taylor expansion around q = 0 to simplify this expression. Let us
therefore split the q-sum into two parts, one part for which the expansion is valid and
one part for which it is not,
 


X

N0
′
plasm
1
1
|aq |2
δ
ξ
−
ξ
δ
ξ
−
ξ
p− 2 q δ ω − ωq
p+ 2 q
′
N (ξ)N (ξ ) p,q<q
cut

 

X

N0
′
plasm
1
1
+
δ
ξ
−
ξ
δ
ξ
−
ξ
δ
ω
−
ω
|aq |2 .
q
p−
p+
q
q
2
2
N (ξ)N (ξ ′ ) p,q≥q

α2 F plasm (ξ, ξ ′ , ω) =

cut

(1.68)
As long as there is a one-to-one correspondence between ωqplasm and q we can use qcut to
, which we can use to split the Eliashberg function
define a frequency cutoff ωcut ≡ ωqplasm
cut
in frequency space. We also introduce a stitching region of width δω in which we will
linearly mix the analytical and numerical results. If we write this down mathematically
α2 Fana (ξ, ξ ′ , ω) ≡ α2 F plasm (ξ, ξ ′ , ω)Θ(ω < ωcut ),

(1.69)

α2 Fnum (ξ, ξ ′ , ω) ≡ α2 F plasm (ξ, ξ ′ , ω)Θ(ω > ωcut − δω),

(1.70)

which will give us the full Eliashberg function via

2

α Fana
α2 F plasm (ξ, ξ ′ , ω) = xα2 Fana + (1 − x)α2 Fnum

 2
α Fnum

ω ≤ ωcut − δω,
ωcut − δω < ω < ωcut ,
ω ≥ ωcut ,

(1.71)

where x = (ωcut − ω)/δω. The numerical parameters qcut and δω need to be chosen
carefully such that in the region ωcut − δω < ω < ωcut both the analytical and numerical
methods give the same results. If not chosen correctly the stitching will cause nonphysical jumps in the Eliashberg function, which can heavily influence the resulting critical
temperature.
The analytic plasmonic Eliashberg function
Let us now derive the analytic expression for the plasmonic Eliashberg function at small
frequencies. Here we will just give an overview of the derivation and discuss the physically
interesting steps. For a detailed derivation the reader is referred to appendix B.
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We start from expression 1.67 and use the fact that, as argued before, small frequency
translates to small transfer vector q. This allows us to do a Taylor expansion of ξp± 1 q
2
around q = 0, which yields




2
2
δ ξ − ξp± 1 q ≈
δ q∥ ± (ξ − ξp ) ,
(1.72)
2
|vp |
vp
∂ξk
where vk ≡
is the velocity and q∥ is defined as the part of q that is parallel to p. This
∂k
will allow us to easily perform the sum over q∥ . To do the sum over q⊥ we will rewrite the
frequency delta function as
δ ω−

ωqplasm



1
1
= 2r
 2 ∂ω plasm
q
q
1 − q∥0
∂q




q
2
2
δ q⊥ − q0 − q ∥ ,

(1.73)

q=q0

− ωqplasm
0

where q0 is the solution of ω
= 0. Note that this step introduces two divergences
into the Eliashberg function, which we will discuss at the end of the section.
We now substitute the expressions for the delta functions and perform the sum over q,
yielding

2N0
|aq0 |2
1 X δ ξp − 12 (ξ + ξ ′ )
1
s
α Fana (ξ, ξ , ω) =
,

2 ∂ω plasm
N (ξ)N (ξ ′ ) ΩIBZ p
|vp |
q
qmin
1−
∂q
q0
q=q0
(1.74)
′
where qmin = 2 |ξ − ξp | /vp and the area of the first Brillouin zone ΩIBZ appears due to the
normalisation of the k-sum. ΩIBZ will be cancelled by the normalisation factor in 1/N0 in
front of the definition of the K-kernels, but it has to be included here to stay consistent
with the numerical results. From the very beginning, when we transformed our SC-DFT
gap equation to energy-space, we assumed that our system was isotropic. This means we
can write
X
δ (ξp − ξ) fp ≈ N (ξ)f (ξp ).
(1.75)
2

′

p

We can now perform the sum over p and obtain the final expression for the analytic
Eliashberg function at small frequencies
α2 Fana (ξ, ξ ′ , ω) = 2

N0 N (ξavg )
1
1
1
s
′


2 ∂ω plasm
N (ξ)N (ξ ) |v(ξavg )|ΩIBZ
q
qmin
1−
∂q
q0

where we defined ξavg ≡
qmin ≡ |ξ − ξ ′ | /v (ξavg ).

1
2

(ξ + ξ ′ ) and v(ξ) ≡ vk
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|aq0 |2 , (1.76)
q=q0

. The factor qmin is now given by
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In the final expression we still have the two divergences introduced by the frequency delta
function. One appears when the derivative of the plasmon dispersion goes to zero and
the other when qmin = q0 . The former does not cause any problems since we know from
the square-root shape of the dispersion that there will be no flattening below the q-cutoff.
The latter does not cause any problems analytically since it will be safely integrated out,
but numerically these kind of divergences have to be handled very carefully, as we shall
discuss later in section 1.6.
We want to use the analytic expression up until ω = ωcut . However, for a given ξ and
ξ ′ there is a maximal transfer momentum qmax across the Fermi surface, which creates
an upper bound for the allowed frequency. To account for this we will set the analytic
Eliashberg function α2 Fana to zero for ω > ωqplasm
. Generally, qmax lies well above the
max
cutoff qcut so we do not have to worry about this, but in chapter 3 we will use the analytic
expression for all frequencies. In this case this large frequency cutoff will be important.

1.5

McMillan’s equation

Before introducing McMillan’s equation it is necessary to briefly mention Eliashberg theory.[11] Eliashberg theory is the best theory to date that we have to describe conventional
superconductors, both in the weak coupling and in the strong coupling regime. However,
because the Matsubara sums have to be calculated numerically during each iteration of
the self-consistent procedure the numerical cost can be very large, especially at low temperatures where the Matsubara grid is very dense. To circumvent this problem McMillan
proposed an empirical equation for the critical temperature, which was tested for a wide
range of materials.[31][32] Later, Allen and Dynes improved McMillan’s original equation
by changing the prefactor to an averaged phonon frequency ωln and fitting the empirical
parameters to results from Eliashberg theory.[33] This equation is generally believed to be
reliable for conventional superconductors up until interaction strengths λ equal to unity.
The McMillan-Allen-Dynes equation (referred to as McMillan’s equation from now on) is
given by


ωln
−1.04(1 + λ)
Tc =
exp
,
(1.77)
1.20
λ − µ∗ (1 + 0.62λ)
where λ is the interaction strength defined in Eq. 1.48 and µ∗ is the retarded MorelAnderson pseudo-potential. This parameter is closely related to the Coulomb pseudopotential µ in Eq. 1.33 and it describes the same static repulsion between electrons.
In Eliashberg theory (and therefore also in McMillan’s equation) the retarded version
enters because of the Matsubara grid cutoff that is introduced to be able to do numerical
calculations. The parameter is very diﬀicult to calculate, which means it is often used
as a tunable parameter to fit the results to experimental data. We will use the following
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expression
µ∗ =

µ
,
1 + µ ln (EF /ωln )

(1.78)

where EF is the Fermi energy measured from the lower band edge. The logarithmically
averaged frequency ωln is defined as
 Z

α2 F phon (ω)
2
dω
ωln ≡ exp
ln (ω) ,
(1.79)
λ
ω
but it could also be defined differently such that better agreement is found. For example,
Allen and Dynes, proposed a to add an extra prefactor in the case of the strong coupling
regime.[33][34]
We note that McMillan’s equation has a very similar form to the critical temperature
derived in BCS theory in Eq. 1.6. One big difference is that the interaction strength λ
also enters in the nominator of the exponent. By comparing the equation to results of
Eliashberg theory we know this term is due to mass-renormalization. From McMillan’s
equation we can reason that mass-renormalization will generally reduce the critical temperature, which makes the physics more interesting since now the interaction strength
both enhances and reduces Tc at the same time.
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1.6

Numerical methods

In this section the methods we use to numerically solve the SC-DFT gap equation will
be outlined. We used a python3 script with modules written in fortran99 to perform our
calculations.

1.6.1

Numerical integration

Energy and frequency integrals
For numerical evaluation we approximate all energy and frequency integrals by a sum
Z
dξf (ξ) ≈

N
X

f (ξi )∆ξi ,

(1.80)

i=1

where ∆ξi are the weights given by

1

i = 1,
 2 (ξ2 − ξ1 )
1
∆ξi = 2 (ξN − ξN −1 ) i = N,

1
(ξi−1 − ξi+1 ) otherwise,
2

(1.81)

and N the amount of grid points. Generally, the larger N the better the integral is
approximated. In practice one takes N large enough such that the results are converged
to the desired precision.
To improve the speed of convergence of the ξ and ξ ′ integrals we use a logarithmic grid from
|ξ| = 10−6 eV until |ξ| = 0.1EB , with EB the bandwidth. For the region |ξ| > 0.1EB we
use a linear grid. One fourth of the total amount of grid points will be in the logarithmic
part, the rest will be in the linear parts. The grid is visualised in Fig. 1.3.
In this thesis we will only be considering the simple Einstein phonons, so the frequency
integrals in the phononic kernels can all be done analytically. For the plasmonic kernels
we will be using a grid that adapts for each combination of ξ and ξ ′ . This is to handle the
divergence that arises in the plasmonic Eliashberg function in Eq. 1.76 when qmin = q0 .
We shall take a logarithmic grid from ω = ωqplasm
until the lower edge of the stitching
min

Figure 1.3: Visualisation of the numerical energy grid we used. The bandwidth here is
10 eV, so for 10−6 eV < |ξ| < 1.0eV we use a logarithmic (log) grid and for |ξ| > 1.0eV a
linear (lin) grid.
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region ω = ωcut − δω. For frequencies larger than ωcut − δω we use a linear grid. Please
note that qmin depends on |ξ − ξ ′ | and ξavg , and that therefore the lower bound of the
logarithmic grid also depends on ξ and ξ ′ .
Momentum sums
A large part of our SC-DFT method is performed in energy-space, but in some specific
cases we still need to perform a sum over momentum. Examples include, calculating the
numerical part of the plasmonic Eliashberg function and calculating the DOS. When we
have a material with a large area, and therefore the separation between the states is very
small, we can approximate the k-sum with an integral
Z
Z
X
dk
1
fk ≈ A
fk =
dkfk ,
(1.82)
(2π)2
ΩIBZ
k
where A is the unit cell area and ΩIBZ the area of the first Brillouin zone. These terms
appear because the k-sum is normalised to the number of unit cells. The integral we
can rewrite as a numerical sum, similar to how we did it for the energy and frequency
integrals, which yields
X

fk ≈

k

1 X
ΩIBZ

fki ∆kx,i ∆ky,i ,

(1.83)

i

where ki ≡ (kx,i , ky,i ) are our momentum grid points and ∆kx,i and ∆ky,i the corresponding weights. In this thesis we will always use linearly distributed momentum grids, which
means that the weights are the same for each data point ∆kx,i = ∆kx . In this case we
can rewrite
X

fk ≈

k

∆kx ∆ky X
1 X
fki ,
fki =
ΩIBZ
N
i
i

(1.84)

with N the total number of points in our numerical momentum grid.
Integrating delta functions
The momentum sums mentioned in the previous section always include one ore more delta
functions. Numerically these will be handled by approximating them with a Gaussian
function as follows


1
x2
(1.85)
δ (x) ≈ √ exp − 2 ,
2σ
σ 2π
R
such that dxδ (x) = 1 still holds. The parameter σ is the broadening and will have to be
chosen large enough that the individual terms of the numerical sum are smeared out, but
small enough that the important features of the integral are not removed. Practically we
determine σ by calculating the DOS and comparing the result to more accurate methods
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like the tetrahedron method.[35] This way we could tune σ such that the correct DOS was
reproduced.

1.6.2

Solving the gap equation

In order to solve the linearized energy-space SC-DFT gap equation as it is given in Eq.
1.20 numerically, we first realise that the equation takes the form of a matrix equation
after rewriting it in terms of numerical sums
∆ = M̂ ∆,

(1.86)

where ∆i = ∆(ξi ) and
M̂i,j = −Z(ξi )δi,j


tanh 12 βξj
1
− N (ξj )K(ξi , ξj )
.
2
ξj

(1.87)

Here M̂ is an N xN matrix and ∆ an N -dimensional vector, where N is the size of
our numerical energy grid. ξi are the energy grid points and ∆ξi are the corresponding
weights. This expression allows us to reformulate the solution of the gap equation as
the temperature Tc for which the leading eigenvalue η of the matrix M̂ is unity. The
leading eigenvalue is defined as the eigenvalue with the largest real part. We find the
critical temperature via an iterative approach, where the next temperature depends on
the leading eigenvalues of the previous iterations. We use Newton’s method
Ti+1 = Ti − (ηi − 1)

Ti − Ti−1
,
ηi − ηi−1

(1.88)

where the initial temperatures T0 and T1 are determined by McMillan’s formula in the
case of phononic superconductivity and chosen with an educated guess in the case of
plasmonic superconductivity.

1.6.3

Simulating the two-dimensional free electron gas

In many of the calculations in this thesis we will be using a two-dimensional free electron
gas. This model is extremely simple, which means it is useful for extracting properties
without interference of other, more complicated physics. It often allows for analytical
expressions of functions that are otherwise complicated, making interpreting the data
much easier. It is described by a simple square dispersion
k2
− EF ,
(1.89)
2m∗
where m∗ is the effective mass and EF the chemical potential. Within the equation the
−2
effective mass should have units of Å eV−1 , but in the text we will often write it in units
−2
of the free electron mass me = 0.1279 Å eV−1 . Within the code the DOS is normalized
to the amount of unit cells, however in the two-dimensional free electron gas there is no
ξk =
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good definition of a unit cell. This is why we will introduce an artificial unit cell by
introducing a cutoff momentum kcut for the numerical evaluation of the k-sums , which
2
defines an artificial Brillouin zone area as ΩIBZ = 4kcut
. This then allows us to define an
2
artificial unit cell area as A = (2π) /ΩIBZ and gives the DOS
Am∗
.
(1.90)
2π
However, please keep in mind that this function has no physical meaning in this model.
Instead, we will be using the electron density n for the physical interpretation of the
charge doping. We can find
r
p
m∗ EF
2EF
n=
, kF = 2m∗ EF , vF =
,
(1.91)
2π
m∗
where kF and vF are the Fermi wave-vector and Fermi velocity, respectively.
2k 2
The numerical cutoff kcut also defines an artificial bandwidth EB = cut∗ . As one might
2m
expect, this gives artefacts when the energy gets close to the upper band edge, as visualised
in Fig. 1.4. The numerical DOS shows a decrease towards zero near the upper band edge
due to the missing k-points. All of these complications make it preferable to perform
analytical calculations, but as long as the doping is chosen such that the chemical potential
EF lies well within the flat area numerical calculations can also be performed.
N (ξ) = N0 =

Figure 1.4: The DOS of an effective two-dimensional free electron gas with m∗ = 1 me ,
EF = 2.5 eV, calculated analytically (grey dotted line) and numerically (blue solid line).
−1
The numerical DOS uses kcut = 1.5 Å , a Gaussian broadening of σ = 0.1 and 160
momentum grid points in each direction.
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Finally, we can calculate the static Coulomb parameter µ analytically for the two-dimensional
free electron gas when we use Thomas-Fermi screening. We find


N0 e2
2π 2
µ=
I
N0 ,
(1.92)
AϵkF
AϵkF
where e is the electron charge, ϵ the local screening dielectric constant and I(c) the
following function



1
2
1
.
(1.93)
I(x) = √
π − arctan √
x2 − 1 2
x2 − 1
The full derivation is given in appendix A.
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Chapter 2
Results - phonons & static Coulomb
In this chapter we will investigate the critical temperature when we let two Einstein
phonons interplay. These results will give a more simple foundation from which we can
interpret the interplay between a phonon and a plasmon in the next chapter. Practically
these results might be relevant for phonon-exciton mechanisms, where a strong enhancement of Tc was found by adding an exciton to a phonon mediated superconductor.[4][5]
Even more, in many theoretical considerations of realistic materials only a single boson is
used. We show that adding an extra phonon, even in the simple case of Einstein phonons,
gives non-trivial effects on the critical temperature and should therefore be considered
with care. Especially if the single-phonon critical temperatures are of similar magnitude
and the phonons have different energy scales.
In this chapter we will be comparing three different theories, SC-DFT, McMillan’s equation and Eliashberg theory. The first two are described in chapter 1. The Eliashberg
calculations were done by Jan Berges. Details can be found in his master thesis.[36]
In this entire chapter we will be using the two-dimensional free electron gas model described in section 1.6. Luckily, in this simple case we can do all the k-sums in SC-DFT
analytically, which means we can almost describe the entire infinite bandwidth. The only
kernel for which this approach might not work is the static Coulomb, because we approximated it as a constant. We define a bandwidth of EB = 8.0 eV, which results in a k-cutoff
−1
at kcut = 1.51 Å . Furthermore, we will be using an effective mass of m∗ = 33.9 me with
a Fermi level at 3.6 eV.
We start the chapter by briefly looking at single Einstein phonon results. In the second
section we will add a second Einstein phonon and discuss the changes. Finally, in the last
section, we will investigate the effects of the static Coulomb interaction.
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2.1

Single phonons

To begin we will take a look at superconductivity from a single Einstein phonon, where we
neglect contributions from the static Coulomb interaction and any other bosons. There
is no new interesting physics here, but we will use the results to benchmark SC-DFT and
explain how we can interpret the SC-DFT kernels.

Figure 2.1: Critical temperatures from single Einstein phonons for different theories. A
2D free electron gas with m∗ = 33.9me was used for these calculations.

In Fig. 2.1 we show results for the critical temperature of an Einstein phonon with
frequencies ωe = 0.02 eV and ωe = 0.08 eV, as a function of the interaction strength λ.
In the figure we compare McMillan’s equation, Eliashberg theory and SC-DFT. We note
that McMillan’s equation and Eliashberg theory fit very well, both in quantitative values
and in qualitative trends. Quantitatively the SC-DFT results are very good, although we
notice that the trend is slightly different from the other two theories. This is especially
noticeable at larger interaction strengths, where the slope is steeper than for the other
two theories. In Ref. [37], A. Sanna et al. claim that this is due to the fact that Migdal’s
approximation is not validated in SC-DFT and they introduce an improved K-kernel to
fix this issue.
Analytic SC-DFT model
In Fig. 2.2 we show the phononic SC-DFT kernels, for different ωe and λ. We note that
the shapes can be approximated with BCS-like kernels, i.e. constant functions that are
cut off for absolute energies larger than ωe . If we also assume the kernels to retain this
shape at any temperature we can solve the SC-DFT gap equation analytically, yielding


2
1 + Z(0)
γ
Tc ≈ ωe e exp
,
(2.1)
π
N0 K(0, 0)
where γ ≈ 0.577 is Euler’s constant. The derivation is similar to the one by Gross et
al. and is outlined appendix C.[2] To get physical intuition for the interplay between
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the kernels one can compare this expression with McMillan’s equation given by Eq. 1.77
at µ∗ = 0. From this we can understand that −N0 K(0, 0) behaves like the interaction
strength λ, and that Z(0) lowers Tc by introducing an extra term λ in the nominator of
the exponent. Note that the numerical kernels indeed show that for T = 0 K, N0 K(ξ =
0, ξ ′ = 0) = −λ and Z(ξ = 0) = λ, as expected.

(a) K-kernels at ξ ′ = 10−6 eV , multiplied by the DOS at the Fermi level

(b) Mass-renormalization kernels

Figure 2.2: Examples of the SC-DFT kernels for single Einstein phonons, for various
Einstein frequencies ωe and interaction strengths λ. These kernels are calculated at T =
0.001K in the model of a free electron gas with m∗ = 33.9me .
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2.2

Interplaying phonons

Let us now take a look at what happens when we include multiple Einstein phonons. On
the SC-DFT side this is done by simply including an extra phonon diagram
Dqphonon1 (ω)

Dqphonon2 (ω)
+

.

(2.2)

For McMillan’s equation we can define a phononic Eliashberg function with two peaks
α2 F phon (ω) = N0 δ (ω − ω1 ) g12 + N0 δ (ω − ω2 ) g22 ,

(2.3)

where ω1 and ω2 are the Einstein frequencies of our two phonons and g12 and g22 the electronphonon couplings. We can derive that within McMillan’s equation the two phonons
effectively behave as a single phonon with


λ2
λ1
ln(ω1 ) +
ln(ω2 ) ,
(2.4)
λ = λ1 + λ2 , and ωln = exp
λ
λ
where λi = 2N0 gi2 /ωi is the interaction strength of a single phonon. Within Eliashberg
theory we use a similar approach, where we can define a phononic spectral function with
two peaks at ω1 and ω2 . In the following we will define phonon 1 as an Einstein phonon
with (ω1 , λ1 ) and phonon 2 as an Einstein phonon with (ω2 , λ2 ).
We will now combine the two phonons we plotted in Fig. 2.1, i.e. phonon 1 will have
ω1 = 0.02eV and phonon 2 will have ω2 = 0.08eV . The resulting critical temperature we

Figure 2.3: Critical temperatures Tc,1+2 for two Einstein phonons with ω1 = 0.02 eV,
ω2 = 0.08 eV and µ = 0. We set λ1 = 0.3 and plot against the interaction strength of
phonon 2. We used the 2D free electron gas model with m∗ = 33.9 me .
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will call Tc,1+2 and is plotted in Fig. 2.3. In this figure we set λ1 = 0.3 and varied λ2 .
Keep in mind that the total interaction strength is given by λ = λ1 + λ2 . We see that for
small interaction strengths all theories agree very well, both in trend and in quantitative
values. As we increase the interaction strength McMillan’s equation starts to deviate
significantly from SC-DFT and Eliashberg theory around λ ≈ 1, as expected.
SC-DFT and Eliashberg agree very well in the entire range plotted here. However, for
large λ2 we do see that the onset of the upwards trend in SC-DFT is also present in the
two phonon case. It will be interesting to see how the new kernel from Ref. [37] performs
in the case of two interplaying Einstein phonons.
In the figures on the left hand side of Fig. 2.4 we show colour plots of Tc,1+2 , where the
x and y axes vary the single phonon interaction strengths λ1 and λ2 . Here we see again
what we saw before, Eliashberg and SC-DFT agree very well up until large interaction
strengths. McMillan agrees very well for small interaction strengths, but shows wrong
trends when the interaction strength gets stronger. Let us first interpret the data and
comment on the McMillan results later in the section.

Interpreting Eliashberg and SC-DFT results
Let us for now focus on the critical temperatures Tc,1+2 from Eliashberg theory and SCDFT, shown in Figs. 2.4a and 2.4c, and note that the contour lines are straight lines.
This is a hint that the critical temperature only depends on some linear combination
of λ1 and λ2 , and not on the two interaction strengths separately. Moreover we note
that the contour lines are not symmetric around the diagonal, but instead have a slight
angle. This is due to the fact that we set ω2 > ω1 . In the case that ω1 = ω2 there
would be no difference between the phonons and by symmetry the contour lines would
have a perfect 45 degree angle with respect to both axes. In other words, the critical
temperature approximately seems to depend on an effective interaction strength, which
would be some linear combination of λ1 and λ2 weighted by their corresponding Einstein
frequencies. This description is very similar to McMillan’s equation, where the weighting
of the frequencies is done in ωln .
For larger interaction strengths the contour lines are no longer parallel and start to rotate somewhat. This is especially clear in the Eliashberg results, but also present in the
SC-DFT results. Note, however, that the lines are still straight, which hints towards
a change in the way the phonons are weighted. Essentially, λ2 gets more weight, which
decreases the influence of λ1 . One should keep this observation in mind when we interpret
the McMillan results later.
In the plots on the right hand side of Fig. 2.4 we show the following ratio
R≡

Tc,1+2
,
max (Tc,1 , Tc,2 )

(2.5)

where we defined Tc,1 and Tc,2 to be the critical temperatures obtained when only including
phonon 1 or phonon 2, respectively. The ratio R is useful to determine how the critical
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Figure 2.4: Critical temperatures Tc,1+2 (a-c) and ratios R (defined in Eq. 2.5) (d-f) for
two Einstein phonons with ω1 = 0.02eV , ω2 = 0.08eV and µ = 0, as a function of the
single phonon interaction strengths λ1 and λ2 using various theories. The dotted grey
line denotes the line where Tc,1 = Tc,2 . We used the 2D free electron gas model with
m∗ = 33.9me .
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temperature changes when we add an extra phonon to a single phonon system. For
R > 1 (red in the figure) Tc is enhanced and for R < 1 (blue in the figure) Tc is reduced.
Here we see, once more, a very good agreement between Eliashberg and SC-DFT. The
agreement is not as good as it is in the Tc,1+2 colourplots, because small deviations in
both the single-phonon results and two-phonon results add up. The trends are still the
very similar, however.
We notice an extremely large ratio in the bottom left of the plots, with a Tc enhancement
of a factor of 4 at λ1 ≈ 0.5 and λ2 ≈ 0.3. This ratio fades to unity for larger λ2 , which
can be explained by assuming that the strength of phonon 2 completely renders phonon
1 negligible. The sharp red region of Tc enhancement has a tail that flattens for larger λ1 .
This tail follows exactly the line where Tc,1 = Tc,2 (the grey dotted line in the figures), i.e.
the mixing is most favourable when Tc,1 and Tc,2 are of equal magnitude. Interestingly,
the intensity of the enhancement decreases for larger interaction strengths along the tail.
We can get some insight into this by calculating the ratio analytically with McMillan’s
equation, which is still valid in this region of λ. Let us assume that we are below the grey
dotted line, such that Tc,1 > Tc,2 . We find


Tc,1+2
ωln
1.04λ2
=
exp
.
(2.6)
Tc,1
ω1
λ1 (λ1 + λ2 )
If we first consider the simple case that ω1 = ω2 , then the prefactor will drop out. By
=
symmetry the tail will happen along λ1 = λ2 , which means all that is left is TTc,1+2
c,1


exp λ1.04
. Note that all frequency dependence drops out, so we conclude that the
1 +λ2
weakening is solely caused by the structure of the exponent. The Einstein frequencies do
influence the intensity and location of the tail, but are not its cause.
To investigate this more we bring the Einstein frequencies closer together and plot the
ratio R in Fig. 2.5. We see that the slope of Tc enhancement tail has increased to match
the line of Tc,1 = Tc,2 . We also note that the intensity decrease is faster than it was in
Fig. 2.4, easily seen by the tip of the R = 2 contour line, which now lies around λ1 ≈ 1
in Eliashberg theory. The interplay of phonons seems more favourable for phonons that
have very different Einstein frequencies.
As a side note, we see that the agreement between Eliashberg and SC-DFT has worsened.
The enhancement of Tc is stronger in SC-DFT than it is in Eliashberg theory. The trends
are still the same, but it will be interesting to investigate why the quantitative agreement
worsened for more similar frequencies.
In conclusion, it is clear that bosons can interplay non-trivially even in the case of simple
Einstein phonons, where we can have a drastic Tc enhancement of a factor 4 and more for
low interaction strengths. Similar extreme enhancements were predicted by D. Allender
et al. in 1973, where they investigated the interplay between a phonon and an exciton
from the substrate of a sandwich structure.[4]
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Figure 2.5: Ratios R (defined in Eq. 2.5) for two Einstein phonons with ω1 = 0.04eV ,
ω2 = 0.08eV and µ = 0, as a function of the single phonon interaction strengths λ1 and
λ2 using various theories. The dotted grey line denotes the line where Tc,1 = Tc,2 . We
used the 2D free electron gas model with m∗ = 33.9me .

Tc reduction in McMillan’s equation
When we compare McMillan’s equation in Fig. 2.4 with the other two theories we see a
striking difference, namely the occurrence of a reduction of the critical temperature. In
fact, we can easily analytically calculate the transition point to be
λ2,crit =

1.04
.
ln (ω2 /ω1 )

(2.7)

For λ2 > λ2,crit we find suppression of the critical temperature. We note that λ2,crit is
independent of λ1 , so in principle we can find this suppression even for total interaction
strengths λ < 1. However, generally the suppression is very weak for these parameters,
which means McMillan’s equation will still properly approximate Eliashberg theory. For
larger interaction strengths the suppression gets stronger, but we do not expect McMillan’s equation to hold in this regime anyway. However, it will be interesting to know why
the suppression happens. We suspect it to be an artefact coming from the averaging of
the phonon frequencies in ωln , which we will confirm in the following.
To this end we can look at Fig. 2.5b, where we brought the Einstein frequencies closer
together and therefore reduced the effect of the averaging. From the expression for λ2,crit
we know that the transition point will move to larger λ2 , which is also what we see in
the figure. The suppression has completely disappeared in the plotting range and the
agreement between McMillan and Eliashberg has improved.
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Figure 2.6: Critical temperatures Tc,1+2 (a) and ratios R (defined in Eq. 2.5) (b) for two
Einstein phonons with ω1 = 0.02eV , ω2 = 0.08eV and µ = 0, as a function of the single
phonon interaction strengths λ1 and λ2 using the analytic model for SC-DFT. The dotted
grey line denotes the line where Tc,1 = Tc,2 . We used the 2D free electron gas model with
m∗ = 33.9me .

Analytic SC-DFT model
As in the single Einstein phonon case, we can approximate the SC-DFT kernels and solve
the SC-DFT gap equation analytically. This time we will approximate the kernels with
a sum of two step functions, one for each phonon. The details are given in appendix C.
The calculation yields


2ω1 γ
1 + λ1 + λ2
e exp −
Tc,1+2 ≈
.
(2.8)
π
λ1 + λ∗2
where
λ∗2 =

λ2 (1 + λ2 )
,
1 + λ2 (1 − ln (ω2 /ω1 ))

(2.9)

and we defined ω2 > ω1 and required small temperatures. In Fig. 2.6 we have plotted the
results of this analytic model in a similar way as we did before.
We note that the results are more reminiscent of the results from McMillan’s equation
than of the results of numerical SC-DFT. The ratio plot shows again a suppression of
Tc for large λ2 and the transition line is again independent of λ1 and around the same
λ2,crit as before. In the Tc,1+2 plot we see that the lines are not parallel, but instead rotate
for larger λ2 . One difference between McMillan and the analytic SC-DFT model is the
intensity of the suppression, which is stronger in McMillan’s equation.
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Figure 2.7: The average phonon frequency ωln , defined by Eq. 2.10, for two Einstein
phonons with ω1 = 0.02eV , ω2 = 0.08eV and µ = 0, as a function of the single phonon
interaction strengths λ1 and λ2 using various theories. We used the 2D free electron gas
model with m∗ = 33.9me .

The similarities suggest that the error in both models might have the same origin. For
McMillan’s equation we suggested that the averaging of the phonon frequencies in ωln
might be the cause. This fits with the analytic SC-DFT model, since the main simplification we make there is neglecting the structure around the Einstein frequencies, thereby
also effectively averaging its effects. To investigate this hypothesis we define a more
general averaged frequency by simply inverting McMillan’s equation at µ = 0, giving


1.04(1 + λ1 + λ2 )
ωln ≡ 1.20Tc · exp
.
(2.10)
λ1 + λ2
We plot the results for all our theories in Fig. 2.7. As expected, SC-DFT and Eliashberg agree relatively well. The main difference between McMillan and Eliashberg is that
in McMillan the slope of the contour lines is approximately constant, even for larger
interaction strengths. This results in an underestimation of ωln , resulting in a smaller
Tc,1+2 and therefore a smaller ratio R. In the analytic model of SC-DFT we also see that
the contour lines have a steep slope that persists up until larger interaction strengths,
although in this case we already see some flattening. This flattening explains why the
suppression in the analytic SC-DFT model is weaker than it is in McMillan’s equation.
In conclusion, it seems that the averaging of the phonon frequencies is indeed the cause
for the suppression of the critical temperature in McMillan’s equation at large interaction
strengths. In section 1.5 we already mentioned that McMillan’s equation was obtained
via a fit to Eliashberg theory, and therefore not valid for λ > 1. Allen and Dynes proposed an adjusted prefactor that would improve the fit for larger λ.[33][34] We suspect
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Figure 2.8: Critical temperatures Tc,1+2 for two Einstein phonons with ω1 = 0.02, ω2 =
0.08eV and µ = 0.1. We set λ1 = 0.3 and plot against the interaction strength of phonon
2. We used the 2D free electron gas model with m∗ = 33.9me .

the suppression to disappear in this improved equation, but it will be interesting to check
this.
As a side note, we see that the averaged frequency in SC-DFT shows a maximum. It
could be interesting to do Eliashberg calculations for a larger range of λ1 as well to see if
it exists there as well.

2.3

Including the static Coulomb interaction

The static Coulomb is generally believed to decrease the critical temperature significantly
and is a very important parameter that cannot be neglected in any realistic system. Let
us therefore add a weak static Coulomb repulsion of µ = 0.1 to the system and investigate
how the results change. Within SC-DFT this is done by adding a constant factor µ to
the K-kernel, as explained in section 1.3.2. In McMillan’s equation and Eliashberg theory we introduce a renormalized static Coulomb parameter µ∗ , as described in section 1.5.
In a similar fashion as before we show the critical temperature Tc,1+2 in Fig. 2.8, using
again ω1 = 0.02eV and ω2 = 0.08eV . When comparing these Tc,1+2 plots with those for
µ = 0 in Fig. 2.3 we see, as expected, that all the critical temperatures have been reduced.
In SC-DFT we can reason this by remembering the fact that −N0 K(0, 0) played the role
of the interaction strength. Therefore if the K-kernel is increased by a constant factor, it
means that λ is effectively lowered. We furthermore note that Eliashberg theory underestimates SC-DFT, but that the trends are the same. We will discuss this observation more
when we cover the analytic SC-DFT model later in the section. McMillan gives results
that agree extremely well with Eliashberg theory for λ2 smaller than 0.8. The agreement
is even better than it was for the case µ = 0, which agrees with results found by J. Berges
in his master thesis.[36]
In Fig. 2.9 we show colourplots of Tc,1+2 on the left and the ratio R on the right, as
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Figure 2.9: Critical temperatures Tc,1+2 (a-c) and ratios R (defined in Eq. 2.5) (d-f) for
two Einstein phonons with ω1 = 0.02eV , ω2 = 0.08eV and µ = 0.1, as a function of the
single phonon interaction strengths λ1 and λ2 using various theories. The dotted grey
line denotes the line where Tc,1 = Tc,2 . We used the 2D free electron gas model with
m∗ = 33.9me .
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we did before. When we compare McMillan with the Eliashberg and SC-DFT results we
basically see many of the same trends as we did before and therefore do not require more
discussion. One difference that we do see in McMillan is that the transition point, where
R = 1, is no longer a perfectly straight line, but has a slight curve. Unfortunately, we
cannot find a simple expression for the transition point anymore due to the presence of
µ∗ and it is therefore hard to interpret this observation.

Interpreting the effects of the static Coulomb interaction
When we compare the results of any of the theories with the results without any static
Coulomb interaction, we see that the region of enhanced Tc has gotten broader and more
intense in all cases. We can intuitively explain this trend by interpreting the static
Coulomb as effectively weakening the attraction between electrons. In the case where
we have two phonons, the repulsive effect of the static Coulomb is shared over the two
phonon interactions. On the other hand, in the single phonon case the repulsive effect of
the static Coulomb interaction is completely working on a single phonon interaction. We
can therefore argue that in the two-phonon case the effect of the static Coulomb interaction will be relatively weaker than in the single-phonon case. This would result in an
increase in the ratio R, since Tc,1+2 would be lowered less than Tc,1 and Tc,2 .
For SC-DFT we can actually reason in this way by looking at the K-kernels, which we
argued before are closely connected to the strength of the binding force in the Cooper pairs.
The value of N0 K(ξ = 0, ξ ′ = 0) at small temperatures in the case of two interplaying
Einstein phonons is given by −λ1 − λ2 + µ, whereas in the case of a single Einstein phonon
it is given by −λ1 + µ. We argue that in the former the effect of µ is relatively weaker
than in the latter, simply because λ1 + λ2 > λ1 . Within McMillan’s equation we can use
similar arguments since we have a term λ − µ in the denominator of the exponent. Here it
is a bit more complicated due to the presence of the cross-term µ∗ λ, however the overall
reasoning is the same.
To confirm this hypothesis we plot the critical temperatures against the static Coulomb
parameter µ, shown in Fig. 2.10. We consider small interaction strengths λ1 = 0.3
and λ2 = 0.5, where the enhancement of Tc is relatively strong and we can trust in
McMillan’s equation. The results show what we described before, all critical temperatures
are decreased by the static Coulomb interaction, but Tc,1+2 is lowered less compared to
Tc,1 and Tc,2 , causing the ratio R to increase.
Analytic SC-DFT model
When we introduce the static Coulomb interaction in our single-phonon analytic SC-DFT
model, we interestingly enough reproduce the definition of the renormalized µ∗ defined in
Eq. 1.78, as used in McMillan’s equation and Eliashberg theory. The expression we find
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Figure 2.10: Critical temperatures Tc,1+2 (black), Tc,1 (red) and Tc,2 (green), together with
the ratio R defined in Eq. 2.5 (blue), as a function of the static Coulomb pseudo-potential
µ. The ratio line uses the right y-axis, whereas the other lines use the left y-axis, as also
denoted by the arrows next to their label. This data is using McMillan’s equation with
ω1 = 0.02eV , ω2 = 0.08eV , λ1 = 0.3, λ2 = 0.5 and EF = 3.6eV .

is


2ωe γ
1+λ
Tc =
e exp −
.
π
λ − µ∗

(2.11)

We note that this expression is very similar to McMillan’s equation, except for the missing cross-term λµ∗ in the denominator of the exponent. When we include two Einstein
phonons together with the static Coulomb interaction we find the following expression


2ω1 γ
1 + λ1 + λ2
Tc =
e exp −
,
(2.12)
π
λ 1 + λ 2 − c∗
where c∗ is no longer simply µ∗ , but a more complicated function of the interactions
strengths, phonon frequencies and chemical potential. It is defined in appendix C. We
note that in the single-phonon case the expression is very similar to McMillan’s equation,
from which we can argue that the static Coulomb interaction is not so different in Eliashberg theory and SC-DFT after all. However, when we include two phonons we see that
the expression becomes much more complicated and deviates strongly from McMillan’s
equation. This difference might cause the difference between SC-DFT and Eliashberg
theory in Fig. 2.8. To investigate this more, a systematic comparison between SC-DFT
and Eliashberg will be useful.
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All-in-all, the static Coulomb interaction does not seem to change the overall structure
of the superconductivity. It is nonetheless an interaction that should not be neglected,
since it strongly lowers the single-phonon critical temperatures and therefore increases
the enhancement when adding another interplaying boson.
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Chapter 3
Results - plasmons
In this chapter we will include plasmons in our SC-DFT calculations. Especially in twodimensional materials we expect plasmons to be relevant due to their gapless squareroot-like dispersion and strong coupling with electrons.[1][13] Together with the fact that
plasmons are easily tunable by substrate and doping, they are very interesting to investigate in the light of layered materials, like TMDCs[6][7][8] and twisted bilayer graphene[9].
We show that adding a plasmon to a phonon mediated superconducting system can both
enhance and suppress the critical temperature, depending on the doping.
We will use the two-dimensional free electron gas model again. The momentum cutoff
−1
is set to kcut = 1.5 Å , which gives an artificial bandwidth of 17.122 eV. We start the
chapter by investigating the plasmon dispersion and electron-plasmon coupling, and see
how it is affected by various parameters. After this we will address the pieces we need to
calculate critical temperatures, like the plasmonic Eliashberg function and the SC-DFT
kernels. From these functions we predict how changes in the plasmon dispersion will
change the superconductivity. Finally, in the last section, we will show plasmon induced
superconductivity. At first we will reproduce data by Y. Takada[12] and then extend his
results by adding an Einstein phonon.
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Figure 3.1: Plasmonic dispersion ωqplasm (a) and electron-plasmon coupling |aq |2 (b), plotted for different electron densities n. (For later reference, these n correspond to effective
Bohr radii rs = 50, 30, 10, respectively.) We used a 2D free electron gas model with
m∗ = 1 me and local screening ϵ = 1.0. The dotted lines in (a) show the lines qvF , shifted
upward to fit the dispersion.

3.1

Plasmon properties

Let us first investigate how the plasmon dispersion and electron-plasmon coupling behave when varying the screening, the doping and the effective mass. This will give us a
foundation from which to interpret the plasmonic superconductivity later in the chapter.
Throughout this chapter we will be using the two-dimensional free electron gas model and
use the expression for the plasmon dispersion derived by A. Bill et al., given in Eq. 1.56.
[29]
Let us first interpret the general shape of the dispersion and the coupling. This we will
do using Fig. 3.1, where we plot the plasmon dispersion and electron-plasmon coupling
for different electron densities n. We first of all see the gapless square-root shape of the
plasmon dispersion at small momenta q. Second of all we see the linear tail at larger
momenta, which is due to the factor qvF in front of the square root in Eq. 1.56. The
dotted line shows qvF , shifted upward to fit the dispersion, and we see that the slopes
match very well at large momenta. The electron-plasmon coupling diverges for q = 0, due
to the divergence of the background-screened Coulomb interaction Uq . For q → ∞ the
coupling will vanish, but the speed at which it vanishes depends heavily on the parameters
used.
When we now focus on the effect of the electron density, we note that larger electron
densities cause the coupling to increase in size. In the dispersion we also see simply an

48

Plasmonic superconductivity in layered materials

Figure 3.2: Plasmonic dispersion ωqplasm (a) and electron-plasmon coupling |aq |2 (b), plotted for different local dielectric constants ϵ. We used a 2D free electron gas model with
m∗ = 1 me and an electron density of n = 1.7 · 1014 cm−2 (rs ≈ 8). The dotted lines in (a)
show the lines qvF , shifted upward to fit the dispersion.

increase, where the slope at all parts of the curve is increased. For later reference we
note that strong deviations from the linear trend (which can be seen by comparing the
dispersion with the dotted line) start at larger q for larger n.
In Fig. 3.2 we plot the plasmon properties for various local dielectric constants ϵ. The
dispersion and coupling decrease in strength for larger ϵ, which we can intuitively explain
by the fact that screening decreases the Coulomb interaction. We note that the effect of
screening is relatively strong. The electron-plasmon coupling is approximately decreased
by a factor of three, when the dielectric constant is increased from 1 to 2. Secondly we
note that screening mainly affects the slope of the plasmon dispersion at small q. For
larger momenta the slope is almost unaffected. A side effect is that the deviation from
the linear trend also starts at smaller q for larger ϵ.
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Figure 3.3: Plasmonic dispersion ωqplasm (a) and electron-plasmon coupling |aq |2 (b), plotted for different effective masses m∗ . We used a 2D free electron gas model with local
screening ϵ = 1.0 and an electron density of n = 1.7 · 1014 cm−2 (rs ≈ 8). The dotted lines
in (a) show the lines qvF , shifted upward to fit the dispersion.

Finally, in Fig. 3.3, we plot the dependence on the effective mass m∗ . We note that
increasing the mass only decreases the plasmon dispersion at large momenta. This is because the small momentum region is completely governed by N0 Uq , which has only very
weak dependence on m∗ . The large momentum region is, on the other hand, only governed by vF , which is heavily dependent on m∗ . The electron-plasmon coupling is barely
affected by the mass. This is a consequence of the fact that the main m∗ dependence in
|aq |2 comes from the plasmon dispersion.
All in all we note that the plasmonic properties are heavily dependent on charge doping,
screening and effective mass. This makes plasmonic superconductivity easily tunable by,
for example, choice of substrate.
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3.2

Interpreting the SC-DFT functions

In this section we will discuss the functions we need to eventually calculate plasmon
induced critical temperatures. These functions include the plasmonic Eliashberg function
and the plasmonic kernels.

3.2.1

Plasmonic Eliashberg function

In Fig. 3.4 we show the plasmonic Eliashberg function α2 F plasm (ξ, ξ ′ , ω), as defined in Eq.
1.62. In section 1.4.3 we discussed that there are numerical diﬀiculties when calculating
the Eliashberg function at small frequencies, which is why we introduced a stitching procedure in the region where we trust both the analytical and the numerical results. Let us
first focus on the physical meaning of the plots and discuss the validity of the stitching
procedure afterwards.

Physical interpretation
Let us start by focusing on the stitched results (the solid, blue line), which should
give us physical results for both small and large frequencies. At small frequencies the
function diverges, which was mentioned before in section 1.4.3 and appears because
qmin = |ξ − ξ ′ | /v (ξavg ) = q0 , with q0 the momenta for which ω − ωqplasm = 0. The divergence moves to larger frequencies when |ξ − ξ ′ | increases. For ξ = ξ ′ the divergence
happens at ω = 0, where it is no longer well defined.
When we start at the divergence and increase the frequency, the Eliashberg function becomes very flat. The influence of the qmin divergence quickly disappears because q0 moves
to larger momenta. The electron-plasmon coupling |aq |2 and the derivative of the plasmon
dispersion also stay almost constant, as can be seen in the previous section. Since there
are no other terms in the analytic expression that have a frequency dependence, the function stays constant. For even larger frequencies the approximation of small momenta fails
and we see that the numerical part introduces a second peak, after which the Eliashberg
function vanishes.
The maximal frequency of the Eliashberg function happens at the maximal momentum
transfer q for the energies ξ and ξ ′ . The frequency for which the numerical results vanish
is a bit higher than for the analytical results due to the broadening of the delta functions.
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Figure 3.4: The plasmonic Eliashberg function α2 F plasm (ξ, ξ ′ , ω) at ξ = 10−6 eV and various ξ ′ , as a function of the frequency ω. The function was calculated fully numerically
(orange, striped line), fully analytically (green, dotted line) and using the stitching procedure (blue, solid line). The grey area is the stitching region δω. We used a 2D free
electron gas model with m∗ = 1 me , an electron density of n = 1.4 · 1014 cm−2 and local
screening ϵ = 1.0.
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Stitching
Let us now discuss the stitching method. To this end we refer to the other lines in Fig.
3.4, the numerical results given by the striped orange line and the analytical results given
by the dotted green line. The grey area is the region in which we perform the stitching.
Note that this stitching area has been chosen such that it falls within the flat area of
the Eliashberg function, such that the numerical and analytical results agree well. As we
argued before, this flat area is mainly due to the simple structure of the plasmon dispersion
and electron-plasmon coupling, so for realistic materials with more complicated plasmon
properties the stitching might be more challenging. Note that for smaller frequencies the
numerical momentum grid resolution is not good enough and the data becomes noisy. The
analytical results are doing a good job however. For larger frequencies we note that the
analytical equation completely ignores the presence of a second peak, which is captured
well in the numerical results.
In Fig. 3.4c we have shown an example of when the stitching does not work as well. This
happens when the divergence at small frequencies passes through the stitching area. The
analytical sharp divergence and the numerical broadened divergence get mixed, resulting
in a nonphysical shape. We argue, however, that there are only a few energies for which
this happens, most of which lie at large energies. The one in the figure, for example,
happens at |ξ − ξ ′ | ≈ 2 eV. For energies this far from the Fermi level we assume the
artefacts caused by the stitching will be negligible. Moreover, the Eliashberg function
will be integrated over frequency when calculating the kernels, so small errors like these
will be integrated out. These claims can be verified when we consider the kernels in the
next section.
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3.2.2

Plasmonic kernels

In Fig. 3.5 a and b we plot the plasmonic kernels. The structure of the K-kernel is more
complicated than it was for the Einstein phonons, therefore we plot the kernel not only at
ξ ′ = 10−6 eV, but also at some larger ξ ′ . The first thing to note is that the K-kernel in Fig.
3.5a is fully positive, which is radically different from the negative phononic K-kernel. Intuitively this is because the plasmons arise from the repulsive Coulomb interaction, which
has a positive potential energy. Similar to the static Coulomb interaction one could argue
that this would therefore effectively reduce λ. However, the reason a positive K-kernel
can, in fact, cause an effective attractive interaction is due to an intricate interplay of
structures.
In Fig. 3.5c we plot the eigenvector ∆(ξ), as described in Eq. 1.86, of the matrix
constructed by only plasmonic kernels. Please note that this is not a self-consistently
calculated gap function, but rather just the eigenvector belonging to the principal eigenvalue of the linearized gap equation. We also fixed the temperature to T = 0.001 K, so the
principal eigenvalue is not necessarily unity. The eigenvector is therefore not physical and
we cannot draw any conclusions from the quantitative values. However, the qualitative
trends and shape of the eigenvector should still be very similar to those of the actual gap
function.
The feature of interest is the sign change. We require the gap function to be positive
at ξ = 0, but for other energies it is physically perfectly fine if it has a negative value.
In order to understand how these negative values can help we need to take a closer look
to the gap equation from Eq. 1.20. Let us for simplicity temporarily ignore the massrenormalization kernel, which leaves us with

Z
1
′
1
′
′ tanh 2 βξ
dξ N0 K(ξ, ξ )
∆(ξ ′ ).
(3.1)
∆(ξ) = −
′
2
ξ
The reason the negative phononic K-kernel was able to induce superconductivity was
that it cancelled the negative sign in front of the integral. Therefore making sure that
the self-consistent gap equation converges and results in a positive gap function at the
Fermi level. Another way one could cancel this negative sign is by having a negative gap
function instead. However, since we require a positive gap function at the Fermi level, this
requires very specific structures of ∆(ξ) and the K-kernel such that the self-consistency is
not broken. In Fig. 3.5 we see what such structures might look like. The gap function is
negative for the energies where the K-kernel is strongly positive. The positive sign of the
gap function near the Fermi level does not break the self-consistent convergence, because
the K-kernel has very small values here. All in all, there is a very interesting interplay
between both structures that allows for superconductivity to occur. Later in this section
we will derive an analytic model with a positive K-kernel. From this model we can in more
detail explain what parts of the K-kernel enhance or suppress the critical temperature.
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(a) K-kernel at various ξ ′ , multiplied by the DOS at the Fermi level

(b) Mass-renormalization kernel

(c) Eigenvector of the numerical gap equation

Figure 3.5: Examples of the SC-DFT kernels and the eigenvector of the gap equation,
for plasmons in the 2D free electron gas model, with m∗ = 1 me , an electron density
of n = 1.4 · 1014 cm−2 and local screening ϵ = 1.0. These functions are calculated at
T = 0.001 K, using the Eliashberg functions in Fig. 3.4.
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When we take a closer look at the K-kernel we note the divergences at ξ = ξ ′ . We
predicted these beforehand, in section 1.4.3, and they were the reason we had to retain
the energy dependence in the plasmonic Eliashberg function. The reason they arise is
that the plasmon dispersion vanishes for zero momentum, which makes them a unique
feature of plasmons in two-dimensional materials. It is diﬀicult to interpret the physical
consequences of these divergences, especially because they are integrated out in the final
results. When deriving the analytic SC-DFT model they also made the equations much
more complicated and no longer analytically solvable. For now we will just note that they
are safely integrated out in the gap equation and that they do not cause any nonphysical
behaviour in the gap function, as we can also see in Fig. 3.5c. However, these divergences
are definitely interesting and it might be worthwhile to spend some more time investigating the implications of their presence.
Finally, let us discuss the mass-renormalization kernel in Fig. 3.5b. The structure is not
incredibly interesting and very similar to that of the phononic mass-renormalization kernel. The quantitative scale of the function is very large, however. Where in the phononic
case both kernels were of equal magnitude, here Z(ξ) is significantly larger. In fact, when
we include the mass-renormalization kernel it will kill all superconductivity. Therefore,
to investigate general fundamental properties of plasmonic superconductivity, we will neglect Z(ξ) from now on. This is a big simplification and will have to be investigated in
more detail.
Potential problems
When investigating the various plots of Fig. 3.5 there are three features that could cause
nonphysical results and might need some more attention. One of these can be seen in
the K-kernel and is the cutoff by the bandwidth. Especially at negative energies we can
see that the kernel has a sudden drop to zero at the edge. This is due to the Fermi level
being so small that the kernel is cut off by the bandwidth. Essentially we are entering
the regime where ωp << EF is no longer true, where ωp is the effective boson energy. In
Eliashberg theory this is a problem, since Migdal’s theorem fails and we can no longer
neglect vertex corrections. Some work has been done to investigate superconductivity in
this regime, but it is unclear whether the same restriction holds in SC-DFT.[38]
The other potential problems are of a numerical nature. We know from analytics that the
K-kernel diverges at the diagonal. However, in Fig. 3.5a we can see that numerically the
intensity of this divergence heavily depends on ξ ′ . We do not expect this to be a problem,
since we accurately reproduce data from a previous study (as we will see in section 3.3.1),
but one might solve this issue by using an energy grid that is logarithmic around the
divergence.
The second numerical problem is artefacts caused by the stitching. In Fig. 3.5a we can
see such an artefact in the ξ ′ = 1.0 eV line, near the lower band edge. There is a small
peak, surrounded by some noise. However, when the stitching parameters are chosen well,
these effects are small and have a negligible effect on the critical temperature.
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Figure 3.6: Example of an SC-DFT K-kernel for plasmons in the 2 dimensional free
electron gas model, with m∗ = 1 me , an electron density of n = 1.4 · 1014 cm cm2 and local
screening ϵ = 1.0. The grey striped line denotes ξ = ξ ′ . This function is calculated at
T = 0.001 K, using the Eliashberg functions in Fig. 3.4. In the bottom right panel the
parameters K1 , K2 and ωT are visualised.

3.2.3

Analytic SC-DFT model

In Fig. 3.6 we show a colourplot of the plasmonic K-kernel. We note the divergence at
the diagonal and the flat area close to zero near the Fermi level. The interesting feature
is that the shape of the flat area is almost square, which means we might approximate
this kernel with simple block shaped functions again. The magnitude of the K-kernel
near the Fermi level we approximate with the constant K1 . For energies further away
we will set the kernel to the constant K2 . The transition from K1 to K2 happens at
the transition energy ωT . These parameters currently have no physical meaning, but
later we can derive some connection to the plasmon properties. To greatly simplify the
equation we will also neglect the divergence at ξ = ξ ′ . Of course this is a non-trivial
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approximation, but it is justified as long as we only use the analytic model to interpret
the various parameters we have. We will not be able to trust the actual values of the
critical temperatures it gives. The mass-renormalization kernel we will approximate with
the constant value of Z for energies below ωT and zero for larger energies, similar to the
phononic mass-renormalization kernel. Using these simplifications we find


2ωT γ
(1 + Z)(1 + N0 K2 I2 + µI2 )
Tc =
e exp −
,
(3.2)
π
(N0 K2 + µ)I2 N0 (K2 − K1 ) − N0 K1 − µ
 
where I2 ≈ ln EωTF and γ ≈ 0.577 is Euler’s constant. For a detailed derivation we refer
to appendix D. The solution is valid as long as
N0 K1 <

(N0 K2 + µ)I2 N0 K2 − µ
(N0 K2 + µ)I2 + 1

(3.3)

holds, which tells us we are generally safe if we choose K1 ≲ K2 . Note that if we set K2
to zero, we require K1 < 0, which is basically the phononic situation. For a positive K2 it
is possible for K1 to be positive. Within the analytic model we can also derive the ratio
between the gap function at small energies ∆1 , and the gap function at large energies ∆2 .
We find
∆2
=
∆1

−(1 + Z)
.
N0 K1 + µ
I2 N0 (K2 − K1 ) −
N0 K2 + µ

(3.4)

Note that ∆1 and ∆2 are required to have the opposite sign if we set K2 > 0. We reasoned before that this property was required for solutions with positive kernels, so it is
important that it is reproduced in the analytic model.
In Fig. 3.7 we plot the critical temperature resulting from the analytic model. We based
our parameters on the kernels in Fig. 3.5 and used the same chemical potential and
DOS, such that the electron density was the same. We also included a static Coulomb
interaction of µ = 0.44, which was calculated from Eq. 1.92. The critical temperatures we
find are extremely high and cannot be realistic, but, as we mentioned before, we cannot
trust in quantitative values of the model. Let us focus instead on how different features
of the K-kernel influence the critical temperature.
First of all, we notice that Tc increases for smaller K1 and for larger K2 . This fits with
the shape of the gap equation, since we want to strongly couple to the region of the gap
function that is negative and weakly to the region that is positive. The grey dotted line
shows the inequality 3.3, which means that above and to the left of the line the analytical
model has no solutions. The critical temperature smoothly vanishes well before this line.
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Figure 3.7: Critical temperatures calculated using the analytic SC-DFT model for plasmons, as a function of the parameters N0 K1 and N0 K2 . For values above the grey dotted
line the model has no solutions. We used the following parameters: EF = 0.67 eV,
µ = 0.44, ωT = 0.1 eV and Z = 0.

Figure 3.8: Critical temperatures (black solid line) and ratio of gap functions ∆1 /∆2 (blue
striped line) calculated using the analytic SC-DFT model for plasmons, as a function of
the transition energy ωT . The lines respectively use the left and right y-axes, as also
denoted by the arrow next to their label. The vertical grey dotted line denotes ωc , above
which the model has no solutions. We used the following parameters: EF = 0.67 eV,
µ = 0.44, N0 K2 = 0.8, N0 K1 = 0, Z = 0.
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To investigate the effects of the transition energy we plot the results of the analytical
model as a function of ωT in Fig. 3.8. Let us focus on the critical temperature, i.e. the
solid black line in the plot. At first it increases with the transition energy, but around
ωT ≈ 1eV it starts to decrease rapidly. From inequality 3.3 we can calculate the critical
energy ωc above which the gap equation no longer has solutions, which is plotted with a
vertical dotted grey line. We see again that the critical temperature vanishes well before
the critical point. The dome shape of Tc appears due to the interplay of the prefactor
and the exponent. In the exponent I2 is lowered with increasing ωT , effectively lowering
the interaction strength. On the other hand, the prefactor increases linearly with ωT . For
low ωT the increasing prefactor is stronger, but for larger energies the exponential factor
takes over and we see a rapid decrease of Tc .

3.2.4

Tuning the kernel structure

Now that we have a feeling how the different parts of the K-kernel influence the critical
temperature, let us see how we can tune the kernel using our plasmon properties. We
start by splitting the plasmonic K-kernel into its two parts, the static contribution and
the dynamic contribution, as shown in Fig. 3.9 at ξ ′ = 10−4 eV. We note that, similar to
the phononic K-kernel, the dynamic contribution is negative. The structure is somewhat
different from the phononic K-kernel, but this was to be expected since the plasmon
dispersion and coupling are much more complicated than in the case of simple Einstein
phonons. The static contribution is completely positive, similar to the contribution of the
static Coulomb interaction.
When we shift our attention to the magnitudes we notice that they are much larger
than for the conventional phononic and static Coulomb cases. The dynamic plasmonic
contribution has a value of around −15/N0 at the Fermi level, which would correspond
to extremely high interaction strengths. Similarly, the static contribution would also
correspond to an extreme repulsion that would kill all superconductivity. Interestingly,
the two terms are of similar magnitude, which means that they cancel each other such
that the total kernel is reasonable.
This interplay between the two parts is also what causes the full plasmonic K-kernel to
be positive. For ξ close to zero |K plasm,stat | ≈ |K plasm,dyn |, resulting in a vanishing K1 at
the Fermi level. For larger energies generally |K plasm,stat | > |K plasm,dyn |, giving positive
K2 away from the Fermi level. Realising this gives us a way to investigate how we can
tune parts of the K-kernel with the plasmon dispersion. To this end let us rewrite the full
plasmonic K-kernel as follows
Z
2
plasm
′
K
(ξ, ξ ) =
dωα2 F plasm (ξ, ξ ′ , ω)f (ξ, ξ ′ , ω),
(3.5)
N0
where we defined
f (ξ, ξ ′ , ω) ≡

1 I (ξ, ξ ′ , ω) − I (ξ, −ξ ′ , ω)
+
.
ω
tanh( 12 βξ) tanh( 12 βξ ′ )
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Figure 3.9: The SC-DFT plasmonic K-kernel at ξ ′ = 10−4 eV, divided into the static (blue
dotted) and dynamic (green striped) plasmon contributions. These kernels are calculated
at T = 0.001 K in the model of a free electron gas with m∗ = 1 me , an electron density of
n = 1.4 · 1014 cm−2 and local screening ϵ = 1.0.

This function f (ξ, ξ ′ , ω) captures the difference between the static and dynamic plasmonic
contributions, and therefore also the final structure of the K-kernel. For simplicity we will
set ξ to zero, which means we only have to change ξ ′ to transition between the small and
large energy regimes. Keep in mind that for large Tc we require small K1 and large K2 .
In Fig. 3.10 we plot f (ξ, ξ ′ , ω) for the two regimes, which we will now use to determine
how the plasmon dispersion affects the critical temperature.
K1 is governed by the small energy region, i.e. by the solid blue line in Fig. 3.10. What
frequencies are important is effectively tuned by α2 F plasm (ξ, ξ ′ , ω), and especially by the
diverging part at ω = ωqplasm
. From Fig. 3.10 we know that for small K1 , we want
0
the Eliashberg function to put weight at large frequencies, and therefore the plasmon
dispersion at q0 to be large. From q0 = qmin ∼ |ξ ′ |/v(ξ ′ ) we know that q0 is small, so in
conclusion we require a plasmon dispersion that is large at small momenta.
K2 is governed by the large energy region, i.e. by the dashed green line in Fig. 3.10.
Similarly to before, we can argue that for a large K2 , we require the Eliashberg function
to put weight at small frequencies, and thus the plasmon dispersion at large momenta to
be small.
Since the plasmon dispersion is a strictly increasing function with q, the way to minimise
K1 and maximise K2 is to have a steep increase at small momenta transitioning into a flat
dispersion at large momenta. This way you maximise the dispersion at small momenta,
while minimising the dispersion at large momenta. The transition from the steep slope
to the flat slope will determine ωT .
In section 3.1 we discussed how one can influence the shape of the plasmon dispersion using
charge doping and screening. From Fig. 3.2 we know that by increasing the screening ϵ,
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Figure 3.10: The function f (ξ, ξ ′ , ω), defined in Eq. 3.6, at ξ = 10−6 eV and various ξ ′ , as
a function of ω. These functions are calculated at T = 0.001 K.

we can decrease the slope of the dispersion at small q, whilst leaving the slope at large
q unaffected. From this we expect K2 to decrease while K1 stays constant, and thus
the critical temperature to decrease with increased screening. If we allow for non-local
screening we have even more control over the shape of the plasmon dispersion, which
means we could tune it to an even more optimal shape.
The effect of charge doping, as shown in Fig. 3.1, is not as simple, since it increases
both the slope at small momenta and the slope at big momenta (i.e. decreases both K1
and K2 ) simultaneously. At the same time also the transition to the linear trend (i.e.
ωT ) increases quite strongly. Especially keeping in mind the dome shape as a function
of ωT , which we saw in Fig. 3.8, there are hints towards critical temperatures that are
non-trivially changing with doping. We will investigate this more using the real numerical
results in the next section.
In conclusion, we now understand the connection between the structure of the plasmon
dispersion and the structure of the K-kernel. This understanding can be used to tune the
dispersion such that the critical temperature is large.
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3.3

Plasmonic superconductivity

In this section we will combine all that was discussed before to calculate plasmon induced
superconducting temperatures, using our SC-DFT approach. We mentioned in section
1.6 that, when using the two-dimensional free electron gas, it is preferable to use an
analytic approach. This is why we will be using just the analytical Eliashberg function,
without any stitching. This way all the k-sums can be done analytically and we do not
need an artificial cutoff or any Gaussian broadening. We can see in Fig. 3.4 that this
means we neglect the second peak at large frequencies. Furthermore, we neglect the
mass-renormalization kernel Z(ξ). As we argued before, including this kernel will make
all critical temperatures extremely small, which makes it numerically diﬀicult to extract
any interesting properties or features.

3.3.1

Takada benchmark

We will investigate the critical temperature as a function of charge doping. We do this for
two reasons. First of all, earlier we noted that doping changes the plasmon dispersion in
such a way that it is non-trivial to predict the superconducting temperature. Second of
all, similar calculations have been done by Y. Takada in 1978.[12] He plotted the critical
temperature as a function of the so-called effective Bohr radius rs . In 2D it is defined by
rs ≡

m∗ e2 1
√ ,
ϵ
πn

(3.7)

where e is the electron charge. The local screening ϵ and the effective mass m∗ were fixed,
while the electron density n was varied. Takada used a BCS-like gap equation, which also
neglected mass-renormalization effects. These results are therefore an ideal benchmark
for the plasmonic part of our SC-DFT code and we will use the same parameters for easy
comparison.

Table 3.1: Critical temperature Tc , effective Bohr radius rs and electron density n at the
maximum of the superconducting dome.
ϵ
1.0

m∗ [me ]
1.0

Tcmax [K]
1.6
2.00

rsmax
19.0
15.0

nmax [cm−2 ]
3.2 · 1013
5.07 · 1013

Source
Y. Takada[12]
This work

1.0

0.5

0.91

15.0

1.27 · 1013

This work

2.0

1.0

0.25

20.0

7.13 · 1013

This work
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Figure 3.11: Critical temperatures for plasmonic superconductivity in the effective twodimensional free electron gas model, as a function of the effective Bohr radius rs , for
various local screening parameters ϵ and effective masses m∗ (in units of the electron
mass me ). The static Coulomb interaction µ was also included.
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Figure 3.12: Critical temperatures for plasmonic superconductivity in the effective twodimensional free electron gas model, as a function of the effective Bohr radius rs , for
various screening κ and effective masses m∗ (in units of the electron mass me ). The
parameter gV is the valley degeneracy. The parameter κ is equivalent to the local dielectric
constant ϵ. This data was calculated by Y. Takada and the plot copied from his work in
Ref. [12].
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Figure 3.13: The plasmonic SC-DFT K-kernels at ξ ′ = 10−4 eV, in the two dimensional free
electron gas model with m∗ = 1 me and local screening ϵ = 1.0, for various effective Bohr
radii rs . These kernels are calculated at T = 0.001 K, using a fully analytic plasmonic
Eliashberg function.

Charge doping
The results are plotted in Figs. 3.11 and 3.12, where the former is the current work and
the latter the results by Takada. The valley degeneracy gV is fixed to unity in our work.
Takada’s parameter κ is equivalent to our local dielectric constant ϵ. The only line we
can compare directly is for m∗ = 1 me , ϵ = κ = 1 and gV = 1, so let us start there.
We note that they agree very well, both in shape and in quantitative values. For the
shape we notice first a steep increase with rs followed by a maximum and then a more
gradual decrease towards large rs . In Tab. 3.1 we show the data at the maximum of the
superconducting dome. The first two rows refer to the line we are currently investigating,
where the first is the data as reported by Takada and the second the data from this
work. Given the fact that both works use completely different methods and have been
developed completely independently, the agreement is extremely good. Both the maximal
critical temperature and the corresponding effective Bohr radius are of the same order of
magnitude, and the relative deviation is well above 70 percent. The electron density is
also of similar magnitude, but the relative error is a bit larger. We note that our results
have a poor resolution along the rs axis, so better agreement might be found if this were
improved.
The presence of a dome as a function of doping is in itself already very interesting. In
the analytic model we also saw a dome as a function of ωT and we made some remarks
on how this might be connected to the electron density. In order to get some more
insight, let us plot the K-kernel for various rs , shown in Fig. 3.13. From the plasmon
66

Plasmonic superconductivity in layered materials

Figure 3.14: The plasmonic SC-DFT K-kernels at ξ ′ = 10−4 eV, in the two dimensional
free electron gas model with m∗ = 1 me and effective Bohr radius rs = 9.0, for various
local dielectric constants ϵ. These kernels are calculated at T = 0.001 K, using a fully
analytic plasmonic Eliashberg function.

dispersion we reasoned that increasing rs (i.e. decreasing the electron density n) would
lead to an increase of both K1 and K2 . We also speculated that ωT decreased with larger
rs . These features are exactly reproduced in the figure. The effect of increasing K1 and
K2 is counteracting, so it is diﬀicult to predict the effect on Tc . The reduction of ωT ,
however, we saw in the analytical model creates a dome like shape. For small ωT there
was a gradual slope, whereas for large ωT there was a steep slope. Using the figure we
can translate this to rs , so for small rs we expect a steep slope and for large rs a gradual
slope. This feature is also reproduced in Figs. 3.11 and 3.12. Note that the order of
magnitude of ωT in the analytic model and in the numerical kernels matches.
All-in-all, it seems that the dome shape of the plasmonic superconductivity as a function
of doping arises from the change of ωT . Earlier we connected this to the location of the
shoulder of the plasmon dispersion, where the steep slope at small q transitions into a
gradual slope at larger q.
Screening & effective mass
The trends for changing effective mass and screening parameter we cannot compare directly, since in our method we fix the valley degeneracy to unity. From the lower two
lines in Takada’s results we can deduce that decreasing the effective mass will lower the
maximum of the dome. The effect of the screening is harder to deduce from Takada’s
results, but intuitively we can understand that it will decrease the dome as well. Both of
these features are reproduced in our data.
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Figure 3.15: The Coulomb pseudo-potential µ, as a function of the effective Bohr radius
rs . This was calculated in the two dimensional free electron gas model with m∗ = 1 me
and local screening ϵ = 1.0.

In Fig. 3.14 we show the K-kernels at ξ ′ = 10−4 eV and rs = 9.0 for the three sets of
parameters we calculated. Increasing the screening seems to strongly lower K2 and has
a weak effect on K1 . Also ωT decreases slightly, which might explain the shift of the
maximum of the dome we see in Tab. 3.1. However, we have to remember that the
resolution of the rs axis is not very dense, which makes it impossible to draw any real
conclusions from small changes like these.
Decreasing the effective mass seems to have similar effects as increasing the screening, i.e.
K1 increases, K2 decreases and ωT decreases. The changes are only small, however, so to
do a real analysis one would need to investigate a larger range of effective masses.
Static Coulomb
As previously discussed, we generally believe the static Coulomb potential to decrease the
critical temperature. To investigate the effect of this interaction on the superconducting
dome we plotted the Coulomb pseudo-potential µ against the effective Bohr radius rs in
Fig. 3.15. We note that µ increases for smaller electron densities. We can understand this
from realising that smaller electron densities also imply a smaller Fermi surface. Since
the DOS is constant in this model, we have the same amount of electrons on the Fermi
surface, but the surface itself is smaller. Therefore the transfer momentum is smaller, and
thus the Coulomb interaction larger.
When we compare the order of magnitude of the static Coulomb interaction and of the
plasmonic K-kernels in Fig. 3.13, we note that it is definitely significant. What makes
things more complicated is that µ will increase both K1 and K2 , which has counteracting
effects on the critical temperature. Interestingly enough, this means that one might be
able to find a parameter set for which µ actually increases Tc . We do not expect this to
change the position of the dome, since the interaction leaves ωT unaffected.
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3.3.2

Interplay of phonons and plasmons

Let us now extend the results from Takada and include a phonon to the plasmonic system.
For simplicity we will use an Einstein phonon, with frequency ωe = 0.06 eV and various
interaction strengths. The results are plotted in Fig. 3.16. Let us first focus on the
solid lines, which include static Coulomb, phononic and plasmonic interactions. We note
that, as we increase the phonon interaction strength, the critical temperature increases.
Interestingly, the effect is stronger for small rs than for large rs , causing the maximum of
the dome to shift to smaller rs .
To investigate this more we focus on the striped lines, which include only static Coulomb
and phononic contributions. The top striped line has a phonon with λphon = 0.7, which
we can compare to the top solid line. We note that at small rs the plasmonic interactions
enhance Tc when compared to the striped line. At larger rs the opposite is true, and the
plasmonic interactions reduce the critical temperature. This reduction is interesting, since
in the simple Einstein phonon case of chapter 2 we only found enhancement. We have to
remember that we neglected the mass-renormalization kernel Z(ξ) in these calculations.
If we were to include it the reduction would only be stronger.
We also point out that for smaller λphon the plasmonic enhancement increases. We see
this already for the lines λphon = 0.7 and λphon = 0.5 plotted here. In chapter 2 we had
a similar conclusion for interplaying phonons. Apparently a weakly interacting Einstein
phonon interplays positively with another boson, whether this boson is another phonon
or a plasmon does not matter.
In Fig. 3.17 we plot all the contributions to the total K-kernel for different rs . The upper
plots are well within the region where Tc is enhanced by plasmons, the centre plots are
around the crossover point and the lower plots are well within the region where Tc is
reduced by plasmons. We note that in all cases the negative phononic K-kernel strongly
reduces K1 , even to the point that it becomes negative for small rs . This effect will
increase the critical temperature as a whole, independent of rs .
An effect that does heavily depend on rs is the reduction of K2 . At small rs the phononic
K-kernel is basically zero at the position of the K2 peak. However, for larger rs the K2 peak
moves into the region where the phononic K-kernel is negative. Therefore, when ωT ≲ ωe
the phonons start to reduce K2 and therefore start to reduce the critical temperature.
This might explain why the phononic enhancement of Tc is so much stronger for small rs ,
compared to large rs .
Finally, we note that for smaller rs the magnitude of the plasmonic K-kernel becomes
smaller, whereas the phononic K-kernel is unaffected. Because of this we expect that for
very small rs the phonons will be so much stronger that plasmonic effects will be negligible. We can already start to see this happen in Fig. 3.16 for the line with λphon = 0.7. At
small rs the striped line without plasmon contributions and the solid line with plasmon
contributions seem to be converging to each other.
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Figure 3.16: Critical temperatures for superconductivity, including contributions from
phonons, static Coulomb and plasmons. The phonons are Einstein phonons with ωe =
0.06 eV and varied interaction strengths λphon . We use a 2D free electron gas model,
with m∗ = 1 me and a local screening ϵ = 1.0. The results are plotted as a function of
the effective Bohr radius rs . The striped lines are critical temperatures including only
phononic and static Coulomb contributions.
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Figure 3.17: The contributions to the SC-DFT K-kernels at ξ ′ = 10−4 eV, in the two
dimensional free electron gas model with m∗ = 1 me and local screening ϵ = 1.0, for
various effective Bohr radii rs . The phonon is an Einstein phonon with ωe = 0.06 eV and
λphon = 0.7. These kernels are calculated at T = 0.001 K, using a fully analytic plasmonic
Eliashberg function.
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Figure 3.18: Critical temperatures for superconductivity, including contributions from
phonons and static Coulomb (striped lines) and including contributions from only phonons
(dotted lines). The phonons are Einstein phonons with ωe = 0.06 eV and varied interaction
strengths λphon . We used a 2D free electron gas model, with m∗ = 1 me and a local
screening ϵ = 1.0. The results are plotted as a function of the effective Bohr radius rs .

The double dome in the phononic Tc
On a side note, we see that the striped lines of Fig. 3.16 have a shape that seems like
a double dome structure. This could be interesting since a similar feature was observed
in the low density limit of bulk SrTiO3 (STO) and is so far not well understood.[39][40]
In our case the double dome appears due to an interplay between the static Coulomb
interaction and the lower band edge. In Fig. 3.18 we zoom in on these lines, and add the
results without static Coulomb as well (the dotted lines). Without the static Coulomb
the critical temperature is basically independent of doping, except at small densities.
Let us first focus on the large density limit, where we only see a decrease of Tc as a function
of rs if we include the static Coulomb interaction. This is easily explained by the increase
of µ with rs , as we saw in Fig. 3.15. At smaller densities µ becomes more constant and
at the same time the lower band edge starts cutting away parts of the K-kernel. This is
illustrated in Fig. 3.19. Note that, if we include µ, the part that is cut off is positive,
resulting in an increase in Tc . If we do not include µ a negative part of the K-kernel is
cut off, resulting in a decrease of Tc . This explains the difference in trend between the
striped and dotted lines in Fig. 3.18.
Whether this double dome is actually physical is unclear. We might be encroaching on
the low density regime, where ωe << EF no longer holds and thus Migdal’s approximation fails. However, it could be very interesting if the double dome structure in STO
is also simply caused by the static Coulomb interaction being less effective at low densities.
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Figure 3.19: The contributions to the SC-DFT K-kernels at ξ ′ = 10−6 eV, in the two
dimensional free electron gas model with m∗ = 1 me and local screening ϵ = 1.0, for
various effective Bohr radii rs . Including only an Einstein phonon with ωe = 0.06 eV
and λphon = 0.7 and the static Coulomb interaction. These kernels are calculated at
T = 0.001 K.

In conclusion, the interplay between phonons and plasmons is very delicate. At small
doping plasmons reduce Tc heavily, whereas for large doping they become almost negligible. In the middle there is some doping that gives a maximal critical temperature. A side
note to all of this is that we neglected the plasmonic mass-renormalization kernel. We
know that this kernel will heavily decrease the critical temperature of plasmonic superconductivity, but it is unclear what its effect will be when also including phonons. Most
likely the critical temperature of the plasmon-phonon system will be drastically reduced,
which means that the region of plasmonic Tc reduction will be increased. This would be a
very counter intuitive yet interesting result, so it is definitely worth continuing this work
and investigate the effect of Z(ξ) as well.
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Chapter 4
Conclusions & discussion
Conclusions
This master thesis consisted of two separate, but connected, topics. At first we calculated
superconducting critical temperatures Tc , including the effects of two Einstein phonons.
We found that the addition of an extra interacting Einstein phonon to a conventional
superconductor generally leads to an increase of Tc . The enhancement is strongest in the
regime of small interaction strengths λ. Furthermore, enhancement was more favourable
when the phonons had strongly different Einstein frequencies.
The calculations were done with three different theories so that they could be compared.
We found that SC-DFT and Eliashberg theory generally agree very well, especially for
small static Coulomb interactions µ and small interaction strengths. McMillan’s equation
works very well for lower interaction strengths, but fails to capture the enhancement of
Tc at larger λ.
We then extended the original SC-DFT approach to retain the frequency dependence of
the Coulomb interaction, allowing for the calculation of plasmon induced superconductivity. We found that Tc had a maximum as a function of the electron density n and
that the value of this maximum could be tuned via the effective mass m∗ or the dielectric
constant ϵ. These observation agreed with those obtained by Y. Takada.[12] Including
interacting Einstein phonons to this system shifted the maximum of the dome to larger
electron densities and larger temperatures. At small electron densities the effects of the
phonons on the plasmon system were weak, causing a plasmonic Tc suppression. For large
electron densities there was plasmonic Tc enhancement. Also in this case we found larger
enhancement in the case of weakly interacting Einstein phonons.
Discussion
In chapter 2 we observed that Eliashberg and SC-DFT generally agreed very well. However, for larger interaction strengths λ and larger Coulomb pseudo-potentials µ the deviations grew larger. A more systematic comparison between Eliashberg and SC-DFT might
reveal in which regimes SC-DFT works and where it does not. Especially in the case of
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multiple interacting phonons this is not well known. Similarly, at large λ the trend of
the SC-DFT critical temperatures was different from the one in Eliashberg theory. A.
Sanna et al. proposed a way to correct this artefact by using an adjusted K-kernel that
retains the validity of Migdal’s theorem.[37] The adjustable parameters within this kernel
were fixed based on Eliashberg results for a single Einstein phonon. The new method
was shown to give critical temperatures with better agreement to various experimentally
measured values, from which the researchers concluded that the new kernel is parameter
free. One might question the validity of this approach when more than just single Einstein phonons are interplaying. This could easily be calculated using the SC-DFT code
discussed in this thesis and will be an interesting topic for investigation.
The main conclusion from chapter 2 was that the enhancement of Tc by interplaying
Einstein phonons is largest for small interaction strengths. Strong enhancement of Tc by
introducing an extra boson was also found by D. Allender et al., when considering the interplay between a phonon and an exciton coming from a sandwich structure.[4] Later, R.
Arita et al.[5] noted that the electron-exciton interaction strengths are generally believed
to be quite small, around λex ∼ 0.05. They speculate that these sandwich structures
might be promising to investigate exciton-enhanced superconductivity. If we were to assume that excitons behave similarly to phonons, we expect from our results that Tc will
be enhanced more when the sandwiched material is a weak superconductor.
Another next step would be to go beyond the simple two-dimensional free electron gas
model and apply the SC-DFT code to realistic materials. Firstly, a promising class of
materials are the transition metal dichalcogenides (TMDCs). For low doping these materials exhibit a dispersion that is well approximated by a square-root dispersion and have
phonons that can reasonably be approximated with Einstein phonons.[6] One might even
be able to shed some light on the mysterious decrease of Tc when transitioning from monolayer to multi-layer systems, as was for example shown in MoS2 .[7] So far the frequency
dependence of the Coulomb interaction has been ignored in these materials, even though
plasmons strongly depend on dimensionality and screening.
Secondly, twisted bilayer graphene could be interesting since it was recently shown to
become superconducting when the two graphene layers are twisted by a very specific
angle with respect to each other.[9] It is currently unclear what the origin is, so it would
be interesting to see if SC-DFT can reproduce this behaviour.
Thirdly, SrTiO3 is a candidate for investigation.[40] The double dome structure of Tc as a
function of doping n might be explained by the static Coulomb interaction.[39] It was also
shown that a two-dimensional free electron gas forms on the interface between SrTiO3
and a thin film of LaAlO3 , which had similar superconducting properties as bulk SrTiO3 .
[41] Even though plasmonic superconductivity is not likely due to the large dielectric
constant[42], SC-DFT might be able to give some insight in this material.
However, in order to be able to do realistic material calculations a few improvements to
the code might have to be made first. These include, extending the code to handle multiple bands, improving on the constant static Coulomb interaction and correctly handling
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the plasmonic mass-renormalization kernel. In the case of SrTiO3 we will also need to
find a formulation of SC-DFT that holds in the low density limit.
Finally, one could improve on the handling of the static Coulomb interaction within the
SC-DFT framework. Both phonons and plasmons can be described as complex as is
required by using appropriate Eliashberg functions. The static Coulomb interaction, on
the other hand, is always handled via the parameter µ, which is essentially an average of
the interaction over the Fermi level. One might be able to retain the energy dependence
in a similar fashion as was done for the plasmons, using the analytical Thomas-Fermi
model for small q and numerical RPA calculations for larger q. This could be especially
relevant in the discussion of the mono-layer to multi-layer transition, where it was argued
that screening effects could play a large role.[7]
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Appendix A
Derivation of the Coulomb pseudo-potential in the
two-dimensional free electron gas
In this appendix we will derive the Coulomb pseudo-potential µ in the two-dimensional
free electron gas. We can do this analytically if we assume Thomas-Fermi screening. We
start with the definition of µ in Eq. 1.33 and realise we can rewrite the delta-function as
follows
r
 2

k
m∗
m∗
δ
(k
−
k
)
=
δ (k − kF ) ,
(A.1)
δ (ξk ) = δ
−
E
=
F
F
2m∗
kF
2EF
√
where kF = 2m∗ EF is the Fermi wave vector. We will approximate the k-sum with an
integral and transform to spherical coordinates
Z ∞ Z 2π
X
A
dϕkfk .
(A.2)
fk ≈
dk
2
(2π)
0
0
k
Substituting everything in the definition of µ we find
Z
Z 2π
N0 2π
µ= 2
dϕ
dϕ′ W|kF (ϕ)−kF (ϕ′ )| (ω = 0),
4π 0
0

(A.3)

where we defined kF (ϕ) ≡ kF cos(ϕ)kx + kF sin(ϕ)ky . Using trigonometric equalities we
can rewrite


ϕ − ϕ′
′
|kF (ϕ) − kF (ϕ )| = 2kF sin
.
(A.4)
2
This expression hints towards the substitution θ ≡
N0
µ= 2
2π

Z

2π

′

Z

which results in

π− 21 ϕ′

dϕ
0

ϕ−ϕ′
,
2

− 12 ϕ′
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dθW|2kF sin(θ)| (ω = 0).

(A.5)
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Because | sin(θ)| = | sin(θ + nπ)| we can shift the integral boundaries by 12 ϕ′ , which allows
us to trivially perform the integral over ϕ′ . We are left with
Z
N0 π
µ=
dθW2kF sin(θ) (ω = 0).
(A.6)
π 0
Now we use the Thomas-Fermi expression in Eq. 1.14 for W|2kF sin(θ)| and rewrite, giving
us


N0 e2
2π 2
µ=
I
N0 ,
(A.7)
AϵkF
AϵkF
where e is the electron charge, ϵ the local dielectric constant and I(c) the following integral



Z π
1
1
2
1
.
(A.8)
I(x) =
dθ
=√
π − arctan √
sin(θ) + x
x2 − 1 2
x2 − 1
0
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Appendix B
Derivation of the analytic plasmonic Eliashberg function
In this appendix we will derive, in detail, the analytic expression for the plasmonic Eliashberg function at small frequencies. We start from the expression given by Eq. 1.67, which
was
α2 F plasm (ξ, ξ ′ , ω) =

 

X 

N0
′
plasm
1
1
δ
ξ
−
ξ
δ
ξ
−
ξ
δ
ω
−
ω
|aq |2 .
q
p+ 2 q
p− 2 q
N (ξ)N (ξ ′ ) p,q

(B.1)
As argued in section 1.4.3, a small frequency ω translates to a small scattering vector q.
This means we can use a Taylor expansion around q = 0 for the electron dispersion,
ξp± 1 q = ξp +

∂ξp± 1 q

2

2

∂q∥

q∥ +
q=0

∂ξp± 1 q

q⊥ + O(q 2 ),

2

∂q⊥

(B.2)

q=0

where q∥ (q⊥ ) is the part of q that is parallel (perpendicular) to p. One of these derivatives
can be rewritten as
∂ξp± 1 q
2

∂q∥

q=0

∂ξp± 1 q ∂|p ± 1 q|
2
2
=
∂q∥
∂|p ± 12 q|

q=0

1
1
= vp± 1 q
2 |p ± 1 q|
2
2



1
q∥ ± p
2



∂ξk
. Similarly we can find that
∂k


1
1
1
q⊥
= vp± 1 q
= 0,
2 |p ± 1 q|
2
2
q=0
2

q=0

1
= ± vp ,
2
(B.3)

where the velocity vk is defined by vk ≡
∂ξp± 1 q
2

∂q⊥

q=0

(B.4)

resulting in
1
ξp± 1 q ≈ ξp ± vp q∥ .
2
2
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This expression allows us to rewrite the ξ and ξ ′ delta-functions in such a way that the
momentum sum over q∥ is easy to perform






1
2
2
δ ξ − ξp+ 1 q ≈ δ ξ − ξp − vp q∥ =
δ q∥ + (ξ − ξp ) ,
(B.6)
2
2
|vp |
vp






1
2
2 ′
′
′
δ ξ − ξp− 1 q ≈ δ ξ − ξp + vp q∥ =
δ q∥ − (ξ − ξp ) .
(B.7)
2
2
|vp |
vp
In order to perform the sum over q⊥ we will rewrite the ω delta-function. For this we will
use the following property of the delta-function
δ (g(x)) =

X δ (x − xi )
i

|g ′ (xi )|

,

(B.8)

∂g(x)
and xi are the x for which g(x) = 0. Let us start by finding the
∂x x=xi
q⊥,0 for which ω − ωqplasm = 0. We assume the plasmon dispersion to be isotropic below
q
2
the cutoff, which means it only depends on q = q⊥
+ q∥2 . Since we already fixed q∥ via
the electronic delta functions, q uniquely defines q⊥ . Inqother words, once we find the q0
for which ω − ωqplasm = 0, we can find q⊥,0 by q⊥,0 = ± q02 − q∥2 . The last piece we need
is then the derivative in the denominator. It will be given by
s
 2
plasm
∂ωqplasm
∂ωqplasm ∂q
∂ω
∂ωqplasm
q∥
q⊥ q
=
=
= 1−
.
(B.9)
∂q⊥
∂q ∂q⊥
q
∂q
q
∂q
where g ′ (xi ) ≡

Substituting all the parts we find
 



q
q
δ q⊥ − q02 − q∥2 + δ q⊥ + q02 − q∥2 .

 X
r
δ ω − ωqplasm =
q0

1
1
 2 ∂ω plasm
q
q
1 − q∥0
∂q

q=q0

(B.10)
In all instances where q enters in the Eliashberg function it appears as the norm q. The
sign of q⊥ therefore does not matter and we can add the two delta-function together to
shorten the expression. Previously we also assumed that there is a one-to-one correspondence between ωqplasm and q below the q-cutoff. This means we can omit the sum over q0
since there will be only one q0 for which ω − ωqplasm
= 0. The final result is therefore
0


q
δ q⊥ − q02 − q∥2 .


δ ω − ωqplasm = 2 r

1
1
 2 ∂ω plasm
q
q
1 − q∥0
∂q

(B.11)

q=q0

Now we will substitute our delta-functions into the plasmonic Eliashberg function. To
save space we immediately perform the sum over q∥ , making use of the delta-function
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containing ξ ′ , and the sum over q⊥ , making use of the delta-function containing ω. We
find

2N0
1 X δ ξp − 12 (ξ + ξ ′ )
1
|aq0 |2
s
α Fana (ξ, ξ , ω) =
,

2 ∂ω plasm
N (ξ)N (ξ ′ ) ΩIBZ p
|vp |
q
qmin
1−
∂q q=q0
q0
(B.12)
′
where qmin = 2 |ξ − ξp | /vp and the area of the first Brillouin zone ΩIBZ appears due to
the normalisation of the k-sum. Since we assumed an isotropic electron dispersion, all
occurrences of p in the remaining sum are only dependent on the norm p. For simple dispersion, with a one-to-one correspondence between p and ξp we can then use the following
property
X
δ (ξp − ξ) fp ≈ N (ξ)f (ξp ).
(B.13)
2

′

p

Let us define ξavg ≡ 21 (ξ + ξ ′ ) and v(ξ) ≡ vk
α2 Fana (ξ, ξ ′ , ω) = 2

ξk =ξ

, which allows us to write

N0 N (ξavg )
1
1
1
s
′


2 ∂ω plasm
N (ξ)N (ξ ) |v(ξavg )|ΩIBZ
q
qmin
1−
∂q
q0

|aq0 |2 , (B.14)
q=q0

where qmin ≡ |ξ − ξ ′ | /v (ξavg ) and q0 is the solution of ω − ωqplasm
= 0.
0
The final pieces are the electron-plasmon coupling, which is given by Eq. 1.55, and the
derivative of the plasmon dispersion, which can be calculated analytically from Eq. 1.56.
The full derivation would take a lot of space and would not give any physical insight,
therefore we just present the result
∂ωqplasm
= vF
∂q

s

1
vF N0 Uq
(N0 Uq )2
− q2
1+ 1
2
0 Uq )
+ N0 Uq
1 + (N
4
1
4

+N0 Uq

1
+ N0 Uq
2
2
1
+
N
U
0
q
4




2dN0 Vq
ϵ̃e−qd
N0 Uq +
q ,
ϵ∞ (1 − ϵ̃e−qd )2
(B.15)

where vF = v(ξ = 0) is the Fermi velocity.
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Appendix C
Derivation of the phononic analytic SC-DFT model
In this appendix we will derive the analytic model for SC-DFT, including two simple
Einstein phonons and static Coulomb. As argued in section 2.1 we can assume block
shaped phononic kernels, which are independent of temperature. We will also assume
that the chemical potential EF lies exactly in the middle of the band, meaning that the
energy integration runs from −EF to EF . For the K-kernel we will assume the following
shape

−λ1 − λ2 + µ |ξ|, |ξ ′ | ≤ ω1 ,



−λ + µ
ω1 < |ξ|, |ξ ′ | ≤ ω2 ,
2
′
(C.1)
N0 K(ξ, ξ ) =
µ
ω2 < |ξ|, |ξ ′ | ≤ EF ,



0
elsewhere,
where EF > ω2 > ω1 . The mass-renormalization kernel we will approximate with the
following shape


λ1 + λ2 |ξ| ≤ ω1 ,
Z(ξ) = λ2
(C.2)
ω1 < |ξ| ≤ ω2 ,


0
elsewhere.
Finally we will assume that the DOS is flat, i.e. N (ξ) = N0 . When we write down the
gap equation with these simplifications we find

Z
1
′
1 EF ′
′ tanh 2 βξ
∆(ξ) = −Z(ξ)∆(ξ) −
∆(ξ ′ ).
(C.3)
dξ N0 K(ξ, ξ )
2 −EF
ξ′
We define three regions, region 1 as |ξ| ≤ ω1 , region 2 as ω1 < |ξ| ≤ ω2 and finally region
3 as ω2 < |ξ| ≤ EF . From the gap equation we can argue that the gap function will follow
the shape of the kernels and take constant values within each of the regions. Therefore
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we define

∆1



∆
2
∆(ξ) =

∆
3



0

|ξ| ≤ ω1 ,
ω1 < |ξ| ≤ ω2 ,
ω2 < |ξ| ≤ EF ,
elsewhere.

(C.4)

We will now consider each region separately, starting with region 1 |ξ| ≤ ω1 . The gap
equation gives

Z ω1
1
′
βξ
tanh
2
∆1 = −(λ1 + λ2 )∆1 + (λ1 + λ2 − µ)∆1
dξ ′
′
ξ
0

Z ω2
1
′
′ tanh 2 βξ
+(λ2 − µ)∆2
dξ
ξ′
ω1

Z EF
1
′
′ tanh 2 βξ
−µ∆3
dξ
.
(C.5)
ξ′
ω2
To shorten our expression we will define the integrals over the three regions as
Z
I1 ≡

ω1

dξ

′ tanh

0

1
βξ ′
2
ξ′



Z
;

I2 ≡

ω2

dξ

′ tanh

ω1

1
βξ ′
2
ξ′



Z
;

I3 ≡

EF

dξ

′ tanh

ω2

1
βξ ′
2
ξ′


,
(C.6)

which allows us to rewrite the gap equation in region 1 as
∆1 = −(λ1 + λ2 )∆1 + (λ1 + λ2 − µ)I1 ∆1 + (λ2 − µ)I2 ∆2 − µI3 ∆3 .

(C.7)

Similarly we can find for region 2
∆2 = −λ2 ∆2 + (λ2 − µ)I1 ∆1 + (λ2 − µ)I2 ∆2 − µI3 ∆3 ,

(C.8)

∆3 = −µI1 ∆1 − µI2 ∆2 − µI3 ∆3 .

(C.9)

and for region 3

Rewriting this set of coupled equations into matrix form we
  
∆1
(λ1 + λ2 )(I1 − 1) − µI1
(λ2 − µ)I2
∆2  = 
(λ2 − µ)I1
λ2 (I2 − 1) − µI2
∆3
−µI1
−µI2

find
 
−µI3
∆1
−µI3  ∆2  .
−µI3
∆3

(C.10)

From this gap equation we require the matrix to have an eigenvalue of one, so we can
subtract the 3x3 identity matrix and calculate the determinant. According to standard
linear algebra this determinant should be zero, allowing us to find an expression for I1 as
a function of I2 , I3 , µ and the interaction strengths. We find
I1 =

1 + λ1 + λ2
,
λ1 + λ2 − c∗
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Figure C.1: A plot of the functions tanh(u) (blue) and ln(u)/ cosh2 (u) (orange). We note
that they converge to 1 and 0, respectively.

where
I2 (λ2 − µ)(λ2 µI3 + λ2 − µ) + µ2 I3 (1 + λ2 )
.
c =µ+
(µI3 + 1)(λ2 I2 − λ2 − 1) − µI2
∗

(C.12)

Let us now evaluate the integrals, where the first step is substitution by u ≡ 21 βξ ′ and
using integration by parts
Z

a

dξ
b

′ tanh

1
βξ ′
2
ξ′



Z

1
βa
2

=
1
βb
2

tanh(u)
= ln(u) tanh(u)
du
u

1
βa
2

Z
−

1
βb
2

1
βa
2

du
1
βb
2

ln(u)
. (C.13)
cosh2 (u)

For the first integral we therefore have

I1 = ln



 Z 1 βω1
2
1
1
ln(u)
βω1 tanh
βω1 −
.
du
2
2
cosh2 (u)
0

(C.14)

We are assuming small temperatures, which means β will get very large. If we, for
example, take ω1 = 0.08 eV and T = 0.01 K, then u = 12 βω1 = 4. Judging from our
ln(u)
functions plotted in Fig. C.1 we can approximate tanh(u) ≈ 1. We also see that cosh
≈
2
(u)
0, which means we can approximate the upper boundary of our integral to infinity. All in
all we find

 Z ∞


π 
ln(u)
1
1
du
I1 ≈ ln
βω1 −
βω
−
ln
+ γ,
(C.15)
=
ln
1
2
2
4
cosh2 (u)
0
where γ ≈ 0.577 is Euler’s constant. Rewriting allows us to find
T =

2ω1 γ −I1
e e .
π
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For the integrals I2 and I3 we see that the boundaries are all always larger than ω1 , we
can therefore always set tanh(u) ≈ 1. We also note that both boundaries are well within
ln(u)
the region where we can approximate cosh
≈ 0. Therefore we will approximate
2
(u)

I2 ≈ ln

ω2
ω1



Z
−

1
βω2
2
1
βω1
2

ln(u)
du
≈ ln
cosh2 (u)



ω2
ω1


(C.17)

and

I3 ≈ ln

EF
ω2



Z
−

1
βEF
2
1
βω2
2

ln(u)
du
≈ ln
cosh2 (u)



EF
ω2


.

(C.18)

Note that, because of the approximation we made, both I2 and I3 are independent of
temperature. This means that our expression C.16 for T gives us a full expression for Tc
when we combine it with expression C.11 for I1 , resulting in


2ω1 γ
1 + λ1 + λ2
Tc =
e exp −
.
(C.19)
π
λ 1 + λ 2 − c∗
This expression takes into account two Einstein phonons and the static Coulomb interaction. It can be insightful to reduce it to the more simple cases as well.
A single phonon without static Coulomb
We can describe a single phonon without static Coulomb by setting µ = 0, λ2 = 0 and
ω1 = ω2 . Doing this also causes the second integral to vanish I2 = 0. We find that c∗
reduces to c∗ = 0, which means that the critical temperature becomes


2ω1 γ
1 + λ1
Tc =
e exp −
.
(C.20)
π
λ1
A single phonon with static Coulomb
In this case we set λ2 = 0 and ω1 = ω2 , causing again I2 = 0. We find that c∗ = µ/(1+µI3 ),
where now I3 = ln(EF /ω1 ). We will define an effective static Coulomb parameter as
µ∗ ≡

µ
= c∗ ,
1 + µ ln (EF /ω1 )

(C.21)

which then gives us the critical temperature


2ω1 γ
1 + λ1
Tc =
e exp −
.
π
λ1 − µ∗

(C.22)

Note that this definition of µ∗ has the exact same expression as the retarded MorelAnderson pseudo-potential, defined in section 1.5.
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Figure C.2: Critical temperatures Tc,1+2 (a) and ratios R (defined in Eq. 2.5) (b) for two
Einstein phonons with ω1 = 0.02 eV, ω2 = 0.08 eV and µ = 0.1, as a function of the single
phonon interaction strengths λ1 and λ2 using the analytic model for SC-DFT. The dotted
grey line denotes the line where Tc,1 = Tc,2 . We used the 2D free electron gas model with
m∗ = 33.9 me .

Two phonons without static Coulomb
To reduce our results to the situation of two phonons without static Coulomb we simply
set µ = 0 and I3 = 0. This gives us c∗ = −I2 (λ2 )2 / (1 + 2λ2 (1 − I2 )). We get a nicer
result if we define
λ∗2 ≡ λ2 − c∗ =

λ2 (1 + λ2 )
,
1 + λ2 (1 − ln (ω2 /ω1 ))

which results in a critical temperature given by


2ω1 γ
1 + λ1 + λ2
Tc =
e exp −
.
π
λ1 + λ∗2

(C.23)

(C.24)

The function is plotted in Fig. C.2 for two Einstein phonons with ω1 = 0.02eV , ω2 =
0.08eV and µ = 0.1.
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Appendix D
Derivation of the plasmonic analytic SC-DFT model
In this appendix we will derive the analytic model for SC-DFT when including only
Coulomb effects, i.e. static Coulomb and plasmons. For the plasmonic K-kernel we will
assume a function with two plateaus K1 and K2 . K1 will be the value of the kernel near
the Fermi level, whereas K2 will be the value of the kernel further away. The transition
from K1 to K2 happens at a transition energy, which we will denote with ωT . In section
3.2 of the main text we discuss the physical meaning of these parameters. In mathematical
terms we write

′

N0 K1 + µ |ξ|, |ξ | ≤ ωT ,
N0 K(ξ, ξ ′ ) = N0 K2 + µ ωT < |ξ|, |ξ ′ | ≤ EF ,
(D.1)


0
elsewhere,
where ωT > EF . Even though we generally neglect the mass-renormalization kernel in
the main text, we can easily include it in the analytic model. The shape is exactly the
same as in the phononic case, so we assume
(
Z |ξ| ≤ ωT ,
Z(ξ) =
(D.2)
0 elsewhere.
As before, we will assume the DOS is flat, i.e. N (ξ) = N0 . In this case we define two
regions, region 1 as |ξ| < ωT and region 2 as ωT < |ξ| < EF , and assume again that the
gap function follows this structure


∆1 |ξ| ≤ ωT ,
∆(ξ) = ∆2 ωT < |ξ| ≤ EF ,
(D.3)


0
elsewhere.
Let us define the following integrals beforehand
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π 
1
I1 ≡
dξ
≈ ln
βωT − ln
+γ
2
4
0



Z EF
1
′
EF
′ tanh 2 βξ
I2 ≡
dξ
≈ ln
,
ξ′
ωT
ωT
Z

ωT

′ tanh

1
βξ ′
2
ξ′



(D.4)
(D.5)

where γ ≈ 0.577 is Euler’s constant. These are calculated identically as before in appendix
C. We can now split the gap equation into the two regions, resulting in
∆1 = −Z∆1 − (N0 K1 + µ)I1 ∆1 − (N0 K2 + µ)I2 ∆2
∆2 = −(N0 K2 + µ)I1 ∆1 − (N0 K2 + µ)I2 ∆2 .

(D.6)
(D.7)

Solving for I1 results in
I1 =

(1 + Z)(1 + N0 K2 I2 + µI2 )
.
(N0 K2 + µ)I2 N0 (K2 − K1 ) − N0 K1 − µ

(D.8)

The integral I1 can only have positive results, from which we can derive that the solution
is only valid if
N0 K1 <

(N0 K2 + µ)I2 N0 K2 − µ
,
(N0 K2 + µ)I2 + 1

(D.9)

where we assumed K2 > 0. Using the expression D.4 for I1 we can find the critical
temperature


2ωT γ
(1 + Z)(1 + N0 K2 I2 + µI2 )
Tc =
e exp −
.
(D.10)
π
(N0 K2 + µ)I2 N0 (K2 − K1 ) − N0 K1 − µ
From the expression of I1 and the gap equation we can also derive the ratio between ∆1
and ∆2
∆2
=
∆1

−(1 + Z)
.
N0 K1 + µ
I2 N0 (K2 − K1 ) −
N0 K2 + µ
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