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Preliminaries

Physical constants:

Name of Constant Symbol Value
Speed of Light c 2.997 924 58 × 108 m s−1

Boltzmann Constant kB 1.380 648 52 × 10−23 m2 kg s−2 K−1

Mass Carbon MC 12.011 u
Angstrom 1 Å 10 × 10−10 m
Planck Constant h 4.135 667 662 × 10−15 eV s
Lattice parameter graphene (T = 0K) a 2.4595 Å
2D Mass density graphene (T = 0K) ρ2D 7.6144 × 10−7 kg m−2

Unit conversion:
Name of quantity Unit Value in other units
Atomic mass unit u 1.660 539 040 × 10−27 kg
Energy 1 eV 1.602 176 57 × 10−19 J
Frequency 1 cm−1 2.997 924 56 × 1010 s−1

Frequency 1 meV 8.065 544 005 cm−1

Abbreviations:
Abbreviation Meaning
MD Molecular Dynamics
FT Fourier Transform
DFT Discrete Fourier Transform
kVACS k-space velocity autocorrelation sequence
2D/3D two/three dimensional
ZA Acoustic out-of-plane
ZO Optical out-of-plane
TA Acoustic transverse
TO Optical transverse
LA Acoustic longitudinal
LO Optical longitudinal
LCBOP Long range carbon bond order potential
PSD Power spectral density
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Introduction

The study of two dimensional (2D) systems has been important in many different research fields,
varying from mechanics and statistical physics to chemistry and biology. Contrary to 3D bulk
materials, the structural and elastic properties of 2D crystals were predicted to be dominated by
thermal fluctuations, leading to unusual scaling behaviour with size [1]. Graphene, the first truly
2D crystal ever observed, is probably by now the best known example of such a 2D system [2]. Its
simple hexagonal structure, made of only carbon atoms allows detailed and predictive theoretical
and computational studies so that, thanks to graphene, scientists are able to explore the many
extraordinary properties of 2D systems further.

The linear band dispersion [3], chiral tunneling [4] and Quantum Hall effect at room tempera-
ture [5] measured in graphene are examples of such peculiar properties that have initially attracted
much attention. Besides these exceptional electronic properties, also special elastic properties have
been predicted and/or observed in graphene [1]. One of those is the rippling of graphene sheets at
any finite temperature [6], which is of great importance for the stability of graphene. These ripples
stabilize graphene by means of the anharmonic coupling of in-plane and out-of-plane modes as
predicted within the theory of membranes [1, 7]. This theory predicts scaling behaviour of several
elastic moduli which has been verified by Monte Carlo simulations for graphene [8]. The temper-
ature dependence of the bending rigidity found in this type of calculations [9] is however not fully
explained by the theory of membranes. Since the bending rigidity also determines the dispersion
of out-of-plane acoustic modes, it is interesting to compare the results obtained from the theory of
membranes to those obtained by direct calculations of the phonon modes.

In this thesis we will focus on the temperature dependence of the phonons of graphene, from
which the values of the bending rigidity and some other interesting elastic properties like the
sound velocity can be extracted [1]. In general, the phonon spectrum does not depend much on
temperature and can be calculated by diagonalization of the dynamical matrix [10]. The calcu-
lated frequencies can then be used within the quasiharmonic approximation to evaluate thermal
effects [11]. However, it has been shown [12] that the quasiharmonic approximation is not ap-
plicable to graphene due to its negative thermal expansion. For the same reason also a generally
more accurate method, the self consistent phonon approximation(SCAILD) does not lead to con-
vergence [13].

So, determining the phonons of graphene at different temperatures is thus not trivial at all.
However, E.N. Koukaras et al. recently proposed a new method based on Molecular Dynam-
ics (MD) simulations and Fourier Analysis that already has succeeded in correctly obtaining the
phonon frequencies of graphene at different temperatures [14]. The focus of that work was on the
optical modes, whereas we are particularly interested in the low frequency acoustic modes that are
directly related to the elastic moduli of the material. We therefore decided to use this new method
and we wrote a new computer program to analyze the results of MD simulations based on the
LCBOPII potential for carbon [15].

In this thesis we first explain our method for obtaining the temperature dependence of the
phonon modes and bending rigidity and then we present our results and conclusions. In order to
guide the reader to all the different steps that we take in our study, this thesis is structured in the
following way:

Chapter 1: introduction to graphene, phonons and anharmonic effects.
Chapter 2: computational methods.



x

Chapter 3: Fourier theory and some test results.
Chapter 4: computational approach for graphene.
Chapter 5: numerical results: phonon spectrum and bending rigidity.
Chapter 6: summary, conclusion and an outlook for future research.
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Chapter 1

Graphene

In 2004 Andre Geim and Konstantin Novoselov discovered graphene, a stable truly two dimen-
sional (2D) crystal made of only carbon atoms. They were able to achieve this by using sticky tape
to exfoliate single layers of graphene from the bulk material graphite [2]. This discovery led to a
change in condensed matter research because for a long time it was considered impossible that a
strictly 2D crystal could exist [16].

Besides the two dimensionality, graphene also attracts interest because it is considered one of
the strongest materials [17], one of the few transparent conductors [18] and has the highest melting
temperature of all materials in nature [19]. These properties make graphene a perfect material to
be applied in the industry, for example in wafers or other electronic devices. However, it is still
difficult to obtain large single layers of graphene and therefore more research is needed before it
eventually can be applied on large scale.

It may be clear that graphene is a special material. For this reason this first chapter intro-
duces the topic graphene and its specific physical properties that we are interested in. It includes
information about the lattice structure, phonons and temperature dependence of graphene.

1.1 Lattice structure

We start with describing the structure of graphene at the atomic level. Figure 1.1 shows the honey-
comb lattice structure of graphene as well as the distance between two nearest neighbour carbon
atoms a = 1.42 Å. Later we will see that the lattice parameter is strongly temperature dependent,
but for now we consider it at T = 0K. The unit cell of graphene is defined by the two lattice
vectors:

a1 = a
[√

3
0

]
(1.1) a2 =

a
2

[√
3

3

]
(1.2)

shown in figure 1.1. The unit cell has a two atom basis described by

~ri = ~r + δi for i = 1,2 (1.3)

with δ1 = (0,0) and δ2 = (a,a
√

3). This hexagonal lattice structure can be divided into two
triangular sub lattices A and B, denoted in figure 1.1 by red and blue circles, corresponding to the
two atoms in the unit cell.

Since we are interested in the collective wavelike movement of the atoms, i.e. the phonons,
it is convenient to describe it by means of the wave vectors in reciprocal space. The reciprocal
lattice vectors can be found by using the relation

~bi · ~a j = 2πδi j (1.4)

with Kronecker delta δi j , which leads to

b1 =
2π

a
√

3



1
− 1√

3


(1.5) b2 =

4π
3a

[
0
1

]
. (1.6)
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Figure 1.1: The hexagonal lattice structure of graphene, A en B denote the two sub lattices. a1a1a1 and
a2a2a2 are the lattice vectors and aaa is the distance between two nearest neighbour carbon atoms.

By using the reciprocal lattice vectors (1.5) and (1.6) the first Brillouin zone of graphene in
the reciprocal plane (kx , ky ) can be sketched as shown in figure 1.2. It is enough to just look at
the first Brillouin zone due to the periodicity of the crystal.

The points ΓΓΓ,KKK and MMM at the boundary of the Brillouin zone have the highest symmetries.
These points and the paths between them have higher symmetry than other points in the Brillouin
zone. The coordinates of these special points are given by

ΓΓΓ =
2π

a
√

3

[
0
0

]
KKK =

2π

a
√

3

[ 2
3
0

]
MMM =

2π

a
√

3



1
2
1

2
√

3


(1.7)

and the coordinates for the paths between them are shown in table 1.1.

Table 1.1: Coordinates for the high symmetry paths.

Path x coordinates y coordinates
ΓΓΓKKK 0 ≤ x ≤ 4π

3a y = 0
K MK MK M π

a ≤ x ≤ 4π
3a 0 ≤ y ≤ π

a
√

3
MMMΓΓΓ 0 ≤ x ≤ π

a 0 ≤ y ≤ π

a
√

3

1.2 Phonons

As said in the introduction we are interested in the phonons of graphene. In this section we will
describe what phonons are and give some of their basic properties. After that we will discuss the
currently known phonon dispersion of graphene and some of its special characteristics.

1.2.1 What are phonons

In section 1.1 we described the lattice structure of graphene as if it is rigid which is only true
at T = 0. At finite temperatures the atoms vibrate around these equilibrium positions due to
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Figure 1.2: The Brillouin zone of graphene with reciprocal lattice vectors b1b1b1 and b2b2b2 and high sym-
metry points ΓΓΓ, KKK and MMM . The green bullets denote the partitioning of the wave vectors which will

be described in section 4.1. This picture is taken from [14].

the thermal energy they have as described by the equipartition theorem from classical statistical
mechanics [10].

However, the atoms are still part of the periodic lattice and therefore cannot move freely. The
movement of a single atom in the lattice is affected by the movements of the other atoms. As we
know, the interaction between particles can be described by a potential. From a potential then the
equations of motion of the atoms can be derived [10].

With help of Bloch’s Theorem [10] we can find the solution of the equations of motions. It
turns out that the solutions are collective waves which obey the periodicity of the lattice. In other
words the frequencies of the wavelike solutions depend on the structure of the lattice. These
frequencies are the normal modes of the lattice and the relation between the frequency and the
reciprocal lattice vectors is given by the dispersion relation ω(k) [10].

So all the atoms in the lattice vibrate collectively according to a periodic wave solution that
matches the periodicity of the lattice. The whole lattice is vibrating with superpositions of these
normal modes. Our goal is to determine these normal modes, vibrations of the whole lattice, which
are called phonons.

A more formal derivation of the definition of phonons as quasi-particles based on quantum me-
chanics and Bose-Einstein statistics is given in [10]. However, the just given (classical) description
of phonons is sufficient for us because we study only the lattice vibrations at temperatures around
room temperature. Intuitively, we could compare phonons to photons: phonons describe the prop-
agation, dispersion, of sound through a crystal whereas photons describe the propagation of light
through space [20].

Phonons can be divided into two branches: the acoustic branch and the optical branch [21].
The acoustic branch corresponds to the propagation of sound waves through the system and goes
to zero for small wave vectors. The optical branch generally has higher frequencies and has a finite
value for ~k = 0. It is important to notice that for lattices with a one atom basis only the acoustic
branch occurs at Γ, whereas for a lattice with a two atom basis, such as graphene, also the optical
branch becomes visible.
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Figure 1.3: The phonon dispersion of graphene calculated by Leendertjan Karssemeijer [12] at
T = 0 K based on the LCBOPII potential.

An extremely important point is that in the acoustic branch the atoms move in unison, while
in the optical branch the atoms move out of phase [10]. For this reason, the vibrations of the two
sub lattices A and B, as described in section 1.1, amplify each other for the acoustic branch, but
cancel each other out for the optical branch. Therefore only one sub lattice needs to be taken into
account if we also want to find normal modes for optical branches [14].

The fact that phonons can describe sound velocities in materials [22] and also their affect on
electrical and heat transport in solids make them an interesting research topic [21].

1.2.2 Phonons of graphene

Figure 1.3 gives the phonon dispersion of graphene as computed by Leendertjan Karrsemeijer with
the same potential LCBOPII that we are using [12]. At first sight, the dispersion looks not very
special compared to phonon dispersions of other materials. We can recognize acoustic and optical
branches as expected for a material with a two atom basis. The optical branches indeed have a
finite frequency for ~k → 0 while the frequencies of the acoustic branches go to zero.

Secondly, we can recognize the high-symmetry points ΓΓΓ, KKK and MMM points in the picture. This
are the zone boundaries of the Brillouin zone as described in section 1.1. At for instance the KKK-
point, the acoustic out-of-plane (ZA) mode is degenerate with the optical out-of-plane (ZO) mode,
this is expected because we have a two atom basis with only carbon atoms (M1 = M2) [10].

When looking at the acoustic phonons for small wave vectors near the high-symmetry point Γ
we see that the phonon dispersion ω(k) for the transverse acoustic (TA) mode and the longitudinal
acoustic (LA) mode is linear. The ZA mode however, ω(k) has not a linear, but a quadratic
dispersion which is a special characteristic of 2D layered materials [1]. We can clearly see this
quadratic behaviour in figure 1.3. This mode is of particular interest because it is a bending mode
which is linked to the bending of the surface [22]. We will explain this relation in the next section.

Finally, the behaviour of the ZO mode of the phonon dispersion of graphene is also interesting.
We already discussed the ZA-mode shortly, but when looking closely at figure 1.3 we see that the
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frequency of the ZO mode is much lower than the frequency of the transverse optical (TO) and
the longitudinal optical (LO) modes. The explanation for this is that the ZO mode describes
the movement in the out-of-plane direction, while the TO and LO modes describe the in-plane
movements. For graphene movement in the out-of-plane direction is much easier than the in-plane
movements since the atoms can move freely in the out-of-plane direction but not freely in the
in-plane direction [22].

1.3 Bending Rigidity

As explained in the former section, the ZA phonon is linked to the bending of graphene. This
ZA mode namely describes the in phase movement of the atoms in the out-of-plane direction. For
long wavelengths λ, this movement of the atoms bends the surface resulting in ripples [22]. It is
important to notice that this quadratic behaviour is only true for long wavelengths, so for small
k-vectors since λ ∝ 1

k .
Lifschitz [23] derived that the quadratic out-of-plane dispersion for graphite depends on the

bending rigidity κ, which is a measure for the amount of energy required to bend a crystal. In
absence of strain, this relation is given by

ωZ A(~k) =

√
κ

ρ2D

���~k
���
2

(1.8)

where κ is the bending rigidity and ρ2D a two dimensional mass density.
On the other hand, the bending rigidity κ of graphene is usually calculated from the bending

energy
ε =

κ

2
H2 (1.9)

with H the curvature. This bending energy can be derived from calculations of the total energy
of carbon nanotubes of increasing radius R where H = 1

R in equation 1.9 [24]. Leendertjan
Karssemeijer [22] determined in this way the bending rigidity κ = 0.69eV at zero temperature.

Here we will use the Lifschitz relation to the ZA mode as given in equation 1.8 to determine
the bending rigidity κ. As described in section 1.4 we will see that this method is suitable to
study the temperature dependence of κ due to anharmonic effects. In fact, the quasiharmonic
approximation [11], which is usually sufficient to calculate the temperature dependence of phonon
frequencies fails for graphene [12, 13] due to the fact that the phonon frequencies calculated for
a lattice parameter smaller than the one at T = 0K (as said graphene contracts with temperature)
become imaginary end cannot be used as for this approximation.

1.4 Anharmonic effects and temperature dependence

We end this chapter with a short discussion about why the harmonic approximation is not valid for
graphene. The first indication that we need to take anharmonic effects into account is that the out-
of-plane fluctuations of graphene are of the same order of magnitude as the interatomic distance
since the atoms can move freely in this direction. The harmonic approximation only holds for
small fluctuations compared to the interatomic distance so is not appropriate here [1].

Indeed, Peierls and Landau [16] proposed more than 70 years ago, that in the standard har-
monic approximation, the long range order of the crystal structure would be destroyed at any finite
temperature because of thermal fluctuations [16]. Moreover, Zakharchenko found that the lattice
parameter of graphene depends on temperature [9], while the harmonic approximation predicts a
constant lattice parameter. For all these reasons, we need look beyond the harmonic approxima-
tion, so considering anharmonic effects.
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Anharmonic effects can be taken into account by including anharmonic terms in the potential
for the calculation of the phonon dispersion. The potential that we used will be described in the
next chapter. Anharmonic effects will directly contribute to the temperature dependence of the
phonon modes without need of approximations.
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Chapter 2

Numerical Methods

As discussed in chapter 1, lattice vibrations depend on the vibrations of single atoms in the lattice.
So the first step we need to take for finding the lattice vibrations is to correctly calculate the
positions and the velocities of the atoms. Studying the lattice dynamics can be done both quantum
mechanically and empirically. Quantum methods, also called ab initio calculations, solve the
Schrödinger equation using only fundamental constants [25]. Empirical methods instead, need
some additional input parameters derived from experimental observations and thus are actually
approximations.

Since we are interested in systems with many atoms it is better to use an empirical method be-
cause generally it computes faster than a quantum method [26]. Moreover, it has been shown that
often the elastic properties could be well defined by empirical methods [1]. For these reasons we
decided to use Molecular Dynamics (MD) simulations based on an empirical interatomic potential
to simulate the positions and velocities of the atoms during a given time. Such a simulation helps
us with finding the periodic behaviour of the atoms.

In this chapter we will describe the main concepts of this numerical method based on an
empirical potential. Furthermore, in the end we will introduce a numerical technique to investigate
whether the results of our simulations contain patterns, periodicity or are just random noise.

2.1 Empirical long-range bond-order potentials

We start with introducing empirical interatomic potentials. Such potentials describe the interac-
tions between atoms, they give the energy of a system of atoms as a function of their coordinates.
Many different forms of interatomic potentials have been developed describing all sorts of inter-
actions. In MD simulations the so called bond order potentials are a very much used class of
empirical potentials. In these potentials the strength of the bonds depends on the environment:
number of bonds, bond length and bond angle [27]. One characteristic that is very important
is that these potentials are reactive, namely they allow breaking and formation of bonds thereby
allowing phase transitions [1].

The ’Long-range Carbon Bond-Order Potential’ or LCBOP, especially developed for carbon
systems, is such a potential [28]. This potential takes long-range interactions into account which
are of great importance for carbon structures to correctly describe the weak bonding between
graphitic planes [1].

A new version of LCBOP, the LCBOPII, has been developed to allow an accurate description
of carbon in the liquid state (at T = 6000K). This LCBOPII included newly developed mid-
range interactions besides the already existing short- and long-range interactions in LCBOP [15].
Figure 2.1 gives an schematic overview of all these interaction domains of LCBOPII. All these
interactions contribute to the total binding energy

Eb =
1
2

N∑
i> j

(
Ssr
i j V sr

i j + Ssr
i j V lr

i j +
1

Zmr
i

Smr
i j Vmr

i j

)
. (2.1)
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Figure 2.1: Schematic overview of the short-range (SR), middle-range (MR) and long-range (LR)
interaction domains of LCBOPII. The bottom line gives the total interaction range ri j from ri j = 0 Å
to ri j = 6 Å. The cutoff functions Si j are active in the domains between the numbers 0 and 1. This

picture is taken from the thesis of Leendertjan Karssemeijer [12].

Figure 2.2: Bonding energies for single bond (sb), double bond (db) and triple bond (tb) carbon
atoms calculated by density functional (dashed curves) and LCBOPII (solid curves). Picture copied

from [15].

in which is summed over the distances ri j = |ri − rj | between the N atoms [15]. V sr
i j accounts for

the covalent short-range interactions which depend on the bond-order. The Vmr
i j function includes

the middle-range effects, just after the short-range, like the presence of "dangling bonds". 1
Zmr
i

is
the middle-range coordination number, which is nothing more than a correction factor. The long-
range potential V lr

i j represents non-bonded interactions like the van der Waals forces. Finally the
Si j terms are smooth cut off functions that make smooth connections between the three ranges [15].

Figure 2.2 gives a fit of this binding energy, it is interesting to notice that the resulting potential
does not look harmonic. Actually it looks more like a Morse potential which includes anharmonic
effects [29]. As discussed in section 1.4 the presence of such anharmonic effects in the potential
is essential if we want to correctly describe graphene.
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2.2 Molecular Dynamics Simulations

The aim of our study is to calculate the phonon dispersion of graphene at finite temperatures, as
discussed in section 1.2 we therefore need to calculate the dynamics of the atoms. MD simulations
is a numerical technique to compute the dynamics at atomic level [30]. This technique is based on
the assumption that heavy atoms (such as carbon) obey the laws of classical mechanics. In systems
of heavy atoms the nuclei have namely a much greater influence than the surrounding electrons. In
this section we explain the details of this technique and the Verlet algorithm on which it is based.
For most concepts in this section we used [31] and chapter 4 "Molecular Dynamics Simulations"
from a book about Molecular simulation written by Daan Frenkel and Berend Smit [30].

First of all, a MD calculation can be divided into a few different steps:




1. read in the parameters that specify the initial positions and velocities
2. compute the forces on all the particles
3. integrate Newton’s equations of motion
4. compute and print the averages of the measured quantities

In the first step, parameters like the number of particles, the size of the sample, the length of
the time step, the duration of the simulation and the desired temperature are read into the program.
After that, the program reads in the starting positions and the starting velocities of the atoms are
derived by a Maxwellian distribution. These velocities are scaled so that the mean kinetic energy
of the atoms is equal to the mean thermal energy as defined by the equipartition theorem [30].
This results in 〈

v2
α

〉
=

kBT
m

(2.2)

for the mean velocities of an atom in a particular spatial direction α. We see in equation 2.2 that
the mean velocity depends on the desired temperature, so changing the desired temperature will
result in different velocities of the atoms.

Next, the actual simulation can start and the forces on the atoms are calculated using

~Fi = ∇~riVtot (2.3)

with Vtot the total potential that describes the interactions between all the atoms, which in our case
is LCBOPII as described in section 2.1.

Going from forces to new positions is the most important step in MD simulations and is done
by integrating Newton’s equations of motion for the desired length of time using the given time
step. This can be done in several ways using different algorithms with advantages and disadvan-
tages [30]. The MD simulations program that we use is based on the Verlet algorithm which we
will describe in detail in the next subsection.

Finally, the wanted quantities, in our case the new positions and new velocities, are computed
and printed.

2.2.1 The Verlet algorithm

As stated in the previous section, the most important step in MD simulations is integrating New-
ton’s equations of motion. To do this numerically, several algorithms have been developed and
used through history [30]. The algorithm that we use is the Verlet algorithm which was rediscov-
ered by Loup Verlet in the 1960s [31].

Since we want the positions and the velocities of the atoms at the same instant, we use a
special form of the Verlet algorithm which is called velocity Verlet algorithm [31]. According
to this algorithm, the new positions ~r (t + ∆t) can be computed from the current positions ~r (t),
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velocities ~v(t) and accelerations ~a(t) [30] by using

~r (t + ∆t) = ~r (t) + ~v(t)∆t +
1
2
~a(t)∆t2. (2.4)

With the new positions a formula for the new accelerations ~a(t +∆t) can be derived from Newton’s
second law

~F = m~a (2.5)

combined with equation 2.3 for the forces on the atoms resulting in

~a(t + ∆t) = −
1
m
∇V (~r (t + ∆t)). (2.6)

Eventually, with help of these new accelerations, the new velocities can be calculated:

~v(t + ∆t) = ~v(t) +
1
2

(~a(t) + ~a(t + ∆t))∆t . (2.7)

The velocity Verlet algorithm as described above is one of the best suitable algorithms in many
situations. It is for instance very fast, time-reversal and area preserving. These last two are very
important because if these two properties are not present, then the principle of energy conservation
is not obeyed [30]. Also this algorithm requires as little memory as possible and approaches true
Hamiltonian dynamics when taking the limit to infinitely small time steps. However, the main
disadvantage of this algorithm is that it is not very accurate on long time steps [30], therefore we
need to compute the forces on the particles many times using a very small time step ∆t as we will
discuss further in section 4.2.

2.2.2 Statistical uncertainties in simulations

It is important to notice that MD simulation is a statistical technique and its results are statistical
averages [32]. If we want to compare MD simulation results with real experimental data we there-
fore need to find a way to define the precision of our calculations. Just like in real experiments, in
computer experiments two kinds of errors can occur: systematic and statistical [32].

To begin with statistical errors, one way to see if there is a statistical error is by looking at
the standard deviation of the statistical results. A low standard deviation indicates that the results
at some instant are close to the mean value of the whole sequence. It turns out that this standard
deviation depends on the duration of the simulation [32], so simulating longer will decrease the
statistical uncertainties.

However, systematic errors on the other hand are not so easy to recognize and do not neces-
sarily decrease with longer simulation times. In the book of J.M. Haille [32] an exact method to
find such errors is given, but we will not discuss this here. For us, it is interesting to notice that
systematic errors can decrease if we increase the number of atoms in the system due to lesser in-
fluence of boundary conditions [32]. Furthermore, to check if there is a systematic error we could
compare our results to other studies with different simulation methods, for example Monte Carlo
simulation [9], to see if there are large differences.

The most important thing to keep in mind is that we need to check everything carefully because
this method is sensitive to mistakes.

2.3 Velocity Autocorrelation functions

MD simulation provides us with a large number of positions and velocities at different time steps,
but it does not provide information about relations and periodicity in these quantities. Since we
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are interested in the periodic behaviour of these quantities, we need to analyze the MD simulation
results somehow. In this section we introduce a method of doing this and give an example.

First of all we need to find out if the MD simulation results that we obtained are really periodic
or if they are just random noise. To investigate this we can use time correlation functions which
measure how the value of some dynamic quantity A(t) may be related to the value of some other
quantity B(t) [32]. Time correlation functions are only suitable for time dependent data and are
defined by:

C(t) = lim
τ→∞

1
τ

∫ τ

0
A(t0)B(t0 + t)dt0 = 〈A(t0)B(t0 + t)〉 (2.8)

where is integrated over many different time origins t0 [32]. It is important that each time origin
t0 is taken from a system at equilibrium. The bracket notation denotes time averages.

With equation 2.8 we are able to check whether two time dependent quantities A(t) and B(t)
are correlated or not. If they are not, C(t) simply gives 〈A〉 〈B〉. If they are correlated however,
the result for C(t) is much different. In our case we want to calculate the correlation of a velocity
signal to itself to search for periodicity and therefore the quantities A and B are taken to be the
same. In this special case 2.8 is called an autocorrelation function [32].

The main advantage of this technique is that it removes noise from the signals because 〈Rnoise〉 =

0 for the reason that noise is not correlated to anything else in the signal. Secondly, an autocor-
relation function is invariant under translations of the time origin t0, therefore it does not matter
from which starting point in time the MD simulation results are obtained [32].

MD simulation uses finite time steps, therefore its results are discrete and we need to find a
way to implement this in the autocorrelation method. Several algorithms have been designed to
apply this technique to discrete signals, but we will only explain the details of the algorithm that
we use in our study [14]. The solution is to define an autocorrelation sequence r̂ instead of a
continuous function.

This solution can be explained in the following way: consider a simulation of in total N data
points measured at time steps with width ∆t. We now want to derive a correct sequence from
2.8. First of all, the term limτ→∞ in 2.8 could not go to infinity anymore because the timescale is
limited by the total duration of the simulation. Secondly, we define the time step in discrete form
by m, which is a fixed number of data points. To make sure we stay in the set of N data points τ
now becomes N − m.

In discrete form the integral in 2.8 will change into a sum over different starting data points
which we will denote by n. Also these starting points need to be taken from the data signal and
therefore n will at its maximum, as shown in figure 2.3, be equal to N − m − 1. Eventually all this
leads to the following discrete autocorrelation sequence:

r̂ (m) =
1

N − m

N−m−1∑
n=0

〈A(n)A(n + m)〉 . (2.9)

Figure 2.3 gives a schematic illustration of the autocorrelation procedure for m = 3. It can
be seen that each data point n is compared to data point n + m = n + 3 to check if there is any
correlation between these two data points. An important feature of autocorrelation sequences is
that an autocorrelation sequence of a periodic signal again forms a periodic signal [32]. This can
be understood better by looking at the example shown in figure 2.4. We can see in the picture that
the autocorrelation function removes the noise from the signal and gives a clear signal with a clear
period.

It can be shown that this period is the same as the period from the original uncorrelated signal.
In fact, the function has a maximum value when the two data points are completely correlated, or
in other words have the same value. For a harmonic function this is the case when we look with
exactly the period of the signal, t = P, because then shifting the time origin has no influence on
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Figure 2.3: Schematic illustration of a tape of dynamic stored data at N times ti for i = 0, N − 1.
Shifts in the time origins are shown for all possible values of n denoted by the boundary arrows
around m = 3∆t. The data values at the tape-blocks do not shift and stay stored at the same place.
It is immediately clear that n could not reach further than the N − m − 1 data point. Remake of a

picture in [32].

the correlation between the data points since we always end up with two data points with the same
value.

Furthermore, the autocorrelation function has a minimum when the two data points are totally
uncorrelated, for a periodic signal this happens when comparing a minimum value to a maximum
value. We know from harmonic functions that minima and maxima occur at half of the period
of the signal t = P/2. So the autocorrelation function oscillates between maxima at t = iP for
i = 0,1, .... and minima at t = iP/2 for i = 1,2, ...., which is a cosine with the same frequency as
the original signal as illustrated in figure 2.4.

Figure 2.4: Plot a) is an example of a noisy signal measured at different timesteps, plot b) gives the
autocorrelation sequence of this signal as a function of the delay time m as given in equation 2.9.
The resulting signal is a cosine with the same frequency. These example signals were taken from

[33].
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Chapter 3

Fourier Analysis

As stated in the introduction, we use a recently proposed method based on MD simulations and
Fourier Analysis to calculate the phonon frequencies of graphene at different temperatures [14].
Since we have only discussed MD simulations in detail, we will explain in this chapter the main
concepts of Fourier Analysis which is the other important element in our method. We will start
with an introduction to Fourier Theory, then we will describe how to apply this technique to
discrete results from MD simulations and in the end we will present the Fourier test program that
we have written.

3.1 Introduction to Fourier Analysis

Before the time of Joseph Fourier, mathematicians and physicists used Taylor Series to expand
continuous functions in infinite polynomials. However, this technique failed for periodic functions
and functions with discontinuities in them [34]. This was quite an issue because many physical
quantities behave periodically. Fortunately Fourier proposed a solution which was originally in-
tended to solve the heat equation [35]. He came with the idea that every function can be expressed
by a sum of harmonic functions like sines and cosines. This expansion is called a Fourier Series
and is in the complex representation defined as

f (t) =

∞∑
−∞

Cneint (3.1)

with

Cn =
1

2π

∫ π

−π
f (t)e−intdt. (3.2)

Clearly this new representation of functions solved the problems with the Taylor Series and a
new theory was born [35]. From then on the theory was further developed and became useful in
many applications like signal processing and partial differential equations [36].

From the series representation 3.1 we can derive the so called Fourier transformation which is
more useful in our study. This derivation leads to

g(ω) =
1
√

2π

∫ ∞

−∞

f (t)e−iωtdt (3.3)

for the Fourier transformation and

f (t) =
1
√

2π

∫ ∞

−∞

g(ω)eiωtdω (3.4)

for the inverse Fourier transformation. The derivation of equations 3.4 and 3.3 and some properties
of Fourier transformations are given in [34].

In expressions 3.3 and 3.4 we used the continuous variables angular frequency ω and time
t. Such a transformation is called a Temporal Fourier transform and transforms time signals to
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corresponding frequency distribution functions. For this reason they can help to determine the
eigenfrequencies in a signal composed of a superposition of different frequencies. When ω1 is for
example an eigenfrequency of the signal h(t), than the Fourier transform h(ω) will give a sharp
peak at h(ω1).

Note that we choose the related variables ω and t, while we could also have chosen any other
pair of related variables. The condition for this relation is that the first variable needs to have the
inverse units of the second variable. In the chapter 4 we will see, for example, that we need to
transform from real space to reciprocal space. This can be done easily with a Fourier transform
because ~x has the unit m and ~k has the related inverse unit m−1. Such a transformation is called a
spatial Fourier transformation.

3.2 Discrete Fourier Transformation

As discussed in chapter 2 a MD simulations program uses finite time steps resulting in signals
of physical quantities measured in discrete time intervals. The continuous Fourier transformation
as described in the previous section is not suitable for such signals. We therefore in this section
shortly derive a discrete version of equation 3.4.

First consider we have a discrete sequence of N steps ∆t which contains at each step the value
of a quantity f(t). We can visualize this sequence as

f (n∆t) = f (0), f (∆t), f (2∆t), ...., f ((N − 1)∆t) (3.5)

with n = 0, ....,N − 1. Obviously this sequence is not continuous and therefore the Fourier trans-
form has to be treated as such.

Changing the continuous function f (t) in equation 3.4 with the discrete sequence f (n∆t) in
3.5 results in a discrete frequency distribution g(k∆ω) after the transformation. The value of the
discrete frequency steps ∆ω is determined by the length of the complete sequence t = N∆t. This
results in

∆ω =
2π

N∆t
(3.6)

for the quanta of discrete frequencies [34].
Next, we notice that in equation 3.4 is integrated over the time between t = −∞ and t = ∞.

Our sequence however, is not infinitely long: it is limited by the first measured value at n = 0 and
the last measured value at n = N − 1. To make the integral discrete, we have to replace it with a
sum over all the measured values f (n∆t) between n = 0 and n = N − 1. Together with 3.6 this
eventually gives

g(k∆ω) =

N−1∑
n=0

f (n∆t)e−ik∆ωn∆t =

N−1∑
n=0

f (n∆t)e
−i2πkn

N (3.7)

as expression for the discrete Fourier transform (DFT).
This was just one way of deriving the DFT. A more elegant way is by looking at the complex

respresentation of the Fourier series 3.1 which already is in discrete form. The details of this
different derivation from 3.1 to 3.7 can be found in [34].

3.2.1 Fast Fourier Transformation

Although DFT is a suitable method for analyzing discrete periodic sequences, it unfortunately
also is a very slow method. There are O(N2) operations necessary for analyzing one sequence.
Cooley and Tukey [37] recognized that a lot of these operations are unnecessary because the same
calculations are done multiple times. For this reason they developed an improved method called
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fast Fourier transformation (FFT) which reduces the number of computations to O(N log(N )). In
this subsection we will briefly describe this method.

First of all, we can recognize double calculations in the DFT by looking carefully at equation
3.7. In the exponent we recognize the two indices k and n, this exponent is calculate many times
when summed over n. However, some of these calculations are done twice or more when kn = nk.
So, for example, the calculation of the exponent for n = 1 and k = 7 has the same result as the
calculation for n = 7 and k = 1. This is thus not an efficient method at all.

Cooley and Tukey [37] were the first who recognized this and developed an algorithm to get
rid of this. Their basic idea was to split up the original DFT 3.7 into two sums: one over the
even indices n and one over the odd indices n. After a short derivation it can be shown that those
two sums are also DFT’s, but both only sum over N

2 indices [34]. This reduces the number of
computations from N2 7→ 2( N2 )2.

This is actually not the end, it turns out that also these two new DFT’s can be devided into new
sums over N

4 indices and that also these sums are again DFT’s. We can continue with this splitting
process until there is only one point left to sum over, that is when N

2l = 1, so N = 2l . The resulting
speed is O(N log(N )) which is much faster than the original DFT.

So if we want to develop a fast program that recognizes frequencies, we need to use FFT.
Unfortunately, this technique requires that N needs to be a power of 2 which we can not guarantee
to be true for our signals. For this reason since we chose to use DFT instead of FFT.

3.2.2 Wiener-Khintchine Theorem

Before continuing to the test DFT program which we wrote, we will first shortly explain a the-
orem that connects Fourier analysis with autocorrelation. This theorem, the Wiener-Khintchine
theorem, states that the Fourier transform 3.4 of an autocorrelation function 2.8, indicated as
F (Cautc(t)) with Cautc(t) an autocorrelation function, is the power spectral density |P(ω) |2 [34].
In mathematical form this is given by

F (Cautc(t)) = |P(ω) |2 . (3.8)

Such a power spectral density (PSD) describes how power is distributed over the frequencies. In
this way we can derive which frequency ω has the most power and therefore can be seen as an
eigenfrequency.

3.3 A Fourier test program

Before applying Fourier analysis to our real velocity signals, we first wrote a test program to test
if we could correctly apply the just described DFT algorithm on a sequence of data points with a
known frequency. In this section we will first shortly describe this program, than give the results
and finally comment on the results. The FORTRAN90 code for this program can be found in
appendix B.

3.3.1 The program

We started with making a sequence of l = 1000 measurements of a known function with a known
frequency. The test function that we first used was a cosine with frequency ω = 10. Note that we
not work with units for this test program and we used ∆t = 1. The value f (i∆t) of this function
was calculated for i = 0, ....999 and written to a file.

In the second step, we read in the values f (i∆t) of the first step and than Fourier transform this
discrete function by using equation 3.7. The resulting sequence of frequency components g( j∆ω)
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was written to another file. Where j = 0,1,2, ....,999 iterates the different frequencies as shown in
Appendix B.

Finally, to test if the Fourier transform had worked and was not producing big errors, we took
the inverse Fourier transform and compared the result to the original function. The value of the
original function, the back transformed function and the difference between them was afterwards
written to a file so that we could analyze the data.

3.3.2 Results

Running the program resulted in figures 3.1 and 3.2.

Figure 3.1: a) Resulting Fourier spectrum of a cos(10t) function. b) Zoomed version of the Fourier
spectrum illustrated in a). We recognize a peak at ω = 10.

From the Fourier spectrum in figure 3.1 can be read that ω = 10 is the frequency, which is
in accordance with our given frequency. The peak is very sharp between ω = [9.5,10.5] and we
cannot see much noise. The peak at ω = 90 is very interesting, because this is quite strange while
this frequency is not the frequency that we had given the function. However, it turns out that
f (ω) = f (−ω) is a feature of DTF’s as described in [34]. For us it is important that this has a
consequence for the values of ω which we could evaluate, namely from ω = 0 to ω = N

2 ∆ω, this
highest frequency is also called the Nyquist frequency. So we must take many data points N if we
want to study very high frequencies.

In figure 3.2 the original and the back Fourier transformed function are illustrated. The back
transformed function looks like an exact copy of the original function which is an indication that
the Fourier transformation has worked correctly. Further analyzing the data file for the back trans-
form reveals an error of O(10−13) which is very small.

3.3.3 Comments and further analysis of our Fourier test program

So from our first results we could say that the program seems to work. To be sure we tested the pro-
gram for some other functions, including one with a combination of powers of cosines and sines,
with different frequencies. For all these test functions we were able to find the correct frequencies
and the difference between the original and the back transformed functions were negligible.

It is however important to notice that we need to simulate for a very long time with small
time steps for two different reasons. Firstly, the maximum frequency that we can analyze is the
Nyquist frequency which is limited by the number of measurements N . Secondly, we can evaluate
frequencies in steps of ∆ω as given in equation 3.6, increasing N will thus lead to a higher accuracy
since we can evaluate more distinct frequencies.
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Figure 3.2: The original function given by a green line and the forth and back Fourier transformed
function given by the red crosses.
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Chapter 4

Method

In this fourth chapter we will shortly describe all the different steps that we used to calculate the
phonons of graphene at different temperatures. We will also show how we derived the bending
rigidity κ from the phonons. We will start this chapter with giving an overview of the method and
after that we will shortly describe each step while sometimes referring back to the information in
previous chapters.

Figure 4.1: Schematic overview of all the steps of the used method including the computational
methods MD simulations, autocorrelation and Fourier Transformation (FT) illustrated by the red
boxes. Arrows indicate the input parameters and the output variables needed for and resulting from

these computational methods.

A schematic overview of the method we have used is shown in figure 4.1. For the computa-
tional methods we made use of existing FORTRAN90 codes for MD simulations, but we wrote
new FORTRAN90 codes for FT and autocorrelation. Note that the functions in figure 4.1 are dis-
played as if they are continuous, but we will see in the next paragraphs that we need to use discrete
functions instead. In the next sections we will describe each step from the process in figure 4.1 in
more detail.

4.1 Creating the input

We need to start with defining the input parameters for which we want to run our calculations.
This includes three main things. First of all we need a sample of graphene for which we want to
know the phonon dispersion. It is important to choose this carefully because as seen in section 1.1
the wave vectors are derived from the crystal structure of graphene. If we want accurate data its
best to choose a sample that is as big as possible, because this provides more discrete values of
the wave vectors. Another important thing to take into account is that the size of the sample also
affects the speed of the calculations which grows with N , the number of atoms.

In our case we chose to make a sample of N = 800 atoms which is as big as the sample used
in [14]. With this sample relatively fast computation speeds can be reached. After we have defined
the number of atoms in the sample, we need to make sure that we make a roughly squared compu-
tational cell to cover equally the whole Brillouin zone. This resulted in the 20 × 20 computational
cell of 800 atoms shown in figure 4.2.

From the computational cell we can derive the wave vectors with help of equations (1.5) and
(1.6) in section 1.1. In this case we do not have just one unit cell, but we have n = 20 unit cells.
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Figure 4.2: The graphene sample of 20× 20 unit cells that we used for our calculations. Lx denotes
the length and Ly denotes the width of the sample, these values vary for different temperatures as

shown in 4.2.

For a sample of n unit cells the general form of wave vectors (1.5) and (1.6) is partitioned into n
segments as shown in figure 1.2 in section 1.1. Adding these two wave vectors for the different
directions together gives

kkk i j =
2π

a
√

3n



i
−i 1√

3
+ j 2√

3


. (4.1)

Indexes i and j in equation 4.1 enumerate the partition sections along the reciprocal lattice vectors
b1 and b2. The values of these indexes are derived from the coordinates of the high symmetry
paths given in table 1.1 which result in the values reported in table 4.1.

Table 4.1: Index values and the spacing between the kx and ky values for the different symmetry
paths for our computational cell of n = 20 unit cells. For the calculation of the spacing we used the

lattice vector at T = 300K.

Path i values spacing kx [Å−1] j values spacing ky [Å−1]
ΓΓΓKKK 0 ≤ i ≤ 2n

3 0.127732 j = i
2 0.0

K MK MK M
√

3n
2 ≤ i ≤ 2n

3 0.127732 j = n − i 0.221239

MMMΓΓΓ 0 ≤ i ≤
√

3n
2 0.127732 j = i 0.073747

For creating the sample it is important to know that the lattice parameter is temperature de-
pendent. In fact, the lattice parameter decreases with temperature contrary to 3D materials like
diamond. This fact is predicted theoretically [11] and measured up to T = 400K [38], but only
for T > 500K the lattice parameter of graphene starts to grow. Dr. Jan Los calculated for our
study the lattice parameter at different temperatures using Monte Carlo simulations in the NPT
ensemble. In this way, setting P = 0, he could find the equilibrium area of the sample at a given
temperature. This resulted in different samples sizes at different temperatures as in shown table
4.2.

The temperature is the second input parameter. We already know the dispersion at T = 0K and
moreover, performing MD simulations is impossible at this temperature. For this reason it is for us
not interesting to look at T = 0K. On the other hand we are interested in temperature dependence
and since we have just seen that the lattice parameter varies strongly between T = 100K and T =

2000K we therefore chose to perform our calculations at T1 = 100K, T2 = 300K, T3 = 1000K and
T4 = 2000K. Furthermore, simulating at these temperatures makes it easy to compare our results
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to other studies like the study of Zakharchencko [9]. In that study the temperature dependence of
the bending rigidity was calculated from the power law behaviour of normal-normal correlation
functions, according to the theory of membranes.

Table 4.2: The values of the lattice parameter and the sizes of the samples at different temperatures.

Temperature[K] Lattice Parameter[Å] length Lx[Å] width Ly [Å]
0 2.4595
100 2.4578 49.16 42.57
300 2.4566 49.13 42.55
1000 2.4571 49.14 42.56
2000 2.4633 49.27 42.67

The last thing we need as input for our calculations is a potential that describes the interactions
between the carbon atoms. For this we used LCBOPII as described in section 2.1.

4.2 Performing MD simulations

The next step is to calculate the trajectories

~ri (k∆t) (4.2)

and the velocities
~vi (k∆t) (4.3)

of all the single atoms i = 1,2, ....,N using MD simulations based on the velocity Verlet algorithm
as described in section 2.2. Note that the output is in discrete sequences because Verlet integration
is performed using finite time steps ∆t. This time step and the total duration of the simulations
M∆t can be chosen. For our calculations we chose time steps between ∆t = 0.05 fs and ∆t = 0.2 fs
which yields energy conservation as it should for an isolated system. Note that in equation 4.2 and
4.3 we save the results every 10 time steps k = 0,10,20, ....,M because this reduces the amount of
memory space we use. Moreover, we will see when we discuss the results in the next chapter that
saving the data more than every 10 time steps is not necessary.

As discussed in section 2.2.2 simulating longer will result in smaller statistical errors. But we
do not have infinitely long time for our simulations, therefore we chose a total of M = 500000
time steps resulting in a simulation of in total 25 picoseconds (ps). Another reason for this du-
ration is that we wanted to measure the lowest phonon frequencies of graphene close to ω = 0.
From equation 3.6 we can derive ∆ω ≈ 0.13 cm−1, so we can indeed measure very low phonon
frequencies. A test simulation revealed that it took a standard budget computer approximately one
hour to run the total MD simulation which is a reasonable time.

4.3 K-space velocity distribution

To go from the velocities and positions of all atoms in the lattice to the dynamics of the whole
lattice we compute, the k-space velocity distribution

~v~k (k∆t) =

N∑
j=0

~v j (k∆t)e−i~k · ~R j . (4.4)

In this k-space velocity distribution given by equation 4.4 is summed over all the atoms j = 1, ...,N
which results in an average over all the velocity contributions of the single atoms to the lattice.
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This is actually a transformation of the lattice from real space to reciprocal space, in other words
a discrete Spatial Fourier transformation as discussed in section 3.2. This transformation to recip-
rocal space is necessary since we are interested in the wave-like behaviour of the whole lattice.
Notice that for each wave vector ~k defined in equation 4.1 we need to perform this transformation
separately.

4.4 Obtaining the eigenfrequencies

The following step is to remove noise from the k-space velocity distribution 4.4 and extract a
sequence with the main frequencies. To this purpose we use the autocorrelation sequence from
section 2.3. Rewriting equation 2.9 with our k-space velocity distribution 4.4 results in the k-space
velocity autocorrelation sequence (kVACS) given by

r̂~vk~vk (m) =
1

M − m

M−m−1∑
n=0

〈
~vk (n + m) ~vk (n)

〉
(4.5)

with m = 0,1, ....,N − 1 the different time delays and M the total number of time steps. Note
that also this sequence has to be calculated for each different k-vector in equation 4.1. We finally
normalize the autocorrelation sequence:

r̂~vk~vk (m)
r̂~vk~vk (0)

. (4.6)

According to the Wiener-Khintchine theorem from section 3.2.2 the discrete temporal FT 3.7
of this autocorrelation sequence gives us, for each k-vector, the power spectral density (PSD).
Reading out the peaks of these spectra eventually provides us with the phonon frequencies of our
graphene sample ω(k).

For these last three steps after MD simulations we wrote a new program in FORTRAN90 that
reads out the MD simulations results and prints the power spectral density for each k-vector to a
file. This written program can be found in Appendix C. When writing this program we tested each
step thoroughly and looked carefully at the results as shown in the next chapter.

4.5 Determining the dispersion and obtaining the bending rigidity

From these power spectral densities we determined for each k-vector the phonon frequencies in
the acoustic and optical branch resulting in the phonon dispersion of graphene. For obtaining the
bending rigidity as described in section 1.3 we fitted the parabola

f (x) = cx2 (4.7)

against the frequencies of the lowest k-vectors for the acoustic out of plane mode as shown in
figure 4.3. By using equation 1.8 we can then extract κ = c2ρ2D as shown in appendix A.

To determine for which values of the k-vector this quadratic fit to the ZO-mode is appropriate,
and thus the relation for the bending rigidity as described in section 1.3 holds, we first plot the
frequencies ω against |k |2 as shown in figure 4.4. We then look for which k-vector this fit is not
linear anymore and this gives us the highest k-vector we could use for the fit of equation 4.7.

To obtain κ for different temperatures we redo the whole process illustrated in figure 4.1 at the
temperatures given in section 4.1. In the end we plot the resulting values for κ against the different
temperatures.
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Figure 4.3: Fitting the parabola f(x) from equation 4.7 to the measured ZA phonon mode of
graphene at T = 300K . This fit was based on the first 4 measured data points.

Figure 4.4: Fitting a linear line to the measured ZA phonon mode of graphene at T = 300K for
k-vector squared to determine for which value of ~k the ZA phonon is still quadratic. We notice that

the first 4 measured data points, including (0,0) are almost linear.
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Chapter 5

Results

In this chapter we present the results that we obtained from our simulations and calculations as
described in chapter 4. We show the results step by step as in figure 4.1 from the former chapter. At
every step we explain shortly some interpretations from the results and we also give the necessary
conditions.

5.1 MD simulations

Figure 5.1: Trajectories in the three spatial directions of atom 143 and atom 571 in our 800 atom
graphene sample. The trajectories are derived from a t = 2 ps MD simulation with time step
∆t = 0.2 fs. The trajectories are shifted to the same position region so that we could easily compare

them to each other by means of the fluctuations.

In figure 5.1 we show the results for the trajectories of two atoms during the time derived from
the MD simulations at T = 300 K with time step ∆t = 0.2 fs. We shifted the three curves for
the x-, y- and z-direction by constant values so that the curves are plotted in the same position
region and we could easily compare the behaviours for the different directions. The first thing
which is interesting is that the fluctuations of the out-of-plane, z-direction, position (about 0.9 −
1.0 Å) of both atoms are much higher than the in-plane, x- and y-direction, fluctuations of the
positions (about 0.1 − 0.2 Å). The z-fluctuations are actually on the same order of magnitude as
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the interatomic distances (di ≈ 1.42 Å). Referring back to section 1.4, we see that this as expected
since for this reason the harmonic approximation is not valid and we need to consider anharmonic
effects.

Moreover, we see in both graphs that the positions vary periodically in time, so the carbon
atoms of graphene are in periodic motion as expected. We can also see that the frequency of the
x- and y-position is much higher than that of the z-position, this is also as expected. So everything
from figure 5.1 seems to be in accordance with the theory about the dynamics of the atoms of
graphene, therefore we believe that the positions were correctly computed in the MD simulation
process.

Figure 5.2: Velocities in the three spatial directions of atom 143 and atom 571 in our 800 atom
graphene sample. The velocities are derived from a t = 2 ps MD simulation with time step ∆t =

0.2 fs.

In figure 5.2 we plotted the results for the velocities, derived from the same simulation. Now
we see that also the velocities vary periodically in time, however the magnitude of the z-velocity is
not much higher than the x- and y-velocities. The magnitudes are approximately 0.5× 1013 Å s−1,
which is in accordance with the equipartition theorem shown in equation 2.2 which predicts a
velocity of approximately 0.46 × 1013 Å s−1 for carbon atoms at room temperature.

For this reason we think that also the velocities are correctly computed. To check this even
better, we plotted the x-velocity and x-position of one atom in one graph as shown in figure 5.3.
Carefully looking at figure 5.3 reveals that the period of the position is approximately the same as
the period of the velocity, which in accordance with the theory.

One last check is to look at the exact frequency, from figure 5.3 we can easily determine the
period, which is approximately P = 0.32 − 0.35 ps. Calculating the frequency from this period
gives ω ≈ 100 cm−1. Which is on the right order of magnitude when comparing to the phonon
dispersion of graphene given in figure 1.3.
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Figure 5.3: x-component of the position and velocity of atom 571 from our 800 atom graphene
sample. The velocity and position are derived from a t = 2 ps MD simulation with time step

∆t = 0.2 fs.

5.2 k-space velocity distributions

5.2.1 Defining the k-vectors

To calculate the k-space velocity distributions, we first need to calculate the values of the k-vectors
according to equation 4.1. Therefore, in the first step of the program, we read the lattice parameter
and the simulation cell into the program and then derive the corresponding k-vectors. As said
before, this lattice parameter is different for different temperatures, for this reason we get slightly
different k-vectors at the different temperatures. Figure 5.4 shows the results of this calculation
for the k-vectors at T = 300 K. It can be seen that the Brillouin zone of graphene is correctly
reproduced when we compare it to figure 1.2.

Figure 5.4: Plot of the used k-vectors for the spatial discrete Fourier transformation. This result is
derived from reading in the simulation cell at T = 300 K.
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For this sample the boundaries of the Brillouin zone could almost exactly be reached. The
KKK-point has coordinates (1.660522,0) which is a good approximation of KKK in equation 1.7. The
coordinates of the MMM-point are even better, it exactly lies on the Brillouin zone boundary.

5.2.2 k-space velocity distributions

Since we now have the correct wave vectors, we can compute the k-space velocity distributions as
given in equation 4.4. In figure 5.5 the result of this computation is given for k6 in all three spatial
directions. Looking more closely at this graph reveals that the magnitude of the k-space velocity
distribution in the z-direction is much higher than in the in-plane directions. This interesting
behaviour was also found when looking at other k-vectors. Possibly this is due to the fact that the
Z modes are more easily excited due to their low frequency.

Furthermore, from the k-space velocity distributions we can determine the frequencies of the
oscillations. This results in ω ≈ 119 cm−1 for the z-frequency for k6. This is on the right order of
magnitude for k6 when we compare it to figure 1.3. Moreover, in figure 5.5 can be seen that the
frequencies for the in-plane velocity distributions are, as expected, higher than the out-of-plane
frequency.

Figure 5.5: K-space velocity distribution for k6 derived with equation 4.4 using the results of a
t = 25 ps MD simulation with time step ∆t = 0.05 fs at T = 300 K.

To examine the behaviour for different wave vectors, we plotted in figure 5.6 the k-space
velocity distributions in the z-direction for all the different k-vectors that we have. This graph
looks a bit messy, but we can clearly recognize patterns. We could for example see that the
resulting k-space velocity distribution for every k-vector looks periodic, but all with a different
frequency. This is as expected because otherwise we would have a constant dispersion relation. It
is also interesting to notice that the amplitude differs for the different k-vectors. We can interpret
this in the following way: the different k-vectors have all a different contribution to the vibrations
of the lattice, so the lattice will vibrate as a superposition of these different k-vector contributions.

5.3 k-space velocity autocorrelation sequence

In the next step we wanted to investigate if the k-space velocity distributions that we have obtained
in the former section are random or contain some main frequencies. The graph in the top panel
of figure 5.7 shows that it is diffecult to see whether there are some main frequencies in the k-
space velocity distribution or not. Carefully looking reveals for example that this k-space velocity
distribution is not smooth, but it has some weirdly distributed sharp peaks. Also we can see in the
top panel of figure 5.7 that the amplitude varies enormously in time.
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Figure 5.7: Top panel: 1. K-space velocity distribution for k3 at T = 2000K derived with equation
4.4 using the results of a t = 25 ps MD simulation with time step ∆t = 0.05 fs. Bottom panel: 2. the
autocorrelated k-space velocity distribution k3 at T = 2000K derived with equation 4.5 using the

k-space velocity distrubution for k3 at T = 2000K from the top panel as input.

Figure 5.8: Whole kVACS for k3 at T = 2000 K derived with equation 4.5 using tthe k-space
velocity distrubution for k3 at T = 2000K from the top panel in figure 5.7 as input. We can recognize

the wavepackets. Notice the cosine behaviour at the beginning of the sequence.
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For these reasons, as proposed in section 4.4, we calculate the k-space velocity autocorrelation
sequence (kVACS) as given in equation 4.5 to obtain a signal with the main phonon frequencies.
Figure 5.7 shows in the bottom panel the kVACS for k3. We can clearly see that the resulting
kVACS signal shows much clearer periodicity than the original signal in the top panel. It looks like
as if the kVACS is a superposition of two main frequencies since we recognize large wave packets
synthesized of a faster oscillating harmonic function. These two distinct frequencies correspond to
the acoustic mode, the wave packet, and the optical mode, the fast oscillating harmonic function.
Deriving the values of these frequencies from the graph in figure 5.7 gives ω1 ≈ 42cm−1 for the
acoustic mode and ω2 ≈ 833cm−1 for the optical mode. Comparing these frequencies to [14] and
figure 1.3 reveals that these results are in the right order of magnitude.

Finally to check if we computed this step correctly, in figure 5.8 we show the graph of the
whole kVACS for k3. This clearly looks like a cosine signal because of the maximum at t = 0.
We know from autocorrelation functions that they always look like a cosine because at t = 0 every
data point is correlated to itself due to the zero time delay. On the other hand, we see that the
amplitude increases after approximately t = 20 ps. The fact that the delay times in that region are
really large compared to the total time of the signal could explain this increasing behaviour since
correlation is difficult for such large delay times. To accurately determine the phonon frequencies,
it is therefore the best to analyze the frequency between t = 3 ps and t = 15 ps.

5.4 phonon dispersion

5.4.1 Fourier transformation

After the autocorrelation we can eventually determine the actual phonon frequencies. We perform
a temporal DFT of the autocorrelation sequence from equation 4.5 for each different k-vector in
every spatial direction as given by equation 3.8. This results in an enormous amount of power
spectral densities (PSD’s) from which we can identify the peaks which correspond to the phonon
frequecies. Figure 5.9 shows the resulting PSD’s for the three smallest wave vectors of the ZA
phonon at T = 300 K. We can clearly recognize a sharp peak for each wave vector. The width
∆ω ≈ 2.5 cm−1 of the peaks is about the same for all three wave vectors. For these low acoustic
modes the peak is rather broad, in the conclusion we will discuss if we can somehow make the
peaks sharper resulting in a higher accuracy.

By comparing the three graphs belonging to the three increasing k-vectors shown in figure 5.9,
one can see that the peak shifts to higher frequencies when increasing the k-vector. This is exactly
as expected because on the ΓK-path the frequencies have to increase as shown in figure 1.3. This
comparison also shows a somewhat quadratic behaviour since the amount by which the frequency
increases becomes bigger when we look at increasing k-vectors. For example the frequency ω
increases by approximately 15cm−1 when k1 7→ k2 and approximately 20cm−1 when k2 7→ k3.

Note that we show in figure 5.9 only the PSD’s of the lowest values of ω, but when we look at
the whole spectrum we can recognize more distinct peaks as shown in figure 5.10. Each different
peak corresponds to one phonon mode, however it is not always trivial to determine which peak
belongs to which phonon mode as shown in the both spectra in figure 5.10. In particular the in-
plane phonon modes as shown in the top panel in figure 5.10 are difficult to recognize due to the
fact that the in-plane k-vectors are not completely well defined since we have a hexagonal lattice.
For this reason we find 4 peaks, two for each in-plane phonon branch. Each peak corresponds to a
frequency of either a longitudinal mode or a transverse mode.

Another difficulty occurs when identifying the frequencies near the high symmetry points,
for example the K-point as shown in the bottom panel in figure 5.10 for the longitudinal modes.
Looking closely reveals that there are two peaks very near to each other at about 1200cm−1, but it
is difficult to determine which peak corresponds to the acoustic longitudinal mode and which peak
corresponds to the optical longitudinal mode. Since we know that before and after the the high
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symmetry point K the optical frequency is higher, we have decided that the peak with the highest
frequency corresponds to the optical mode.

Figure 5.9: PSD’s for the ZA mode at T = 300K with wave vectors: 1. k1, 2. k2 and 3. k3. You can
see that the peak from 1. shifts from ωk1 ≈ 5cm−1 to ωk2 ≈ 18cm−1 for 2. and to ωk3 ≈ 38cm−1 for

3. The used time step for the t = 25 ps MD simulations is still ∆t = 0.05 fs

5.4.2 First test results

Before giving the results for the analyzed Fourier spectra from the former step, we first show
how important it is to choose the right time step and the right sample by showing some of the
first test results. In figure 5.11 we show the result that we first got by using 10000 time steps of
∆t = 0.2 fs, which are not many time steps. We can observe two main failures in this graph. Firstly
the dispersion the lowest k-vectors looks linear while it must be quadratic. This can be explained
by the width of the time step which is quite big. Therefore the values of ω that could be analyzed
were in integer values of ∆ω = 16.68 cm−1, which is huge and for this reason small difference in
the frequency for the lowest k-vectors are impossible to measure. Another explaination for this
incorrect linear dispersion is that within the MD simulations we used a lattice parameter based on
the interatomic distance a = 1.42Å which is not exactly the same at T = 300 K because, as seen,
the lattice parameter varies for different temperatures.

The second mistake that can be observed in figure 5.11 is the peak at k18 which corresponds
to the highly symmetric M-point. For the same reason as discussed in previous section, it can
sometimes be difficult to distinguish two peaks around high symmetry points. Due to the rough
values of ∆ω that can be measured with this time step, it could happen that we cannot distinghuish
or recognize two peaks at all meaning that we only observe one of the two peaks which is thus not
accurate enough to observe all the branches.

From this we can learn that the time step and duration of the MD simulations are indeed
very important, and moreover we need to make sure that we use the right lattice parameter at the
corresponding temperature.
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Figure 5.10: PSD’s for 1. k22 at T = 300K in the y-direction and 2. for k14 at T = 300K in the
x-direction. In 1. we can recognize in total 4 or 5 peaks. In 2. we see just one peak with a small

peak besides it.

Figure 5.11: ZA phonon determined from a simulation runned at 10000 time steps of ∆t = 0.2 fs at
T = 300K. Contrary to the other MD simulations as explained in 4.2, in this simulation the results

were saved for each time step seperately.
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Figure 5.12: Phonons of our 800 atom graphene sheet for all branches at T = 100K. Based on MD
simulations with time step ∆t = 0.05fs.
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Figure 5.13: Phonons of our 800 atom graphene sheet for all branches at T = 300K. Based on MD
simulations with time step ∆t = 0.05fs.



36 Chapter 5. Results

Figure 5.14: Phonons of our 800 atom graphene sheet for all branches at T = 1000K. Based on MD
simulations with time step ∆t = 0.05fs.
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5.4.3 Phonon dispersion

By evaluating the PSD’s for all the 27 different k-vectors in all three spatial directions we can
derive all the frequencies necessary to draw the phonon dispersion of graphene. In figures 5.12,
5.13 and 5.14 we show these resulting phonon dispersions for our 800 atom graphene sample at
the three different temperatures as defined in section 4.1. At first sight, our results seem to look
exactly the same as the phonon dispersion given in figure 1.3. The results on the ΓK-path really
look fine without much deviations from the trends. However on the MΓ-path we observe some
wiggles in the lines, especially at high temperatures. The reason for this could be that the points
on the MΓ-path are really close to the Brillouin zone boundary and therefore boundary effects
need to be taken into account. For our research this is not a huge problem since we want to derive
the bending rigidity κ from the ΓK-path. Some general results of these dispersion graphs for the
different temperatures can be found in table 5.1.

Table 5.1: Results for dispersionproperties of graphene at the four different temperatures

Temperature[K] ωΓE2g ωK ZA Mode[cm−1] ωM ZA Mode[cm−1]
100 1607 402 288
300 1667 416 310
1000 1687 419 359
2000 1611 450 394

Results at T = 2000K including a try for the error margins

As mentioned in section 4.1 we are also interested in the phonon properties at T = 2000 K. We
did not calculate the whole phonon dispersion again at this temperature, but we just looked at the
most important phonon frequencies which are interesting for our study. Some general phonon
frequencies calculated at this temperature at the high symmetry points are reported in table 5.1.
Moreover, we took the errors into account at this temperature to see if they have much influence
on our results. We estimated the errors by the total width of the peaks in the PSD’s. This results
in the graph shown in figure 5.15. We can recognize that the errors are very small compared to
the values of the frequencies, however a more argued estimate of the errors as explained in section
2.2.2 is necessary if we want to be sure that our found values are accurate.

Figure 5.15: Results of the phonon dispersion of our 800 atom graphene sample with error bars for
the first few k-vectors of ZA mode at T = 2000K .
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Figure 5.16: Combined graph of figures 5.12, 5.13 and 5.14 which shows the differences between
the phonons of graphene at T = 100 K, T = 300 K and T = 1000 K.
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5.5 Comparing the different temperatures

In our study we are interested in the temperature dependence, for this reason we evaluate in this
section if there are any differences between the calculated phonon dispersions for the different
temperatures. We begin with a general discussion and then derive the temperature dependence of
the bending rigidity and sound velocity from the calculated phonon dispersions of graphene.

It is difficult to compare the phonon dispersions at different temperatures directly from figures
5.12, 5.13 and 5.14, therefore we made one combined graph of all the dispersion results for all
the different temperatures as shown in figure 5.16. Now we are able to see some differences
for the optical modes. It is clearly visible that the optical modes for the different temperatures
deviate more from each other than the acoustic modes. For example the TO shifts by about ∆ω ≈
100 cm−1, which is an enormous difference. This can also be seen in table 5.1, especially the
phonon frequency at ωΓE2g , which is the phonon frequency for the double degenerate TO and LO
mode at Γ, is in our interest. We can compare these data namely to the study of E.N. Koukeras
et Al. [14] which more focused on the behaviour of these optical modes. In figure 5.17 we
show the calculated temperature dependence of this double degenerate mode. When we compare
it to the study of [14], given in figure 5.18, we see that our results are in agreement. The only
difference is that the behaviour of ωΓE2g which we found softens a bit harder for temperatures
higher then T = 900K . However, this last fact can be explained by the fact that we used an other
potential and also because we only compared 4 different temperatures whereas [14] evaluated 7
different temperatures. These results predict that the optical phonons of graphene are temperature
dependent.

Figure 5.17: A fit of the temperature dependence of the double degenerate (TO and LO) phonon
mode of graphene. The red dashed line denotes a linear to the softening of this temperature depen-

dence after T = 900K.

For the acoustic modes it is much more difficult to see any differences between the different
temperatures in figure 5.16. Therefore we made a zoom of the lowest k-vectors of the acoustic
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Figure 5.18: Temperature dependence of the double degenerate (TO and LO) phonon frequency in
graphene for the AIREBO (red circles), Terseff-2010 (black squares), and LCBOP (blue triangles)

potentials. Picture taken from [14].

modes as shown in figure 5.19. In this figure we can see much more detail. Firstly, the in-plane
acoustic modes, TA and LA, seem to be independent of temperature because the lines lie almost
exactly on top of each other. Secondly, it is interesting to look at the ZA-mode in figure 5.19. It is
clearly visible that the lines corresponding to the different temperatures deviate from each other,
meaning that there are differences for the different temperatures. How higher the temperature how
faster the frequencies grow with the k-vector. So from this we could derive that the ZA-mode is
also, like the optical modes, temperature dependent.

5.5.1 Temperature dependence of the bending rigidity and the sound velocity

As said and showed in figure 5.19, the in-plane acoustic modes, TA and LA, seem to be indepen-
dent of temperature. To check this we can derive from these phonon modes the sound velocity in
graphene by making a linear fit as described in Appendix A. Doing this calculation results in the
values reported in table 5.2. In this table can be seen that the sound velocity does not vary very

Table 5.2: Results for the sound velocities at the different temperatures.

Temperature[K] TA mode vsound[km s−1] LA mode vsound[km s−1]
100 13.2 20.6
300 13.4 20.6
1000 13.3 20.3
2000 13.1 20.0
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Figure 5.19: Zoom of the temperature difference graph shown in figure 5.16 for the lowest acoustic
modes at the lowest k-vectors

much for different temperatures, this indicates that indeed the in-plane acoustic phonons are tem-
perature independent. Comparing these results to the sound velocities calculated by Leendertjan
[12] reveals that we have almost the same results.

Finally we determine the bending rigidity κ by fitting a parabola to our dispersion graphs for
graphene as discussed in section 1.3. This results in the values reported in table 5.3, as one can
see, the bending rigidity κ clearly increases for higher temperatures. We finally made the graph
shown in figure 5.20 to determine the behaviour of this bending rigidity for different temperatures
and to easily compare them to other studies. This behaviour looks a bit like a square root.

Table 5.3: Results for bending rigidity

Temperature[K] Lattice Parameter[Å] Particle density [Å−2] Bending rigidity[eV]
100 2.4578 0.3827 0.95
300 2.4566 0.3823 1.17
1000 2.4571 0.3825 1.76
2000 2.4633 0.3806 2.05
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Figure 5.20: The calculated results for the bending rigidity κ(T ) at 5 different temperatures between
T = 0 K and T = 2000 K.
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Chapter 6

Conclusion and Discussion

In this chapter we interpret and summarize our main results. We start with comparing our results
with some other studies to similar effects. Than we give the final overall findings of this research
and give an outlook for further research.

6.1 Comparison to other studies

In this section we compare our results to four different other studies about the phonons of graphene.
First of all we compared our results with the the Master thesis of Leendertjan Karssemeijer [12]
and of Inka Locht [13] because they also investigated the temperature dependence of the phonons
of graphene with the same potential as we did. To begin with Leendertjan, he computed the phonon
dispersion of graphene at zero Kelvin using the force constant matrix. The results are reported in
figure 1.3. Comparing that figure with our own phonon dispersion reveals that they look almost
exactly the same, as expected because we are using the samen potential. Only on the MΓ-path,
Leendertjan got smoother curves. Looking more closely reveals that our curves are a bit higher in
frequency at for example the K-point and the M-point for the ZA-phonon. This can be explained
because we were looking at a higher temperature. In his thesis Leendertjan compared his phonon
dispersion with the experimental values and he argued that the experimental values were higher.
In that sense, we could say that we have a good results for the phonon dispersions.

Besides the phonons, Leendertjan also looked at the bending rigidity κ according to his phonon
dispersion at T = 0 K. He obtained κ = 0.69eV which compatible with our result as extrapolation
to T = 0 K. He also looked at the thermal expansion of carbon nanotubes which revealed that the
bending rigidity is not temperature dependent. This contradicts our results, but it could be that this
has to do with the form of graphene in either a flat sheet or in a nanotube.

On the other hand, Inka Locht investigated the temperature dependence of the phonons and
the bending rigidity of graphene using the SCAILD method, a selfconsistent extension of the
quasiharmonic approximation. She was able to argue that κ depends on temperature, but she
was not able to compute this temperature dependence for lack of convergence. In that sense, our
results confirms here finding of temperature dependence, and moreover our results even give a
good prediction for the temperature dependence.

The second study that we compare our results with is the paper that we have used for our new
method [14]. It is good to compare our data with this study because we can see if we apply the
method correctly to a different potential. Looking at our results reveals that we indeed have used
the method correctly and it also confirms the data in [14]. This paper namely also found a strong
temperature dependence for the optical modes, but dit not look at the temperature dependence of
the out-of-plane phonons in which we were interested.

Finally we compare our results with the results from Zakharchenko [9], who obtained a tem-
perature dependence for the bending rigidity by using Monte Carlo simulations and studying
normal-normal correlation functions. It is interesting to notice that we used a completely dif-
ferent method but also obtained almost the same temperature dependence of the bending rigidity
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Figure 6.1: Temperature dependence of the bending rigidity of single-layer (sl), bi-layer (bl)
graphene calculated by Zakharchencko [9] Also the lattice parameter of bi-layer graphene is plotted.

as shown in figure 5.20 and figure 6.1. The only differences are that our relation grows a bit faster
and to 10% higher values for κ compared to the results of Zakharchencko.

To summarize, our results are in accordance with other studies except from the fact that Leen-
dertjan did not find a temperature dependence of the bending rigidity for carbon nanotubes. For
this reason we believe that our results with a whole different method are reasonable and might be
predict the correct temperature dependence.

6.2 Summary, conclusions and outlook

In summary we were interested in the elastic properties of single layer graphene sheets and have
therefore derived the phonons of graphene from MD simulations using afterwords Fourier trans-
formations and autcorrelation techniques. It turns out that this new recently proposed technique is
a good method to determine the phonon dispersion of graphene. A nice thing to notice is that this
technique could also easily be applied to other materials with other lattice structures as long as we
can define the wave vectors from the Brillouin zone.

Looking at our results, we found that the optical phonon modes of graphene are strongly
temperature dependent by factors of about∆ω = 100 cm−1 when shifting the temperature from T =

100K to T = 1000K. We focused on the acoustic phonon branch and we found that the traversal
acoustic and the longitudinal acoustic phonon modes are as expected not temperature dependent
and the sound velocity is in the right order of magnitude. These modes turned out to be linear
for small wave vectors, as expected according to the theory. What was more interesting is that we
found that the out-of-plane ZA mode clearly depends on temperature for small wavevectors. For
small wave vectors the curvature of this mode more than doubled for higher temperatures which
is in fact a quite astonishing result.

The most appealing result we got is the that the bending rigidity, derived from this ZA phonon,
increases for higher temperatures. This contradicts the findings for carbon nanotubes but confirms
the data found in other studies using Monte Carlo simulations. This result makes sense because,
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as said before, single layer graphene sheets are rippled at finite temperatures and we know that
rippled sheets are more difficult to bend than flat sheets hence the increasing bending rigidity.

However, to draw definite conclusions on the debate about the temperature dependence of
the bending rigidity of graphene we need to improve our results a bit by making use of a bigger
sample with more carbon atoms, simulating longer or do both. We also need to find a way to better
estimate the error margins in our findings so that we can look how accurate our data is. Making
these improvements is relatively easy with this new method and therefore new results could be
obtained relatively quickly.

Finally we want to end this thesis with an outlook for future research and an explanation of
the importance of our findings for the bending rigidity. As said, we still need to improve our
results a little, but we have strong indications that the bending rigidity is temperature dependent.
It would be useful to find a method to quantify the role of anharmonicity and coupling between
the phonon modes. Why the bending rigidity for nanotubes is not temperature dependent is in
that sense rather strange and unexplained. More research in comparing nanotubes to flat graphene
sheets might therefore be interesting, especially for elastic properties. The consequences of this
temperature dependent bending rigidity are important when considering elastic repsonse of the
materials but also to understand the role of anharmonic coupling for membranes.
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Appendix A

Unit conversion, bending rigidity and
sound velocity

A.1 Converting the frequency units Herz(Hz) to inverse length(cm−1)

From the Fourier transformation given by equation 3.4 we get the frequency ω in Herz[s−1]. To-
gether with equation

λ =
c
f

(A.1)

for the wavelength with c the speed of light we can determine frequency in units of inverse length:

ω(cm−1) =
ω(Hz)
100c

. (A.2)

In equation A.2 the factor 100 accounts for the conversion from meters to centimeters.
Finally we can evaluate the dimensions of equation A.2 to see if it is a correct conversion:

[ω] =
[ f ]
[c]

=
1

�s
×

�s
cm

=
1

cm
(A.3)

A.2 Deriving the value of κ in electronVolts

From equation 1.8 we can express the bending rigidity κ in terms of the fitting parameter c:

κ = c2ρ2D (A.4)

with ρ2D a 2D mass density with unit kgm−2. We can derive the unit of fitting parameter c from
equation 4.7 together with the units of the data we fitted the function to. This results in

[c] =
[ω]
[k2]

= cm−1m2. (A.5)

The unit of κ in equation A.4 can then be determined resulting in:

[κ] = [c2][ρ2D] =
m�4

cm2 ×
kg

��m2
=

kgm2

s2 = J (A.6)

where we have used equation A.2 to convert cm−1 to s−1. In equation A.6 we can see that the bend-
ing rigidity is given in Joule which can be easily converted electronVolt as given in the constant
and unit conversion section in the preliminaries.
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A.3 Deriving the value of the speed of sound in kms−1

For graphene we have for small wave vectors linear dispersion in the in-plane direction given by
dispersion relation

ω = vk . (A.7)

So fitting a linear line to the data of the in-plane acoustic gives directly the sound velocity v as
fitting parameter. The unit of v can be derived:

[v] =
[ω]
[k]

=
1

cm
×

1
1
m

=
km
s

(A.8)

where we have again used equation A.2 to convert cm−1 to s−1 and afterwards devided by 1000 to
go from meter to kilometer.
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Appendix B

FORTRAN90 code of the Fourier test
program
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Appendix C

FORTRAN90 code of our program to
determine the PSD’s

! This program reads configurations from the files of Molecular Dynamics Simulations
! and creates a file with the Fourier plots after defining the BZ and velocity autocorrelation.
      program getvelcfxyz
      implicit double precision(a-h,o-z) !working with double precision variables
      parameter(npm=1008,nspcm=1)  !defining the input variables
      parameter(nbst=2000,ncm=50001,nrsm=100,nrpsm=100,m=50000)
      character*2 atom,atspc(nspcm)
      character*3 ext,ext1,ext2,lstrs(0:nrpsm,nrsm),yes
      character*10 config,chaine,path
      integer ipbc(3),isp(npm),nei(npm)
      dimension nrps(nrsm),nconflst(nrpsm,nrsm),nmclst(nrpsm,nrsm)
      dimension hh(3),h(3),atpos(3,npm),atvel(3,npm),rnnbspsq(nspcm,nspcm)
      dimension templst(2,nrpsm,nrsm),preslst(2,nrpsm,nrsm),atpos0(3,npm)
!     dimension qlst(2,60)
      integer:: i1v1, i2v1,ncells,nc,nci 
      Real:: i1v2, i2v2
      real*8 qvec(2),vkr(3),vki(3),kint(3,60) !making the necessary arrays
      real*8 kvelt(2,3,60,ncm),rrseq(27,3,0:m),riseq(27,3,0:m),psdr(27,3,0:m),psdi(27,3,0:m)
      real*8 afreqr(27,3,0:m),afreqi(27,3,0:m),fwsq(27,3,0:m),qlst(2,60)
      
      config='config.xxx'
      chaine='0123456789'
      open(10,file='OUTDAT/confall.xyz') !open the file with positions and velocities of the atoms
      
      ipbc(1)=1
      ipbc(2)=1
      ipbc(3)=1
      atspc(1)='C '
!      atspc(2)='H '      
      rnnbspsq(1,1)=1.85d0**2
!      rnnbspsq(2,2)=3.0d0**2
!      rnnbspsq(3,3)=1.6d0**2
!      do i=1,nspcm
!      do j=1,nspcm
!        rnnbspsq(2,1)=dsqrt(rnnbspsq(i,i)*rnnbspsq(j,j))
!      enddo  
!      enddo 
      zmax=-1000.d0 

      open(10,file='OUTDAT/sample.000',form='unformatted')!open file sample characteristics
      read(10)np !read the number of particles
      read(10)(h(i),i=1,3) !read the lenght/width/height of the sample
      do ip=1,np
        read(10)atom,(atpos0(i,ip),i=1,3),(atvel(i,ip),i=1,3) !read starting pos./vel.
      enddo
      close(10)
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      ncells=20             !define the number of unit cells  
      alat=h(1)/dfloat(ncells) !calculate the lattice parameter from the size of the sample
      print*,alat,h(1),h(2),h(3) !print them on screen to check if correct
      pause 
!      write(6,*)'Are you in directory SimLog ? (yes/no)'
!      read(5,*)yes
      yes='no '
      path(1:10)=' '
      if(yes(1:1).eq.'n')then
        path(1:7)='OUTDAT/'
      else
        write(6,*)'From which subdirectory do you want data ?'
        read(5,*)path
        ind=index(path,' ')
        path(ind:ind)='/'
      endif 
      write(6,*)'path=',path 

      open(16,file=path(1:index(path,' ')-1)//'inp.log')
      read(16,*)nrun,nspc,(atspc(i),i=1,nspc)
      if(nspc.gt.nspcm)then
        write(6,*)'ERROR: nspc > nspcm'
        write(6,*)'set parameter nspc >= nspcm and retry'
      endif     
      do irun=1,nrun
        read(16,*,iostat=istatus)iextinp,iextout,nmcext,invwcf,temp1,temp2
        if(istatus>=0)then
          call mkrunseq(nrsm,nrpsm,chaine,nrs,nrps,lstrs,irun,iextinp,iextout,&
          nmcext,invwcf,temp1,temp2,pres1,pres2,nconflst,nmclst,templst,preslst)
        else
          exit
        endif    
      enddo 
      
      write(6,'(a28,i5)')'   Number of run sequences :',nrs !show all the data sequences
      do irs=1,nrs
        write(6,*)
        write(6,'(a30,i6)')'   run sequence              :',irs
        write(6,'(a30,i6)')'   no runs for this sequence :',nrps(irs)
        write(6,*)'  irs  extinp  extout  nmcext  nconf  temp1       temp2    pres1     pres2'
        write(6,*)'  ---  ------  ------  ------  -----  -----       -----    -----   -----'
        do irps=1,nrps(irs)
        write(6,'(i5,4x,a3,2x,a3,x,a3,x,2i7,1x,f8.2,a4,f8.2,f7.2,a4,f7.2)&
          ') irps,lstrs(irps-1,irs),'-->',lstrs(irps,irs),nmclst(irps,irs),&
          nconflst(irps,irs),templst(1,irps,irs),' -->',templst(2,irps,irs),&
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          preslst(1,irps,irs),' -->',preslst(2,irps,irs)
        enddo  
      enddo
      
      write(6,*)!determine which sequence of configurations is used
      if(nrs.gt.1)then
        write(6,*)'From which run sequence do you want configurations.'
        read(5,*)irs
      else
        irs=1    
      endif    
      write(6,*)'Do you want configurations for the complete run&
                 sequence ?(yes/no)'
      read(5,*)yes
      if(yes(1:1).eq.'y')then
        irps1=1
        irps2=nrps(irs)
      else
        write(6,*)'Give the lower and upper sequence number'
        read(5,*)irps1,irps2
      endif

      write(6,*)'Give the number of configurations to be skipped'
      read(5,*)iskip

      write(6,*)'Give skip modulo'
      read(5,*)nskip

!      nqx=h(1)/2.4595d0+1
!      nqy=h(2)/4.26d0+1
!      nq=max0(nqx,nqy)+10
!      nqx=nq
!      nqy=nq
!      write(6,*)'nqm,nq :',nqm,nq
!      write(6,*)'nqx,nqy:',nqx,nqy
!      if(nq.gt.nqm)then
!        write(6,*)'ERROR: nqm too small' 
!        write(6,*)'make sure that nqm >',nq
!        stop
!      endif
      twopi=2.d0*dacos(-1.d0) !define twopi

!! Make qlst with allowed qvectors that obey the Brillouin Zone
     iv1max=2*ncells/3
     iv1min=ncells/2
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     do i1v1=1,iv1max !path GammaK
        i1v2=Real(i1v1*0.5)
         iq=i1v1
         qx=twopi/(alat*ncells)*i1v1
         qy=twopi/(alat*ncells)*((-i1v1+2.0*i1v2)/SQRT(3.0))

 qlst(1,iq)=qx
         qlst(2,iq)=qy
     enddo
     do i2v1=iv1min, iv1max   !path KM
         i2v2=-i2v1+ncells
         iq2=iq+iv1max - i2v1+1 !put in array from high to low
         qx=twopi/(alat*ncells)*i2v1
         qy=twopi/(alat*ncells)*(-i2v1/SQRT(3.0) +2.0*i2v2/SQRT(3.0))

 qlst(1,iq2)=qx
         qlst(2,iq2)=qy
     enddo
     do i3v1=1, (iv1min-1)   !path MGamma
         i3v2=i3v1
         iq3=iq2+iv1max-i3v1
         qx=twopi/(alat*ncells)*i3v1
         qy=twopi/(alat*ncells)*(-i3v1/SQRT(3.0) +2.0*i3v2/SQRT(3.0))
    qlst(1,iq3)=qx
         qlst(2,iq3)=qy
     enddo
     nq=iq3+iv1min-1
!     open(11,file='OUTDAT/qlist.dat')   !creates a outputfile with the qvectors
!     write(11,*),'#The coordinates of the',nq,'q-vectors of this sample'
!     write(11,*),'#number x-coordinate y coordinate'
!        do iq=1, nq
!          write(11,'(i3,2e14.6)')iq,(qlst(1:2,iq))
!        enddo
 print*,'qlist is created!' !print on screen to see in which step the program currently is
pause

!            dqx=twopi/(h(1))
!            dqy=twopi/(h(2))
!      open(12,file='OUTDAT/positionvelocityxyzatom143_2000K.dat') !make some output files
!      write(12,*),' #positions and velocities atom 143 in 800 sample'
!      write(12,*),' #t  x   y   z    vx   vy   vz'
!      open(13,file='OUTDAT/positionvelocityxyzatom571_2000K.dat')
!      write(13,*),' #positions and velocities atom 571 in 800 sample'
!      write(13,*),' #t  x   y   z    vx   vy   vz'
!      open(14,file='OUTDAT/positionvelocityxyzatom71_2000K.dat')
!      write(14,*),' #positions and velocities atom 71 in 800 sample'
!      write(14,*),' #t  x   y   z    vx   vy   vz'
!      open(14,file='OUTDAT/kspacevx.dat')
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!      write(14,*),' #kspace x-velocity for',nq,'kvectors in BZ'
!      write(14,*),' #t     vk1x    vk2x    ....''      vk',nq,'x'
!      open(15,file='OUTDAT/kspacevy.dat')
!      write(15,*),' #kspace y-velocity for',nq,'kvectors in BZ'
!      write(15,*),' #t  vk1y      vk2y   ....''       vk',nq,'y'   
      open(16,file='OUTDAT/kspacevz2000K.dat')
      write(16,*),' #kspace z-velocity for ',nq,'kvectors in BZ'
      write(16,*),' #t vk1z    vk2z    .....''        vk',nq,'z'
      nctot=0
      do irps=irps1,irps2
        nci=0
        ext=lstrs(irps,irs)
        if(ext.eq.'999')cycle
        config(8:10)=ext(1:3)
        open(8,file=path(1:index(path,' ')-1)//config,status='old',form='unformatted')
         do nc=0,ncm !read in all the positions and velocities for all the timesteps in the sequence
          read(8,iostat=istatus)np,(h(i),i=1,3),&
          ((atpos(k,i),k=1,3),i=1,np),(isp(i),i=1,np),((atvel(k,i),k=1,3),i=1,np) !read in for all atoms
             write(12,'(i5,6e14.6)')nc,atpos(1:3,143),atvel(1:3,143) !create output files for pos./vel.
             write(13,'(i5,6e14.6)')nc,atpos(1:3,571),atvel(1:3,571)
             write(14,'(i5,6e14.6)')nc,atpos(1:3,71),atvel(1:3,71)

            hh(:)=0.5d0*h(:)
            if(istatus>=0)then
              if(iskip.gt.0)then !skip some data if given
                iskip=iskip-1
                cycle
              endif  
              if(mod(nc,nskip).ne.0)cycle
              nci=nci+1
              do iq=1,nq !take the fouriertransform for different q values
                qvec(1:2)=qlst(1:2,iq)                    !read in qvector
                call FTvel(np,atpos,atvel,qvec,vkr,vki)   !determine velocity distribution for qvector     
                kvelt(1,1:3,iq,nci)=vkr(1:3)
                kvelt(2,1:3,iq,nci)=vki(1:3)                           
                kint(1:3,iq)=kvelt(1,1:3,iq,nci)**2+kvelt(2,1:3,iq,nci)**2
              enddo
!             write(14,'(i5,27e14.6)')nc,kint(1,1:nq) !create output file with intensity kvelocities 
!             write(15,'(i5,27e14.6)')nc,kint(2,1:nq)
             write(16,'(i5,27e14.6)')nc,kint(3,1:nq)
!              print*,'# of atoms to be shown in xyz file=',np
            else
              nctot=nctot+nci
              print*,nc,' snapshots are read from file ',config
              exit
            endif
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          enddo
        enddo
!      print*,'datafiles atom 143 and atom 571 are created!'
      print*,'datafiles kspacevelocities are created!' !print on screen to show how far the program is
      pause
      call kVACS(nctot,m,kvelt,rrseq,riseq,psdr,psdi,nq,ncm) !do the velocity autocorrelation 

!      open(12,file='OUTDAT/psdreel.dat') !make output file for velocity autocorrelation functions
!      write(12,*),' #normalised psdz  per kvector '

!      do im=0,m  !write the velocity autcorrelation functions to an output file
!         write(12,'(i5,27e14.6)')im,(psdr(1:nq,3,im)**2+psdi(1:nq,3,im)**2)
!      enddo
!pause
      print*,'kVACS for all qvectors have been created!' !print again how far the program is
     ! write(6,*)'PSD Real, Imaginair:',psdi 
      call FTfreq(psdr,afreqr,afreqi,qlst,nq,m,psdi) !do the final Fourier transform
      print*,'fouriertransform to frequency has been done' !print again how far the program is
      open(18,file='OUTDAT/omegaintensitiesx.dat') !write the results to some files
      write(18,*),' omegax intensity for every k-vector'
      write(18,*),' omega in steps of 0.1333 wki1   wki2 ....  wki(nq)'
      open(19,file='OUTDAT/omegaintensitiesy.dat')
      write(19,*),' omegay intensity for every k-vector'
      write(19,*),' omega in steps of 0.1333 wki1   wki2 ....  wki(nq)'
      open(20,file='OUTDAT/omegaintensitiesz.dat')
      write(20,*),' omegaz intensity for every k-vector'
      write(20,*),' omega in steps of 0.1333 wki1   wki2 ....  wki(nq)'
         do iomega=0,20000
           do iq=1,nq
               fwsq(iq,1:3,iomega)=afreqr(iq,1:3,iomega)**2+afreqi(iq,1:3,iomega)**2
           enddo
           write(18,'(i6,27e14.6)')iomega,fwsq(1:27,1,iomega)
           write(19,'(i6,27e14.6)')iomega,fwsq(1:27,2,iomega)
           write(20,'(i6,27e14.6)')iomega,fwsq(1:27,3,iomega)
         enddo
      print*,'finished!'    !print that the program has just finished   
      print*,'number of config_ files =',irps2-irps1+1,', all are read'
      print*,'total # of snapshots=',nctot

      end program getvelcfxyz 
      
!===================================================================!      
      subroutine FTvel(np,atpos,atvel,qvec,vkr,vki) !subroutine for the first Fourier Transform
      implicit double precision(a-h,o-z)
      real*8 atpos(3,np), atvel(3,np),qvec(2)    !input
      real*8 vkr(3),vki(3)                       !output
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      vkr(1:3)=0.d0
      vki(1:3)=0.d0

      do ip=1,np,2   !!steps of 2 because of using just 1 sublattice
        qr=qvec(1)*atpos(1,ip)+qvec(2)*atpos(2,ip)  !inproduct qvector with position atoms

vkr(1:3)=vkr(1:3)+atvel(1:3,ip)*dcos(qr) !real components FT
vki(1:3)=vki(1:3)+atvel(1:3,ip)*-dsin(qr) !imaginary components FT

      enddo

      end subroutine FTvel
    
!===================================================================!      
      subroutine kVACS(nctot,m,kvelt,rrseq,riseq,psdr,psdi,nq,ncm) !subroutine autocorrelation
      implicit double precision(a-h,o-z)
      real*8 kvelt(2,3,60,ncm),rrseq(27,3,0:m),riseq(27,3,0:m),psdr(27,3,0:m),psdi(27,3,0:m)
      integer im,nctot,n,step,nq,i

      rrseq(1:27,1:3,0:m)=0.d0 !make sure the arrays are empty
      riseq(1:27,1:3,0:m)=0.d0
      psdr(1:27,1:3,0:m)=0.d0
      psdi(1:27,1:3,0:m)=0.d0

      do iq=1,nq
         do im=0,m
            do n=1,nctot-im
               step=n+im
               do i=1,3 !calculate the real and imaginary component of the kVACS
                 rrseq(iq,i,im)=rrseq(iq,i,im)+&
                                kvelt(1,i,iq,step)*kvelt(1,i,iq,n)+&
                                kvelt(2,i,iq,step)*kvelt(2,i,iq,n)
                 riseq(iq,i,im)=riseq(iq,i,im)-&
                                kvelt(1,i,iq,step)*kvelt(2,i,iq,n)+&
                                kvelt(2,i,iq,step)*kvelt(1,i,iq,n)
               enddo

            enddo
            pf=1.d0/(dfloat(nctot-im))
            rrseq(iq,1:3,im)=pf*rrseq(iq,1:3,im)
            riseq(iq,1:3,im)=pf*riseq(iq,1:3,im)
            psdr(iq,1:3,im)=rrseq(iq,1:3,im)/(rrseq(iq,1,0)+rrseq(iq,2,0)+& !normalise 
                            rrseq(iq,3,0))
            psdi(iq,1:3,im)=riseq(iq,1:3,im)/(rrseq(iq,1,0)+rrseq(iq,2,0)+&
                            rrseq(iq,3,0))
!            print*,'', psdr(iq,1:3,im)
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         enddo 
      enddo

      end subroutine kVACS    

!===================================================================!
      subroutine FTfreq(psdr,afreqr,afreqi,qlst,nq,m,psdi) !subroutine FT, equal to FT test program
      implicit double precision(a-h,o-z)
      real*8 psdr(27,3,0:m),afreqr(27,3,0:m-1),afreqi(27,3,0:m-1),psdi(27,3,0:m),omega
      dimension qlst(2,60)
      integer nq, iomega, im,iq 
     
      twopi=2.d0*dacos(-1.d0)
      tr=twopi/dfloat(m)
      afreqr(1:27,1:3,0:m-1)=0.d0
      afreqi(1:27,1:3,0:m-1)=0.d0

       do iq=1,nq
        do iomega=0,20000  !frequencies higher than Nyquist(iomega=25000) not evaluated 

                  !frequencies are not expected to be higher than iomega=20000         
            do im=0,m-1
               ar=dfloat(im)*(dfloat(iomega)/10)*tr  !devide by 10 because we saved the data every     

     !10 time steps
               afreqr(iq,1:3,iomega)=afreqr(iq,1:3,iomega)+& !calculate FT from kVACS
                                     (psdr(iq,1:3,im)*dcos(ar)+&
                                     psdi(iq,1:3,im)*dsin(ar)) 
               afreqi(iq,1:3,iomega)=afreqi(iq,1:3,iomega)+& !again also imaginary components
                                     (-psdr(iq,1:3,im)*dsin(ar)+&
                                     psdi(iq,1:3,im)*dcos(ar))
!              write(12,*)'',ar,afreqr(iq,1:3,iomega),psdr(iq,1:3,im)
!               pause
            enddo
         enddo
!       write(6,*)'',afreqr(iq,1:3,0:20)
!       pause 
      enddo
      end subroutine FTfreq
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