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1 Introduction

A key problem within physics is that of finding the so-called ’energy spectrum’ of a
system. These are the allowed energy values a system can have, and greatly determine
the behaviour and properties of it. In a classical setting one might think of the different
frequencies/vibrations a guitar string can produce. Each frequency has its own energy
and the total set of frequencies and thus energies can be seen as the energy spectrum
of our guitar string. In a more general setting this frequency also depends a lot on
the geometry of your system. For example drums of different shapes and sizes produce
different sounds, and thus have each their own energy spectrum. Even the problem in
the ’other direction’ of being able to know the geometry of the system by analysing the
spectrum has been a widely studied subject within mathematics and physics [1]. There
is thus no doubt that the study of finding these energy spectra for different systems is
a very important topic within physics.

This problem becomes even more interesting when we enter the world of quantum me-
chanics. In quantum mechanics physics is governed by formulas such as the Schrödinger
equation. Solutions to this Schrödinger equation describe the dynamics of our system,
and each solution has its own energy. This means that by finding the energy spectrum,
we can get a lot of information on our system.

Within my thesis I focused on determining the energy spectra for systems which have a
complicated geometry. In particular I focused on systems with a fractal or quasi-periodic
geometry. Fractal behaviour tends to arise in physical systems at phase transitions from
non-chaotic to chaotic dynamics such as turbulence in fluid dynamics [2], while quasi-
periodicity can for example be seen in climatology as in the so-called El Niño–Southern
Oscillation [3]. For these types of geometries exact methods unfortunately rarely exist
and can be quite involved. Because of this, we tried to ’translate’ this problem to one
of a dynamical system. We found that this approach can be simpler to handle as well
as give insights on the bounds and even the form of the spectrum.

The topics within this thesis will be tackled chronologically to how I studied them, so
the motivation and the ideas behind going for a dynamical system approach will be
clear. In this sense I will try to bring the reader along the same journey I went the past
year. As expected with this structure, the first real chapter, chapter 2, will focus on the
background ideas and theory which inspired the idea for the use of dynamical systems.
The purpose of chapter 3 will then be to explain what dynamical systems are and how
they come into play in chapter 2, and also why they are so useful. Chapter 4 and 5 will
then finally focus on the new ideas and equations that were derived and simulated, and
contain the largest part of the work put into writing this thesis. We end the thesis by
a conclusion and discussion on the results we derived.

The idea is in each section to first explain the topic on a more intuitive/layman’s level,
and then to do the necessary mathematical calculations, in the hope that at least the
general ideas are understandable for those lacking the mathematical background. It
would after all be a shame if the intuitive understanding of this beautiful physics would
be obscured by a sea of mathematics as some authors, I noticed, tend to do.
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2 Analytical Methods

Within this section we will take a look at two analytical methods of obtaining the energy
spectrum in a fractal lattice, which were both, as we will see later, the inspiration for
the use of the main topic of this thesis: dynamical systems.

Before we go further, we will have to define some concepts. As mentioned, both analyt-
ical methods will look at fractal lattices, so let us start by defining what a fractal is.
This is a bit tricky as mathematicians don’t completely agree on the exact details of the
definition, but what they do agree on, is that a fractal is a subset of Euclidean space
which shows self-similarity. One can imagine this as being able to constantly zoom into
a part of a fractal and constantly seeing new and old patterns arise. One such example
is the famous Mandelbrot set as depicted in figure 1:

Figure 1: The Mandelbrot set [4]

The one we will be looking at is the the Sierpinski gasket. The nice thing about the
Sierpinski gasket is that it can be constructed iteratively by dividing each triangle into
four smaller equilateral triangles and removing the center one in each step. The first
three iterations can be seen in figure 2:

Figure 2: The first three (zeroth, first and second) iterations of the Sierpinski gasket.

Then what do we mean with a fractal lattice? In the case of our Sierpinski gasket,
each intersection of lines in our fractal should be seen as a lattice site where an atom
would lie. If two of those lattice sites lie next to each other we call them neighbours.

This brings us to the used physical model in these analytical methods: the so-called
tight binding model with nearest-neighbour hopping. We are interested in the al-
lowed energy values of an electron in our system, and, in short, the main assumption of
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this model is that this electron is almost completely confined to his own atom/lattice
site and besides the potential of his own atom, only feels the potentials of its atom’s
neighbours. It can however ’hop’ to its neighbours, and the corresponding energy it has
to ’pay’ as ’toll’ is denoted by t, the ’hopping amplitude/integral’.

In mathematical terms this is of course described by the Schrödinger equation with as
Hamiltonian:

H =
∑
i

ui |i〉 〈i| −
∑
<ij>

(tij |i〉 〈j|+ tji |j〉 〈i|) (1)

In which the first sum goes over all lattice sites and the second sum over all neighbouring
pairs <ij>. The corresponding potential of each atom is ui and the tij and tji are the
hopping amplitudes from site i to j and j to i respectively. Normally we take ui = 0 for
all sites i, and tij = tji = t, which reduces equation (1) to:

H = −t
∑
<ij>

(|i〉 〈j|+ |j〉 〈i|) (2)

or in the formalism of the second quantization:

H = −t
∑
<ij>

c†i cj (3)

Now having defined the necessary ideas we are ready to look at these analytical methods.
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2.1 Recursive Method

The first analytical method we will have a look at is the recursive method [5]. The main
idea of this method is to exploit the self-similarity of the fractal lattice. As previously
mentioned, we can iteratively construct the Sierpinski gasket. This iteration has the nice
property that not only it is as self-similar as one can get, we further have that all lattice
sites of one iteration are contained in the next iteration. This means we can divide our
lattice in two sublattices: the lattice sites in the n-th generation and the new lattice
sites in the (n+1)-th generation. The trick now is to project our wave function |ψ〉 onto

these two sublattices, yielding |ψ1〉 and |ψ2〉 or |ψ〉 =
(
|ψ1〉 |ψ2〉

)T
. This means that

we can rewrite our Schrödinger equation as:

H |ψ〉 =

(
H11 H12

H21 H22

)(
|ψ1〉
|ψ2〉

)
= E

(
|ψ1〉
|ψ2〉

)
= E |ψ〉 (4)

Rewriting the equation corresponding to the second row of this matrix, will give an
expression for |ψ2〉 in terms of |ψ1〉. Plugging that back into the equation corresponding
to the first row will yield an effective Hamiltonian for |ψ1〉:

|ψ2〉 = (E −H22)
−1
H21 |ψ1〉 (5)

Heff |ψ1〉 =
[
H11 +H12 (E −H22)

−1
H21

]
|ψ1〉 = E |ψ1〉 (6)

Now having defined this method, we can apply this to our Sierpinski gasket. With |ψ1〉
we will denote the projection of the wave function on our current iteration and |ψ2〉
on the new lattice sites from the next iteration. The elements Hij are now the tight
binding Hamiltonian over the pairs < mn > where m is a site in sublattice i and n a
site in sublattice j.

In our case note that both sublattices have 3 sites if we restrict ourselves to the following
building block of the Sierpinski gasket as shown in figure 3:

Figure 3: For the iterations of the Sierpinski gasket after the zeroth, the first iteration,
as depicted here, can be seen as a building block. The sites labeled by Roman numerals
correspond to the old iteration, while the Arabic numerals correspond to the new sites
from the next iteration.

Remembering equation (2) and having a look at this figure, one easily sees that all links
between the lattice sites are between the old and new points (H21 and H12), and between
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the new points (H22). As there are no links between the old lattice sites, this gives us:
(H11)ab = 0 and (H12)ab = (H21)ab = (H22)ab = t(δab − 1), with a, b = 1, 2, 3 denoting
the sites in the sublattices and δab the Kronecker delta. In matrix notation this means
that H11 is the null-matrix and H12, H21 and H22 are given by:

H12 = H21 = H22 = −t

0 1 1
1 0 1
1 1 0

 (7)

This now allows us to derive the effective Hamiltonian for one triangle in our Sierpinski,
H∆ gasket using equation (6). We further define the dimensionless energy parameter
ε = E/t to simplify some of the expressions.

H∆ =

0 1 1
1 0 1
1 1 0

 t−1

ε 1 1
1 ε 1
1 1 ε

−10 1 1
1 0 1
1 1 0


=

t

(ε− 1)(ε+ 2)

 2ε ε− 2 ε− 2
ε− 2 2ε ε− 2
ε− 2 ε− 2 2ε

 (8)

As each old lattice site belongs to two of these triangles, for the full effective Hamiltonian
of our Sierpinski gasket, we must multiply the diagonal by a factor 2. Expressing Heff

now in the same form as equation (1), we get for the atom potential:

ui = u
′

=
4tε

(ε− 1)(ε+ 2)
(9)

and for the hopping amplitude:

tij = t
′

= t
2− ε

(ε− 1)(ε+ 2)
(10)

As for this new iteration, per our model we chose u = 0, to now describe the Hamiltonian
of the old iteration in the same way, we can just redefine E by shifting it by u

′
: E →

E − u′ , this leads us to define the dimensionless energy parameter in the old lattice as:

ε
′

=
E − u′

t′
(11)

Now combining equations (9), (10) and (11), we get:

e
′

=
E − u′

t′
=
tε− 4tε

(ε−1)(ε+2)

t 2−ε
(ε−1)(ε+2)

=
ε(ε− 1)(ε+ 2)− 4ε

2− ε

= −ε(ε
2 + ε− 6)

ε− 2

= −ε(ε− 2)(ε+ 3)

ε− 2
= −ε(ε+ 3) (12)

Which means we have a recursion relation between the energies of the old lattice and
the energies of the new lattice. More interestingly we can also reverse this relationship
to get the energies for each new iteration:
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ε± =
−3±

√
9− 4ε′

2
(13)

So each eigenstate with energy ε
′

in the old lattice, corresponds to two eigenstates with
energies ε± in the next iteration. Do note however that this derivation only holds for
ε 6= −2,+1,+2. This is due to the fact that for ε = −2, 1 the middle matrix in equation
(8) is singular and so we can’t take its inverse, and for ε = 2 our effective hopping
amplitude in equation (10) vanishes, which yields problems for all next iterations. For
these specific energies a more elaborate approach is needed, which is besides the point
of this section and thus will not be discussed.

To summarise, what we have effectively done is a sort of decimation/renormalization
procedure. We used the self-simarily of our lattice and the fact that the n-th iteration is
contained in the (n+1)-th iteration. By then decimating these new sites and renormaliz-
ing, we have gained a recursion relation between the energies of the eigenstates of these
iterations. This idea is very similar to the ones of more recent studies of quasi-periodic
potentials in which renormalization schemes are used to determine the energy spectrum
[6] [7] [8].
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2.2 Tensor Representation Hamiltonian

A different analytical approach would be to have a look at our tight binding Hamiltonian
2 in a different light.

For this we will introduce the concept of a graph and its adjacency matrix. A graph
is a pair G = (V,E), in which V is the set of vertices and E the set of edges which
are pairs of vertices. This all is just mathematical speak which can for all intent and
purposes be interpreted as saying that a graph is a collection of dots (the vertices) in
R2 and of course two of these dots can be connected with a line (an edge). This means
that we can interpret our Sierpinski gasket as a graph in which our lattice sites are the
vertices, and our connections between those lattice sites the edges.

A natural way now to represent the structure of such a graph in a mathematical setting,
is to construct the so-called adjacency matrix A. We define the elements Aij (i’th
row, j’th collumn) to be one if there is a connection/edge between vertex i and vertex j,
and otherwise 0. An example of an adjacency matrix for a triangle can be seen in figure 4:

Figure 4: To the left we have the graph of a normal triangle in which the nodes are
numbered, and to the right we have the corresponding adjacency matrix

The observant reader might have recognized this matrix. Apart from the factor -t, this
is exactly the matrix in equation (7) for the Hamiltonian of the tight binding model
for a triangle. This is of course no coincidence. The essential point of this method is
that, apart from the factor -t, we can write our Hamiltonian in equation (2) as just the
adjacency matrix A of our graph. We can safely ignore the factor -t for now, as a matrix
is a linear operator which means that we can always later multiply certain properties
by this factor, as well as that it does not influence the real overall structure of the matrix.

Knowing now how the Hamitonian relates to our adjacency matrix, it now becomes
interesting to give an explicit expression for the adjacency matrix of the fractals we
are working with. In particular we consider fractals with a hierarchical block structure:
each new iteration contains the previous iteration as building blocks. In terms of our
adjacency matrix, this means that for the k-th iteration Ak, on the diagonal we will
have the submatrices Ak−1 which are the adjacency matrices of the previous iteration.
One can also see in such graphs, that if two blocks are not connected at first, they will
not be later. This leads us to the following expression, in terms of Kronecker products
⊗, for the adjacency matrix of the k-th iteration of such a fractal [9]:

Ak = Ak−1 ⊗ 1 +
∑
α

Ck−1,α ⊗ aα (14)

9



In this expression, the matrices Ck,α describe the more detailed connections between
two blocks and the aα are derived from our starting fractal a = A0. The aα are defined
by the property that each one has one non-zero component and together they sum up to
a. This means that the aα define the non-zero connections between the different blocks
in the fractal. Maybe more intuitively one can see the aα as defining the more general
structure of the fractal (which blocks are connected in the first place), and the Ck,α
defining the detailed connection then between two of those blocks belonging to that α.

To illustrate this, we will take a look at the first iteration of the extended Sierpinski
gasket, and try to intuitively understand these terms. The extended Sierpinski gasket is
closely related to the Sierpinski gasket, the fractal which we have studied in the previous
section, and can be seen in figure 5. [10]

Figure 5: The first three (zeroth, first and second) iterations of the extended Sierpinski
gasket.

We start by plugging k = 1 into our equation (14):

A1 = A0 ⊗ 1 +
∑
α

cα ⊗ aα (15)

In which, for reasons that will be explained later, we have defined C0,α = cα.

As one can see in figure 5, the main building blocks of this graph are triangles (three to
be exact). This means that we have:

A0 = a =

0 1 1
1 0 1
1 1 0

 (16)

The connections within these blocks are then given easily by the first term of equation
(15). To get a better intuitive feeling for what this all represents I have colour coded the
adjacency matrix to the corresponding graph in figure 6. This yields the three matrices
on the diagonal..

Now let us move on to our aα. As defined earlier, these are the matrices with one
non-zero component which sum up to a:

a1 =

0 1 0
0 0 0
0 0 0

 , a2 =

0 0 1
0 0 0
0 0 0

 , a3 =

0 0 0
0 0 1
0 0 0


a4 =

0 0 0
1 0 0
0 0 0

 , a5 =

0 0 0
0 0 0
1 0 0

 , a6 =

0 0 0
0 0 0
0 1 0

 (17)
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As mentioned before, these matrices indicate which blocks are connected. To go back to
the definition of an adjacency matrix, one can imagine each block/triangle to just be a
single vertex, and we are back to the graph of a triangle. This means that for example
a1 indicates that there is a connection from our green to our red triangle (using the
same numbering as before in figure 4).

Now what is left, is to define then how these blocks are exactly connected. For this we

have the cα. In this particular case we have cα = aTα . Meaning we have:

c1 =

0 0 0
1 0 0
0 0 0

 , c2 =

0 0 0
0 0 0
1 0 0

 , c3 =

0 0 0
0 0 0
0 1 0


c4 =

0 1 0
0 0 0
0 0 0

 , c5 =

0 0 1
0 0 0
0 0 0

 , c6 =

0 0 0
0 0 1
0 0 0

 (18)

Figure 6: To the left we have the first iteration of the extended Sierpinski gasket, in which
all components are colour coded. To the right we have the corresponding adjacency in
which the components of the matrix are colour coded according to the corresponding
parts of the graph.

Let us first start by taking a look at c1. If this was the adjacency matrix of a triangle,
this would mean that vertex 1 would be connected to vertex 2. But in this context we
now have to realize that as c1 is coupled to a1, we have that this first vertex belongs
to the green triangle, and this second vertex to our red triangle as seen in figure 6.
So c1 represents the fact that vertex 1 of the green triangle is connected to vertex 2
of the red triangle. In our picture this is the yellow line, and in the adjacency matrix
this is indicated by the two yellow boxes. Note that these things always come in pairs
as graphs like these are ’undirected’, meaning that if vertex one is connected to vertex
two, then vertex two is also connected to vertex one, which implies that our adjacency
matrix is symmetric in the diagonal, or in mathematical terms: A = AT . In the same
manner we can justify the two blue and orange boxes. The large red, green and blue
boxes correspond to the adjacency matrices of the corresponding red, green and blue
triangle, which finishes our adjacency matrix.
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One can now check for themselves that equation (15) indeed gives the adjacency matrix
as given in figure 6, which we have just also derived intuitively.

Now, having hopefully a more solid understanding as to why the adjacency matrix of
such a fractal must have the form described by equation (14), we can go back to the
issue of Ck,α. For the first iteration we just defined C0,α = cα, and with good reason.
As these fractals are self-similar, we can just write:

Ck,α = cα ⊗ cα ⊗ ...⊗ cα︸ ︷︷ ︸
k+1 times

= c⊗(k+1)
α (19)

Meaning that for the i-th iteration we have:

Ak = Ak−1 ⊗ 1 +
∑
α

c⊗kα ⊗ aα (20)

This can be then further rewritten to:

Ak = Ak−1 ⊗ 1 +
∑
α

c⊗kα ⊗ aα

=

(
Ak−2 ⊗ 1 +

∑
α

c⊗(k−1)
α ⊗ aα

)
⊗ 1 +

∑
α

c⊗kα ⊗ aα

= Ak−2 ⊗ 1⊗2 +

1∑
l=0

∑
α

c⊗(k−l)
α ⊗ aα ⊗ 1⊗l

.

.

.

= a⊗ 1⊗k +

k−1∑
l=0

∑
α

c⊗(k−l)
α ⊗ aα ⊗ 1⊗l (21)

So now we have an expression for the adjacency matrix of this particular class of fractals,
but this does not mean we are done yet. After all, we are interested in the spectrum
of this matrix as that corresponds to the energy spectrum of our Hamiltonian. Unfor-
tunately giving a nice expression for the exact spectrum of this matrix is very tricky, if
not impossible.

The next best thing is of course then to see if we at least can give a good approximation.
For this we look at the matrix:

Asum
k = a⊗ 1⊗k +

k−1∑
l=0

c⊗(k−l) ⊗ a⊗ 1⊗l (22)

in which c =
∑
α cα and a =

∑
α aα. As hinted in the name Asum

k , it can be written as
a sum of various graphs Ak including all the permutations of indices α. If we assume
that all the detailed possible geometries connecting the blocks are the same, then we
can write cα = εc, in which ε−1 = nc is the amount of cα. This can be compared to a
sort of mean-field approach, in which we average the possible connections between the
blocks. With this we can construct our ’mean field’ approximation to our Ak:
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Âk = a⊗ 1⊗k +

k−1∑
l=0

εk−lc⊗(k−l) ⊗ a⊗ 1⊗l (23)

In order to now find the spectrum we first need a result concerning the eigenvalues of
Kronecker products. If we have two matrices A and B with eigenvalues λ1, ..., λm and
µ1, ..., µn respectively, then the eigenvalues of A⊗B are given by λiµj with i = 1, ...,m
and j = 1, ..., n. Furthermore, if we have a sum of these type of matrices, in order to
then also just be able to sum the eigenvalues, we need all matrices to commute (as we
need them to have the same basis). So in the case of equation (23) we would need that
[a, c] = 0.

Now if we look at our extended Sierpinski gasket, we notice that we have c = a. Clearly
then [a, c] = 0, and so if we combine that with the properties we just mentioned, we can
easily see that the spectrum of Âk is given by:

σ(Âk) = {λi1 + ελi1λi2 + ε2λi1λi2λi3 + ...+ εkλi1λi2 ...λik+1
} (24)

In which the λi are the eigenvalues of the matrix a. To get a certain eigenvalue from
σ(Âk) one needs to pick k + 1 eigenvalues from a, and plug them into the expression.
All possible choices of these eigenvalues then give the entire spectrum.

So in the end, what have we done in this approach? By seeing the connection between
the Hamiltonian of our problem and the adjacency matrix of the corresponding graph,
we have shifted our problem into the realm of eigenvalues of this adjacency matrix. We
then constructed an exact expression for this adjacency matrix in terms of Kronecker
products, and in the end to enable the calculation of the spectrum, we approximated our
graph in a mean-field theory approach, and got a nice closed form of the spectrum. Just
like in the previous chapter, we exploited the self-similarity of the fractal, and the idea
of the construction of this adjacency matrix also roots in the ideas of renormalization.
After all, we constructed this matrix by seeing that our previous iterations can be just
seen as single vertices in our original building block, which enabled us to construct the
matrices describing the links between these blocks.

Having now seen two different approaches of approximating the spectrum of our Hamil-
tonian in a fractal lattice, we will in the next chapter finally get to the main subject of
this thesis: the use of dynamical systems to do the same.
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3 Dynamical Systems

So far we have only discussed analytical methods and have not yet even dropped the
words ’dynamical system’ apart from the title, introduction and last chapter’s final sen-
tence. Let us thus begin with tackling the elephant in the room: what is a dynamical
system?

Most generally speaking a dynamical system is any physical system in which the time
dependency of a coordinate in space is given by some function. In our case we work
with discrete time steps, which means that our system can be described by a system of
(coupled) recursive equations. The most basic case would be:

xn+1 = F (xn) (25)

In which xn is the coordinate in space (or in general some quantity) we are interested
in and F (xn) some well defined function.

We have seen an example of such a recursive equation before in chapter 2.1. Equation
(13) is an example of a dynamical system in which the ’time step’ indicates the iteration
of the fractal and our ’coordinate in space’ the corresponding energy. But then how does
that lead to the spectrum of our system? We now only know how each energy value
evolves in time. To determine the spectrum we must use the fact that the spectrum is
just the set of all allowed physical values of our system. This boils down to all starting
values for which the corresponding dynamical system does not diverge in absolute value,
as these are the physical solutions, while a solution with infinite energy does of course
not exist. With some clever algebra it is now possible to find the energy spectrum of
our system [5].

Of course the use of a dynamical system comes very naturally here as we immediately
get a recursive equation for our wanted property, but of course this is not always the
case. Sometimes we have to first come up a dynamical system of our own that fits the
energy spectrum. One such example is the other example in chapter 2 where we used a
tensor representation. Let us define the following dynamical system:

xn+1 = Fi(xn) = 1 + ελixn (26)

Technically speaking this is not really a dynamical system but just a discrete iterative
process, as this function does not necessarily describe some time evolution in phase
space. But in this context of some physical system, almost all authors use this sort of
abuse of notation to describe these mappings. As we mentioned before of course, this
mapping is closely related to the energy spectrum of our system which justifies the use
of the term dynamical system.

We now find a different way to write the spectrum in equation (24):

σ(Ak) =

{(
Fik+1

◦ Fik+1
◦ ... ◦ Fi1(1)

)
− 1

ε

}
(27)

So the spectrum is obtained by a translation and re-scaling of the repeated iteration of
our dynamical system. As statistical properties are independent of these operations, this
dynamical system gives a good way to study the statistical properties of our spectrum.

After all of this you might now be wondering (or at least I was when studying this)
why this is useful at all? Didn’t we just derive what we already had? Well yes and no.
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Yes, we did arrive again at the same energy spectrum, but no, we did find some new
things. Let me elaborate. Apart from the obvious advantage that dynamical systems
are generally way easier to handle than the complex geometry from which they are de-
rived, as just mentioned, it also gives us a tool to study the statistical properties of our
spectrum. It is one thing to know what energies are allowed, but to say something about
the distribution is also very interesting. This is where the use of a dynamical system
can also greatly simplify things, as we now have a concrete rule for how energies are
mapped into the next iteration.

We can use this for example in the case of equation (13) to numerically find the energy
distribution [5]. A different approach is to look at the so-called ’level spacing distri-
bution’. As we mentioned before in the case of the spectrum, we have a set which is
invariant under transformations of our dynamical system. We can generate this set by
first taking a starting interval [xmin, xmax] for which we know that all values outside this
interval diverge and for which xmin and xmax it at least does not. We can then take a look
at how our dynamical system splits this interval in smaller disjoint sub intervals in each
next iteration. An interesting statistical property to then study is distribution of the
distances between these intervals. We call this distribution the level spacing distribution.

This then begs the question why this level spacing distribution is so interesting. Well
it so happens to be, as demonstrated in Ref [9], that the properties of this level spac-
ing distribution are closely related to the dimension properties of the graphs and its
spectrum as well as its conductivity spectrum and the geometric dimension. In Ref [10]
the level spacing distribution for the example in chapter 2.1 is derived by the use of a
linearized approximation of the dynamical system, and the level spacing distribution for
our extended Sierpinski gasket in chapter 2.2 is derived in Ref [9].

With this I think it is fair to conclude that dynamical systems can be a very practical
tool to reduce a complicated problem, in exchange for a little accuracy, to a set of equa-
tions which are much easier to work with. These results inspired us (me and my daily
supervisor Askar) to look if we can somehow find and use a dynamical system to get
the energy spectrum of a quasi-periodical/fractal pattern of delta potentials on a one
dimensional chain. More specifically we were interested if we could find some kind of
mathematical frame work in which by continuously changing some parameter we could
go from a periodic potential to a quasi-periodical or fractal potential. This would be
interesting as we expected to then see also some kind of shift in the patterns of the
corresponding energy spectrum, which can in some degree be interpreted as a phase
transition. Furthermore, these potentials tend to lend themselves naturally to some sort
of recursive equation. The choice for a 1D system was to limit the amount of param-
eters and complexity of the system in order to better get a grasp of the corresponding
dynamics and the focus of research instead of having to deal with increasingly more
complicated equations that tend to arise when increasing the dimension. The remaining
chapters of this thesis and the main focus of my research the last year concerns this
question of finding the energy spectrum with the use of a fitting dynamical system.
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4 One Dimensional Delta Potential Chain

4.1 Kronig-Penney

From now on we will be dealing with the time independent Schrödinger equation in
some potential. As we restrict ourselves to one dimension, this means that in the most
general form, we are dealing with equations of the form:

ψxx + V (x)ψ + k2ψ = 0 (28)

In which V (x) is the potential of our lattice, and k2 some constant which in the normal
time dependent Schrödinger equation would be equal to k2 = − 2mE

~2 . Remember this
relationship between k and the energy E, because this means that later on instead of
looking at the allowed spectrum of E, we can also look at the allowed spectrum of some
quantity dependent on k (and thus on E), which then implicitly gives our energy spec-
trum.

To start off, let us keep it simple and look at the most basic periodic 1D potential:

V (x) = λ

∞∑
n=−∞

δ(x− n∆) (29)

Which is a potential of equidistantly separated delta potentials with amplitude λ and
lattice constant ∆ (the distance between two delta peaks).

Figure 7: Visualisation of a part of the potential described in equation (29)

The corresponding system has a name and is called the Kronig-Penney model. It is
sometimes used as a very simple approximation of the potential of a lattice, in which
the potential the electron experiences due to the (oppositely charged) ions in the lattice,
is approximated by delta peaks.

By means of Bloch’s theorem it is possible to give an exact implicit relation between
the wave vector and the allowed energy values. Within this derivation we start off
actually with rectangular potentials of width b and height −V0. Using ν to notate the
wave vector in Bloch’s theorem and using the above described set-up and further define
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α = ik, so we have α2 ∼ E, we will get by taking the limit of b → 0 and V0 → −∞
while keeping V0b constant the following expression [11]:

cos(ν∆) = cosh(α∆) + P
sinh(α∆)

α∆
(30)

In which P = V0b∆. Taking these limits, this equation corresponds to this infinite chain
of (negative) delta potentials with distance ∆ between each peak.

As the left hand side of this equation is always between -1 and 1, this limits the allowed
values of k (which as mentioned before is directly linked to the energy). This means
that our allowed energy values are limited as we must now have that:

| cosh(α∆) + P
sinh(α∆)

α∆
| ≤ 1 (31)

From this we can now find our energy spectrum. An example for the case of P = −1
and ∆ = 1 is depicted in figure 8:

Figure 8: The x values for which the absolute value is smaller than 1, are indicated by
the dashed line.

Unfortunately, in general we cannot solve these equations exactly for more complicated
potentials. So what to do now? This is where our dynamical systems come in to play!

4.2 Transfer Matrices

Finding a dynamical system is unfortunately easier said than done. We need to come
up with some way in which we can iteratively construct our system of delta peaks, and
link this iterative process to some quantity related to the energy. In this way we can
determine determine the spectrum by looking at what starting values of this certain
quantity allow it to stay bounded for all iterations, as these then, as mentioned before
in chapter 3, correspond to the allowed physical values of our system.
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The method we will use to construct this dynamical system is that of transfer ma-
trices. A transfer matrix is a matrix which relates the amplitudes at one side of some
interface or change of potential to those on the other side:(

R+

L+

)
= T

(
R−
L−

)
(32)

In which R+ and L+ are the amplitudes of the waves travelling to the right and left
respectively on the right side of the interface, and R− and L− those on the left side.
Our transfer matrix is denoted by T.

Let us first look at the transfer matrix corresponding to a single delta peak potential
with parameter λ: V (x) = λδ(x). This will lead to the equation:

ψxx + λδ(x)ψ + k2ψ = 0 (33)

We will then find the transfer matrix by solving for ψ+ and ψ− in which we demand
that they agree in value at the interface x = 0. But before we can give a system of
equations for this condition, we need to know the solution of this differential equation
outside this delta potential. This means that we have to first solve:

ψxx + k2ψ = 0 (34)

This has as a solution:

ψ(x) = eikx + e−ikx (35)

If we then define W as the operator of the wave mode propagation solution by:

ψ(x) = W (x− x0)ψ(x0) (36)

And further write ψ as a two-component vector of modes (R,L)T . W (x− x0) takes the
form:

W (x− x0) =

(
eik(x−x0) 0

0 e−ik(x−x0)

)
(37)

We can now try and find our transfer matrix T . As we have 4 unknowns R+, L+, R− and
L− and we want to relate them together paired as before, we need two equations. We
already have one due to our imposed condition of contuinity at x = 0: ψ+(0) = ψ−(0).
But then what is the other one? Remember we still have not used equation (33). We
can use this equation to also impose some relationship on the derivatives ψ

′

+ and ψ
′

−.
If we integrate this equation on an ε interval (−ε, ε) around 0, and let ε→ 0, we get:

0 =

∫ ε

−ε
ψ
′′

+ λδ(x)ψ + k2ψdx = ψ
′

+(0)− ψ
′

−(0) + λψ(0) (38)

This means that our system of conditions is:{
ψ+(0) = ψ−(0)

ψ
′

+(0)− ψ′−(0) = −λψ(0)
(39)

Or now in terms of our modes R and L:{
R+ + L+ = R− + L−

ik(R+ − L+)− ik(R− − L−) = −λ(R− + L−)
(40)
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This can then be further rewritten in matrix notation:(
1 1
ik −ik

)(
R+

L+

)
=

(
1 1

ik − λ −ik − λ

)(
R−
L−

)
(41)

Now solving for (R+, L+)T we finally get to our transfer matrix:

(
R+

L+

)
=

(
1 1
ik −ik

)−1(
1 1

ik − λ −ik − λ

)(
R−
L−

)
=

(
1− λ

2ik − λ
2ik

λ
2ik 1 + λ

2ik

)(
R−
L−

)
(42)

Which thus means that the transfer matrix for one delta potential with parameter λ is
given by:

T =

(
1− λ

2ik − λ
2ik

λ
2ik 1 + λ

2ik

)
(43)

Note that this transfer matrix has determinant 1, and is a function of both λ and k.

Having done this, we can finally define our iterative process to arrive at the potential
of infinitely many equidistantly spaced delta peaks as in the Kronig-Penney model. We
do this by defining the iterative process:

Tn+1 = TnW (∆)Tn (44)

Again ∆ is the distance between two peaks, and we define T0 = T . In this sense
T1 = TW (∆)T corresponds to a potential of two delta peaks with a distance ∆ between
them. T2 = T1W (∆)T1 = TW (∆)TW (∆)TW (∆)T then corresponds to 4 equidistantly
spaced delta peaks, and it is very easy to prove with induction that Tn corresponds to
2n equidistantly spaced delta peaks. And thus indeed as n→∞ we arrive at the same
potential as described in the Kronig-Penny model.

We now have some iterative process, but we still need to find some quantity for which
we can define our dynamical system. For this let us start off with looking at how each
component of Tn evolves with each iteration:

Tn+1 =

(
T 11
n+1 T 12

n+1

T 21
n+1 T 22

n+1

)
= TnW (∆)Tn

=

((
T 11
n

)2
eik∆ + T 21

n T 12
n e−ik∆ T 12

n

(
T 11
n eik∆ + T 22

n e−ik∆
)

T 21
n

(
T 11
n eik∆ + T 22

n e−ik∆
) (

T 22
n

)2
e−ik∆ + T 21

n T 12
n eik∆

)
(45)

Now let us define un = Tr TnW = T 11
n eik∆+T 22

n e−ik∆. Furthermore, define an = Det Tn
(in the case described above we just have an = 1 for all n). This then allows us to rewrite
our expression for T 11

n+1 into a simpler form:

T 11
n+1 =

(
T 11
n

)2
eik∆ + T 21

n T 12
n e−ik∆

= T 11
n un − T 11

n T 22
n e−ik∆ + T 21

n T 12
n e−ik∆

= T 11
n un −

(
T 11
n T 22

n − T 21
n T 12

n

)
e−ik∆

= T 11
n un − ane−ik∆ (46)
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In the same fashion one can also show that T 22
n+1 = T 22

n un − aneik∆. The non-diagonal
components can easily be rewritten by inspecting equation (45). This can then all be
summarized as: 

T 11
n+1 = T 11

n un − ane−ik∆

T 22
n+1 = T 22

n un − aneik∆

T 12
n+1 = T 12

n un

T 21
n+1 = T 21

n un

(47)

All this work now finally enables us to come with a recursive equation for un:

un+1 = T 11
n+1e

ik∆ + T 22
n+1e

−ik∆

=
(
T 11
n un − ane−ik∆

)
eik∆ +

(
T 22
n un − aneik∆

)
e−ik∆

=
((
T 11
n

)2
eik∆ + T 11

n T 22
n e−ik∆ − ane−ik∆

)
eik∆ +

((
T 22
n

)2
e−ik∆ + T 11

n T 22
n eik∆ − aneik∆

)
e−ik∆

=
(
T 11
n eik∆

)2
+ 2T 11

n T 22
n +

(
T 22
n e−ik∆

)2 − 2an

= u2
n − 2an (48)

The recursive equation for an can be found a little easier by noting that:

an+1 = Det (Tn+1) = Det (TnWTn) = Det (Tn)2 = a2
n (49)

In which we used that Det W = 1 and that the determinant of products is the product of
determinants. This now finally enables us to define our sought after dynamical system:{

un+1 = u2
n − 2an

an+1 = a2
n

(50)

As un is directly linked to k and thus to our energy, this is the quantity we are most
interested in. As un is defined as the trace of TnW we want its absolute value to be
finite for all n, as these corresponding u0 belong to the physical solutions of ψ that
stay bounded. Because of this we can thus translate our problem of finding the energy
spectrum to one of finding the invariant set of our dynamical system, i.e. the maximal
set Ω for which F (Ω) = Ω, in which Ω cannot be the entire space and F is the function
describing the dynamical system. In our case this Ω is equivalent to the set of all starting
values u0 for which |un| <∞ as n→∞.

Let us now go back to our original situation as prescribed in the Kronig-Penney model.
As the determinant of our transfer matrix in equation (43) is 1, we have the case that:

un+1 = u2
n − 2 (51)

It is not very hard to see that the corresponding invariant set would be |u0| ≤ 2, and
since it no longer depends on an, in general we must have that |un| ≤ 2 for all n ≥ 0.
If we now define α as α = −ik, so we have that α2 ∼ E, we see by plugging in k = iα
into our definition of u1:

u1 = Tr

(
1 + λ

2α
λ
2α

− λ
2α 1− λ

2α

)(
e−α∆ 0

0 eα∆

)
= (eα∆ + e−α∆)− λ

2α
(eα∆ − e−α∆)

= 2 cosh(α∆)− λ

α
sinh(α∆) (52)
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In which ∆ is the distance between to delta potentials. Now remembering that we should
have |u1| ≤ 1, our possible energies are given by the condition:

| cosh(α∆)− λ

2α
sinh(α∆)| ≤ 1 (53)

This corresponds to the condition in equation (31) we got from the Kronig-Penney
model! The difference in sign in front of the sinh is due to the fact that here we worked
with positive delta functions, and the extra factor ∆

2 is due to the normalizing of the
potential in the limiting procedure going from a rectangular potential to a delta function
while keeping this product V0b constant. This corresponds to λ = − 2P

∆ , which means
that the two conditions are the same. Although we no longer have any information
on the dispersion relation as opposed to before, this method does yield an alternative
approach to finding the energy spectrum, which is what we were interested in.

4.3 Generalized Dynamical System

Looking back at equation (50) we see that in the general case there is also an equation
governing an. While in our original problem, in the context of the Kronig-Penney model,
this an = 1 for all n, it might be interesting to see if there is some way in which we
could alter our original equation to make an no longer be equal to 1. We are dealing
with the time independent Schrödinger equation in 1D which can be seen as some sort
of wave equation. In this context we know that by adding a (positive) first derivative in
space, this can be seen as some kind of friction or energy loss phenomena. We can thus
expect that by adding a first derivative multiplied by some constant, that we can still
find an invariant set in which our equation will be slightly different.

So let us add bψ
′

to the Schrödinger equation used to derive the system. Letting b ∈ C
be some constant, we get:

ψ
′′

+ λδ(x)ψ + bψ
′
+ k2ψ = 0 (54)

Integrating an ε interval around 0 and letting ε→ 0 yields:

∫ ε

−ε
ψ
′′

+ λδ(x)ψ + bψ
′
+ k2ψdx = (55)

= ψ
′

+(0)− ψ
′

−(0) + b(ψ+(0)− ψ−(0)) + λψ(0) = 0 (56)

And if we again force continuity of the solution, we get the following conditions on the
solution: {

ψ+(0) = ψ−(0)

ψ
′

+(0)− ψ′−(0) = −λψ(0)
(57)

To find the solution, we still have to solve:

ψ
′′

+ bψ
′
+ k2ψ = 0 (58)

This has as a general solution:

ψ(x) = ex
−b+
√
b2−4k2

2 + e−x
b+
√
b2−4k2

2 (59)

If we again define W as the operator of the wave mode propagation solution by:
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ψ(x) = W (x− x0)ψ(x0) (60)

Then if we write ψ as a two-component vector of modes (R,L)T , then W (x− x0) takes
the form:

W (x− x0) =

e(x−x0)
−b+
√
b2−4k2

2 0

0 e−(x−x0)
b+
√
b2−4k2

2

 (61)

Plugging this back into our system of conditions yields:

{
R+ + L+ = R− + L−(
−b+
√
b2−4k2

2 R+ − b+
√
b2−4k2

2 L+

)
−
(
−b+
√
b2−4k2

2 R− − b+
√
b2−4k2

2 L−

)
= −λ(R− + L−)

Which can be put in matrix form:

(
1 1

−b+
√
b2−4k2

2 − b+
√
b2−4k2

2

)(
R+

L+

)
=

(
1 1

−b+
√
b2−4k2

2 − λ − b+
√
b2−4k2

2 − λ

)(
R−
L−

)
(62)

And thus:

(
R+

L+

)
=

(
1 1

−b+
√
b2−4k2

2 − b+
√
b2−4k2

2

)−1(
1 1

−b+
√
b2−4k2

2 − λ − b+
√
b2−4k2

2 − λ

)
︸ ︷︷ ︸

Dλ

(
R−
L−

)

(63)
Which yields (under the assumption b2 6= 4k2):

Dλ =
1√

b2 − 4k2

(√
b2 − 4k2 − λ −λ

λ
√
b2 − 4k2 + λ

)
(64)

Which has determinant 1, and if b = 0 reduces as expected to the case:

Dλ =

(
1− λ

2ik − λ
2ik

λ
2ik 1 + λ

2ik

)
(65)

Now if we define again:

Tn+1 = TnW (∆)Tn (66)

In which we take T0 = Dλ. If we now for sake of notation define c = −b
2 and d =

√
b2−4k2

2 ,
then:

Tn+1 =

(
T 11
n+1 T 12

n+1

T 21
n+1 T 22

n+1

)
=

(
T 11
n T 12

n

T 21
n T 22

n

)(
e∆(c+d) 0

0 e−∆(−c+d)

)(
T 11
n T 12

n

T 21
n T 22

n

)
=

(
e∆(c+d)(T 11

n )2 + T 12
n T 21

n e−∆(−c+d) T 21
n un

T 21
n un e−∆(−c+d)(T 22

n )2 + T 12
n T 21

n e∆(c+d)

)
In which un is defined as un = Tr TnW (∆). This gives the system of equations:
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T 11
n+1 = T 11

n un − ane−∆(−c+d)

T 22
n+1 = T 22

n un − ane∆(c+d)

T 12
n+1 = T 12

n un

T 21
n+1 = T 21

n un

(67)

In which an = Det Tn

This can be finally be rewritten into a system of recursive equations for un and an:{
un+1 = u2

n − 2e2∆can

an+1 = e2∆ca2
n

(68)

In the case that b = 0 (which means that also c = 0) this does reduce to the previous
case of: {

un+1 = u2
n − 2an

an+1 = a2
n

(69)

As we will prove in lemma 4.2, this can be reduced to the following form:

un+1 = u2
n − 2a2n

0 (70)

The equation for an in equation (68) can also be solved explicitly (the proof of which
goes very similar to that of lemma 4.2):

an = a2n

0 e2(2n−1)∆ (71)

Plugging this in for un+1 yields:

un+1 = u2
n − 2e2∆ca2n

0 e2(2n−1)∆

= u2
n − 2

(
a0e

2∆c
)2n

= u2
n − 2γ2n

0 (72)

In which γ0 = a0e
2∆c = e−b∆ is our new effective a0, in our old equation (70). We

always had an = 1 as the determinant of T0 and our original W0 were always equal
to 1, but with the addition of the first order derivative we can now tune our ’effective
a0’. From this new effective a0 we can also see that the distance ∆ between two delta
potentials will start to matter, while at first it did not (given ∆ was constant). We can
also see that as long as Re(b) ≥ 0 that |γ0| ≤ 1 which, we will later prove, provides
bounded solutions. This is indeed what we expected as the first order derivative can be
seen as a sort of friction term so an increase in friction (positive b), which corresponds
to a loss of energy, will still lead to bounded solutions.

With this alteration, we are no longer restricted to the use of an = 1 but instead can
take a0 ∈ C. This however then begs the question: what does that mean for our new
invariant set?

Let us first refresh our memories a little bit and note that our invariant set Ω is defined
as:

Ω = {u0 ∈ C | |un| <∞ ∀n ∈ N} (73)
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Unfortunately I have still to develop some sort of magical powers which enables me
to immediately envision such an invariant set, and thus I had to resort to the second
best thing: just simulating it and hoping that I recognized something. First I started
off simple with some real values of a0 between 0 and 2, and plotted Ω. From the re-
sulting figures, some examples of which can be seen in figure 9, I deduced that as long
as a0 = 1 − ε with ε ∈ [0, 1] I would get an ellipse in the complex plane of the form
(2−ε) cos(t)+iε sin(t) with t ∈ [0, 2π]. If a0 > 1 there would be no invariant set showing
up.

Figure 9: The invariant sets for a0 ∈ {0, 0.5, 0.95, 1.1}. They were generated by taking
random points from a disk with radius two, in which converging points were coloured
green and diverging points red.

This then made me curious what would happen if I took a0 more generally to be in C.
Once again I saw the same ellipses as I saw before, but this time they were tilted as
can be seen in figure 10. From trying several different complex numbers for a0 I noticed
that the angle with which the ellipse was tilted, was half the angle of a0 in the complex
plane. This meant that for a0 = (1 − ε)eiθ the more general ellipse was of the form
((2− ε) cos(t) + iε sin(t))eiθ/2 with t ∈ [0, 2π].

I then wrote some further code to fit ellipses through my numerically found invariant
sets and compared them to my expected ellipses, an example of which can be seen in
figure 11, and they seemed to match perfectly. But, and this was a large but, without
mathematically verifying my suspicion, it was no more than speculation. Luckily now I
had at least a candidate for my invariant set, and it is a lot easier to verify or disprove
a candidate than it is to prove the shape of the invariant set from scratch.
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Figure 10: The invariant sets for a0 ∈ {0.5i,−0.5i}.

Figure 11: The invariant sets for a0 ∈ {0.5i,−0.5i} with the addition of a fitted ellipse as
well as the expected ellipse according to my hypothesis. The blue points are the points
belonging to the convex hull of the green points, which were used to fit the ellipse. Due
to the amount of points this fitted ellipse resembles the exact ellipse so closely that they
are hard to distinguish.

With the physical intuition and the guess for the invariant set out of the way, we now
have to resort to some more rigorous mathematics to prove our claims. This means
that at least for a short while, we will be entering the world of lemmas (’helping theo-
rems’), propositions (theorems of lesser importance) and theorems. As mentioned in the
introduction, I do not want this thesis to be a sea of mathematics, but unfortunately
sometimes it is necessary to then at the very least create a little pond of mathematics so
to speak. Because of this, I advise the mathematically less inclined or interested reader
to just skip this part until the end of this chapter, while of course highly encouraging
those who are interested to read the proofs as they do give more insight on the dynamics
of our system.
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As hinted at before, through observing a lot of numerical simulations, we arrived at the
following hypothesis which we can indeed prove as a theorem:

Theorem 4.1. For the system of coupled equations (50), the invariant set of u0 is
empty if |a0| > 1 and if a0 = (1− ε) eiθ for some ε ∈ [0, 1] and θ ∈ [0, 2π] so we have
|a0| ≤ 1, Ω is given by:

Ω = {z = (a(2− ε) cos (t) + iε sin (t)) ei
θ
2 | a, b ∈ [0, 1], t ∈ [0, 2π]}

Which implies that Dim(Ω) = 0 if |a0| > 1, Dim(Ω) = 1 if |a0| = 1 and Dim(Ω) = 2 if
|a0| < 1.

We will prove this theorem step by step by chopping it into some lemma’s and one
proposition.

We start off easy by first deriving an explicit expression for the an:

Lemma 4.2. For an we have the explicit expression:

an = a2n

0 (74)

Which then reduces our system (50) to:

un+1 = u2
n − 2a2n

0 (75)

Proof. We will prove this by means of induction. Trivially we have for the case n = 1:

a1 = a2
0 = a21

0 (76)

Now for the induction step, assume it holds for n = k, we now want to show it holds for
n = k + 1:

ak+1 = a2
k =

(
a2k

0

)2

= a2k·2
0 = a2k+1

0 (77)

Which is precisely what we wanted.

Now plugging our newfound expression for an in the equation for un+1 finishes the
proof.

To come closer to an expression for Ω, we could look for some ’border’ of this invariant
set. If we could find some sort of shape/line that envelops some region in C for which
we have that the border and in its interior should lie in Ω while outside of it everything
diverges, we are done. In that case Ω can be defined as the interior of this border. It so
happens that this will indeed be the case, as one could have seen from the definition of
Ω in theorem 4.1.

Let us now prove another lemma related to this border.

Lemma 4.3. Let a0 = 1− ε, and u0 = (2− ε) cos (t) + iε sin (t) for some t ∈ R. Then
un is given by:

un = (1− ε)2n
e−2nit + e2nit (78)
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Proof. Let a0 and u0 as prescribed in the lemma. Using the complex identities for sin
and cos, u0 can be rewritten as:

u0 = (2− ε) e
it + e−it

2
+ iε

eit − e−it

2i

Now we can find u1:

u1 = u2
0 − 2a0

=

(
(2− ε) e

it + e−it

2
+ iε

eit − e−it

2i

)2

− 2 (1− ε)

=
4− 4ε+ ε2

4

(
e2it + e−2it + 2

)
+
ε2

4

(
e2it + e−2it − 2

)
+

4ε− 2ε2

4

(
e2it − e−2it

)
− 2 (1− ε)

= (1− ε)2
e−2it + e2it

We will finish the proof with induction. We have already proven the case n = 1. Now
assume it holds for n = k. Combining this with lemma 4.2 yields:

uk+1 = u2
k − 2ak =

(
(1− ε)2k

e−2kit + e2kit
)2

− 2 (1− ε)2k

= (1− ε)2k+1

e−2k+1it + e2k+1it + 2 (1− ε)2k − 2 (1− ε)2k

= (1− ε)2n+1

e−2k+1it + e2k+1it

And thus by induction we have for a0 = 1 − ε, and u0 = (2− ε) cos (t) + iε sin (t) for
some t ∈ R the wanted expression in equation 78.

Now it is time for the final lemma needed to prove a coming proposition.

Lemma 4.4. Define a0 and un as in lemma 4.3 and Ω
′

n as the enclosed area of the
ellipse generated by un. Further define Fn as the mapping described in equation (75):

Fn(x) = x2 − 2(1− ε)2n (79)

and its n times composition:

Fn(x) = Fn ◦ Fn−1 ◦ ... ◦ F0(x) (80)

Which is the mapping of x after n iterations.

Then we have Fn(0) ∈ Ω
′

n+1 for all n, and for all n there is a x0,n ∈ Ω
′

0 ≡ Ω
′

such that
Fn(x0,n) = 0

Proof. Let us start off with proving the first statement:

|Fn(0)| = |0− 2(1− ε)2n |
= 2(1− ε)2n

≤ 1 + (1− ε)2n+1

(81)

In which the last inequality follows from (1− (1− ε)2n)2 ≥ 0. Now as 1 + (1− ε)2n+1 ∈
Ω
′

n+1, we have through symmetry of course also −1− (1− ε)2n+1 ∈ Ω
′

n+1 which implies

27



that indeed Fn(0) ∈ Ω
′

n+1.

For the second statement we will prove that:

x0,n =

√√√√
2 +

√
2 +

√
2 +

√
2 + ..

√
2︸ ︷︷ ︸

n+ 1 terms

√
1− ε (82)

satisfies the wanted properties. We will first prove that x0,n ∈ Ω
′
. We start by noticing

that trivially 0 ≤ xn ≤ xn+1 for all n, and thus we have an increasing sequence. The
upper bound for x0,n is thus given by its limit as n → ∞. Let’s find this limit of the
nested radical and denote it by a:

a =

√
2 +

√
2 +

√
2 +
√

2 + ..

=
√

2 + a

a2 = 2 + a

a2 − a− 2 = 0

(a− 2)(a+ 1) = 0

a = 2 ∨ a = −1 (83)

But as we know that a ≥ 0, this means that a = 2. This then implies that x0,n ≤
2
√

1− ε. We now note that
√

1− x = 1−x/2−x2/8− ... ≤ 1−x/2, which then implies
that x0,n ≤ 2

√
1− ε ≤ 2 − ε ∈ Ω

′
. And thus we also have that x0,n ∈ Ω

′
as what we

wanted to prove. Now it only remains to show that Fn(x0,n) = 0:

Fn(x0,n) = Fn ◦ ... ◦ F0


√

2 +

√
2 + ...

√
2︸ ︷︷ ︸

n+ 1 terms

√
1− ε


= Fn ◦ ... ◦ F1


2 +

√
2 +

√
2 + ...

√
2︸ ︷︷ ︸

n terms

 (1− ε)− 2(1− ε)


= Fn ◦ ... ◦ F1


√

2 +

√
2 + ...

√
2︸ ︷︷ ︸

n terms

(1− ε)


= Fn ◦ ... ◦ F2


√

2 +

√
2 + ...

√
2︸ ︷︷ ︸

n− 1 terms

(1− ε)2


.

.

.

= Fn

(√
2(1− ε)2n−1

)
= 2(1− ε)2n − 2(1− ε)2n = 0 (84)

Which finishes the proof of the lemma.
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Proposition 4.5. Let a0 = 1− ε with ε ∈ [0, 1] and define Ω
′

as:

Ω
′

= {u0 = x+ iy ∈ C | x2

(2− ε)2 +
y2

ε2
≤ 1} (85)

Which is the interior of the ellipse in the complex plane with semi-major axis 2− ε and
semi-minor axis ε.

Then Ω = Ω
′

in which Ω is the invariant set given by (73)

Proof. Take u0 = (2− ε) cos (t) + iε sin (t) ∈ ∂Ω
′
.

Since ε ∈ [0, 1] we have through lemma 4.3:

|un| = | (1− ε)2n
e−2nit + e2nit| ≤ 2− ε <∞ (86)

Which means ∂Ω
′ ⊂ Ω.

Since the mapping un → un+1 is holomorphic and Ω
′o is a bounded domain of C, by

the open mapping theorem we have that Ω
′o is mapped onto an open subset of C (and

there exists a homeomorphism between Ω
′o and its image), with the image of ∂Ω

′
as its

boundary. [12]

Define Ω
′

n as the enclosed area of the n-th iteration of ∂Ω
′
:

Ω
′

n = {u0 = x+ iy ∈ C | x2(
1 + (1− ε)2n

)2 +
y2(

1− (1− ε)2n
)2 ≤ 1}

We now have to check that the interior of Ω
′

n is mapped onto the interior of Ω
′

n+1. Now

by lemma 4.4 we know that if Fn(0) ∈ Ω
′

n+1, and thus if we can prove that 0 ∈ Ω
′

n,

this holds. For this we once again use lemma 4.4 which gives us an explicit x0,n ∈ Ω
′

for which Fn(x0,n) = 0 which implies that 0 ∈ Ω
′

n. This all together now implies that

Ω
′ ⊆ Ω.

To finalize the proof, one can see that an converges to 0. This will leave us with
un+1 = u2

n asymptotically in n, and this only converges if the absolute value of un is
smaller or equal to 1. In this limit, it can only be smaller than one if u0 already started
in Ω

′
as the unit disk is the limiting set of Ω

′

n and all mappings are homeomorphisms
through the open mapping theorem, meaning there is a continuous inverse function
from Ω

′

n to Ω
′

through the function composition of all previous n inverse mappings.
This only leaves it being equal to 1 for it to converge in the limit, but with the same
argument this means u0 should have already started in the boundary of Ω

′
, and thus

all values outside of Ω
′

will diverge. This means that
(
C \ Ω

′
)
∩Ω = ∅, and thus Ω ⊆ Ω

′

Finally combining Ω
′ ⊆ Ω and Ω ⊆ Ω

′
yields the wanted resulted: Ω = Ω

′

We have now all the necessary tools to prove theorem 4.1:

Proof. First we make a distinction between two cases: |a0| > 1 and |a0| ≤ 1.

Completely analogous to lemma 4.2, one can obtain that for a0 = reiθ ∈ C holds:

an = r2ne2niθ
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Now it is easy to see that for |a0| = r > 1, an rapidly diverges to infinity. And with an
diverging, so will un as at some point either u2

n will be around the same magnitude as
an or one of the two dominates the other. In the first case un+2 will be dominated by
the an+1 terms from where on the magnitude um will be bounded from below by terms
of the order of am−1 for m ≥ n+ 3. And in the second case if |un|2 >> |an| then |um|
will stay greater then |am| for all m greater than n, and if it’s the other way around,
then |um| ≈ 2|am| for m greater than n. In all these cases |un| is bounded below by |an|
for n great enough, and thus |un| will also diverge in the limit.

This now leaves us with the case |a0| ≤ 1. From this point onwards we will write a0 =
(1− ε) eiθ in which ε ∈ [0, 1] and θ ∈ [0, 2π]. This case can be reduced to proposition 4.5

by adding a factor ei
θ
2 to the parametrisation of the border. This yields for the border:

∂Ω = {
(
(1− ε) e−it + eit

)
ei
θ
2 | t ∈ [0, 2π]} (87)

In a similar fashion to lemma 4.3, an expression can also be given for our new generalized
un for u0 ∈ ∂Ω:

un =
(

(1− ε)2n
e−2nit + e2nit

)
e2n−1iθ (88)

The remaining parts of the proof now go analogously to the proof of proposition 4.5 with
the altered expression for Ω and this new un giving the parametrisation of the border
after the n-th iteration.

We thus found a general expression for the invariant set Ω in our system of evenly spaced
delta functions with parameter λ, in which we allowed for an extra first order derivative
term in our time independent Schrödinger equation. We also saw that this a0 induces
some sort of phase transition as the dimension of Ω goes from 2 to 1 to 0 as |a0| increases.

To summarize, within this section we explored how a simple dynamical system can be
used as an alternative method to solve a complex problem, as well as gave the exact
invariant set of a more general variant of our original problem, which in the same manner
can then be used to find the corresponding energy spectrum.
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5 Quasi-periodical Delta Potential Chain

5.1 Set-up and General Equations

What we studied in the last chapter was the most simple case of a periodic potential with
period 1. We can now start to ask ourselves the question if there is some way to alter
our mathematical framework so that we can also allow different kind of potentials. As
we have seen in chapter 2, fractal type potentials can lead to very interesting behaviour
in the energy spectrum, so if we can extend our method to these types of potentials,
this would offer a new tool to study these systems.

The most natural way to further generalize our system is to allow for altering the
distance between two delta potentials. In terms of our equations this translates to

changing our matrix W to Wn = W
s(n)
0 , in which W0 can be seen as the wave mode

propagation matrix for our ’unit distance’ between two delta potentials, and s(n) some
sequence. For example W 2

0 would then correspond to twice this ’unit distance’ be-
tween delta potentials. In this manner our recursion equation for the transfer matrix
now changes to: Tn+1 = TnWnTn, and the geometric shape now depends on the se-
quence s(n). To get some more feeling for it, let us look at the potential generated
by the sequence s(n) = 3n−1 if n ≥ 1 and s(0) = 1. We can notate our potential
as a binary string in which 1 denotes a delta potential and 0 denotes one unit length.
The first 3 iteration would then be: T1 = T0W0T0 = 101, T2 = T1W1T1 = 1010101,
T3 = T2W2T2 = 10101010001010101. If we plot this potential by normalizing our ’unit
length’ in each iteration so that the total distance between the first and final delta po-
tential is 1, we get a pretty famous fractal called the Cantor Set:

Figure 12: The potential as generated by the sequence s(n) = 3n−1 if n ≥ 1 and s(0) = 1,
in which the potential is in width normalized to the unit interval. We note that this
procedure indeed generates the Cantor set.
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Unfortunately we cannot just expect our system of equations to stay the same. For
our expanded general dynamical system we introduce the new variables yn = Tr (Tn),
zn = Tr (Wn) and bn = Det (Wn) in addition to the two variables that we already
had: xn = Tr (TnWn) and an = Det (Tn). As xn and yn will depend on the other three
variables, we start with finding the equations for zn, an and bn.

Since Wn is some power of W0, for a closed form of Wn we need to find an expression
for the k-th power of a 2x2 matrix. To derive such an expression we start by noting
that we already know it for the square of matrix by courtesy of the Cayley-Hamilton
theorem:

A2 = Tr(A)A− aI (89)

In which Det (A) = a and I is the 2x2 identity matrix. Besides this identity, one
can also easily check that for the eigenvalues λ± we have the identity λ± = 1

2Tr(A) ±√
1
4Tr(A)2 − a. One can now also note that λ± + λ∓ = Tr(A) and λ±λ∓ = a.

We now start by first proving three useful identities. The first of which being:

(A− λ±I)(A− λ±I) = A2 − 2λ±A+ λ2
±I

= A(λ∓ + λ±)− λ±λ∓I − 2λ±A+ λ2
±I

= A(λ∓ − λ±)− (λ∓ − λ±)λ±I

= (λ∓ − λ±)(A− λ±I) (90)

In which we used the Cayley-Hamilton theorem to rewrite A2. Similarly we use the
Cayley-Hamilton theorem again to prove the next identity:

(A− λ±I)(A− λ∓) = A2 −A(λ± + λ∓) + λ±λ∓I = 0 (91)

And thirdly we rewrite A into an expression with which we can utilise the last two
identities:

A =
λ+ − λ−
λ+ − λ−

A

=
λ+A− λ−A− λ±λ∓I − λ±λ∓I

λ+ − λ−

=
λ+(A− λ−I)− λ−(A− λ+I)

λ+ − λ−
(92)

We can now raise equation (92) to the k-th power. Doing this we note that all the cross
terms in the numerator cancel out due to equation (91) and we can then use equation
(90) to rewrite this top part:

Ak =
(λ+(A− λ−I)− λ−(A− λ+I))

k

(λ+ − λ−)
k

=
λk+ (λ+ − λ−)

k−1
(A− λ−I)− λk− (λ+ − λ−)

k−1
(A− λ+I)

(λ+ − λ−)
k

=
λk+ − λk−
λ+ − λ−

A− a
λk−1

+ − λk−1
−

λ+ − λ−
I (93)
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With equation (93), we can now find an exact expression for zn in terms of z0 and b0:

zn = Tr (Wn) = Tr (W
s(n)
0 )

=
λ
s(n)
+ − λs(n)

−
λ+ − λ−

z0 − 2b0
λ
s(n)−1
+ − λs(n)−1

−
λ+ − λ−

(94)

In which λ± are just the eigenvalues of W0:

λ± =
1

2
z0 ±

√
1

4
z2

0 − b0 (95)

Finding an expression for an and bn is luckily a lot more straight forward. The easiest
is bn:

bn = Det (W
s(n)
0 ) = (Det (W0))s(n) = b

s(n)
0 (96)

The expression for an is a little bit trickier but we again just use that the determinant
of products is the product of determinants. Writing out the first few terms, one can
recognize the following expression:

an = a2n

0 b
∑n−1
i=0 2n−1−is(i)

0 (97)

As with earlier expressions of this form (e.g. lemma 4.2) one can confirm this expression
quite easily with induction.

This now leaves us with finding the new expressions for xn and yn. To do this, we use
the following identity for two random 2x2 matrices A and B:

AB = [Tr(AB)− Tr(A)Tr(B)] I + Tr(A)B + Tr(B)A−BA (98)

Using this and equation (89) we can rewrite Tn+1:

Tn+1 = TnWnTn

= [Tr (TnWn)− Tr (Tn)Tr (Wn)]Tn + Tr (Tn)WnTn + Tr (Wn)T 2
n −WnT

2
n

= [Tr (TnWn)− Tr (Tn)Tr (Wn)]Tn + Tr (Wn) [Tr (Tn)Tn − anI]

+Tr (Tn)WnTn −Wn [Tr (Tn)Tn − anI]

= Tr (TnWn)Tn − Tr (Wn)anI + anWn (99)

Now taking the trace of both sides we get:

yn+1 = xnyn − anzn (100)

This only leaves us to find the new expression for xn:

Wn+1Tn+1 = Wn+1 (TnWnTn)

= Wn+1 (Tr(TnWn)Tn − Tr(Wn)anI + anWn)

= Tr(TnWn)Wn+1Tn − Tr(Wn)anWn+1 + anWn+1Wn (101)
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Unfortunately we cannot simplify this expression any further without knowing our se-
quence s(n) as we need to know how Wn+1 relates to Wn. For example take Wn+1 = W 2

n

which corresponds to s(n) = 2n. In figure 13 one can see the potential described by this
sequence:

Figure 13: The potential as generated by the sequence s(n) = 2n, in which the potential
is in width normalized to the unit interval.

We can now further simplify equation 101:

Wn+1Tn+1 = Wn+1Tr(TnWn)Tn −Wn+1Tr(Wn)anI +Wn+1anWn

= (Tr (Wn)Wn − bnI) Tr(TnWn)Tn − (Tr (Wn)Wn − bnI) Tr(Wn)anI

+ (Tr (Wn)Wn − bnI) anWn

= Tr (Wn)Tr(TnWn)WnTn − bnTr(TnWn)Tn − (Tr (Wn))
2
anWn

+anbnTr (Wn)I + Tr (Wn)anW
2
n − bnanWn

= Tr (Wn)Tr(TnWn)WnTn − bnTr(TnWn)Tn − (Tr (Wn))
2
anWn

+anbnTr (Wn)I + Tr (Wn)an (Tr (Wn)Wn − bnI)− bnanWn

= Tr (Wn)Tr(TnWn)WnTn − bnTr(TnWn)Tn − bnanWn (102)

We again can take the trace on both sides, which leaves us with:

xn+1 = znx
2
n − bnxnyn − bnanzn (103)

If we now plug in s(n) = 2n in all of our previous found equations, we end up with the
following dynamical system:
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xn+1 = znx
2
n − bnxnyn − bnanzn

yn+1 = xnyn − anzn
zn = z0

λ2n

+ −λ
2n

−
λ+−λ− − 2b0

λ2n−1
+ −λ2n−1

−
λ+−λ−

an = a2n

0 b2
n−1n

0

bn = b2
n

0

(104)

This system might seem intimidating but we must not forget that the latter three equa-
tions are all explicit expressions, so in practise we are only left with a dynamical system
in xn and yn. Furthermore, in our particular system characterized by W0 and T0 as in
equation (61) and (64) respectively, we have initial values:



x0 = 2e−
b
2 ∆ cosh

(√(
b
2

)2 − k2

)
− 2 λe−

b
2

∆
√
b2−4k2

sinh

(√(
b
2

)2 − k2

)
y0 = 2

z0 = 2e−
b
2 ∆ cosh

(√(
b
2

)2 − k2

)
a0 = 1

b0 = e−b∆

(105)

We have hereby demonstrated that it is possible to generalize our problem even further
by now admitting sequences s(n) which can lead to quasi-periodical and even fractal
potentials, whilst still being able to use our method of dynamical systems to describe it.

5.2 Special Choice of Sequence

At this point let us take a step back and look again at equation (48). We have seen a
similar equation before in chapter 2 in equation (13). As noted in Ref [10], this equation
can be shifted x→ x+3/2 and has inverse mapping F−1

± (x) = x2−γ, in which γ = 15/4
(see their equation 2). This equation was then studied further and showed interesting
behaviour as well as being highly connected to the extended Sierpinski gasket. This
leads us to believe that if in some way we can force the an in equation (48) to be a
constant not equal to 1, we should expect similar behaviour.

Now going back to the framework we just derived, we have found an expression for an in
equation (97). If we want an = γ for all n, this is then equivalent to finding a sequence
s(n) such that:

a2n

0 b
∑n−1
i=0 2n−1−is(i)

0 = γ (106)

If we then further take into consideration that b0 = e−b∆ and a0 = 1, we find that as a
sequence we must have:

s(n) = − 1

b∆
ln(γ)(−1)2n+12−n (107)

For this choice of s(n) we get our wanted an = γ, but we must first check something.

After all, this s(n) was defined as the exponent of our matrix W0, but is W
s(n)
0 still

well-defined like this? In order for this to make sense, we must define what it means for
a matrix to be raised to a non-integer power. For this we define:

Ax = ex ln(A) (108)
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The logarithm is well defined if A is invertible and there exists a unique logarithm with
eigenvalues with imaginary part lying between [−π, π] if all the eigenvalues are real [13].
As W0 is a diagonal matrix with real eigenvalues and determinant e−b∆ 6= 0, it satisfies
all these properties. The matrix exponential always converges and is defined as the
Taylor series of the exponential function [14].

Having found our candidate s(n) and justified to ourselves that it makes mathemat-
ical sense in this context, we can try to find our recursion equation. We see that

s(n+1) = 1
2s(n) for all n ≥ 1, which means that Wn+1 = W

1
2
n . As we want our equation

in terms of Wn and not in terms of powers of Wn we need to find the square root. One

such square root is W
1
2
n = 1

t (Wn + sI) with t =
√

TrWn + 2
√

DetWn =
√
zn + 2

√
bn

and s =
√
bn. [15]

To further simplify the equation we already saw that in the limit bn → 1 and zn → 2.

This means that by approximating we can simplify it even further to: Wn+1 = W
1
2
n =

1
2 (Wn + I). We can now use this approximation to simplify equation (101):

Wn+1Tn+1 = Tr(TnWn)
1

2
(Wn + I)Tn − Tr(Wn)an

1

2
(Wn + I) + an

1

2
(Wn + I)Wn

=
1

2
Tr(TnWn) (WnTn + Tn)− 1

2
anTr(Wn) (Wn + I) +

1

2
an
(
W 2
n +Wn

)
=

1

2
Tr(TnWn) (WnTn + Tn)− 1

2
anTr(Wn)I − 1

2
anbnI +

1

2
anWn (109)

Which then leads us to a recursive equation for xn:

xn+1 =
1

2

(
x2
n + xnyn − anzn

)
− anbn (110)

This means that for our chosen s(n) and large enough n, our system can be approximated
by: {

xn+1 = 1
2

(
x2
n + xnyn

)
− 2γ

yn+1 = xnyn − 2γ
(111)
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In figures 14 and 15 we can see the invariant set of real values x0 for a fixed y0 = 2
(which corresponds to our initial values) plotted against γ for the approximated and
exact system. For the invariant set for a fixed γ one can take a horizontal slice.

Figure 14: The invariant set of the real values of x0 plotted against γ, for fixed y0 = 2
of the approximated system.

Figure 15: The invariant set of the real values of x0 plotted against γ, for fixed y0 = 2
for the exact system. Do note the scale difference between this figure and figure 14.

As one can see, they do differ quite a bit. This can be partially explained by the approx-
imations made in the approximate system, as well as due to some difficulties that arise
when defining these matrix exponentials. With regards to the approximations, besides
the fact that bn ≈ 1 and zn ≈ 2 for large n, we also have to deal with the fact that
our square root is not unique, and thus we might have considered the ’wrong’ square
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root. Furthermore, these first iterations are really important for convergence as in these
iterations values can alter the most, which means that these approximations to bn and
zn can actually affect the invariant set quite a lot. Lastly, the problem of having no
unique square root, is the same sort of problem we have when raising the matrix W0 to
the power s(n), as generally the logarithm of a matrix is not unique, which might also
alter the possible invariant set.

Luckily not all is doom and gloom. As the approximated system is a limit case for n
very large, it still does give insight on the dynamics of our system. This invariant set
can be compared with limn→∞ Ωn, in which Ωn is the set we saw before in the proof of
the theorem in chapter 4.3. At the very least we thus know that all points in the exact
invariant set will be mapped onto this set.

And even besides all this, we still see very non-trivial behaviour in both invariant sets.
In the approximated system we can see at the top some sort of quasi-periodical/fractal
pattern arising, and in the invariant set of the exact system we see some sort of splitting
happening as the value of γ increases. Furthermore, we are only looking at real values
of x0. It could very well be that the invariant set is even more intricate when taking
complex values into consideration as well, as we saw before in chapter 4.2.
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6 Conclusion

At first, in chapter 2, we showed how two different approaches on solving the energy
spectrum for a fractal potential could be linked to or at the very least be approximated
with dynamical systems. After elaborating further on this link in chapter 3 and the
potential advantages of dynamical systems, we put our words into practise in chapter
4. As a first proof of concept we started with the very simplistic Kronig-Penney model
for which the outcome was known. After then constructing our dynamical system by
means of transfer matrices, we showed the outcome of the dynamical system to be the
same to the already known solution. We then set our eyes onto generalizing our sys-
tem even further. The first step was to add an extra term to our Schrödinger equation
which allowed us to have an effective a0 6= 1. With this, we were able to find the new
invariant set of our generalized system, which turned out to be ellipses in the complex
plane. Finally in chapter 5 we looked back at chapter 2 and generalized our system even
further to also allow for quasi-periodical and fractal potentials. We were then able to
construct a dynamical system of five variables, and after some algebraic work, we were
able to reduce this system to one of only two. We then finished our research with a
specific choice of s(n) motivated by the example of chapter 2.1. Although the found
invariant sets did differ, for reasons as explained there, it did show that this approach
with dynamical methods also works for more complex systems.

To conclude, with this work we introduced an alternative method of finding the energy
spectrum by means of constructing a suitable dynamical system. A few of its advantages
are that it can be solved exactly in some particular cases (e.g. the Kronig-Penney model),
and where it is not, the use of dynamical system means that it is very straight forward
to implement numerical schemes. Furthermore, the generalized system as described in
chapter 5 is very versatile and can be readily applied to any sequence s(n), which means
that it can describe periodic potentials, as well as quasi-periodic and fractal potentials.
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7 Discussion

This now leads us to discuss what still can be done. Considering the numerical diffi-
culties we saw in the special case for s(n), in both approximating, but also the exact
approach, it might be interesting to see how our problem translates if a scatter matrix
were to be used. The advantage of a scatter matrix is that it is unitary while a transfer
matrix is symplectic. This implies that while the eigenvalues of the scatter matrix lie on
the unit circle, those of our transfer matrix can be any size. From a numerical stand-
point this can be a problem, as this means we need exponential numerical precision in
multiplying symplectic matrices. It might even be possible to find a different dynamical
system, but at the very least translating the problem to one of a scatter matrix for
exact numerical calculations might be preferred. Ideally one would find a general exact
solution for the invariant set, similarly to chapter 4.3, but this could prove to be very
difficult if not mathematically impossible.

Another interesting follow up might be to do a case study of a certain fractal or quasi-
periodic potential and approach it from all aforementioned methods. This could give
a deeper insight on advantages and disadvantages of the dynamical system method.
Furthermore, issues like numerical accuracy and convergence could be studied more in-
tensively and compared to the other methods.

From a more mathematical standpoint the link between the invariant set of our dy-
namical system and the energy spectrum could be studied. For example, it could be
interesting to see if some general mathematical transformation could be found that di-
rectly translates this invariant set to our wanted energy spectrum. In the same manner
links between the properties of the geometries of the invariant set and corresponding
energy spectrum can be found (e.g. connectedness, or in fractal cases the Hausdorff
dimension). An interesting result from such a study might be how fractal and quasi-
periodic potentials relate to each other, with respect to corresponding energy spectra.

Lastly, as seen in chapter 5.2, the constant γ determined the gap size in the invariant set
after the splitting. It is not unthinkable that this would also cause a gap in the energy
spectrum. As γ is effectively a scaling factor for the distance between two delta peaks, it
might be a possibility to tune energy band gaps in this fashion for particular sequences
s(n). This could of course have all types of different applications for electronic devices.
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