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ABSTRACT

The Hubble parameter plays an important role to calculate astronomical distance and time in-
tervals. Late and early universe measurements that apply the Λ-CDM model, show a mismatch
between the Hubble parameter extrapolated to the present time. We propose an alternatemodel
that replaces the cosmological constantΛwith a curvature dependent dark energy (CDDE) term,
introducing a matter creation mechanism aimed to solve the Hubble tension. We were able to
solve the Hubble tension by increasing the total matter content in the universe by 57% with light
non-relativistic neutrinos with a rest mass energy of multiple meV. Our model is validated by
comparing its predicted deceleration parameter against the Λ-CDM predicted version. Although
our model was only constructed to solve the Hubble tension, it was also found to be compatible
with the measured acceleration of the expansion of the universe. As an exploration of the matter
creation mechanism we fitted our model to a two-component early universe consisting of radia-
tion and baryonic matter exclusively. This increased the total matter content by a factor of 2.45,
which is not enough to provide a consistent explanation for all the dark matter content in the
universe. It is therefore not worthwhile to study the matter creation mechanism as a substitute
for dark matter.
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1 INTRODUCTION

The Hubble parameter is an important parameter that is used to measure distances and time
intervals in the cosmos. It describes the expansion rate of the universe and is commonly de-
rived from the Λ-CDM standard model, which in turn is derived from the Einstein field equation
with a cosmological constant Λ. It also includes Cold Dark Matter (CDM) in its model. This is
motivated from several astrophysical observations such as gravitational lensing, galaxy rotation
curves and the large scale structure. These observations cannot be explained with the amount
of visible matter present. As an explanation to these phenomena, dark matter has been hy-
pothesized as a type of matter that does not interact electromagnetically, making it very hard to
detect. In the Λ-CDM model it is used to explain the discrepancy between the amount of matter
measured in the late universe and the amount of baryonic matter derived from the epoch of Big
Bang Nucleosynthesis (BBN), which is the epoch when the first nuclei were formed. See [1] for
further details.

However, late and early universe observations have proposed seperate values for the Hub-
ble constant, i.e. the present day Hubble parameter[2, 3, 4]. Different measurements on late
universe observations are combined to get a Hubble constant of H0 = 73.3±0.8 km/s/Mpc[2].
The Planck collaboration however did measurements on the Cosmic Microwave Background
(CMB) and applied the Λ-CDM model to find a Hubble constant of H0 = 67.4±0.5 km/s/Mpc[4].
This ’tension’ potentially suggests that the Λ-CDM model is not yet complete and there is new
physics left to explore[5].

In this study, we propose an alternative model to resolve the Hubble tension by replacing the
cosmological constant Λ with a Curvature Dependent Dark Energy term (CDDE). This intro-
duces an interactive term between dark energy and matter, which could increase the amount
of matter in the universe when dark energy becomes an important energy density term in the
universe. The underlying idea originates from Quantum Field Theory in curved spacetime. This
theory predicts that particles can be created in the presence of a changing background metric.

As a follow-up, we will take this idea to the extreme and check if this mechanism can cre-
ate enough matter to provide a consistent explanation for dark matter. This is done by fitting
our model to an early-time two-component universe, which consists of baryonic matter and ra-
diation exclusively.

In chapter 2, we start with a small history of the relevant history of the universe followed by
the relevant theory behind the expansion of the universe. We will then discuss where we will
deviate from the literature. In chapter 3, the methodology to solve the Hubble tension will be
discussed. In addition, we will provide a method to fit our model to a universe that started
out without dark matter. The results of these studies are discussed in chapter 4 followed by a
conclusion and outlook in chapter 5.
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2 THEORY

In this chapter the relevant context, followed by the theory behind this study will be discussed.
The context and theory have been studied on the basis of [1]. We refer to this source for more
details on the topics discussed in this chapter.

2.1 Small history of the universe

We will provide an overview of the history of the universe relevant for this study. Following the
Big Bang and the epoch when protons and neutrons were formed the universe existed as a
plasma comprising of baryonic matter (protons and neutrons), electrons, and radiation (pho-
tons and neutrinos). In addition the universe (most likely) contained a decoupled background of
dark matter that mainly contributed gravitationally. The number of photons vastly outnumbers
the number of baryons by a factor of 1.6 · 109 (see table 3.1)[6]. Therefore, photons played a
leading role in the primordial plasma, which during early stages is completely radiation domi-
nated. Figure 2.1 is an overview of the history of the universe, depicting the primordial plasma
in more detail.

Figure 2.1: A visual aid of the history of the universe. Indicated are the most important
events during the early universe. The time period relevant to this study is that after
protons have been formed[7].

The approximate moment when the radiation-dominated universe ends is known as matter-
radiation equality, when the energy density contributions of matter and radiation are equal. The
moment of matter-radiation equality is model-dependent, but usually happens (well) before the
primordial plasma disappears. While matter-radiation equality is an important ingredient for
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describing structure formation, we will simply use it as a separator between the matter and radi-
ation dominated universes. As we describe the primordial plasma, we will assume that electrons
remained in thermal contact with the photons, and baryons maintained thermal contact with the
electrons[8]. Because during this period all thermodynamic processes occurred much faster
compared to the age of the universe, and given our previous assumption, we consider every-
thing in the primordial plasma to be in thermal equilibrium. This means the thermodynamic
processes are described through a Boltzmann distribution. Additionally, the average number of
baryons and photons inside the plasma remains constant, while the radiation follows a Planck
distribution and, in turn, describes the temperature of the plasma[9]. Because the universe is
expanding, its components are diluted, lowering their matter/energy densities. As the photon
energy density is related to temperature (ρR ∝ T 4), the temperature of the universe also de-
creases. Consequently, thermodynamic processes within the plasma have only a brief window
of opportunity to occur, as the universe’s temperature transitions from ’too hot’ to ’too cold. This
means there is a chronological order to the thermodynamic processes that happen inside the
primordial plasma, which will be described below.

An important epoch of thermodynamic processes happens at temperatures below T ≈ 3·1010 K
when the weak-interaction thermal equilibrium processes:

p+ e− ⇌ n+ νe (2.1)

p+ ν̄e ⇌ n+ e+ (2.2)

start to prefer protons over neutrons. At that time the positrons are still around as they can be
formed by the electromagnetic process of electron-positron pair creation:

γ + γ ⇌ e+ + e− (2.3)

The weak force interactions aremostly maintained by (anti-)neutrinos. However, as the universe
expands the mean free path of the (anti-)neutrinos increases until it is larger than the Hubble
length[10] at T ≈ 9·109 K. The Hubble length is the distance which a hypothetical photon would
have traveled in the expanding universe if it started moving from the Big Bang until a particular
moment (in this case when T ≈ 9 · 109 K). This causes the (anti-)neutrinos to decouple from
the plasma, ending the epoch of weak force interactions 1s after the Big Bang. As a result, no
more protons are turned into neutrons and the neutrons will decay into protons unless they are
bonded to a stable atomic nucleus.

2.1.1 Big Bang Nucleosynthesis

From here the universe cools down to temperatures that allow fusion to occur. This epoch
is called Big Bang Nucleosynthesis (BBN) and lasts for only a few minutes. The first fusion
process happens at T ≈ 3 · 109 K, when deuterium is fused from protons and neutrons:

n+ p ⇌ D + γ (2.4)

Deuterium is the first element to be formed because all other elements like helium-4 and beyond
are fused from deuterium, although we will not consider elements beyond helium-4 in this study.
There are various processes to fuse helium-4 from deuterium, by fusing intermediate products
like helium-3 and tritium. These elements however fuse almost immediately into helium-4 so we
will not look into the fusion process from deuterium to helium-4 in more detail. Even though the
fusion temperature of helium-4 is higher than that of deuterium (T ≈ 2.6 ·1011 K), no helium-4 is
formed because there is no deuterium to fuse with yet. As a result, the window of opportunity to
fuse helium-4 is bottle-necked by the deuterium fusion process. In addition, during this process
a small percentage of the neutrons decays back to protons, which slightly reduces the amount
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of deuterium in the universe. The deuterium fusion process stops at T ≈ 7.6 · 108K, which,
in turn, stops all other fusion processes and ’freezes’ the relative amounts of fused products
compared to the number of unfused protons.

2.1.2 Photon decoupling

After the BBN epoch, the primordial plasma consists of ions in a sea of free electrons and pho-
tons with (potentially) a decoupled dark matter background that provides mainly a gravitational
contribution. For example, the dark matter background interacts with the baryonic matter den-
sity fluctuations of the primordial plasma. This creates Baryonic Accoustic Oscillations (BAO)
and plays a leading role in the structure formation after the primordial plasma has vanished[11,
12, 13]. The dominant interaction between all these components in the plasma is Thomson
scattering between electrons and photons.

p+ e− ⇌ H + γ (2.5)

As the universe is cooling down to a temperature of about T ≈ 3 · 105 K, the photons reach the
ionization energy of the ions, gradually allowing neutral atoms to be formed. This reduces the
Thomson scattering rate since this requires free electrons that are not bound to atoms. Similarly
to the neutrinos before the BBN epoch, this increases the mean free path of the photons until
it is larger than the Hubble length and decouples the photons from the primordial plasma[10].
This happens at T ≈ 3 · 103 K.

The photon radiation that we observe from the Cosmic Microwave Background (CMB) corre-
sponds to the radiation the moment it was decoupled from the primordial plasma. This is still
observed to follow a Planck (black-body) distribution at present time, proving the photons have
been moving through the universe without interacting. Although the Planck distribution itself
doesn’t change, it redshifts over time, meaning we can calculate the radiation temperature after
the photons have been decoupled. This is explained in more detail in table 3.1.

2.1.3 Universe after radiation dominance

After the photons have decoupled, the baryonic matter content in the universe ’freezes’ because
there is no more radiation that applies a pressure to the baryonic matter. This also means that
the BAOs also are ’frozen’ in place. These BAOs are observable in the cosmos[11, 12, 13, 14]
(see figure 2.2). As the universe is expanding, the matter energy from the baryons (and dark
matter) decreases at a slower rate than radiation, because the radiation wavelength increases
along with the expansion of the universe, lowering its energy density even more. As a result,
the matter energy density eventually exceeds the radiation energy density, creating a matter
dominated universe.

This epoch comes to an end after enough time has passed for the matter energy density to
be lower than the dark energy density. The exact moment when this happens is model depen-
dent, but should happen when the radiation temperature reached T ≈ O(101) K. Because
the dark energy density doesn’t decrease in the same way as the matter and radiation energy
densities during the expansion of the universe, the amount of energy in the universe effec-
tively increases. This causes the universe to expand at an accelerating rate as observed in our
present-day universe. The radiation temperature at present is T = 2.73 K (see table 3.1).
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2.2 Expansion of the universe

In this thesis, we will apply the (+ - - -) signature convention for our metric. In addition, we will
use natural units (c = ħ = ϵ0 = µ0 = kB = 1). By doing so, these constants become absorbed
in the relevant quantities and fields. This allows us to express all units as powers of eV, which
makes interpreting which particles can be created easier.

The theory of cosmology starts with general relativity, since gravity is the only predominant
force at cosmological scales[15]. This is described by the Einstein field equations with a metric
(gµν) and dark energy term Λgµν where Λ > 0:

Gµν + Λgµν = −8πGTµν (2.6)

Here G is the gravitational constant and the Einstein tensor (Gµν) is given by the traditional
expression in the Einstein field equations in terms of the Ricci tensor (Rµν) and Ricci scalar (R):

Gµν = Rµν −
1

2
Rgµν (2.7)

From observations of the large scale structure we know the large scale structure of the universe
is homogeneous and isotropic. This is shown in figure 2.2, where at low distances there is a
clear structure to the galaxy clusters in the universe, but as we go to higher distances this
structure fades and the universe becomes homogeneous and isotropic.

Figure 2.2: Observations of the cosmos at different angles and distances[14]. At low
distances we clearly observe structure to the galaxy clusters, but as we observe the
universe at larger distances this structure starts to disapear, rendering the large scale
structure of the universe effectively homogeneous. This also happens at every angle,
meaning the large scale structure of the universe is isotropic.
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We therefore apply the perfect fluid approximation for our stress-energy tensor (Tµν):

Tµν = diag(ρ,−pgFRW
ii ) (2.8)

with i = 1,2,3 referring to the spacial components. Here ρ is the total energy density in the
universe caused by non-relativistic matter (ρM ) and radiation (ρR), consisting of super-relativistic
matter and photons originating from the epoch of photon decoupling:

ρ = ρM + ρR (2.9)

The −pgFRW
ii term is a pressure term which is caused by radiation with the relation:

p = ρR/3 (2.10)

The perfect fluid approximation requires the metric of the universe gµν to be spherically sym-
metric. We therefore choose a metric with spherical symmetry and which is spatially scaled
(with a scale factor a(t)) homogeneously and in an isotropic manner. Furthermore, the uni-
verse might have some intrinsic spatial curvature (κ), which we need to account for. Such a
metric is called the Friedmann-Robertson-Walker (FRW) metric and is expressed in spatially
spherical spacetime coordinates (t, r, θ, ϕ) as:

gFRW
µν = diag(1,− a2(t)

1− κr2
,−a2(t)r2,−a2(t)r2 sin2 θ) (2.11)

By observing light emitted from distant galaxies, we can relate its redshift (z) to the scale factor:

a(z) =
1

1 + z
(2.12)

From this relation we define the scale factor at present time, denoted with a subscript 0 (t0),
to be 1 when no redshift is observed (a(t0) = a(z = 0) ≡ 1). Additionally, we will utilize the
convention to use redshift as a surrogate for time. The motivation for this convention is apparent
when calculating the comoving distance (D) of light traveling in an expanding universe from its
emitted time (te) until the present (t0):

D =

∫ t0

te

dt

a(t)
(2.13)

Finding values for te, t0 and a(t) is barely measurable, since it requires knowing the absolute
time of the universe. However, we can rewrite this equation in terms of z and define the Hubble
parameter:

H =
ȧ

a
(2.14)

where an overhead dot corresponds to differentiation with respect to time:

da = ȧdt = −a2dz (2.15)

dt

a
= −adz

ȧ
= − dz

H(z)
(2.16)

D =

∫ ze

0

dz

H(z)
(2.17)

We can see that this integral is now expressed in terms of relative redshift, which can be mea-
sured directly. It also shows the importance of knowing the Hubble parameter in cosmology,
for it is required in order to know any distance or quantity that evolves in time. In the upcom-
ing sections we will explore two approaches to finding H(z) from the Einstein field equations.
While the Λ-CDM model assumes a cosmological constant as dark energy term, we will instead
assume an alternative dynamical dark energy term depending on the Ricci scalar (R).
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2.3 Hubble parameter according to Λ-CDM

The Λ-CDM model derives its version of the Hubble parameter by working out the Einstein field
equations as explained in the previous section for a constant value of Λ:

Rµν(t) = diag
(
3
ä(t)

a(t)
,

[
ä(t)

a(t)
+ 2H2(t) + 2

κ

a2(t)

]
gFRW
ii (t)

)
(2.18)

R(t) = 6

(
ä(t)

a(t)
+H2(t) +

κ

a2(t)

)
(2.19)

We find there are only two unique equations (µ = ν = 0 and µ = ν = i).

Temporal part G00 + Λg00 = −8πGT00:

H2(t) =
8πGρ(t) + Λ

3
− κ

a2(t)
(2.20)

Spatial part Gii + Λgii = −8πGTii:[
2
ä(t)

a(t)
+H2(t) +

κ

a2(t)

]
gFRW
ii = − (8πGp(t)− Λ) gFRW

ii (2.21)

Using eqn. 2.20:
ä(t)

a(t)
−H2(t)− κ

a2(t)
= −4πG[ρ(t) + p(t)] (2.22)

Multiplying eqn 2.20 by a2(t) and taking the derivative with respect to time:

2ä(t)ȧ(t) =
8πG

3

[
2ȧ(t)a(t)ρ(t) + ρ̇(t)a2(t)

]
+ 2

Λ

3
ȧ(t)a(t) (2.23)

Rewriting eqn. 2.22 by inserting 2.20:

ä(t)

a(t)
= −4πG

3
(ρ(t) + 3p(t)) +

Λ

3
(2.24)

This expression shows that Λ > 0 could allow for an epoch with accelerated expansion. Com-
bining the above eqn. with eqn. 2.23 results in the final differential eqn.

ρ̇(t) = −3H(t)[ρ(t) + p(t)] (2.25)

Eqns. 2.20 and 2.25 can be written in terms of z using eqn. 2.16 resulting in the following two
unique equations:

H2(z) =
8πGρ(z) + Λ

3
− κ(1 + z)2 (2.26)

dρ(z)

dz
= 3

ρ(z) + p(z)

1 + z
(2.27)

The above equations are however not solvable as we have three parameters (H(z), ρ(z), p(z))
but only two equations. To resolve this issue we will first rewrite ρ(z) and p(z) using eqns. 2.9
and 2.10:

H2(z) =
8πG(ρM (z) + ρR(z)) + Λ

3
− κ(1 + z)2 (2.28)

dρM (z)

dz
+

dρR(z)

dz
=

3ρM (z) + 4ρR(z)

1 + z
(2.29)
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Before solving the above equations we can rewrite eqn. 2.28 in an alternative form and define
new dimensionless energy densities Ωx(z) ≡ 8πG

3H2(z)
ρx(z) to find an interesting result:

1 +
κ(1 + z)2

H2(z)
= ΩM (z) + ΩR(z) + ΩΛ(z) ≡ Ω̄(z) (2.30)

Note that ΩΛ is traditionally defined as ΩΛ(z) ≡ Λ
3H2(z)

so we will use this definition as well. The
quantity Ω̄ is the dimensionless total energy density in the universe and depends on κ. This
means that when the universe exhibits positive intrinsic spatial curvature (κ > 1) then Ω̄ > 1, if
the universe has no intrinsic spatial curvature (κ = 0) then Ω̄ = 1 and in the case of negative
intrinsic spatial curvature (κ < 1) then Ω̄ < 1. Observing the large scale structure seems to
support that the present universe is consistent with a spatially flat space-time, meaning κ = 0.
It is therefore convenient to assume that κ = 0 for all times since it provides a simplification of
our model and the Λ-CDM model with minimal error. Assuming κ = 0 also constrains Ωx to be
between 0 and 1, which helps with physical interpretations. We will therefore use Ωx instead of
ρx to describe energy densities. Eqn. 2.30 with κ = 0 is called the Benchmark model›:

ΩM (z) + ΩR(z) + ΩΛ(z) = 1 (2.31)

Going back to eqns. 2.28 and 2.29, the Λ-CDM model makes the additional assumption that
there is no interaction between matter and radiation. This is a safe assumption because the
relevant time period of our study is after the epoch of photon decoupling. With this assumption,
we can decouple eqn. 2.29 to obtain a third equation and giving the following expressions:

ρM (z) = ρM,0(1 + z)3 (2.32)

ρR(z) = ρR,0(1 + z)4 (2.33)

H2(z) =
8πG

3
ρM,0(1 + z)3 +

8πG

3
ρR,0(1 + z)4 +

Λ

3
(2.34)

We can rewrite eqn. 2.34 into the nicer form:

H2(z) = H2
0

(
8πG

3H2
0

ρM,0(1 + z)3 +
8πG

3H2
0

ρR,0(1 + z)4 +
Λ

3H2
0

)
(2.35)

=⇒ H(z) = H0

√
ΩM,0(1 + z)3 +ΩR,0(1 + z)4 +ΩΛ,0 (2.36)

This is the final expression for H(z) in the benchmark Λ-CDM model. Present day measure-
ments of ΩΛ-CDM

M,0 and ΩR,0 show ΩR,0 = 7.74+0.178
−0.173 ·10−5[16, 17] and ΩΛ-CDM

M,0 = 0.334±0.018[18].
Here ΩR,0 is derived from late universe observations while ΩM,0 has been fit to match the
data of [18]. See table 3.1 for more details. Note that the radiation energy density ΩR,0 in-
cludes ultra-relativistic and non-relativistic neutrinos. However, excluding non-relativistic neu-
trinos from the radiation energy density provides a negligible correction to ΩR,0 so it is not ex-
cluded in this study. Using eqn. 2.31, one can find the energy density due to dark energy
ΩΛ,0 = 1− ΩR,0 − ΩΛ-CDM

M,0 = 0.666+0.018
−0.018[16, 17, 18].

2.4 Alternative model

This study proposes an alternative dark energy model to describe the evolution of the universe.
With this model, we assume dark energy interacts with matter by replacing Λ with a function of
the Ricci scalar. This contains two of the ingredients listed in [5] that could solve the Hubble
tension: a non-constant dark-energy density and matter that does not dilute ∝ a−3 (see be-
low). We will sometimes call this the Curvature Dependent Dark Energy (CDDE) model. The
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reason for having R as the argument of the function is that this maintains the homogeneity and
isotropy of the universe. As a result, our dynamic dark energy term is dependent on the energy
distribution of the universe:

Λ = 8πGC
√

(R/6) (2.37)

The proportionality constant C is kept positive to have the same sign as Λ in order to allow
for accelerated expansion. We apply the square root to the Ricci scalar as the lowest integer-
dimensional dependence on R that is non-trivial and makes the expression dimensionally con-
venient. We can work out the Einstein field equations by substituting eqns. 2.37, 2.9 and 2.10
in the derivation of the Λ-CDM model from the previous section.

Temporal part G00 + 8πGC
√
(R/6)gFRW

00 = −8πGT00:

H2(t) +
κ

a2(t)
=

8πG

3

[
ρR(t) + ρM (t) + C

√
ä(t)

a(t)
+H2(t) +

κ

a2(t)

]
(2.38)

Spatial part Gii + 8πGC
√

(R/6)gFRW
ii = −8πGTii combined with eqn. 2.38:

ä(t)

a(t)
−
(
H2(t) +

κ

a2(t)

)
= −4πG

3
[3ρM (t) + 4ρR(t)] (2.39)

We define a new dark energy density β ≡ 16πGC2

3 which depends on our dynamical dark energy
constant. With the help of eqn. 2.39 we can rewrite eqn. 2.38

ä(t)

a(t)
+

4πG

3
[ρM (t) + 2ρR(t)] =

8πGC

3

√
2
ä(t)

a(t)
+

4πG

3
[3ρM (t) + 4ρR(t)] (2.40)

from which it follows that:(
ä(t)

a(t)

)2

+

(
ä(t)

a(t)

)
8πG

3
(ρM (t)+2ρR(t)−β)+

(
4πG

3

)2 (
[ρM (t) + 2ρR(t)]

2 − β[3ρM (t) + 4ρR(t)]
)
= 0

(2.41)
This equation is a second order polynomial which has two solutions. We choose the negative
root solution because C > 0. It is interesting to note that in an empty universe (ρM = ρR = 0)
withC < 0 solution results in a universe without cosmological constant. Thismeans the universe
could undergo a smooth phase transition from a universe with cosmological constant (De Sitter
space) to one without cosmological constant as C goes from positive to negative:

ä(t)

a(t)
= −4πG

3

[
ρM (t) + 2ρR(t)− β − β

√
1 +

ρM (t)

β

]
(2.42)

Using eqn. 2.39:

H2(t) +
κ

a2(t)
=

8πG

3

[
ρM (t) + ρR(t) +

1

2
β

(
1 +

√
1 +

ρM (t)

β

)]
(2.43)

We will get our next equation again by multiplying the above equation with a2(t) and taking the
time derivative:

ρ̇M (t)

1 +
1

4
√
1 + ρM (t)

β

+ ρ̇R(t) = −H(t)(3ρM (t) + 4ρR(t)) (2.44)

We encounter the same problem as in the Λ-CDM model. We have a set of equations (2.43,
2.44) with too many parameters (H(t), ρM (t) and ρR(t)). In the next chapter we will derive a
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substitution for the missing equation, based on the epoch of the universe where the error of
introducing this equation is minimal. We will now show how a modified benchmark model is
derived from eqn. 2.43 and use the same dimensionless energy densities as defined in the
previous section (Ωx(t) ≡ 8πG

3H2(t)
ρx(t) as well as Ωβ(t) ≡ 8πG

3H2(t)
β):

1 +
κ

H2(t)a2(t)
=

8πG

3H2(t)

[
ρM (t) + ρR(t) +

1

2
β

(
1 +

√
1 +

ρM (t)

β

)]

= ΩM (t) + ΩR(t) +
1

2
Ωβ(t)

(
1 +

√
1 +

ΩM (t)

Ωβ(t)

)
≡ Ω̄(t) (2.45)

Just like with Λ-CDM if Ω̄ > 1 this demands κ > 1 and Ω̄ < 1 means κ < 1. Assuming κ = 0
therefore requires Ω̄ = 1 and constrains ΩM ,ΩR,Ωβ ∈ [0, 1]. Substituting κ = 0 in 2.45 results
in the benchmark model for our dynamical dark energy model:

ΩM (t) + ΩR(t) +
1

2
Ωβ(t)

(
1 +

√
1 +

ΩM (t)

Ωβ(t)

)
= 1 (2.46)

To summarize, we will write our final equations in terms of z instead of t:

ΩM (z) + ΩR(z) +
1

2
Ωβ(z)

(
1 +

√
1 +

ΩM (z)

Ωβ(z)

)
= 1 (2.47)

dρM (z)

dz

1 +
1

4
√
1 + ρM (z)

β

+
dρR(z)

dz
=

3ρM (z) + 4ρR(z)

1 + z
(2.48)

We see that these equations are similar to the equations from the Λ-CDM model, but have an
additional interactive term between ρM and β. This term will describe how matter is created
from dark energy and its effect will be important once ρM ≤ O(β). To solve the Hubble tension,
we will start with data from the late universe and numerically evolve ρM (z), ρR(z) and H(z) to-
wards the past. We will fit β such that H at the epoch of photon decoupling (H∗) will match the
Λ-CDM based Hubble parameter derived frommeasurements of the early universe (HΛ-CDM

∗ )[4].

This fit condition was chosen because at the end of photon decoupling, dark energy has a
negligible contribution in our model as well as in the Λ-CDM framework. This means there is
no noticeable difference between the two models, given that we assume the same amount of
dark matter in our model as in the Λ-CDM model. There is however a difference when translat-
ing CMB data to our model due to matter creation effects that should be accounted for. These
matter creation effects could also play a role in the initial density fluctuations in the CMB. This is
presently being explored in a different study by another researcher working on the same project.
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3 METHODOLOGY

In this chapter, we will discuss our methodology to solve the Hubble tension as well as the
method for our follow-up study. The context behind these methods is based on [1]. We refer to
this source for more details.

3.1 Identifying Λ-CDM-Independent quantities

Our proposed model departs from the assumptions of the Λ-CDM framework which means that
parameter values derived from Λ-CDM cannot be directly utilized. This poses a significant chal-
lenge as Λ-CDM stands as the standard cosmological model and forms the foundation for as-
tronomical observations. The following table gives an overview of commonly used parameters
and their model dependencies.

Quantity Value Λ-CDM
Independent?

Source

Hearly
0 67.4± 0.5 km/s/Mpc No Measured at CMB and ex-

trapolated to z = 0 with equa-
tion 3.1[4]

H late
0 73.3± 0.8 km/s/Mpc Yes Low z observations[2, 5]

Temperature T (z) T (z) = T0(1 + z)
T0 = 2.72548K ± 0.57mK

Yes Calculated from the black-
body radiation observed
from the CMB[16]1.

ΩΛ-CDM
M,0 0.334± 0.018 No Fitted to the data of super-

nova surveys[18]. The im-
plied Hubble parameter cor-
responds to H late

0

ΩR,0 7.74+0.178
−0.173 · 10−5 Yes Derived from T (z) andH late

0 .
This derivation includes the
contribution from neutrinos
and photons[2, 16, 17, 5]

Helium to Baryon ratio
Y

0.2479± 0.0029 Yes The authors of [19] reviewed
multiple studies on Y and
concluded the study of [20]
produced the best value

Baryon-Photon ratio η (6.14± 0.25) · 10−10 Slight depen-
dence2

Abundance observations
that are matched to abun-
dance models (see figure
3.3)[6]

Table 3.1: Table with used quantities in this study and their Λ-CDM dependencies.
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3.2 Solving the Hubble tension

The basic requirement of solving the Hubble tension is to find a function H(z) that successfully
intersects the measured data points in both the early (HΛ-CDM

∗ ) and late (H late
0 ) universe. We

will assume H∗ has been acquired by means of eqn. 2.36:

HΛ-CDM
∗ = Hearly

0

√
ΩΛ-CDM
M,0 (1 + z∗)3 +Ωearly

R,0 (1 + z∗)4 +Ωearly
Λ,0 (3.1)

Here Ωearly
R,0 = 9.16+0.314

−0.299 · 10−5 is derived in the same way as described in table 3.1, but the
implied Hubble parameter now corresponds to Hearly

0 instead of H late
0 . This is not applied to

ΩΛ-CDM
M,0 because this has been fitted directly to the data in [18]. These parameters are derived

in the same way as in [4] so to follow their procedure, we will treat ΩΛ-CDM
M,0 and Ωearly

R,0 in the
same way. Consequently, the value of Ωearly

Λ,0 = 1 − ΩΛ-CDM
M,0 − Ωearly

R,0 = 0.67+0.018
−0.018. The exact

value of z∗ will be derived in a later section of this chapter. Our method to finding H(z) will be
done by numerically evolving our model (eqns. 2.47 and 2.48). These equations are however
not optimized for numerical computation and will therefore be modified. We will rewrite our cur-
rent parameters (H(z), ρM (z) and ρR(z)) into more suitable quantities and rewrite our model’s
equations accordingly.

3.2.1 Transforming to numerically suitable equations

We will transform our parameters to the following quantities:

• ρM (z) → ΩM (u)

• ρR(z) → ΩR(u)

• z → u = ln(1 + z)

• H(z) → ln[H(u)/H late
0 ] := ln(H(u))

For the transformation of H(z), we divide by H late
0 to gain a dimensionless argument in the

logarithm. However, to maintain readability of the equations, we will omit explicitly writing down
this division. This does not alter the equations themselves. The latter two transformations
lead to the following chain rule identities which will be used to derive our numerically suitable
equations:

d

dz
=

du

dz

d

du
=

1

1 + z

d

du
(3.2)

1

H(z)

dH(z)

dz
=

d ln(H(z))

dz
(3.3)

1The radiation wavelength, after decoupling from the primeval plasma, is assumed to increase by a factor of
a = 1/(1 + z) as it travels through space in an expanding universe. The observed temperature is thus: T ∝ λ−1 ∝
1 + z =⇒ T ∝ (1 + z). This is still true when the radiation is coupled to matter but the reason is now because the
plasma is in thermal equilibrium, which means the photons follow a planck distribution [8]

2The abundance models are based on a set of closely timed thermodynamic processes. In particular, the amount
of neutrons that are formed before BBN and the number of neutrons that have decayed back to protons during the
BBN are all time dependent processes and therefore calculated by means of the Hubble parameter. However,
the Hubble parameter during this time is described by a one component radiation dominated universe, which is in
accordance with our model.
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Transforming eqn. 2.47 will be done by taking the derivative with respect to z:

d

dz

[
ΩM +ΩR +

1

2
Ωβ

(
1 +

√
1 +

ρM
β

)]
= 0

=

(
ΩM +ΩR +

1

2
Ωβ

(
1 +

√
1 +

ρM
β

))
H2 d

dz
H−2+

8πG

3H2

dρM
dz

1 +
1

4
√
1 + ρM

β

+
dρR
dz


(3.4)

Next inserting eqns. 2.47 and 2.48 yields:

H2 d

dz
H−2 +

8πG

3H2

(
3ρM + 4ρR

1 + z

)
= 0

=⇒ −2
d lnH
dz

= −3ΩM + 4ΩR

1 + z

=⇒ d lnH
du

=
3ΩM + 4ΩR

2
(3.5)

Next we transform eqn. 2.48 by substituting the transformation equation from ρM,R to ΩM,R:

dΩM,R

dz
=

8πG

3H2

dρM,R

dz
+

8πG

3H2
ρM,R

(
H2dH

−2

dz

)
=

8πG

3H2

dρM,R

dz
− 2ΩM,R

d lnH
dz

=⇒ 8πG

3H2

dρM,R

dz
= ΩM,R

(
3ΩM + 4ΩR

1 + z

)
+

dΩM,R

dz
(3.6)

Substituting this equation in eqn. 2.48:

8πG

3H2

dρM
dz

1 +
1

4
√

1 + ρM
β

+
dρR
dz

 =
8πG

3H2

[
3ρM + 4ρR

1 + z

]
(3.7)

yields:

[
dΩM

dz
+ΩM

(
3ΩM + 4ΩR

1 + z

)]1 +
1

4
√
1 + ΩM

Ωβ

+

[
dΩR

dz
+ΩR

(
3ΩM + 4ΩR

1 + z

)]
=

(
3ΩM + 4ΩR

1 + z

)

=⇒ dΩM

dz

1 +
1

4
√
1 + ΩM

Ωβ

+
dΩR

dz
=

(
3ΩM + 4ΩR

1 + z

)1− ΩM

1 +
1

4
√
1 + ΩM

Ωβ

− ΩR



=⇒ dΩM

du

1 +
1

4
√
1 + ΩM

Ωβ

+
dΩR

du
= (3ΩM + 4ΩR)

1− ΩM

1 +
1

4
√

1 + ΩM
Ωβ

− ΩR


Our final expressions that are fit for numerical computation are:

d lnH
du

=
3ΩM + 4ΩR

2
(3.8)

dΩM

du

1 +
1

4
√

1 + ΩM
Ωβ

+
dΩR

du
= (3ΩM + 4ΩR)

1− ΩM

1 +
1

4
√

1 + ΩM
Ωβ

− ΩR

 (3.9)
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3.2.2 Fitting parameter and initial conditions

To solve the Hubble tension, we will fit our dark energy term β, such that our resulting Hub-
ble parameter fits the requirements stated in the beginning of this chapter. Considering that our
energy densities are expressed asΩx instead of ρx, it is logical to employΩβ,0 as a fitting param-
eter instead of β. This substitution poses no issue as Ωβ,0 = 8πG

3(H late
0 )2

β, with the proportionality
constant being independent of the Λ-CDM model (See table 3.1). As for the numerical method,
it is required to specify an initial condition (lnH late

0 ,ΩM,0, and ΩR,0) from which the evolution into
the past can be computed. We will express ΩM,0 in terms of the fitting parameter (Ωβ,0) with our
benchmark model (see eqn. 2.47). This is necessary because ΩΛ-CDM

M,0 is a Λ-CDM dependent
parameter and thus cannot be utilized. This also makes ΩM,0 a good candidate to be a free
parameter, which is needed for the implementation of a fitting parameter.

3.2.3 Introducing a third equation for the epoch after photon decoupling

As explained in the previous chapter, a third equation is required to solve the set of differential
equations in our model. Consequently, we will assume the radiation (ρR) in the universe is
decoupled at photon decoupling and simply propagates independently from matter (ρM ) and
dark energy (β). This is motivated from the fact that the observed radiation power spectrum
has a black body characteristic[4, 9, 16]. Any interactions between radiation and matter or dark
energy after photon decoupling would disrupt the black body pattern. As this is not the case,
we can conclude that radiation follows the Stephan-Boltzmann relation (see table 3.1):

ρR ∝ (1 + z)4 =⇒ ρR(z) = ρR,0(1 + z)4 (3.10)

From this we can use eqn. 3.6 to find the third equation for our model.

8πG

3H2

(
4ρR(z)

1 + z

)
= ΩR

(
3ΩM + 4ΩR

1 + z

)
+

dΩR

dz

=⇒ dΩR

dz
=

4ΩR

1 + z
− ΩR

(
3ΩM + 4ΩR

1 + z

)
=⇒ dΩR

du
= 4ΩR − ΩR (3ΩM + 4ΩR) (3.11)

3.2.4 Determining z∗

Our assumption for a third equation is defined to be valid after the epoch of photon decoupling
when radiation is decoupled from matter. We will therefore derive the exact decoupling moment
to provide a clear endpoint for our numerical simulation. The derivation starts by considering
the universe when matter and radiation are still coupled. The universe was then simply an
expanding sphere of plasma consisting of photons in a sea of free electrons and baryonic matter.
In addition, the universe contained a decoupled background of neutrinos and dark matter that
only interact very weakly and therefore formally are not part of the plasma. However, they do
play a role gravitationally through the scale factor evolution (Hubble parameter). Note that at
a later stage in this thesis we will omit the dark matter component from the background in our
follow-up study. During this epoch the number of scattering events betweenmatter and radiation
are dominated by Thomson scattering between photons and electrons. The scattering rate of
this process (Γ) is defined as:

Γ(z) = ne(z)σ (3.12)

Here ne is the number density of electrons available for scattering and σ is the Thomson scatter-
ing cross-section (σ = 6.65 · 10−29 m2). This cross-section is multiplied by the relative electron
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flux experienced by each photon, which equals ne for a relative velocity of vrel = c = 1 between
electrons and photons. We will define the time of decoupling (z∗) when the expansion rate of
the universe (the Hubble parameter) is equal to the Thomson scattering rate:

Γ(z∗)

H(z∗)
≡ 1 (3.13)

To determine ne(z), we will assume a neutrally charged plasma consisting exclusively of un-
bound electrons, hydrogen, helium-4 and their respective ions. The total mass energy density
contributions of electrons are omitted from the matter energy density of the plasma, as their
masses are negligible compared to the masses of hydrogen and helium-4, with only the bary-
onic component ρb remaining. From observations of the large scale structure, the mass density
percentage of helium-4 is approximately 24%[19, 20]. This percentage will be denoted with the
parameter Y :

Y = ρ(He-4)/ρb (3.14)

We will also write down the charge of any particle/element in the number density, such that nHe0
represents the number density of neutrally charged helium and nHe1 represents He+ etc. The
exception to this notation applies to electrons, because they are the only particles present with
a negative charge. From these observations and assumptions we can write down the following
equations:

ρb(z) = mH0[nH0(z) + nH1(z)] +mHe0[nHe0(z) + nHe1(z) + nHe2(z)] (3.15)

Y ρb(z) = mHe0[nHe0(z) + nHe1(z) + nHe2(z)] (3.16)

(1− Y )ρb(z) = mH0[nH0(z) + nH1(z)] (3.17)

ne(z) = nH1(z) + nHe1(z) + 2nHe2(z) (3.18)

Because the masses of hydrogen and helium are about the same as their respective ions, we
have only used the neutrally charged masses for simplicity. Next, we will assume the universe
has had enough time for any adaptive change to reach thermal equilibrium[9]. Consequently,
the particle density of any particle/element nxi with charge i and massmxi in the plasma follows
a Boltzmann distribution:

nxi(z) = gxi

(
mxiT (z)

2π

)3/2

exp
(
− mxi

T (z)

)
(3.19)

Here gxi is the statistical spin weight of the particle/element (for example, electrons with spin
1/2 have ge = 2). From this equation we can derive the Saha equation, which expresses the
ion number densities in terms of their ionization energy to go from a neutral/ionized element to
the next ionized element. For example to go from H to H+ or from He+ to He2+[21].

nx(i+1)(z)ne(z)

nxi(z)
=

gegx(i+1)

gxi

(
mx(i+1)meT (z)

mxi2π

)3/2

exp
[
−
mx(i+1) +me −mxi

T (z)

]

=⇒
nx(i+1)(z)ne(z)

nxi(z)
=

2gx(i+1)

gxi

(
meT (z)

2π

)3/2

exp
(
−
Qx(i+1)

T (z)

)
≡ fx(i+1)(z)

=⇒ nx(i+1)(z) =
nxi(z)

ne(z)
fx(i+1)(z) (3.20)

In the tables below an overview is given of the spin statistical weight and ionization energy for
each ion/element.
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Element/Ion Nucleus spin Electron spin g
H0 1/2 1/2 4
H1 1/2 0 (no electron) 2
He0 0 0 1
He1 0 1/2 2
He2 0 0 (no electron) 1

Table 3.2: Spins and spin statistical weights of hydrogen, helium and their respective
ions.

Ionization of hydrogen QH1 = 13.54eV 2gH1/gH0 = 1

First ionization of helium QHe1 = 24.48eV 2gHe1/gHe0 = 4

Second ionization of helium QHe2 = 51.17eV 2gHe2/gHe1 = 1

Table 3.3: Ionization energies and ratio of spin statistical weights of hydrogen and helium
ions.

Using eqn. 3.20 we can rewrite all ion number densities in eqns. 3.16 and 3.17 to their respec-
tive neutrally charged version:

Y ρb = mHe0

(
1 +

fHe1
ne

+
fHe1fHe2

n2
e

)
nHe0

=⇒ Y ρb =
mHe0
n2
e

(
n2
e + fHe1ne + fHe1fHe2

)
nHe0

Simplifying the expression by substituting the second order polynomial:

P2 = mHe0
(
n2
e + fHe1ne + fHe1fHe2

)
=⇒ Y ρb =

P2

n2
e

nHe0

=⇒ nHe0 =
n2
e

P2
Y ρb (3.21)

Now applying the same method to eqn. 3.17:

(1− Y )ρb = mH0

(
1 +

fH1
ne

)
nH0

=⇒ (1− Y )ρb =
mH0
ne

(ne + fH1)nH0 (3.22)

Simplifying the above expression with P1 = mH0 (ne + fH1):

(1− Y )ρb =
P1

ne
nH0

=⇒ nH0 =
ne

P1
(1− Y )ρb (3.23)

Now rewriting eqn. 3.18:

ne =
fH1
ne

nH0 +

(
fHe1
ne

+ 2
fHe1fHe2

n2
e

)
nHe0

=⇒ ne =
fH1
ne

nH0 +
(fHe1ne + 2fHe1fHe2)

n2
e

nHe0
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=⇒ ne =
fH1
P1

(1− Y )ρb +
(fHe1ne + 2fHe1fHe2)

P2
Y ρb

=⇒ P1P2ne = P2fH1(1− Y )ρb + (fHe1ne + 2fHe1fHe2)P1Y ρb (3.24)
Expanding P1 and P2 in terms of ne gives us a fourth order polynomial:

mH0mHe0n
4
e+

(fH1mH0mHe0 + fHe1mH0mHe0)n
3
e+

(fH1fHe1mH0mHe0 + fHe1fHe2mH0mHe0 − Y fHe1mH0ρb + (Y − 1)fH1mHe0ρb)n
2
e+

(fH1fHe1fHe2mH0mHe0 − Y fH1fHe1mH0ρb − 2Y fHe1fHe2mH0ρb + (Y − 1)fH1fHe1mHe0ρb)ne+

−2Y fH1fHe1fHe2mH0ρb + (Y − 1)fH1fHe1fHe2mHe0ρb = 0

Finding the right root branch is a matter of calculating the coefficients and computing the roots
during the numerical evolution. We then take the root branch that is positive and real. Luckily
for this application, there is only one positive real root branch so there is no problem in choosing
one. With this expression we find z∗ by computing the ratio Γ(z)/H(z) during the simulation and
finding the z value where this ratio equals 1.

3.2.5 Fitting method

As mentioned in section 2.2.2, we will fit Ωβ,0 to solve the Hubble tension. This will be done by
means of a binary searching algorithm. During the numerical evolution, we calculate the ratio
of Γ(z)/H(z) and halt the backward evolution when this ratio reaches 1. We label the redshift
value at which the evolution stops as z∗ and use equation 3.1 to compute HΛ-CDM

∗ . Comparing
this value toH(z∗) obtained from the numerical evolution reveals how Ωβ,0 must be adjusted for
H(z∗) to approach HΛ-CDM

∗ . This process is repeated until H(z∗) ≈ HΛ-CDM
∗ within a specified

tolerance. This method simultaneously fits values for z∗ and Ωβ,0 such that the Hubble tension
is solved. Figures 3.1 and 3.2 provide a graphical illustration of the fitting method.

0 1 2 3 4 5 6 7
log (z+1)

0.0

0.2

0.4

0.6

0.8

1.0

/H

Determination of z  with scattering ratios

7.028 7.029 7.030 7.031

1

, 0 < fit

, 0 = fit

, 0 > fit

Figure 3.1: Ratio between the Thomson scattering rate and expansion rate of the uni-
verse. The vertical dashed lines show the value of z∗. TheΩβ,0 values have been chosen
to show the effect of changing Ωβ,0 above and below the fitted value and have been cho-
sen arbitrarily. In the next figure, we will use this redshift value to determine HΛ-CDM

∗ .
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Figure 3.2: The relative deviation of the evolvedH(z) fromHΛ-CDM(z). The impact of the
Hubble tension is evident in the graph, as the initial value of the graph at log(z + 1) = 0

is equal to H late
0 /Hearly

0 − 1. The fitting condition of our model requires that the deviation
should vanish at z∗, which was found from figure 3.1, indicated by the vertical dashed
line.

The plot in figure 3.2 can be subdivided into three different epochs. The first epoch is when
H(z) ≈ HΛ-CDM(z) at high z. In the early universe, the deviation from Λ-CDM should be low
because the dark energy contribution is almost negligible in the early universe. After this epoch
the dark energy contribution starts increasing, which increases the acceleration rate of the uni-
verse and in turn increases H(z) relative to HΛ-CDM(z). This causes dark energy to create
matter at an increasing rate, which decreases the dark energy dominance somewhat, resulting
in a decreasing effect of H(z) relative to HΛ-CDM(z) at low z.

The binary search algorithm to solve the Hubble tension is an iterative method which oscil-
lates around the correct value of Ωβ,0. We can see this is a delicate process from figures 3.1
and 3.2. Different values of Ωβ,0 result in a very small shift in the value of z∗ (figure 3.1), but this
small shift results in a substantial difference in H(z∗) (figure 3.2).

3.3 Model validity

We will test the validity of our model against the deceleration parameter q0 = − ä
aH2

∣∣
t=t0

. This
is used for late universe observations by means of a Taylor expansion, which exhibits low error
andΛ-CDM independent input[15]. Additionally, we expect our deviation from theΛ-CDMmodel
to be largest at low z:

H late(z) ≈ H late
0 +

dH(z)

dz

∣∣∣
z=0

z + ... (3.25)

=⇒ H late(z) ≈ H late
0

(
1 +

[
a2

ȧ

(
ȧ

a
− ä

ȧ

)] ∣∣∣
t=t0

z

)
= H late(z) ≈ H late

0 (1 + (1 + q0)z) (3.26)
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The Taylor expansion relies on knowing two parameter values: H late
0 and the deceleration pa-

rameter q0. Given that our model already shares the same H late
0 value by definition, we will

confront the q0 values produced by our model with those reported in the literature. This valida-
tion method has been chosen because the datasets that are necessary to fit our CDDE model
to the Λ-CDM model are not available to the people involved in this project.

3.4 Integrated effect

We will showcase the integrated effect of our model by looking at the amount of matter that
is created or annihilated during the numerical evolution. Specifically, we will examine the ratio
between the amount of matter present at two points in time: at z∗ and at the present time, z = 0.
This ratio is equivalent to the matter density multiplied by its associated volume, which scales
as V (z) ∝ (1 + z)−3. This mass-creation factor is given by:

fM =
ρM (0)(1 + 0)−3

ρM (z∗)(1 + z∗)−3
=

ρM (0)(1 + z∗)
3

ρM (z∗)
=

ΩM,0H
2
0 (1 + z∗)

3

ΩM (z∗)H2
∗

(3.27)

This expression is applicable to our CDDE model as well as to the Λ-CDM model. Note that in
the Λ-CDMmodel,H0 =Hearly

0 and fM = 1 because the total number of non-relativistic particles
doesn’t change in the Λ-CDM model. This is handled differently in our CDDE model because
H0 = H late

0 and fM > 1 due to the matter-creation mechanism.

In our follow-up study we will use fM to check if the amount of created matter could consis-
tently explain the amount of predicted dark matter. According to existing literature, this should
be about a factor of 5 or 6 [1]. It is important to note that experimental data always comes with
an associated margin of error. Thus, we will analyze the overlap between the error margins of
our model and the experimentally measured version. This analysis will be conducted using the
min-max method[22], where we repeat the fit for every combination of high and low values from
our experimental data

3.5 Follow-up study

With this follow-up study, we will (almost) completely depart from the Λ-CDM model by fitting
our model as described in section 3.2.5, but instead replacing HΛ-CDM

∗ (see eqn. 3.1) with H∗,
which is described by a two-component universe consisting of radiation ΩR,0 and baryons Ωb,0

(dark energy is technically also present along with very few non-relativistic neutrinos but this
provides a negligible contribution in this case):

H∗ = H late
0

√
Ωb,0(1 + z∗)3 +ΩR,0(1 + z∗)4 (3.28)

The baryonic matter density Ωb,0 is derived from the constant baryon-photon number density ra-
tio η = nb/nγ . This is derived from a (mostly) Λ-CDM independent calculation of the fusion rates
during the epoch of Big Bang Nucleosynthesis (BBN). Calculations on the BBN provide predic-
tions about the abundance ratios of deuterium, helium-4 and higher order elements against
hydrogen, which can be measured from spectral line intensities from galaxies.[6]. These abun-
dance ratios are all dependent on η, but the deuterium/hydrogen ratio (D/H) puts the largest
constraint on η[6]. This is evident from figure 3.3, where the WMAP group plotted the abun-
dance ratios as a function of η[6]. We will however not use the deuterium/hydrogen ratio in our
model as it represents a negligible contribution to the total mass density.
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Figure 3.3: WMAP model of element abundances against η. By measuring the abun-
dance ratios the baryon-to-photon ratio can be derived. It was found that η = (6.14 ±
0.25)·10−10. The D/H dependence on η in this graph shows how this measurement has a
large impact on η. Note that the measured Ωb is multiplied by h2 = (H0/100[km/s/Mpc])2.
This is done in order to remove the issues related to the Hubble tension from the Ωb mea-
surement.[6]

With a given value for η, we can determine the number density of baryons by means of the
photon number density (nγ). This is well-established because the photon energy density follows
a Planck distribution, which, in turn, defines the photon number density as follows:

nγ(z) = 0.243T 3(z) = 0.243[T0(1 + z)]3 (3.29)

nb(z) = ηnγ(z) (3.30)

Using the above equations, we can find an expression for Ωb,0:

Ωb,0 =
8πG

3(H late
0 )2

ρb,0 (3.31)

ρb,0 = mbnb,0 = mbηnγ(0) (3.32)

Here mb is the average baryon mass, derived from eqns 3.16 and 3.17:

ρb =
mH0(nH0 + nH1)

(1− Y )
=

mHe0(nHe0 + nHe1 + nHe2)

Y
(3.33)

nb = nH0 + nH1 + 4[nHe0 + nHe1 + nHe2] (3.34)

=

[
1 + 4

mH0Y

(1− Y )mHe0

]
(nH0 + nH1)

=

[
1 + 4

mH0Y

(1− Y )mHe0

]
ρb(1− Y )

mH0
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=

[
(1− Y )

mH0
+ 4

Y

mHe0

]
ρb

=⇒ ρb(z∗) =

[
mHe0mH0

mHe0(1− Y ) + 4mH0Y

]
nb(z∗) ≡ mbηnγ(z∗) (3.35)

mb =
mHe0mH0

mHe0(1− Y ) + 4mH0Y
(3.36)

Reinserting the above equation into eqns. 3.31 and 3.32:

Ωb,0 =
8πG

3(H late
0 )2

[
mHe0mH0

mHe0(1− Y ) + 4mH0Y

]
η 0.243 T 3

0 (3.37)

we find Ωb,0 = 0.0443+0.00269
−0.00258 using table 3.1.
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4 RESULTS AND DISCUSSION

4.1 Overview of the fit and evolution

After performing the fit procedure as described in the previous chapter, we find z∗ = 1128.35+2.37
−2.35

and Ωβ,0 = 0.465+0.033
−0.034. With this value we can evaluate the initial value ΩM,0 using eqn. 2.46.

This results in ΩM,0 = 0.443+0.030
−0.029. Because of the extra interactive term in eqn. 2.46, our value

of ΩM,0 is a bit higher than ΩΛ-CDM
M,0 . With all initial conditions established, we can now carry out

the numerical evolution and present a rundown of the universe by plotting the evolved energy
densities.
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q(z) = 0
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Figure 4.1: This graph provides a visual representation of the various epochs of the
universe, as described in chapter 1, leading up to photon decoupling. By computing
log(z+1) directly, we can evolve energy densities into the future, from which we see
that our model predicts that eventually dark energy will be the only dominant constituent
of the universe. Furthermore, the benchmark model is depicted within the graph, with
segments in each epoch of the universe indicating energy densities summing up to 1.
Figure 4.2 provides an illustrative depiction of this summation.

4.1.1 Deviation from Λ-CDM

In this section, we show how our model deviates from Λ-CDM. A preview of this model differ-
ence is already given in figure 3.2, showcasing the evolution of our fitted Hubble parameter
compared to the Hubble parameter from the Λ-CDM model. Additionally, we will showcase the
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most significant divergence from the Λ-CDM benchmark model, offering a region where our
model can be validated.
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Figure 4.2: The difference between the sum of all the evolved energy densities in our
model and 1, with the dark energy contribution replaced by the Ωβ term from the asymp-
totically constant dark energy density β. This shows how far our model deviates from the
Λ-CDM benchmark model (eqn. 2.31). As a sidenote, our model predicts the deviation
from the Λ-CDMmodel to be the largest when q(z) = 0. We wish to validate our model in
the region where our difference from Λ-CDM is the largest, while the experimental data
is the most accurate. According to this graph, if we are looking for a validation region
where the difference with the Λ-CDMmodel exceeds the difference at present time, then
the validation of our model should be carried out within the interval z ∈ [0, 1.527] as is
depicted with the black dashed lines.

Figure 4.2 shows how our dynamical dark energy term differs from the traditional cosmology
with a constant dark energy term. The z = 0 point on the plot indicates that we are not yet in the
regime with a cosmological constant and won’t be in this regime for the foreseeable future. By
treating our dynamical dark energy term Ωβ in the same manner as the cosmological constant
in the Λ-CDM model ΩΛ, our benchmark model (eqn. 2.47) can be rewritten as:

ΩM +ΩR +Ωβ = 1 +
1

2
Ωβ

(
1−

√
1 +

ΩM

Ωβ

)
(4.1)

We see that the right hand side of this equation is always ≤ 1 because 1 ≤
√
1 + ΩM

Ωβ
. This

negative term on the right hand side represents the excess energy stored in the ground state of
the universe beyond a cosmological constant. This explains why our Hubble parameter indeed
eventually becomes larger than the Hubble parameter in the Λ-CDM model, depending on Ωβ

and redshift z (see figure 3.2). This aspect has allowed us to solve the Hubble tension within our
model. As can be seen in figure 4.2, this effect is largest in the late universe, thereby allowing us
to solve the Hubble tension by fitting Ωβ,0. We see the additional term on the right hand side of
eqn. 4.1 effectively vanishes in the very late universe when Ωβ ≫ ΩM and thus 1−

√
1 + ΩM

Ωβ
≈
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0. This happens as well in the early universe where Ωβ ≪ ΩM , since Ωβ

(
1−

√
1 + ΩM

Ωβ

)
≈

−
√

ΩMΩβ ≈ 0 compared to ΩM .

4.1.2 Model validation: accelerated expansion

The differential effect of our model will be validated in the redshift interval derived from figure
4.2, where we will check whether our model is able to both solve the Hubble tension and make
a correct prediction for the accelerated expansion of the universe. In the previous section we
provided a validation region according to our CDDEmodel. However, we also want to determine
an experimentally required best overlap region based on the data sample from the literature
used in this study. In particular, we will find a best overlap region from the measurement of
ΩΛ-CDM
M,0 from the Pantheon+Sh0ES dataset[18].

Figure 4.3: Measurement of ΩΛ-CDM
M,0 from the Pantheon+SH0ES dataset upon varying

the maximum and minimum redshift of the measurement sample [18]. We see that ΩM

converges as the sample includes redshifts higher than z ≈ 1. This means that values
beyond z ≈ 1 don’t provide a meaningful contribution to the value of ΩΛ-CDM

M,0 . Similarly,
we see that ΩΛ-CDM

M,0 converges at redshift values lower than z ≈ 0.15. This means our
experimentally required best overlap region should ideally be between z ≈ 0.15 and
z ≈ 1, which falls inside the validation region defined in fig. 4.2
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Figure 4.4: The deceleration parameter for low redshift for the Λ-CDM model (blue) and
our alternative model (red) in the validation region according to fig. 4.2. The width of
the CDDE band is larger due to the larger error of ΩM,0 in the CDDE model compared
to ΩΛ-CDM

M,0 .

We see in figure 4.4 that the best overlap region for q(z) between both models is located where
the deviation from Λ-CDM is inherently the largest (see figure 4.2), with an almost perfect over-
lap between the twomodels at q = 0. The overlap region between the twomodels largely covers
the entire experimentally required best overlap region from figure 4.3.

We can conclude from figure 4.4 that our CDDE model’s predicted acceleration shows sig-
nificant overlap with the Λ-CDM model within the established validation region and the exper-
imentally required region of best overlap. This is not a trivial result because the CDDE model
is only constructed to solve the Hubble tension. The presence of such overlap in the decelera-
tion parameter occurs naturally within the model. It implies that the CDDE model can solve the
Hubble tension and at the same time still be consistent with the observed acceleration of the
late universe.

4.1.3 Integrated effect: matter creation until present time

To observe the matter creation/annihilation mechanism of our model, we imagine ρM (z) can be
expressed as ρM (z) = ρM,0(1 + z)B(z), where B(z) is the power law. If B > 3, we speak of
matter annihilation and if B < 3, matter is created. If B = 3 no matter creation or annihilation
takes place, as this describes a fixed amount of matter in a volume that expands proportional to
a3 = (1 + z)−3. As can be seen from the figure below, we observe matter creation at redshifts
below z ≈ 9. This is in agreement with the mass-creation factor, which yields fM = 1.57 for this
study.
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Figure 4.5: The evolution of the power law with which ρM (z) reduces. In the early uni-
verse, we see B = 3, corresponding to no matter creation or annihilation. This is ex-
pected because our model behaves the same as the Λ-CDM model during this period
(see figure 4.2). We see that that the matter creation starts to have a significant contri-
bution at around z ≈ 9, resulting in an ultimate future power law of B = 2.4.

4.1.4 Discussion

Our first study has successfully solved the Hubble tension. As a side effect, our model also
predicts that 57% more matter has been created over time on top of the amount present in the
Λ-CDM framework. The types of particles that can be created are loosely related to the energy
scale of our dark energy density ρDE which has the unit [eV4]:

ΩM +ΩR +
1

2
Ωβ

(
1 +

√
1 +

ΩM

Ωβ

)
= ΩM +ΩR +ΩDE

=⇒ ρDE(z) =
1

2
Ωβ(z)

(
1 +

√
1 +

ΩM (z)

Ωβ(z)

)
3H(z)2

8πG
(4.2)

In figure 4.6, the dark energy scale ρ
1/4
DE is plotted against the temperature of the CMB in order

to get an impression of the energy scale of the particles that could be created.
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Figure 4.6: Dark energy scale ρ1/4DE in units of meV.We compare this energy scale against
the CMB temperature. As can be seen in this figure, the energy scale at which the CMB
temperature and the dark-energy scale cross is equal to 5.6 meV when z = 23.9.

The most notable effect of matter creation as seen in fig. 4.5 is observed to happen when the
dark-energy scale is comparable to the CMB temperature. We see in figure 4.6 that this hap-
pens around the multi-meV regime, which is the regime of the lightest neutrinos of the Standard
Model. This hints that the particles created from our matter creation mechanism are light neu-
trinos. Note that these light neutrinos are mostly non-relativistic because the dark-energy scale
corresponds with the rest mass energy of a light neutrino only. Consequently, these neutrinos
are considered as matter instead of radiation. In particular, neutrinos are considered ’dark’ due
to their inability to interact with electromagnetic fields. This means they increase the dark matter
component of the universe in our model.

The proportionality constant of our dynamic cosmological dark energy term C (see eqn. 2.37)
might be indicative for the energy scale responsible for generating the dark-energy term. To
extract this energy scale we take:

C1/3 =

[
9(H late

0 )2Ωβ,0

128(πG)2

]1/6
= 23.76+0.36

−0.38 MeV (4.3)

We predict that the creation of light neutrinos should be visible from late universe observations
since the dark matter content should change as a function of redshift. Additionally, if we sep-
arate photons and neutrinos as two independent radiation components, the cosmic neutrino
background could be significantly affected by this mechanism. The primordial neutrinos are
mixed with the newly created neutrinos, which could seriously jeopardize the concept of a cos-
mic neutrino background to be studied.

It should be noted that these results are a ’first tentative calculation’, as finding statistically
correct values requires data and tools that are outside of the scope of this study. Similarly,
our reverse engineering method to find HΛ-CDM

∗ from Hearly
0 (eqn. 3.1) might be an oversimpli-

fication. The reason for this is that the CMB analysis of the Planck collaboration assumes the
Λ-CDM model and produces HΛ-CDM

0 directly instead of using eqn. 3.1[4]. Their methodology

31



on how they produced HΛ-CDM
0 is too elaborate for the scope of this study and requires more

ongoing research.

4.2 The follow-up study: letting go of dark matter

Applying the fit procedure for this study, we find z∗ = 1105.8+0.91
−0.87 and Ωβ,0 = 0.873+0.006

−0.006. Again
applying eqn. 2.46 gives ΩM,0 = 0.102+0.005

−0.005. Similarly to the previous study of this chapter, we
will present the results in the following figures.
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Figure 4.7: The evolved energy densities without dark matter.

If we compare figure 4.7 to figure 4.1, ΩM (z∗) has to be much lower because we don’t include
dark matter anymore in our model. Consequently, Ωβ,0 has to be much higher, resulting in a
shorter epoch of matter dominance and substantially later moment of matter-radiation equality
at z = 537.1. Additionally, ΩM,0 has been reduced by a factor of 4.3 because of the increase in
Ωβ,0. This means our model predicts a significant reduction in the contribution of matter density
to the universe in the early universe as well as in the present, late universe.

4.2.1 Accelerated expansion in the follow-up study

Following the same procedure as in the previous study, we will decide from figure 4.8 our region
of validation.
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Figure 4.8: Deviation from the Λ-CDM model as explained in fig 4.2. This time, we
observe a much larger region of validation of z ∈ [0, 17.67]. Again, the validation region
will be the x-axis range for figure 4.9.

As explained in section 4.1.1, figure 4.8 describes how our dynamical dark energy density dif-
fers from a constant dark energy density. It shows that the present day (z = 0) universe has
almost reached the constant dark energy density regime. Additionally, we see in figure 4.8 that
the graph has shifted to the right compared to 4.2. This means that our model is now very simi-
lar to the Λ-CDM model at present time compared to figure 4.2. This leads to a larger deviation
from Λ-CDM in the late universe compared to figure 4.2. This means the Hubble parameter
decreases substantially less from z∗ to z = 0 to fit the Hubble tension in the follow-up study
compared to the main study.

This is expected because the dark matter contribution is removed from eqn. 3.28. Conse-
quently, H∗ < HΛ-CDM

∗ (see eqns. 3.28 and 3.1 respectively), which means that the increase of
the Hubble parameter over the course of its evolution backward in time has decreased to reach
a lower value in the early universe.
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Figure 4.9: Deceleration parameter in the validation region according to figure 4.8. This
graph shows no overlap unfortunately, which means that low redshift measurements are
not compatible with our CDDE model without dark matter. This is expected, because
increasing the amount of dark energy in the universe results in a larger acceleration of
the universe. The difference between our model and the Λ-CDMmodel decreases as we
go to higher redshifts, but the ideal scenario is an overlap at z ≤ 1 as this is the common
redshift range for late universe observations [1, 15].

As can be seen from figure 4.9, there is no overlap between our CDDE model without dark
matter and the Λ-CDM model. In fact, it deviates to such an extent that we can refer to it as an
’acceleration tension’. This is a result from the increased dark energy content, which increases
the acceleration of the scale factor (ä). This acceleration is necessary to link H late

0 to the lower
value of H∗ in the early universe. We conclude from figure 4.9 that dark matter is not only
required to describe the Hubble parameter in the early universe (as will be shown in section
4.2.2) but also required to explain the acceleration in the late universe.
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4.2.2 Matter creation in the follow-up study
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Figure 4.10: Power law of ρM (z) in the follow-up study. In this study, matter creation
happens earlier at z ≈ 22, compared to z ≈ 9 for the first model that includes dark
matter. This means there has been more time for matter creation.

Given the new fit values given in section 4.2 our follow-up study predicts fM = 2.45. This is
unfortunately not enough to produce all required dark matter, as this should be closer to a factor
of 5 or 6 [1]. Additionally, this model does not predict the same late universe observations as
Λ-CDM (see figure 4.9). This is due to the dark energy contribution which causes the universe
to accelerate faster than is observed.

Similarly to the previous study, these results should be taken as a first approximation. However,
even as a first approximation, it is clear that the matter creation mechanism in our dynamical
dark energy model is not able to fully account for all observed dark matter. To check if this
model has any capability to provide a sufficient level of mass creation, we perform a parameter
sweep over Ωβ,0 and record fM with its respective q0. This is shown in figure 4.11.
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Figure 4.11: Fit parameter sweep with its corresponding mass creation factor fM and
deceleration parameter q0. The black line represents increasing values of Ωβ,0. The line
starts on the right with Ωβ,0 = 0.4 and ends on the left with Ωβ,0 = 0.99. This plot does
contain errorbars, however these are too small to see.

From figure 4.11 we see that fM increases steeply for values of Ωβ,0 very close to 1, but as a
consequence the universe is predicted to accelerate in an unacceptable fashion.
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5 CONCLUSIONS AND OUTLOOK

In this study we proposed an alternative model to Λ-CDM by introducing a matter creation mech-
anism through a curvature dependent dark energy (CDDE) term with the purpose to solve the
Hubble tension. This was achieved by numerically evolving the Hubble parameter using the
dark energy content in the present universe Ωβ,0 as a fit parameter. By applying the fitting
method, we successfully solved the Hubble tension with Ωβ,0 = 0.465+0.033

−0.034. The viability of this
solution has been verified by calculating the deceleration parameter q(z) using our model and
comparing it with the Λ-CDM predicted version. Although our model was only constructed to
solve the Hubble tension, it was also found to be compatible with the measured acceleration
of the expansion of the universe. Our model predicts an increase of the total matter content in
the universe by 57%. This consists of light non-relativistic neutrinos with a rest mass energy of
multiple meV. These neutrinos are counted towards the dark matter contribution in the universe
because of their inability to interact with electromagnetic fields.

Our model predicts an observable change in the matter content in the universe for redshifts
z ≤ 9. This is an integrated effect that could potentially be visbile in the cosmic neutrino back-
ground as the introduction of newly created neutrinos could have a blurring effect. Additionally,
we predict the dark matter content could decrease at higher redshifts, which could be an ob-
servable effect. Another integrated effect from our model stems from the dynamical dark energy
density. Its differential contribution to the Hubble parameter in the CDDE model is negligible
in the early universe, but when integrated over a large redshift interval, it introduces a small
yet observable deviation from the standard Λ-CDM based Hubble parameter. This could be an
even larger observable effect when integrated over even larger redshift intervals, and should
thus be accounted for when using the Hubble parameter in the CDDE model beyond the late
universe.

Integrated dark energy effects and matter creations effects could have an effect on early uni-
verse measurements of time and distance intervals since they are derived from integrating over
the Hubble parameter from present day to the early universe. One of such distance measure-
ments is the location of the first peak of the power spectrum of the CMB density fluctuations
which is used to derive the sound horizon of acoustic oscillations in the primordial plasma. An-
other effect that feels the influence from dark energy is the integrated Sachs-Wolfe effect and
should be accounted for if the integrated Sachs-Wolfe effect is studied in more detail using this
model. The results of this study are a ’first tentative calculation’ and do not yield any statistical
value. This requires access to tools and datasets that are outside the scope of this study and
could be the subject of a follow-up study.

As a follow-up study, we took our matter creation mechanism to the extreme and tested if it
could create enough dark matter to serve as an explanation for dark matter. This was done by
assuming that the Hubble parameter in the early universe is described by a two component uni-
verse consisting of baryonic matter and radiation exclusively. By fitting our model such that our
Hubble parameter matches this new assumed Hubble parameter in the early universe, we find
Ωβ,0 = 0.873+0.006

−0.006. From the follow-up study we find the total matter content to be enhanced by
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a factor of 2.45. This is unfortunately not enough to provide a consistent explanation for all the
dark matter content in the universe, as the matter creation factor would in that case be required
to be between 5 and 6 [1]. In addition, by increasing the dark energy content to increase the
matter content over-accelerates the universe, making it incompatible with late universe obser-
vations.
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