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Fig. S1.  
Further examples of the studied graphene devices and their behavior. (A) Optical 
micrograph for an encapsulated SLG device. The bright white area is the top gate and the 
graphene Hall bar repeats its shape. Numerous metallic leads terminated with quasi-one-
dimensional contacts to graphene are seen in a duller white color. Other colors on the 
photo appeared due to different etching depths of the hBN-graphene-hBN stack. (B) 
Electron micrograph of yet another SLG device. Resistivity (C) and vicinity resistance 
(D) for the device shown in (A). For resistivity measurements, we always used voltage 
probes separated by a distance larger than the main channel width. In (C), voltage probes 
were 8 Pm away from each other. The vicinity probe used in (D) was 1 Pm away from 
the current injecting lead. Positive and negative sign of 𝑛 correspond to gate-induced 
electrons and holes, respectively. The dashed curves in (D) show the expected ‘classical’ 
contribution 𝑏𝜌𝑥𝑥 which arises due to stray currents. For this particular device, we find 
𝑏 ≈ 0.1 using numerical simulations of the device geometry as described in the main text 
and the supplementary section on numerical simulation.  
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Preamble



Spatial nonlocalities

J(r, t) =

Z
dr0

Z
dt0�(|r � r0|, t� t0)E(r0, t0)

Linear response theory and conductivity:

Convolutions in real space simplify to algebraic products in Fourier space:

What is the physical content of the nonlocal conductivity 
in both dc and ac limits?

DC transport Far-field optics

J(q,!) = �(q,!)E(q,!)
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The condensed matter Navier-Stokes equation

@tv(r, t) = � e

m
E + ⌫r2v(r, t)� v(r, t)

⌧

Linearized Navier-Stokes equation with phenomenological dissipation: 

In Fourier transform (previous slide), it implies a nonlocal conductivity of the form:

*Nonlocal transport* measurements allow us to access the viscosity of hydrodynamic 
electron liquids in solid-state devices. A key diffusion length scale appears:
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Encapsulated graphene
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Ideal transport properties @ room T



Viscous electron flows
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Hydrodynamic flow in solid-state devices
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Hydrodynamic electron Bow in high-mobility wires
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Hydrodynamic electron How is experimentally observed in the difFerential resistance of electro-
statically defined wires in the two-dimensional electron gas in (AI,Ga)As heterostructures. In these
experiments current heating is used to induce a controlled increase in the number of electron-electron
collisions in the wire. The interplay between the partly diffusive wire-boundary scattering and the
electron-electron scattering leads first to an increase and then to a decrease of the resistance of
the wire with increasing current. These efFects are the electronic analog of Knudsen and Poiseuille
How in gas transport, respectively. The electron How is studied theoretically through a Boltzmann
transport equation, which includes impurity, electron-electron, and boundary scattering. A solution
is obtained for arbitrary scattering parameters. By calculation of Bow profiles inside the wire it is
demonstrated how normal Bow evolves into Poiseuille How. The boundary-scattering parameters for
the gate-defined wires can be deduced from the magnitude of the Knudsen efFect. Good agreement
between experiment and theory is obtained.

I. INTRODUCTION
In his 1909 paper on gas How through a capillary,

Knudsen demonstrated that the ratio between the pres-
sure drop over the capillary and the gas-How rate first
increases and then decreases with increasing density.
The mechanism is that with increasing density of gas
particles, the number of interparticle collisions increases.
At low densities (what is now known as the Knudsen
transport regime), the gas particles move almost inde-
pendently, so that the How is mainly carried by particles
with a large velocity parallel to the wire axis. These par-
ticles travel long distances before colliding with the wall.
An occasional interparticle collision, although not resis-
tive by itself because of momentum conservation, drives
the parallel-moving particles towards the wall and short-
ens their trajectories between subsequent collisions with
the wall. Therefore, in this regime, an enhancement of
the interparticle collision-rate leads to increasing dissi-
pation of forward particle momentum at the capillary
walls. At higher densities, however, many interparticle
collisions between subsequent particle-wall collisions oc-
cur, resulting in a random-walk behavior. As a conse-
quence, a laminar (Poiseuille) flow evolves, in which the
effective particle-wall interaction is decreased.
Because of the analogy between classical diffusive

transport of electrons and gas particles, one anticipates
that a similar transition between Knudsen and Poiseuille
How may occur in electron transport. In this case,
electron-electron (e-e) scattering events are the analog
of collisions between gas particles. Electron-electron
scattering has no influence on the electrical resistivity
of bulk materials, because it conserves the total momen-
tum of the electron distribution. Effects of e-e scattering
in the classical transport regime can only be expected in
the resistivity of films and wires of high purity and small
dimensions, where conditions similar to those leading to

hydrodynamic gas How can be realized. Typically, the
sample width TV should be smaller than or comparable
to the impurity mean &ee path lb of the bulk material.
These two lengths should be compared to I, , the av-
erage length an electron covers between two subsequent
e-e scattering events. When /, ) R', one expects an
increase of the resistivity with increasing e-e scattering
rate, which is the electronic Knudsen effect. In contrast,
when l ( W, the resistivity should decrease with in-
creasing e-e scattering rate, due to electronic Poiseuille
flow. The latter effect has been predicted by Gurzhi in
1963 (Ref. 5) and is now known as the Gurzhi effect. Fx-
perimentally, it proved. dificult to obtain reliable data on
these effects, because dissipation mechanisms not present
in gas How usually prevent the occurrence of electronic
Knudsen and Gurzhi How regimes: First of all, electrons
in a metal are scattered by impurities. Moreover, since
the e-e scattering rate is usually varied by changing the
lattice temperature of the sample, the induced effects
are overwhelmed by electron-phonon interactions. Fur-
thermore, an increase in temperature also enhances the
umklapp electron-electron scattering rate, which adds to
the bulk resistivity. Finally, deviations &om an ideal
spherical Fermi surface may hinder interpretation of ex-
perimental data.
Due to these complications, only a few experimental

indications of e-e scattering effects have been found.
Most experiments use potassium, as an exemplary sim-
ple metal, which to a good approximation has a spherical
Fermi surface. However, the observed changes in the re-
sistivity as a function of lattice temperature are limited
to about 0.01'%%uo of the total resistivity, because of the
small /b and the onset of electron-phonon scattering. Yu
et al. have reported a negative temperature derivative
of the resistivity (dp/dT) of potassium wires at temper-
atures around and below 1 K. However, an interpreta-
tion in terms of the Gurzhi effect was disputed, since
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Shallow Water Analogy for a Ballistic Field Effect Transistor:
New Mechanism of Plasma Wave Generation by dc Current

Michael Dyakonov' and Michael Shur
'A. F. Ioffe Physico Tec-hnical Institute, 194021 St. Petersburg, Russia

Department of Electrical Engineering, Unicersity of Virginia, Charlottesville, Virginia 22903
(Received 2l June l 993)

%'e demonstrate that electrons in a ballistic field eA'ect transistor behave as a fluid similar to shallow
water. Phenomena similar to wave and soliton propagation, hydraulic jump, and others should take
place in this electron fluid. We show that a relatively slow electron flow should be unstable because of
plasma wave amplification due to the reflection from the device boundaries. This provides a new mecha-
nism for the generation of tunable far infrared electromagnetic radiation.

PACS numbers: 72.30.+q, 73.20.Mf

Early theories of ballistic transport in semiconductors
considered planar n-I'. -n structures where the electron
ballistic motion was somewhat similar to that in electron
tubes [1,2]. Experimental studies of ballistic eA'ects pri-
marily involved vertical devices called hot electron
transistors [3]. Ideally, in this mode of ballistic transport,
electrons travel across the active region of a ballistic de-
vice with no collisions.
The purpose of this paper is to show that the situation

is quite diA'erent in a short field eff'ect transistor where
electrons experience practically no collisions with pho-
nons and/or impurities during the transit time [we call
such a device a ballistic field effect transistor (FET)], but
where a high electron concentration results in many
electron-electron collisions. In this case, individual elec-
trons cannot be considered as ballistic particles but the
two dimensional (2D) electron gas as a whole will exhibit
interesting hydrodynamic behavior. We show that the
steady state of a current-carrying ballistic FET is unsta-
ble. This instability is the result of the growth of plasma
waves at terahertz frequencies which may lead to impor-
tant practical applications.
As an example, let us consider an AIGaAs/InGaAs

high electron mobility transistor similar to one described
in [4]. At 77 and 300 K, the momentum relaxation time
in a 2D electron gas in InGaAs (where ionized impurity
scattering is suppressed) is r~ = 10 ' ' and 3.5 x 10 ' s,
respectively. For the electron drift velocity of 10 cm/s,
the electron transit time is 10 ", 10 ', and 3x 10
for a 1, 0.1, and 0.03 p m gate length, respectively.
Hence, the electron transit time can definitely be made
shorter than the momentum relaxation time at 77 K and
perhaps even at 300 K. However, for a typical surface
carrier concentration of the 2D electron gas n, =10'cm, the mean free path for electron-electron collisions
is only of the order of the average distance between elec-
trons, i.e., of the order of 100 A since the average dis-
tance between electrons at this concentration is close to
the Bohr radius (= 100 A) and hence the electron gas is
highly nonideal. Thus, the number of electron-electron
collisions during the transit time is large. We also as-

where C is the gate capacitance per unit area, e is the
electronic charge, U=UGc(x) —UT, Uoc(x) is the local
gate-to-channel voltage, and U7 is the threshold voltage.
Equation (I) represents the usual gradual channel ap-
proximation [2] which is valid when the characteristic
scale of the potential variation in the channel is much
greater than the gate-to-channel separation d.
1'he equation of motion (the Euler equation) is

Bv+ Bv e BU
r1t Bx m Bx

(2)

Ug
~I2D elect

gas
ron Gate Gate 1nsulatoI

U
S Source Drain

FIG. l. Schematic structure of the ballistic FET. The gate
length I. is much smaller than the mean free path k but much
longer than the mean free path for electron-e/ectron collisions,
~ee.

sume that the electron gas is not degenerate since
electron-electron collisions are suppressed in a strongly
degenerate electron gas (when the Fermi level is more
than four thermal energies above the bottom of the sub-
band) because of the Pauli principle. Under such condi-
tions, the electrons behave as a Auid moving in the chan-
nel without external friction, and we can describe the
electron motion by hydrodynamic equations.
The gate electrode in a ballistic FET (see Fig. I) is

separated from the channel by the gate insulator (which
is a doped or undoped wide band gap semiconductor, such
as AIGaAs in a typical high electron mobility transistor).
The surface concentration n, in the FET channel is given
by

n, =CU/e,
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Hydrodynamic Description of Transport in Strongly Correlated Electron Systems

A.V. Andreev,1 Steven A. Kivelson,2 and B. Spivak1
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We develop a hydrodynamic description of the resistivity and magnetoresistance of an electron liquid in

a smooth disorder potential. This approach is valid when the electron-electron scattering length is

sufficiently short. In a broad range of temperatures, the dissipation is dominated by heat fluxes in the

electron fluid, and the resistivity is inversely proportional to the thermal conductivity, !. This is in striking
contrast to the Stokes flow, in which the resistance is independent of ! and proportional to the fluid

viscosity. We also identify a new hydrodynamic mechanism of spin magnetoresistance.

DOI: 10.1103/PhysRevLett.106.256804 PACS numbers: 73.63.Nm, 72.15.Gd, 73.23.!b

Hydrodynamics accurately describes most liquids at
length scales long compared to the particle-particle
mean-free path, ‘, but it is rarely relevant to the electron
liquid in solids. A hydrodynamic description is based on
the existence of slow variables associated with conserved
quantities, while neither the momentum nor the energy
of the electron liquid in a solid is conserved; electron-
impurity (ei) and umklapp scattering violate momentum
conservation and electron-phonon (ep) scattering degrades
both the momentum and energy of the electron fluid.
Consequently, even in relatively clean systems such as
the electron gas in a semiconductor, the kinetics are typi-
cally described by the Boltzmann equation, and the con-
ductivity is related to the corresponding momentum
relaxation lengths, ‘ei and ‘ep [1].

However, there are circumstances in which the electron
fluid in a semiconductor device, especially when it has
very high mobility and is moderately strongly correlated,
rs > 1, exhibits a range of temperatures and sample
purity where the electron-electron mean-free path, ‘ee is
small compared to the length scales over which mo-
mentum conservation is violated, ‘ee " ‘ei and ‘ee " ‘ep.
Moreover, under most circumstances, umklapp scattering
is negligible. In this regime, the electron fluid attains local
equilibrium on the length scale ‘ee, which is short com-
pared to the scales at which the conservation laws break
down, so the dynamics of the electron fluid can be treated
hydrodynamically. In this Letter, we develop a theory of
electron transport in the hydrodynamic regime.

Linear resistance of a solid object to a hydrodynamic
flow was considered by Stokes long ago [2]. In this case the
resistance is proportional to the first (shear) viscosity of
the liquid ", and independent of the second viscosity # and
the thermal conductivity !, regardless of the compressibil-
ity of the liquid. The latter property can be traced to the fact
that the Stokes flow is isentropic; i.e., the equilibrium
entropy density of the fluid outside the obstacle is coor-
dinate independent. In the case of strongly correlated
electronic systems this is generally not the case. In the

equilibrium state in the presence of a random potential the
entropy per electron, s0ðrÞ, is inhomogeneous, and conse-
quently electron flow cannot be isentropic. We show below
that in this case the resistance depends on all the kinetic
coefficients: ", # , and !. Moreover, in the ideal fluid limit,
!, " ! 0, the resistivity diverges as 1=!, in contrast to the
well known D’Alembert’s paradox in Stokes flow. We also
show that in the hydrodynamic regime the system exhibits
a strong spin-dependent magnetoresistance.
While in the present Letter we will not analyze any

explicit experimental system, there are reasons to believe
that our theoretical results may be relevant to existing
experiments involving the highly correlated electron gas
in semiconductor heterostructures. Recently, low density
two-dimensional electronic systems with high mobility
have become available, in which rs ¼ V=EF & 1 and
the conductivity is relatively high even at low tempera-
tures. (V is the characteristic energy of Coulomb interac-
tion, and EF is the bare Fermi energy.) These systems
exhibit unusual temperature and magnetic field depen-
dencies of the resistance. (See Refs. [3–5] for a review.)
If rs > 1 at T ' EF the electron-electron mean-free path is
as short as an interelectron distance so the hydrodynamic
approach should be applicable so long as the correlation
length of the scattering potential $, is large compared to the
spacing between electrons. (There are even indications that
the hydrodynamic regime can be realized in GaAs
MOSFET’s at temperatures as high as 300 K [6,7].)
Having in mind the linear resistivity we use the Stokes

approximation, which neglects the nonlinear terms in
the hydrodynamic velocity. In the absence of external
magnetic field, setting all time derivatives to zero (the
stationary case), the Stokes equations for a charged fluid
in the presence of an external potential are

0 ¼ r ( j; (1a)

0 ¼ n!1
0 ð@k%0

ik ! @i ~PÞ ! ðeEi þ @i ~UÞ; (1b)

0 ¼ Tj ( rs0 þ divQ: (1c)
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Electromagnetic properties of viscous charged fluids
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We provide a general theoretical framework to describe the electromagnetic properties of viscous charged
fluids, consisting, for example, of electrons in certain solids or plasmas. We confirm that finite viscosity leads
to multiple modes of evanescent electromagnetic waves at a given frequency, one of which is characterized by a
negative index of refraction, as previously discussed in a simplified model by one of the authors. In particular,
we explain how optical spectroscopy can be used to probe the viscosity. We concentrate on the impact of this on
the coefficients of refraction and reflection at the sample-vacuum interface. Analytical expressions are obtained
relating the viscosity parameter to the reflection and transmission coefficients of light. We demonstrate that finite
viscosity has the effect to decrease the reflectivity of a metallic surface, while the electromagnetic field penetrates
more deeply. While on a phenomenological level there are similarities to the anomalous skin effect, the model
presented here requires no particular assumptions regarding the corpuscular nature of the charge liquid. A striking
consequence of the branching phenomenon into two degenerate modes is the occurrence in a half-infinite sample
of oscillations of the electromagnetic field intensity as a function of distance from the interface.

DOI: 10.1103/PhysRevB.90.035143 PACS number(s): 42.25.Gy, 41.20.Jb, 78.20.Ci, 51.20.+d

I. INTRODUCTION

The flow properties of everyday fluids like water are
governed by the Navier-Stokes theory of hydrodynamics.
The key parameter governing the dissipative aspects of such
fluids are the bulk and shear viscosities. The most abundant
electrically charged fluids are formed by electrons in metals.
The theory of transport in normal metals is well understood.
These form Fermi liquids; although at precisely zero temper-
ature this supports a “collisionless” quantum hydrodynamics
which is noticeably different from the classical Navier-Stokes
hydrodynamics at any finite temperature and at sufficiently
long times the gas of thermally excited quasiparticles takes
over forming yet again a “collision-full” effective classical
fluid [1]. These notions were successfully verified in the
1960’s and 1970’s in the neutral Fermi liquid realized in 3He,
in the form of the famous maximum in the attenuation of
zero sound [2]. The zero sound of the collisionless regime
corresponds to a coherent vibration of the Fermi surface with
a damping proportional to the microscopic collision rate of the
quasiparticles 1/τcoll ∼ T 2, while in the classical regime the
damping is just viscous. The damping is in turn determined by
" ≃ (EF /me)τcoll, where EF is the Fermi energy [3].

The shear viscosity of the Fermi liquid is given by η ≃
nEF τcoll and it is noticed that the viscosity (and attenuation) is
now proportional to the quasiparticle collision time, diverging
like 1/T 2 at low temperatures. Why is it so that this quantity
does not play any role in the transport theory of electrons in
metals? The reason is well understood. For a hydrodynamical
description to make sense, the conservation of total momentum
of the fluid flow in a finite density system is required at least on
the time and length scales associated with the establishment
with local equilibrium. This in turn requires the Galilean
invariance at least on the microscopic scale, and in normal
metals, this is explicitly broken by the atomic lattice. Even
when this is perfectly periodic, it is detrimental for the
momentum conservation in a Fermi liquid. The reason is
that the quasiparticles are characterized by a large Fermi

momentum kF , which is of order of the umklapp wave
vector Q⃗ with the effect that the states at kF have always
a finite admixture of umklapp copies. This in turn has the
effect that at every microscopic collision a certain amount
of momentum is dumped in the lattice expressed in terms
of the “umklapp efficiency” $, such that the (microscopic)
momentum relaxation rate 1/τK = $/τcoll while $ ∼ 0.5 in
the transition metals [4].

Momentum conservation is therefore already destroyed at
the microscopic cutoff in normal metals. More concretely
this implies that in an expansion of the time and coordinate
derivatives of the current density with τK as the expansion
parameter, the leading term gives the dissipation of the local
current density proportional to 1/τK , followed by terms
proportional to dissipation caused by gradients of the current
density. The latter terms thus represent a correction on
the leading momentum dissipation, where the constant of
proportionality defines η. One of the challenges yet to be met
is to determine the value of η in a non-Gallilean invariant
setting, and its dependence on temperature and frequency. In
the context of this paper, we will simply assume that this
higher-order correction exists, and work out a number of
physical consequences. For this, we will adopt values for
η, which seem plausible at this moment, but which need
to be determined ultimately on the basis of first principles
and/or experimental data. As discussed recently by Andreev,
Kivelson, and Spivak, it might well be that an exception is
presented in electron systems with a very low density, where
kF becomes very small, and density of scattering centers is
small compared to 1/Q. In this case, other interesting transport
properties could emerge due to interaction of the scattering
centers with the viscous charged fluid [5].

Very recently it has been questioned to what extend these
notions apply to non-Fermi liquids, which might be realized
in the form of strange metals as in high-Tc superconductors,
heavy fermion systems and so forth. It is believed that these
are governed by quantum criticality. At zero temperature,

1098-0121/2014/90(3)/035143(9) 035143-1 ©2014 American Physical Society



Dimensionless coupling constant

V. N. Kotov et al., Rev. Mod. Phys. 84, 1067 (2012)

↵ee =
e2/(✏L)

~vF/L
=

e2

✏~vF
This dimensionless number is: 

1) not small, i.e. it is of order unity 
2) not gate tunable (Fermi wave number drops out) 

3) sensitive to dielectric environment (the “epsilon factor”)

In graphene (or any other Dirac material), the 
strength of electron-electron interactions is 
controlled by the following dimensionless 
parameter, which is usually called “fine structure 
constant” (because of its analogy with the QED 
fine structure constant):



Microscopic theory of the e-e collision time

For a weakly correlated electron system the collision time is 
usually calculated from the on-shell quasiparticle self-energy 
(evaluated on the Fermi surface):

The quasiparticle self-energy is usually calculated within the famous “GW 
approximation”:

Screened potential W evaluated at the level of the RPA
Green’s function G replaced by bare propagator G0
Vertex corrections are neglected

472 The normal Fermi liquid

G

W

Fig. 8.17. Feynman diagram for the self-energy in the GW approximation. The wavy line denotes a
dynamically screened coulomb interaction.

8.7.1 The GW approximation

The exact expression for the self-energy in terms of the Green’s function, G, the dielectric
function, ϵ, and the vertex function, ", was given in Eq. (6.95) of Chapter 6. If both
the vertex correction and the screening of the interaction are neglected by setting " = 1
and ϵ = 1, one simply recovers the Hartree–Fock self-energy #σ (k⃗) = ϵxσ (k⃗), with all the
shortcomings discussed in Section 2.4.1. Notice that, after setting " = 1 and ϵ = 1 in
Eq. (6.95), it does not make any difference whether one uses the self-consistent G or the
noninteracting G = G(0). The reason is that a frequency-independent self-energy, such as
the HF self-energy, can be eliminated by the change of variable h̄ω → h̄ω + #σ (k⃗) in the
frequency integral.

To go beyond the HF approximation the first step is to screen the coulomb interaction
through the introduction of the frequency-dependent dielectric function. If one continues to
ignore the vertex correction – a major approximation that will be critically examined later
on – one arrives at what is known in the literature as the GW approximation (see Fig. 8.17).
In the finite temperature formalism we have

#σ (k⃗, iωn) = − 1
h̄β

!
dq⃗

(2π )d

∞"

m=−∞
Gσ (k⃗ − q⃗, iωn − i(m)W (q, i(m) , (8.222)

where G is the temperature Green’s function and

W (q, iω) = vq

ϵ(q, iω)
= vq + v2

qχnn(q, iω) (8.223)

is the screened coulomb interaction. According to the general rules described in Chapter
6, ωn = (2n+1)π

h̄β
is a fermionic Matsubara frequency and the sum runs over all the bosonic

Matsubara frequencies (m = 2mπ
h̄β

. Notice that the Green’s function still depends on # in
the following manner:

Gσ (k⃗, iωn) = 1

iωn − ε̃k⃗σ +#σ (k⃗,iωn )
h̄

, (8.224)

where as usual ε̃k⃗σ ≡ εk⃗σ − µ. Thus Eqs. (8.222) and (8.224) form a set of coupled equations
for #σ (k⃗, iωn). Only after this has been solved we can compute the retarded self-energy via
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Qualitative discussion and asymptotics
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A simple Fermi golden rule approach with statically screened Coulomb 
interactions is not viable in graphene as it yields logarithmically-divergent intra-
band scattering rates due to the collinear scattering singularity

The leading-order contribution to the quasiparticle decay rate in the low-energy 
and low-temperature limits is completely controlled by collinear scattering 
events with small momentum transfer: 2kF contributions are suppressed by the 
chiral nature of massless Dirac fermions

The leading order contribution to the quasiparticle decay rate is completely 
independent on the fine-structure constant: the result is therefore universal in 
that it does not depend on the surrounding dielectrics

M. Polini and G. Vignale, arXiv:1404.5728 
No-nonsense physicist: an overview of Gabriele Giuliani's work and life (Edizioni della Normale, Pisa, 2016)



A. Principi, G. Vignale, M. Carrega, and M. Polini, Phys. Rev. B 93, 125410 (2016)

Numerical results

In 2D electron systems, electron-acoustic phonon mean free path decays  in a 
much slower fashion (like 1/T): hydrodynamic window must exist above liquid 

nitrogen temperatures



How do you probe hydrodynamic flow
in solid-state devices?
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Viscosity and the intrinsic plasmon lifetime



Corbino disk viscometers

A. Tomadin, G. Vignale, and M. Polini, Phys. Rev. Lett. 113, 235901 (2014)
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A time-dependent magnetic flux induces by Faraday’s law an azimuthal electric 
field (with a non-zero gradient along the radial direction):

A dc potential difference appears between inner and outer edges: this a rectified signal 
stemming from the non-linear nature of hydrodynamic equations
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Nonlocal transport and the “vicinity” resistance

D. Bandurin, I. Torre, R.K. Kumar, M. Ben Shalom, A. Tomadin, A. Principi, G.H. Auton, E. Khestanova, 
K.S. NovoseIov, I.V. Grigorieva, L.A. Ponomarenko, A.K. Geim, and M. Polini, Science 351, 1055 (2016)



“Local” longitudinal transport

12 
 

 

Fig. S1.  
Further examples of the studied graphene devices and their behavior. (A) Optical 
micrograph for an encapsulated SLG device. The bright white area is the top gate and the 
graphene Hall bar repeats its shape. Numerous metallic leads terminated with quasi-one-
dimensional contacts to graphene are seen in a duller white color. Other colors on the 
photo appeared due to different etching depths of the hBN-graphene-hBN stack. (B) 
Electron micrograph of yet another SLG device. Resistivity (C) and vicinity resistance 
(D) for the device shown in (A). For resistivity measurements, we always used voltage 
probes separated by a distance larger than the main channel width. In (C), voltage probes 
were 8 Pm away from each other. The vicinity probe used in (D) was 1 Pm away from 
the current injecting lead. Positive and negative sign of 𝑛 correspond to gate-induced 
electrons and holes, respectively. The dashed curves in (D) show the expected ‘classical’ 
contribution 𝑏𝜌𝑥𝑥 which arises due to stray currents. For this particular device, we find 
𝑏 ≈ 0.1 using numerical simulations of the device geometry as described in the main text 
and the supplementary section on numerical simulation.  

  

3 

All our devices were first characterized in the standard geometry by applying 𝐼𝐼 along the main channel 
and using side probes for voltage measurements. A typical behavior of longitudinal conductivity 𝜎𝜎𝑥𝑥𝑥𝑥 at 
a few characteristic 𝑇𝑇 of interest is shown in Fig. 1D. At liquid-helium 𝑇𝑇, the devices exhibited 
𝜇𝜇 ~ 10-50 m2 V-1 s-1 over a wide range of carrier concentrations 𝑛𝑛 ~ 1012 cm-2, and 𝜇𝜇 remained above 5 
m2 V-1 s-1 up to room 𝑇𝑇 (fig. S2). Such 𝜇𝜇 allow ballistic transport with ℓ > 1 µm at 𝑇𝑇 < 300 K. On the 
other hand, at 𝑇𝑇 ≥ 150 K ℓee decreases down to 0.1-0.3 µm over the same range of 𝑛𝑛 (22, 23 and 
figs. S3-S4). This allows the essential condition for electron hydrodynamics (ℓ𝑒𝑒𝑒𝑒 ≪ 𝑊𝑊, ℓ ) to be satisfied 
within this temperature range. If one uses the conventional longitudinal geometry of electrical 
measurements, it turns out that viscosity has little effect on 𝜎𝜎𝑥𝑥𝑥𝑥 (figs. S5-S7) essentially because the 
flow in this geometry is uniform whereas the total momentum of the moving Fermi liquid is conserved in 
electron-electron collisions (18). The only evidence for hydrodynamics we could find in the longitudinal 
geometry was the Gurzhi effect that appeared as a function of the electron temperature controlled by 
applying large 𝐼𝐼, similar to the observations of ref. 15 (fig. S8). 

 
Fig. 1. Viscous backflow in doped graphene. (A,B) Calculated steady-state distribution of current 
injected through a narrow slit for a classical conducting medium with zero 𝜈𝜈 (A) and a viscous Fermi 
liquid (B) E. (C) Optical micrograph of one of our SLG devices. The schematic explains the measurement 
geometry for vicinity resistance. (D,E) Longitudinal conductivity 𝜎𝜎𝑥𝑥𝑥𝑥  and 𝑅𝑅V  as a function of 𝑛𝑛 
induced by applying gate voltage. 𝐼𝐼 = 0.3 µA; 𝐿𝐿 = 1 µm. The dashed curves in (E) show the 
contribution expected from classical stray currents in this geometry (18). 

To reveal hydrodynamics effects, we employed the geometry shown in Fig. 1C. In this case, 𝐼𝐼 is injected 
through a narrow constriction into the graphene bulk, and the voltage drop 𝑉𝑉V is measured at the 
nearby side contacts located at the distance 𝐿𝐿 ~ 1 µm away from the injection point. This can be 
considered as nonlocal measurements, although stray currents are not exponentially small (dashed 
curves in Fig. 1E). To distinguish from the proper nonlocal geometry (24), we refer to the linear-response 
signal measured in our geometry as “vicinity resistance”, 𝑅𝑅V = 𝑉𝑉V/𝐼𝐼. The idea is that, in the case of a 
viscous flow, whirlpools emerge as shown in Fig. 1B, and their appearance can then be detected as sign 
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Fig. S6.  
Temperature dependence of longitudinal resistivity. Left and right panels are for SLG 
and BLG devices, respectively. The T dependences are monotonic, although one can 
notice that the curves slightly bulge around 100 K, which we attribute to a small 
hydrodynamics contribution related to the Gurzhi effect. 
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Nonlocal data



Minimal theory



Viscous linear-response theory
Linearized steady-state equations (continuity + Navier-Stokes):

Crucial length scale:

r · J(r) = 0

D⌫ =
p
⌫⌧

I. Torre, A. Tomadin, A.K. Geim, and M. Polini, Phys. Rev. B 92, 165433 (2015)

Reynolds number: Re ' |v|W
⌫

⇠ I

en⌫

J(r) = D2
⌫r2J(r)� �dcr�(r)



Boundary conditions

A. Tomadin, G. Vignale, and M. Polini, Phys. Rev. Lett. 113, 235901 (2014)
I. Torre, A. Tomadin, A.K. Geim, and M. Polini, Phys. Rev. B 92, 165433 (2015)

Boundary conditions at the contacts: total current at each 
contact is set to zero (except at the contact where current is 
injected); contacts are equipotential; one contact is grounded 
to fix arbitrary zero of the potential

No-slip boundary conditions: velocity tangential to the walls 
of the container must vanish. Good for water in a pipe, when 
the interactions between the molecules of the fluid and the 
walls of the container are of the same nature as of those 
between two molecules of the fluid

Free-surface boundary conditions: tangential force applied 
from the boundary to the fluid element has to vanish at the 
boundary 



Negative vicinity resistance and whirlpools
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Current-injection of vorticity
We can rewrite the linearized steady-state Navier-Stokes equation as:

where the vorticity satisfies a steady-state damped diffusion equation:

Using Stokes theorem:

D2
⌫r2!(r) = !(r)

C =

I

C
J(r) · dl = n̄

Z

S
!(r)d2s

J(r) = �n̄D2
⌫r⇥ !(r)� �dcr�(r)

One has to be careful since vorticity 
does not necessarily means vortices 

in the steady-state current pattern



The hydro dilemma: whirlpools or no whirlpools?

F.M.D. Pellegrino, I. Torre, A.K. Geim, and M. Polini, Phys. Rev. B 94, 155414 (2016)
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The hydro dilemma: whirlpools or no whirlpools?

D⌫/W = 0.15 D⌫/W = 0.25

D⌫/W =
1p
2⇡

' 0.225

F.M.D. Pellegrino, I. Torre, A.K. Geim, and M. Polini, Phys. Rev. B 94, 155414 (2016)



All-electrical rheometry
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Fig. S14.   
‘Calibration’ curve for our all-electrical viscometer. Calculated vicinity resistance V 

(in units of 1⁄ ) as a function of  (in Pm
2
). For 0.2 Pm

2
 the vicinity resistance 

becomes positive. Filled circles denote fully numerical results for the finite-size BLG 

device with ten electrodes (obtained by utilizing free-surface BCs). The solid line 

represents the approximate analytical result of Eq. 4 of the main text, which was obtained 

with free-surface BCs whereas red squares are the results of numerical calculations 

obtained by utilizing no-slip BCs ( b 0). 

 

 

 

a. Black filled circles: numerical results for the actual sample (BLG)
b. Black solid line: analytical result for an infinitely long sample
c. Red squares: numerical results for no-slip boundary conditions

RV = (b+ aD2
⌫)�

�1
0



Kinematic viscosity
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Summary

I. Torre, A. Tomadin, A.K. Geim, and M. Polini, Phys. Rev. B 92, 165433 (2015)
F.M.D. Pellegrino, I. Torre, A.K. Geim, and M. Polini, Phys. Rev. B 94, 155414 (2016)

a. In the linear-response regime, no-slip BCs imply non-monotonic T-
dependence (Gurzhi effect) of the ordinary longitudinal local resistance (not 
observed experimentally). We use free-surface BCs

b. Independent of BCs, we find spatial sign changes in the 2D electrostatic 
potential, which are due to viscosity and are responsible for the measured 
negative nonlocal resistance

c. In the Hall bar geometry and with our arrangement of contacts, current 
whirlpools and backflow at the injector do exist for arbitrarily small values of 
the electron viscosity. The latter simply determines the spatial extent of the 
vortex away from the injector

d. Our calculations indicate that current whirlpools can be detected by 
scanning magnetometry (e.g. Yacoby), with tens of micro Tesla for currents 
of 200 microamps



Super-flow through point contacts
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Super-flow through point contacts

Rpc =
1

Gb +G⌫
+RC
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Super-flow through point contacts

Rpc =
1

Gb +G⌫
+RC

G⌫ =

p
⇡|n|e2w2vF
32~⌫

H. Guo, E. Ilseven, 
G. Falkovich, and L. Levitov,

PNAS 114, 3068 (2017)

Sharvin 
(ballistic) 

e-e interaction
contribution

“contact resistance”
(diffusive contribution)
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