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Samenvatting

Natuurkunde is een veld in constante beweging. De ontdekking van nieuwe theorieën
heeft ons begrip altijd vooruit gebracht en maakte het mogelijk om nieuwe voor-
spellingen te doen van nieuwe natuurkundige fenomenen en experimentele metingen.
In het geval van zwaartekracht, waar de nadruk op ligt in dit proefschrift, is de be-
weging van de hemellichamen duizenden jaren lang bestudeerd zonder enig dieper
inzicht in de onderliggende principes. De eerste grote theoretische doorbraak is door
Isaac Newton geformuleerd in de 17e eeuw. De Newtoniaanse zwaartekrachtstheo-
rie kon de gecompliceerde tabellen van astronomische waarnemingen van planeten
en asteröıden verklaren en was daardoor een groot succes. Om voorspellingen te
kunnen doen vertrouwde deze theorie op een enkele vergelijking, de omgekeerde
kwadratenwet, en bracht het eerste theoretische raamwerk voor zwaartekracht.

Met de verbetering van de waarnemingen ontstonden er echter problemen bij
het verenigen van theorie en experiment. Eén probleem was dat de meting van de
precessie van het perihelion van Mercurius een andere waarde had dan de theoretis-
che voorspellingen. De oplossing van deze problemen bleek uiteindelijk de algemene
relativiteitstheorie, die door Albert Einstein werd geformuleerd in de 20ste eeuw.
Deze theorie loste niet alleen het probleem op van de precessie van het perihelion,
maar voorspelde ook nieuwe fenomenen, zoals zwarte gaten en de uitdijing van het
universum. Hoewel er geen tegensprekend experimenteel bewijs is gevonden voor
de algemene relativiteitstheorie, zijn er toch theoretische en conceptuele problemen
opgedoken bij de poging om zwaartekracht met kwantummechanica te verbinden.
Daarom lijkt het er op dat deze theorie uitgebreid moet worden, wat zou leiden tot
een nieuwe en verbeterde theorie van zwaartekracht.

Een mogelijke uitbreiding is kwantumgravitatie, die zwaartekracht en kwantum
theorie combineert. De hoop is om deze twee te verenigen en inzichten in nieuwe
fysische fenomenen te verwerven. Het onderzoek in dit proefschrift draait om een
bepaalde kandidaat voor een theorie van kwantumzwaartekracht, Causal Dynamical
Triangulations (CDT). Deze theorie plaatst de geometrische taal van de algemene
relativiteitstheorie aan de basis van zijn formulering. CDT heeft enkele interessante
resultaten opgeleverd over eigenschappen van kwantumzwaartekracht en kwantum
ruimte-tijd op verschillende lengteschalen. Op de kleinste, de zogenaamde Planck-
schaal, gedragen zich deze geometrieën duidelijk anders dan de gladde, klassieke
geometrieën van de algemene relativiteitstheorie, waar ze fractale eigenschappen
laten zien. Op de grootste schalen lijkt er in de theorie dynamisch zoiets als klassiek
gedrag te verschijnen.

Een vraag die CDT moet adresseren is hoe de geometrische eigenschappen
van (kwantum) ruimte-tijd gemeten en gëınterpreteerd kunnen worden. Deze ge-
ometrische eigenschappen zijn de fysische inhoud en staan ons toe om de voorspellin-
gen van CDT en de algemene relativiteitstheorie direct te vergelijken, omdat beide
theorieën geformuleerd zijn in termen van geometrie. Om dit te bereiken moeten
wij observabelen vinden die een klassiek analogon hebben en gebruikt kunnen wor-
den om nieuwe en betekenisvolle informatie te kunnen geven over de fluctuerende
kwantumgeometrieën. Dit proefschrift richt zich op krommingsobservabelen. Krom-
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ming is een van de basiselementen van ons begrip van klassieke geometrie en zou
daarom ook belangrijk moeten zijn in kwantumzwaartekracht. In dit proefschrift
zijn twee verschillende observabelen onderzocht, de kwantum-Ricci-kromming en
Wilson-lussen.

De inspiratie voor de kwantum-Ricci-kromming komt van de Ollivier-kromming,
die is gebaseerd op het vergelijken van afstanden van punten op twee nabij gele-
gen bollen. Wij hebben de definitie van de Ollivier-kromming aangepast opdat
deze in CDT toegepast kon worden. De daaruit volgende kwantum-Ricci-kromming
wordt gëıntroduceerd in dit proefschrift. Wij onderzoeken de eigenschappen van de
kwantum-Ricci-kromming eerst voor gladde klassieke geometrieën, dan voor simpli-
ciale benaderingen van deze variëteiten en uiteindelijk in CDT.

Het eerste onderzoek is een validiteitstest en maakt het mogelijk om een method-
ologie te ontwikkelen voor het interpreteren van de metingen die bruikbaar is voor
de latere metingen van CDT configuraties. Wij laten zien dat het makkelijk is om
verschillende ruimtes van constante kromming te onderscheiden en hoe de eigenlijke
waarde van de kromming kan worden bepaald. Vervolgens onderzoeken wij andere
kenmerken, zoals de gevolgen van een compacte ruimte en anisotropie, en hoe wij
deze kunnen meten. Wij beschouwen simpliciale benaderingen van ruimtes met con-
stante kromming en dan de fractale geometrieën van twee-dimensionale Dynamical
Triangulations (DT). Op deze wijze kunnen wij ons verzekeren van de validiteit
van de CDT metingen en mogelijke valkuilen in de toepassing op meer complexe
geometreën ontwijken.

Voor de CDT metingen in vier dimensies onderzoeken wij de CdS fase, die eerder
in termen van een de Sitter geometrie gëınterpreteerd is. Onze metingen zijn con-
sistent met een vier-dimensionale bol en bevestigen dus deze hypothese. Wij voeren
ook de eerste metingen van mogelijke anisotropieën uit, waarbij wij krommingen
in de tijd- en ruimteachtige richtingen vergelijken. Wij vinden dat de richtingen
zich vergelijkbaar gedragen, wat ook de interpretatie van een vier-dimensionale bol
ondersteunt.

Het tweede onderzoek beschouwt Wilson lussen. Deze zijn gemakkelijk te meten
in CDT en kunnen voor infinitesimale lussen simpel uitgedrukt worden in termen
van kromming. Wij analyseren de mogelijkheid om dit resultaat uit te breiden naar
eindige lussen, en vinden een simpele relatie tussen de holonomie en de kromming
voor niet infinitesimale lussen. Dit wordt gedaan op klassiek niveau, wat leidt tot
een uitdrukking voor het analytische deel van de Wilson lus. Dan onderzoeken wij de
mogelijkheid om deze uitdrukking te herschrijven en te interpreteren in termen van
een generalisatie van de stelling van Stokes. Wij bespreken ook mogelijke bijzondere
situaties waarin de formule makkelijker te interpreteren is in termen van kromming.
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Summary

Physics is a field in constant state of evolution. The discovery of new physical theo-
ries has kept pushing our understanding, and allowed us to make novel predictions of
physical phenomena and experimental measurements. In the case of gravity, which
is of special interest for this thesis, the motion of heavenly bodies was studied for
thousands of years without any deeper understanding of the underlying principles.
The first major theoretical breakthrough was formulated by Isaac Newton in the
late 17th century. The theory of Newtonian gravity was a huge success, being able
to explain the complicated tables of astronomical observations of planets and as-
teroids. To make its predictions, this formulation relied on a single equation, the
inverse-square law, and provided the first theoretical framework for gravity.

However, as observations improved, problems appeared in reconciling theory
and experiment. One such issue was that measurements of the perihelion preces-
sion of Mercury had a different value than the theoretical predictions. The solution
to these problems turned out to be the theory of General Relativity, which was
formulated by Albert Einstein in the early 20th century. It not only solved the
problem of the perihelion precession but also predicted new phenomena, such as
black holes and the expansion of the Universe. The theory used the language of
geometry to explain gravitational phenomena. Although no experimental evidence
contradicting General Relativity has been found, theoretical and conceptual prob-
lems have appeared when attempting to connect gravity and quantum mechanics.
It therefore appears that the theory must be extended in some fashion, leading to
a new, improved theory of gravity.

One possible such extension is a theory of quantum gravity, combining gravity
and quantum theory. The hope is to reconcile the two and obtain insights into new
physical phenomena. The work in this thesis revolves around a particular candidate
theory of quantum gravity, Causal Dynamical Triangulations (CDT). This theory
puts the geometric language of General Relativity at the very core of its formulation.
CDT obtains several interesting results on the properties of quantum gravity and
quantum spacetime on different length scales. On the smallest, so-called Planckian
length scales, these geometries behave very differently from the smooth classical
geometries of General Relativity, displaying fractal properties. However, on large
scales something akin to classic behaviour seems to appear dynamically from the
theory.

An issue CDT must address is how to best measure and interpret the geomet-
ric properties of (quantum) spacetime. They capture the physical content of the
theory and will allow us to directly compare predictions from CDT and General
Relativity, since both theories are formulated in geometric terms. To do this we
must find observables which have classical analogues and can be used to extract
new and meaningful information from the fluctuating quantum geometries. This
thesis focuses on curvature observables. Curvature is one of the central pillars of
understanding classical geometry and should therefore also be important in quan-
tum gravity. Two different observables are investigated in this thesis, the quantum
Ricci curvature and Wilson loops.
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Quantum Ricci curvature is inspired by the mathematical concept of Ollivier
curvature, based on comparing the distances of points on two nearby spheres. We
have adapted the definition of Ollivier curvature to allow for an implementation in
the theory of CDT. The resulting quantum Ricci curvature is introduced in this
thesis. We investigate its properties, first for smooth classical geometries, then for
simplicial approximations of these manifolds, and finally in full-blown CDT.

The initial investigations serve as a test of validity, and allow us to build a
methodology for interpreting our measurements, for later use when measuring ac-
tual CDT configurations. We show that it is easy to tell apart different constant
curvature spaces, and how to extract the actual value of the curvature. We then
investigate other features, such as the effects of compactness and anisotropy, and
how to measure them. Considering gradually more complex spaces, we consider
simplicial approximations of constant-curvature spaces and then the fractal geome-
tries of two-dimensional Dynamical Triangulations (DT). In this way we ensure the
validity of the CDT measurements and avoid possible pitfalls in the implementation
in more complicated geometries.

In the CDT measurements in four dimensions we investigate the phase CdS ,
which has previously been interpreted in terms of a de Sitter geometry. Our mea-
surements are consistent with a four-sphere thus supporting this claim. We also
make the first measurement of possible anisotropies, comparing curvatures in the
time- and spacelike directions. We find that the directions behave physically similar,
again supporting the interpretation of a four-sphere.

The second investigation looks at so-called Wilson loops. They are easy to
measure in CDT and for infinitesimal loops have a simple relation to curvature.
We analyze the possibility to extend this result to finite loops, and find a simple
relation between the holonomy and the curvature for non-infinitesimal loops. This
is done at a classical level, leading to a closed expression for the analytical part
of the Wilson loop. We then look into rewriting this expression, and interpreting
it in terms of a generalisation of Stokes’ theorem. We also discuss possible special
cases, where the relation to curvature expressed by the formula becomes easier to
interpret.

x



Chapter 1

Introduction

Physics in the early part of the 20th century was characterized by the advent of
two paradigm-shifting theories, the theory of general relativity [1] and the theory
of quantum mechanics [2, 3]. General relativity describes the effects of gravity in
a geometric language. The basic variable of the theory is the Lorentzian metric
field gµν(x), describing the geometry of spacetime. Quantum mechanics describes
the departure from classical physics at sufficiently small scales, with the superposi-
tion principle for wave functions and Heisenberg’s uncertainty principle as essential
ingredients. Both theories have so far been highly successful, with experimental
confirmations at unprecedented levels of accuracy within their respective realms
of applicability [4, 5, 6, 7]. However, around one hundred years later and after
numerous attempts, we still have not succeeded in combining these theories into
a common framework. The challenges in constructing such a theory of quantum
gravity are numerous and of both a technical and a conceptual nature [8].

The field of quantum gravity theories is very broad and we are therefore not
able to discuss most of the approaches here. The candidate theory we will be fol-
lowing in this thesis is Causal Dynamical Triangulations (CDT), a nonperturbative
lattice formulation of gravity. It is conservative in the sense of making only few
assumptions, which are motivated by the ingredients and symmetries of general rel-
ativity. The theory is defined in terms of local geometric degrees of freedom, which
incorporate a causal structure, just like in the classical theory.

We will give a very brief introduction to some of the candidate theories of quan-
tum gravity, to give an impression of the wide scope of approaches followed. The
reviews [9, 10] give a more thorough overview of existing formulations. The initial
attempts to formulate a theory of quantum gravity followed strategies similar to
the ones found in standard perturbative quantum field theories. A major stumbling
block was the realization that gravity is perturbatively nonrenormalisable [11]. This
meant that the perturbative theory is an effective theory that is only valid up to a
certain energy scale. Theories of quantum gravity attempt to address this by sug-
gesting fundamental theories that are valid beyond this energy scale. One way to do
this is string theory, an example of a grand unified theory, which gained popularity
in the 1980s [12]. Its key idea is to replace point particles by strings of extended
length. A consequence of this is the appearance of a massless spin-2 particle in the
spectrum of the theory, which can be identified with the graviton, the hypothetical
particle mediating gravity. For consistency, string theory must be supersymmetric
and formulated on a ten-dimensional spacetime. It is also possible to derive the
field equations of general relativity in the low-energy limit of string theory [13].
The original hope was that string theory would be essentially unique and allow for
a unified description of all forces of nature, making it a candidate for a theory of
everything. A complication that has arisen is the discovery of the so-called string
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theory landscape [14]. It describes the high degree of ambiguity in the choice of
vacuum coming from the different possible compactifications of string theory.

A different approach is loop quantum gravity [15]. It is based on a canonical
reformulation of general relativity in terms of a canonical pair of SO(3) Yang-Mills
variables instead of the three-metric and its conjugate momentum. It turns out
that certain geometric operators describing areas and volumes in the kinematical
theory have discrete spectra, suggesting some level of fundamental discreteness at
the Planck scale. A big complication in loop quantum gravity is the solution of
the Hamiltonian constraint. This has inspired researchers to consider an alterna-
tive, covariant formulation in terms of so-called spin foams [16]. This theory uses
variables related to loop quantum gravity, but in a path-integral quantisation.

Relaxing the symmetries of general relativity has also been considered. One
proposal of how to do this is Hořava-Lifshitz gravity [17]. This approach explicitly
breaks local Lorentz invariance by assuming a noncanonical scaling between space
and time at high energies. However, it is unclear whether it is possible to recover
Lorentz invariance and the correct degrees of freedom in the low-energy limit. A
completely different approach is causal set theory [18], where one replaces the con-
tinuous spacetime with discrete spacetime “atoms”. For any two atoms a causal
relationship is specified, i.e. whether one is in the past or future of the other or
whether they are causally unrelated. It turns out that at least some geometric
structure can be recovered from this basic information in an approximate sense.
The attractive feature of this approach is its minimalism and conceptual simplicity.
However, it is not clear whether it is possible to recover manifold-like structures or
other features of general relativity from first principles in this theory.

Another possible avenue to quantum gravity is Weinberg’s asymptotic safety
scenario [19]. Instead of modifying the basic ingredients of general relativity or
quantum theory, this conjecture suggests that gravity may possess an ultraviolet
fixed point. Nonperturbative tools are needed to investigate this claim. The ap-
proach of asymptotic safety [20] uses analytical flow equations such as the Wetterich
equation to do this. These equations produce renormalization group flows similar
to the ones found in perturbative quantum field theory. The exact equation is for-
mulated for a scale-dependent effective action, which includes all possible quantum
fluctuations and corresponding coupling constants. This is not manageable from a
computational point of view and one has to rely on truncations to make calculations
possible. Many different truncations have been tested and are broadly consistent
with the existence of ultraviolet fixed points and renormalization group flows that
are compatible with general relativity at low energies.

A different way of addressing theories nonperturbatively is to use lattice meth-
ods. The simplicial lattice approach to gravity relevant for this thesis was first
introduced by Regge [21]. The two main implementations in the context of quan-
tum gravity are quantum Regge calculus and (causal) dynamical triangulations.
We will discuss their differences in Sec. 1.4. In both formulations one can look for
nontrivial scaling limits, including evidence for a possible ultraviolet fixed point.
A big advantage of these lattice theories is that they are well suited for numerical
investigations.

A challenge faced by all approaches is the extreme energy scale associated with
quantum-gravitational phenomena. Putting together the speed of light c, the Planck
constant ℏ and Newton’s constant G leads to the Planck energy

EP =

√
ℏc5
G

≈ 1019GeV. (1.1)

This is 15 orders of magnitude beyond the energies reached by the Large Hadron
Collider, the world’s most powerful particle accelerator, and 8 orders of magnitude
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above that of the most energetic cosmic ray ever measured [22]. It means that
we do not have direct experimental access to the regime where quantum fluctua-
tions of the metric become significant and theories of quantum gravity are relevant.
Since nonperturbative physics at the Planck scale tends to be very different from
the low-energy physics to which we have experimental and observational access,
it is not easy to relate these regimes. On the one hand, this makes it difficult to
make phenomenological predictions from theories of quantum gravity. This is more
important than ever, given the wealth of new data available from high-precision
cosmology [23], gravitational waves [24] and black-hole optical observations [25].
On the other hand, our physical intuition, which is based on working with quantum
field theories on a fixed, flat background, is unlikely to be very useful at the Planck
scale. This makes it difficult to interpret and analyse results at the Planck scale.

To address some of these challenges in any particular theory of quantum gravity,
it is useful to study suitable quantum observables. This thesis will look at con-
structing new observables, which allow us to extend the concept of curvature from
classical geometry to quantum geometry, generated dynamically in the approach of
Causal Dynamical Triangulations. Using such observables helps us to understand
the effective properties of physics at the Planck scale and their interpretation. The
observables we will consider have a built-in length scale, allowing us to probe their
effective large-scale properties, which will be essential for making contact with low-
energy physics. However, many technical and conceptual questions must still be
addressed before we can make genuine phenomenological predictions.

1.1 Overview of this thesis

This thesis will discuss the construction of curvature observables. The motivation
and eventual goal of these observables is to define and measure curvature in four-
dimensional Causal Dynamical Triangulations (CDT). The methods are however
quite general and should be applicable in other approaches to quantum gravity as
well. Concretely, we will discuss two such observables. In Chs. 2, 3, 4 and 5 we will
discuss the so-called quantum Ricci curvature, and in Ch. 6 Wilson loops.

The remainder of this chapter consists of three subsections. In Sec. 1.2 we
will give an introduction to the notion of observables in quantum gravity, and
motivate the particular properties we will be looking for in this thesis. In Sec. 1.3 we
discuss why we are specifically interested in curvature observables. Sec. 1.4 contains
an introduction to quantum gravity formulated in terms of (Causal) Dynamical
Triangulations. Measurements in (C)DT will be our main goal with regard to
quantum curvature observables. Chs. 4 and 5 contain concrete measurements in
two-dimensional DT and four-dimensional CDT.

Ch. 2 will introduce the quantum Ricci curvature. The focus will be on the
properties of this quantity for classical smooth manifolds, in particular, maximally
symmetric spaces. We will also consider an ellipsoid. Unlike the other spaces,
the ellipsoid is neither homogeneous nor isotropic. Investigating the effects of the
presence or otherwise of homogeneity and isotropy will be a recurring theme of this
thesis.

Ch. 3 extends the discussion of quantum Ricci curvature to the piecewise flat
setting. Important results include the discussion of a Gauss-Bonnet theorem, ana-
lytical calculations for regular lattices and numerical investigations of random tri-
angulations approximating classical constant-curvature spaces.

In Chs. 4 and 5 we take the plunge into full-fledged quantum geometries by mea-
suring the quantum Ricci curvature for two-dimensional DT and four-dimensional
CDT quantum gravity. Important issues in both chapters are the possible classical
interpretation of the large-scale curvature and the effective dimensions associated

3



with the Ricci curvature observable.
Ch. 6 discusses the gravitational holonomy, focusing on the existence of a non-

abelian Stokes’ theorem connecting the holonomy of a loop to an effective integrated
curvature of its interior. We will consider a perturbative expansion of the holonomy,
as a local expression in terms of the Riemann tensor and its covariant derivatives.

1.2 Observables in (quantum) gravity

We already briefly mentioned the need for more observables in quantum gravity.
This is especially the case in nonperturbative formulations, where one does not
rely on small perturbations around a well-understood flat background. The ba-
sic variable of general relativity is the metric gµν , describing distances and angles
in spacetime. Note that the explicit functional form of the metric depends on
the choice of coordinate system. Since the geometric content of general relativ-
ity does not depend on the choice of coordinates, this implies that there is a gauge
symmetry associated with the coordinate transformations, so-called diffeomorphism
invariance. It gives rise to complications when considering observables in theories
of gravity. Requiring invariance under diffeomorphisms implies that even at the
classical level, neither a spacetime point labelled x nor a field located at x should
be regarded as observables. Typical observables are obtained by integrating or aver-
aging scalar quantities over all points, making them highly nonlocal. This becomes
even more complicated in the quantum theory, where the superposition principle
demands that we should consider sums over all geometries. Since each of these ge-
ometries is different, it is not even in principle possible to identify the same point x
across different geometries. The other difficulty is that beyond the linearised theory
the action of a general diffeomorphism on entries of the metric g is complicated.
This makes it difficult technically to implement a consistent gauge-fixing, and is a
major stumbling block for many approaches to quantum gravity.

We will now focus on (C)DT quantum gravity, which has our special interest.
We will discuss in the following Sec. 1.4 how these models are constructed. For
now, it suffices to know that they rely on a lattice regularisation scheme, where
fixed building blocks make up the lattice in a dynamical fashion. This means that
there is a finite length scale a, the so-called lattice spacing, which describes the
length of a lattice edge of the building blocks and plays the role of an ultraviolet
cutoff. The goal of the lattice formulation, analogous to lattice QCD, say, is to take
a continuum limit a → 0, to obtain a nonperturbative, continuum quantum field
theory.

(C)DT puts an additional practical requirement on possible observables of the
theory, namely, that they must be sufficiently simple to compute. We have very lim-
ited access to analytical methods for evaluating the path integral in four-dimensional
CDT, the physically relevant version of (C)DT, and must in the first place rely on
Monte Carlo simulations to obtain quantitative information about an observable.
This means that any observable under consideration must be simple enough to
allow for automated evaluation. Another requirement is that the observable is well-
defined in the continuum limit a → 0, where we hope to find a continuum theory
of quantum gravity.

An important class of observables are observables that have a length scale d as-
sociated with them. An example of this is the two-point correlator of a matter field
at distance d. Such observables are characteristic for CDT, because observables in
gravity have to be nonlocal and geometric. They are also important, because they
allow us to probe how physics changes as we move d away from Planckian scales.
Measurements for distances near the cutoff scale a are strongly influenced by arbi-
trary choices of the renormalization. We call such effects discretization errors and
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only want to consider distances that are large enough that these do not play a role.
Similarly, it is problematic to consider distances comparable to the total exten-
sion of the configuration, where measurements can be strongly affected by so-called
finite-size effects. We only want to consider values of d which are sufficiently small
for these to not play a role. This means that for a given size of the configuration
and value of a, we must determine the window of distances d where measurements
can be extracted reliably.

Generically, the behaviour of such an observable will depend on the distance d.
For large distances it should behave semi-classically, but near the Planck length it
may exhibit interesting quantum gravity effects. An example of this is the spectral
dimension ds of four-dimensional CDT [26]. It is measured using the return prob-
ability of a random walk as a function of the diffusion time σ. It turns out that
the expected classical value ds = 4 is observed for large values of σ, while for small,
Planckian values of σ the spectral dimension is subject to a dimensional reduction,
taking the value ds = 2 within measurement accuracy.

A final requirement we will impose on observables is that they should have a well-
defined classical analogue. Although there is no fundamental reason to demand this,
it is difficult to interpret the measurements of an observable for Planckian geometries
if we are unable to link them to any properties of classical geometries. For such
observables we are able to investigate their semiclassical limit, which can serve as
a cross-check that our implementation is meaningful and that we are successfully
able to coarse-grain the observable.

Even observables that fulfil all of the above criteria may fail to produce mean-
ingful results when implemented on CDT configurations. There are several reasons
why this may happen: the observable may be divergent in the continuum limit, or it
may not coarse-grain or average appropriately, so that no classical limit is obtained.
Finally, it is possible that the results are so different from any classical expectation
that we do not understand how to relate them to geometric information. This may
be because the underlying Planckian geometry is complicated, but it may also be a
consequence of our limited understanding of the corresponding classical (nonlocal)
observable. An example of an observable that a priori seems like a good candidate
is the large-scale Wilson loop in CDT. However, its measurement found a uniform
distribution over the group SO(4) [27]. So far it has not been possible to relate
this measurement to interesting properties of the underlying geometry. In Ch. 6
we will show that even for classical smooth manifolds the relation between Wilson
loops and the geometry is complicated. Perhaps this result is an indication of our
limited understanding of Wilson loops rather than the fact that they are unsuited
as quantum observables in CDT.

The list of observables that fulfil all of the above criteria and have been inves-
tigated in (C)DT is limited. The primary examples are the spectral and Hausdorff
dimensions and the so-called volume profile of the universe, i.e. its three-volume
as a function of cosmological proper time [28]. Another new observable that has
garnered attention recently is related to the eigenvalues λ of the Laplace-Beltrami
operator on a single time-slice [29, 30, 31]. A lot of work in mathematics has been
done on how this spectrum relates to the underlying geometry, in the field of spectral
geometry [32]. An example of such a result is the extraction of an effective dimen-
sion d using the so-called Weyl law [33], relating the asymptotic large λ behavior of
the eigenvalues to the dimension d

nλ =
ωd

(2π)d
V λd/2, (1.2)

where nλ is the inverse function to the nth smallest eigenvalue λn and ωd is the
volume of a d-dimensional ball of unit radius, further details can be found in [29].
The most important result for CDT is that the relative sizes of low eigenvalues are
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sensitive to the differences between the different phases of four-dimensional CDT,
in addition to already existing criteria. In particular, it is possible to distinguish
between phases Cb and CdS by comparing measurements on two neighbouring spa-
tial slices (see Sec. 1.4 for more details on the phase diagram of four-dimensional
CDT). It should be obvious from this that extending the list of observables is highly
desirable. Until recently, a shortcoming of the known observables was that they did
not allow us to extract local or directional geometric information. In Ch. 5 we will
use the quantum Ricci curvature to address this lack of geometric and directional
dependence for four-dimensional CDT.

1.3 The case for (quantum) curvature

The key notion by which we understand and quantify the nontrivial local properties
of classical spacetime is that of curvature. The role of curvature in general relativity
is central. It not only appears on the left-hand side of the Einstein equations, but
also serves to quantify the physical consequences of general relativity: any local
departure from the flat-space behaviour of Minkowski space requires a nonvanishing
Riemann curvature tensor. While most of our intuition about curvature comes from
studying two-dimensional surfaces imbedded in three-dimensional Euclidean space,
intrinsic curvature in four dimensions – as captured by the Riemann curvature
tensor Rκλµν(x) – is a complex and rather unintuitive quantity. In terms of the
metric and its derivatives it can be expressed as

Rκλµν =
1

2
∂µ (g

κρ (∂λgρν + ∂νgρλ − ∂ρgλν))−
1

2
∂ν (g

κρ (∂λgρµ + ∂µgρλ − ∂ρgµλ))

+
1

4
gκρ (∂σgρµ + ∂µgρσ − ∂ρgσµ) g

σα (∂λgαν + ∂νgαλ − ∂αgλν)

− 1

4
gκρ (∂σgρν + ∂νgρσ − ∂ρgσν) g

σα (∂λgαµ + ∂µgαλ − ∂αgλµ) . (1.3)

The standard contractions of the Riemann tensor are the Ricci tensor Rµν and the
Ricci scalar R. They are defined by

Rµν = Rρµρν , (1.4)

R = gµνRµν . (1.5)

Eq. (1.3) shows that the Riemann tensor depends on the second derivatives of the
metric tensor, which requires gµν to be at least twice differentiable. In situations
where the metric structure is not of this type, for example, on a piecewise flat
manifold, the definition of curvature will have to be modified to remain meaningful.
While this is the case relevant for the configurations of (C)DT, generalized notions
of curvature are also important in the study of geometric properties of general non-
smooth metric spaces in pure mathematics [34], and even in describing the properties
of discrete graphs and networks [35].

There already exists a notion of curvature that has been used in the context of
(C)DT, which is based on the concept of a deficit angle, a simplicial implementation
of the sectional curvature of two-dimensional subspaces. It is inherited from Regge
calculus, which works with a standard expression for the scalar curvature in terms
of deficit angles [21]. Its integrated version appears in a simplicial analogue of the
Einstein-Hilbert action, used in both quantum Regge calculus and Dynamical Tri-
angulations [36]. In the context of Regge calculus, related simplicial representations
have been constructed for more complicated curvature tensors too (see, for example,
[37, 38, 39]).

However, expressions based on the deficit angle are not well suited as quantum
observables in our sense. The main issue is that they diverge in the continuum
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limit for dimensions D > 2. This problem persists even when we integrate the
scalar curvature over a finite region to produce a coarse-grained curvature. This
happens because the density of the curvature defects grows as the lattice spacing a
goes to zero, while the deficit angles do not “average out” on coarse-grained scales.
In contrast to the deficit angle, which is a quantity defined purely at the cut-off
scale, the alternative curvature observables we will define and implement have a
built-in scale. In Chs. 4 and 5 we will show that observables constructed from
the quantum Ricci curvature have a better averaging and scaling behaviour. The
interpretation of the second curvature observable, based on Wilson loops, in Ch. 6
is a lot more complicated. The discussion will therefore be limited to achieving a
better understanding of its classical properties, in the hope that this will allow us
to pick a subclass of loops, with a more direct interpretation in terms of an effective
curvature, potentially yielding a different way to access curvature information.

1.4 CDT

Causal Dynamical Triangulation or CDT is a candidate theory of quantum gravity,
based on a nonperturbative path integral over curved spacetimes. In particular,
it has produced nontrivial evidence that it is consistent with Einstein’s theory of
general relativity on large scales. This section will give a brief introduction to CDT
and some of the important results. The primary focus will be on the theory in four
dimensions, since this is the version which seems to relate to general relativity. For
more details we refer to the available reviews [40, 41].

1.4.1 Foundations

One way in which CDT quantum gravity could be well defined on all scales as a
quantum field theory is in the presence of an ultraviolet fixed point of the renormal-
ization group, as suggested by the asymptotic safety conjecture by Weinberg [19].
The idea is that the perturbative nonrenormalizability of general relativity is cured
by a nonperturbative ultraviolet fixed point. This fixed point must have a finite
number of attractive directions in order for the theory to be predictive. Although it
is possible to use the asymptotic safety conjecture as a starting point of both CDT
and the asymptotic safety program, the methods used to extract information about
nonperturbative quantum gravity are so different that it is very difficult to compare
their results at intermediate stages, and it is indeed possible that their eventual out-
comes do not agree. Recent work on possible connections between four-dimensional
CDT and the asymptotic safety program can be found in [42].

The question then becomes how to investigate the nonperturbative regime of
the theory, in order to test the asymptotic safety scenario, and hopefully find a
ultraviolet fixed point that allows us to describe quantum gravity. Recall from the
earlier discussion that the asymptotic safety program does this by solving analyt-
ical flow equations. By contrast, the tool that (C)DT uses is a nonperturbative
lattice regularisation and renormalization. Lattice regularisation is a way of renor-
malizing a theory that includes all perturbative and nonperturbative contributions.
This method has been used very successfully in lattice gauge theory to describe
nonperturbative properties of QCD, say [43]. The idea of a lattice regularisation
is to replace the continuum quantum field theory with a discrete approximation
that has a finite number of degrees of freedom. These typically live on the edges
and vertices of a hypercubic spacetime lattice, where each edge has a characteristic
length a. Since there are now only finitely many edges and vertices, the path in-
tegral reduces to a finite number of integrals, which can be evaluated either using
analytical methods or Monte Carlo integration, after a suitable Wick rotation.
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Figure 1.1: Example of a piecewise flat approximation of a sphere. This particular
triangulation is a Delaunay triangulation using 100 vertices (source J. Burkardt).

According to standard methodology, to obtain a continuum quantum field the-
ory, we must take a limit where the lattice scale a goes to zero and the correlation
length of the theory in terms of lattice units diverges. This will only be possible at
a second-order phase transition. If numerical methods are used to evaluate the path
integral, it is not possible to perform such a limit explicitly due to the finite compu-
tational resources. Extrapolations obtained at finite values of a through so-called
finite-size scaling are therefore used to extract physical continuum results.

We will make the assumption that quantum gravity is a geometric theory based
on the same degrees of freedom as general relativity. The question then arises of
how to construct a lattice theory that approximates the geometries relevant for
quantum gravity. We choose to approximate the continuum geometries by trian-
gulated piecewise flat manifolds. An example of such an approximation is given in
Fig. 1.1. There are two schools of thought on how to use this idea to approximate
the space of all curved spacetimes, which is the configuration space of the gravita-
tional path integral. The first approach, quantum Regge calculus [45], uses a fixed
collection of vertices and links and changes the geometry by varying the lengths
associated with the links of the lattice. The alternative approach we will consider
uses internally flat equilateral d-simplices of a fixed edge length a instead.1 In this
case, different geometries are represented by gluing the identical buildings blocks in
different ways. A d-simplex is a d-dimensional generalisation of a triangle (d = 2)
and a tetrahedron (d = 3). Note that d denotes the topological dimension of the
piecewise flat manifold, but that in a continuum limit other dynamical measures of

1The choice of simplices is not unique, and any finite collection of building blocks can in
principle be used here. However, our choice is convenient, since it minimises the information
needed to describe a given configuration, and therefore speeds up the computer simulations. By
virtue of universality, the results in the continuum limit should not depend on the details of this
regularization.
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Figure 1.2: Schematic illustration of a two-dimensional CDT configuration. This
configuration consists of four spatial slices of constant integer proper time t, with
an initial spatial boundary (t = 1) and a final spatial boundary (t = 4). The S1-
topology of each spatial slice is implemented by identifying the left- and right-most
vertex of each spatial slice and the time-like links connecting them.

dimension will in general not agree with this topological dimension.

The discussion so far is valid for both CDT and the closely related theory of
DT. DT does however have two major issues that appears to make it ill-suited as
a theory of quantum gravity. These are the lack of a second- or higher-order phase
transition and its Euclidean nature, with no obvious connection to quantum gravity
with a Lorentzian signature. We will now discuss the essential idea of CDT that
seems to solve both of these issues. The idea is to implement the causal structure
of Lorentzian spacetime by introducing a global assignment of an integer time to
each vertex. Vertices at the same time and the links connecting them form a spatial
slice, a (d− 1)-dimensional piecewise flat manifold of Euclidean signature. Between
each pair of neighbouring spatial slices there is a d-dimensional curved geometry
consisting of a layer of d-dimensional simplices of Minkowskian signature. Each link
connecting two different spatial slices is time-like, and only neighbouring spatial
slices are connected in this way. Fig 1.2 shows an example of a two-dimensional
CDT configuration.

Due to the additional causal structure of CDT we make a choice that distin-
guishes between two types of links. The time-like links connect vertices with differ-
ent time labels, and space-like links connect vertices on the same spatial slice which
share the same time label. We assign different squared proper lengths −αa2 and
a2 to these links respectively, where α > 0 is a real number. The geometry of the
simplices will therefore depend on the number of space-like and time-like links they
contain. We classify a simplex of type (i, j), with i+ j = d+1, to be a simplex with
i vertices in one spatial slice and j in a neighbouring spatial slice. Fig. 1.3 shows
the elementary simplicial building blocks of four-dimensional CDT, of types (4, 1)
and (3, 2).

To calculate expectation values we will use the Feynman path integral formalism,
which needs a gravitational action as an input.2 CDT uses a simplicial version of
the Einstein-Hilbert action with a cosmological constant, given by the expression

S =
1

16πG

∫
d4x

√−g (R− 2Λ) , (1.6)

where g denotes the determinant of the metric, R the Ricci scalar, Λ the cosmological
constant and G is Newton’s constant.3 The associated gravitational path integral

2All CDT results discussed here consider spacetimes without boundary, and we therefore do
not include a boundary term in eq. (1.6).

3Here we use a system of units with the speed of light c = 1.
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Figure 1.3: Four-simplices of type (4, 1) and (3, 2), the building blocks of four-
dimensional CDT. The blue lines are space-like links and the red lines are time-like
links, while the two rectangles are placeholders for a pair of neighbouring, curved
spatial triangulations (from [40]).

is given by the formal continuum expression

Z =

∫
D[g]eiS[g], (1.7)

where [g] ∈ g denotes an equivalence class of smooth geometries under the action
of the diffeomorphism group, D[g] is a measure on the space of equivalence classes
and g represents the set of all d-dimensional geometries. The expectation value of
an observable Ô can be formally written as

⟨Ô⟩ =
∫
D[g]Ô[g]eiS[g]

Z
. (1.8)

We will now introduce simplicial lattice versions of the continuum expressions
(1.7) and (1.8). This will give a concrete, regularized form to these formal expres-
sions and make them mathematically well defined. A discretized version of the Ricci
curvature R is calculated using the deficit angle formula, following Regge’s prescrip-
tion [21]. It relates the sectional curvature at a hinge to the deficit angle around
this hinge. A hinge in a d-dimensional simplicial manifold is a (d− 2)-dimensional
subsimplex, i.e. a vertex for d = 2, a link for d = 3 and a triangle for d = 4,
and the sectional curvature is evaluated in the two remaining directions. Sec. 3.2.1
has a more detailed discussion of this formula and Ch. 2 will discuss the notion
of sectional curvature in detail. Here we only note that because of the (almost)
equilateral nature of CDT, the deficit angle at a hinge can only take a number of
discrete values, depending on the number of d-simplices around the (d − 2)-hinge.
The volumes of sub-simplices also can only come in discrete units, depending on
the type of sub-simplex. This implies that the integrated curvature only depends
on the total numbers of d-simplices and certain sub-simplices. The total spacetime
volume will be equal to the number of each type of d-simplex times their individual
volume. Combining this, the simplicial version of the action can be evaluated by
simply counting the total numbers of building blocks of a given type and dimen-
sion. This is a big advantage for numerical implementations, since we do not have
to make costly local evaluations when determining the action.

In order to perform such numerical evaluations, we must Wick-rotate to Eu-
clidean signature. Recall the parameter α of CDT, which determines the squared
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Figure 1.4: The two Pachner moves for two-dimensional DT configurations (left),
and the corresponding foliation-preserving 2-4 move for two-dimensional CDT con-
figurations (right). (The first two illustrations are taken from [49].)

length −αa2 of the time-like links in CDT, and therefore also appears in the action.
One can show that there is a well-defined analytical continuation α → −α of the
simplicial regularization of the CDT path integral [44]. After making this continua-
tion, we can explicitly evaluate the action using the strategy presented above. The
Dehn-Sommerville relations in four dimensions imply that there are three indepen-
dent global numbers describing the total number of simplices of a given type. The
standard choice that we will follow in this thesis is to consider the number N0 of
vertices, the number N4 of four-simplices and the number N4,1

4 of four-simplices of
type (4, 1) as the basis for these numbers. As discussed above, the action will only
depend on these global numbers. An explicit calculation [41] leads to

S = κ4N4 +∆(N4 +N4,1
4 − 6N0)− κ0N0, (1.9)

where κ4 is related to the cosmological constant by κ4 ∝ a4ΛG, κ0 is related to
the Newton constant by κ0 ∝ 1

Ga2 and the asymmetry parameter ∆ depends on α
and satisfies ∆ = 0 for α = 1. Using the action (1.9) leads to the Wick-rotated,
Euclidean partition function of CDT,

ZCDT =
∑
T

1

C(T )
e−S(T ), (1.10)

where T represents a d-dimensional CDT configuration and C(T ) is the order of the
automorphism group of the triangulation T . The expectation value of an operator
Ô can now be evaluated using the analogue of eq. (1.8),

⟨O⟩ = 1

ZCDT

∑
T

(
O(T )

C(T )
e−S(T )

)
. (1.11)

If one would include a sum over spacetime topologies, in addition to the sum
over geometries, the number of distinct configurations would grow superexponen-
tially as a function of the number N4 of simplices. Since such a growth cannot be
controlled by the Boltzmann weights e−S , the sum over all topologies is ill-defined
in the continuum limit. We therefore will only sum over configurations with a fixed
spacetime topology. Recall that in addition the topology of the spatial geometry is
not allowed to change in time because of the causality conditions imposed in CDT.
The most common choice for the spatial slices is the topology of a three-sphere S3,
which we will also use from now on.4 Four-dimensional CDT typically also uses a
periodic time, which implies that the four-dimensional CDT configurations we will
consider have a global S3 × S1-topology.

1.4.2 Numerical implementation

In dimension higher than two it has not been possible to evaluate the regularized
partition function eq. (1.10) analytically and we therefore must use numerical Monte

4See [46] for a review of results on CDT on a four-torus.
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Figure 1.5: Phase diagram of four-dimensional CDT with spherical spatial topol-
ogy, with the inverse bare Newton constant κ0 on the x-axis and the asymmetry
parameter ∆ on the y-axis [40]. Fat dots and squares refer to actual measurements.
Note that the presence of a quadruple point is speculative. New evidence from
measurements for spatial tori suggest that there are two triple points instead [50].

Carlo simulations to extract information about the theory. The method we will use
to evaluate the path integral is a Metropolis algorithm for Monte Carlo simulations
[47]. The basic idea is to generate a Markov chain of configurations, where each
element in the chain is related to the previous element through a random update.
The probability of encountering a given element in the Markov chain will converge
towards any desired probability distribution, if the class of updates is ergodic. This
means that it allows any configuration to be related to any other configuration in
a finite number of steps, and has a probability that fulfils the condition of detailed
balance [48]. For general triangulations in d dimensions one can use the Pachner
moves (see Fig. 1.4 for an example of such a move in dimension two). These moves
are automatically topology-conserving and ergodic. A consequence of having to con-
serve the layered sliced structure of CDT is that we cannot use all d-dimensional
Pachner moves. Instead we use moves that correspond to Pachner moves when
restricted to spatial slices, see [41] for a more detailed description of the moves of
four-dimensional CDT. In dimension two, these moves can be shown to be ergodic,
except for the fact that the number of triangles can only change by an even amount.
In higher dimensions, ergodicity has not yet been proven but there are certainly no
numerical indications it is not satisfied. Using eq. (1.11) to calculate the expecta-
tion value of an observable is now straightforward, since the probability of a given
configuration is already correctly weighted according to the action. The expectation
value is given by a simple average of the observable over the configurations in the
Markov chain.

Recall that the true physical theory is only obtained after taking a continuum
limit. Since it is not possible to fit an infinite system on the computer, this limit
must be obtained by extrapolating from results at finite values of the system size,
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Figure 1.6: Typical volume distributions V3(t) of four-dimensional CDT configura-
tions with spherical topology, in phase A (left), phase B (middle) and phases Cb and
Cds (right). The horizontal axis represents time, and the vertical height is chosen
proportional to the spatial three-volume (taken from [41]).

usually described by the discrete d-volume Nd. To make the extrapolation towards
Nd → ∞, one measures at different fixed values of Nd. Since the elementary moves
in CDT cannot be chosen to be volume-preserving, an update will in general change
Nd. The way to deal with this is to fix a target volume N̄d, allow the system to
fluctuate only in the vicinity of N̄d, and consider only measurements taken at the
exact value Nd = N̄d. This is possible because the contribution of the cosmological
constant in the action (1.9) is proportional to the total volume. Any desired N̄d
can therefore be reached by fine-tuning κ4, the value of the cosmological constant.
However, it turns out that the fluctuations around this average value are often
unstable. To fix this, one adds a volume-fixing term SVf = ϵ(Nd − N̄d)

2 to the
action, where the parameter ϵ > 0 has to be chosen large enough to keep the
spread of volumes reasonable, but small enough to allow for paths that require
large volume fluctuations. In order to take the continuum limit a → 0, one must
approach a second-order phase transition as already mentioned earlier, because the
correlation length of the theory in lattice units must diverge.

1.4.3 Phase structure of four-dimensional CDT

Given the action (1.9), after fine-tuning the parameter κ4 to obtain the desired
average volume N̄d, we are left with a two-dimensional phase space spanned by
κ0 and ∆. Scanning this space has led to the discovery of four distinct phases,
the uncorrelated phase A, the collapsed phase B, the bifurcation phase Cb and the
de Sitter phase CdS (see Fig. 1.5 for an up-to-date version of the phase diagram).
One criterion that has been used to distinguish between different phases is their
typical volume distribution V3(t), i.e. the three-volume of the spatial universe as
a function of proper time t. Fig. 1.6 shows typical volume distributions in the
phases A, B and Cb/CdS . In phase A, the distribution of volumes of neighbouring
spatial slices is uncorrelated. Phase B has a single spatial slice which contains
essentially all of the volume, with the remaining spatial slices having the minimal
size allowed for a spherical triangulation. The phases CdS and Cb look similar,
in the sense that they both have volume distributions characterized by a blob of
finite spacetime volume and a stalk of minimal volume. The average volume profile
of the blob is well described by a de Sitter-like volume profile ⟨V3(t)⟩ ∝ cos3(ct).
The difference between phases Cb and Cds is the fact that phase Cb contains a
distinguished structure that has been interpreted in terms of a breaking of the
assumed (approximate) homogeneity of the geometry of the spatial slices. This
string-like structure consists of a cluster of simplices of type (4, 1), which are all
connected to a single high-order vertex situated on every second slice. These vertices
have a coordination number that is much larger than that of any other vertex [51].
Phase CdS is currently the most promising candidate for a phase consistent with
our universe. Not only does it have a large-scale Hausdorff and spectral dimension
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of 4, but one can reconstruct from the measurements an effective action for the
Friedmann scale factor, which is consistent with the corresponding semi-classical
minisuperspace action on a de Sitter background [41].

Finally, it is worth mentioning that CDT has promising candidates for a con-
tinuum limit. The Cb-B transition is of second order, and the CdS-Cb and CdS-B
transitions are likely also of second order, however, more precise measurements are
needed to fully settle this question [50, 52, 53].
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Chapter 2

Average Sphere Distances

This chapter introduces the notion of the average sphere distance d̄ and shows
how it relates to the Ricci curvature of smooth manifolds.1 We will discuss the
infinitesimal distance expansion for a general manifold and the distance properties
for constant-curvature spaces, a flat torus and ellipsoids.

2.1 Introduction

The introduction to this thesis discussed the need to find new geometric observ-
ables, which are applicable in the Planckian regime of quantum gravity. A new
ingredient in the construction of such observables is the quantum Ricci curvature.
Quantum Ricci curvature extends the classical notion of Ricci curvature to a class
of nonsmooth geometries thought of as “discrete” metric spaces of Riemannian
signature, such as the ones found in DT or in CDT quantum gravity after a Wick
rotation.2 The basic idea is to consider distances between pairs of points lying on
nearby spheres (see Fig. 2.1). In Sec. 2.2 we will show that comparing such distances
to their counterparts in flat space, they are on average further apart for negatively
curved spaces and closer together for positively curved spaces. Comparing the
distances of such point pairs with the distance of the centres of the two spheres allows
us to extract curvature information about a given metric space. One advantage
of this particular definition of curvature compared to alternative ones is that it
compares lengths to lengths. We therefore have a direct comparison of geometric
quantities of the same type. This is likely to lead to a larger degree of robustness
in the quantum theory, where different geometric quantities may undergo different
kinds of renormalization. Another desirable feature of our prescription is that it
depends on variable, built-in scales. They are defined in terms of the radius ϵ of
the spheres and the distance δ between their centres, and allow us to investigate
the effective coarse-grained curvature in a range of scales, potentially including
noninfinitesimal δ and ϵ.

The explicit distance we will use is the average sphere distance d̄, defined as the
average distance of pairs of points on the two spheres. This chapter will investi-
gate the average sphere distance on smooth manifolds. The relations obtained in
this chapter will help us to build an intuition about the behaviour of the average
sphere distance and motivate the definition of quantum Ricci curvature in Ch. 3.
We will give a definition of average sphere distance in Sec. 2.3 and compare it to

1This chapter is partly based on Introducing Quantum Ricci Curvature, by N. Klitgaard and
R. Loll, Phys. Rev. D 97 (2018) 046008 [54].

2Although the quantum Ricci curvature was motivated by the analysis of CDT quantum gravity
in four dimensions, it is applicable to a much wider class of models.
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the parallel-transport distance and the Wasserstein distance, two other versions of
sphere distance considered in the literature. For small δ and ϵ we will then derive
a relation between the average transport distance and the Ricci curvature. The
following Sec. 2.3 will discuss extending these results to finite scales δ and ϵ for the
case of constant-curvature spaces.3 These spaces are sufficiently simple to compute
the value of the average sphere distance for finite distances analytically. Since they
are maximally symmetric, they are a natural reference point for describing the ef-
fective curvature properties. We will use the insights of this section to interpret the
results of Chs. 3, 4 and 5. This section also discusses the consequences of the space
being compact. A compact space can have more than one geodesic connecting any
two points, due to the global topology (rather than local caustics). This implies
that if three points x, y and z are on the same geodesic, with y between x and z,
it is not necessarily true that d(x, z) = d(x, y) + d(y, z), since a different choice of
geodesic between x and z might be shorter. Such “shortcuts” lead to a shorter aver-
age sphere distance than expected based on the curvature alone. The consequences
of this will be investigated for the flat torus. We will see that whenever distances
are small, the results agree with those for flat space. However, when the probed
scale becomes comparable to the radius R of the torus, we start seeing the conse-
quences of the global topology. In Sec. 2.4 we consider an example of a space that
is neither isotropic nor homogeneous. This is done by investigating ellipsoids with
one axis of length b and all other axes of a different length a. We will discuss how
to calculate average sphere distances for such ellipsoids, including the case where
|a−b| is not small. We will then test how measurements on the ellipsoid compare to
measurements on the sphere and whether it is possible to tell the two cases apart.

2.2 Average sphere distance and its relation to
Ricci curvature

Consider a smooth, D-dimensional Riemannian manifold (M, gµν), and two points
p, p′ ∈ M , which are a geodesic distance δ ≥ 0 apart. The two ϵ-spheres Sϵp and
Sϵp′ around p and p′ consist of those points in M that are a distance ϵ ≥ 0 away
from the centres p and p′ respectively. The parameters δ and ϵ must be sufficiently
small for the ϵ-spheres to have the topology of SD−1-spheres and such that p′ can
be written uniquely as p′ = expp(δv) in terms of the exponential map, where v is a
unit vector in the tangent space TpM .

In the introduction we mentioned how the distance between these spheres is re-
lated to curvature, in the sense that it is smaller than δ for positively curved spaces
and larger for negatively curved spaces. There are various different definitions of the
distance between the two spheres Sϵp and S

ϵ
p′ , all leading to a similar qualitative be-

haviour. This section will discuss three such definitions, namely, parallel-transport
distance, Wasserstein distance and average sphere distance, and their relation to
Ricci curvature.

The parallel-transport distance is a natural choice of sphere distance in the
smooth setting. By parallel transporting tangent vectors in TpM to Tp′M along
the geodesic connecting the centres p and p′, we can make a pairwise identification
of points in the two spheres. Suppose q is the image q = expp(ϵw) of the point
p under the exponential mapping in the direction of the unit vector w ∈ TpM .
Parallel transporting the vector w to p′ yields another unit vector, w′ ∈ Tp′M , which
therefore points to a point q′ on the sphere Sϵp′ in the sense that q′ = expp′(ϵw

′) (see
Fig. 2.1). Recall that in order for this construction to be well-defined and unique,
both δ and ϵ must be sufficiently small, which we will assume is the case. Assuming

3The explicit choice of these are the sphere, flat space and hyperbolic space.
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Figure 2.1: Two nearby spheres Sϵp and Sϵp′ of radius ϵ on a manifold M whose
centres are a small distance δ along the unit vector v apart. Parallel transport of a
unit vector w at p along the geodesic of length δ connecting p and p′ yields another
unit vector w′. The distance between the points q and q′ in flat space is equal to δ,
while in the presence of curvature the lowest-order deviation from δ is given by eq.
(2.1).

for simplicity that v and w are orthogonal, the distance between the two points q
and q′ is given by [55]

d(q, q′) = δ

(
1− ϵ2

2
K(v, w) +O(ϵ3 + δϵ2)

)
, (2.1)

in the limit (δ, ϵ) → (0, 0), where the sectional curvature K(v, w) is the Gaussian
curvature of the two-dimensional surface of geodesics whose tangent vector at p lies
in the span of v and w. Recall that the sectional curvature is defined in terms of
the Riemann curvature tensor R and the scalar product ⟨·, ·⟩ on M as

K(v, w) =
⟨R(v, w)w, v⟩

⟨v, v⟩⟨w,w⟩ − ⟨v, w⟩2 , (2.2)

where the denominator simplifies to 1 for orthonormal vectors v and w.
If Sϵp is mapped to Sϵp′ using parallel transport, as described above, a point

q ∈ Sϵp and its image q′ ∈ Sϵp′ are on average a distance

d(Sϵp, S
ϵ
p′) = δ

(
1− ϵ2

2D
Ric(v, v) +O(ϵ3 + δϵ2)

)
(2.3)

apart in the limit (δ, ϵ) → (0, 0) [56], where Ric(v, v) denotes the Ricci curvature
associated with the unit vector v. The Ricci curvature is given as a sum of sectional
curvatures over orthogonal planes containing v. In terms of an orthonormal basis
{ei, i = 1, . . . , D}, this can be written as

Ric(e1, e1) =

D∑
i=2

K(e1, ei). (2.4)

Expression (2.3) is obtained by integrating the point distances corresponding to all
unit vectors w and dividing by the volume of the unit (D−1)-sphere. Equivalently,
one can integrate over the sphere of radius ϵ with respect to the induced measure
and divide by the sphere volume.
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For a variety of reasons the prescription (2.3) is not particularly suited to ex-
tracting curvature from a simplicial manifold. Although the underlying parallel
transport can be implemented straightforwardly, as was shown in [57] for the case
of dynamical triangulations, local coordinate systems generally cannot be extended
beyond pairs of adjacent building blocks. Geodesics between vertices further than
one unit distance apart are in general nonunique. Moreover, if we consider only
the distances between the vertices contained in nearby ϵ-spheres – as is natural in
a simplicial context – their number will typically be different for different spheres.4

This means that we cannot associate them pairwise in a one-to-one fashion, as was
done to obtain relation (2.3).

One way around this problem is to replace the parallel transport with the
Wasserstein distance or L1-transportation distance. This distance is defined by con-
sidering the set of all measures µ(x, y) on the product space Sϵp×S′ϵ

p , with the prop-
erty that they conserve the projected measure in the sense that

∫
dxµ(x, y) = ρ(y)

and
∫
dy µ(x, y) = σ(x), where ρ(y) and σ(x) are measures on Sϵp and S′ϵ

p . The
distance is now defined as

dw(S
ϵ
p, S

ϵ
p′) = inf

µ

∫
dx dy d(x, y)µ(x, y)∫
dxσ(x)

∫
dy ρ(y)

. (2.5)

In the limit considered in eq. (2.3), the Wasserstein distance and the parallel-
transport distance agree. This suggests that combining (2.3) with (2.5) allows for
the definition of an effective Ricci curvature. The use of this version of curvature on
tessellations and graphs was first considered by Ollivier [55] and led to the notion of
“coarse Ricci curvature”. It addresses our two objections to the parallel-transport
distance. First, since it only relies on distances and not on parallel transport, we do
not have to worry about parallel transport not being unique outside a neighbour-
hood. Second, since we use measures, the points do not have to map on a one-to-one
basis. The difficulty in using this definition is due to the optimization step. In the
continuum it is not clear how to solve the general optimization problem for finite δ
and ϵ. In the discrete case the optimization becomes a problem in linear optimiza-
tion. Since the number of variables grows as the products of the sphere sizes, this
quickly becomes expensive to compute for our purposes. An implementation of this
alternative definition in the case of graphs can be found in [58].

To avoid this optimization step we consider the “average sphere distance” d̄.
The idea is to avoid the optimization step by calculating the average values instead,
which corresponds to using a measure µ that is a simple product µ(x, y) = σ(x)ρ(y).
Note this trivially fulfils the projective conditions and therefore dw ≤ d̄. On a D-
dimensional Riemannian manifold, the average sphere distance d̄ of two ϵ-spheres
centred at points p and p′ is simply defined as

d̄(Sϵp, S
ϵ
p′) :=

1

vol(Sϵp)

1

vol(Sϵp′)

∫
Sϵ
p

dD−1q
√
h

∫
Sϵ
p′

dD−1q′
√
h′ d(q, q′), (2.6)

where h and h′ are the determinants of the metrics induced on the two (D − 1)-
dimensional “spheres”, which are also used to compute the sphere volumes vol(S),
and d(q, q′) denotes the geodesic distance between the points q and q′. Note that
d̄ is not a proper distance in the mathematical sense. Although it is positive,
symmetric and satisfies the triangle inequality, the average distance of an ϵ-sphere
to itself does not vanish, unless ϵ = 0. This is in contrast to the parallel-transport
and Wasserstein distance, which both vanish when the spheres are identical.

4We should put “spheres” in inverted commas here, since the vertices and other (sub-) simplices
at integer link distance ϵ from a chosen vertex do not in general form a topological (D−1)-sphere,
but a disconnected space. We will from now on interpret an “ϵ-sphere” Sϵ

p as the set of all points
at distance ϵ from a given centre point p, regardless of whether they form a sphere topologically.
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For the definition (2.6) to be meaningful, it is not essential that the two spheres
have the same radius, but this is the only case we will consider. More specifically,
our definition of “quantum Ricci curvature” will be based on pairs of overlapping
spheres whose common radius is equal to the distance between their centres, ϵ = δ.
This is not a unique choice, but a natural and convenient one if one is interested in
a scalable curvature observable associated with a single scale δ.

We would now like to find the analogue of the infinitesimal expression (2.3) for
the average transport distance (2.6) for an arbitrary dimension D. If δ ≪ 1 we can
calculate the average sphere distance d̄ as an expansion in δ (see Sec. 2.2.1 for an
explicit calculation in three dimensions). We find

d̄(Sϵp, S
ϵ
p′) = cqδ(1− δ2(cR1R+ cR2Ric(v, v))) +O(δ4), (2.7)

where R denotes the Ricci scalar at p and cq, cR1 and cR2 are constants depending
on the dimension of the manifold.5 Comparing this to eq. (2.3), we note that the
linear term has a constant generally different from 1 and that the cubic term has
an additional dependence on the Ricci scalar. The constant cq, which is a measure
of the linear average sphere distance behaviour of flat manifolds, depends on the
dimension of the manifold. This is in contrast to the parallel-transport distance and
Wasserstein distances for which cq = 1. The scalar curvature term is a consequence
of a sphere having a nonlinear average distance to itself. To see this note that this
distance corresponds to the case δ = 0. It therefore has no directional contribution
from v and must be scalar in nature. We can reduce Ric(v, v) to R by performing
an angular average. This procedure is similar to how we got from eq. (2.1) to (2.3)
and allows us to remove the dependence on R, if we are interested in the pure Ricci
tensor.

2.2.1 Explicit calculation of the average sphere distance

This subsection will contain an explicit calculation of the average sphere distance
for dimension D = 3, showing that the distance has the form (2.7). The calculations
in other dimensions are similar6. We will determine the values of cq, cR1 and cR2

for dimensions two, three and four below. This calculation uses Riemann normal
coordinates (RNC). This special coordinate system is characterized by making all
geodesics emanating from an expansion point x into straight lines and transforming
the geodesic distance from x to any other point into the regular Euclidean distance.
The choice of RNC is always possible in a sufficiently small local neighbourhood,
so this coordinate choice does not restrict the generality of the argument [59].

As an expansion point we will use the centre p of the sphere Sp, which means
that Sδp will look like a regular sphere in Euclidean space. Parameterizing points q

on Sδp by angles θ1, ϕ1 with 0 ≤ θ1 ≤ π and 0 ≤ ϕ1 < 2π, we find

q = (δ sin(θ1) cos(ϕ1), δ sin(θ1) sin(ϕ1), δ cos(θ1)) . (2.8)

The point p′ is chosen to lie in the positive z-direction and therefore has coordinates
(0, 0, δ). We use the following parametrization for the points q on Sδp′

q′ = (0, 0, δ) + δ w(θ2, ϕ2)(sin(θ2) cos(ϕ2), sin(θ2) sin(ϕ2), cos(θ2)), (2.9)

where w denotes a general function describing the deformation of Sδp′ due to cur-
vature. In particular, the value w = 1 corresponds to a regular two-sphere in
Euclidean space. The distance between p′ and q′ will increase monotonically with

5Explicit values in dimensions two, three and four can be found at the end of Sec. 2.2.1.
6The only qualitative difference is in two dimensions, where the Ricci tensor follows uniquely

from the scalar curvature and the two constants cR1 and cR2 are therefore not independent.
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w for δ sufficiently small, which means that there exists a single value of w where
the distance is equal to δ. The parameterisation of Sδp′ given by eq. (2.9) is therefore
general. We now need to determine the function w(θ2, ϕ2). It is sufficient to only
consider terms at orders δ3 and below, since any higher-order corrections will not
affect the orders considered in eq. (2.7). The distance L between two points xi and
xj in RNC is given by [59]

L2 = gab∆x
a
ij∆x

b
ij −

1

3
Rabcdx

a
i x
b
jx
c
ix
d
j +O(x3i∆x

2
ij) +O(x2i∆x

3
ij), (2.10)

where ∆xij denotes the coordinate difference ∆xij = xi−xj . Looking at the special
case of eq. (2.10) for the distance of points q′ ∈ Sδp′ to the centre p′, and demanding
that the distance is equal to δ we find

L2(θ2, ϕ2, w) = (w δ)2 − w2 δ4

3
sin2(θ2)

(
R3131 cos

2(ϕ2) +R3232 sin
2(ϕ2)

)
− w2 δ4

3
sin2(θ2) (2R3132 cos(ϕ2) sin(ϕ2)) +O(δ5) =⇒

L =w δ

(
1− δ2

6
sin2(θ2)

(
R3131 cos

2(ϕ2) +R3232 sin
2(ϕ2)

))
− w δ3

6
sin2(θ2) (R3132 sin(2ϕ2)) +O(δ3) = δ =⇒

w =
(
1− δ2

6 sin2(θ2)
(
R3131 cos

2(ϕ2) +R3232 sin
2(ϕ2) +R3132 sin(2ϕ2)

))−1

+O(δ3)

=1 +
δ2

6
sin2(θ2)

(
R3131 cos

2(ϕ2) +R3232 sin
2(ϕ2) +R3132 sin(2ϕ2)

)
+O(δ3).

(2.11)

In eq. (2.11) and all following equations we will use the symmetry properties of the
Riemann tensor Rabcd to reduce the number of different Riemann tensor combina-
tions to six.

Given the coordinate expressions for the two two-spheres, we now use eq. (2.10)
to determine the distance d(q, q′) = d ((θ1, ϕ1), (θ2, ϕ2)) between points q and q′.
This calculation only has to include terms of order δ3 and lower. To lowest linear
order in δ we find the regular Euclidean contribution dEu. There are two corrections
to this at order δ3. One of them, dw, comes from the radial corrections of Sδp′ and
the other, dcor, comes from the correction term in eq. (2.10) proportional to the
Riemann tensor. We can now calculate the total distance by combining the above
expressions and Taylor expanding to order δ3,

d ((θ1, ϕ1), (θ2, ϕ2)) =
√
d2Eu + d2w + d2cor +O(δ5) =

√
d2Eu +

d2r + d2cor

2
√
d2Eu

+O(δ4).

(2.12)
Each of the individual terms making up eq. (2.12) can now be determined by

using eq. (2.10). We find

d2Eu = δ2
(
(1 + cos(θ2)− cos(θ1))

2
+ (sin(θ2) cos(ϕ2)− sin(θ1) cos(ϕ1))

2
)

+ δ2 (sin(θ2) sin(ϕ2)− sin(θ1) sin(ϕ1))
2
, (2.13)

for dEu, while the expression for dw is

d2w = 2δ2(w − 1) (cos(θ2) (1 + cos(θ2)− cos(θ1)) + sin(θ2) cos(ϕ2) (sin(θ2) cos(ϕ2)))

+2δ2(w−1) sin(θ2) (sin(ϕ2)(sin(θ2) sin(ϕ2)−sin(θ1) sin(ϕ1))−cos(ϕ2) sin(θ1) cos(ϕ1)) ,
(2.14)
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and for dcor we find

d2cor = −δ
4

3
R̃, (2.15)

with

R̃ = R3131

(
sin2(θ1) cos

2(ϕ1) (cos(θ2) + 1)
2
+ cos2(θ1) sin

2(θ2) cos
2(ϕ2)

)
−R3131 (sin(2θ1) cos(ϕ1) (cos(θ2) + 1) sin(θ2) cos(ϕ2))

+R3232

(
sin2(θ1) sin

2(ϕ1) (cos(θ2) + 1)
2
+ cos2(θ1) sin

2(θ2) sin
2(ϕ2)

)
−R3232 (sin(2θ1) sin(ϕ1) (cos(θ2) + 1) sin(θ2) sin(ϕ2))

+R3132

(
sin2(θ1) sin(2ϕ1) (cos(θ2) + 1)

2
+ cos2(θ1) sin

2(θ2) sin(2ϕ2)
)

−R3132 (sin(2θ1) (cos(θ2) + 1) sin(θ2)(cos(ϕ1) sin(ϕ2) + sin(ϕ1) cos(ϕ2)))

+R2121 sin
2(θ1) sin

2(θ2)
(
sin2(ϕ1) cos

2(ϕ2) + cos2(ϕ1) sin
2(ϕ2)− 1

2 sin(2ϕ1) sin(2ϕ2)
)

+2R2123 sin(θ1) sin(θ2)
(
cos(θ1) sin(θ2) cos(ϕ1) sin

2(ϕ2) + (1 + cos(θ2)) sin(θ1) cos(ϕ2) sin
2(ϕ1)

)
−R2123 sin(θ1) sin(θ2) ((1 + cos(θ2)) sin(θ1) sin(ϕ2) sin(2ϕ1) + cos(θ1) sin(θ2) sin(ϕ1) sin(2ϕ2))

+2R1213 sin(θ1) sin(θ2)
(
cos(θ1) sin(θ2) sin(ϕ1) cos

2(ϕ2) + (1 + cos(θ2)) sin(θ1) sin(ϕ2) cos
2(ϕ1)

)
−R1213 sin(θ1) sin(θ2) ((1 + cos(θ2)) sin(θ1) cos(ϕ2) sin(2ϕ1) + cos(θ1) sin(θ2) cos(ϕ1) sin(2ϕ2)) .

(2.16)

To determine the average sphere distance from eq. (2.6), we also need the volumes
and measures associated with Sδp and Sδp′ . Note that finding the distance of nearby
points x = (θ, ϕ) and x′ = (θ + dθ, ϕ + dϕ) allows us to determine the induced
metrics hij and h′ij , since d(q, q

′)2 = hθθdθ
2 + hϕϕdϕ

2 + 2hθϕdθ dϕ + O(d3), where

O(d3) denotes correction terms cubic in the dθ and dϕ. An explicit calculation leads
to

d((ϕ1, θ1), (ϕ1 + dϕ1, θ1 + dθ1))
2 = δ2(dθ21 + sin2(θ1)dϕ

2
1)− δ4

R̄1

3
+O(δ6). (2.17)

We can now calculate the determinant h of the metric and the associated measure√
h. Note that terms of the type dθ1 dϕ1 are O(δ4), which means that their product

will be O(δ8), and will only affect the expansion of the measure at order δ6. We
will therefore not include these terms in the expression below. The term at order
δ4 in eq. (2.17) is

R̄1 =R3131

(
cos2(ϕ1)dθ

2
1 + cos2(θ1) sin

2(θ1) sin
2(ϕ1)dϕ

2
1

)
+R3232

(
sin2(ϕ1)dθ

2
1 + cos2(θ1) sin

2(θ1) cos
2(ϕ1)dϕ

2
1

)
+R3132

(
sin(2ϕ1)dθ

2
1 − cos2(θ1) sin

2(θ1) sin(2ϕ1)dϕ
2
1

)
+R2121

(
sin4(θ1)dϕ

2
1

)
+R2123

(
sin(2θ1) sin

2(θ1) cos(ϕ1)dϕ
2
1

)
+R1213

(
sin(2θ1) sin

2(θ1) sin(ϕ1)dϕ
2
1

)
. (2.18)

An explicit calculation of the measure on Sδp gives

√
h = δ2 sin(θ1)

√
1− δ2

R̄2

3
+O(δ4) = δ2 sin(θ1)

(
1− δ2

R̄2

6

)
+O(δ6), (2.19)

with

R̄2 =R3131

(
1− sin2(θ1) sin

2(ϕ1)
)
+R3232

(
1− sin2(θ1) cos

2(ϕ1)
)
+R2121 sin

2(θ1)

+R3132 sin(2ϕ1) sin
2(θ1) + sin(2θ1) (R2123 cos(ϕ1) +R1213 sin(ϕ1)) . (2.20)
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We now perform a similar calculation for the measure
√
h′. We can again disregard

terms of the type dθ2 dϕ2, since they only contribute at order δ6. A difference in the
calculation of

√
h is the appearance of w in the expression of Sδp′ . Recall that eq.

(2.11) implies (w− 1) = O(δ2). This makes it easier to keep track of the expansion
orders by using 1 and (w− 1) instead of w. It turns out that terms of the type dw

dθ2

and dw
dϕ2

only appear at order O(δ6) and can therefore be ignored by an argument
similar to the one given for terms of the type dθ2 dϕ2. The remaining terms are
calculated explicitly below, yielding

d((ϕ2, θ2), (ϕ2 + dϕ2, θ2 + dθ2))
2

= δ2(1 + 2(r − 1))(dθ22 + sin2(θ2)dϕ
2
2)(dθ

2
2 + sin2(θ2)dϕ

2
2)− δ4

R̄3

3
+O(δ6),

(2.21)

with

R̄3 =R3131(1 + cos(θ2))
2
(
cos2(ϕ2)dθ

2
2 + sin2(θ2) sin

2(ϕ2)dϕ
2
)

+R3232(1 + cos(θ2))
2
(
sin2(ϕ2)dθ

2
2 + sin2(θ2) cos

2(ϕ2)dϕ
2
)

+R3132(1 + cos(θ2))
2
(
sin(2ϕ2)dθ

2
2 − sin2(θ2) sin(2ϕ2)dϕ

2
)

+R2121

(
sin4(θ2)dϕ

2
2

)
+ 2R2123(cos(θ2) + 1) sin3(θ2) cos(ϕ2)dϕ

2
2

+ 2R1213(cos(θ2) + 1) sin3(θ2) sin(ϕ2)dϕ
2
2. (2.22)

For the determinant factor one finds

√
h′ = δ2 sin(θ2)

√
1 + 4(r − 1)− δ2

R̄4

3
+O(δ4)

= (δ2 sin(θ2)(1 + 2(r − 1)− δ4
R̄4

6
) +O(δ6), (2.23)

with

R̄4 =(1 + cos(θ2))
2 (R3131 +R3232) +R2121 sin

2(θ2)

+ sin(2θ2)(1 + cos(θ2)) (R2123 cos(ϕ2) +R1213 sin(ϕ2)) . (2.24)

The normalization N = 1
vol(Sδ

p)vol(S
δ
p′ )

can now be determined from

vol(Sδp)vol(S
δ
p′) =

∫ π

0

dθ1

∫ 2π

0

dϕ1

∫ π

0

dθ2

∫ 2π

0

dϕ2
√
h
√
h′

= 16π2δ4
(
1− δ2

9 (R3131 +R3232 +R2121)
)(

1− δ2

9 (R3131 +R3232 +R2121)
)
+O(δ7)

= 16π2δ4
(
1− 2δ2

9
(R3131 +R3232 +R2121)

)
+O(δ7), (2.25)

yielding

N = 1+O(ϵ7)

16π2δ4
(
1− 2δ2

9 (R3131+R3232+R2121)
) = 1

16π2δ4 + R3131+R3232+R2121

72π3δ2 +O( 1δ ).

(2.26)

We can now return to eq. (2.6) to determine the average sphere distance d̄ by
combining the terms (2.19), (2.20), (2.21), (2.22), (2.23), (2.24) and (2.26) calcu-
lated above. The lowest order of the expansion is linear in δ, and the first corrections
are O(δ3). We see that all terms linear in δ agree with a calculation in flat space,
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since none of the corrections to the flat metric appear at linear order. The terms at
order O(δ3) are all linear in the components of the Riemann tensor. We also see that
all terms proportional to R1213, R2123 or R3132 in eqs. (2.19), (2.20), (2.21), (2.22),
(2.23), (2.24) and (2.26) contain factors of sin(ϕ1), cos(ϕ1), sin(ϕ2) or cos(ϕ2). Their
contribution will vanish during the angle integrations of the averaging procedure.
The terms proportional to R1313 and R2323 are related by interchanging cos(ϕ1)
and cos(ϕ2) with sin(ϕ1) and sin(ϕ2), which implies that their values agree after
the averaging procedure. Combining the above observations we find

d̄(Sδp , S
δ
p′) = c1δ(1− δ2(c2R2121 + c3R3232 + c3R3131))

= c1δ(1− δ2(
c2
2
R+ (c3 − c2)Ric(e3, e3))), (2.27)

where we have used the fact that the Euclidean metric of the Riemann normal
coordinate system leads to the identities Ric(e1, e1) = R1212 +R1313, Ric(e2, e2) =
R1212 + R2323, Ric(e3, e3) = R1313 + R2323 and R = Ric(e1, e1) + Ric(e2, e2) +
Ric(e3, e3). Comparing this with the general expression (2.7), we see that the two
expressions agree if we identify cq = c1, cR1 = c2

2 and cR2 = c3 − c2.
We can now compute the coefficients cq, cR1 and cR2 by integrating the terms

determined above. It turns out that we are unable to perform an analytical in-
tegration of the relevant expressions and have to rely on a numerical integration
instead. Up to cubic order in δ, the explicit two-dimensional expression for the av-
erage sphere distance between two δ-spheres Sδp and Sδp′ whose centres are separated
by a distance δ along the z-axis becomes

d̄(Sδp , S
δ
p′) = 1.6250 δ − (0.0133R+ 0.0582Ric(e3, e3))δ

3, (2.28)

where R denotes the Ricci scalar. Similar calculations can be performed in dimen-
sions two and four, yielding

d̄(Sδp , S
δ
p′) = 1.5746 δ − 0.0720Rδ3, (D = 2)7 (2.29)

d̄(Sδp , S
δ
p′) = 1.6524 δ − (0.0073R+ 0.0466Ric(e3, e3))δ

3. (D = 4) (2.30)

2.3 Properties for constant-curvature spaces

To develop a better understanding of the average sphere distance d̄ and its relation
to curvature, we will evaluate it on smooth, constantly curved Riemannian mani-
folds, starting with the flat, spherical and hyperbolic spaces in two dimensions. We
will also evaluate the parallel-transport distance, to investigate the similarities and
differences between the parallel-transport distance and the average sphere distance.

Consider a pair of spheres (circles) of radius ϵ in two-dimensional flat, Euclidean
space, whose centres are a distance δ apart, not necessarily equal to ϵ. We will use
an angular parameter α ∈ [0, 2π[ to uniquely label points qα along the sphere Sϵp and
the corresponding points q′α on Sϵp′ . Our convention is to measure the angle around
p in anticlockwise direction from the geodesic connecting p and p′. Otherwise the
situation is like that depicted in Fig. 2.1. For the parallel-transport distance we
compute

d(Sϵp, S
ϵ
p′) =

1

2π

∫ 2π

0

dα d(qα, q
′
α) =

1

2π

∫ 2π

0

dα δ = δ, (2.31)

independent of ϵ, since in flat space all point pairs (qα, q
′
α) are exactly a distance δ

apart. The result (2.31) is consistent with the right-hand side of eq. (2.3), because

7This expression only contains a scalar contribution since for two-dimensional spaces the Ricci
tensor is determined completely in terms of the Ricci scalar.
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Figure 2.2: Contour plots of the distance between two circles on a two-dimensional
flat space, as function of the circle radius ϵ and the distance δ of their centres. Left:
parallel-transport distance (2.31). Right: average sphere distance (2.32).

in flat space Ric(v, v) vanishes identically for all vectors v. The computation of the
average sphere distance involves a double integral,

d̄(Sϵp, S
ϵ
p′) =

1

(2π)2

∫ 2π

0

dα

∫ 2π

0

dβ d(qα, q
′
β)

=
1

(2π)2

∫ 2π

0

dα

∫ 2π

0

dβ
√

(δ + ϵ(cosβ − cosα))2 + ϵ2(sinβ − sinα)2, (2.32)

where the two angles α and β label arbitrary pairs of points (qα, q
′
β) ∈ Sϵp × Sϵp′ .

Since we are unable to evaluate the integrals in (2.32) analytically, we resort to a
numerical evaluation. Fig. 2.2 shows contour plots of the sphere distance and the
average sphere distance as functions of δ and ϵ. Note that for δ = ϵ, the case we will
be considering for the quantum Ricci curvature, expression (2.32) is purely linear in
δ. This corresponds to the diagonal in the plot on the right in Fig. 2.2. Numerically,
the average sphere distance in this case evaluates to

d̄(Sδp , S
δ
p′) ≈ 1.5746 δ (flat case). (2.33)

Eq. (2.33) is consistent with the general expansion (2.29), and comparing with the
sphere distance of relation (2.31), we see that the constant prefactor of δ has changed
from 1 to cq ≈ 1.5746.

Next, we consider pairs of ϵ-circles on a constantly curved two-sphere of embed-
ding radius ρ. In other words, we can think of the two-sphere as consisting of all
points (x, y, z) ∈ IR3 satisfying x2+y2+ z2 = ρ2. Points on the two-sphere can also
be described by two angles θ ∈ [0, π] and φ ∈ [0, 2π[. Recall that geodesics on S2

are arcs of great circles and that the geodesic distance between two points (θi, φi),
i = 1, 2, is given by

d((θ1, φ1), (θ2, φ2)) = ρ arccos(cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ2 − φ1)). (2.34)

The parallel-transport distance of two ϵ-circles whose centres are a distance δ apart
is given by

d(Sϵp, S
ϵ
p′) =

1

2π

∫ 2π

0

dα ρ arccos
(
cos δρ + sin2α sin2( ϵρ ) (1− cos δρ )

)
. (2.35)

Expanding the integrand on the right-hand side of (2.35), which is the curved-space
analogue of the distance d(qα, q

′
α) in the flat-space integral (2.31), for small δ and ϵ
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Figure 2.3: Contour plots of the distance between two circles on a two-dimensional
space of constant positive curvature, as function of the circle radius ϵ and the
distance δ of their centres, both rescaled by the curvature radius ρ. Left: parallel-
transport distance (2.35). Right: average sphere distance (2.37).

leads to

δ

2π

∫ 2π

0

dα
(
1− 1

2

(
ϵ
ρ

)2
sin2α+ ( ϵρ )

4
(
1
6 sin2α− 1

8 sin4α
)
− 1

24

(
ϵ
ρ

)2( δ
ρ

)2
sin2α+h.o.

)
= δ

(
1− 1

4

(
ϵ
ρ

)2
+ 7

192

(
ϵ
ρ

)4 − 1
48

(
ϵ
ρ

)2( δ
ρ

)2
+ h.o.

)
, (2.36)

where h.o. denotes terms of combined δ- and ϵ-order of at least six. Given that
the Ricci curvature Ric(v, v) on the two-sphere is 1/ρ2 for any unit vector v, we see
that the integration result in (2.36) is consistent with the general formula (2.3) for
D = 2. Considering next the average sphere distance and again using eq. (2.34),
we find

d̄(Sϵp, S
ϵ
p′) =

ρ

(2π)2

∫ 2π

0

dα

∫ 2π

0

dβ arccos

(√
1− sin2( ϵρ ) sin

2α
√

1− sin2( ϵρ ) sin
2β

× cos
(
δ
ρ +arctan

(
tan ϵ

ρ cosβ
)
−arctan

(
tan ϵ

ρ cosα
))
+sin2( ϵρ ) sinα sinβ

)
.(2.37)

Setting ϵ = δ and expanding this expression for small δ results in

d̄(Sδp , S
δ
p′) ≈ δ

(
1.5746− 0.1440

(
δ
ρ

)2 − 0.0239
(
δ
ρ

)4
+O

((
δ
ρ

)6))
, (2.38)

where the coefficients were determined by numerical integration. At linear order in
δ the same constant appears as in the flat case of eq. (2.33). The next-to-leading
order is proportional to the Ricci curvature with a negative coefficient, which is
qualitatively similar to the behaviour (2.36) of the corresponding expansion of the
sphere distance. Using R = 2

ρ2 for the two-sphere and comparing the coefficient

with the general two-dimensional expression (2.29), we find quantitative agreement
as well.

The contour plots for both types of sphere distance are shown in Fig. 2.3, as
functions of δ/ρ and ϵ/ρ, both taking values in the interval [0, 2π]. Note that
distances on the sphere have a maximum value of π. The values in the interval ]π, 2π]
come from identifying distances with the “long” geodesic distance, corresponding
to moving the opposite way around the great circle. This means that the plots are
invariant under both δ 7→ 2πρ − δ and ϵ 7→ 2πρ − ϵ, a property that can also be
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Figure 2.4: Contour plots of the distance between two circles on a two-dimensional
space of constant negative curvature, as function of the circle radius ϵ and the
distance δ of their centres, both rescaled by the curvature radius ρ. Left: parallel-
transport distance (2.40). Right: average sphere distance (2.42).

read off easily from their analytic expressions (2.35) and (2.37). We also see that
the replacement ϵ 7→ π− ϵ corresponds to replacing a circle with one with the same
radius but centred on the antipodal point. Since the distance between two points
is the same as the distance between their two antipodal points, the average sphere
distance d̄ is invariant under this mapping.

Lastly, we consider sphere distances on the negatively curved hyperbolic space in
two dimensions, defined as the set of all points (x, y, z) ∈ IR3 satisfying −x2 − y2 +
z2 = ρ2 and z > 0. Points on this space can be parametrized by a hyperbolic angle
θ ∈ [0,∞[ and an ordinary angle φ ∈ [0, 2π[, which are related to the Euclidean
coordinates by θ = arccosh(z/ρ) and φ = arctan(y/x). The geodesic distance
between two such points (θi, φi), i = 1, 2, is given by

d((θ1, φ1), (θ2, φ2)) = ρ arccosh(cosh θ1 cosh θ2 − sinh θ1 sinh θ2 cos(φ2 − φ1)).
(2.39)

From this, we obtain the parallel-transport distance of two ϵ-circles at distance δ
as a straightforward hyperbolic version of formula (2.35), namely,

d(Sϵp, S
ϵ
p′) =

1

2π

∫ 2π

0

dα ρ arccosh(cosh δ
ρ + sin2α sinh2( ϵρ ) (cosh

δ
ρ − 1)), (2.40)

whose expansion for small δ and ϵ is given by

δ

2π

∫ 2π

0

dα
(
1 + 1

2

(
ϵ
ρ

)2
sin2α+ ( ϵρ )

4
(
1
6 sin2α− 1

8 sin4α
)
− 1

24

(
ϵ
ρ

)2( δ
ρ

)2
sin2α+h.o.

)
= δ

(
1 + 1

4

(
ϵ
ρ

)2
+ 7

192

(
ϵ
ρ

)4 − 1
48

(
ϵ
ρ

)2( δ
ρ

)2
+ h.o.

)
, (2.41)

which to this order is identical with the corresponding formula (2.36), apart from
the sign of the term proportional to δϵ2. Comparing this term with eq. (2.3) leads
to Ric(v, v) = −1/ρ2, which is the well-known result for the Ricci curvature on
hyperbolic space. The average sphere distance in hyperbolic space is given by the
double integral

d̄(Sϵp, S
ϵ
p′) =

ρ

(2π)2

∫ 2π

0

dα

∫ 2π

0

dβ arccosh

(
(cosβ − cosα) sinh ϵ

ρ cosh
ϵ
ρ sinh

δ
ρ

+cosh2( ϵρ ) cosh
δ
ρ − sinh2( ϵρ )

(
sinα sinβ + cosα cosβ cosh δ

ρ

))
.(2.42)
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Figure 2.5: Comparing parallel-transport distance (left) and average sphere distance
(right) for ϵ= δ, as function of δ ∈ [0, 2π], for the three constantly curved model
spaces: hyperbolic (top), flat (middle) and spherical (bottom). The curvature radius
ρ has been set to 1.

Setting ϵ = δ and expanding this expression for small δ gives

d̄(Sδp , S
δ
p′) ≈ δ

(
1.5746 + 0.1440

(
δ
ρ

)2 − 0.0239
(
δ
ρ

)4
+O

((
δ
ρ

)6))
, (2.43)

where the coefficients were again determined by numerical integration. Comparing
this with the corresponding expansion (2.38) for the spherical case, we observe the
same behaviour as for the sphere distances: the expansions to this order are the
same, only the term proportional to δ3 has its sign reversed because of the opposite
sign of the Ricci curvature.
Fig. 2.4 juxtaposes the behaviour of the parallel-transport distance and the average
sphere distance as functions of both δ/ρ and ϵ/ρ. The ranges of these hyperbolic
angles have been chosen identical to the sphere case of Fig. 2.3 for ease of com-
parison. The three plot pairs of Figs. 2.2, 2.3 and 2.4 illustrate the behaviour of
the two-sphere distances d(Sϵp, S

ϵ
p′) and d̄(Sϵp, S

ϵ
p′) for large values of δ and ϵ, and

specifically the qualitative similarity along the diagonal δ = ϵ in all three cases,
which is relevant for our definition of quantum Ricci curvature. Fig. 2.5 shows
the behaviour along the diagonal of the parallel-transport distance and the average
sphere distance for all three two-dimensional model spaces, while Fig. 2.6 compares
the corresponding normalized distances, where we have divided by δ. Again, the
graphs illustrate the similarities in behaviour of the parallel-transport and the aver-
age sphere distances. One feature of the latter is that the three curves are genuinely
disjoint for δ > 0. For the homogeneous and isotropic spaces we are considering
presently, we can simplify the scaling relation (2.7) to

d̄(Sδp , S
δ
p′)

δ
= cq(1−Kq(δ)), (2.44)

The constant cq describes the flat-space behaviour and is only dependent on the
dimension. This means that it takes the same value cq ≈ 1.5746 for all three smooth
model spaces in two dimensions. By contrast, Kq(δ) describes a deviation from this
behaviour, which depends on the geometry. Inspired by relation (2.7) we will call
Kq(δ) the “quantum Ricci curvature” 8. We have established that Kq(δ) vanishes
on flat space, and has a nontrivial behaviour on the spaces of constant positive
and negative curvature (Fig. 2.6). It is negative and monotonically decreasing

8Note that Kq in contrast to regular curvature is a dimensionless quantity. This is because
further work still has to be done before information about a physical dimensionfull curvature can
be extracted from the quantity Kq(δ). We will discuss the process behind this extraction then
looking at concrete measurements of the quantum Ricci curvatre for piecewise flat manifolds.
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Figure 2.6: Comparing the normalized versions of parallel-transport distance (left)
and average sphere distance (right) for ϵ = δ, as function of δ ∈ [0, 2π], for the
three constantly curved model spaces: hyperbolic (top), flat (middle) and spherical
(bottom). The curvature radius ρ has been set to 1.

on the negatively curved space, and positive and monotonically increasing up to
δ/ρ ≈ 2.095 on the positively curved space.

The two curves pertaining to the hyperbolic case in Fig. 2.6 both asymptote to
3, as can also be established straightforwardly by considering the limit δ → ∞ of
the expressions for d/δ and d̄/δ in eqs. (2.40) and (2.42). The plots on the right
in both Figs. 2.5 and 2.6 will serve as reference when we determine the curvature
properties of more general spaces and when we investigate the properties of DT and
CDT configurations in Chs. 4 and 5.

2.3.1 Consequences of compactness

The discussion of the average sphere distance on the two-sphere briefly mentioned
how distances in the interval ]π, 2π] corresponded to measuring the distance going
the opposite way around the geodesic. This ambiguity will always be present along
closed geodesics, since for any two points along it we can measure their distance
going either way. We call paths for which the distance is shorter due to going the
opposite way along a closed geodesic “shortcuts”. Similar effects exist in spaces
where the two points p and p′ are connected by multiple geodesics. In this case
we can get different effective distances depending on the choice of geodesic. Effects
like these are generic in compact spaces, where the finite maximal diameter of the
space means that a geodesic connecting points p and p′ at a distance along the
geodesic longer than half the diameter must either be closed or multiple geodesics
connecting the points must exist. These ambiguities tend to lead to lower values of
the quantum Ricci curvature than we might expect based on the geodesics that we
used to construct the spheres, since these shortcuts will often allow for a smaller
distance by following geodesics moving away from the centres of the two-spheres.

As an example of this consider the calculations on a sphere. Consider the
geodesic segment of length δ connecting the centres p and p′ of two geodesic circles.
Extending it in either direction, it will intersect each circle again. These intersec-
tion points will always have distance d = 3δ for small values of δ since they are
connected by a geodesic which starts from one of the points, passes through the
two centres and ends at the other point. However, when δ > π

3 the distance is
shorter when following the geodesic in the opposite direction, leading to a distance
d = π − 3δ < 3δ. Since this effect is a consequence of the compactness of the man-
ifold, it implies that in addition to the curvature effects discussed above, we may
encounter effects from global topology whenever δ is large enough.

To better understand this effect we will now consider a flat two-torus. This
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Figure 2.7: Normalized average sphere distance d̄
δ as a function of δ for flat space,

a flat torus with minimal closed loops of length 1 and a round sphere with radius
1
2π .

is an example of a two-dimensional compact manifold which has zero curvature
everywhere. The particular torus we will consider here is obtained from the square
x ∈ [0, 1], y ∈ [0, 1] by identifying the top and bottom and the left- and right-hand
sides. This means that the shortest closed geodesics are either vertical or horizontal
straight lines of length 1. We will consider the concrete case where the geodesic
connecting p and p′ is horizontal, by choosing p = (0.5, 0.5) and p′ = (0.5 + δ, 0.5).
When calculating the average sphere distance, the largest distance that can occur
between a point pair from the two circles is 3δ, due to the triangle inequality. We
therefore expect that shortcuts will play a role for δ > 1

6 . The concrete calculation
of the average sphere distance of this configuration was done using a Monte Carlo
sampling of the integral (2.6). Note that since the space is flat, all circles can be
parametrized like in flat space. Any point of Sδy that falls outside the square can be

mapped back into it by using x 7→ x − 1 for x > 1. This produces the δ-circles Sδx
and Sδy as long as δ ≤ 0.5. We will not consider values of δ in the range 0.5 < δ ≤ 1√

2

in order not to have to deal with cases where only part of the range of angles is
allowed. The distance can now be calculated using

dx = min(|x1 − x2|, 1− |x1 − x2|) (2.45)

and

dy = min(|y1 − y2|, 1− |y1 − y2|) (2.46)

and is given by

d(x, y) =
√
d2x + d2y. (2.47)

Fig. 2.7 shows the results obtained, plotting the normalized average sphere distance
d̄
δ as a function of δ. We have added the corresponding curves for flat IR2 and
a sphere with the same length of its shortest closed geodesic for comparison. As
expected, the values of d̄

δ for the flat torus agree with those of flat space for δ ≤
1
6 ≈ 0.16. This is in contrast to the sphere, whose nonzero curvature implies that
the behaviour is different from that of flat space for any δ > 0. The appearance of
shortcuts for δ > 1

6 on the torus leads to decreasing values of d̄
δ compared to flat
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IR2. The onset of this change in behaviour is more sudden than what we see for
the sphere, with the functional form going from constant to approximately linearly
decreasing over a very short range in δ.

2.4 Properties for an ellipsoid

The previous section discussed the properties of parallel-transport distance and
average sphere distance for spaces of constant curvature. In these highly symmetric
spaces we saw how the infinitesimal intuition of eq. (2.7) naturally extended to
the case of finite distances. This section will investigate what happens when we
consider slightly more general spaces, obtained by reducing some of the symmetries
present in the previous examples. We will do this for spaces of positive curvature
by considering the case of (n− 1)-dimensional ellipsoids. The class of ellipsoids we
will consider is characterized by the embedding equation

(x1
b

)2
+

n∑
i=2

(xi
a

)2
= 1, (2.48)

where a and b are the lengths of the semi-axes characterizing the ellipsoid. If a ̸= b
the SO(n)-symmetry of Sn−1 is reduced to a SO(n− 1)-symmetry.

The primary reason for investigating ellipsoids is that they give us new insights
into the properties of the average sphere distance at finite, noninfinitesimal dis-
tances. We want to understand how the results of Sec. 2.3 extend when we consider
spaces that are slightly less nice than the previously considered constant-curvature
spaces. It should be possible to recover the positive curvature of the ellipsoid, but
there should also be features that allow us to distinguish between the sphere and
the ellipsoid. One such feature is the directional dependence of the average sphere
distance. Eq. (2.7) shows that the curvature extracted from the average sphere
distance contains not only a scalar component but also a directional component
depending on the Ricci tensor along the vector connecting p and p′. A consequence
of the isotropy of the previous spaces is that no nontrivial directional dependence
can appear. This is no longer the case for the ellipsoid, whose Ricci tensor does
have a directional dependence. The ellipsoid is therefore a simple testing ground
for investigating the properties of such a directional dependence at finite distances.

Another reason why we are interested in ellipsoids is related to the properties of
four-dimensional CDT. Recall from Sec. 1.4 that the quantum geometries of CDT
in the de Sitter phase CdS have a volume profile matching that of a de Sitter space.
De Sitter space in Euclidean signature is a round four-sphere and the matching
is achieved by an approximate relative scaling between space- and time-like links.
While such a choice is at this stage entirely consistent, it would be very interesting
if we could construct an observable that would allow us to distinguish between a
round sphere and an elongated or squashed one. The directional character of the
quantum Ricci curvature opens a possibility for doing this.

2.4.1 Geodesic calculations on the ellipsoid

To be able to calculate the average sphere distance we need to construct geodesic
spheres Sδ and find geodesic distances between points on the ellipsoid. Our solution
of this geodesic problem is very similar to the one presented in [60]. However, we
have to extend their methods since they are only valid for a ≈ b. The metric
sphere can be constructed by solving the following problem: given an initial point
p1, an angle α1 and a distance s, find the point p2 that is a distance s away
along the geodesic starting at p1 with initial angle α1. Since we want to reduce
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Figure 2.8: Coordinates (λ, ϕ) for the point P on the ellipsoid (taken from [60]). O
is the origin (0, 0, 0), N̂ is the normal to the ellipsoid at P and H is the intersection
between N̂ and the z-axis. ϕ denotes the angle between the normal N̂ and the x-y
plane, λ is the angle in the x-y plane and ν is the length of the normal from the
ellipsoid to the z-axis.

the spherical symmetry only minimally, we will work with d-dimensional ellipsoids
which retain an SO(d)-symmetry. This makes it easy to extend the results from a
two-dimensional ellipsoid to a general dimension d. We will therefore restrict the
discussion to dimension two for the time being. The general embedding formula
(2.48) can be expressed as

z2

b2
+
x2 + y2

a2
= 1, (2.49)

using Cartesian coordinates (x, y, z) for the embedding space IR3. Note that the
semi-axis in the z-direction is the axis with a different length b. This means that the
residual SO(2)-symmetry corresponds to rotations in the x-y plane. We introduce
convenient expressions e and e′ for the first and second eccentricity, describing the
relationship between a and b,

e2 =
a2 − b2

a2
(2.50)

e′2 =
a2 − b2

b2
. (2.51)

Note that e2 and e′2 parameterize the deviation from spherical symmetry, with
e = e′ = 0 on the sphere. The square notation is standard but note that both e2

and e′2 can be negative.
We will now introduce coordinates on the ellipsoid (see Fig. 2.8 for illustration).

A convenient coordinate system can be found by adapting the standard coordinate
system on the sphere. We define the longitude λ ∈ [−π, π] by the equation

tan(λ) = x/y. (2.52)

This is analogous to the definition on the sphere and λ labels SO(2)-rotations about
the z-axis. The latitude ϕ ∈ [−π/2, π/2] is defined as follows. Given any point P
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on the surface of the ellipsoid, let N̂ denote the unit vector which is normal to the
ellipsoid at P in the embedding space. There is a unique line passing through P
that has N̂ as its tangent vector. On a sphere this would be the line connecting P
to the centre of the sphere. ϕ is the angle between the line and the x-y plane. Note
that the (ϕ, λ)-coordinate system coincides with the standard coordinate system on
the sphere, defined by a = b, and that it is well defined except at the two poles
ϕ = π/2 and ϕ = −π/2. The special case of geodesics through the poles will be
discussed at a later stage.

Considering the normal line used to define ϕ, note that the SO(2)-symmetry
implies that it intersects the z-axis. Denoting by ν the length of the line segment
between its intersection with the ellipsoid at P and its intersection with the z-axis
at H (Fig. 2.8), it follows that

ν(ϕ) =
a√

1− e2 sin2(ϕ)
. (2.53)

It is convenient to express the metric in terms of the radius ρ of curvature in the
longitudinal ϕ direction, given by the expression

ρ(ϕ) =
a(1− e2)(

1− e2 sin2(ϕ)
) 3

2

. (2.54)

It follows from the definition of ϕ and λ that the embedding in IR3 can be expressed
as

x = ν(ϕ) cos(ϕ) cos(λ), y = ν(ϕ) cos(ϕ) sin(λ), z = ν(ϕ)(1− e2) sin(ϕ). (2.55)

Eq. (2.55) allows us to calculate the induced metric on the ellipsoid, given by

ds2 = ρ(ϕ)2dϕ2 + ν(ϕ)2 cos2(ϕ)dλ2. (2.56)

Having introduced coordinates and a metric, the next step is to discuss the
properties of geodesics. Given any curve γ(s) on a surface S embedded in IR3,

where s measures the proper length along the curve γ, if d
2γ
ds2 ̸= 0 we can define the

principal normal vector n as

n =
1

κ

d2γ

ds2
. (2.57)

The value κ(s) is a normalization chosen such that |n| = 1. We can simplify the
following expressions by writing the curve γ in terms of coordinate functions as
γ(s) = x(s)e1 + y(s)e2 + z(s)e3, where e1, e2 and e3 denote the unit basis vectors
of IR3. Recall that N̂ is the unit normal vector to S in IR3. A geodesic on S with
respect to the induced metric is a curve whose principal normal n is equal to N̂
everywhere, see [60] for more details. We now use the embedding coordinates to
write

N̂ =
xe1 + ye2 + ν sin(ϕ)e3

ν
. (2.58)

The geodesic equation is given by

d2x

ds2
=
κx

ν
(2.59)

d2y

ds2
=
κy

ν
(2.60)

d2z

ds2
= κ sin(ϕ). (2.61)
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Figure 2.9: The angle α at the point p′i of the geodesic γ defined as the angle
between γ and the meridian between p′i and the north pole.

Combining eqs. (2.59) and (2.60) leads to

x
d2y

ds2
− y

d2x

ds2
= 0 =⇒ x

dy

ds
− y

dx

ds
= C, (2.62)

where C is an integration constant depending on the initial conditions of the
geodesic.

Eq. (2.55) allows us to express eq. (2.62) for a curve γ(s) in terms of the coor-
dinates ϕ and λ,

C = x
dy

ds
− y

dx

ds
= x

(
dy

dϕ

dϕ

ds
+
dy

dλ

dλ

ds

)
− y

(
dx

dϕ

dϕ

ds
+
dx

dλ

dλ

ds

)
= ν(ϕ)2 cos2(ϕ)

dλ

ds
. (2.63)

We now introduce the angle α as the angle between the meridian running to
the north pole and the geodesic γ (see Fig. 2.9), where we choose the range −π <
α ≤ π. Multiplying the metric (2.56) by sin2(α), we find the component along the
λ direction. This leads to the following expression for dλ

ds in terms of angles

sin2(α)ds2 = cos(ϕ)2ν(ϕ)2dλ2 =⇒ dλ

ds
=

sin(α)

cos(ϕ)ν(ϕ)
. (2.64)

Combining this with eq. (2.63) leads to

sin(α) cos(ϕ)ν(ϕ) = C. (2.65)

The geodesic γ is uniquely determined by knowing the angle α(s) as a function of
s, since it is a curve on a two-dimensional surface. This means that we can derive
all the properties of the geodesic from eq. (2.65). Before finding a quantitative
solution, let us make a qualitative observation. Eq. (2.53) shows that the function
ν(ϕ) cos(ϕ) is symmetric around ϕ = 0 and decreases monotonically for ϕ > 0, with
a value of 0 at ϕ = π

2 , if C > 0.9 This means that in the same parameter range

9The case C < 0 is analogous, with the only difference that α is negative.
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sin(α) must be strictly increasing. Since | sin(α)| is bounded by a maximal value
of 1, the value 1 corresponds to |α| = π

2 , a turning point of the geodesic. This
implies that the geodesic is bounded between two turning points on the southern
and northern hemisphere, and will oscillate between them. A qualitative difference
from the behaviour on a sphere is that generic geodesics on ellipsoids do not form
closed curves. Instead, the total change in λ after a full period is more than 2π
for a prolate ellipsoid (a < b) and less than 2π for an oblate ellipsoid (a > b).
The case C = 0 corresponds to solutions α = 0 or α = π. These geodesics will
therefore be meridians with a constant value of λ, except when crossing the poles,
where the value has a discontinuous jump by π. The argument presented above
means that these solutions are the only ones that can cross the poles. We therefore
know the form of all geodesics going through the poles and can find their lengths
by integrating the gϕϕ-component of the metric.

We will now discuss how to derive coordinate expressions for the geodesics.
The key idea is to introduce a mapping from the ellipsoid to a sphere, such that
geodesics on the ellipsoid are mapped to geodesics on the sphere. Since geodesics
on the sphere have simple analytic expressions, we can solve the problem on the
sphere analytically, and then map it back to the desired solution on the ellipsoid.
To implement this, consider a sphere with radius a. The latitude ϕ is mapped to a
parametric latitude ψ on the sphere, such that the radius in the x-y plane on the
sphere is equal to the radius in the x-y plane on the ellipsoid. This leads to the
relation

ν cos(ϕ) = a cos(ψ), (2.66)

where ν was defined in eq. (2.53) above. The embedding equations for the coordi-
nates z on the ellipsoid and the corresponding coordinate z′ on the sphere imply

z′ =
a

b
z, (2.67)

leading to a second relation,

z′
b

a
= b sin(ψ) = ν(1− e2) sin(ϕ). (2.68)

Combining eqs. (2.67) and (2.68) leads to

tan(ψ) =
b

a
tan(ϕ). (2.69)

Recall the construction of the angle α on the ellipsoid (Fig. 2.9). We can construct
a similar angle α′ on the sphere, since the sphere is a special case of an ellipsoid.
The remaining freedom in the mapping from the ellipsoid to the sphere corresponds
to how longitudinal angles λ on the ellipsoid are mapped to longitudinal angles ω
on the sphere. We use this remaining freedom to ensure that the mapping identifies
the angles everywhere on the sphere and the ellipsoid, i.e. α = α′ for all points.10

Consider now a geodesic γ on the ellipsoid, which is mapped to a smooth curve γ′

on the sphere. Let ϕ0 be a turning point on the ellipsoid and define ν0 = ν(ψ0). At
the turning point, we have sin(α) = 1, and α′ = α implies that sin(α′) = 1. Using
eq. (2.65), we see that

C = a cos(ψ) sin(α), (2.70)

where C is the constant of eq. (2.65) defining the geodesic. The above equation for ψ
is equal to eq. (2.65) for the special case of the sphere, in other words, the mapped
curve satisfies the geodesic equation on the sphere. It follows that the mapping

10A global constant corresponding to an offset between λ and ω remains. We will fix this by
mapping λ = 0 to ω = 0.
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Figure 2.10: The spherical triangle spanned by the point p0 at the top of the
geodesic, a point p1 on the geodesic and the north pole pN (from [60]).

we have defined maps geodesics on the ellipsoid to geodesics on the sphere. A
similar calculation shows that geodesics on the sphere are mapped to geodesics on
the ellipsoid. Note that the mapping is not a bijection since an angle λ = 2π on
the ellipsoid is not mapped to an angle ω = 2π on the sphere. This is a simple
consequence of geodesics being closed curves on the sphere but not on the ellipsoid
and will not present any practical difficulties.

Two more relations must be established before we can use the above construction
in practical examples. We need to be able to relate geodesic distances d on the
ellipsoid to geodesic distances σ on the sphere, and we need to know how angle
differences ∆λ on the ellipsoid are related to angle differences ∆ω on the sphere.
Note that the above mapping works for any radius a of the sphere, since the value of
the angle α′ and the equation for a geodesic are independent of a. To keep matters
simple, we will set a = 1. The expressions for the metrics on the sphere and the
ellipsoid lead to the relations

ds

dϕ
=

ρ

cos(α)
,
ds

dλ
=
ν cos(ϕ)

sin(α)
,
dσ

dψ
=

1

cos(α)
,
dσ

dω
=

cos(ψ)

sin(α)
, (2.71)

for the local differentials along curves at an angle α. Combining them yields

ds

dσ
= ρ

dϕ

dψ
=
ν cos(ϕ)

cos(ψ)

dλ

dω
= a

dλ

dω
. (2.72)

The next step will be to find an expression for dϕ
dψ , such that finding a relation

between s and σ and between λ and ω reduces to solving a separable differential
equation. Using eq. (2.69), we find

ρ
dϕ

dψ
= a

√
1− e2 cos2(ψ). (2.73)

Inserting eq. (2.73) into eq. (2.72) yields

ds

dσ
= a

√
1− e2 cos2(ψ), (2.74)

dλ

dω
=
√

1− e2 cos2(ψ). (2.75)
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Figure 2.11: The points pE , p1, p2 and p0 marked in red on the geodesic γ, for the
case where p2 lies between p1 and p0. σ is the geodesic distance between p1 and p2,
σ0 is the distance between p1 and p0, σ1 is the geodesic distance between pE and
p1 and σ2 is the geodesic distance between p2 and p0.

In evaluating ds
dσ further, we will use spherical trigonometry to determine a

relationship between ψ and σ. Consider a geodesic on the sphere going through
the point p1 and having an angle α1 at that point. Let the point p0 be the turning
point of the geodesic on the same hemisphere as p1. Using eq. (2.70) in the special
case of a sphere (ν = a = 1) leads to

cos(ψ0) = sin(α1) cos(ψ1). (2.76)

Next, define pE as the intersection point of γ with the equator that is closest to p1.
The point pE lies on the equator, cos(ψE) = cos(0) = 1. It follows that eq. (2.70)
gives an expression for αE ,

sin(αE) = cos(ψ0). (2.77)

Let σ1 be the distance from pE to p1 and let σ0 denote the distance between p1 and
p0. We observe that the distance from pE to p0 is π

2 , since it corresponds to one
quarter of a full great circle. This distance is equal to the sum of σ0 and σ1, so we
have

σ0 =
π

2
− σ1. (2.78)

Let pN denote the north pole and consider the triangle spanned by the geodesics
between p1, p0 and pN (Fig. 2.10). The distance between p1 and pN is π

2 − ψ1 and
the distance between pN and p0 is π

2 − ψ0. The fact that α0 = 0 at p0 implies
that the angle of the triangle is π

2 . Now we will apply Napier’s rule for spherical
triangles made out of great-circle arcs, with one of the interior angles being a right
angle. This results in

tan(σ1) =
tan(ψ1)

cos(α1)
. (2.79)

Consider a point p2 on the previously defined geodesic γ through p0 and p1, and
let σ and σ2 be the distances between p1 and p2 and between p2 and p0 respectively
(Fig. 2.11). There are three distinct cases for how the value σ2 can be related to σ
and σ1, depending on the relative location of these points: (i) p2 is between p1 and
p0, implying σ2 = π

2 −(σ1+σ), (ii) p0 is between p1 and p2, implying σ2 = σ1+σ− π
2 ,

and case (iii) p1 is between p2 and p0, implying σ2 = π
2 + σ − σ1.

11 Now consider

11Since the geodesics on the sphere are closed, the notion of lying between two points is am-
biguous. To define it uniquely, cut the geodesic open at the point opposite to p1, and define being
“in between” with respect to this curve. As a consequence, we have 0 ≤ σ2 ≤ π for any choice of
p1 and p2.
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the triangle with vertices pN , p0 and p2. Using Napier’s rule again, one obtains

sin(ψ2) = cos(σ2) cos(
π

2
− ψ0) = cos(σ2) sin(ψ0). (2.80)

We can replace the angle ψ2 at p2 with a variable ψ, since it represents a general
point. Substituting the three cases (i)-(iii) into eq. (2.80), one finds

(i) sin(ψ) = cos(
π

2
− (σ1 + σ)) sin(ψ0) = sin(σ1 + σ) sin(ψ0), (2.81)

(ii) sin(ψ) = cos((σ1 + σ)− π

2
) sin(ψ0) = sin(σ1 + σ) sin(ψ0), (2.82)

(iii) sin(ψ) = cos(
π

2
− σ1 + σ) sin(ψ0) = sin(σ1 − σ) sin(ψ0). (2.83)

Since eqs. (2.81) and (2.82) are the same, we will no longer make a distinction
between the corresponding cases (i) and (ii). This leaves us with only two cases
where either p1 comes before p2 (case I) or p2 comes before p1 (case II). We use eqs.
(2.81) and (2.83)) to derive relations for cos2(ψ), namely,

(I) cos2(ψ) = 1− sin2(ψ) = 1− sin2(σ1 + σ) sin2(ψ0) = 1− sin2(x) sin2(ψ0),

(II) cos2(ψ) = 1− sin2(ψ) = 1− sin2(σ1 − σ) sin2(ψ0) = 1− sin2(x) sin2(ψ0),
(2.84)

where we have introduced x := σ1+σ in the first line and x := σ1−σ in the second.
Inserting this into eq. (2.74) we find

ds = b

√
1 + u2 sin2(x)dσ, (2.85)

where u2 is constant along any geodesic12,

u2 = e′2 sin2(ψ0). (2.86)

Integrating both sides of eq. (2.85) and using dσ = ±dx, we find a relation between
σ and ds for either of the two cases discussed above,

(I) s = b

∫ σ1+σ

σ1

dx

√
1 + u2 sin2(x), (2.87)

(II) s = −b
∫ σ1−σ

σ1

dx

√
1 + u2 sin2(x) = b

∫ σ1

σ1−σ
dx

√
1 + u2 sin2(x). (2.88)

Note that u2 = 0 for a sphere, for which eqs. (2.87) and (2.88) reduce to the expected
relation s = bσ.

The next step will be to determine the relation between the angles ω and λ.
Recalling eq. (2.71), we have

dω =
sin(α)

cos(ψ)
dσ =

cos(ψ0)

cos2(ψ)
dσ. (2.89)

An expression for the ellipsoid angle λ can be found by combining this equation
with eq. (2.75),

dλ =
cos(ψ0)

√
1− e2 cos2(ψ)

cos2(ψ)
dσ. (2.90)

12The notation u2 is taken from [60]. Note that it is not guaranteed to be positive, since the
sign of e′2 is ambiguous, see eq. (2.51).
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Subtracting these equations and using eq. (2.84) leads to

dλ− dω = cos(ψ0)

b
a

√
1 + u2 sin2(x)− 1

1− sin2(x) sin2(ψ0)
dσ. (2.91)

Integrating both sides of eq. (2.91) yields an expression for the angle difference. The
integration on the right-hand side will again depend on the definition of x, resulting
in two distinct expressions for the angle difference,

(I) λ− ω = cos(ψ0)

∫ σ1+σ

σ1

dx

b
a

√
1 + u2 sin2(x)− 1

1− sin2(x) sin2(ψ0)
, (2.92)

(II) λ− ω = cos(ψ0)

∫ σ1

σ1−σ
dx

b
a

√
1 + u2 sin2(x)− 1

1− sin2(x) sin2(ψ0)
. (2.93)

In the spherical case (u2 = 0, a = b), eqs. (2.92) and (2.93) reduce to the expected
relation λ = ω.

Recall that to construct the geodesic spheres, which are used in the calculation
of the average sphere distance, we need to solve an initial-value problem: given an
initial point p1 = (ϕ1, λ1) and an angle α1 at p1, determine the point p2 = (ϕ2, λ2)
at distance s along the geodesic determined by these data. Note that we can make
use of the SO(2)-symmetry: if p2 = (ϕ2, λ̄2) is a solution for the initial point
p1 = (ϕ1, 0), then p2 = (ϕ2, λ1 + λ̄2) is the solution for p1 = (ϕ1, λ1). For simplicity
we will therefore assume λ1 = 0 in the following discussion. To solve this problem,
we first map p1 = (ϕ1, 0) to the point (ψ1, 0) on the sphere using eq. (2.69), where

ψ1 = arctan

(
b

a
tan(ϕ1)

)
. (2.94)

The angle at p1 is the same as the angle α1 on the sphere, since the map preserves
angles. The angle ψ0 can therefore be determined using the geodesic eq. (2.70),

ψ0 = arccos (sin(α1) cos(ψ1)) . (2.95)

The distance σ1 of ϕ1 to the equator and the angle αE at the equator of the ellipsoid
are given by

σ1 =

∣∣∣∣arctan( tan(ψ1)

cos(α1)

)∣∣∣∣ , (2.96)

αE = arcsin(sin(α) cos(ψ1)). (2.97)

To determine the corresponding value of s, we use eq. (2.87) in case (I) and eq.
(2.88) in case (II). Which case a given p1 and α1 fall under can be established
by comparing the values of ψ1 and α1. The combinations ψ1 > 0, |α1| ≤ π

2 and
ψ1 < 0, |α1| ≥ π

2 correspond to case (I), while all others correspond to case (II).
The relations (2.87) and (2.88) specify the ellipsoid distance s in terms of the sphere
distance σ and we need to invert them to find σ as a function of s. However, it
is not possible to find an expression for the elliptic integrals (2.87) and (2.88) in
terms of simple functions. It is also not possible to find an expression for the inverse
in terms of simple functions. To perform the inversion we instead rely on numerical
methods. The integrand s in (2.87) and (2.88) is of the form of the derivative of an
integral, which means that we have easy access to the derivative and can therefore
use a Newton-Raphson method for the inversion. We use σold = sb as an initial
guess, corresponding to the solution of the sphere case a = b. We then find the
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corresponding value snew of s using (2.87) or (2.88). Finally, we compare snew to
the desired value s and update our guess for σ using

σnew = σold + (s− snew)
dσ

ds
, (2.98)

where the derivative dσ
ds is taken as 1 divided by the integrand evaluated at σold.

We continue the process until we have determined a value for σ(s) = σnew that
produces the desired value of snew = s up to numerical precision.

We now solve the problem of determining geodesics on a sphere by finding the
coordinates (ψ2, ω2) of p2 from αE , σ1 and σ(s). They are

(I) ψ2 = arcsin(sin(σ + σ1) cos(αE)), (2.99)

(I) ω2 = arccos

(
cos(σ)− sin(ψ1) sin(ψ2)

cos(ψ1) cos(ψ2)

)
, (2.100)

in case (I), and

(II) ψ2 = arcsin(sin(σ1 − σ) cos(αE)), (2.101)

(II) ω2 = arccos

(
cos(σ)− sin(ψ1) sin(ψ2)

cos(ψ1) cos(ψ2)

)
, (2.102)

for case (II). In either case, the second equation for ω2 used eq. (2.34) for the
geodesic distance on the sphere in the case ω1 = 0 to determine ω2. The value of
ϕ2 is determined from eq. (2.69) as

ϕ2 = arctan
(a
b
tan(ψ2)

)
. (2.103)

The final step involves determining the angle λ2 from eqs. (2.92) and (2.93).
The other calculation we still need to perform is that of the distance between

two points p1 = (ϕ1, λ1) and p2 = (ϕ2, λ2), in other words, to solve the geodesic
equation for fixed endpoints. By virtue of the SO(2)-symmetry this distance only
depends on the angular difference |λ1 − λ2|, and without loss of generality we can
set λ1 = 0. The distance is also symmetric under the reflections λ2 7→ −λ2 and
λ2 7→ 2π − λ2, which we can use to map λ2 to the interval 0 ≤ λ2 ≤ π. We now
map the points p1 and p2 to corresponding points p′1 and p′2 on the sphere using eq.
(2.69) to determine the values ψ1 and ψ2, and then use the SO(2)-symmetry to set
ω1 = 0. Since the value of ω2 is a priori unknown, we will take as our starting point
ω2 = λ2, which corresponds to the value obtained for the sphere case, a = b. The
correct value for ω2 will be determined later, by demanding that the corresponding
mapping back to the ellipsoid is self-consistent. The distance σ on the unit sphere
is given by

σ(ψ1, ω1, ψ2, ω2) = arccos(sin(ψ1) sin(ψ2) + cos(ψ1) cos(ψ2) cos(ω2 − ω1)) (2.104)

and the turning point ψ0 follows from basic formulas on great circles, leading to

ψ0 = arccos

(
cos(ψ1) cos(ψ2) sin(ω)

sin(σ)

)
, (2.105)

where the sign of the right-hand side is fixed by demanding it to be equal to the
sign of ψ1. The angle α1 and the distance σ1 to the equator are found from

α1 = arcsin

(
cos(ψ0)

cos(ψ1)

)
, (2.106)

σ1 =

∣∣∣∣arctan( tan(ψ1)

cos(α1)

)∣∣∣∣ . (2.107)
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Having assembled the complete information about the geodesics on the sphere,
before mapping it back to the ellipsoid we need to determine whether we are dealing
with case (I) or (II). Note that the way in which we determined α1 in eq. (2.106)
implies that it corresponds to the geodesic connecting p0 and p1 and not the geodesic
connecting p1 and p2. We therefore need a different strategy than the one we used
previously to determine the case we are dealing with. We will first bring the points
to a standard form, to reduce the total number of calculations we have to perform.
The distance (2.104) is invariant under a simultaneous change of the signs of ψ1

and ψ2, and also under exchanging the points p′1 and p′2. We use the first invariance
to set ψ1 > 0. Then, if ψ2 > 0 we use the second invariance to ensure ψ1 < ψ2,
corresponding to case (I). On the other hand, if ψ2 < 0 we are in case (I) if
σ + σ2 = σ0, and case (II) if σ = σ0 + σ2. We can therefore determine σ2 using

α2 = arcsin

(
cos(ψ0)

cos(ψ2)

)
, (2.108)

σ2 = | arctan
(
tan(ψ2)

cos(α2)

)
|, (2.109)

and then compare the values of σ, σ0 and σ2 to determine the corresponding case.
We now use either eqs. (2.92) or (2.93) to determine the value λ̄2 of λ at p2, where
λ̄2 is related to our initial guess of ω2. We compare λ̄2 with the original value λ2,
and use it to improve the guess, by updating it to

ω̄2 = ω2 + cos(ψ0)(λ2 − λ̄2). (2.110)

We then repeat the above process using ω̄2 as the new ω2, leading to a new value
of λ̄2, and an associated refinement of ω̄2, until a self-consistent value of ω2 cor-
responding to λ̄2 = λ2 is reached within the desired precision. When this process
has ended, we determine the distance s from the resulting values for ω2, σ and σ1,
using eqs. (2.87) or (2.88).

2.4.2 Calculating average sphere distances on the ellipsoid

This subsection will discuss the concrete implementation of how to measure sphere
distances on a smooth, classical ellipsoid. We will restrict the discussion to average
sphere distances, because this is the sphere distance appearing in the definition of
the quantum Ricci curvature. The calculation of the average sphere distance was
done using a Monte Carlo sampling to numerically integrate eq. (2.6). To deter-
mine the geodesic distances and spheres, we must solve the two geodesic problems
discussed above, whose solutions rely on the integrals (2.87) and (2.88), (2.92) and
(2.93). The values of these integrals are elliptical functions and cannot be expressed
in terms of simple functions. We also cannot rely on numerical integration to deter-
mine them because we would need to do these integrals millions of times to get an
accurate value of the average sphere distance. Instead, we note that the integrands
only depend on a single parameter u2 that is not fixed. We will produce a grid
of integration values depending on two parameters, u2 and the value of the upper
integration boundary. This grid is determined prior to the Monte Carlo sampling
by performing numerical integrations of the elliptical integrals. In all the compu-
tations, the value of the lower integration boundary is fixed to 0. The integral for
general boundaries is determined by linearity,∫ b

a

dxf(x) =

∫ b

0

f(x)dx−
∫ a

0

f(x)dx. (2.111)

During the Monte Carlo sampling we will determine the value of the integrals at
general parameter u2 and integration boundaries, using a linear interpolation of the
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grid values.13 As a cross-check, we have compared our solutions to the two geodesic
problems with the solutions found in [61]. We found that in the range where both
are applicable, they agreed within an accuracy of 10−5. To calculate the average
sphere distance we first pick a point p. Note that unlike the spaces considered so far
the ellipsoid is inhomogeneous, which implies that the value of the average sphere
distance will depend on the choice of p. The value for p can either be chosen at
a fixed location or be averaged over the entire ellipsoid. We will consider both of
these options below. Due to the symmetry in the λ-direction, the value of λ does not
affect the measurements, and we will use λ = 0 in the following. What remains is to
determine the value of the remaining coordinate ϕ. The additional averaging over
ϕ is done at random according to the measure associated with the metric (2.56).

Note that we can parameterize the sphere Sδp around p by an angle α at p,

defining the point Sδp(α) as the point obtained by moving a proper distance δ along

a geodesic with initial angle α.14 This agrees with our definition of the sphere Sδp
as long as δ is no greater than half the length of the minimal closed curve. If we
go beyond this range, the geodesics corresponding to certain angles will cross. As
a consequence, certain angles will no longer correspond to a global minimum of
the distance, and should therefore no longer be included in the δ-sphere. We will
restrict δ such that we do not probe this large-scale range. This regime is far from
any of the measurements for quantum geometries we will present in Chs. 4 and 5
and lies outside our current focus of interest.

We will approximate the circle (one-sphere) Sδp by sets of points distributed
uniformly in α. The difference between the solutions α and −α is only a change in
the sign of λ and we therefore only have to construct explicit solutions for 0 ≤ α ≤ π.
In contrast to a circle on a sphere, the measure along the circle on an ellipsoid is
not uniform in α. To determine it, we calculate the distances between neighbouring
points on the sphere Sδp . The measure at a point q ∈ Sδp is calculated as half the
distance to the two neighbours of q.

We can now pick a point p′ ∈ Sδp , which will serve as the centre of the sphere

Sδp′ . Since the ellipsoid is anisotropic, the value of the average sphere distance will
depend on the choice of p′. This choice can either be performed randomly according
to the measure on Sδp or at a fixed angle α. We will consider both of these options

below. The circle Sδp′ can be constructed in the same way as Sδp . Next, we sample
random pairs of points from the two circles, weighted according to the respective
measures. As the number of sampled pairs increases, their average distance will
approximate the exact average sphere distance. In our measurements for each fixed
value of δ we chose 1000 different points pairs (p, p′). For each pair (p, p′) we
compared 100 pairs of points from the two spheres to estimate the average sphere
distance. The statistical error in all of our measurements was so small that the
error bars are not visible in the figures presented below. The systematic errors are
less well understood, but based on our cross-checks they also seem too small to be
visible.

Extending the above results from a two- to a n-dimensional ellipsoid is straight-
forward. Our assumption that only one symmetry direction is broken means that
there is a residual SO(n)-symmetry. We will use coordinates (ϕ, λ1, . . . , λn−1),
where ϕ is defined in the same way as above, and the coordinates λi describe the
remaining symmetric directions, using the standard coordinates on a (n−1)-sphere.
The geodesics behave in the same way as described above, except that they will move
on a great circle in the remaining spherical directions instead of being translated
along λ only. To calculate the distance, we map to an effective angle λeff , chosen

13The integral corresponding to eqs. (2.92) and (2.93) also depends on a
b
, which means that

these numerical integrations have to be redone every time we change this ratio.
14This is the same α introduced previously, see the discussion below eq. (2.63).

41



Figure 2.12: The normalized spatial average d̄av

δ of the average sphere distance d̄
δ

as a function of δ for two-dimensional ellipsoids. Left: results for prolate ellipsoids
(ab ≤ 1) with a = 1 and b ∈ [1, 1.5]. Right: results for oblate ellipsoids (ab ≥ 1) with
b = 1 and a ∈ [1, 1.4].

in such a way that the great-circle segment spanning the angle λ on the two-sphere
has the same length as the distance between the two points on the (n − 1)-sphere
and then proceed by finding the distance for a two-dimensional ellipsoid with λ.
To move along a geodesic originating at a point p, we need to specify an initial
direction, which can be defined using the angles α and β1, . . . , βn−2. The angle α
is defined in the same way as in the two-dimensional case, and the definition of
β1, . . . , βn−2 will be made clear below. We first use a rotation R which rotates p
to the north pole of the (n − 1)-sphere corresponding to λ1 = 0.15 We then solve
the two-dimensional problem with the same value of s and α, finding a value of ϕ2
and an effective λeff . We now consider the point q′ = (ϕ2, λeff , β1, ..., βn−2). The
desired point q is obtained by performing an inverse rotation back to p, q = R−1q′.
An additional complication arises in calculating the measure of the spheres. The
α-dependence can be determined in the same way as above, but additional contri-
butions come from the new β-directions. It is easy to see that the contributions are
equal to the measure of a (n − 1)-sphere. Here we have to take into account the
radius r of the (n− 1)-sphere. Using the metric (2.56) leads to

r = (sin(λ)ν cos(ϕ))
n−1

. (2.112)

2.4.3 Comparison to the sphere

We will now discuss the measurements of the average sphere distance. Note that
only the ratio a

b is relevant and not a and b separately, because any common fac-
tor simply corresponds to an overall scaling and can without loss of generality be
absorbed in a redefinition of δ. We will set the smaller radius to 1, and vary the
other radius to investigate different ellipsoids. We will always take 100 uniform
δ-samples, with δ between 0 and π. This ensures that we do not run into the case
where not all values of α correspond to a metric sphere, since the minimal length
is 2π for a > b and larger than 2π for b > a.

Recall our discussion of the choice of the location of the point p and the angle
α in Sec. 2.4.2. For the first calculations of the average sphere distance we choose
the point p and the angle α uniformly. This corresponds to an averaging over the
locations and directions, which we will call the spatial average d̄av. Fig. 2.12 shows
the results obtained . The case a = b = 1 corresponds to a sphere with radius 1,
and thus should agree with previous spherical results, serving as a cross-check of
the validity of our numerical integration. Furthermore, we see that the qualitative

15R is a SO(n)-rotation that only rotates the last n−1 directions corresponding to the spherical
symmetry.
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a b ρeff ρA
1 1 1 1
1 1.1 1.035 1.033
1 1.2 1.070 1.066
1 1.3 1.105 1.098
1 1.4 1.135 1.129
1 1.5 1.170 1.160
1.1 1 1.070 1.066
1.2 1 1.115 1.133
1.3 1 1.190 1.199
1.4 1 1.245 1.265

Table 2.1: The effective radius of a rescaled ellipsoid ρeff as a function of a and b.
The radius ρA of a sphere with the same area as the ellipsoid is given for comparison.

behaviour is similar for the cases a < b and b < a. Also the overall behaviour
of the curves is similar, but appears stretched along the δ-axis as the larger semi-
axis is increased. This comes from the fact that the spatial average of the average
sphere distance falls off slower as a function of δ and therefore according to eq. (2.7)
corresponds to a smaller curvature. This is the qualitative behaviour one would
expect, because an increase in a or b implies an increase in area and therefore by
the Gauss-Bonnet theorem a decrease in the integral of the Gaussian curvature.

Generally speaking, while our main interest is in qualifying the differences be-
tween the ellipsoid and the sphere, we would also expect the sphere model with
an appropriate choice of radius to be a good approximation for ratios a

b close to
1, which are contained in the range we are considering here. In such cases, the
averaging over the positions of the circle centres p and p′ will lead to an average
over local curvature variations, resulting in a behaviour of d̄av that is similar to that
of a sphere of constant curvature. To investigate this comparison quantitatively, we
have tried to fit the different curves depicted in Fig. 2.12 to a sphere of effective
radius ρ

eff
. We found good agreement, except for the measurements at the largest

values of δ. These correspond to cases where the two centres on the ellipsoid are
close to antipodal. The distance between antipodal points has always the same
fixed value on the sphere, but varies on the ellipsoid. This leads to a degeneracy of
antipodal distances on the sphere. There is no degeneracy on the ellipsoid, where
instead the antipodal distance is distributed over a range of values. This explains
why the two spaces behave differently at these extreme radii, and why the average
sphere distances disagree. For the sake of the argument, we have disregarded these
points and used the fits on the remaining points to determine a ρeff for each of the
curves, corresponding to a fitted radius in the sphere model. The values of the fitted
radii are presented in Table 2.1. The effective radii increase with the values of a and
b and lie in the range [a, b], as one would expect. For an alternative comparison, we
have added the radius ρA of a sphere with the same average curvature to the table.
There is good agreement with the fitted values ρeff .

We have repeated an analysis similar to the two-dimensional one presented here
in dimensions three and four, leading to similar results. The discrepancies between
the sphere and the ellipsoid at large δ become smaller as the dimension increases.
This was to be expected since by construction the higher-dimensional ellipsoids
differ from their spherical counterparts in only one of the directions.
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Figure 2.13: The normalized average sphere distance d̄
δ as a function of the distance

δ for a two-dimensional ellipsoid with a = 1 and b = 1.3. The inhomogeneity of the
space with regard to its curvature properties is exhibited by plotting the curves for
different fixed values ϕ ∈ [0, 4π10 ] for the location of the point p.

2.4.4 Measurements of inhomogeneity and anisotropy

We have seen that for the range a
b ∈ [ 23 , 1.4] considered, the spatial average of the

average sphere distance for two-dimensional ellipsoids is similar to that of a sphere
with the same average curvature. We now want to investigate how to best quantify
the deviations from the spherical case in the CDT simulations. We will do this
by selecting the points p and p′ in a way that is sensitive to the inhomogeneity
and anisotropy of the ellipsoid. For definiteness, we will restrict ourselves to the
particular case of a two-dimensional ellipsoid with a = 1 and b = 1.3.

We will first examine the consequences of working with points p that have a fixed
latitude ϕ. The point p′ is still chosen at random according to the measure on Sδp .
The results of these measurements are presented in Fig. 2.13. The ellipsoid is in-
homogeneous, with different values of ϕ corresponding to different local curvatures.
In particular, since a < b, the curvature is larger at the poles |ϕ| = π

2 and smaller
at the equator ϕ = 0. This is consistent with the results we have found. For small
δ ≲ 1.2, a larger ϕ is associated with a faster decrease of d̄

δ . The overall picture
is different from that of Fig. 2.12, in the sense that the curves are not related by
a simple rescaling. Instead, they start to diverge around δ = 0.2, reconverge near
δ = π

2 , until slightly above δ = π
2 , and then reverse their order for the remaining

range of δ-values.

We can also investigate anisotropies, by picking the point p′ to lie in a particular
direction relative to the point p. The possibility to investigate the directional depen-
dence of results is a consequence of the definition of the average sphere distance.
Like the continuum construction of the Ricci curvature, captured by the sphere
distance formula (2.6), it depends on a pair of nearby points and the direction of
the geodesic connecting them, which can be thought as the analogue of the vector
v pointing from p to p′ in the infinitesimal construction. Given a point p on the
northern “hemisphere”, results will in general depend on the direction α, ranging
between the pole direction α = 0 and the direction of the equator, α = π.

The results of these measurements are presented in Fig. 2.14. For small values
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Figure 2.14: The normalized average sphere distance d̄
δ as a function of the dis-

tance δ for a two-dimensional ellipsoid with a = 1 and b = 1.3. The point p is
selected uniformly from the northern hemisphere, and the anisotropy of the space
is investigated by varying the angle α to the point p′ in the range [0, π].

of δ ≲ 1.5 we observe that the rate of decrease is related to the direction, with
polar directions decreasing fastest and equatorial directions slowest. The size of the
directional effect is similar to that of the location effect.

The above results demonstrate that the average sphere distance can be used to
distinguish between a sphere and an ellipsoid. Concretely, we can extract infor-
mation about the anisotropy and inhomogeneity of a given ellipsoid by using the
average sphere distance and choosing points p and p′ appropriately to best exhibit
the effects of anisotropy and inhomogeneity. This indicates that we are able to
distinguish between spheres and positively curved spaces with less symmetry by
making suitable measurements of the average sphere distance.

This investigation took place on a single nice, classical space. Let us now examine
how these insights may be translated to the quantum theory. Not only do we not
know the underlying geometry beforehand, but we also have to account for the fact
that the state sum is a superposition of many different configurations. It is therefore
not possible to refer to individual points. Instead, to obtain well-defined observables,
we have to average over all of spacetime as we briefly mentioned in the introduction.
In CDT, we have a time-sliced structure that allows us to distinguish between time-
like and space-like directions. It is therefore meaningful to consider measurements
of the average sphere distance in these directions separately. By comparing these
measurements to the results of our classical continuum investigation, we may be able
to clarify whether four-dimensional CDT in phase CdS behaves like an ellipsoid with
respect to the average sphere distance.

2.5 Summary

In this chapter, we have investigated the properties of sphere distances on smooth
Riemannian manifolds. The motivation was to determine the integrated quan-
tum Ricci curvature, recently dubbed “curvature profile” [62], on selected classical

45



spaces, to serve as a reference for corresponding measurements in four-dimensional
CDT quantum gravity. The behaviour for infinitesimal distances is already well
understood and given by eq. (2.3), relating the parallel-transport distance between
pairs of nearby spheres on a classical smooth manifold to the Ricci curvature of
the underlying manifold. To make this construction applicable to CDT we must
extend it in two ways, by considering spheres that are not infinitesimal and man-
ifolds that are not smooth. In this chapter, we have investigated an intermediate
case, involving smooth manifolds, but allowing for finite distances δ and ϵ. There
is no reason to expect that the ensembles of CDT configurations can be described
purely in terms of curvature profiles, but the latter will serve as useful references
for understanding the behaviour of such measurements on sufficiently large scales.

In Sec. 2.2, we formalized the notion of sphere distance and looked at its proper-
ties for infinitesimal distances. We first discussed the parallel-transport distance, a
version of the sphere distance where pairs of points on the spheres are related by a
particular parallel-transport prescription. The small-distance expansion in terms of
the separation δ of the spheres and their radius ϵ is given by eq. (2.3). This equation
has a universal leading term linear in δ and a cubic “correction term” proportional
δϵ2 that depends on the Ricci curvature Ric(v, v), where v is the vector connecting
the two sphere centres p and p′. For reasons explained in Sec. 2.2, it is inconvenient
to calculate this parallel-transport distance on the piecewise flat geometries of DT
and CDT. As an alternative we introduced the average sphere distance d̄, defined
as the average distance of all pairs of points (q, q′) from the two spheres. We com-
puted the analogue of the local expansion (2.3) in D = 2, 3, and 4, using Riemann
normal coordinates. Sec. 2.2.1 illustrated the explicit calculation for D = 3. For
simplicity, we then set δ = ϵ, such that p′ lies on the sphere Sδp and vice versa. For
the expression of the sphere distance, we found a structure similar to the case of
parallel transport but with two differences. An additional term proportional to the
Ricci scalar appears at the leading nontrivial order, and the constants in front of
each of the terms become dimension-dependent, see eq. (2.7). We determined their
values in dimensions two, three and four using numerical integration.

In Sec. 2.3, we investigated the properties of the average sphere distance at
finite values of the distance δ. The concrete examples we considered were three
smooth, constant-curvature spaces: flat space, the sphere and hyperbolic space,
characterized by having zero, positive and negative curvature respectively. The
results, both for the average sphere distance d̄ and the normalized average sphere
distance d̄

δ , closely resembled those for the parallel-transport distance, with distinct,

characteristic curves for d̄
δ for the three constant-curvature spaces (Fig. 2.5, right).

In subsection 2.3.1, we looked at the average sphere distance on the flat two-
torus, to get a qualitative idea of the influence of the compact topology on the
measurement of d̄

δ for large δ. Since the torus has no curvature, any nontrivial
behaviour must be caused by this type of effect. We found that the measurements
agree with those of flat space for small values of δ, but that d̄

δ is lowered for large
δ, whenever “geodesic shortcuts” appear which wind around the “far” side of the
torus.

In Sec. 2.4, we looked at the average sphere distance on the ellipsoid. The
ellipsoid is a manifold whose geometric and curvature properties are neither homo-
geneous nor isotropic, but which is sufficiently simple to allow for a detailed analysis
of its geodesic structure. An interesting question is whether the spatially averaged
d̄av

δ is different from that of a sphere.16 For the range of ratios ab ∈ [ 23 , 1.4] of the two
semi-axes that we have investigated, the difference between the curvature profile of
the ellipsoid with that of a sphere is clearly visible, but relatively small and only
relevant at very large values of δ, comparable to the overall size of the sphere. In

16See the first paragraph of Sec. 2.4.3 for a definition of d̄av .
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subsection 2.4.4, we sampled p and p′ in a way that exhibited the presence of the
inhomogeneity and anisotropy most strongly. We found that the behaviour of d̄δ is
different from that of a sphere over the entire range of δ-values and depends on the
choice of p or p′. When investigating the curvature properties of four-dimensional
CDT quantum gravity in Ch. 6 below, the anisotropic set-up of the spatial slices
will allow us to perform a similar analysis of averaged curvatures as a function of
the relative location of the sphere centres p and p′.
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Chapter 3

Quantum Ricci curvature for
piecewise flat manifolds

This chapter introduces the quantum Ricci curvature on a piecewise flat manifold.
We discuss the existence of a Gauss-Bonnet theorem, and make explicit measure-
ments of the quantum Ricci curvature for regular lattices and for random triangu-
lations approximating the constant-curvature spaces discussed in Ch. 2.1

3.1 Introduction

The previous chapter introduced the idea of the average sphere distance d̄, and
showed that for smooth manifolds there is a well-defined functional relation be-
tween d̄ and the continuum Ricci curvature in a δ-neighbourhood. An interesting
property of the average sphere distance is that it relies only on very few of the
properties of a smooth Riemannian manifold, namely, the availability of distance
and volume measurements. This means that there exist natural generalizations of
the average sphere distance on more general metric spaces, which do not necessarily
have to be smooth. This chapter will investigate the generalization to piecewise flat
spaces, leading to the associated notion of quantum Ricci curvature, which will be
investigated for quantum geometries in the following two chapters.

In Sec. 3.2, we will define the quantum Ricci curvature for a class of continuous
metric spaces and discuss how it compares to the coarse Ricci curvature introduced
by Ollivier. We will perform an explicit calculation of both curvature definitions
for the case δ = 1, and use this to discuss the possible role of a two-dimensional
Gauss-Bonnet theorem for these generalized curvature definitions.

In Sec. 3.3, we will discuss the properties of quantum Ricci curvature on various
regular lattices, namely, the square, hexagonal and honeycomb lattice in dimension
two and the cubic and face-centred cubic lattice in dimension three. Since all of
them can be thought of as approximations to the flat Euclidean spaces IR2 and IR3,
we expect to recover the results for flat manifolds in these cases. We will present
formulas for the average sphere distance on all the above spaces and valid for any
value of δ. Of special interest will be the continuum limit δ → ∞ and the finite-size
corrections for finite δ. The fact that the lattices break the rotational invariance
of the underlying Euclidean space is also reflected in the behaviour of the average
sphere distance. This quantity will depend on the degree of alignment of the vector
v connecting p and p′ with the lattice axes.

1This chapter is based primarily on Introducing Quantum Ricci Curvature, by N. Klitgaard
and R. Loll, Phys. Rev. D 97 (2018) 046008 [54].
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The final Sec. 3.4 will consider a particular class of equilateral random triangula-
tions, the Poisson-Delaunay triangulations. They approximate constant-curvature
spaces on large scales, but have fluctuations away from them at small scales. The
goal of these investigations is to understand whether and how the average sphere
distance converges to the continuum behaviour derived in the previous chapter. The
choice of equilateral triangulations is motivated by DT and CDT quantum gravity,
which also use equilateral triangulations in their respective path integrals. However,
it is important to realize that these quantum configurations are much less regular
than their classical counterparts. They cannot usually be regarded as perturbations
of some classical geometry, and there is no reason a priori to expect that any classical
behaviour can be recovered from them on large scales. We view the investigations
in this section as a first test of the applicability of the quantum Ricci curvature in a
true quantum context. The property we are interested in specifically is to what ex-
tent the quantum Ricci curvature can coarse-grain curvature fluctuations on small
scales and produce classical behaviour on large scales.

3.2 Definition of quantum Ricci curvature

The definition (2.6) of the average sphere distance on a smooth Riemannian man-
ifold only depends on the distance d(p, p′) and the induced measures h and h′.
Here, these notions are associated with the Riemannian metric gµν , but as a mat-
ter of principle they do not depend on the existence of a smooth structure. It is
straightforward to extend the definition to a much wider class of geometries, in-
cluding those of DT and CDT, which are represented by equilateral triangulations
and their higher-dimensional simplicial analogues. These geometries are piecewise
flat, which implies that they are continuous but not smooth. To calculate the av-
erage sphere distance, we will make the approximation of only considering points
corresponding to the vertices of the triangulation or its dual. For these vertices we
have natural notions of distance, namely, the link and the dual link distance. These
distances are defined as the minimal number of (dual) links connecting two vertices.
Using this prescription, eq. (2.6) for the average sphere distance becomes

d̄(Sϵp, S
ϵ
p′) =

1

N0(Sϵp)

1

N0(Sϵp′)

∑
q∈Sϵ

p

∑
q′∈Sϵ

p′

d(q, q′), (3.1)

where N0(S
ϵ
p) is the number of vertices at link distance ϵ from the central vertex p

and d(q, q′) now denotes the distance between the vertices q and q′, i.e. the number
of links in the shortest path along links from q to q′.

We will extract a notion of quantum Ricci curvature Kq(p, p
′), associated with a

pair of points p and p′ separated by a distance δ, by comparing the average distance
(3.1) of the two δ-spheres centred at p and p′ with δ according to

d̄(Sδp , S
δ
p′)

δ
= cq(1−Kq(p, p

′)), δ = d(p, p′), (3.2)

where cq is a positive constant, which depends on the details of the discretization,
and Kq captures any nontrivial dependence on δ. This construction is similar to
Ollivier’s “coarse Ricci curvature” [55], specialized to a pair of spheres, but using
the average distance (2.6) or (3.1) instead of the L1-transportation distance.

3.2.1 The case of δ = 1 and the Gauss-Bonnet theorem

The Gauss-Bonnet theorem relates the curvature of a two-dimensional manifold
M to its topology in the sense of its Euler characteristic χ(M). For a compact
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Figure 3.1: A picture of two intersecting circles S1
p and S1

p′ of radius δ = 1, with
vertex orders m = 5 and n = 7 respectively. The vertices making up the spheres
have been colour-coded red for the centres, yellow for the shared points, green for
the neighbours of the shared points and blue for generic points.

two-dimensional manifold without boundary it takes the form∫
M

KdA = 2πχ(M), (3.3)

where K = R
2 is the Gaussian curvature and dA the area element of M . In other

words, the integrated scalar curvature of a closed surface for a given topology is
fixed. Since the left-hand side of eq. (3.3) is proportional to the two-dimensional
version of the Einstein-Hilbert action (for the case of vanishing cosmological con-
stant), which is a topological invariant, two-dimensional classical gravity is trivial.

An example of a local curvature prescription on a nonclassical two-dimensional
space that is consistent with the Gauss-Bonnet theorem is the deficit-angle curvature
used in Regge calculus. It assigns to each vertex p a curvature equal to the deficit
angle α at the vertex. For an equilateral triangulation, we find α(p) = π

3 (6−O(p)),
where O(p) is the order of the vertex, given by the number of triangles meeting at
p. Using the topological identities N0 − N1 + N2 = χ and N2 = 2

3N1 for a closed
two-dimensional triangulation leads to a discrete analogue of (3.3),∑

p

K(p) =
∑
p

α(p) =
∑
p

π

3
(6−O(p)) = 2πχ. (3.4)

It is interesting to understand whether our proposed quantum Ricci satisfies a
Gauss-Bonnet theorem in two dimensions and whether it is meaningful to impose
such a condition. To address this question, we will restrict ourselves to the discrete
distance δ = 1. This brings us closest to the case of the Regge curvature, whose
deficit angles are associated with a local spherical neighbourhood δ = 1. We will
also make two simplifying assumptions. Firstly, the shortest path between two
points should be contained inside the two circles. At distance δ = 1, this is related
to the absence of shortcuts discussed in subsection 2.3.1, but is an even stronger
requirement, which implies that the average sphere distance only depends on this
interior. The second assumption restricts the properties of the interior. We will
assume that it takes the basic form depicted in Fig. 3.1, consisting of a central
structure with two red centres and two shared yellow vertices forming two triangles,
while the remainder of the circles forms a single chain in each direction, connecting
the two yellow vertices. Each chain consisting of green and blue vertices has at
least length one. This implies that the structure of these circles is determined
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uniquely in terms of the vertex orders n and m of the vertices p and p′. The average
sphere distance2 will therefore only be a function of these numbers. Without loss
of generality we will assume n ≥ m ≥ 4 from now on.

When calculating distances between pairs of points on the circles of Fig. 3.1, they
can behave in four different ways. The red points have distance 1 to all vertices
on the other circle. The yellow shared vertices have distance 1 to their two nearest
neighbours and distance 2 to all the other vertices of either circle. A blue generic
vertex has the maximal distance 3 to all other vertices on the other circle except
for the vertices mentioned above. The green vertices are neighbours to at least one
yellow vertex but otherwise behave like a generic blue vertex. By combining these
considerations, it is possible to calculate the average sphere distance by using the
expression (3.1) for δ = 1, yielding the following expression for the average sphere
distance:

d̄(n,m) = 3− 4

n
− 4

m
, m ≥ 5 (3.5)

d̄(n,m) = 2− 7

2n
, m = 4 ∧ n ≥ 5, (3.6)

d̄(n,m) =
17

16
, m = n = 4. (3.7)

Our assumptions imply that the average sphere distance is a function of the
vertex orders n and m only. It follows from the definition (3.2) of the quantum
Ricci curvature that also the curvature Kq(p, p

′) will be a function of these vertex
orders, Kq(n,m). To relate this to the Gauss-Bonnet theorem, we need to average
the directional information contained in the Ricci curvature to obtain a scalar. We
do this by summing over all directions, corresponding to summing Kq(p, p

′) for a
fixed p over all vertices p′. This leads to a scalar

Kq(p) = cd

n∑
i=1

Kq(p, p
′
i), (3.8)

where n is the order of the vertex p, and the constant cd is a dimension-dependent
constant, which gives the sum the correct interpretation of a trace in the continuum,
see [55] for more details. To evaluate the discrete analogue of the integral of the
scalar curvature in eq. (3.3), we sum eq. (3.8) over all vertices. We will now consider
a general curvature prescription K(n,m), defined for each link in a triangulation
and depending only on a symmetric function of the vertex orders n andm of the two
endpoints of a link. The integral of the scalar curvature is evaluated by summing
eq. (3.8) over all vertices p. Since each link is included twice in the sum, it is equal
to two times the sum of the curvatures over all the links. This sum satisfies the
Gauss-Bonnet theorem if and only if

K(n,m) =
π

cd

(
−1 +

3

n
+

3

m

)
. (3.9)

Note that eq. (3.9) agrees with the Regge formula (3.4), if we evaluate eq. (3.8) to
obtain the scalar curvature Kq(p). This procedure does not change the total sum,
and the evaluation of the Gauss-Bonnet theorem is therefore unchanged. To prove
that eq. (3.9) is the only assignment consistent with the Gauss-Bonnet theorem,
we will consider different triangulations with Euler characteristic χ = 0. It turns
out that we do not have to consider other values of χ to prove the result. Explicit

2We will continue to use the notion of average sphere distance although we will refer to circles
rather than one-spheres.
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implementations of such geometries are obtained by triangulating a torus. The
different triangulations will imply a series of relations for the coefficients K(n,m)
for different values of n and m. For a triangulation with only order-six vertices,
χ = 0 implies that K(6, 6) = 0. Now replace this lattice by one that has two vertices
of order different from six, namely, one order-five and one order-seven vertex, which
are not neighbours. The nontrivial contributions to the total curvature come from
links connecting order-five and order-six vertices and from links connecting order-six
and order-seven vertices. We find∫

m

KdA =

7∑
i=1

K(7, 6) +

5∑
i=1

K(5, 6) = 0 =⇒ 7K(7, 6) = −5K(5, 6). (3.10)

We can now repeat the calculation for a vertex of arbitrary order n. The only
change is that n − 6 order-five vertices are needed to cancel the contribution from
one order n > 6 vertex and 6−n order-seven vertices are needed to cancel one n < 6
vertex. The corresponding relations are

(6 + n)K(6 + n, 6) = −5nK(5, 6) = 7nK(7, 6), (3.11)

(6− n)K(6− n, 6) = −7nK(7, 6) = 5nK(5, 6). (3.12)

To determine K(n,m) for general n and m, we choose a configuration where an
order-n and order-m vertex are neighbours. All other neighbours of these vertices
will still be order-six vertices, and we add order-five and order-seven vertices to
compensate the contributions to the Euler characteristic. The different sign combi-
nations lead to a complete set of algebraic relations,

(6 + n)(6 +m)K(6 + n, 6 +m) = (7n(6 +m) + 7m(6 + n))K(7, 6), (3.13)

(6 + n)(6−m)K(6 + n, 6−m) = (7n(6 +m)− 7m(6 + n))K(7, 6), (3.14)

(6− n)(6−m)K(6− n, 6−m) = (−7n(6−m) + 7m(6− n))K(7, 6). (3.15)

Eqs. (3.13), (3.14) and (3.15) define equations for the curvature K(n,m). The
solutions to these are unique up to a constant of proportionality and agree with
(3.9), but the relation with the Regge formula means that this constant must agree
with (3.9), proving the result.

Comparing eqs. (3.9) and (3.5), we observe that the curvature obtained from the
average sphere distance at δ = 1 is consistent with a Gauss-Bonnet theorem if all
vertex orders are larger than four and if we use cq =

8
3 , cd =

3π
4 . However, vertices of

order four will lead to curvature contributions which are negative compared to what
would be needed for a Gauss-Bonnet theorem. If we lift the regularity conditions
we imposed and allow for shortcuts, these will in general give contributions of the
opposite sign. However, this cannot resolve the issue since not every triangulation
possesses such shortcuts. This means that with the ansatz of this calculation, the
quantum Ricci curvature evaluated at δ = 1 does not satisfy the Gauss-Bonnet
theorem.

Recall that quantum geometries do not have to scale canonically in any contin-
uum limit, that is, in accordance with the dimension of their fundamental building
blocks. This is illustrated by two-dimensional DT, which has a Hausdorff dimension
of four. The lack of a Gauss-Bonnet theorem may be seen as an advantage for such
geometries, since it does not constrain the integrated curvature to behave like that
of a two-dimensional space. Having said that, our investigations below show that
the effective curvature for triangulations approximating smooth two-dimensional
manifolds is consistent with the Gauss-Bonnet theorem, as one may have expected.
While one may wish for an exact realisation of the Gauss-Bonnet theorem when
introducing generalized notions of curvature (like the quantum Ricci curvature),
this will in general not be the case. From the perspective of quantum geometry, we
have argued that this property appears to be dispensable.
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Figure 3.2: Two overlapping circles Sδp and Sδp′ of radius δ=3 on a square lattice,
whose centre vertices p and p′ are a link distance δ=3 apart. Each circle consists
of 12 vertices. The diagonal edges between the circle vertices are drawn for ease of
visualization only and are not part of the circles or the underlying lattice.

3.3 Quantum Ricci curvature for regular lattices

In this section, we will investigate the properties of quantum Ricci curvature on
regular lattices. These lattices are piecewise flat spaces consisting of a single type
of equilateral building block, and in this sense are similar to the quantum geometries
of (Causal) Dynamical Triangulations that we will consider in Chs. 4 and 5. Since
the lattices can be thought of as approximations of smooth flat Euclidean spaces, we
expect to recover the results for flat manifolds. We will be particularly interested
in the behaviour of curvature on scales large compared to the length a of an edge of
a building block. An important part of our analysis will be to obtain an estimate of
the scale δ above which short-scale, so-called “lattice artefacts” become irrelevant,
by which one means a dependence of the results on the specifics of the shape of
the individual building blocks and of the local “gluing rules” by which the metric
spaces are assembled from them.

The lattices we will consider are the square, hexagonal and honeycomb lattices
in two dimensions and the cubic and face-centred cubic lattices in three dimensions.
To determine their quantum Ricci curvature, we will use a straightforward imple-
mentation of the average sphere distance (2.6) on these spaces, which is given by
formula (3.1) for two overlapping spheres Sδ whose radii are equal to the distance
between their centres, ϵ = δ. Some of the calculations are sufficiently simple to be
done analytically, as we will see below.

To illustrate what is involved computationally, we will first consider the two-
dimensional square lattice. Its vertices are all points with integer coordinates (x, y),
and the geodesic link distance between two such points is the number of edges of the
shortest path between them. Fig. 3.2 shows a pair of overlapping δ-circles, whose
average distance one wants to compute as a function of the scale δ. Since the set-up
is invariant under discrete lattice translation in both the x- and y-directions, one
can without loss of generality put the centre of the circle Sδp at the origin, such
that p = (0, 0). Note that the link distance between two points p = (x, y) and
p′ = (x′, y′) is given by

d(p, p′) = |x− x′|+ |y − y′|. (3.16)
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As an intermediate step to computing the average sphere distance, one can work out
the distance of an arbitrary point (x, y) to the δ-circle Sδ0 centred at (0, 0), defined
as d(Sδ0 , p) :=

∑
q∈Sδ

0
d(q, p). Because of the lattice symmetries, it is sufficient to

compute this distance for a point p = (x, y) lying in the positive quadrant, where
x ≥ 0 and y ≥ 0. Distinguishing between four different cases, depending on the
location of p, one finds

d(Sδ0 , p) =


4δ(x+ y), x ≥ δ, y ≥ δ

4δx+ 2δ2 + 2y2, x ≥ δ, 0 ≤ y < δ
4δy + 2δ2 + 2x2, 0 ≤ x < δ, y ≥ δ
4δ2 + 2x2 + 2y2, 0 ≤ x < δ, 0 ≤ y < δ.

(3.17)

If the centres of the two circles share the same x- or the same y-coordinate, the
shortest path between their centres is a straight line segment, as in the example
shown in Fig. 3.2. Taking into account that the volume of a δ-circle is given by
4δ (the number of vertices contained in the circle of radius δ), one obtains for the
average sphere distance in this particular case

d̄(Sδp , S
δ
p′) =

7

4
δ +

1

8 δ
= 1.75 δ + 0.125

1

δ
. (3.18)

Recall that in the continuum case of the previous chapter, the corresponding ex-
pression for the flat case had a term linear in δ, and no higher-order terms. Eq.
(3.18) for the square lattice has the same features, but with an additional term
proportional to 1/δ. It will be suppressed with increasing δ and can therefore be
interpreted as a short-scale lattice discretization effect. On the hexagonal lattice,
which consists of equilateral triangles, the analogous scaling relation turns out to
be

d̄(Sδp , S
δ
p′) =

44

27
δ +

1

27 δ
≈ 1.6296 δ + 0.0370

1

δ
, (3.19)

where again we have considered overlapping circles whose centres are connected by a
straight sequence of edges. The fact that the coefficients of the linear terms in (3.18)
and (3.19) differ from the continuum value of 1.5746 is due to two effects. First,
the use of link distance instead of Euclidean distance leads to an overestimation
of distances except those along straight sequences of links. Second, the shape of a
“circle” on a square or hexagonal lattice differs significantly from that of a round
circle, which affects results. The fact that a hexagon is closer in shape to a circle
may explain why the coefficient is closer to the continuum value.

We have also investigated the honeycomb lattice, which is dual to the hexago-
nal lattice. This can give us some insights into how the quantum Ricci curvature
behaves on a dual graph. By eliminating every other vertex from the honeycomb
lattice – keeping only vertices whose pairwise link distance is even – one obtains a
hexagonal lattice. This implies that the results for the average sphere distance on
the honeycomb lattice for even δ will be the same as twice those for the hexagonal
lattice for δ/2. The case of odd δ is slightly more involved and can be treated
separately. The complete result for the honeycomb lattice is given by

d̄(Sδp , S
δ
p′) =

{
44
27 δ +

1
18 + 7

27 δ − 1
18 δ2 δ odd,

44
27 δ +

4
27 δ δ even.

(3.20)

We see that the linear part corresponding to the large-δ limit agrees with the result
for the hexagonal lattice for even and uneven δ, but that the discretization effects
are larger on the dual lattice. Fig. 3.3 shows the plots for the normalized average
sphere distance d̄/δ for the three flat lattices. We observe that in all cases the
curves start out at slightly elevated values for small δ and then quickly settle down
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Figure 3.3: Normalized average sphere distance d̄(Sδp , S
δ
p′)/δ on the square, hexag-

onal and honeycomb lattices in two dimensions, marked by triangles, squares and
crosses respectively, as function of δ. The straight horizontal line is that of flat
continuum space, and is included for comparison.

to a constant, as one would expect from a flat-space behaviour, where the value of
the constant depends on the lattice chosen. These differences are to be expected,
because on large scales the geodesic link distance scales with a different constant
relative to the “true” geodesic distance in the continuum, depending on the type
of lattice. If one wanted to take the short-scale geometry of these lattices seriously,
one would say that they exhibit negative quantum Ricci curvature for small δ. Note
that this phenomenon also occurs for the coarse Ollivier-Ricci curvature, which is
negative when evaluated at δ = 1 on a regular honeycomb lattice [63].

Turning to three-dimensional lattices, a similar derivation for the flat cubic
lattice leads to an average sphere distance

d̄(Sδp , S
δ
p′) =

82δ5 + 90δ3 + 23δ

10(1 + 2δ2)2
=

41

20
δ +

1

5 δ
+O(( 1δ )

3), (3.21)

where again we have considered only those configurations where the centres of the
two overlapping two-spheres are separated by a straight sequence of δ lattice edges.
To determine the distance between the spheres, we averaged over the distances
between all pairs of vertices contained in the two two-spheres. The result (3.21)
strongly resembles the behaviour in two dimensions, with an asymptotically linear
behaviour in δ and positive “correction terms” for small δ. Again the coefficient
of the linear term, 41/20 = 2.05 is larger than the corresponding continuum value
1.6250.

We have also investigated the face-centred cubic lattice, which is associated with
a closest packing of spheres in three dimensions. To construct it, one starts with a
single layer of spheres, arranged in a closest packing with respect to two dimensions,
the x-y-plane, say. The centres of the spheres can be thought of as the vertices of a
two-dimensional lattice, whose edges correspond to pairs of neighbouring spheres.
Since each sphere has six neighbours, this results in the two-dimensional regular
hexagonal lattice we already discussed above. On top of the lowest layer, we stack
another, identical layer of spheres in the z-direction. Since there are twice as many
gaps in the lower layer as there are spheres in the second layer, there are two
possibilities of placing the second layer, corresponding to two different displacements
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of the spheres relative to those of the first layer. Each sphere in the lower layer has
three neighbouring spheres in the second layer, and vice versa. There are two
different choices for how to add a third layer of spheres. The first possibility is to
align the centres of the spheres in the x-y-directions with those of the first layer,
and the second possibility – the one chosen by us – is to displace the centres in
the same direction and by the same amount in the x-y-plane as in the step from
the first to the second layer. Repeating the same step for subsequent layers, one
obtains a regular three-dimensional lattice with discrete period 3 in the z-direction,
the so-called face-centred cubic lattice, all of whose vertices have order 12.

We were able to derive an explicit formula for the average sphere distance on
this lattice, for the case that the centres of the spheres lie in the same hexagonal
layer and are connected by a straight sequence of lattice edges. The result is given
by

d̄(Sδp , S
δ
p′) =

3547δ5 + 1705δ3 + 148δ

80(1 + 5δ2)2
=

3547

2000
δ +

1431

10000 δ
+O(( 1δ )

3), (3.22)

and therefore structurally similar to the result for the cubic lattice, eq. (3.21). The
coefficient of the linear term is 3547/2000 ≈ 1.77, which is closer to the continuum
value than that of the cubic lattice.

To summarize, evaluating the average sphere distance on several flat regular
lattices, viewed as discrete approximations to continuum flat space, leads to consis-
tent results: up to short-distance lattice artefacts, which are confined to a region
δ ≲ 5, the behaviour of d̄ is essentially linear in δ, compatible with a vanishing
quantum Ricci curvature Kq(δ) in eq. (2.44). In all cases we have investigated, the
constant cq in this scaling law is in the vicinity of and larger than the corresponding
continuum value.

3.3.1 Directional dependence

As mentioned above, our computations for the average sphere distance did not
use the most general configuration of two overlapping spheres at distance δ, but
only pairs of spheres whose centres are aligned along a straight line. In the earlier
example of the square lattice depicted in Fig. 3.2, these would be pairs of circles
whose centres share the same x-coordinate, p = (0, 0) and p′ = (0, δ), or the same
y-coordinate, with p = (0, 0) and p′ = (δ, 0). For the square and hexagonal lattices,
we have repeated the calculation of d̄ for the most general case, where the shortest
path connecting the two centres can be a zigzag path.3 On the square lattice,
this would be the case for centre coordinates p = (0, 0) and p′ = (m, δ −m) with
0 ≤ m ≤ δ. The parameter m keeps track of the general direction, with m = 0 and
m = δ corresponding to straight lines andm = δ

2 to the diagonal line between them.
The lattice distance at all values of m is δ, but the Euclidean distance depends on
the parameter m, changing from δ for straight lines to δ√

2
for m = δ

2 . In other

words, using the lattice distance on the flat lattice breaks the isotropy of IR2. We
have calculated the average sphere distance as a function of m, yielding

d̄(Sδp , S
δ
p′) =

7− 3mδ (1− m
δ )

4
δ +

1

8δ
. (3.23)

Comparing this to the straight-line expectation (3.18), we see that the difference is
in the additional term − 3

4
m
δ

(
1− m

δ

)
δ. This term vanishes along straight lines and

takes a maximum value of − 3
16δ along the diagonal. It implies that the isotropy

3On the honeycomb lattice, there are no straight paths in the sense of Euclidean flat space, but
there is an analogue of the preferred “straight” directions of the other lattice types, which was
used to compute the formulas (3.20).
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Figure 3.4: Normalized average sphere distance d̄(Sδp , S
δ
p′)/δ on two-dimensional

flat lattices, averaged over lattice directions as described in the text. Triangles and
squares mark the data points for the square and hexagonal lattices respectively.
The straight horizontal line is that of flat continuum space.

breaking is associated with a shift in the value of cq, where the largest values are
obtained for the straight lines and the smallest ones for the diagonal. The discussion
earlier in this paragraph argued that the Euclidean distance dE depends on m. We
now see that the ratio dE

dl
of the Euclidean and the lattice length also depends on

m. We will now show that there is a simple relation between these two quantities,
namely,(

dE
dl

)2

−1 =
(m
δ

)2
+
(
1− m

δ

)2
−1 = −2

m

δ

(
1− m

δ

)
=

8

3
(cq(m)− cq(0)) . (3.24)

Repeating these calculations for the hexagonal lattice yields a similar structure, but
with different exact coefficients. The analogues of eqs. (3.23) and (3.24) are

d̄(Sδp , S
δ
p′) =

88− 15mδ (1− m
δ )

54
δ +

1

27δ
, (3.25)

(
dE
dl

)2

− 1 =
54

15
(cq(m)− cq(0)) . (3.26)

The expressions (3.24) and (3.26) indicate that one can estimate the direction de-
pendence of the ratio of physical and lattice distances by comparing the shift in cq
for different directions.

We have averaged the direction-dependent formulas (3.23) and (3.25) over m,
to obtain the directional average of the average sphere distance,

d̄(Sδp) =
13

8
δ +

1

4δ
= 1.625δ +

0.25

δ
(3.27)

for the square lattice, and

d̄(Sδp) =
19

12
δ +

1

12δ
≈ 1.583δ +

0.083

δ
(3.28)

for the hexagonal lattice. The behaviour is illustrated by Fig. 3.4. The convergence
for large δ is similar to that depicted in Fig. 3.3, but the constant asymptotic values
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1.625 for the square lattice and 1.583 for the hexagonal lattice are closer to the value
found in the continuum. We conclude that averaging over directions makes the effect
of using the lattice distance instead of the Euclidean distance less pronounced.

3.4 Quantum Ricci curvature for random triangu-
lations

As a next step we will consider classes of random triangulations that in general
carry nonvanishing quantum Ricci curvature. They are still well-behaved, in the
sense of not deviating too much from smooth spaces. The triangulations are two-
dimensional, made of equilateral Euclidean triangles and are obtained from Delau-
nay triangulations of flat and constantly positively and negatively curved spaces.
Their small-scale behaviour depends on the local random structure, but their prop-
erties on large scales reflect the geometry of the smooth spaces they are approxi-
mating.

Recall that a Delaunay triangulation in the plane is a triangulation of a finite
point set P ⊂ IR2 (constituting the vertices of the triangulation) if the circumcircle
of every triangle contains no points of P in its interior. The circumcircle of a triangle
is defined as the unique circle containing the three vertices of the triangle (see Fig.
3.5). Because of their nice geometric properties Delaunay triangulations appear in
numerous applications. Compared to other triangulations of the same point set P ⊂
IR2, the (essentially unique4) Delaunay triangulation of P maximizes the minimum
angle, which means that thin, elongated triangles tend to be avoided. Note that
analogous constructions of Delaunay triangulations exist in higher dimensions too.

In all cases, we will proceed in three steps, first generating a point set P with
the help of a Poisson disc sampling. Poisson disc sampling generates a tightly
packed point collection with a specified minimal distance dmin between any two of
its points. Second, we construct a Delaunay triangulation that has these points as
vertices. Because of the nature of the Poisson disc sampling, the edge lengths of this
Delaunay triangulation are clustered relatively compactly around some average edge
length. The third step consists in setting all edge lengths to 1 and thereby making
the triangulations equilateral before starting to measure average sphere distances
on them. This is motivated by the fact that we are interested in exploiting the
simplicity of the combinatorial aspects of the prescription (3.1), which also holds in
(C)DT, the physical application we are primarily interested in. Adjusting the edge
lengths in this way will alter the local metric properties of the triangulations. The
replacement by an equilateral triangulation is therefore also a test of whether local
metric fluctuations average correctly to the expected behaviour when measuring the
quantum Ricci curvature at large scales.

3.4.1 Flat implementation

We begin by sketching the procedure for the case of random triangulations ap-
proximating flat space, where we will use an auxiliary regular grid to speed up the
Poisson disc sampling. We refer the interested reader to reference [64] for further
details on the construction. For the process to be meaningful, we must confine our-
selves to a finite region of flat space, which we choose to be a square of approximate

4The uniqueness is up to sets of more than D + 1 vertices (in D dimensions) that fall on the
same circle, without other vertices inside the circle. For a local configuration of this type, any valid
internal substructure will lead to a Delaunay triangulation. In our construction, this degeneracy
occurs with measure zero.

59



Figure 3.5: A Delaunay triangulation in the plane, together with the circumcircles
of its constituting triangles. By definition, no circumcircle contains any vertices of
the triangulation in its interior.

side length 100 dmin. All subsequent operations will take place inside this square.5

Furthermore, the square is overlaid by a regular square grid whose cells have side
length dmin/

√
2. This ensures that each cell will contain at most one point of the

point set P to be constructed. The grid forms an auxiliary structure in the Poisson
disc sampling and the subsequent triangulation.

Starting from an initial point p0 at the centre of the square, we systematically
build up a point set P . The process is characterized by the minimal distance dmin

and by another integer k, which is chosen a priori and will determine the density of
P . A step in the algorithm consists in picking a point p from the set of points already
selected to lie in P . Given p, we randomly pick a new point q in the annulus between
radii dmin and 2dmin around p. If the Euclidean distance of q to any other already
selected point is smaller than or equal to dmin, the point is discarded, otherwise it
is added to the set of points selected to lie in P . For fixed p, we generate k new
random points in this way, which we either keep or discard. A larger k will lead
to a denser and more uniform set P at the end of the algorithm, but also to an
increase in the overall time needed to generate the points. We used k = 30 in these
investigations. Next, another point p′ is taken from the already selected point set
and the procedure is repeated by choosing k times a random point in the annulus
around p′. Note that a point p can only serve once as the base point for such a
search, lying at the centre of an annulus. The process ends when all points in the
selected set have acted as a base point. The final point set used in the remaining
construction is the set of generated points P . Note that the presence of the grid
structure simplifies the test of whether a point q should be discarded, because only

5Since we have only treated the computation of average sphere distances for interior points, we
make sure that during measurements we stay well away from any boundaries. It would take us
too far to give a detailed description of the boundary construction for our triangulations. Suffice
it to say that it involved a one-dimensional Poisson process with minimal distance dmin, and that
we performed detailed numerical tests to make sure unwanted boundary effects are negligible.
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Figure 3.6: Using the auxiliary square lattice: during the construction of the initial
point set P , only the 20 cells shown surrounding the cell of a new candidate point
q need to be checked for the presence of other points within radius dmin.

a finite number of cells (20 cells excluding the cell where q itself is located) around
q need to be checked for points that are potentially too close to q, see Fig. 3.6 for
illustration.

The same grid structure is also used during the construction of the Delaunay
triangulation of a given set P . Following [64], we first generate a discrete clustering
of all cells, where each cell C is associated with the vertex in P that is closest to the
centre of C in terms of Euclidean distance. This results in a clustering of the cells
of the square grid, with as many clusters as there are vertices in P . The algorithm
proceeds by examining each vertex of the square grid in turn, by picking for each
cell its lower left-hand corner point. Each corner point x is then assigned an index
between 1 and 4, counting the number of distinct clusters meeting at x. The index
is 1 if all four cells meeting at x belong to the same cluster, it is 2 if the four cells
belong to two different clusters, and analogous for index 3 and 4, see [64] for further
explanations and illustrations.

The point of this clustering is that it allows for the straightforward construc-
tion of a triangulation that is “almost Delaunay”. To obtain it, we draw for each
corner point with index 3 a triangle connecting the corresponding three vertices of
P . Next, we draw for each corner point with index 4 the quadrilateral spanned by
the corresponding four vertices. There are then two ways to add an interior link to
obtain a pair of adjacent triangles. Of those, we choose the interior link for which
the angle sum of the quadrilateral at the corners met by the link is larger than
π. This is a necessary condition for a Delaunay triangulation, and equivalent to
the circumcircle condition mentioned earlier. After dealing with all corner points
of index 3 and 4 in this manner, one obtains a triangulation which in general is
not quite a Delaunay triangulation, but can be transformed into one by systemati-
cally checking the local Delaunay property for every link, and performing link flips
wherever necessary, as shown in reference [64].

3.4.2 Curved implementation

The procedure outlined in the previous subsection must be adapted for random
triangulations approximating nonflat spaces. The first step will again be to con-
struct a point set P by Poisson disc sampling, this time on a constantly curved,
smooth model space, the two-dimensional sphere or (a subset of) two-dimensional
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hyperbolic space. In both cases we have found it convenient to parametrize points
in these spaces by the Cartesian coordinates (x, y, z) of their embeddings into IR3,
as described in Ch. 2 above. Introducing the notation

q1 · q2 ≡ (x1, y1, z1) · (x2, y2, z2) = x1x2 + y1y2 + z1z2 (3.29)

for the scalar product (the flat Euclidean metric) of elements qi ∈ IR3, recall that
we defined the two-sphere as all points q with q · q = ρ2. On this two-sphere, the
flat metric (3.29) induces a constantly curved metric with curvature +1/ρ2. All
distance measurements, including those occurring during the Poisson disc sampling
on the sphere, have to be done with respect to this nontrivial metric. Similarly,
introducing the notation

q1 ∗ q2 ≡ (x1, y1, z1) ∗ (x2, y2, z2) = x1x2 + y1y2 − z1z2 (3.30)

for the indefinite scalar product (the flat three-dimensional Minkowski metric) for
elements qi ∈ IR3, we define hyperbolic space as all points q for which q ∗ q = −ρ2
and z > 0. On this upper sheet of the two-dimensional hyperboloid, the metric
(3.30) induces a constantly curved, positive definite metric with curvature −1/ρ2.
This nontrivial metric must again be used when measuring geodesic distances on
the two-dimensional hyperbolic space.

Note that for a pair of points (p, q) on the two-sphere, given in terms of their
Cartesian coordinates, their geodesic distance on the sphere can be expressed with
the help of the scalar product (3.29) as

d(p, q) = ρ arccos

(
p · q
ρ2

)
. (3.31)

In a similar fashion, the geodesic distance of two points (p, q) on hyperbolic space,
given in terms of their Cartesian coordinates is

d(p, q) = ρ arccosh

(
−p ∗ q

ρ2

)
, (3.32)

using the inner product (3.30). The minus sign in the argument of the inverse
hyperbolic cosine comes from our choice of overall sign in the Minkowskian scalar
product (3.30). Relevant for the construction of an annulus around some point p
on the two-sphere – needed in the Poisson disc sampling – is the fact that the set
of all points at a constant distance d from p on the sphere also forms a planar circle
in the embedding space IR3. This is made explicit by expressing the scalar product
p · q in eq. (3.31) in terms of the three-dimensional Euclidean distance deu(p, q) of
the two points, leading to

deu(p, q) = 2ρ sin

(
d(p, q)

2ρ

)
. (3.33)

This is an injective relation between d and deu as long as d < πρ, a condition that
in our applications was always satisfied.

When implementing the Poisson disc sampling on the sphere, after picking a
point p to serve as the centre of an annulus, we parametrize the neighbourhood of p
in terms of a two-dimensional system of radial coordinates (r, φ) centred at p, such
that the inner and outer boundary of the annulus (at geodesic distances dmin and
2dmin) are circles of constant radius r. Like in the flat case, points in the annulus
are then created randomly and uniformly, this time with respect to the appropriate
measure on the two-sphere, expressed in terms of the variables r and φ. For each
newly created point, we perform a test to make sure that its distance to all other
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points already included in the set P is larger than dmin. If this is the case, the point
is added to the set, otherwise it is discarded. We did not attempt to set up suitable
analogues of the square grid on the sphere or the hyperboloid to speed up this part
of the algorithm, and instead simply computed the distance of a given candidate
point to all other points. Since we considered only relatively small configurations
with up to 20.000 points, the resulting increase in computational complexity to
O(n2) could be handled without problems.

The Poisson disc sampling in the hyperbolic case proceeds along similar lines,
the only minor difference being that the set of all points equidistant to a given point
p on the hyperboloid do in general not lie on a circle with respect to the Euclidean
metric of the embedding IR3. To nevertheless be able to use a straightforward
generalization of the procedure on flat space and the sphere, we boost the centre p
of an annulus to the lowest point (0, 0, ρ) of the hyperboloid, because in this case the
set of all points equidistant to p does lie on a planar circle in the embedding space.
We can again introduce a spherical coordinate system on a local, two-dimensional
neighbourhood of p and implement the disc sampling as before, with respect to
the induced, nontrivial measure on the hyperboloid. Once a candidate point has
been chosen randomly from the annulus, it is boosted back, after which the usual
distance check to all other points is performed with the help of eq. (3.32).

The next step consists in generating Delaunay triangulations from the point
sets P we have constructed on the curved spaces using Poisson disc sampling, as
described above. In the curved context, we again define a Delaunay triangulation
through the property that any (geodesic) circumcircle of the triangulation built from
P does not have any elements of P inside. This construction remains meaningful
– in the sense of resembling the procedure in flat space – as long as the size of the
triangles is small compared to the curvature radius of the constantly curved spaces
we are considering, which was always the case.

The code we used to generate the triangulations is based on reference [65], which
makes use of Voronoi diagrams (also called Voronoi or Dirichlet tessellations). Recall
that the Voronoi diagram associated with a finite point set P , for simplicity taken
to lie in the Euclidean plane, partitions the plane into cells. Each cell is associated
with a point p ∈ P and consists of all points in IR2 that are closer to p than to
any other point of P , so that each cell has the shape of a convex polygon. The
set of all line segments forming the borders between adjacent cells forms a graph
whose vertices are tri- or higher-valent. A generic point set, like the random sets
P we construct with the help of the Poisson disc sampling, has a unique, trivalent
“Voronoi graph” associated with it, which in turn is dual to the unique Delaunay
triangulation constructed from the same point set. An analogous construction also
goes through for the “mildly curved” spaces we are considering, with the Euclidean
distance substituted by the appropriate geodesic distance on these spaces. Note that
the vertices of the Voronoi diagram coincide with the centres of the circumcircles
of the dual Delaunay triangulation.

The algorithm in [65] proceeds iteratively, adding in each step a vertex to an
already existing Delaunay triangulation. Data are stored and manipulated referring
to the vertices of the triangulation as well as to the (dual) vertices of the Voronoi
diagram, which also means that the new elements of the latter have to be computed
and updated in each step. The beauty of the set-up lies in the fact that these
updates only affect small local neighbourhoods of the triangulation. We will not
describe details of the algorithm here, which can be found in [65] for flat space, but
only describe the modifications that are necessary in the curved case.

Firstly, we need to choose an initial Delaunay triangulation. For the case of
positive curvature, we pick four vertices on the sphere which span an equilateral
tetrahedron in the embedding IR3, and connect them by geodesic arcs on the sphere.
Obviously, the length of these initial edges is much larger than dmin, but they quickly
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Figure 3.7: Probability distribution p(ℓ) of edge lengths ℓ in a Delaunay triangula-
tion of flat space with 6.200 vertices, binned in intervals of 0.1 dmin.

disappear as the algorithm progresses, since it includes the creation and removal of
links in each step. By contrast, for the case of negative curvature, since the upper
sheet of the hyperboloid has infinite volume, we must impose a cutoff to make
the construction well defined. Our prescription was to consider only points with
embedding space coordinate z ≤ zmax = 3ρ. Just like in flat space, we therefore are
dealing with a spatial region with a boundary. Vertices on the boundary z = 3 were
again generated with a one-dimensional Poisson sampling of geodesic distances in
the interval [dmin, 2dmin]. The initial triangulation of this hyperbolic disc is obtained
by connecting each boundary vertex to the apex (0, 0, ρ) of the hyperboloid by a
geodesic line segment. The length of these segments exceeds 2dmin, but again this
does not seem to leave any imprint on the final triangulations.

Secondly, we need an effective method to compute the locations of the vertices
of the Voronoi diagram dual to a given Delaunay triangulation. More specifically,
we must determine the centre of a circumcircle spanned by a triple of vertices of the
triangulation, which requires a simple application of linear algebra. Put briefly, for
both the sphere and the hyperboloid one first identifies the plane in IR3 spanned
by the difference vectors of the three vertices, using the cross product of vectors or
a Gram-Schmidt procedure respectively. One then looks for the axis through the
origin in IR3 which is perpendicular to that plane, using the inner products (3.29) or
(3.30) as appropriate, and finally determines the point in which the axis meets the
sphere or the hyperboloid. This point is the desired circumcentre of the triangle.

3.4.3 Measurement method

For all three types of geometry, the final step in constructing the triangulations
that we will use for exploring our curvature prescription is to set all edge lengths
of the Delaunay triangulations to unity. To give a quantitative impression of the
distribution of edge lengths ℓ before making the triangulation equilateral, Fig. 3.7
shows a sample from a Delaunay triangulation of flat space. The edge lengths are
distributed rather evenly across the interval [dmin, 2 dmin], increasing somewhat in
the vicinity of dmin, which by construction constitutes a kinematical lower bound,
and decreasing towards longer lengths. The fact that very few edge lengths exceed
2dmin reflects the well-behaved geometry of the triangulation.

Before embarking on the curvature measurements, we measured some other ge-
ometric properties of the triangulations to check whether they are roughly in line
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Figure 3.8: Distribution p(nv) of the vertex order nv of interior vertices of a Delau-
nay triangulation of a piece of flat space with 6.200 vertices.

with those of the corresponding continuum geometries. For all three types of ge-
ometry, we measured the distribution of the vertex order6, and also determined
the scaling of the size of geodesic spheres (circles in our case) as function of their
geodesic radius, and compared it to the corresponding continuum behaviour. For
the spherical case, we also measured the distribution of diameters, where the diam-
eter at a vertex is defined as the distance to the furthest vertex in the triangulation.
By and large, these quantities behave as expected from a comparison with their
continuum counterparts, as will be discussed below. This indicates that the con-
figurations continue to be “nice” and compatible with an overall spatial uniformity
also after removing the differences between length assignments from the Delaunay
triangulations.

We then collected data on the average sphere distances d̄(Sδp , S
δ
p′) as a function

of the geodesic (integer) link distance δ in the range δ ∈ [1, 15] for a given type of
geometry (flat, spherical or hyperbolic), by averaging in each case over a set of ten
independent triangulations, and over the location and relative orientation of pairs
of spheres Sδp and Sδp′ .

For a given triangulated configuration, the latter averages were implemented as
follows. After picking a vertex p in the triangulation, we constructed its δ-sphere
Sδp , consisting of all vertices at link distance δ from p, and determined the total

number of vertices in the sphere. For each of the vertices p′ ∈ Sδp in turn, we

then constructed a new δ-sphere Sδp′ centred at p′ and measured the average sphere

distance d̄(Sδp , S
δ
p′). Averaging the resulting data over p′ for given p implies an av-

eraging over directions around p on the underlying space, thus removing directional
information and producing an effective Ricci scalar curvature. Since we modelled
our triangulations on isotropic continuum spaces, we expect them to be (approxi-
mately) isotropic too. Averaging over directions in this case is trivial and will just
contribute to reducing numerical errors.

The way we picked a sequence of initial points p for a given configuration, for
which the set of measurements just described was performed for all δ ≤ 15, was by
simply using the first 20 points that were created during the Poisson disc sampling
for this geometry. Recall that for the flat and hyperbolic spaces, which both have a
boundary, we chose the initial point for the disc sampling to coincide with the centre
of the space. Since points generated subsequently always lie within an annulus of a
previously generated point, this implies that the first 20 points from such a sequence
will be clustered not too far away from the centre. This was done mainly to avoid

6In two dimensions, the vertex order (the number of links meeting at a vertex) is a direct
measure of the deficit angle and therefore of the local Gaussian curvature at a vertex, see Sec.
3.2.1 for a discussion.
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Figure 3.9: The (averaged) size ν(δ) of circles as a function of their radius δ, on a
geometry obtained by setting the edge lengths of a flat Delaunay triangulation to
unity, including the best linear fit.

that the measurements run into the boundary of the triangulation.7 It also means
that our measurements will inevitably have some spatial overlap, and therefore
not all data will be independent. However, since we also averaged over different
configurations, we do not think that this procedure leads to any systematic errors.

3.4.4 Measurement results

Starting with the flat case, we investigated ten independent configurations, each
with approximately 6.200 vertices. Fig. 3.8 shows the distribution of the order nv
of interior vertices of a sample triangulation. It is centred around 6, with more than
90% of vertices having coordination number 5, 6 or 7. The construction makes it
impossible to have internal vertices of order smaller than 4, which explains why 4
is the lowest order observed. In the measurements considered we did not encounter
vertices whose order was above 10. This is different from what happens in quantum
configurations, like those appearing in dynamical triangulations, where the order
distribution typically has a long tail at high vertex orders. The absence of this
feature for the Delaunay triangulations is another indicator of their well-behaved
nature.

A first check of the flat character of the triangulations is a measurement of the
scaling behaviour of geodesic circles, as explained in the previous subsection. We
will denote the (discrete) volume of a circle of geodesic radius δ – equal to the
number of vertices contained in the circle – by ν(δ). A linear dependence on δ
indicates flat-space behaviour, the corresponding relation in the continuum being
ν(δ) = 2πδ. In a context where distances are discretized because of the presence
of building blocks of standard size, the proportionality constant on the right-hand
side of this equation will typically not be equal to 2π, as is illustrated by the
two-dimensional hexagonal lattice, one of the regular lattices we explored in Sec.
3.3, for which we have ν(δ) = 6δ. This is a consequence of the lattice structure,
where geodesic distances are not measured along straight lines in the conventional
continuum sense, and where geodesic spheres are not smooth objects either. The
data for the circle volume ν(δ) collected from the ten configurations are displayed
in Fig. 3.9, together with a best linear fit for the average circle volume, given by

7We always made sure by additional checks that the minimal distance to the boundary of any
point p was larger than 2δ.
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Figure 3.10: Normalized average sphere distance d̄/δ as a function of the scale δ,
measured on random triangulations modelled on flat space (red data points with
error bars). For comparison, we have included the corresponding data for the flat
hexagonal lattice (blue dots) of Fig. 3.4 and the horizontal line marking the constant
value of continuum flat space (grey).

ν(δ) = 7.48(5)δ. In the δ-range considered, the quality of the fit is good, showing
that the behaviour is compatible with that of a flat space on scales sufficiently large
relative to the lattice spacing.

Our measurements of the normalized average sphere distance d̄/δ on the random
triangulations at hand are shown in Fig. 3.10, where we have included the data for
the regular hexagonal lattice and the constant continuum result for flat space for
comparison. The behaviour of the random triangulation is qualitatively similar to
that of the hexagonal lattice: for small δ ≥ 1, d̄/δ has initially a maximum, then
decreases, and for δ≳5 settles to an approximately constant value, consistent with
flat-space behaviour. Unlike what we saw for the regular flat lattices, this value is
now slightly below that for continuum flat space, and lies at approximately 1.55.
The amplitude of the initial overshoot is in the same ballpark as those for the regular
lattices (Fig. 3.3). From this point of view, any nontrivial curvature that is present
in the random triangulation on short scales is mixed with and indistinguishable
from the pure discretization effects of the flat lattices, as far as the quantum Ricci
curvature is concerned.

To construct random triangulations modelled on nonflat spaces, we set without
loss of generality the curvature radius of the underlying sphere and hyperboloid
to one, ρ = 1. Choosing different values of dmin for the Poisson disc sampling
then amounts to different degrees of fine-graining of the resulting triangulations
with respect to this continuum reference scale. A smaller dmin corresponds to a
finer-grained triangulation and therefore to a smaller value of the local curvature.
After setting the edge lengths to 1, we expect to see these differences reflected in
terms of lattice units. That is, we expect our measurements to be governed by an
“effective curvature radius” ρeff in lattice units, which is inversely proportional to
dmin. Moreover, by rescaling the results for random triangulations with different
fine-grainings in such a way that their effective curvature radii coincide, we expect
their measurement data to fall on top of each other.

We have studied the situation in considerable detail for the case of the sphere,
where we have worked with three distinct continuum cutoffs, dmin = 0.1, 0.05 and
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Figure 3.11: Distribution p(∆) of diameters ∆ of a sample spherical triangulation,
generated using dmin = 0.025.

0.025, and three different types of measurements from which an effective curvature
radius can be extracted. Before embarking on these, we determined the vertex
order distributions for the Delaunay triangulations of the sphere and found that for
all three sizes considered they are almost indistinguishable from that of flat space
depicted in Fig. 3.8.

We then measured the distribution of diameters ∆ of the triangulations obtained
after setting ℓ = 1 for all edges, a quantity defined in subsection 3.4.3 above. In
all cases the distributions are very narrow, further supporting the closeness of the
configurations to round continuum spheres. An example is shown in Fig. 3.11 for a
triangulation constructed with dmin = 0.025. For dmin=0.1, 0.05, 0.025, the average
diameters (averaged over ten configurations) were measured to be ∆ = 21.5(1),
42.9(1) and 85.5(1), which after division by π leads to the effective radii ρeff =
6.84(4), 13.65(3) and 27.22(3) respectively. Note that (within measuring accuracy)
subsequent values differ by a factor of 2, as one would expect for consistency. As we
will see below, these values are slightly, but systematically smaller (by about 7%)
than those extracted from circle and curvature scaling, which do agree mutually.
A possible explanation is that – unlike the latter quantities – the diameter by
construction probes the largest scales of the lattices, and therefore is subject to
systematic finite-size effects.

Next, we investigated the scaling of circle sizes ν(δ) as a function of their geodesic
radius δ, and compared them to the continuum formula ν(δ) = 2πρ sin( δρ ). This
gives us another way of extracting an effective curvature radius. However, in view
of the analogous results for the flat case, we expect the overall factor to deviate from
2π. Furthermore, we have found that a (small) offset in δ improves the quality of
the fits. The need for such a shift may have to do with the fact that for topological
reasons (by virtue of the Gauss-Bonnet theorem for the two-sphere), the data is
forced to go through the point ν(1) = 6, resulting in a distortion for small δ. The
fitting function we have used is

ν(δ) = cρeff sin

(
δ

ρeff
+ s

)
, (3.34)

for constants c and s. Fig. 3.12 illustrates the situation for the two larger values of
dmin. In both cases, the sine function fits the data well. For comparison, we have
also included linear fits to the data, but these are clearly inferior.

Obviously, within the limited range of δ-values we are exploring, it becomes more
difficult to distinguish between flat and curved space as the (effective) curvature
radius increases. This is illustrated by our last set of measurements, corresponding
to dmin=0.025, where within measuring accuracy the sine and linear functions fit the
data about equally well. Not surprisingly, our estimate for the effective curvature
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Figure 3.12: The (averaged) size ν(δ) of circles as a function of their radius δ on
spherical triangulations, for dmin = 0.1 (left) and dmin = 0.05 (right). We have
included best fits to a function of the form cρeff sin( δ

ρeff
+ s) (grey curves), and to

a linear function (blue curves).

radius has very large error bars in this case. Table 3.1 summarizes the values for
the constants s and c and the effective curvature radius ρeff obtained from best fits
of ν(δ), for the three different values of dmin.

The constant c is approximately constant, which is consistent with having a
single, overall scale factor for the length of geodesic circles, compared to the con-
tinuum, independent of sphere size. The values lie within one standard deviation
from the corresponding value 7.48(5) we found in the flat case.

Turning now to the measurements of the average sphere distance d̄(Sδp , S
δ
p′), Fig.

3.13 shows averaged values for the normalized quantity d̄/δ for the three spherical
triangulations, including the data for the flat random triangulation (from Fig. 3.10)
for comparison. Qualitatively, the behaviour is as one would expect from the con-
tinuum: when moving to larger distances δ, the ratio d̄/δ for the spheres goes to
smaller values. The deviation from the horizontal flat-case line is largest for the
smallest sphere, whose positive curvature is largest. For the largest sphere, the de-
viation from the flat case can be seen quite clearly for the largest measured values
of δ, unlike the data from the circle scaling that did not allow us to distinguish
between the two cases.

In order to make a quantitative comparison with the continuum, we would like
to fit the data to curves of d̄/δ for continuum spheres. However, we need to account
for the observed difference in the constant cq of eq. (3.2) between the continuum
geometries on the one hand and regular lattices and triangulations modelled on
constantly curved spaces on the other. This requires an additional rescaling of d̄/δ.
There are two simple ways of achieving this, by applying either a multiplicative
scaling or a constant, additive shift to d̄/δ. As we will see, both types of fit lead
to similar results. To fix the additional matching parameter between continuum
and discrete data, we require all curves to go through the data reference point at
δ=5. It is natural to anchor the curves at this point, because it is the approximate

dmin s c ρeff
0.1 −4.1(7) · 10−2 7.5(1) 7.26(7)
0.05 −1.9(3) · 10−2 7.6(4) 15.6(5)
0.025 −6(2) · 10−3 7.4(23) 47(17)

Table 3.1: The parameters s, c and ρeff obtained from fitting circle sizes to the
functional form cρeff sin( δ

ρeff
+s), on spherical configurations of different sizes.
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Figure 3.13: Normalized average sphere distance d̄/δ as a function of the scale δ,
measured on random triangulations modelled on continuum spheres of three differ-
ent sizes. From top to bottom: “flat” random triangulation measured previously
(for reference); large sphere (dmin =0.025), medium-size sphere (dmin =0.05), and
small sphere (dmin=0.1).

location on the δ-axis where lattice artefacts seize to be significant.

In either case one is left with a one-parameter set of continuum curves, corre-
sponding to different values of ρ. Among this set, we looked for the curve which
best fitted our data, using a χ2-fit for data points in the interval δ ∈ [6, 15]. The
smaller the sphere, the better is the quality of the fit.

The results for the effective curvature radius extracted from fitting to continuum
spheres are collected in Table 3.2. We see that the two different types of fit lead to
essentially identical results. Rescaling and combining the data for all three spherical
configurations illustrates well that they can be fitted to a single continuum curve,
modulo short-scale deviations (Fig. 3.14), supporting the existence of a universal
underlying function f(δ/ρ).

To combine the data and obtain the joint curve, we first multiplied the δ-values
of the data set for dmin =0.1 by a factor 4, and that of dmin =0.05 by a factor 2,
bringing them to the linear scale of the largest sphere. The fit was obtained by
considering the set of continuum curves going through the data point with δ=5 of
the largest sphere and subsequently doing a χ2-fit involving the 10 data points for
the largest δ-values for each of the three spheres, i.e. a total of 30 data points. The
curvature radius associated with the combined curve is ρ=29.0(3), corresponding to

dmin ρeff , additive fit ρeff , multiplicative fit
0.1 7.41(12) 7.35(9)
0.05 14.31(24) 14.27(21)
0.025 29.1(10) 29.0(13)

Table 3.2: Effective curvature radius ρeff of triangulations modelled on spheres,
extracted from measuring the normalized average sphere distance, and fitting to
continuum spheres, using an additive or multiplicative shift of the data, as described
in the text.
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Figure 3.14: Measurements of d̄/δ and best fit (using a multiplicative shift) to the
corresponding data of a two-dimensional continuum sphere, for the combined and
rescaled data of all three spheres. Error bars are smaller than dot sizes.

ρ=14.55 for the medium-sized sphere and ρ=7.27 for the small sphere, in very good
agreement with the effective curvature radii we extracted from individual spheres
and from measuring circle volumes. However, it is worth noting that obtaining the
curvature radius from the prescription for quantum Ricci curvature for the same
size of triangulation seems to give better results than obtaining it through circle
scaling, despite the fact that the latter uses three instead of two fitting parameters.

Lastly, we report on the curvature analysis of the configurations obtained from
the Delaunay triangulations on the two-dimensional hyperboloid. We performed
measurements on ten independent configurations, which we constructed using dmin=
0.04. We had to restrict the δ-range to δ ≤ 13 to avoid coming too close to the
boundary of the triangulations. The distribution of the interior vertex order resem-
bles closely that of the flat and spherical cases. Next, we measured circle sizes ν(δ)
as a function of their radius δ. Following what we did in the spherical case, we used
a three-parameter fit to extract an effective curvature radius ρeff . Substituting the
sine by a hyperbolic sine function, we chose as a fitting function

ν(δ) = c̃ ρeff sinh

(
δ

ρeff
+ s̃

)
. (3.35)

The continuum scaling would correspond to the special case ν(δ) = 2πρ sinh( δρ ).

From a best fit, we have determined the three parameters as s̃ = −1.69(17) · 10−2,
c̃ = 7.4(3) and ρeff = 15.0(5). Like in the spherical case, the shift s̃ is small. The
measured data are plotted in Fig. 3.15, together with the hyperbolic sine fit (3.35)
and a linear fit through the origin for comparison. The former clearly fits the data
better, providing further evidence that our triangulations approximate constantly
curved continuum spaces also for negative curvature.

The measurements of the normalized average sphere distance for the hyperbolic
case are shown in Fig. 3.16. We again performed two fits, a multiplicative and
an additive rescaling of d̄/δ, combined with the requirement that curves should
pass through the data point at δ = 5. Both result in a very good match with the
data; the best fit for the additive rescaling is displayed in Fig. 3.16. (It is barely
distinguishable from the fit for multiplicative scaling.) As in previous measurements,
there is a short-distance regime where d̄/δ exhibits an “overshoot”. From best
matching for the data points δ ∈ [6, 13], we determined the effective curvature
radius as ρeff = 18.0(3) for the additive fit and ρeff = 17.9(4) for the multiplicative
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Figure 3.15: The (averaged) size ν(δ) of circles as a function of their radius δ on
geometries obtained by setting the edge lengths of Delaunay triangulations on a
hyperboloid to unity, including best fits to a function of the form c̃ρeff sinh( δ

ρeff
+ s̃)

(grey curve), and to a linear function (blue curve).

fit. Both are in excellent agreement with each other, but not with the value we
extracted from the circle scaling.

Comparing with the data for the smallest sphere, and using the fact that we
expect the product dmin ·ρeff to be approximately constant, one would expect the
effective curvature radius in the hyperbolic case to lie in the interval [18.0, 18.5].
While the data coming from measuring the quantum Ricci curvature are perfectly
compatible with this estimate, the data from the circle scaling are off by six stan-
dard deviations. The only plausible explanation we have at this stage is that the
hyperbolic case suffers from finite-size effects, due to the exponential growth of the
volume with the radius, which for the volumes we are considering affect the cir-
cle scaling, but apparently not the average sphere distances. This question can be
settled by going to larger lattices, which is beyond the scope of our present work.
However, the encouraging message is that in comparison, the measurement of the
quantum Ricci curvature again appears to be more robust.

3.5 Summary

In this chapter we have discussed some properties of the quantum Ricci curvature
on piecewise flat spaces. We restricted ourselves to considering link and dual link
distances on configurations consisting of equilateral building blocks. This mimics
the properties of (C)DT configurations, which will be discussed in the next two
chapters. This simplification implies that the average sphere distance is turned
into the sum (3.1). Guided by the continuum prescription we defined the quantum
Ricci curvature as minus the average sphere distance after subtracting the linear
contribution, eq. (3.2).

In subsection 3.2.1, we investigated the possible role of a Gauss-Bonnet theorem
for the quantum Ricci curvature in two dimensions. Under certain simplifying
assumptions, we were able to derive an equation for the δ = 1 average sphere
distance as a function of the vertex order. We then showed that a curvature function
that depends only on the order of neighbouring vertices leads to a Gauss-Bonnet
theorem if and only if it is equal to the deficit angle prescription of the Regge
curvature. Our calculations showed that the quantum Ricci curvature does not
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Figure 3.16: Normalized average sphere distance d̄/δ as a function of the scale δ,
measured on random triangulations modelled on a continuum hyperboloid (blue),
shown together with a best fit of the corresponding curve in the continuum (red).

satisfy this condition. However, as we have pointed out, in the context of quantum
gravity the absence of a Gauss-Bonnet theorem may be seen as a desirable property,
since it allows for a noncanonical scaling behaviour in the continuum limit. An
example of such a behaviour will be given in the following chapter, where we will
discuss the quantum Ricci curvature in two-dimensional DT.

In Sec. 3.3 we calculated the quantum Ricci curvature for lattices that are regular
tilings of the Euclidean spaces IR2 and IR3. These lattices approximate flat space
and were sufficiently simple to allow us to calculate the average sphere distance
for any value of δ. We found that the behaviour of the normalized average sphere
distance d̄

δ is characterized by an initial overshoot, but settles to a constant value cq
consistent with zero curvature for large values of δ, see Fig. 3.3 for illustration. The
value of cq depends on the exact details of the lattice and is in general larger than the
corresponding continuum value. The fact that we used the link distance introduces
an anisotropy in the sphere distance measurements, since the relation between the
Euclidean distance dE and the graph distance dl depends on the direction. We
investigated this explicitly by determining the average sphere distance as a function
of the direction. We found that in the large-δ limit, cq depends on the direction,
and that this directional dependence could be parameterized in terms of the ratio
dl
dE

.

In the final Sec. 3.4, we discussed measurements of the quantum Ricci curvature
on Poisson-Delaunay triangulations. This special class of triangulations allows us
to approximate classical “nice” geometries. The explicit examples we considered
approximate the constant-curvature spaces of the previous chapter, the sphere, flat
space and hyperbolic space. The triangulations we generated were not equilateral
to start with, but we simply set their edge lengths to unity, thus bringing us closer
to the equilateral (C)DT configurations. We investigated some other observables to
show that this does not affect the large-scale properties of the geometries. We can
therefore view the Poisson-Delaunay triangulations as essentially classical geome-
tries with local curvature perturbations, which can serve as a test that quantum
Ricci curvature is able to correctly average over such local variations. The mea-
surements in all three cases were consistent with the continuum expectations after
a finite shift of the value cq. Note that such a shift was also necessary in the case of
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the regular lattices. The fact that different building blocks and construction rules
lead to a different value of this shift seems to be a general discretization effect. We
extracted values of the curvature in the case of the sphere and hyperbolic space
and found values consistent with the values obtained by independent methods. We
finally looked at the scaling of the sphere radius measurements as a function of the
system size and found the expected area scaling.

The investigations of this chapter indicate that it is straightforward to use quan-
tum Ricci curvature on discrete classical spaces. If we allow for a shift, we get values
of the curvature that are consistent with the continuum expectation. This robust-
ness of the quantum Ricci curvature is encouraging for its implementation in true
quantum geometries, which will be the subject of the following two chapters.
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Chapter 4

Quantum Ricci curvature of
DT quantum gravity in 2D

In this chapter, we will look at the first genuinely quantum application of the quan-
tum Ricci curvature, measuring the quantum Ricci curvature of two-dimensional
dynamical triangulations (DT).1

4.1 Introduction

In the last chapter, we looked at several implementations of the quantum Ricci
curvature on piecewise flat classical spaces, whose geometry approximates simple
smooth manifolds. We are now ready to tackle the first quantum application of the
quantum Ricci curvature.

The particular model we will consider is two-dimensional DT quantum gravity,
which is known to have a fractal geometry and nontrivial quantum features. These
nonclassical aspects include a Hausdorff dimension of four, and a self-similar geom-
etry characterized by the presence of baby universes on all scales. Since DT shares
some qualitative properties with genuine quantum gravity candidates such as four-
dimensional CDT, it is natural to use it for testing the quantum Ricci curvature.
The lessons learned in this simplified setting serve as a stepping stone to treating a
realistic candidate model of quantum gravity in the next chapter.

In Sec. 4.2, we will discuss the set-up used to perform the measurements of
the quantum Ricci curvature and the properties of two-dimensional DT that are
necessary to understand them. Most of the considerations will be similar to those
of Ch. 3, since much of the machinery for measuring the quantum Ricci curvature
on Poisson-Delaunay triangulations can be imported to this setting.

In Sec. 4.3, we will discuss the results for the quantum Ricci curvature on an
ensemble of two-dimensional DT configurations. We show that the average prop-
erties of the ensemble can be modeled in terms of a round continuum sphere, with
an effective curvature radius ρ

eff
. We investigate how this radius depends on the

system size N , finding a simple relation between N and ρ
eff
.

4.2 Set-up

Two-dimensional dynamically triangulated quantum gravity was already mentioned
in Sec. 1.4. Here we will elaborate on a few details that are important to under-

1This chapter is primarily based on Implementing Quantum Ricci Curvature, by N. Klitgaard
and R. Loll, Phys. Rev. D 97 (2018) 106017 [66].
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stand the results presented in this chapter. The configurations are defined using
equilateral triangles as the fundamental building blocks. The integral of the scalar
curvature in two dimensions is a topological invariant, which implies that the two-
dimensional analogue of the Euclidean action (1.9) only consists of a cosmological
term. Two-dimensional DT quantum gravity can be defined as the scaling limit
N → ∞ of the nonperturbative path integral

Z(λ) =
∑
T∈T

1

CT
e−S[T ], S[T ] = λN, (4.1)

where λ is the bare cosmological constant and N the number of triangles in the
configuration. The triangulations T summed over in (4.1) are two-dimensional
simplicial manifolds of spherical topology, and CT denotes the order of the auto-
morphism group of T. We are interested in the theory in the continuum limit as
N → ∞. To investigate it we will perform measurements at different fixed values
of the volume N and then extrapolate to infinite N .

To evaluate expression (3.1) for the average sphere distance, we will use the
same discrete notion of geodesic link distance as in the previous chapter. Recall
that it is measured between pairs (q, q′) of vertices, where d(q, q′) equals the number
of edges of the shortest path between q and q′, and is therefore also integer-valued.
Because of the branching baby-universe structure of typical DT configurations, the
δ-“spheres” will in general be multiply connected, even for small δ. One way of
making the expression (3.1) into a “classical” observable is by averaging it over all
point pairs,

d̄T (δ) =
1

nT (δ)

∑
p∈T

∑
p′∈T

d̄(Sδp , S
δ
p′) δd(p,p′),δ, (4.2)

where the Kronecker delta δ enforces the distance δ between p and p′, and nT (δ)
denotes the number of point pairs (p, p′) in the triangulation T with d(p, p′) = δ.
Note that eq. (4.2) includes an average over directions of the quasi-local quantum
Ricci curvature.

Figure 4.1: The flip move changes the local geometry of a two-dimensional triangu-
lation by substituting a pair of adjacent triangles, (1,2,4) and (2,3,4), by the triangle
pair (1,2,3) and (1,3,4), or vice versa.

The quantity we have studied with the help of Monte Carlo simulations is the
(normalized) expectation value d̄(δ)/δ := ⟨d̄T (δ)⟩N/δ . We used a Metropolis algo-
rithm, with updates by so-called flip moves, consisting in flipping the inner edge
of a pair of adjacent triangles, see Fig. 4.1. This move is ergodic in the set of tri-
angulations of fixed topology and fixed volume that we consider (see, for example,
[67]). Note that the action (4.1) is trivial for fixed N . This means that we always
accept a move when the algorithm proposes it, provided the resulting triangulation
satisfies the local simplicial manifold conditions.
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For fixed volume N , we performed a double-sampling of d̄/δ over geometries and
point pairs, where a single measurement consists of the following steps: (i) pick a
random vertex p∈T in the triangulation T that has been generated at this stage of
the Metropolis algorithm; (ii) pick a vertex p′ randomly from the sphere of radius
δ=1 around p and compute d̄(Sδp , S

δ
p′)/δ; (iii) repeat step (ii) for the same p and a

randomly chosen point p′ from the δ-sphere around p, for δ=2, 3, . . . , 15, yielding a
total of 15 data points for T . – Sweeps between measurements consisted of 4× 107

suggested updates each. We performed 100.000 measurements at volume N =20k,
80.000 at N=30k, and 20.000 each at N=40, 60, 80, 120, 160 and 240k.

4.3 Measuring the quantum Ricci curvature

To start with, we would like to understand whether the measured normalized av-
erage sphere distance d̄(δ)/δ shows any qualitative resemblance with the behaviour
of a smooth manifold of constant (sectional) curvature, at least for some range
of δ. Spheres, hyperbolic and flat spaces serve as convenient references because
of the distinct behaviour of their quantum Ricci curvature Kq, extracted from
d̄(δ)/δ = cq(1−Kq(δ)), as illustrated by Fig. 2.6. Note that our a priori choice
of spherical topology for the triangulations T does not impose any obvious topo-
logical constraints on Kq(δ), since the quantum Ricci curvature does not satisfy a
Gauss-Bonnet theorem for any value of δ, as we discussed in subsection 3.2.1 above.

Fig. 4.2 shows the measured expectation values of the normalized average sphere
distance d̄/δ, taken at volume N=40k. For small δ, approaching the minimal value
δ=1, we observe a rapid increase in d̄/δ. This seems to be the same short-distance
effect we found for δ ≲ 5 for all of the piecewise flat geometries investigated in
the previous chapter, irrespective of their behaviour for larger δ, and which we
have already identified as a discretization artefact. For δ ≳ 5, we enter a region
of gentler, monotonic decrease, suggestive of a positive quantum Ricci curvature,
corresponding to the initial section of the bottom curve in Fig. 2.6.

This motivated our next step, a systematic quantitative comparison of the mea-
sured data for ⟨d̄/δ⟩ with the corresponding curves for continuum spheres of constant
curvature. In view of the fact that the spectral dimension of DT quantum gravity
is dS = 2 and its Hausdorff dimension dH = 4, we have performed fits to spheres
with a range of dimensions, D = 2, 3, 4 and 5. Unlike in the continuum, where
the constant ccontq := limδ→0 d̄/δ of eq. (3.2) is universal, as already mentioned in
the previous chapter, the same is not true in the realm of piecewise flat spaces,
where we have identified cq ≡ (d̄/δ)|δ=5. Using the same identification for the DT
data, a relative shift between continuum and lattice data is needed to account for
the different values of cq. We use the same method as in the previous chapter by
requiring all curves to go through the point at δ=5 and use two alternative methods
to achieve this, a relative additive shift and a relative multiplicative shift between
the continuum and DT data for d̄/δ.

After fixing the relative shift for a data set at given volume N , we determine the
remaining free parameter, namely, the effective curvature radius ρeff of the sphere
that best fits the data.4 Recall that the continuum functions d̄/δ follow universal
curves like those depicted in Fig. 2.6 when written in terms of rescaled distances
δ/ρ, where ρ is the curvature radius of the spherical or hyperbolic space in question.
Since d̄/δ at a given point must be computed by numerical integration, to save on
computational resources we did this calculation once for each of 100 evenly spaced
values δ/ρ ∈ [0, 2π], and used linear interpolation to compute d̄/δ for arbitrary δ

3It will become clear presently why we are not interested exclusively in D=2. The analogous
curves in dimensions 3, 4 and 5 are qualitatively similar.

4The sectional curvature of round spheres in any dimension is 1/ρ2.
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Figure 4.2: Expectation value of the normalized average sphere distance d̄/δ in
dynamical triangulations at volume N = 40k, as a function of the link distance
δ, and best fit of the data for δ > 5 to a continuum sphere of dimension D = 4 3

(continuous curve) and curvature radius ρ=16.7. (Error bars are smaller than dot
size.)

and ρ. The integrations over the sphere pairs were done with Mathematica for
D≤4, and with the help of a small program implementing Monte Carlo importance
sampling for the case D=5. We then performed χ2-fits on the set of data points
with δ > 5 to determine the optimal curvature radius ρeff minimising χ2. To this
end, we sampled ρ-values in discrete intervals of 0.01 for N =20k and 30k and 0.1
for all larger volumes.

Fig. 4.2 includes a fit of the data for N = 40k to a four-dimensional sphere,
obtained by using an additive shift and ρeff = 16.7 in units of edge length. Given
the highly nonclassical nature of the underlying geometry, a perfect fit to the given
functional form could have hardly been expected, but considering this circumstance
the closeness of the fit is still quite remarkable.

Our results for the effective curvature radii for volumes of up to 240k, using
both additive and multiplicative shifts, and fitting to spheres of dimension up to
five, are collected in Table 4.1. Since the shapes of the continuum curves for d̄/δ
in the region sampled are rather similar for different dimensions D (c.f. Fig. 4.3),
the quality of the fits, measured in terms of the mean squared deviation, does not
depend strongly on D, although it does become slightly better as D increases. Also,
using an additive instead of a multiplicative shift improves the fit quality slightly.
As an illustration, the mean squared deviation for N=40k and D=5 is 0.0392 for

N D=2, + D=2, × D=3, + D=3, × D=4, + D=4, × D=5, + D=5, ×
20k 12.94(2) 11.805(15) 14.04(2) 12.49(2) 14.68(3) 12.86(2) 15.02(3) 13.07(2)
30k 13.67(2) 12.52(2) 15.04(3) 13.37(2) 15.76(4) 13.82(3) 16.16(4) 14.06(3)
40k 14.28(6) 13.09(5) 15.93(8) 14.08(6) 16.71(9) 14.61(7) 17.14(8) 14.89(6)
60k 15.15(9) 13.81(6) 17.01(12) 15.07(9) 17.88(13) 15.67(10) 18.38(13) 15.99(10)
80k 15.97(10) 14.51(8) 18.09(12) 15.97(10) 19.03(13) 16.63(10) 19.56(14) 16.98(11)
120k 17.18(16) 15.50(13) 19.6(12) 17.21(16) 20.6(2) 17.95(17) 21.2(2) 18.39(18)
160k 18.6(2) 16.63(18) 21.2(3) 18.6(2) 22.4(3) 19.5(2) 23.1(3) 19.9(2)
240k 20.0(2) 17.92(18) 23.0(3) 20.1(2) 24.3(3) 21.0(2) 25.0(3) 21.6(2)

Table 4.1: Effective curvature radii ρeff obtained from fitting Monte Carlo data to
smooth spheres in various dimensions D, using both additive (“+”) and multiplica-
tive (“×”) shifts, and system sizes of up to N=240k.
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Figure 4.3: Comparing normalized average sphere distances for continuum spheres
in dimensions D = 2, . . . , 5 (bottom to top), covering the range δ/ρ ≲ 0.4π in
normalized distances, which is also explored in the Monte Carlo simulations.

Figure 4.4: Measurements of the normalized average sphere distance as a function
of the rescaled distance δ/ρeff , for volumes in the range N ∈ [20k, 240k], with best
fit to a five-dimensional continuum sphere. (Error bars too small to be visible.)

the multiplicative shift and 0.0379 for the additive shift. The difference is small,
but systematic and of similar magnitude for other volumes and dimensions.

Two more observations can be extracted from Table 4.1. Firstly, the effective
curvature radius ρeff becomes larger when we increase the dimension of the sphere
that is being fitted to, while keeping the discrete volume fixed. The likely explana-
tion is that the continuum curves for higher D are initially steeper (c.f. Fig. 4.3),
which is also achieved by having a larger ρeff . Secondly, ρeff is systematically larger
(on the order of 10–15%) when using an additive rather than a multiplicative shift.
At this stage, this is simply a piece of information to be taken on board, because
we do not have good theoretical arguments to prefer one type of shift to the other.

Next, we need to investigate the behaviour of the quantum Ricci curvature as a
function of the volume N , and gather evidence of whether a scaling limit exists as
N→∞. For the comparison with continuum spheres to be meaningful, we expect
that a rescaling of δ by the effective curvature radius for given N will be needed.
Working with D=5 and an additive shift for definiteness, the general situation is
illustrated well by Fig. 4.4, which shows the expectation values ⟨d̄/δ⟩ as a function
of the rescaled distance δ/ρeff for a wide range of discrete volumes. The optimal
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Figure 4.5: Log-log plot of the effective radius ρeff as a function of the volume N ,
together with a linear fit, leading to D = 4.85(16). In the case shown, ρeff was
extracted from fitting to a five-sphere (i.e. D=5) and using an additive shift.

shift of the continuum curve was determined by removing all data points with δ<5
and then performing a joint fit to the remaining data. Beyond the region of lattice
artefacts for small distances, the data points settle down to a common curve in
an intermediate regime. Their observed slight spread for larger values of δ/ρeff is
expected due to the presence of finite-size effects. This should be most pronounced
for the simulations at smaller volume, which is in agreement with our data. We
conclude that our measurements provide good evidence that in the continuum limit
of 2D dynamical triangulations of spherical topology, the quantum Ricci curvature
⟨Kq⟩ is a well-defined finite quantity with a nontrivial scale dependence, and is
positive in the range of δ/ρ considered.

Assuming that the data for the largest volume N =240k represent a good ap-
proximation of the infinite-N behaviour of the observable ⟨d̄/δ⟩, the match with the
continuum curve is remarkably good. It is not perfect, due to a slight ‘overshoot’ of
the measurements at the largest values of δ/ρeff we considered. However, since there
is no reason to believe that the DT quantum geometries behave like smooth round
spheres in terms of all their metric properties, this is not particularly surprising.

Since the quality of the sphere fits and the scaling behaviour as a function of
volume show only a slight dependence on the dimension D of the spheres, we have
performed an additional measurement to determine which value of D describes
the curvature properties of the quantum geometry best. The criterion we use is
motivated by the property of round D-dimensional spheres in the continuum, whose
volume V scales with the Dth power of the curvature radius ρ, V (ρ) ∝ ρD. If
the dynamically triangulated quantum geometry indeed resembles a D-dimensional
sphere globally, one would expect that its effective curvature radius scales with the
corresponding fractional power, that is,

ρeff ∝ N
1
D . (4.3)

We have examined all eight cases listed in Table 4.1 in search of power-law behaviour
of the form (4.3). We look for consistent pairs ofD and D, where the two dimensions
agree. To extract the dimension D, we fitted the data in each case to a straight
line in a log-log plot. An example is depicted in Fig. 4.5, for D= 5 and using an
additive shift in the sphere matching. As illustrated by the case shown, the quality
of the linear fits is generally good. The complete set of results is listed in Table 4.2.
From its entries, we conclude that the only consistent case is that of five dimensions,
where D and D agree within error bars, for either choice of shift.

The value of five obtained for the effective dimension is perhaps surprising,
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D from sphere fit D, + D, ×
2 5.7(3) 6.0(3)
3 5.02(17) 5.21(17)
4 4.92(17) 5.04(15)
5 4.85(16) 4.94(14)

Table 4.2: Dimension D extracted from the scaling law (4.3) for the effective cur-
vature radius ρeff , with ρeff obtained from fitting to a D-dimensional continuum
sphere, using an additive (“+”) or multiplicative (“×”) shift.

because it is different from the two other notions of dimension known for two-
dimensional DT, namely, the spectral dimension ds = 2 and the Hausdorff dimen-
sion DH = 4 [75, 76]. The value of the Hausdorff dimension can be determined
analytically, but obtaining it numerically is nontrivial. In particular, a nonzero
shift s has to be introduced to find values in agreement with the analytical expecta-
tions [68]. To understand whether a similar effect might influence our measurements
of the quantum Ricci curvature, we decided to repeat the investigation of the shift
needed in the Hausdorff dimension measurements for the DT ensemble. To do this
we need to determine the size A of the spheres as a function of the radius δ, where
we can approximate the former by the number of vertices contained in it. Since we
already had to generate such spheres as part of the quantum Ricci curvature mea-
surements, we can reuse the code to determine the sphere sizes. For a continuum
four-sphere we would expect a behaviour

A(δ) = 2π2δ3 sin3
(
δ

ρ

)
, (4.4)

where ρ is the radius of the sphere. For δ-values below the location of the maximum
of the curve A(δ), we have fitted the measured data to the functional form

A(δ) = c sin3
(
δ

ρ
+ s

)
, (4.5)

where c is a constant describing the nontrivial scaling between area and radius and
s is the shift. By choosing the fitting function (4.5), we assume that the Hausdorff
dimension is four and then find the corresponding best value for the shift. Fitting
our data for δ between the cutoff, δ > 4, and the maximum of A leads to a very
good agreement in the fitted region (see Fig. 4.6), however, the true distribution
has a much broader tail for large δ. Since these tails are related to the presence
of baby universes, it is not surprising that our näıve continuum model fails to take
them into account correctly. The results of the fits can be found in Table 4.3, to
which we have also added the quantities

ρN :=
ρ(N)

ρ(160K)

(
160K

N

)1/4

, cN =
c(N)

c(160K)

(
160K

N

)3/4

. (4.6)

They are rescaled versions of the parameters c and ρ, which we expect to take the
value one for a scaling consistent with Hausdorff dimension four. There is a clear,
but rather small systematic bias away from this scaling, amounting to around 5%
in the range of system sizes considered.

There are two possible behaviours for the shift s. It is either independent of the
size N , which would correspond to a constant shift in physical units and therefore a
physical effect. Alternatively, the shift could be a discretization effect, in which case
it should stay at a finite lattice length, corresponding to a constant s

ρ . Based on
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Figure 4.6: Measurements of the sphere size A as a function of the radius δ for
volumes in the range N ∈ [20k, 160k], with best fit to a continuum sphere model for
all data points to the left of the maximum (Error bars too small to be visible.)

N c cN ρ ρN s s
ρ

20k 665.2(11) 1.054(4) 9.80(5) 0.952(7) 0.086(4) 0.84(4)
30k 891(3) 1.042(5) 11.00(7) 0.966(8) 0.079(5) 0.87(6)
40k 1095(3) 1.032(4) 11.90(7) 0.972(8) 0.072(4) 0.86(6)
60k 1470(4) 1.021(4) 13.31(8) 0.983(8) 0.065(4) 0.86(6)
80k 1807(4) 1.012(4) 14.36(8) 0.987(8) 0.058(4) 0.83(6)
120k 2438(7) 1.007(4) 16.04(9) 0.996(8) 0.050(4) 0.81(7)
160k 3002(9) 1 17.31(10) 1 0.045(4) 0.78(8)

Table 4.3: The parameters of a fit of the sphere size A(δ) to the continuum sphere
model (4.5) for volumes in the range N ∈ [20k, 160k]. Normalized quantities cN
and ρN are added as a cross-check. We expect ρN = cN = 1 for four-dimensional
behaviour.

the results presented in Table 4.3, our measurements are consistent with the latter
hypothesis, with the shift corresponding to a lattice artefact and having a value of
around 0.8 lattice units. As a cross-check of this conclusion, we rescaled the data
according to

A(δ) → 1

c
A (δρ− s) , (4.7)

leading to the result shown in Fig. 4.7. We observe that for all N , the data points
fall on a single universal curve, even outside the fitting region. Although the sin3-
model is only valid in a limited region, this indicates that the scaling extracted from
this model is valid for the entire range of data points. We can therefore trust the
values of the shift s that we have obtained with this method.

This motivates the inclusion of a similar shift in the analysis of the quantum
Ricci curvature,

d̄

δ
= f

(
d̄+ s

ρ

)
+ c, (4.8)

where the function f describes the universal behaviour on the continuum unit sphere
determined in Ch. 2, c is the additive or multiplicative shift mentioned above and
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Figure 4.7: Rescaled measurements of the sphere size A as a function of the radius
δ for volumes in the range N ∈ [20k, 160k], according to the sin3-continuum fit (4.5).

s is the shift in δ, analogous to the shift introduced in the Hausdorff dimension
measurements. Which value of s should be used for the quantum Ricci curvature
measurements is not immediately clear. We have tested different fixed values of s
to understand its effect on the quantum Ricci curvature measurements better. As
we increase s, we find that the corresponding value of ρ increases and the quality
of the fits improves. This can be understood by realizing that the measurements of
the average sphere distance are close to a straight line (Fig. 4.2), while the fitted
model is convex. As we increase s, the initial downward slope of the fitted sphere
model will become larger and therefore closer to the average downward slope of
the d̄

δ -measurements. Increasing ρ stretches this initial region horizontally, leading
to a better fit. It will in general not make much sense to fit in both variables s
and ρ simultaneously, since such fits will always prefer larger and larger values of s
and ρ. Instead, we will determine the impact on the measurements of changing the
value of s. We restrict ourselves to an additive fit of eq. (4.8) to a four-dimensional
sphere, since the point of these measurements was to investigate the possibility of a
nontrivial shift allowing for a dimension consistent with four. We now determine the
effective radius ρ for each fixed system size and repeat the scaling fit. This allows
us to extract an effective dimension for each of the values of the shift s. However,
the statistical and systematic errors of these fits are comparable for different values
of s, which makes it impossible to extract any preferred value of s by this method.

The results of the measurements can be found in Table 4.4. We observe that
the dimension d is almost independent of the shift s. The values in the entire
range of shifts are still consistent with the previous result d = 5. We conclude that
unlike the measurement of the Hausdorff dimension, the extraction of an effective
dimension from measurements of the quantum Ricci curvature is stable under a
shift s of the fitted equation (4.8). We therefore cannot explain the discrepancy
between the observed Hausdorff dimension DH = 4 for DT in two dimensions
and the value d = 5 extracted from the quantum Ricci curvature in terms of a
finite shift. A possible explanation for the difference might be a systematic bias
when we model the measured values of the average sphere distance d̄

δ by a fit to a
continuum sphere. Such a bias could lead to a systematic error in the estimation
of the effective dimension. If this was the case, it should be visible as a bias in Fig.
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s 20k 30k 40k 60k 80k 120k 160k 240k d
-2 12.9 13.9 14.7 15.7 16.8 18.1 19.7 21.4 5.04(13)
-1.5 13.3 14.3 15.2 16.3 17.3 18.8 20.4 22.1 4.87(12)
-1 13.8 14.8 15.7 16.8 17.9 19.4 21.0 22.9 4.90(13)
-0.5 14.2 15.3 16.2 17.4 18.5 20.0 21.6 23.6 4.92(11)
0 14.7 15.8 16.7 17.9 19.0 20.6 22.4 24.2 4.96(13)
0.5 15.1 16.2 17.2 18.4 19.5 21.2 23.0 24.9 4.95(13)
1 15.5 16.6 17.6 18.9 20.1 21.7 23.6 25.6 4.93(13)
1.5 15.9 17.1 18.1 19.4 20.6 22.3 24.2 26.2 4.96(12)
2 16.3 17.5 18.5 19.8 21.1 22.8 24.8 26.8 4.97(15)

Table 4.4: Effective curvature radii ρeff obtained from fitting Monte Carlo data
of the average sphere distance at different system sizes N to a smooth, four-
dimensional sphere, using different values s for a shift in δ. The effective dimension
d is extracted by fitting ρeff to a functional form ρ(N) ∝ N1/d.

4.4, for which there is no indication. Another possibility is that finite-size effects
affect the observed results. If this was the case, we would expect a systematic bias
in the fit leading to d, but Fig. 4.5 does not indicate such an effect. Based on these
observations, we currently see no compelling reason to change our earlier conclusion
that d = 5 is favoured by the data.

Lastly, one interesting aspect of the (quasi-local) quantum Ricci curvature –
inherited from its classical, tensorial counterpart – is that it allows us in princi-
ple to capture some directional properties of curvature. Note that this is already
true in dimension two. We have performed a small exploratory study for N =40k
and δ = 15 on two-dimensional dynamical triangulations, to try and understand
whether the high degree of anisotropy of the geometry at a given vertex of a given
DT configuration (due to its ‘baby universe structure’) leaves an imprint on the
curvature measurements. To this end, we considered the δ-sphere Sδp around some

fixed vertex p and measured the distribution of the average sphere distance d̄(δ)
to all spheres Sδp′ with centre p′ on the sphere Sδp . In this manner one explores all
directions around the point p. A signal of anisotropic behaviour would be if the
average sphere distances clustered around two or more distinct values. However,
after taking suitable averages of the measured directional distributions to get rid
of the vertex dependence, we found that the resulting average distribution is ap-
proximately Gaussian with a single peak, see Fig. 4.8. It suggests that, at least
for distances of the order of δ/ρ ≈ 1, the average quantity is a good estimate for
the properties of the distribution. This supports the claim that the earlier results
obtained for average values of the quantum Ricci curvature are representative of
typical choices of the points p and p′.

The question remains whether we can capture any nontrivial directional in-
formation by comparing directional correlations. To do this we need an angular
parameter to quantify the direction of a given point. This would be relatively
straightforward if the set of points at a distance δ from a given point p would lie
along a single circle of consecutive links joining the points pairwise. However, as
we have already mentioned, the “spheres” employed in the quantum Ricci curva-
ture construction are not topological spheres, which makes it difficult to introduce
the notion of an angle. There is however a simple way of grouping the different
vertices of such a sphere. Recall that the configurations of DT contain many baby
universes, corresponding to a part of the geometry that is connected to the rest
only by a thin neck. When considering the set of all points at distance δ, the sphere
component inside a baby universe will become disconnected from the other sphere
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Figure 4.8: Histogram of the distribution of the average sphere distance. The
measurements were perform at δ = 15 and N = 40k. A Gaussian fit has been
added for comparison.

components whenever the radius δ becomes larger than the radius where the baby
universe’s neck is located. By sorting the measurements according to their path
components, we can separate them into different baby universes. The results for
a generic measurement are shown in Fig. 4.9. There appears to be a single large
sphere component in the “mother” universe, corresponding to indices between 200
and 440, and a set of much smaller baby universes. Note that the value of the
average sphere distance sampled in a single path component, such as the one from
440 to 520, is almost constant. If by the above argument we assume that this path
component corresponds to a single baby universe, we see that the value of individ-
ual baby universes is almost constant. This makes sense, because distances between
baby universes are always measured through the neck and therefore only depend on
the distance to the neck and the location of the necks. In addition, the values for
the largest path component, which we have identified with the mother universe, are
larger than the corresponding values for the baby universes. If our interpretation in
terms of baby universes is correct, this indicates that DT configurations are locally
anisotropic with regard to their quantum Ricci curvature, where directions towards
a baby universe have larger curvature and directions towards the mother universe
have smaller curvature.

4.4 Summary

In this chapter, we have investigated the properties of the quantum Ricci curvature
for two-dimensional DT configurations with spherical topology. The average sphere
distance decreases as a function of δ, corresponding to a positive curvature and in
qualitative agreement with the topology.5 Comparing the measurements to the ex-
pectation of a continuum sphere of various dimensions, we found a good agreement
between the fits and the data and were able to extract an effective curvature radius
ρ from this sphere model. Repeating the measurements for different system sizes

5Since we do not have a Gauss-Bonnet theorem, there is no reason a priori to expect a specific
relation between the topology and the curvature.
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Figure 4.9: Values of the average sphere distance as a function of the index i
for the centre p′. This represents a single measurement point with δ = 15 and
N = 40k. The different data points correspond to different choices of the vertex p′

and therefore different directions. The data points are sorted by path component.

and comparing them to a simple scaling model ρ ∝ N1/d, we were able to extract
an effective dimension d. The measurements of the quantum Ricci curvature lead
to d = 5, which implies that the effective curvature properties of DT in two dimen-
sions resemble those of a round continuum sphere of dimension five. The simple
interpretation of the results is an indication of the robustness of the quantum Ricci
curvature. Even for the highly fluctuating geometries of DT it yields a simple de-
scription of the average curvature properties, and a nontrivial dimension different
from the topological dimension.

Comparing the measurements of the extracted dimension d to similar investiga-
tions of the Hausdorff dimension, we showed that they need a finite shift s in δ to
be consistent with the analytical result dH = 4. We included a similar shift in the
analysis of the quantum Ricci curvature and found that the dimension d = 5 was
stable under such a shift.

Finally, we investigated the possible presence of anisotropies in the behaviour
of the quantum Ricci curvature. We first looked at the entire distribution of values
at a fixed radius and found that it was well approximated by a simple Gaussian
distribution. The average values used in the above analysis are therefore represen-
tative for individual choices of p and p′. Looking at a single point p, we were able
to separate the measurements for different points p′ according to their path compo-
nent. We conjectured that different path components correspond to different baby
universes, and found that the values of the average sphere distance d̄ within each
component were highly correlated, being almost constant across it. We also found
a local anisotropy, where the direction pointing towards the largest path compo-
nent is associated with a smaller curvature than the directions pointing towards the
smaller path components.
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Chapter 5

Quantum Ricci curvature of
CDT quantum gravity in 4D

This chapter will discuss a second application of the quantum Ricci curvature in
nonperturbative quantum gravity, presenting results obtained for four-dimensional
CDT. We will analyse the quantum Ricci curvature for CDT configurations, and
investigate how this observable fits into our current understanding of the quantum
geometry in the de Sitter phase.1

5.1 Introduction

In the previous chapter we investigated the properties of the quantum Ricci curva-
ture in two-dimensional DT. In this chapter, we will look at four-dimensional causal
dynamical triangulations (CDT). Four-dimensional CDT is a candidate theory of
quantum gravity, which contains not only a rich phase structure, including a de
Sitter-like phase CdS , but also second-order phase transitions, potentially allowing
for a continuum limit. This section will only focus on details needed to understand
the measurements. For technical details on the set-up of CDT we refer back to Sec.
1.4. In terms of technical background, we restrict ourselves to the specifics needed
to understand the four-dimensional Ricci curvature measurements.

This chapter will concentrate on the de Sitter phase CdS .
2 This phase is a

natural starting point, since it has a possible interpretation in terms of a classical
geometry on sufficently large scales. Previous investigations of this phase have
focused on measuring its global properties. They included the Hausdorff dimension,
the spectral dimension and the so-called volume profile V3(τ), namely, the three-
volume V3 of the spatial universe as a function of proper time τ . The behaviour of
these observables on large scales was found to be consistent with a four-dimensional
de Sitter universe. For example, the Monte Carlo measurements of the quantum
dynamics of the global scale factor can be matched successfully with a semiclassical
minisuperspace model. An important question is whether the quantum universe
exhibits semiclassicality also with regard to its more local geometric properties.
Using the quantum Ricci curvature observable, we will now examine whether the
(quasi-)local properties of the quantum geometry resemble those of a constantly
curved space.

It should be emphasized that the continuum minisuperspace model which was
used as a benchmark to establish the presence of (semi-)classical behaviour of the

1This chapter is based on How Round is the Quantum de Sitter Universe?, by N. Klitgaard
and R. Loll, Eur. Phys. J. C 80 (2020) 10, 990 [82].

2See [40] for an up-to-date description of the phase structure of CDT.

87



quantum observable V̂3 is obtained by assuming homogeneity and isotropy of the
universe at the outset and making a corresponding ansatz for the continuum metric,
as is usual in cosmology. By contrast, the CDT set-up is background-independent
and does not impose any symmetry assumptions on the geometries in the path
integral. The fact that the particular observable V̂3(τ) agrees within measuring
accuracy with the corresponding quantity in a de Sitter universe is therefore a very
nontrivial outcome. Given the highly nonclassical nature of the quantum geometry
one encounters in the limited range of scales currently accessible computationally,
it is fortunate that some kind of semiclassical behaviour has been observed at all.
A plausible explanation for the apparent robustness of the volume observable V̂3
is presumably its global nature. It does not imply that the same is true for other
quantum observables.

In view of the above one could be tempted to conclude that the quantum geo-
metry of CDT quantum gravity in the de Sitter phase CdS to first approximation
simply is that of de Sitter space, perhaps in a suitably averaged or coarse-grained
sense. However, no such conclusion can be drawn from the behaviour of the scale fac-
tor alone. Even if there was evidence that the quantum geometry could be thought
of as approximating a smooth Riemannian manifold – which presently there is not
– the scale factor is just one of the metric modes and its behaviour is in princi-
ple compatible with many different kinds of local geometry. On the other hand,
it is conceivable that if some kind of semiclassical geometry emerges, approximate
homogeneity and isotropy will emerge alongside. The de Sitter phase is a natu-
ral region to look for such behaviour. By contrast, the neighbouring bifurcation
phase Cb, which also exhibits de Sitter-like volume profiles, is distinguished by the
appearance of a localised, string-like structure and therefore appears incompatible
with homogeneity.

Using a well-defined measure of curvature in the quantum theory will allow us to
probe the local geometry of the de Sitter universe and search for further evidence
of semiclassical behaviour compatible with a constantly curved de Sitter space.
Indeed, this was a main motivation for developing the notion of quantum Ricci
curvature, as described in the previous chapters of this thesis. Since the quantum
Ricci curvature by construction monitors the local geometry at some prescribed
length scale δ, it will also be sensitive to the local quantum fluctuations at this
scale, which are not small. The crucial question is then whether we will be able to
see any signal of semiclassical behaviour when measuring the expectation value of
the quantum curvature. A possible outcome would be that the quantum fluctuations
in the near-Planckian regime under consideration are too large for this particular
quantum observable to display any recognizably classical features. A more exciting
possibility would be to identify some (approximate) length threshold δ0 above which
semiclassical behaviour is observed.

The following Sec. 5.2 describes the set-up of the measurements. We will recall
some of the specific features of four-dimensional CDT, relevant for the measurements
and their interpretation. We will be able to reuse most of the techniques of the
previous two chapters.

Sec. 5.3 discusses the results of our measurements. The analysis resembles that
of the previous chapter. We will measure the quantum Ricci curvature for different
fixed system sizes, to understand the scaling of the curvature with system size
and whether the results allow for a semiclassical interpretation. As a cross-check,
we will also measure the Hausdorff dimension. This will allow us to investigate
the possibility of an offset similar to the one discussed for DT in two dimensions.
Finally, we will compare measurements of the quantum Ricci curvature in space-
and time-like directions to understand whether they behave differently.
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5.2 Set-up

Recall from Ch. 1 that the CDT configurations come with a discrete notion of
proper time, which is used to enforce a version of global hyperbolicity on the
simplicial manifolds. A triangulated manifold T can be thought of as a discrete
sequence of three-dimensional equilateral triangulations, each representing the ge-
ometry at a fixed (integer) moment in proper time. Four-dimensional “layers” of
spacetime, made from (4, 1)- and (3, 2)-simplices, interpolate between neighbouring
spatial slices with time labels t and t+1. The topology of the spatial slices is fixed,
usually to that of a three-sphere, which will also be our choice here. Because of the
“(3+1)-dimensional” character of a given simplicial manifold in the CDT ensemble,
all of its vertices lie in one of the spatial slices and therefore have an integer time
label t.

For the convenience of the simulations, we work with a compactified time direc-
tion, leading to an overall topology of S1×S3. By making the time direction long
(with ttot=120 time steps), this choice should have little influence on the measure-
ment results of a quasi-local quantity like the quantum Ricci curvature. However,
like for all choices of global boundary conditions, one needs to pay close attention
to the possibility of associated finite-size effects in any given numerical experiment.
As usual in CDT, we will take data at different fixed spacetime volumes, measured
in terms of the counting variable N4,1

4 , and then use finite-size scaling to extrapolate
to infinite discrete volume. Our measurements have been conducted in the range
N4,1

4 ∈ [75k, 600k], corresponding to an approximate range N4 ∈ [150k, 1.200k]. To
conduct measurements at a desired target volume N̄41, we fine-tune the value of
the cosmological constant such that the average volume coincides with N̄41. To
make sure that the simulations stay in a narrow window around this value, we add
a volume-fixing term ϵ(N4,1

4 (T )−N̄41)
2 to the bare action, with ϵ = 0.00002. Note

that we only take into account measurements taken at the exact value N̄41. We
have fixed the two remaining free constants in the action to (κ0,∆) = (2.2, 0.6),
corresponding to a point in the phase diagram that has been used in previous inves-
tigations of CDT quantum gravity. This puts us inside the so-called de Sitter phase
CdS , as already mentioned in Sec. 5.1. In the simulations, we have proceeded by
Monte Carlo sampling, using an adapted version of a code originally written by A.
Görlich. We used 7.5× 107 suggested Monte Carlo updates per sweep, performing
one measurement at the end of each sweep, and an initial 80k of sweeps for thermal-
ization. To speed up the thermalization process we used thermalized configurations
generated at smaller sizes as initial seeds for the larger configurations.

Recall from the introduction that one of the hallmarks of the de Sitter phase is
the presence of a volume profile matching that of a Euclidean de Sitter universe.
Its typical shape is illustrated schematically by Fig. 5.1: in a connected interval
along the time axis, the expectation value follows that of a de Sitter universe with
volume profile ⟨N3(t)⟩ ∝ cos3(t/const), where N3(t) (counting the number of three-
simplices at integer t) is the discrete counterpart of the continuum volume V3(τ).
The remainder of the time axis is taken up by a thin “stalk”, whose slices at integer
t have the minimal spatial volume compatible with a simplicial manifold of S3-
topology.3 In our simulations, a stalk is always present, even for maximal volume
N4,1

4 . In other words, the time extension is sufficiently large to fit the de Sitter
universe in its entirety. For simplicity, we treat the stalk region in the same way as
the bulk of the geometry in the measurements. This is justified on the grounds that
its (spacetime) volume is a very small fraction of that of the bulk, which furthermore

3Since the stalk width is of cut-off size, its volume in any continuum limit will vanish. This
points to a remarkable example of dynamical emergence: within a configuration space of geometries
of topology S3×S1, the quantum dynamics drives the system to a state where its effective topology
is that of a four-sphere (see [77] for a related discussion).

89



Figure 5.1: Schematic illustration of the volume profile ⟨N3(t)⟩ of the quantum
spacetime in the de Sitter phase, consisting of a spatially extended universe (here
centred around t = 0) and a stalk of minimal spatial extension.

decreases with increasing values of the volume. If we define any spatial slice with
volume N3 ≤ 100 as belonging to the stalk4, the stalk makes up for about 4% of
the total volume at N4,1

4 =75k and 0.35% at N4,1
4 =600k. At the same time, the

universe – defined as the complement to the stalk – occupies roughly 24 of the 120
time steps at N4,1

4 = 75k and about 47 of the 120 time steps at N4,1
4 = 600k. We

have also made sure that when measuring sphere distances, a crucial ingredient in
the curvature analysis, the periodic identification of time does not give rise to the
presence of unintended shortcuts running through the stalk.

5.3 Measuring the quantum Ricci curvature

Besides specifying how precisely the quantum Ricci curvature in the four-dimen-
sional CDT path integral is measured, an important question is what the result is
going to be compared to. In Ch. 2 above we discussed the results for constantly
curved classical reference space, i.e. spheres, hyperbolic spaces and flat space. In
each of these three cases, the quotient d̄/δ of eq. (3.2) displays a distinctly differ-
ent behaviour. In terms of genuine nonperturbative quantum systems, our only
other reference is the investigation of two-dimensional Euclidean quantum gravity
discussed in Ch. 4. Four-dimensional quantum gravity is expected to be very dif-
ferent from this toy model. It should involve at least two distinct physical scales,
a microscopic one associated with quantum fluctuations in a Planckian regime and
a macroscopic one related to the size of the universe. In addition, it should have
a well-defined classical limit containing local, gravitonic field excitations. As ex-
plained earlier, we are looking for further corroborating evidence for the existence
of this classical limit and in particular for the de Sitter nature of the dynamically
generated quantum geometry in the CDT formulation.

In what follows, we will work with two well-known discrete notions of geodesic
distance, the link distance and the dual link distance. The choice of one or the
other amounts merely to choosing a particular discretization, which is part of the
regularized set-up and should not affect any continuum results. However, due to
the numerical limitations of the simulations, it turns out that for the particular
observable under consideration one of them is clearly preferable, for reasons that
will become apparent.

4Typical spatial volumes in the stalk lie in the interval N3∈ [5, 30].
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Figure 5.2: Normalized average sphere distance ⟨d̄⟩/δ as a function of δ, measured
at volume N4,1

4 = 480k and using the link distance. (Error bars too small to be
shown.)

The link distance depends on two vertices x and x′ of the triangulation T and
is defined as the length of the shortest path connecting x and x′ along the links of
T , in discrete units (i.e. counting the number of links). The dual link distance is
defined analogously between pairs of dual vertices x and x′, which by definition are
the centres of four-simplices of T . It is given by the discrete length of the shortest
path between x and x′ consisting of dual links, where a dual link is a straight line
segment connecting the centres of two adjacent four-simplices.

We measured the expectation value of the average sphere distance using a
Metropolis algorithm. Our set of ergodic moves consists of slightly altered Pach-
ner moves conserving the sliced structure.5 By demanding that the probability for
accepting a move obey the condition of detailed balance based on the action (1.9),
we make sure that after thermalization the probability of a given configuration will
correspond to its probability in the state sum. To determine the expectation value
of the average sphere distance then only requires a simple averaging over measure-
ments. A single measurement proceeded in a way similar to the DT measurements
of Ch. 4. A single measurement used the following steps: (i) pick a random vertex
p∈T in the triangulation T that has been generated at this stage of the Metropolis
algorithm; (ii) pick a vertex p′ randomly from the sphere of radius δ = 1 around
p and compute d̄(Sδp , S

δ
p′)/δ; (iii) repeat step (ii) for the same p and a randomly

chosen point p′ from the δ-sphere around p, for δ = 2, 3, . . . , 15, yielding a total
of 15 data points for T . After thermalization we performed 20.000 measurements
for each system size. The measurements slowed down considerably for the larger
system sizes, which meant that for N4,1

4 = 600k we had to run simulations for a
total of three months to reach the desired number of measurements.

We begin with a discussion of the curvature measurements using the link dis-
tance. We have measured the expectation value ⟨d̄⟩/δ of the normalized average
sphere distance at various fixed volumes. The results for the largest of these vol-
umes, N4,1

4 =480k, and for δ ∈ [1, 15] are shown in Fig. 5.2; the situation for smaller
volumes is qualitatively similar. On the basis of our investigations in Chs. 3 and
4, one expects to find lattice artefacts in the region of small δ ≲ 5. We observe
the familiar short-distance overshooting for the smallest δ-values, followed by a dip

5The moves combine the Pachner moves in a nonstandard fashion to reduce correlation times.
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at δ = 3 (a feature that has not been seen before), before the curve settles to an
approximately constant value ≈ 1.46. Since the nonconstant behaviour is confined
to the region dominated by short-distance discretization effects, this appears to in-
dicate a universe of vanishing curvature, contrary to our expectation of finding a de
Sitter behaviour with positive curvature. Even when taking this outcome at face
value, a slightly puzzling aspect is the small value of the constant ⟨d̄⟩/δ, which is
indicative of a low-dimensional (≤2) rather than a higher-dimensional space, judg-
ing by the results on regular lattices and Delaunay triangulations of Chs. 3 and 4
and in two-dimensional CDT quantum gravity [78].

To understand the origin of this behaviour better, we examined the nature of
the δ-sphere Sδp around a given vertex p, which is an important ingredient in the
sphere distance measurements. It turns out that its shape is rather anisotropic in
time and space directions when using the link distance to define it. Let us look
at a typical sequence of three-spheres Sδp , δ = 1, 2, 3, . . . , around a generic initial
point p, where p lies in a spatial slice with discrete time label t0, and sufficiently
far away from the stalk. One finds that after a few steps in δ, the vast majority
of the vertices in a given δ-sphere lie either in the spatial slice at time t0 + δ or in
the spatial slice at time t0 − δ. While this is not necessarily problematic in itself, it
does stand in the way of performing the sphere distance measurements as intended.
Because of the finite size of the triangulations we consider, the vertices of the sphere
Sδp that lie in a spatial slice with time label t0 ± δ will not just outnumber vertices
with time labels closer to t0, but will already for rather small δ fill the entire slice
at t0 ± δ. Once this happens at a given value δ, the sphere of radius δ + 1 will
in turn saturate the slices at times t0 ± (δ + 1). This implies that the spheres
will seize to grow as a function of δ, and the distance between pairs of points on
two δ-spheres will typically be given by the difference between their time labels.
Following this reasoning, one would expect that above a threshold value for δ the
sphere distances will behave effectively like on a one-dimensional space, without any
curvature.6 This would provide a qualitative explanation for the measurements of
the expectation value ⟨d̄⟩/δ shown in Fig. 5.2, at least for large values of δ.

This behaviour can be related to the distribution of vertex orders on the CDT
ensemble of configurations, where the order of a vertex p is defined as the number of
edges meeting at p. Although the average vertex order is in the low twenties and its
distribution is monotonically decreasing, vertices of high order (several hundreds)
occur regularly, even at small volume. Every time such a vertex is encountered by
a δ-sphere, it will in the next step grow to all of its connected neighbours, thereby
contributing to the saturation of spatial slices described in the previous paragraph.
By random sampling a few configurations, we found that a typical value at which
this saturation happens is δ≈7± 1 at volume N4,1

4 =600k, and δ≈6± 1 at volume
N4,1

4 =480k, supporting our argument vis-à-vis the data presented in Fig. 5.2.

The fact that δ-spheres start wrapping around entire spatial slices, leading to
an effective one-dimensional behaviour, is an undesirable finite-size effect, which
implies that we are probing global topological properties rather than quasi-local
geometry. Regarding our attempt to perform curvature measurements, it means
that even for the largest volume considered, N4,1

4 = 480k, there is no appreciable
range in δ between the region of discretization artefacts and the onset of finite-size
effects where we could perform any meaningful fits to the data. It does not seem
possible to circumvent this problem with our currently available computer resources.

Fortunately, there is a way out that has enabled us to make progress nevertheless.
Key to alleviating the issues just discussed is using the dual link distance instead of
the link distance when computing the average sphere distance. Note that the vertex
order of a dual vertex of a four-dimensional triangulation is always five. As a result,

6On a one-dimensional continuum space, the normalized sphere distance is a constant, d̄/δ=1.5.
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Figure 5.3: Normalized average sphere distance ⟨d̄⟩/δ as a function of δ, measured
at volume N4,1

4 = 75k (left) and N4,1
4 = 600k (right), using the dual link distance.

Best fits to a four-dimensional continuum sphere with radius ρ=12.09 and ρ=13.96
respectively are included for comparison. (Error bars are smaller than dot size.)

there are no high-order vertices that can act as “superspreaders” and lead to big
jumps in the sphere volume from one δ-sphere to the next. At the same time, the
five dual links emanating from a given dual vertex are maximally distributed over
directions, unlike the time- and spacelike links of the triangulation itself, which play
rather different roles. In particular, to move from a given dual vertex p in a spatial
slice of constant time7 t to a dual vertex in an adjacent slice at time t±1 requires at
least four steps (moving along dual links) on the dual lattice, and there may even
be no such vertex in a neighbourhood of radius 4. By contrast, starting from a
vertex p of the original triangulation, there are always time-like links connecting it
to vertices with time labels t±1. Since on the dual lattice the progression in time-like
directions is much more in line with the progression in spacelike directions, one may
expect that the finite-size distortions are pushed out to larger values of δ, making
the curvature measurements more accessible.

This expectation is borne out by our measurements of the normalized average
sphere distance on the dual lattice. Fig. 5.3 shows the expectation values ⟨d̄⟩/δ
as a function of the dual link distance for the CDT ensembles of the smallest and
the largest volume we have considered, N4,1

4 = 75k and N4,1
4 = 600k respectively.

There is now a clear, nontrivial dependence on δ beyond the initial discretization
region, with the decrease indicating positive curvature! A second feature that is
rather striking is the resemblance with earlier measurements in two-dimensional
(Euclidean) Liouville quantum gravity in terms of Dynamical Triangulations, see
Ch. 4. As reported in Sec. 4.3 above, the data in that case could be matched to
those of a five-dimensional continuum sphere.

More specifically, for both four-dimensional CDT and two-dimensional DT, after
an initial region δ ≲ 5 with a rather steep overshoot, which we discard because of
discretization artefacts, the data points start following a curve with a gentler decline.
For small volumes, this decline is almost linear, as illustrated by the graph on the
left in Fig. 5.3, and not fitted well by the curve of a continuum sphere.8 However,
for increasing total volume N4,1

4 the curve part δ∈ [5, 15] becomes gradually more
convex, characteristic of the behaviour of a positively curved continuum sphere of
radius ρ. This trend is clearly visible in the CDT data and mirrors the behaviour
of two-dimensional DT with increasing volume N2 (the number of triangles), but

7This requires an assignment of noninteger time labels to the dual vertices, which lie in between
spatial slices of integer t. We will define one such assignment later in this section.

8Note that fitting to the continuum curves for the spheres involves a vertical shift, which is
needed because of the nonuniversal character of the constant cq in eq. (3.2). We have used an
additive shift in Fig. 5.3; a multiplicative shift leads to similar results, with slightly lower values
of the radius ρ, see Table 5.1 below.
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N4,1
4 D=2, + D=2, × D=3, + D=3, × D=4, + D=4, × D=5, + D=5, ×

75k 11.18(2) 11.08(2) 11.86(3) 11.58(2) 12.09(3) 11.87(2) 12.46(3) 12.03(2)
100k 11.26(6) 11.16(5) 11.95(7) 11.71(6) 12.35(8) 11.86(6) 12.61(7) 12.19(6)
150k 11.56(5) 11.46(4) 12.29(5) 12.05(5) 12.55(6) 12.22(5) 12.97(6) 12.56(5)
300k 12.12(6) 12.04(5) 12.98(9) 12.77(7) 13.33(10) 12.99(8) 13.81(10) 13.39(8)
450k 12.4(3) 12.4(2) 13.4(4) 13.2(3) 13.9(4) 13.5(3) 14.2(4) 13.8(4)
600k 12.57(11) 12.52(10) 13.59(14) 13.35(12) 13.96(17) 13.64(14) 14.45(17) 14.05(14)

Table 5.1: Effective curvature radii ρeff obtained from fitting Monte Carlo data to
smooth spheres in various dimensions D, using both additive (“+”) and multiplica-
tive (“×”) shifts, and system sizes of up to N4,1

4 =600k.

the approach to spherical behaviour is slower than in the DT case. Likewise, the
quality of the sphere fit at the largest volume N4,1

4 = 600k is not as good as the
corresponding fit at the largest volume N2=240k for the DT measurements. This
is not particularly surprising since on general grounds one would expect that a four-
dimensional system shows a slower convergence as a function of the total volume
than a two-dimensional one, even if by some measures two-dimensional quantum
gravity has an effective dimensionality larger than two.9

We will now repeat the analysis from the previous chapter to try to extract
an effective dimension deff for the sphere. We have performed measurements on
configurations with sizes N4,1

4 taking the values 75k, 100k, 150k, 300k, 450k and
600k. Note that the systematic bias observed in the measurements means that these
results should be taken with a very large grain of salt. The comparison proceeded
by fitting the data to the expected curvature radius of a sphere with dimension D
between 2 and 5.10 We also allowed for both an additive and a multiplicative shift,
similar to the investigation in the previous chapter. The fits are all qualitatively
similar to the one shown in Fig. 5.3, with the size of the systematic disagreement
decreasing with system size. The results can be found in Table 5.1. The effective
radius ρ behaves similarly to what we observed for the DT configurations, in the
sense that it increases with the dimension D and is larger for the additive shift
than the multiplicative shift. We can again try to extract an effective dimension
deff from the data by rescaling the obtained effective curvature radii ρ, according
to ρ ∝ (N4,1

4 )1/deff , as a function of the system size. An example of the procedure
of fitting to the expected behaviour of a four-dimensional sphere with an additive
shift is presented in Fig. 5.4, leading to an effective dimension deff = 13.4(7). The
extracted dimension behaves similar to what we observed for the DT data in the
previous chapter, with the effective dimension decreasing as the dimension of the
sphere fit is increased. Finally, we again allow for a shift in δ before extracting
the effective curvature radii, using shifts in the range −0.2 to 1.0. The results are
similar to that we found in the DT case, in the sense that the extracted values of
the effective radii are sensitive to the shift, but the dimension is constant.

Returning to the interpretation of the fit in Fig. 5.4, although it seems reasonable
with no clear systematic bias, we are still hesitant to trust the extracted dimension.
Firstly, it seems unlikely that such a large but finite effective dimension should
be generated by the dynamics of the four-dimensional building blocks. Secondly,
observing the behaviour at N4,1

4 = 75k, we note a systematic bias which leads to the
measured values of the average sphere distance at large δ falling above the sphere
fit, a deviation that seems to be bigger for smaller system sizes. This indicates that
the error is primarily a finite-size effect and therefore tends to increase with δ. It

9Its Hausdorff dimension is 4, while its spectral dimension is 2 [76, 75, 79].
10The form of the numerical integral for the average sphere distance implies that accurate

numerical integration for dimensions larger than five is difficult. We therefore do not consider
fitting to any dimension larger than five.
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Figure 5.4: Log-log plot of the effective curvature radius ρeff as a function of the
volume N4,1

4 , together with a linear fit, leading to D=14.3(12). In the case shown,
ρeff was extracted from fitting to a four-sphere (i.e. D=4) and using an additive
shift.

δmax 75k 100k 150k 300k 450k 600k deff
15 12.1 12.4 12.6 13.3 13.9 14.0 13.4(7)
14 11.7 11.9 12.3 13.1 13.4 13.8 12.5(5)
13 11.4 11.6 12.0 13.0 13.1 13.6 11.7(13)
12 11.1 11.4 11.7 12.8 12.9 13.4 11.0(13)
11 10.9 11.2 11.5 12.7 12.9 13.1 10.6(15)
10 10.7 11.0 11.3 12.6 12.5 12.7 11(3)

Table 5.2: Effective curvature radii ρeff obtained from fitting Monte Carlo data to
smooth spheres with dimension four, using an additive shift. A different range δ = 5
to δmax has been included in each of the measurements. The effective dimension
deff has been calculated by fitting the volume-dependence of ρeff to the relation
ρeff ∝ (N4,1

4 )1/deff .

leads us to believe that the systematic error is largest for the data points at large δ.
The fact that the measurements at large δ fall above the fitted curve forces the fitted
curve to be flatter than it would otherwise be, giving rise to a larger value for the
effective curvature radius ρ. We therefore expect that our previous measurements
overestimate the value of ρ in a systematic way, such that the error is largest for the
smallest configuration sizes. Such a systematic bias would lead us to overestimate
the value of the effective dimension deff .

We will now look at the effect of systematically removing high values of δ from
the data set in the fit, which will serve as a cross-check of the systematic bias
discussed above. We restricted this investigation to the fit to the four-sphere using
an additive shift, with results presented in Table 5.2. As expected, the extracted
effective curvature radius decreases as we start removing large values of δ. The data
set eventually becomes so small that we can no longer trust the extracted values of
the dimension, but the trend is clearly visible in the region where the data can still
be trusted. This supports the claim that finite-size effects lead us to a systematic
overestimate of the effective dimension deff .

An additional criterion for estimating the δ-range where the collected data may
be considered reliable and to estimate possible finite-size effects comes from mea-
suring the volumes vol(Sδp) of δ-spheres around an arbitrary dual vertex p as a
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Figure 5.5: The average shell volume ⟨vol(Sδp)⟩ as a function of the dual link distance

δ, at volume N4,1
4 =75k. The δ-range where the data points are qualitatively well

approximated by a sin3-function (continuous curve) gives us a rough estimate of
the size of the region where the shell volumes display four-sphere behaviour. Plots
at higher volume look similar. The fit shown is to 6127 sin3(0.10δ−0.38) (including
a horizontal offset), corresponding to an effective radius ρeff =10.

function of δ. For sufficiently small δ, their expectation values can be fitted well to
a sin3(δ/ρ)-curve, which would be the expected behaviour if the quantum universe
was a round four-sphere of radius ρ on all scales (see Fig. 5.5 for illustration). How-
ever, as was observed previously [81, 83], the actual sphere volume plots display
“fat tails” for large δ, leading to an asymmetry around the peak of the curve and
a systematic deviation from a sin3-behaviour for large δ. Since our present interest
is in the quasi-local curvature properties of the quantum universe, we will not per-
form a more detailed analysis of the origin of this large-distance behaviour. Instead,
the fit illustrated by Fig. 5.5 allows us to make a rough estimate of the distance
scale up to which no significant deviations from a pure four-sphere behaviour are
observed, namely, up to δ-values slightly beyond the peak of the curve. Taking
into account that the sphere distance measurements involve a configuration of two
overlapping three-spheres with a combined linear extension of 3δ, an estimate for a
lower bound of the region where the effects of large-scale nonsphericity may start
manifesting themselves is δ ≈ 8 for N4,1

4 = 75k and δ ≈ 13 for N4,1
4 = 600k. This

provides additional reassurance that – unlike for the measurements we performed
using the link distance – there is now a nontrivial range of δ-values where we can
meaningfully compare the curvature data to those of continuum spaces, at least for
the systems with sufficiently large volumes N4,1

4 . It also supports the claim that the
extracted data suffer from finite-size effects and the extracted effective dimensions
are therefore not trustworthy. Lastly, note that our rather crude way of extracting
an effective four-sphere radius ρeff from fitting shell volumes at N4,1

4 =75k (Fig. 5.5)
produces a result in reasonable agreement with the radius ρ extracted from the Ricci
curvature measurements (Fig. 5.3, left), a coincidence that is also observed at larger
volumes. This provides another consistency check that the curvature properties we
observe are indeed those of a four-sphere.

The previous method failed to extract a satisfactory dimension, because of a
systematic disagreement between the data and the sphere fits, leading to a system-
atic error in the extracted curvatures. We will now look at an alternative method
for extracting the effective dimension. This is based on the idea of rescaling the
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Figure 5.6: Rescaling of the measurements of the normalized average sphere dis-
tance as a function of δ obtained for different configuration sizes. This rescaling
corresponds to an effective dimension dsc = 7.7.

data sets into a single universal curve. We will assume that the measurements for
all volumes are described by some universal function f with

d̄

δ
= f

(
δ

ρ(N4,1
4 )

)
, (5.1)

where we expect that the effective scale ρ has a power law dependence, ρ(N4,1
4 ) ∝

(N4,1
4 )1/dsc . We can investigate this hypothesis by rescaling each of the δ-values

for the obtained measurements for the different system sizes according to their
total volume and a free parameter dsc. We then determine the value of dsc that
leads to the best collapse. In practice, we do this by changing the δ-values of

each measurement according to δ 7→ δ
(

75k
N4,1

4

)1/dsc
, collapsing each of the data

sets to the one obtained at the smallest volume N4,1
4 = 75k. The value of dsc is

determined by minimizing the square difference of each of the measurements with
the measurement at 75k. The value at volume 75k for noninteger δ is estimated
using a linear interpolation between two neighbouring points. In order to reduce
discretization errors, we do not include any data points below δ = 5 in the rescaled
units.11 This method has two advantages. Firstly, no explicit assumptions are
made about the form of the universal function f . Even if the measurements are
not described by the sphere model, we will extract an effective dimension as long
as a simple scaling exists and the power law assumption is correct. Secondly, we
primarily compare the data to the measurements of N4,1

4 = 75k at low values of δ,
which reduces the finite-size effects that seem to plague these measurements.

The results are illustrated in Fig. 5.6. This rescaling corresponds to an effective
dimension of D = 7.7 and seems to collapse nicely to a common curve for all data
considered. We have also investigated the consequence of adding a finite shift s to
δ. Comparing different values of the fit we observed that the quality of the collapse
only depended weakly on the value of the shift, with the best agreement obtained
for s = −1.0. Table 5.3 shows the effective dimensions obtained. We observe quite
a large dependence on the finite shift, with smaller values of the shift leading to
smaller effective dimensions.

11This makes the data set under consideration dsc-dependent. For the dsc-values relevant in
these measurements this dependence is negligible.
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s -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
dsc 6.4 6.8 7.1 7.5 7.7 8.2 8.6 9.0 9.3

Table 5.3: Effective dimension dsc obtained from a collapse of the measured nor-
malized average sphere distance using different values of the shift s.

Combining the various analyses of the effective dimension, it is clear that the
finite-size effects are too large to allow for an accurate determination. At best we
can put an upper bound on the allowed effective dimension, since the finite-size
effects seem to lead to an overestimate of the dimension. We note that if a scaling
could be found for larger system sizes N4,1

4 > 600k, it seems unlikely that dsc
and deff are larger than 10. We were not able to probe much larger volumes, due
to the long thermalization times and the computational effort needed to perform
measurements on bigger systems.

Lastly, let us present an exploratory study which makes use of the fact that
the quantum Ricci curvature has an inherent dependence on direction, given in
terms of the relative position of the two spheres whose distance is measured. The
easiest property associated with the local “direction” on a CDT configuration is its
time- or spacelike character. This refers to a property inherited from the original,
unique Lorentzian piecewise flat spacetime before it was analytically continued to
the corresponding configuration with Euclidean signature (see [40, 41] for more
information on the Wick rotation in CDT). To keep things simple, we will examine
the average sphere distance for two extreme cases, where the distance between the
two sphere centres p and p′ is either maximally spacelike or maximally time-like, in
the sense to be defined below.

Recall that we are working on the dual lattice, whose vertices do not carry a
natural integer time label. For our present purpose, we will assign certain fractional
time labels12 to these vertices, which are motivated by the natural sequence of
simplicial building blocks one has to pass through to move forward in time along dual
links. Starting at the centre of a four-simplex of type (4,1), say, the shortest possible
path along dual links to a (4,1)-simplex in the next time slice has length 4, and runs
through a sequence of building blocks given by (4, 1) → (3, 2) → (2, 3) → (1, 4) →
(4, 1).13 Correspondingly, we define “dual time” to come in steps of 1/4. Assigning
dual time t0=0 to the first (4,1)-building block in the sequence just mentioned, the
corresponding fractional time labels would read 0 → 1/4 → 1/2 → 3/4 → 1, i.e.
t= t0 + n/4 until the next (4,1)-simplex is reached. Note that for any given (4, 1)-
simplex at time t0 in a given triangulation, there is no guarantee that a shortest
path of length 4 to some (4, 1)-simplex at time t0±1 exists.

We will say that two sphere centres p and p′ at dual link distance δ are “maxi-
mally spacelike separated” if their fractional time labels are equal and “maximally
time-like separated” if their fractional time labels differ by δ/4. We performed
sphere distance measurements pairwise for both types of distance as follows: pick
an arbitrary vertex p and determine all δ-spheres Sδp around it, up to δ=15. Check
whether there is at least one vertex p′ ∈ S15

p which is maximally time-like sepa-
rated from p. If this is the case, randomly pick both a maximally spacelike and
a maximally time-like separated vertex p′ from each spherical shell (such vertices
will always exist) and compute the average distance d̄(Sδp , S

δ
p′) for either, resulting

in two sets of 15 measurement points each. If this is not the case, move to the

12Similar fractional time labels were used in [84] to measure “refined” volume profiles.
13For the sake of this particular argument, a four-simplex of type (m,n) is one that shares m

simplices with the spatial slice at some integer time t and n simplices with the spatial slice at
time t+1. Note that elsewhere we do not distinguish between time orientations; for example, N4,1

4
refers to the combined number of simplices of type (4,1) and (1,4).
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Figure 5.7: Normalized average sphere distance ⟨d̄⟩/δ as a function of the dual link
distance δ at volume N4,1

4 =150k, for sphere centres which are maximally time-like
(blue) or maximally spacelike (yellow) separated. (Error bars are smaller than dot
size.)

next randomly chosen vertex p and repeat the process. By discarding the instances
where (some or all of the) maximally time-like separated vertices do not exist one
avoids an inhomogeneity in the comparative measurements. Since this happened
only in about half of all cases, it seems reasonable to assume that the remaining
measurements are still representative of the overall geometry.

The results of our measurements of the expectation values ⟨d̄⟩/δ, performed at
volume N4,1

4 =150k, are shown in Fig. 5.7. Clearly, the measurements for spheres
with maximally time-like displacement follow a distinct trajectory from those with
a maximally spacelike distance. They are systematically bigger than the latter,
and appear to be shifted vertically. What does this behaviour imply for the Ricci
curvature? Recall from formula (3.2) that the quantum Ricci curvature is related
to the deviation of the sphere distance from a constant behaviour, with a positive
deviation indicating negative curvature and a negative deviation positive curvature.
On continuum manifolds, the constant cq characterising flat behaviour depends only
on the dimension of the manifold, see Ch. 2 for more details. In general, as remarked
earlier, cq is a nonuniversal number depending on the piecewise flat space under
consideration.

More relevant to our present discussion is the fact that the nonuniversality of cq
also shows up as a discretization effect on a single, given space when computing the
directional dependence of the sphere distance. More specifically, recall the discus-
sion of Sec. 3.3.1, where in our investigation of regular tilings of two-dimensional
flat space we found a nontrivial dependence of cq on the direction of the difference
vector between the sphere centres relative to the fixed lattice grid. The presence of
such an effect is not surprising in view of the properties of the link distance, which is
a crucial ingredient in the construction. Using the link distance to measure lengths
and distances on a regular square lattice, say, implies a well-known anisotropy when
considering the set of vertices p′ at a distance δ from a given vertex p: whenever p
and p′ are separated by a straight sequence of lattice links, their Euclidean distance
with respect to the underlying flat space is given by δℓ, where ℓ is the length of a
link. For the opposite extreme, when the difference vector between p and p′ lies
along a lattice diagonal, the corresponding geodesic along lattice links is a zigzag
or “staircase” sequence of links, and the corresponding Euclidean distance δℓ/

√
2
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Figure 5.8: Normalized average sphere distance ⟨d̄⟩/δ as a function of the dual link
distance δ at volume N4,1

4 = 150k. Compared to Fig. 5.7, the data points for the
maximally time-like separated spheres have been shifted along the vertical axis by
−0.476 to make the two data sets agree at δ=6.

between p and p′ involves a different proportionality factor.
Since the quantum Ricci curvature Kq(p, p

′) in (3.2) is related to a quotient of
distances, it is not immediately clear how it is affected by the anisotropic behaviour
of the link distance. What we found on the two-dimensional square and hexagonal
lattices is that the only effect of nonstraight, zigzag geodesics on the normalized
average sphere distance d̄/δ is a lowering of the constant term cq. The more the
geodesic link distance between the two sphere centres overestimates their “true”
geodesic distance, the smaller the value of cq becomes.

While we certainly cannot claim to have studied this effect exhaustively, these
findings provide a plausible explanation for why the sphere distance measurements
in the time- and spacelike directions on the CDT configurations behave differently
and why this does not necessarily imply that the corresponding Ricci curvatures
are different. The discrete lattice structure of the CDT configurations clearly has
anisotropic features, although these are milder when working with the dual lattice
as already noted earlier. To examine this issue further we subtracted a constant
offset from the maximally time-like data depicted in Fig. 5.7, such that for δ=6 its
value for ⟨d̄⟩/δ coincides with that of the maximally spacelike data. As illustrated
by Fig. 5.8, the only differences which then remain between the two data sets are for
small δ, which indicates that the short-distance artefacts affect time- and spacelike
measurements differently. More importantly, for the entire remaining range δ > 6
the match is almost perfect. This suggests strongly that the observed difference
is due entirely to a nonvanishing difference ∆cq – related to an anisotropy of the
underlying discrete lattice structure – but that the quantum Ricci curvature behaves
isotropically, giving further support to the interpretation of the quantum universe
in terms of a constantly curved de Sitter geometry.

5.4 Summary

In this chapter, we have investigated the properties of the quantum Ricci curvature
for four-dimensional CDT in the de Sitter phase CdS , where the global geometry
of the quantum universe was previously shown to have a de Sitter-like behaviour.
The measurements indicate a positive quantum Ricci curvature, consistent with a
round four-sphere of the Euclidean de Sitter geometry. This supports the previous
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interpretation of these geometries based on more global variables. For the system
sizes we were able to measure, we observed finite-size effects, which made it difficult
to extract an effective dimension based on the scaling. It is important to stress that
many assumptions went into determining these effective dimensions and this result
should therefore not be given too much weight.

We also looked at the directional dependence of the quantum Ricci curvature,
comparing measurements in the time- and space-like directions. The measurements
agreed up to an additive shift, which can be understood as a lattice effect because
of different values of the ratio dE

dl
between physical and lattice units in the different

directions. We found that this ratio is larger for space-like and smaller for time-
like directions. It is not straightforward to determine the exact values, since the
translation between the shift and the ratio depends on the details of the lattice
discretization, as we saw in Sec. 3.3.1, something we have not studied systematically.
The fact that the measurements agree up to a shift indicates that the physical
curvature is the same in both directions. This supports an isotropic behaviour of
the effective geometry, which is consistent with the interpretation of a de Sitter
space. Despite the asymmetric treatment of the time and spatial directions in
the regularized CDT set-up, a symmetry between space and time consistent with
homogeneous and isotropic geometry appears to be restored dynamically in the de
Sitter phase.

These findings are very encouraging in supporting previous interpretations of
the quantum geometry in the de Sitter phase. It would be desirable to have better
numerical techniques to be able to perform measurements at larger volumes. A
larger range of δ-values would hopefully allow for an improved scaling analysis and
may shed light on interesting quantum effects at smaller distances. It would also
be interesting to extend the measurements to other regions of the phase space, to
understand whether anything new can be learned about the remaining phases of
CDT by studying the quantum Ricci curvature.
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Chapter 6

An expansion formula for the
holonomy and the nonabelian
Stokes’ theorem

In this chapter, we will discuss an alternative idea for extracting curvature, based on
the properties of finite Wilson loops of the metric connection. The work presented
here is motivated by [74], but complementary to it.

6.1 Introduction

In the last chapters we explained how to extract curvature information from the
prescription of quantum Ricci curvature. In this chapter, we will make a conceptual
leap and look at a different way of extracting curvature information from so-called
Wilson loops [70].

Wilson loops are quantities which can be defined for any theory containing a
connection. Prime examples are nonabelian gauge theories like QCD. The Wilson
loop is defined as the trace of the holonomy Wγ of the connection along a closed
loop γ in the underlying spacetimeM . For theories with a local gauge group action,
this definition implies that the Wilson loop is gauge-invariant, and is therefore an
observable. In QCD it also turns out that there is a relation between the behaviour
of certain Wilson loops and the effective potential of the quark interaction, which
allows for the derivation of an area law in the strong-coupling limit [71], indicating
the presence of confinement.

The focus of this chapter will be on Wilson loops in gravity, which are con-
structed from the Levi-Civita connection. The main part of the discussion is how-
ever general, and applicable to gauge field theories too. We will restrict ourselves
to the case of classical geometries, and not make any attempt to discuss the addi-
tional complications occuring for quantum geometries. We mention in passing that
implementing and measuring finite-sized Wilson loops in (C)DT is straightforward
[41, 27], and is a major motivation for our study of the gravitational case. Be-
cause of the anticipated application in the quantum theory, which is formulated in
terms of “Wick-rotated” geometries, we will in the rest of this chapter work with
Riemannian metrics of positive definite signature.

There are several complications when considering Wilson loops in gravity, some
of which we will discuss below. The first one is that the dependence on the path γ
implies that the Wilson loop is not an observable, since γ changes under a general
(active) diffeomorphism. In order to promote it to a proper observable, we either
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have to specify the location of the loop γ using geometric or external information, or
alternatively average over sub-classes of Wilson loops having some shared geometric
properties. By contrast, a loop γ in gauge theory will usually be defined with respect
to a fixed background structure, where this difficulty will not be present. A second
complication is due to the group structure of the holonomies. As is well known,
the holonomy Wγ of the Levi-Civita connection is related to parallel transport, in
the sense that v′ = Wγv is the parallel transport of the vector v along γ. Since
the parallel transport preserves lengths and angles, it follows that the holonomy
of a closed loop on a D-dimensional Riemannian manifold M takes values in the
Lie group SO(D). Since SO(D) is compact, the relation between group element

g = eαiX
i

, where Xi denotes the D(D−1)
2 generators of SO(D), and the angles αi

is not one-to-one but one-to-many outside a neighbourhood of the identity. Below
we will argue that the important geometric information is related to the angles
and not the group element. These ambiguities will make it difficult to extract
unique physical information from the measurements of finite-sized Wilson loops. A
third complication is how to interpret measurements of the Wilson loop physically.
The gravitational Wilson loop for a finite-sized loop is related to the Levi-Civita
connection, but its interpretation beyond the previously mentioned relation with
parallel transport is unclear. This chapter will primarily focus on this third point, by
trying to understand better how to relate the gravitational holonomy to geometric
quantities related to the curvature of the underlying Riemannian manifold.

The remainder of this chapter consists of two parts. In Sec. 6.2, we discuss how
to calculate the holonomy and its lowest-order contributions in the length of the
loop. We then turn to the so-called nonabelian Stokes’ theorem, a nonperturbative
and nonlocal relation involving the Riemann tensor and the holonomy, and discuss
practical problems associated with using it to determine curvature information. In
Sec. 6.3 we discuss how to use perturbative methods to extract a local expression
for the holonomy that is valid to all orders in the small edge lengths of the loop. We
will show how this can be understood as a special case of the previous nonabelian
Stokes’ theorem, and discuss various ways of rewriting this expression to solve some
of the previously encountered problems. Of particular interest will be to try to
determine an expression for the angle associated with the holonomy, and identify
special cases where this expression is easy to calculate.

6.2 Nonabelian Stokes’ theorem

We will now discuss how to define the gravitational holonomy for a general loop
in a Riemannian geometry. We consider a general curve γµ(λ) which need not be
closed, parameterized by a real parameter λ ∈ [0, 1]. We define its tangent vector

by γ̇µ = dγµ

dλ . The associated holonomy can be calculated as

Wγ = P e−
∫ 1
0
dλγ̇µΓµ , (6.1)

where Γ denotes the Levi-Civita connection and P indicates path ordering along γ.
It implies that products are ordered in such a way that terms with a larger value of
the parameter λ stand to the left of terms with a smaller λ. In writing eq. (6.1), we
have suppressed indices on both sides of the equation. These indices arise because
of the nontrivial action of the diffeomorphism group on the tangent spaces in which
the Christoffel symbols and the holonomy take their values. Since the holonomy
transforms vectors from the initial point γ(0) to the final point γ(1), it is a bi-
tensor whose indices live in the vector spaces corresponding to the two endpoints.
In the practical calculations below we will consider closed holonomies, where the
two endpoints coincide and the bi-tensor transforms like a (1,1)-tensor (Wγ)

ρ
ν at
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Figure 6.1: A closed, rectangular loop γ associated with the holonomy Wγ , consist-
ing of the four consecutive oriented line segments γ1, γ2, γ3 and γ4.

the point γ(0) = γ(1). The Christoffel symbol Γ, with (Γµ)
λ
ν := Γλµν appears in eq.

(6.1) in a contraction with the tangent vector and locally takes values in gl(D). The
nonabelian character of this algebra means that we must pay attention to ordering
issues when combining Christoffel symbols at different points. We will consider a
simplified setting, where all quantities along the loop γ will be expanded around
its base point γ(0) = γ(1), such that all indices refer to the tangent space at this
point. The order of different factors γ̇µΓµ still matters, since the contraction of
their free indices at all interior points of γ is uniquely fixed by the path ordering
in eq. (6.1). Writing out indices explicitly, a product of three such factors has the
form Γρµ1αΓ

α
µ2β

Γβµ3ν γ̇
µ1 γ̇µ2 γ̇µ3 . For notational simplicity, we will omit all indices,

as we already did in eq. (6.1), which entails that we must keep track of the order
of the (generally noncommuting) matrices.

We will now try to perform an explicit calculation of the expression (6.1) for a
closed loop γ. To be able to proceed we will consider a special case. We introduce
Riemann normal coordinates1 based at a point p of the manifold M , and consider
the special case of a loop γ which forms a planar rectangle in these coordinates,
with one corner at p and parameterized by (σ, τ). We define the loop to consist of
the four coordinate lines connecting the points p = (0, 0), (ϵ1, 0), (ϵ1, ϵ2) and (0, ϵ2),
see Fig 6.1 for illustration. Although this is a large restriction on the possible loops,
for any initial point p and orthogonal tangent vectors v and u at p there is always a
neighbourhood where such loops exist. The loop also has a unique geometric con-
struction in terms of p, u, v, ϵ1 and ϵ2 and we can therefore investigate it explicitly
for any geometry. We split the holonomy into four contributions, corresponding
to the four segments γi. The fact that we are using Riemann normal coordinates
implies that the segments γ1 and γ4 are geodesics of proper length ϵ1 and ϵ2 respec-
tively. For a general curved geometry, there are no restrictions on the lengths of
the remaining segments γ2 and γ3, and in general they will not be geodesics. This
is a consequence of the requirement that all four coordinate segments meet at the
corners, making γ into a closed curve. In the next section we will perform a Taylor
series expansion of eq. (6.1) at p = (0, 0) in terms of the lengths ϵ1 and ϵ2, which
are assumed to be small. The problem of nonperturbative corrections or a possible
nonconvergence of this series will not be addressed in this thesis.

To help readers to familiarise themselves with the more general calculations, we
will first present the explicit calculation of the holonomy up to quadratic order in
ϵ1 and ϵ2. We will consider the loop as defined above and find this expression by

1A more detailed discussion of Riemann normal coordinates can be found in Sec. 2.2.1 above.
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making a Taylor expansion, expressing the connection at a general point in terms
of the connection at the base point p and its derivatives.2 For the remainder of this
chapter, we will use the notation eµ1Γµ =: Γ1 and eµ2Γµ =: Γ2 for the contraction of
the Levi-Civita connection with the orthonormal unit vectors e1 and e2 spanning
the loop γ at p. Note that no other contractions of Γµ can appear for the holonomy
due to the special coordinate expression for the loop γ. To quadratic order in the
ϵi, the line holonomies Wi are

W1 = P e−ϵ1
∫ 1
0
dλΓ1(λ) = P e−ϵ1Γ1

∫ 1
0
dλ−ϵ21(∂1Γ1)

∫ 1
0
dλλ

=1−ϵ1Γ1

∫ 1

0

dλ+ϵ21Γ
2
1

∫ 1

0

dλ1

∫ λ1

0

dλ2−ϵ21∂1Γ1

∫ 1

0

dλλ=1−ϵ1Γ1+
ϵ21
2

(
Γ2
1−∂1Γ1

)
W2 = P e−ϵ2

∫ 1
0
dλΓ2(λ) = 1− ϵ2Γ2 +

ϵ22
2

(
Γ2
2 − ∂2Γ2

)
− ϵ1ϵ2∂1Γ2

W3 = P e−ϵ1
∫ 0
1
dλΓ1(λ) = 1+ ϵ1Γ1 −

ϵ21
2

(
Γ2
1 − ∂1Γ1

)
+ ϵ1ϵ2∂2Γ1

W4 = P e−ϵ2
∫ 0
1
dλΓ2(λ) = 1+ ϵ2Γ2 −

ϵ22
2

(
Γ2
2 − ∂2Γ2

)
,

where all Γi are evaluated at the point p and 1 denotes the unit matrix. Combining
the four line holonomies, the loop holonomy to quadratic order becomes

Wγ =W4W3W2W1 = 1+ ϵ1ϵ2 (∂2Γ1 − ∂1Γ2 + Γ2Γ1 − Γ1Γ2) =: 1+ ϵ1ϵ2R21, (6.2)

where we have introduced the matrix notation (R21)
µ
ν = Rµν21 and the indices 1

and 2 correspond to the same contractions as the ones for Γ1 and Γ2, i.e. R
µ
ν21 =

Rµνρσe
ρ
2e
σ
1 . Formula (6.2) establishes a simple relation between the infinitesimal

holonomy and the curvature, and we can in principle reconstruct the complete
curvature information of the manifoldM by calculating the infinitesimal holonomies
at all points and varying over all directions. However, as explained in Sec. 6.1, we
are interested in finite loops with noninfinitesimal ϵi, for which it is not immediately
clear whether and how the higher-order contributions in the holonomy can be related
to some kind of effective curvature.

If Γ was an ordinary, scalar-valued one-form A and therefore commuted with
itself, we could take its exterior derivative dA = F and invoke Stokes’ theorem,
leading to

Wγ ≡ e
∮
∂S
A = e

∫
S
F , (6.3)

where γ ≡ ∂S denotes the loop along the boundary of the surface S.3 Taking into
account the expansion (6.2) for Wγ , expression (6.1) formally resembles relation
(6.3), if we identify A with minus the Levi-Civita connection and F with the Rie-
mann tensor. We are interested in a relation like (6.3) for gravity, since it may
allow us to extract an “average” curvature or more precisely a curvature integral
from measurements of the holonomy. Unfortunately, the Christoffel symbols are not
scalar-valued and therefore do not commute, giving rise to ordering issues on both
sides of eq. (6.3), similar to what happens in nonabelian gauge theory [72]. We will
therefore have to consider a suitable generalization of this relation.

Although the Christoffel symbols do not commute, it is still possible to derive
an analogue of (6.3) that expresses the holonomy as an integral over the area, at the
expense of having to specify an area ordering and a parallel-transport scheme. The
derivation of such a nonabelian Stokes’ theorem uses the cancellation of oppositely

2Note that the Riemann normal coordinates imply certain relations for the Christoffel symbols
and their derivatives evaluated at the base point, including Γ1 = Γ2 = 0. However, we will not
use these identities, because finding general covariant expressions is easier without them.

3Recall that this expression is invariant under the choice of the surface S.
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Figure 6.2: Illustration of the procedure used to derive the nonabelian Stokes’
theorem. The large loop γ is replaced by four smaller loops, whose holonomies W̃ij

are all parallel-transported to the bottom left corner (taken from [74]). Consecutive
path holonomies of any oppositely oriented segments γ and γ−1 cancel because
Wγ−1 =W−1

γ .

oriented paths in the holonomy to rewrite the holonomy of the rectangular loop as a
product of infinitesimal loop holonomies that are parallel transported to a common
base point. Fig. 6.2 illustrates the procedure, where a large loop is replaced by four
smaller loops. Generalizations to any number of loops are straightforward. Using
eq. (6.2), we can write these infinitesimal loops as exponentials of the local Riemann
tensor. The product of these exponentials can be replaced by an ordered sum of
the exponents, leading to an area-ordered integral in the relevant limit, denoted by

Wγ = Pe−
∫ 1
0
dτ

∫ 1
0
dσR̃(σ,τ), (6.4)

where σ and τ parameterize the interior of the rectangle. The segments γ4 and γ2
correspond to σ = 0 and σ = 1 respectively and γ1 and γ3 correspond to τ = 0
and τ = 1. The symbol R̃(σ, τ) denotes the Riemann tensor contracted with a
local bivector evaluated at the interior point (σ, τ) and then parallel transported
back to the base point (0, 0) according to some prescribed scheme, in our case,
first along the σ-direction and then along the τ -direction. The P denotes an area
ordering of the integral, implemented in such a way that factors of R̃ with larger
values of τ are to the left.4 For a detailed discussion of how to derive (6.4), see [74]
and references therein. One may wonder about the choice of integration surface in
dimensions higher than two, where there is not a unique surface that has γ as its
boundary. Although it is not obvious by inspection, it turns out that the value of
the area-ordered integral is invariant under smooth deformations of the surface, and
therefore any surface can be chosen.

Although formula (6.4) does relate the value of the holonomy to an integral of the
Riemann curvature tensor, it is not of much practical use for extracting curvature
information, because of the nontrivial, nonlocal dependence on the curvature tensor.
The tensorial nature of the Riemann tensor means that parallel transport must
be used to bring all Riemann tensors to a common point before performing the

4The natural ordering for equal values of τ based on the derivation of (6.4) is to have R̃ with
smaller values of σ to the left. However, for the ordering of τ as discussed above it can be shown
[72, 73] that any ordering of σ at fixed τ leaves (6.4) invariant. For simplicity, we will therefore
not refer to any specific ordering in σ.
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integral. Unfortunately, the integrand depends the scheme chosen, i.e. on the set of
paths along which the Riemann tensor is parallel transported. The path ordering
also makes it difficult to interpret and calculate the expression. The situation is
therefore very different from that of the regular (exponentiated) Stokes’ theorem
(6.3).

6.3 Explicit expansion formula

In this section we will try to get a better understanding of the nonabelian Stokes’
theorem (6.4) and solve some of the problems we highlighted in Sec. 6.2. The first
goal will be to replace the nonlocal expression eq. (6.4) with a local one, depending
only on the metric properties in a neighbourhood of the expansion point. A conse-
quence of this is that this method will be perturbative, in the sense of being only
sensitive to the analytic part of the Riemann tensor around the expansion point.
We will achieve this by performing a Taylor expansion in the length parameters ϵ1
and ϵ2, extending the calculation to quadratic order of the previous section. At
higher order, it is possible to perform a similar calculation, expressing the holon-
omy at that order as a sum of products of polynomial integrals with prefactors that
consist of the Christoffel symbols Γ1 and Γ2 and their partial derivatives ∂1 and ∂2,
all evaluated at the base point of the loop. The dependence on the lengths ϵ1 and
ϵ2 appears in the overall powers ϵn1 ϵ

m
2 , where n and m count the number of lowered

1- and 2-indices, i.e. the number of Christoffel symbols plus the number of partial
derivatives, giving this the previously mentioned interpretation as a Taylor series.
We denote the terms with this structure as order-(n,m) terms.

In what follows, it will be advantageous to consider a different basis for the
holonomy, using instead of the Γi and ∂i the Riemann tensor R21 and the covariant
derivatives D1 and D2, which are subject to the same matrix contractions. The
expression for R21 in terms of partial derivatives and Christoffel symbols is given
by (6.2). Since the object that the covariant derivative acts on will always be a
(1,1)-tensor, it has the explicit form

D1T = ∂1T + Γ1T − TΓ1. (6.5)

The change of basis is possible due to a result we will now prove. The assertion
is that any (1, 1)-tensor V which consists of ∂1, ∂2, Γ1 and Γ2 at any fixed order
(n′,m′) can be expressed in an explicitly covariant basis using only R21, D1 and D2.
Since only one version of the Riemann tensor appears, we shall use the shorthand
R for R21 in the remainder of this chapter.

The proof will proceed by contradiction. We assume there exists a (1, 1)-tensor
at a fixed order (n0,m0) that cannot be rewritten in the new basis. Let us impose
an ordering on all possible orders (n,m), such that (n1,m1) < (n2,m2) if either
n1 +m1 < n2 +m2 or otherwise if n1 +m1 = n2 +m2 and n1 < n2. We see that
this ordering is a complete order on N

2 and that it has an order isomorphism to
the standard order on N. In particular, it inherits the well-ordering principle. This
means that the set of orders for which the result is not true must have a smallest
order (n̄, m̄). Consider a tensor V at this order, which cannot be expressed in terms
of R, D1 and D2 only. In general, V will be a linear combination of monomials in
the ∂i and Γi. The idea of the proof is to show that the monomials of V can be
combined into groups consisting of one or more monomials such that each group
contains either the Riemann tensor or a covariant derivative. However, by going
through each group and replacing the Riemann tensor or the covariant derivative
by an identity matrix, the sum of all the groups will be a lower-order term that
cannot be expressed in terms of only R, D1 and D2, contradicting the minimality
of (n̄, m̄).
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We will now consider the coordinate transformation rules for the expressions
under consideration. Consider a transformation from coordinates x to x̄. A (1, 1)-
tensor T will transform according to

T̄ =MTM−1, (6.6)

where the transformation matrix M is defined as

Mν′

ν =
∂x̄ν

′

∂xν
. (6.7)

The contracted Christoffel symbol Γi, i = 1, 2, has the transformation rule

Γ̄i =MΓiM
−1 + ∂iMM−1, (6.8)

where the index i on the left-hand side indicates a contraction with the same unit
basis vector as before, but now expressed in the primed basis. The second term
in eq. (6.8) is a nontensorial contribution. The transformation rule for the par-
tial derivatives follows from the observation that they can either act on Christoffel
symbols or on matrices M and M−1. The first case corresponds to a tensorial con-
tribution and the second case produces nontensorial terms. Combining this, we see
that general combinations of Christoffel symbols and partial derivatives transform
with a standard term corresponding to the tensor transformation rule eq. (6.6),
plus additional terms containing at least one transformation matrix M or M−1

with partial derivatives acting on it. We can write this explicitly as

T̄ =MTM−1 + S, (6.9)

where S consists of the additional noncovariant contributions.
Now consider the expression V defined at the start of this proof. Since V is a

(1, 1)-tensor, it transforms according to eq. (6.6) and therefore all terms correspond-
ing to partial derivatives of transformation matrices must cancel, in other words,
S = 0. Using the Leibniz rule, we can rewrite the expression for V as

V = ∂1A+ ∂2B + C, (6.10)

where C has no partial derivative at the beginning. A inherits the general transfor-
mation rule (6.9), which means that the term

∂1MAM−1 (6.11)

will appear in the transformation rule of V . This term must cancel since V is a (1, 1)-
tensor. Since the transformation matrices, the Christoffel symbols and their partial
derivatives in general do not commute, the cancellation must come from a term
appearing at the beginning of the expression for the transformed version of V . If we
assume that the needed term came from the transformation rule of A, we see that the
partial derivative acting on this term will produce a new term with one additional
partial derivative and therefore produce a new noncovariant term. C starts out
with a Christoffel symbol and will therefore according to eq. (6.8) only produce
terms with a single derivative acting on the transformation matrix. A cancellation
would therefore have to come from B. For this cancellation to work, it must rely on
the fact that partial derivatives commute, giving it the form (∂1∂2 − ∂2∂1)E = 0.
This implies that any higher-order derivatives in the transformation rules of A must
contain ∂2 and therefore do not cancel the term coming from eq. (6.9) discussed
above. A similar argument can be made for B. Using eq. (6.8), the cancellation of
the two terms is only possible if C has the form

C = Γ1A+ Γ2B + E, (6.12)
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where E transforms as a tensor with respect to its first index, i.e. any nontensorial
contribution S starts with M . This leads to

V = (∂1 + Γ1)A+ (∂2 + Γ2)B + E. (6.13)

Let us now return to the full transformation of V . Either the objects A and B are
(1, 1)-tensors or they transform nontrivially. If they are tensors, we can only cancel
the additional contribution from the partial derivatives acting on M−1 by defining

E = −AΓ1 −BΓ2, (6.14)

leading to
V = D1A+D2B, (6.15)

which contradicts the minimality of V by the argument given above. Neither of the
objects A and B is therefore a (1, 1)-tensor.

Introducing O1 := ∂1 + Γ1 and O2 := ∂2 + Γ2 and proceeding by a similar
argument, we find the following form for V

V = O1(O1F ) +O1(O2G) +O2(O1H) +O2(O2I) + J. (6.16)

Assume F , G, H and I are (1, 1)-tensors. The contributions from F , I and J
correspond to covariant derivatives by an argument similar to the one presented
above and can therefore not contribute. However, the contributions from G and
H have a new way of cancelling. Namely, by choosing G = −H all nontensorial
contributions cancel. This corresponds to

V = (O2O1 −O1O2)G = RG, (6.17)

where we have used the relation between the Christoffel symbols and the Riemann
tensor,

R = ∂2Γ1 − ∂1Γ2 + Γ2Γ1 − Γ1Γ2 = O2O1 −O1O2, (6.18)

to rewrite the expression. Expression (6.17) contains R and therefore contradicts
the minimality of V by the argument presented above. We therefore deduce that
F , G, H, I and J cannot be (1, 1)-tensors.

Now consider a generalized case with a linear combination of p ≤ n̄ powers of
O1 and q ≤ m̄ powers of O2 acting on a (1, 1)-tensor J .5 If q = 0, we only have a
single term

Op1J. (6.19)

The only way to cancel contributions like

MJ∂p1M
−1 (6.20)

is to use a technique similar to the one considered in eq. (6.14). This means that
we will absorb this into covariant derivatives by adding terms like JΓp1, resulting
in an overall contribution Dp

1J . However, such a term is not possible due to the
assumed minimality of the order (n̄, m̄). The case p = 0 cannot occur because of a
similar argument. Now consider the case p > 0 and q > 0. V can now be written
as a linear combination of different orderings of p copies of O1 and q copies O2

acting on J . Terms of the form ∂iM
−1 will appear in the transformation rules of

V unless the coefficients sum to zero. These terms can only be canceled by using
covariant derivatives. This therefore implies that such terms must contain at least
one covariant derivative. Consider now the case where the coefficients sum to zero.

5For p = n and q = m we can use the identity matrix for J . The identity matrix is a particular
case of a (1, 1)-tensor, which transforms to itself under coordinate transformations.
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We can use a telescoping sum to rewrite the expression for V as a linear combination
of all possible orders of p − 1 copies of O1, q − 1 copies of O2 and one instance of
(O2O1−O1O2) = R. As an example, consider the case p = 2 and q = 2 and assume
that we have

V =
(
2O2

2O
2
1 +O2O

2
1O2 −O1O

2
2O1 − 2O2

1O
2
2

)
J. (6.21)

We have suppressed the additional parentheses to improve legibility, but each op-
erator is still acting on every operator to its right of it. Rewriting this expression,
we find

V =(2O2(O2O1 −O1O2)O1 + 2O2O1(O2O1 −O1O2) + 3(O2O1 −O1O2)O1O2

+2O1O2(O2O1 −O1O2) + 2O1(O2O1 −O1O2)O2)J

=(2O2RO1 + 2O2O1R+ 3RO1O2 + 2O1O2R+ 2O1RO2) J. (6.22)

Combining the above results, we see that at least oneD1, D2 or Rmust be contained
in each of the terms contributing to V . Now consider the object VK obtained by
replacing the first occurence D1, D2 or R with a generic (1,1)-tensor K. For the
example of eq. (6.22) this corresponds to

VK = (2O2KO1 + 2O2O1K + 3KO1O2 + 2O1O2KJ + 2O1KO2)J. (6.23)

Since V is a (1, 1)-tensor and both the removed tensor and K are (1, 1)-tensors, it
follows that VK is a (1, 1)-tensor. Consider all terms with the exact same sequence
of terms O1 and O2 to the left of K. The sum of different orderings of O1 and O2

to the right of K must combine into a diffeomorphism-invariant expression since
the generic choice of K means that nontensorial contributions to the right of K
cannot cancel nontensorial contributions to the left of K. The minimality of the
order (n̄, m̄) implies that the expressions to the right of K can be written in terms
of D1, D2 and R. Now consider the sum of terms with a fixed order of D1, D2

and R to the right of K. These consist of sums of different orderings of O1 and
O2 acting on a (1, 1)-tensor. The minimality of the order (n̄, m̄) implies that they
can be written in terms of D1, D2 and R. We are left with an expression for VK in
terms of D1, D2 and R acting on K and J . Replacing K with the original term D1,
D2 or R leads to an expression for V in terms of D1, D2 and R. This contradicts
the choice of V , proving the desired result. To summarize, we have shown that at
a fixed order it is possible to express (1,1)-tensors built out of ∂1, ∂2, Γ1 and Γ2 in
terms of the Riemann tensor R and the covariant derivatives D1 and D2.

Let us now return to the discussion of the holonomy. The above result assumed
that we were looking at a fixed order. Since the holonomy contains terms with
many different orders, we must argue that this is not a problem when expressing
the holonomy in terms of R, D1 and D2. We will do this by arguing that each
term at a fixed order is a covariant (1,1)-tensor, so we can use the result on each
of them individually. Recall that each order only depends on the lengths ϵ1 and ϵ2
through an overall power ϵn1 ϵ

m
2 . By rescaling ϵ1 and ϵ2, we can always make the

lowest order dominate any combination of the other orders. This term must also
be a (1, 1)-tensor since the holonomy is a (1, 1)-tensor. Therefore we can use the
above result to rewrite it in terms of R, D1 and D2. Proceeding inductively, we can
rewrite each term order by order, bringing the entire expression for the holonomy
W to the desired basis.

In the new covariant basis we will rely on the following result as our main tool for
dealing with general expressions for the holonomy. Let T be a general (1, 1)-tensor
and let D1, D2 denote covariant derivatives. It follows that

[D1, D2]T = [T,R], (6.24)
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which can be shown easily by an explicit calculation,

[D1, D2]T = (D1D2 −D2D1)T = D1(∂2T + Γ2T − TΓ2)−D2(∂1T + Γ1T − TΓ1)

= ∂1∂2T + ∂1(Γ2)T − T∂1Γ2 + Γ2∂1T − ∂1(T )Γ2

+ Γ1∂2T − ∂2(T )Γ1 + Γ1Γ2T + TΓ2Γ1 − Γ1TΓ2 − Γ2TΓ1

− ∂2∂1T − ∂2(Γ1)T + T∂2Γ1 − Γ1∂2T + ∂2(T )Γ1

− Γ2∂1T + ∂1(T )Γ2 − Γ2Γ1T − TΓ1Γ2 + Γ2TΓ1 + Γ1TΓ2

= (∂1Γ2 − ∂2Γ1 + Γ1Γ2 − Γ2Γ1)T + T (∂2Γ1 − ∂1Γ2 + Γ2Γ1 − Γ1Γ2)

= TR−RT = [T,R]. (6.25)

Equipped with the identity (6.24), we can now start to determine the properties of
the expansion of the holonomy. It follows from our discussion above that the holon-
omy can be expressed as a linear combination of products of covariant derivatives
of the Riemann tensor. Using the Leibniz rule, we can assume that each covariant
derivative acts only on the element to its immediate right. With this understanding,
the element D2(D1(R21))D1(R21) will be written as D2D1RD1R.

In order to determine the expansion of the holonomy in the covariant variables,
we will rely on the commutator (6.24) to bring the expression for the holonomy into
a convenient basis. We will now argue that this allows us to reorganize the covariant
derivatives in such a way that all derivatives D2 acting on a single Riemann tensor
stand to the left of any derivatives D1 acting on the same Riemann tensor. This
implies that we can express the holonomy uniquely as

Wγ = 1+

∞∑
p=1

∞∑
n1=0

. . .

∞∑
np=0

∞∑
m1=0

. . .

∞∑
mp=0

(
cn1...np,m1...mp

p∏
i=1

(Dni
2 D

mi
1 R)

)
, (6.26)

where the noncommutative products are ordered from i = p all the way to the left to
i = 1 all the way to the right. Recalling the discussion of the order (n,m), it follows
that n is the sum over i of ni+1 and m is the sum over i of mi+1. To prove that it
is possible to bring the holonomy to the form of eq. (6.26), first note that eq. (6.24)
leaves the order (n,m) invariant. Consider a fixed order (n0,m0) and sort all terms
appearing at this order according to the total number of Riemann tensors. We
proceed to order the covariant derivatives according to eq. (6.26), considering terms
with more and more Riemann tensors. We start with the terms having the smallest
number of Riemann tensors. If they are not ordered according to eq. (6.26), start
commuting the D2 to the left of the D1 until it has all D2 to the left of D1. Use eq.
(6.24) to re-express these commutators in terms of the Riemann tensor. These can
then be expanded, bringing them back to the form of covariant derivatives acting on
a single Riemann tensor. However, since they contain more Riemann tensors, they
do not contribute at this number of Riemann tensors. The expression at the current
number of Riemann tensors and below will therefore have the desired ordering. For
illustration, let us present an example of how this procedure works for the term
D2D

2
1D2D1R:

D2D
2
1D2D1R = D2

2D
3
1R+D2D1[D1, D2]D1R+D2[D1, D2]D

2
1R

= D2
2D

3
1R+D2D1[D1R,R] +D2[D

2
1R,R]

= D2
2D

3
1R+ 2D2D

2
1RR+ 2D2

1RD2R− 2D2RD
2
1R− 2RD2D

2
1R. (6.27)

Proceeding with an increasing number of Riemann tensors, we can eventually or-
der all terms with no more than min(n0,m0) Riemann tensors. However, since
min(n0,m0) is the maximal number of Riemann tensors, it means that all covariant
derivatives have been ordered according to our prescription. This shows that it is
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indeed possible to bring the holonomy to the form (6.26). Below we will show that
all the different terms in eq. (6.26) are linearly independent. It follows that the
prescription yields a basis in the space of all (1, 1)-tensors built from partial deriva-
tives and the Christoffel symbols. We now only need to determine an expression for
the coefficients cn1...np,m1...mp

to obtain a local expression for the holonomy that is
valid to any order in the expansion.

To do this we go back to the expansion (6.1) of the holonomy. We have already
noted that this expression can be expanded as a linear combination of products of
Christoffel symbols and partial derivatives. To determine the desired coefficients,
we have to figure out how they combine to form the covariant expression (6.26). In
general, the relation between the terms in the two forms is complicated. However,
consider the particular contribution

kn1...np,m1...mp

p∏
i=1

∂ni
2 ∂mi+1

1 Γ2, (6.28)

where the noncommutative product is defined as in (6.26). Note that for (6.28)
to contribute to the expression (6.26), the term ∂1Γ2 must come from a Riemann
tensor, since we never considered the order D1D2. It is also clear that all Riemann
tensors must contain at least one Christoffel symbol, and the remaining partial
derivatives must therefore correspond to covariant derivatives. This means that
the term with coefficient kn1...np,m1...mp in (6.28) only contributes to the term with
coefficient cn1...np,m1...mp in (6.26). Since all combinations of Christoffel symbols
and covariant derivatives are linearly independent for a generic geometry, it follows
that the different terms in (6.26) are linearly independent and that

cn1...np,m1...mp
= kn1...np,m1...mp

. (6.29)

To calculate the coefficient kn1...np,m1...mp
, we note that it only receives a con-

tribution from W2. The calculation therefore simplifies to that of the line segment
γ2 of the loop γ. Using the expressions (6.1) and (6.28) and performing a Taylor
expansion, we find the expression

kn1...np,m1...mp =
ϵ
mp+1
1 ϵ

np+1
2

(mp + 1)!np!

∫ 1

0

dλpλ
np
p . . .

ϵm1+1
1 ϵn1+1

2

(m1 + 1)!(n1)!

∫ λ2

0

dλ1λ
n1
1

=

p∏
i=1

ϵmi+1
1 ϵni+1

2

(mi + 1)!ni!
∑i
j=1(nj + 1)

. (6.30)

Combining the expressions (6.30), (6.29) and eq. (6.26) leads to the desired
relation for the holonomy,

Wγ = 1+

∞∑
p=1

∞∑
n1=0

. . .

∞∑
np=0

∞∑
m1=0

. . .

∞∑
mp=0

p∏
i=1

(
ϵmi+1
1 ϵni+1

2

(mi + 1)!ni!
∑i
j=1(nj + 1)

Dni
2 D

mi
1 R

)
.

(6.31)

6.3.1 Properties of the expansion formula

We will now analyze some of the properties of the expression (6.31), and how it com-
pares to the more general nonabelian Stokes’ theorem (6.4). The order of covariant
derivatives we chose in deriving eq. (6.31) is the same as the order implemented by
the parallel-transport scheme of eq. (6.4), since first transporting in the direction
of e1 and then in the direction of e2 ensures an ordering with D1 before D2. As
a cross-check of this statement, it is easy to see that eq. (6.31) can be derived di-
rectly from (6.4) by performing a Taylor expansion of this expression at the base
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point. The main observation is that diffeomorphism covariance makes it sufficient
to calculate the contribution from terms of the type

∏p
i=1 ∂

ni
2 ∂mi

1 R. The ordering
P entails that the integrated coefficients lead to nested integrals similar to (6.30)
and we therefore end up with the result (6.31). Using this argument the other way
round also serves as a cross-check of the analytical part of (6.4).

We now return to the problem of determining the logarithm of the gravitational
Wilson loop. Since SO(D) is compact, uniqueness only holds if the loop is contained
in a sufficiently small neighbourhood, compared to the length scale associated with
the local sectional curvature, which we will assume. Recall that the abelian Stokes’
theorem (6.3) implies that the logarithm of the holonomy is simply the area integral
of the curvature. Dividing it by the area A will therefore give rise to an effective
average curvature R̃ defined by

W = eAR̃. (6.32)

By trying to construct an analogue of this formula for the more general noncommu-
tative case, we can understand whether it is feasible and meaningful to relate the
holonomy to an effective curvature in this case too.

To determine the logarithm of the gravitational Wilson loop, we can match
the two sides of eq. (6.32) order by order, using the Taylor series definition of the
exponential,

eAR̃ =

∞∑
n=0

(
AR̃
)n

n!
, (6.33)

for the right-hand side. At lowest (linear) order in R the matching gives terms of
the form

ϵm1
(m+ 1)!

ϵn2
(n+ 1)!

Dn
2D

m
1 R. (6.34)

For terms with more than one Riemann tensor, the situation is more complicated. In
the expression (6.31), the coefficients coming from the powers mi of D1 factorize,
but the coefficients coming from the powers ni of D2 depend on the ordering of
indices, due to the additional sum over previous values of ni. This means that
we are still left with an imprint of the nonabelian structure, in the sense that the
coefficents depend on the position of the covariant derivatives. As an example,
we have terms 1

3D2RR and 1
6RD2R. This dependence on the ordering has to be

absorbed into higher-order terms of the angle since the exponential is symmetric.
In the example, we can calculate the additional terms as

1

3
D2RR− 1

4
D2RR+

1

6
RD2R− 1

4
RD2R =

1

12
(D2RR−RD2R) =

1

12
[D2R,R].

(6.35)
In this case we have managed to express the additional higher-order contribution as
a commutator. Expressions in terms of commutators have the advantage that we
can use eq. (6.24) to rewrite them such that they contain only one Riemann tensor.
The rewriting in the present case is

1

12
[D2R,R] =

1

12
[D1, D2]D2R =

1

12
(D1D

2
2 −D2D1D2)R. (6.36)

It is an interesting question whether this is possible in general, i.e. whether all
contributions to the logarithm with more than one Riemann tensor can be expressed
as commutators. We will now prove that this is the case. As sometimes happens,
it turns out to be easier to discuss a more general problem to prove the properties
of the more specific problem at hand. This is what we will do below, discussing the
general properties that are needed for an exponentiation in terms of commutators
to exist.
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Consider a collection of n noncommuting elements Ri in some associative algebra
A. Let W be a general linear combination of products of these n terms,

W =
∑
σ∈Sn

kσ(1)...σ(n)Rσ(1) . . . Rσ(n), (6.37)

where the coefficients Kσ(1)...σ(n) are real-valued and σ denotes an element of the
permutation group Sn of n elements. We assume that no nontrivial relations exist
among the elements of A, in other words, the algebra A is freely generated and we
can treat each value of n independently.6 We would like to rewrite W in terms of
a local expression G for the logarithm such that

W = eG. (6.38)

As a first step, we will rewrite W in terms of a sum of symmetric combinations
of nested commutators. To do this, we need a way to parameterize the different
symmetric combinations of nested commutators.

Consider the set SZn of nonempty subsets of the first n integer. The set of all
subsets of the set SZn is denoted by SSZn. The set PZn of all partitions of the
first n integers is a subset of SSZn, consisting of all elements ω with the property
that for all i in Zn there exists exactly one Y in ω such that i is in Y . As an
example, consider the case n = 4. The sets {1, 2} and {2, 3} are elements of SZn
and {{1, 2}, {2, 3}} is an element of SSZn but it is not a partition, since 2 belongs to
two sets and 4 is not contained in any set. Our idea is to use permutations ω to label
the distribution of elements Ri among each of the different nested commutators. As
an example, consider n = 5 and ω = {{1, 3, 4}, {2, 5}}, which we take to correspond
to two nested commutators containing R1, R3 and R4 and R2 and R5 respectively.
Note that the sets are unordered, which means that we still have to specify the
order of each nested commutator. It follows trivially from the above properties that
ω contains m elements, with m ≤ n. Consider any bijective mapping f : Zm 7→ ω,
where each element Yi = f(i) contains pi integers, with pi ≤ n+1−m. We can now
specify an ordering of the elements of Yi in the following way. First consider the
unique order-preserving bijective map g : Zpi 7→ Yi. Given a general permutation
σ̃i ∈ Spi , the map σi = g◦σ̃i induces a unique ordering on Yi. Based on the ordering
σi, we now define an algebra element Ci ∈ A. This consists of nested commutators
of the basic elements Ri and is given by

Ci(σi) = [[. . . [Rσi(1), Rσi(2)], . . .], Rσi(p)]. (6.39)

As an example, consider the subset {1, 3, 4} from the previous example. The per-
mutation σ̃ with σ̃(2) = 1, σ̃(1) = 2 and σ̃(3) = 3 corresponds to the nested
commutator

[[Rσ(1), Rσ(2)], Rσ(3)] = [[Rg(2), Rg(1)], Rg(3)] = [[R3, R1], R4]. (6.40)

Having defined the nested commutators Y , all that is left to do is to define the
symmetric combinations. We introduce the standard symmetrization operator S,
operating on collections of elements of the algebra A, and defined by

S(A1, A2 . . . , Aq) =
1

q!

∑
σ∈Sq

Aσ(1)Aσ(2) . . . Aσ(q). (6.41)

Finally, we can define what we mean by a symmetric combination of nested commu-
tators. Given a partition ω and permutations σi, we define the associated symmetric
combination of nested commutators NC(ω, σ1, . . . , σm) by

NC(ω, σ1, . . . , σm) = S(C1(σ1), . . . , Cm(σm)). (6.42)

6This is the case for the Wilson loop, since the different terms that we have considered form a
basis.
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Consider the previous example of ω = {{1, 3, 4}, {2, 5}}. Using the permutations
σ̃1 defined in the previous example and σ̃2 defined by σ̃2(1) = 2 and σ̃2(2) = 1
corresponds to the nested commutators C1 = [[R3, R1], R4] and C2 = [R5, R2]. The
corresponding symmetric combination of nested commutators has the form

NC(ω, σ1, σ2) = S(C1(σ1), C2(σ2)) = S([R5, R2], [[R3, R1], R4])

=
1

2
([[R3, R1], R4][R5, R2] + [R5, R2][[R3, R1], R4]) (6.43)

The advantage of the above exercise in mathematical nomenclature is that we
now have a simple way of defining different nested commutators in terms of a
partition ω and an ordered set ofm permutations σi. We will now show the following
result: given a linear combination W defined by eq. (6.37), there exist coefficients
cω,σ1...σm such that

W =
∑

ω∈PZn

∑
σ1∈Sp1

. . .
∑

σm∈Spm

cω,σ1...σmNC(ω, σ1, . . . , σm). (6.44)

The coefficients are not unique, but below we will consider a subset that constitutes
a basis and therefore has unique coefficients. To prove this statement, note that
the definition of the symmetric combination of nested commutators implies that
any particular nested commutator is contained in the vector space spanned by all
ordered products containing each of the n elements Ri exactly once. This vector
space is isomorphic to Rn!, and it is sufficient to prove that the symmetric nested
commutators defined above span this space. This is equivalent to the existence of
a subcollection of n! linearly independent elements of the symmetric combinations
of nested commutators.

Consider the subset consisting of symmetric combinations of nested commuta-
tors, where the first element in each nested commutator has a smaller index than
all the other elements in the nested commutators. The total number of elements
in this subset is n!. This can be seen by induction. The case n = 1 is trivial.
Assume now that it is true for (n − 1) terms. One can create the elements with
n terms by inserting Rn into the elements with (n − 1) terms. Such an insertion
can be made in three different ways: Rn can be inserted as a single term, it can be
combined with a single term to create a commutator, or it can be inserted some-
where inside a nested commutator to create a nested commutator with an additional
term. The first option can only happen in one way. The second and third options
allow for Rn to be inserted everywhere except at the front of the created nested
commutator, since Rn has a larger index than all the other terms and therefore
cannot be inserted at the front. As an example of this process, consider insert-
ing R4 into S([R1, R3], R2). The four possible options are S([[R1, R4], R3], R2),
S([[R1, R3], R4], R2), S([R1, R3], [R2, R4]) and S([R1, R3], R2, R4). The number of
possible insertions is equal to the length of the object it is inserted into. It is
now clear that the total number of possible insertions is n. It is easy to see that
insertions into different elements with n − 1 terms are independent. Using the in-
duction hypothesis, we therefore find that the total number of terms is given by
n(n− 1)! = n!.

We now have to show that these terms are linearly independent. Assume that
there exist coefficients cω,σ1...σm such that∑

ω

∑
σ1

. . .
∑
σm

cω,σ1...σmNC(ω, σ1, . . . , σm) = 0. (6.45)

The sum corresponds to linear combinations of up to n! terms of the type discussed
previously. Linear independence is equivalent to cω,σ1,...,σm = 0 for all coefficients.
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Note that eq. (6.45) can be expressed as the vanishing of the coefficients of each of
the n! basis elements of the vector space.

Consider now the partitions ω of Zn. We can introduce a partial ordering of
the partitions, where ωi ≤ ωj if for all elements Yi ∈ ωi there exists an element
Yj ∈ ωj such that Yi ⊆ Yj . In terms of nested commutators, this means that
each of the elements in another symmetric combination of nested commutators
A = NC(ωi, σ1, . . . , σmi

) with mi nested commutators is contained in one nested
commutator of B = NC(ωj , σ̃1, . . . , σ̃mj

) with mj nested commutators. Now con-
sider a single partition ω. To separate the dependence on different partitions ω,
we can combine the n! equations in eq. (6.45) by symmetrizing over all permuta-
tions that only permute indices belonging to different elements in ω. This reduces
the number of equations to p1!p2! . . . pm!. Consider a partition ωj that does not
fulfil ωj ≤ ω. It follows that any symmetric combination of nested commutators
NC(ωj , σ1, . . . , σmj

) does not contribute to the symmetrized equations constructed
above. To see this, consider NC(ωj , σ1 . . . σmj ), with ωj fulfilling the above con-
dition. At least one of the nested commutators C(ωi) is not contained in a single
element Y ∈ ω. Now let Rj be the first element of C(ωi) and define Rk to be the
next element of C(ωi), such that Rj and Rk do not belong to the same element
Y ∈ ω. Consider two elements of the original algebra, where the elements of C(ωi)
that come before Ri are next to each other and Ri is moved from the position
just before this sequence to the one just after this sequence. As a concrete ex-
ample, consider NC(ωj , σ1, . . . , σmj ) = S([[[R1, R2], R5], R6], [R3, R4], R7) and let
Rj = R1 and Rk = R5. In this case, we consider pairs such as R6R3R5R2R1R4R7

and R6R3R2R1R5R4R7. The structure of nested commutators implies that all the
equations to which NC(ωj , σ1, . . . , σmj

) contributes are part of exactly one such
pair and that the two elements of a pair have opposite sign. By contrast, the el-
ements before Rk and Rk are part of two different nested commutators of ω. The
symmetrization with respect to ω therefore combines each element of a pair into
the same symmetrized element. The contributions of ωi therefore cancel, showing
that NC(ωj , σ1, . . . , σmj

) does not contribute to any of the symmetrized equations.

Since we have a partial ordering of the finite set of partitions ω, we can in-
troduce indices i that preserve this order, ωi ≤ ωj =⇒ i ≤ j. Using this we
can first derive the symmetrized equations for ω1. They will not contain con-
tributions from terms with different partitions ω. If we can show that they are
linearly independent, each of the coefficients must be zero. Proceeding index by
index, we see that we do not obtain contributions from earlier indices, since the
fact that these were linearly independent meant that the coefficients are already
set to zero. We also do not receive contributions from later indices due to the
previous result. It therefore suffices to show that the terms at fixed ω are lin-
early independent with respect to the ω-symmetrized equations. Consider the term
Rσ1(1) . . . Rσ1(p1) . . . Rσm(1) . . . Rσm(pm). The only symmetrized combination of com-
mutators with partition ω that contributes to this term is NC(ω, σ1, . . . , σm). This
statement is also true for all symmetric transformations of this term, where the term
always has a nonnegative contribution. For each term in the partition ω, there is
therefore an equation containing only this term and linear independence follows
trivially.

To summarize, we have shown that any element of the freely generated algebra
A can be rewritten in the form of symmetric combinations of nested commutators.
The Taylor expansion of the holonomy is a special case of this result. Consider the
special case

cω,σ1...σm =
1

m!
cω1,σ1cω2,σ2 . . . cωm,σm , (6.46)

where the partitions ωi correspond to the trivial partitions having only a single
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nested element Yi ∈ ω. It follows from eq. (6.38) that we can express G as

G =
∑

Y ∈SZn

∑
σi

cσi
C(σi). (6.47)

This implies that there is a simple relation between the nested commutators of
W and its logarithm G, and we can therefore express G in terms of the nested
commutators of W . This is precisely the case we are interested in. We will now
show that the same is true for the holonomy (6.31).

The condition that must be satisfied for this to be true is as follows. When
summing the coefficients kω,σ1...σm of the original expression (6.31) over the differ-
ent contributions of a symmetrised equation, the value of the total symmetrised
expression lω,σ1...σm

is equal to the product of the values for the individual nested
commutators making up the expression. To see that this is sufficient, note that
the symmetrised equations are constructed in the same way as in the proof above.
Since these symmetrised equations uniquely determine the value of the nested com-
mutator, it follows that eq. (6.46) is true. As an example of this procedure, con-
sider the case of the operator S([R1, R3], R2), for which the condition becomes
k132 + k123 + k213 = k13k2. To prove this statement, note that the above assump-
tion implies that the symmetrised equations decompose into the products of the
primitive equations times a symmetry factor m!. The desired product structure
is therefore a solution to all of the symmetrised equations. However, the above
arguments show that these symmetrised equations determine the total solution,
implying that the solution has the desired form.

We will now show that the expression derived for an infinite-order perturbative
expansion (6.31) of the Wilson fulfils this criterion, namely, that any perturbative
expansion of the Wilson line can be written in terms of eq. (6.38), where G takes
the form of a sum of nested commutators of the basis elements Dn

2D
m
1 R. Recall

the discussion about the imprint of the nonabelian structure in eq. (6.31). This
appeared due to the sum over indices ni that depended on the ordering of the
indices ni. It is obvious that the remaining factors of eq. (6.31) fulfil eq. (6.46). We
can therefore restrict our investigation to the factors coming from these nontrivial
sums. It turns out that the sum of indices ni contributing to a single element Y of
the partition will play an important role. We therefore define qi to be the value of
this sum,

qi =

pi∑
j=1

(
nσi(j) + 1

)
. (6.48)

We now have to prove that lω,σ1...σp
has the value

lω,σ1...σp
=

m∏
i=1

pi∏
j=1

1∑j
k=1

(
nσi(k) + 1

) . (6.49)

As a simple example, consider the case of S([D2R,R], D
2
2R), for which eq. (6.49)

corresponds to

k102 + k120 + k210 =
1

6 · 4 · 3 +
1

6 · 4 · 1 +
1

6 · 3 · 1 =
1

9
=

1

3 · 3

=

2∏
i=1

pi∏
j=1

1∑j
k=1

(
nσi(k) + 1

) = k10 · k2. (6.50)

We will now prove eq. (6.49), using induction in the number p of Riemann tensors.
The case p = 1 is trivial. Considering a general value of p, we observe that the
value np corresponding to the left-most index in (6.31) only contributes to a single
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sum. Consider now kω,σ1...σm,np , the sum of all the terms that are part of lω,σ1...σm

and have a fixed value of np. Since np only affects a single term, it follows that

kω,σ1...σn,np
=

1∑m
i=1 qi

lω,σ1...σn
, (6.51)

where lω,σ1...σn is the value of lω,σ1...σn with the element corresponding to index np
removed and qi was defined in eq. (6.48). We can use the induction hypothesis to
determine lω,σ1...σn

, since we have removed one element. Using eq. (6.49) we find

lω,σ1...σn
= ql(np)

m∏
i=1

mi∏
j=1

1∑j
k=1

(
nσi(k) + 1

) , (6.52)

where l(np) is the index that np belongs to. Note that the value of np must be
the first one of the nested commutators, since the symmetrised equation does not
shuffle the indices inside a nested commutator. We therefore have one choice of np
for each nested commutator. Combining eq. (6.51) and (6.52), we obtain

lω,σ1...σm
=

m∑
k=1

kω,σ1...σm,nσk(mk)
=

m∑
k=1

 qk
(
∑m
l=1 ql)

 m∏
i=1

mi∏
j=1

1∑j
r=1

(
nσi(r) + 1

)


=
(
∑m
k=1 qk)

(
∑m
l=1 ql)

 m∏
i=1

mi∏
j=1

1∑j
r=1

(
nσi(r) + 1

)
 =

m∏
i=1

mi∏
j=1

1∑j
r=1

(
nσi(r) + 1

) . (6.53)

This shows the desired result, namely, that the generator of the gravitational holon-
omy can be written as a sum of nested commutators.

Having expressed the quantity G as a sum of nested integrals, we can use eq.
(6.24) to perform one more rewriting. Since the curvature R appears in eq. (6.24)
without covariant derivatives, we first have to remove all covariant derivatives from
the R at the right-most position of the nested commutator. To achieve this we use
the Leibniz rule to pull covariant derivatives out of the nested commutator. Then
we use (6.24) to replace this commutator by covariant derivatives. This procedure
produces an expression with one Riemann tensor less. Repeated application leaves
us with a term that is linear in the Riemann tensor. As a simple example of this
procedure, consider the term [D2D1R,D2R]. We find

[D2D1R,D2R] = D2[D2D1R,R]− [D2
2D1R,R]

= D2(D1D2 −D2D1)D2D1R− (D1D2 −D2D1)D
2
2D1R

= (D2D1D
2
2D1 −D2

2D1D2D1 +D2D1D
2
2D1 −D1D

3
2D1)R. (6.54)

As a consequence, there exists an operator O(D1, D2) with the property that

G = O(D1, D2)R, (6.55)

where O(D1, D2) is a sum of general sequences of the covariant derivatives D1 and
D2. In this new prescription, we have now expressed the holonomy in terms of an
exponential of a local expression G which is linear in the Riemann tensor, and whose
noncommutative character is captured by the order of the covariant derivatives.

We will now discuss some properties of the operator O(D1, D2). Since we have
given up the previously introduced fixed ordering of D1 before D2, there are now
relations between different orderings of the covariant derivatives. Note that only
terms that agree in their total numbers of each type of the covariant derivatives D1

andD2 can have relations between them. For all terms which containm copies ofD1
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and n copies of D2, the sum of their coefficients is equal to the coefficient in front of
the term Dn

2D
m
1 R in eq. (6.31). This happens because all other contributions from

the rewriting leading to (6.55) come in the form of commutators and will therefore

leave this sum invariant. It implies that these sums take the values
ϵn+1
2 ϵm+1

1

(n+1)!(m+1)! .

Consider now the special case where Γ1 and Γ2 commute everywhere on the
surface of integration, which means that Γ1, Γ2 and all their partial derivatives also
commute with the Riemann tensor. Each time a Christoffel symbol appears in a
covariant derivative of a (1, 1)-tensor, there are two contributions of opposite sign
with Γ on either side of the tensor. They cancel in the commutative case, implying
that the covariant derivatives can be replaced by partial derivatives. Since the
partial derivatives commute, only the sums considered above will contribute in the
final expression, leading to

O(D1, D2) =

∞∑
n=0

∞∑
m=0

ϵm+1
1 ϵn+1

2

(m+ 1)!(n+ 1)!
∂n+1
2 ∂m+1

1 R. (6.56)

Comparing this with Stokes’ theorem (6.3), we see that the same result is obtained
by Taylor-expanding the Riemann tensor and performing the area integral explicitly.
Our expression therefore agrees with the expanded Stokes’ theorem in the abelian
case7, which amounts to a cross-check of our construction. The general case is
more complicated, since different orderings of the covariant derivatives no longer
commute. This implies that the nonabelian corrections to the holonomy are encoded
in the different orderings of the covariant derivatives or, equivalently, in a sum over
different paths connecting the Riemann tensor to the origin via parallel transport,
with each element of this sum having a nontrivial weight.

Another property of the operator O(D1, D2) follows from the definition of the
holonomy, which implies that moving along the curve γ−1 with opposite orientation
leads to the inverse holonomy, Wγ−1 = W−1

γ . The exponent G must therefore be
antisymmetric under exchange of the indices 1 and 2. This antisymmetry is already
present in the Riemann tensor R, and implies that the operator O(D1, D2) must be
symmetric. It turns out that it is not very useful to implement this symmetry in
direct calculations, since calculations that treat D1 and D2 differently, such as the
one presented above, are easier to perform. However, a direct consequence of this
symmetry is that we can immediately deduce the result at order (m,n) from that
at order (n,m).

6.3.2 Rewriting the expansion formula

In the previous section we demonstrated the existence of the simplified expression
(6.55) for the holonomy, whose nonabelian nature is now reflected in the structure
of the operator O(D1, D2). However, the strategy of the proof did not yield an
explicit expression for this operator. In this subsection we will try to address the
explicit functional form of O(D1, D2).

It turns out that rewriting eq. (6.31) into the form of eq. (6.55) is complicated. A
major challenge is that by allowing for a general ordering of the covariant derivatives,
the expression for O(D1, D2) is not unique. As an example, we can use (6.24) to
derive that

D1D2R = D2D1R+ [D1, D2]R = D2D1R+ [R,R] = D2D1R. (6.57)

Similar and increasingly more complicated identities appear when we consider higher-
orders terms. In practical calculations we have been able to determine the operator
O(D1, D2) up to order n = 6. In the present discussion we will limit ourselves to

7This special case is discussed in much greater detail in [74].
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n ≤ 2, since the order n = 2 is the first order with interesting nonabelian contribu-
tions. There is no qualitative difference between the orders n = 2 and 3 ≤ n ≤ 6,
and the ideas needed to calculate them are all similar. We will suppress powers of
ϵ1 and ϵ2, which can always be restored by simple power counting.

When considering an order of O(D2, D1), note that the corresponding terms of
the Wilson loop come with an additional Riemann tensor, and therefore add 1 to
the values of n and m. The orders n = 0 and n = 1 in the expansion of the Wilson
loop are trivial, because the terms that can appear are Dm

1 R at order n = 0 and
D2D

m
1 R or Dp−1

1 RDm−p
1 R with 0 < p ≤ m at order n = 1. There is no need to

rewrite these terms in eq. (6.31), since the coefficients of these terms do not contain
commutators. The operator O(D1, D2) takes the same form as eq. (6.31) at these
orders, and any nonabelian effect is correctly captured by ordering D2 before D1.

The order n = 2 is more interesting. There are four basic terms that can appear
in (6.31), namely, D2

2D
m
1 R, D2D

p−1
1 RDm−p

1 R, Dp−1
1 RD2D

m−p
1 R and

Dp1−1
1 RDp2−1

1 RDm−p1−p2
1 R with 0 < p ≤ m, 0 < p1 ≤ m and 0 < p2 ≤ m − p1.

The interesting aspect is that the nontrivial dependence on D2 in the expression
(6.31) implies that a commutator will appear in the expression for O(D2, D1). In
particular, focusing on the case m = 0 we find

1

3
D2RR+

1

6
RD2R =

1

4
{D2R,R}+

1

12
[D2R,R], (6.58)

where {} denotes the anti-commutator, {D2R,R} := D2RR+RD2R. Generalizing
(6.58) to any value of m is straightforward, yielding

m∑
p=1

(
m+1
p

)
(m+ 1)!

(
1

3
D2D

m−p
1 RDp−1

1 R+
1

6
Dm−p

1 RD2D
p−1
1 R

)

=

m∑
p=1

(
m+1
p

)
(m+ 1)!

(
1

4
{D2R,R}+

1

12
[D2D

m−p
1 R,Dp−1

1 R]

)
, (6.59)

where the binomial expression will be convenient in the following calculations. The
logarithm G of the Wilson loop therefore has contributions of the form

1
3!(m+1)!D

2
2D

m
1 R and

(m+1
p )

12(m+1)! [D2D
m−p
1 R,Dp−1

1 R]. As a result, this is the first

order which includes generic nonperturbative effects, in the sense that the term
(6.59) produces additional orderings in the expression for O(D1, D2).

We now have to find a consistent way of expressing O(D1, D2) such that the
commutators coming from eq. (6.59) are included. To this end, consider the term

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!
[Dp

1 , D2]D
m−p
1 R. (6.60)

121



We can use (6.24) to bring it into the standard order of (6.31), yielding

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!
[Dp

1 , D2]D
m−p
1 R

=

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!

p∑
q=1

Dq−1
1 [D1, D2]D

m−q
1 R

=

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!

p∑
q=1

Dq−1
1 [Dm−q

1 R,R]

=

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!

p∑
q=1

q∑
r=1

(
q − 1

r − 1

)
[Dm−r

1 R,Dr−1
1 R]

=

m∑
p=1

p∑
r=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!
[Dm−r

1 R,Dr−1
1 R]

p∑
q=r

(
q − 1

r − 1

)

=

m∑
p=1

p∑
r=1

(
m+ 1

p

)(
p

r

)
(−1)m−p

(m+ 1)!
[Dm−r

1 R,Dr−1
1 R]

=

m∑
r=1

(−1)m

(m+ 1)!
[Dm−r

1 R,Dr−1
1 R]

m∑
p=r

(−1)p
(
m+ 1

p

)(
p

r

)

=

m∑
r=1

(
m+1
r

)
(m+ 1)!

[Dm−r
1 R,Dr−1

1 R]. (6.61)

Eq. (6.61) is consistent with the expansion formula (6.31) for the holonomy, in the
sense that the factor assigned to each term is equal to the factors assigned to the
covariant derivatives D1 in eq. (6.31). In particular, the factor is symmetric under
the exchange r 7→ m − r + 1. This implies that eq. (6.61) vanishes due to the
antisymmetry of the commutator. It is quite simple to use eq. (6.61) to recursively
build other combinations of the covariant derivatives, which in a similar manner
assign factors to all the covariant derivatives D1 that are consistent with eq. (6.31).
By using these combinations as the basis for the operator O(D1, D2), we are able to
consider all orders of D1 simultaneously. This simplifies the problem of determining
the operator O(D1, D2) considerably.

We will now calculate such an example explicitly. Consider the combination of
covariant derivatives

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!
[Dp

1 , D
n
2 ]D

m−p
1 R, (6.62)

which is one of the terms we will use to express O(D1, D2). We will show that
eq. (6.62) can be treated recursively, relating the formula at n = n0 to a similar
formula at n = n0 − 1. A simple consequence of this is that the expression consists
of nested commutators whose factors with respect to D1 all agree with eq. (6.31).

122



Performing a direct calculation, we find

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!
[Dp

1 , D
n
2 ]D

m−p
1 R

=

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!

(
[Dp

1 , D2]D
n−1
2 Dm−p

1 R+D2[D
p
1 , D

n−1
2 ]Dm−p

1 R
)

=

m∑
r=1

m∑
p=r

(
m+ 1

p

)(
p

r

)
(−1)m−p

(m+ 1)!
[Dp−r

1 Dn−1
2 Dm−p

1 R,Dr−1
1 R]

+

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!
D2[D

p
1 , D

n−1
2 ]Dm−p

1 R

=

m∑
r=1

1

r!(m− r + 1)!
[Dn−1

2 Dm−r
1 R,Dr−1

1 R]

+

m∑
r=1

1

r!

[
m−r∑
q=1

(
m− r + 1

q

)
(−1)m−q−r

(m− r + 1)!
[Dq

1, D
n−1
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1 , D
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2 ]Dm−p

1 R. (6.63)

Note that the commutators betweenD2 andD1 of eq. (6.63) have the same structure
as the previous expression (6.62), except that the value of n has been replaced by
n− 1. Eq. (6.63) therefore leads to a recursive relation between the expressions at
order n and n−1. All factors of D1 which are not part of the recursive formula have
factors consistent with eq. (6.31). Since n = 1 is also consistent with eq. (6.31), it
follows by induction in n that the factors corresponding to D1 are consistent with
(6.31) for any value of n. More complicated examples such as

m−1∑
m1=1

m−m1∑
m2=1

(
m+ 1

m1

)(
m−m1 + 1

m2

)
× (−1)m2

(m+ 1)!(m−m1 + 1)!
Dm1

1 Dn1
2 Dm2

1 Dn2
2 Dm−m1−m2

1 R (6.64)

can be shown to have similar properties. Using eq. (6.63), we can now take into
account the additional commutator contributions to O(D1, D2) at order two,(

m+1
p

)
12(m+ 1)!

[D2D
m−p
1 R,Dp−1

1 R] =
1

12
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p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!
[Dp

1 , D
2
2]D

m−p
1 R.

(6.65)
Combining the terms of eq. (6.65) with the previously discussed terms that do not
contain any commutators, we find the following expression for O(D1, D2)

O(D1, D2) =

∞∑
m=0

ϵm1 D
m
1

(m+ 1)!
+
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m=0

ϵm1 ϵ2
2(m+ 1)!

D2D
m
1 +
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ϵm1 ϵ
2
2

6(m+ 1)!
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2D
m
1

+
1

12

m∑
p=1

(
m+ 1

p

)
(−1)m−p

(m+ 1)!
[Dp

1 , D
2
2]D

m−p
1 +O(ϵ32). (6.66)

Although this expression is easier to interpret than (6.4), because it is a local
expression of the Riemann tensor involving a simple exponentiation, its functional
form is rather complicated. Apart from the special abelian case discussed above,
we have so far been unable to find situations where the expression (6.66) reduces
to something that we can interpret as a curvature integral.
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6.4 Summary

In this chapter, we have investigated the structure of holonomies, focusing on grav-
itational Wilson loops. An important question is whether one can interpret the
gravitational Wilson loop in terms of an integrated or averaged curvature. We first
performed an expansion of an infinitesimal Wilson loop, yielding the well-known
formula (6.2), which relates the lowest nontrivial order to the Riemann curvature
tensor. The question is whether this relation can be generalized to the noninfinites-
imal case, where higher-order terms must be included. We reviewed the nonabelian
Stokes’ theorem, which is valid for loops of finite size. However, the nonabelian
structure of (6.4) makes it difficult to interpret the gravitational Wilson loop along
the lines of the usual Stokes’ theorem. We identified two major problems in practical
applications of this formula. Firstly, it is highly nonlocal because of the necessity
of using parallel transport. Secondly, the explicitly nonabelian nature of the ex-
pression makes it difficult to find a local Taylor expansion for the logarithm of the
holonomy, which would be needed for obtaining an “average” curvature like in the
abelian case.

We addressed the first issue by deriving a local expression for the Wilson loop,
using a Taylor expansion at its base point. Using the relation (6.24) between the co-
variant derivatives and the curvature, we were able to calculate explicitly any order
in the expansion, determining the full analytical contribution to the gravitational
holonomy eq. (6.31). We also showed that this expression agrees with an expansion
of the nonabelian Stokes’ theorem.

We also made limited progress in tackling the second issue. Using the expression
(6.24) and the explicit form (6.31), we were able to show that

W = eO(D1,D2)R, (6.67)

where O(D1, D2) is a general multinomial in the generators D1 and D2. Since the
expression in the exponent is linear in the Riemann tensor, eq. (6.67) is closer to the
standard Stokes’ theorem. We showed that it reduces to the usual Stokes’ theorem in
the abelian case. This means that the nonabelian character of eq. (6.67) is captured
by the nontrivial ordering of the covariant derivatives appearing in the exponent.
We have also presented a calculation of the first two orders, eq. (6.66), to show how
this works explicitly. We found that the contributions become complicated already
at second order in the covariant derivatives. This makes it difficult to envisage
direct applications of this computational scheme beyond the abelian case discussed
in [74].
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Chapter 7

Conclusions and outlook

In this thesis we have looked at curvature observables that may be implemented
in CDT quantum gravity. Our goal was to extend the toolbox of the theory and
obtain new insights into the geometric properties of quantum spacetime.

Our main investigation was devoted to the new prescription of the quantum Ricci
curvature. We tested it in several, gradually more complicated classical settings,
where we had a good control of the expected answer. We were able to show that the
quantum Ricci curvature is a robust observable, in the sense that it yields mean-
ingful results and can reproduce classical continuum results after suitable coarse-
graining. Since the construction uses only distance and volume measurements, it
can be applied in many other discretized settings. In this regard, it resembles
the Ollivier-Ricci curvature, which partly inspired our construction and has found
applications in many settings, see [58] for a recent example.

Implementing the quantum Ricci curvature in four-dimensional CDT quantum
gravity, we were able to overcome some difficulties of Regge’s deficit angle curvature
prescription, and to obtain meaningful and finite values for the expectation value
of the curvature in the de Sitter phase CdS . Our measurements showed that the
curvature is consistent with that of a round four-sphere. This supports previous
findings of a de Sitter-like behaviour of four-dimensional CDT in this phase. It is the
first confirmation of this behaviour that is based on a local geometric quantity rather
than the global volume profile. In addition, the directional character of the quantum
Ricci curvature allowed us to probe differences in the time- and spacelike directions.
We saw that both directions display similar physical behaviour, indicating that on
the scale probed the quantum geometry is isotropic, like de Sitter space. At the
same time, we observed a lattice anisotropy, with different scalings between lattice
and physical distances in the two directions.

Important future investigations of the quantum Ricci curvature include making
measurements elsewhere in phase space, to understand whether and how curvature
properties change inside the phases CdS and Cb, and in the vicinity of the phase
transitions. It would be particularly useful to obtain a quantitative measure of the
lattice anisotropy between time and spatial distances throughout phase space, to
improve the control on the renormalization group flow analysis of [69].

It would also be interesting to further investigate phase Cb in terms of the quan-
tum Ricci curvature. This phase has an embedded string-like structure of extremely
high-order vertices [51], and one would like to understand to what extent the cur-
vature properties along and near this structure are different from the remainder of
the quantum geometry.

Another important question is what happens when the overall topology is changed
from S1 × S3 to that of a four-torus T 4, which in CDT quantum gravity was first
investigated in [86]. It turns out that the phase diagram is qualitatively similar
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to that for the S1 × S3 topology. However, measurements of the correlator of the
volume of neighbouring spatial slices, leading to an effective minisuperspace action,
behave differently, indicating a different large-scale geometry [87]. Measuring the
quantum Ricci curvature on the four-torus, to see what sort of global geometry
it supports, may lead to a better understanding of the interplay of topology and
geometry of quantum spacetime. Likewise, one would like to repeat the measure-
ments as a function of the direction in spacetime and compare them to the results
obtained for spherical topology.

The quantum Ricci curvature opens the door to many important questions on
quantum gravity and quantum geometry. The biggest impediment at this stage is
the fact that the measurements for large configurations are very slow. Algorithmic
improvements or alternative definitions that preserve the properties of the quan-
tum Ricci curvature but are easier to measure would be highly desirable in future
investigations along the lines discussed above.

The project on Wilson loops in many ways is still in its infancy. Our aim
was to find an alternative formulation of Stokes’ theorem that would allow us to
extract curvature information from the holonomies of gravitational Wilson loops.
Unlike previous work such as [73], we wanted to express the right-hand side of
the theorem in terms of an integral of a local expression involving the Riemann
tensor, hoping that this would make the result easier to interpret. We were able to
obtain an expression for the general Taylor expansion of the holonomy, which we
could rewrite as the exponential of a differential operator O(D1, D2) acting on the
Riemann tensor, eq. (6.67). Although this brings the expression for the nonabelian
holonomy closer to the standard Stokes’ theorem, the computational difficulties in
its explicit calculation and a high degree of ambiguity in the choice of the basis of
monomials made the expression difficult to interpret. It remains to be seen whether
interesting special cases can be identified, for which the differential operator can be
evaluated more easily. So far, we have found one nontrivial case where the closed
curve of the Wilson loop lies in a totally geodesic surface of the underlying manifold.
In this case, the right-hand side of the theorem becomes abelian and can be reduced
to the exponential of an integral of the sectional curvature over the surface [74].

126



Acknowledgements

The journey of this thesis has come to an end, and the time has come to offer my
gratitude to all the people who helped me along the way, and without whom this
thesis would never have been finished.

I would like to express my gratitude to all the teachers throughout my studies
before and in University, for helping me realise a passion for physics and expanding
my intellectual horizons. Especially I would like to thank my master thesis super-
visor Jan Ambjørn, who not only introduced me to CDT and research, but also
helped pointing me towards a position at Radboud University. Jan is an inspiring
person with an amazing insight into physics and I grew a lot as a physicist thanks
to the time as your master student.

I would like to thank all the people I met at Radboud University. This group
includes but is not limited to permanent research staff, postdocs, fellow PhDs,
master/bachelor students and the HEP secretariat. All of you have helped solving
issues of scientific and practical nature and have made the time at Radboud more
joyful, with interesting discussions and exciting social events. I wish all of you the
best in any future endeavours. A special mention goes to Marcus Reitz and Melissa
van Beekveld with whom I shared offices during my time at Radboud, Marcus Reitz
and Reiko Toriumi, who both took part in the project on Wilson loops, and Joren
Brunekreef, who also looked into applications of quantum Ricci curvature parallel
to some of my research.

I also have to express my deepest gratitude to my supervisor Renate Loll, with-
out whom none of this would have been finished. Working with you has been very
inspiring not only for your ability to always pose the right question and focus on
the important parts, but also for allowing me to pursue my own at times misguided
research directions. I have learned a ton from your ability to communicate an im-
portant message in the most effective way, and from your insistence on making sure
that things were as perfect as possible, a skill that I lack at times. I would also like
to thank you for the enormous effort you put into getting this thesis in the best
possible shape. This thesis would have been nowhere near the quality it is now
without your assistance.

I would also like to thank former FOM / current NWO for providing the funding
necessary for this research, Radboud University for providing a location and the
necessary tools and Perimeter Institute for providing several short and inspiring
visits.

Finally I would like to thank friends and family for showing the patience to allow
me to finish this work, and supporting me while living abroad. I wish all of you the
best.

127



128



Curriculum Vitae

Nilas Klitgaard was born on Apr 15, 1990, in Frederiksberg, a part of Copenhagen
in Denmark. He completed his pre-university education in 2010, graduating from
Borupgaard Gymnasium in Ballerup. Nilas studied physics at the University of
Copenhagen from 2010 to 2015, finishing with a masters degree. The first year of
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