“The mediocre teacher tells.
The good teacher explains.
The superior teacher demonstrates.
The great teacher inspires.” (William Arthur Ward)

Thank you Misha for all the great things you
taught me, for your continuous inspiration,
enthusiasm, and for your kindness.

Viscous electron flow in graphene

Phys. Rev. B 92, 165433 (2015)
Science 351, 1055 (2016)
Phys. Rev. B 94, 155414 (2016)
- All-electrical measurement of the electronic Hall viscosity:
arXiv:1706.08363
- Nonlocal effects in near-field optics: Science 357, 187 (2017)
with Frank Koppens

Marco Polini
“Big ideas in Quantum Matter”
Celebrating Misha Katsnelson’s 60-th birthday
Nijmegen, September 14, 2017

Nature Phys. (2017) DOI:10.1038/nphys4240

Collaborators

Roshan K.
Kumar

Iacopo
Torre

Denis
Bandurin

Francesco
Pellegrino

Leonid
Ponomarenko

Andrea
Tomadin

Andre
Geim

Alessandro
Principi

Nature Phys. 2017 with
Leonid Levitov and Gregory Falkovich

Preamble

Spatial nonlocalities
Linear response theory and conductivity:
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Convolutions in real space simplify to algebraic products in Fourier space:

J (q, !) = (q, !)E(q, !)
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Far-field optics
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What is the physical content of the nonlocal conductivity
in both dc and ac limits?

The condensed matter Navier-Stokes equation
Linearized Navier-Stokes equation with phenomenological dissipation:
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e
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In Fourier transform (previous slide), it implies a nonlocal conductivity of the form:
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dc

1

i!⌧ + D⌫2 q 2

*Nonlocal transport* measurements allow us to access the viscosity of hydrodynamic
electron liquids in solid-state devices. A key diffusion length scale appears:
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p
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Encapsulated graphene

L. Wang et al., Science 342, 614 (2013)
See also works by Manchester, MIT, Harvard, CA2DM, Aachen, etc

Ideal transport properties @ room T

L. Wang et al., Science 342, 614 (2013)

Viscous electron flows
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Hydrodynamic flow in solid-state devices
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Shallow Water Analogy for a Ballistic Field Effect Transistor:
New Mechanism of Plasma Wave Generation by dc Current
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Hydrodynamic electron How is experimentally observed in the difFerential resistance of electrostatically defined wires in the two-dimensional electron gas in (AI, Ga)As heterostructures. In these
experiments current heating is used to induce a controlled increase in the number of electron-electron
collisions in the wire. The interplay between the partly diffusive wire-boundary scattering and the
electron-electron scattering leads first to an increase and then to a decrease of the resistance of
the wire with increasing current. These efFects are the electronic analog of Knudsen and Poiseuille
How in gas transport, respectively. The electron How is studied theoretically through a Boltzmann
transport equation, which includes impurity, electron-electron, and boundary scattering. A solution
is obtained for arbitrary scattering parameters. By calculation of Bow profiles inside the wire it is
parameters for
demonstrated how normal Bow evolves into Poiseuille How. The boundary-scattering
the gate-defined wires can be deduced from the magnitude of the Knudsen efFect. Good agreement
between experiment and theory is obtained.
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%'e demonstrate that electrons in a ballistic field eA'ect transistor behave as a fluid similar to shallow
water. Phenomena similar to wave and soliton propagation, hydraulic jump, and others should take
place in this electron fluid. We show that a relatively slow electron flow should be unstable because of
plasma wave amplification due to the reflection from the device boundaries. This provides a new mechanism for the generation of tunable far infrared electromagnetic radiation.
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1211 Genève 4, Switzerland
such a device a ballistic field effect transistor (FET)], but
The surface concentration n, in the FET channel is given
(Received 3 June 2014; published 30 July 2014)
where a high electron concentration
results in many
by
electron-electronWe provide
collisions.
In this
case, individual
a general
theoretical
framework electo describe the electromagnetic properties of viscous charged
=CU/e,
trons cannotfluids,
be considered
ballistic ofparticles
butcertain
the solids orn,plasmas.
as example,
consisting, for
electrons in
We confirm that finite viscosity leads
two dimensional
will
electron
as
a
whole
exhibit
(2D)modes of evanescent
gas
e is the
to multiple
electromagnetic waves at awhere
given frequency,
is characterized
a
capacitance
per unitby area,
C is the one
gateof which
—UT,
interesting negative
show discussed
that the in a simplified
hydrodynamic
U=UGc(x)
electronicmodel
Uoc(x) is the local
charge,
index of behavior.
refraction, asWe
previously
by one
of the authors.
In particular,
unstaofexplain
ballistic FET
a current-carrying
steady state we
threshold
is the
voltage.
andtheU7
gate-to-channel
voltage, on
how optical spectroscopy
can beisused
to probe the
viscosity. We concentrate
impact
of this
on
ble. This instability
is the result of the growth of plasma
the usualaregradual
represents expressions
(I) Analytical
Equation
the coefficients of refraction and reflection at the sample-vacuum
interface.
obtained channel apwaves at terahertz frequencies which may lead to imporvalid whenthatthe
[2]of which
proximation
relating the viscosity parameter to the reflection and transmission
coefficients
light. Weisdemonstrate
finitecharacteristic
tant practical applications.
is much
channel
in
the
variation
the
scale
of
potential
viscosity has the effect to decrease the reflectivity of a metallic surface, while the electromagnetic field penetrates
As an example, let us consider an AIGaAs/InGaAs
d.
gate-to-channel
separation
thanto the
more deeply. While on a phenomenological level there are greater
similarities
the anomalous
skin effect,
the model
high electron mobility transistor similar to one described
1'he equation of motion (the Euler equation) is
presented here requires no particularrelaxation
assumptionstime
regarding the corpuscular
nature of the charge liquid. A striking
in [4]. At 77 and 300 K, the momentum
consequence
of
the
branching
phenomenon
into
two
degenerate
modes
is
the
occurrence
in a half-infinite sample
e BU
Bv
Bv+
in a 2D electron gas in InGaAs (where ionized impurity
(2)
' '
'
of
oscillations
of
the
electromagnetic
field
intensity
as
a
function
of
distance
from
the
interface.
m
Bx
r1t
Bx
10
and 3.5 x 10
scattering is suppressed) is
s,

r~

=
",

respectively. For the electron drift velocity of 10 cm/s,
DOI: 10.1103/PhysRevB.90.035143
PACS number(s): 42.25.Gy, 41.20.Jb, 78.20.Ci, 51.20.+d
the electron transit time is 10
10
and 3x 10

',

Dimensionless coupling constant
In graphene (or any other Dirac material), the
strength of electron-electron interactions is
controlled by the following dimensionless
parameter, which is usually called “fine structure
constant” (because of its analogy with the QED
fine structure constant):
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↵ee
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e
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This dimensionless number is:
1) not small, i.e. it is of order unity
2) not gate tunable (Fermi wave number drops out)
3) sensitive to dielectric environment (the “epsilon factor”)
V. N. Kotov et al., Rev. Mod. Phys. 84, 1067 (2012)

Microscopic theory of the e-e collision time
For a weakly correlated electron system the collision time is
usually calculated from the on-shell quasiparticle self-energy
(evaluated on the Fermi surface):

~
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472
The normal Fermi liquid
The quasiparticle self-energy is usually calculated within the famous “GW
approximation”:
Screened potential W evaluated at the level of the RPA
Green’s function G replaced by bare propagator G0
Vertex corrections are neglected
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Qualitative discussion and asymptotics
A simple Fermi golden rule approach with statically screened Coulomb
interactions is not viable in graphene as it yields logarithmically-divergent intraband scattering rates due to the collinear scattering singularity
The leading-order contribution to the quasiparticle decay rate in the low-energy
and low-temperature limits is completely controlled by collinear scattering
events with small momentum transfer: 2kF contributions are suppressed by the
chiral nature of massless Dirac fermions
The leading order contribution to the quasiparticle decay rate is completely
independent on the fine-structure constant: the result is therefore universal in
that it does not depend on the surrounding dielectrics
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M. Polini and G. Vignale, arXiv:1404.5728
No-nonsense physicist: an overview of Gabriele Giuliani's work and life (Edizioni della Normale, Pisa, 2016)

Numerical results

In 2D electron systems, electron-acoustic phonon mean free path decays in a
much slower fashion (like 1/T): hydrodynamic window must exist above liquid
nitrogen temperatures

A. Principi, G. Vignale, M. Carrega, and M. Polini, Phys. Rev. B 93, 125410 (2016)

How do you probe hydrodynamic flow
in solid-state devices?

Viscosity and the intrinsic plasmon lifetime
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A. Principi, G. Vignale, M. Carrega, and M. Polini, Phys. Rev. B 88, 195405 (2013)

Corbino disk viscometers

A time-dependent magnetic flux induces by Faraday’s law an azimuthal electric
field (with a non-zero gradient along the radial direction):

E✓ˆ(r, t) =

1
@t (t)✓ˆ
2⇡cr

A dc potential difference appears between inner and outer edges: this a rectified signal
stemming from the non-linear nature of hydrodynamic equations

A. Tomadin, G. Vignale, and M. Polini, Phys. Rev. Lett. 113, 235901 (2014)

Nonlocal transport and the “vicinity” resistance
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“Local” longitudinal transport

Fig. 1. Viscous backflow in doped graph
injected through a narrow slit for a classic
liquid (B). (C) Optical micrograph of one of
geometry for vicinity resistance. (D,E) L
induced by applying gate voltage. 𝐼𝐼 =
contribution expected from classical stray c
E
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Fig. S6. K.S. NovoseIov, I.V. Grigorieva, L.A. Ponomarenko, A.K. Geim, and M. Polini, Science 351, 1055 (2016)
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Minimal theory

Viscous linear-response theory
Linearized steady-state equations (continuity + Navier-Stokes):

r · J (r) = 0

J (r) =

Crucial length scale:

Reynolds number:
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en⌫

I. Torre, A. Tomadin, A.K. Geim, and M. Polini, Phys. Rev. B 92, 165433 (2015)

Boundary conditions
No-slip boundary conditions: velocity tangential to the walls
of the container must vanish. Good for water in a pipe, when
the interactions between the molecules of the fluid and the
walls of the container are of the same nature as of those
between two molecules of the fluid
Free-surface boundary conditions: tangential force applied
from the boundary to the fluid element has to vanish at the
boundary
Boundary conditions at the contacts: total current at each
contact is set to zero (except at the contact where current is
injected); contacts are equipotential; one contact is grounded
to fix arbitrary zero of the potential
A. Tomadin, G. Vignale, and M. Polini, Phys. Rev. Lett. 113, 235901 (2014)
I. Torre, A. Tomadin, A.K. Geim, and M. Polini, Phys. Rev. B 92, 165433 (2015)

Negative vicinity resistance and whirlpools
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Current-injection of vorticity
We can rewrite the linearized steady-state Navier-Stokes equation as:

2
n̄D⌫ r

J (r) =

⇥ !(r)

dc r

(r)

where the vorticity satisfies a steady-state damped diffusion equation:

Using Stokes theorem:
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One has to be careful since vorticity
does not necessarily means vortices
in the steady-state current pattern

The hydro dilemma: whirlpools or no whirlpools?
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Summary
a. In the linear-response regime, no-slip BCs imply non-monotonic Tdependence (Gurzhi effect) of the ordinary longitudinal local resistance (not
observed experimentally). We use free-surface BCs
b. Independent of BCs, we find spatial sign changes in the 2D electrostatic
potential, which are due to viscosity and are responsible for the measured
negative nonlocal resistance
c. In the Hall bar geometry and with our arrangement of contacts, current
whirlpools and backflow at the injector do exist for arbitrarily small values of
the electron viscosity. The latter simply determines the spatial extent of the
vortex away from the injector
d. Our calculations indicate that current whirlpools can be detected by
scanning magnetometry (e.g. Yacoby), with tens of micro Tesla for currents
of 200 microamps
I. Torre, A. Tomadin, A.K. Geim, and M. Polini, Phys. Rev. B 92, 165433 (2015)
F.M.D. Pellegrino, I. Torre, A.K. Geim, and M. Polini, Phys. Rev. B 94, 155414 (2016)

Super-flow through point contacts

R.K. Kumar, D.A. Bandurin, F.M.D. Pellegrino, Y. Cao, A. Principi, H. Guo, G.H. Auton, M. Ben Shalom, L.A. Ponomarenko,
G. Falkovich, I.V. Grigorieva, L.S. Levitov, M. Polini, and A.K. Geim, Nature Phys. 2017 and arXiv:1703.06672
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Super-flow through point contacts
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Super-flow through point contacts
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