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Introduction

There are four known fundamental interactions in nature: the electromag-
netic, the weak, the strong, and the gravitational. The first three are de-
scribed by what is known as the Standard Model of elementary particle
physics, whereas the last one is concisely written in terms of the General
Theory of Relativity.

The Standard Model assumes the fundamental constituents of nature to
be particles that interact through the mediation of so-called gauge bosons.
It is the culmination of the efforts of many physicists in the twentieth cen-
tury, from the advent of quantum mechanics to the triumphant coronation
of quantum field theory by its repeated experimental confirmations. The
Standard Model has predicted the existence of several fundamental parti-
cles correctly, such as the weak vector bosons W± and Z0, the gluon, the
top quark, and the charm quark. The elusive Higgs particle, which one
hopes, or rather expects, to find at the LHC at CERN in Geneva, Switzer-
land, is thought to be the missing piece in the list of the Standard Model. It
remains the most accurate (perturbative) description of nature that is inter-
nally consistent at the energies accessable to accelerator experiments.

In the General Theory of Relativity, which is more or less Einstein’s suc-
cessful one-man show based on the fruitful mathematical insights of Rie-
mann, Ricci-Curbastro and Levi-Cività, the interaction between particles
is induced by the warping of space-time due to the presence of energy or
matter. Its consequences and predictions have been verified time and again
with great accuracy, such as Mercury’s perihelion precession, the deflection
of light by the presence of massive objects, and the gravitational redshift.
Within the next few years one tries to find direct evidence for phenomena
such as frame dragging and gravitational waves at the Laser Interferom-
eter Gravitational-wave Observatory (LIGO) or with the help of the joint
NASA–ESA project LISA, which is a proposed space-based gravitational-
wave detector.

From a purely experimental point of view there is no need for a new the-
ory; one can apply the General Theory of Relativity on astronomical scales,
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whereas one should use the Standard Model in calculations involving ele-
mentary particles. Nevertheless, there are situations where one would like
to have the predictive power of both, such as in the physics of black holes,
in evolutionary cosmology, or at extremely high energies that are beyond
the reach of modern-day laboratories, where gravitational corrections to
the elementary processes might have profound observable effects on the
physics.

From a theoretical perspective there are several reasons to believe that
the present theories require modification. There are, for example, many free
parameters in the Standard Model that need to be inserted from experimen-
tal data, which in itself is not a problem but it is theoretically unsatisfactory.
It is furthermore not well understood why the electroweak SU(2)w×U(1)Y
symmetry of the SU(3)c × SU(2)w × U(1)Y Standard Model gauge group
is spontaneously broken at low energies to the electromagnetic U(1)em by
the Higgs mechanism, whereas the SU(3)c symmetry seems to be exact.
The weak interaction violates the postulated CP -symmetry, but there does
not seem to be any CP -violating process that involves the strong interac-
tion. In addition, there is no apparent mechanism that explains the ex-
treme differences in the masses of the known elementary particles and the
fundamental Planck mass, which is known as the hierarchy problem. The
Standard Model is not capable of producing the correct value of the cos-
mological constant from theoretical considerations without the impromptu
fine-tuning of the vacuum expectation value of the Higgs potential. Fur-
thermore, there is no evident explanation for what “dark matter” exactly
is, and the present theories do not indicate as to why there is an asymmetry
in the distribution of matter and antimatter in the universe, to name but a
few. Finally, the General Theory of Relativity and the Standard Model can-
not be the last word in theoretical physics, as they do not unite all known
fundamental interactions into one elegant mathematical frame.

Admittedly, questions relating to the reasons for certain aspects of the-
ories to be as they appear, might eventually lie outside the scope of physics
and are on the territory of philosophy, but they might as well be used to
subject the available theories to further scrutiny.

Early attempts to unify the quantum field theoretical approach to the
Standard Model with the geometrical description of General Theory of Rel-
ativity by treating gravity as yet another fundamental field have been un-
successful due to the non-renormalizability of the resulting theories. The
disappointment has led to the concept of effective field theories, where one
introduces cut-off scales that “eliminate the infinities”. Today, the most no-
table candidate for a unified theory is String Theory, to which I shall direct
my attention, or in its latest manifestation M-Theory. It is believed that the
General Theory of Relativity and Quantum Field Theory are low-energy
effective field theories of either Loop Quantum Gravity or String Theory.
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The hypothesis of strings as fundamental components in nature has far
reaching consequences. The different “tones” of the strings are to be in-
terpreted as particles with different masses, for instance. However, String
Theory is not even a physical theory in its present form, as it has not pre-
dicted any novel effect yet that can be observed. In order to become a fully
fledged physical theory, it must at least reproduce the Standard Model and
the General Theory of Relativity in some approximation at low energies.
Since gravity is incorporated in all string theories, one “merely” has to find
the correct vacuum of String Theory that contains the Standard Model with
all its characteristics.

In my thesis I review a modest class of models in String Theory, the
Gepner models, which allow one to extract phenomenological information
algebraically, which is otherwise often not easily available. The Gepner
models can be used to determine whether there are vacuum configurations
in String Theory that resemble the Standard Model.

This thesis is divided into two parts: Foundations and Constructions.
In the first part I give an overview of the necessary ingredients of the Gep-
ner models. Explicit constructions of models and their phenomenological
aspects are the core of the second part.

The first chapter is an elementary introduction to conformal and super-
conformal field theory. I review the basics of conformal field theory, which
lead almost naturally to the conformal algebra, the Virasoro algebra, the
superconformal algebra, and the Neveu–Schwarz–Ramond (NSR) algebra.
The unitary superconformal minimal models, which are to be discussed
in the last section of the first chapter, are the quintessence of the Gepner
models.

Conformal and superconformal invariance are connected with the topic
of the second chapter: bosonic strings, fermionic superstrings, and het-
erotic superstrings. Starting with the bosonic string, I try to explain how
bosonic string theory can be improved successively by adding fermionic
degrees of freedom, which gives the famous NSR model, from which one
may obtain the type IIA and type IIB superstring theories by eliminating
certain states from the spectrum, and by combining some of these theories
synthetically to form consistent and supersymmetric heterotic theories. I
restrict all analyses completely to closed oriented strings.

The intimate relationship between conformal field theory and string
theory will become more evident in the context of modular invariance,
which is to be discussed in the third chapter. Modular invariance shall
prove to be interconnected with the GSO projection, which is necessary in
order to go from the NSR model to the type II superstring theories. I shall
discuss the concept of simple currents and their relation to modular invari-
ance. Simple currents allow one to create modular invariants for conformal
and superconformal field theories in a manner that lends itself perfectly for
computational methods, which I describe in more detail in the fifth chapter.
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An important consequence of the string hypothesis is the fact that all
string theories demand the number of space-time dimensions to be set.
The habitat of bosonic strings is 26-dimensional, whereas all superstrings
prefer to live in 10-dimensional environments. In chapter 4 I therefore out-
line several geometric procedures, such as Calabi–Yau compactification, for
obtaining four-dimensional string theories from the ones discussed in the
second chapter.

In the final chapter the preceding four chapters shall merge naturally
in the framework of the so-called Gepner models. These models are con-
structed from severalN = 2 superconformal minimal models in such a way
that one obtains modular invariant expressions for type II and heterotic
superstrings in four space-time dimensions. From these models one may
derive phenomenological data, such as the number of particle generations
and Yukawa couplings. There, I present the main results of my computer
programme, that is the number of generations for each of the 168 symmet-
ric Gepner models. Interestingly, all these Gepner models correspond to
theories on Calabi–Yau spaces. The asymmetric Gepner models, which are
more abundant and of greater interest phenomenologically, are briefly de-
scribed as well, including some results on models with grand unification
gauge groups.

In conclusion, a summary of the main results and some comments on
the current status of Gepner Models are to be found in the outlook.

I have tried to supply all the theoretical foundations that are needed for
the construction of the Gepner models. Nevertheless, I expect the reader to
have some familiarity with quantum field theory and the Standard Model,
Lie and Kač–Moody algebras, and differential geometry. The reader who
is unfamiliar with some of the topics or the terminology may use the ref-
erences as a start for further study, which, I hope, provide the necessary
background material. Important to know, however, is that I work in the
system of fundamental units throughout, that is ~ = c = G = 1.



Part I

Foundations
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Chapter 1
Conformal Field Theory

In this chapter an introductory review of conformal field theory is pre-
sented. In the first section the conformal group and the conformal alge-
bra are discussed, after which a concise overview of conformal fields and
the operator product expansion is given. The third section contains ba-
sic highest-weight representation theory of the Virasoro algebra, which is
the centrally extended local conformal algebra in two dimensions. Finally,
the Virasoro superalgebra is derived from the Z2-gradation of the Virasoro
algebra. The Virasoro superalgebra will play an important part in super-
string theory, where it is known as the Neveu–Schwarz–Ramond algebra.

More detailed accounts of conformal field theory, background informa-
tion and numerous examples in various contexts can be found in the dis-
quisitions of for example Banks [3], Di Francesco et al. [22], Ginsparg [40],
Henkel [50], Kaku [60], Ketov [71], Schellekens [94, 95] and Schottenlo-
her [101]. A discussion of the highest-weight representations of the Vi-
rasoro algebra can be found in the book by Kač and Raina [68]. The con-
struction of superalgebras as Z2-graded Lie algebras is elaborated by for
example Corwin et al. [18], Kalka and Soff [61], Kač [64, 65], Sohnius [105]
and West [108]. The case of the Virasoro superalgebra has been studied by
Kaplansky [62], and in a slightly different context by Kač in the last chapter
of the book [66].

1.1 The Conformal Group

A Cr-diffeomorphism d is an r-times differentiable homeomorphism of a
manifold M to a manifold N ; its inverse d−1 exists and is smooth as well.
If M = N , then the set d : M → M defines a group of diffeomorphisms,
denoted by Diff(M ).

In physics one usually works on Riemannian or pseudo-Riemannian
manifolds. A Riemannian manifold M is a differentiable manifold with

11



12 CHAPTER 1. CONFORMAL FIELD THEORY

a symmetric, positive definite metric tensor field g that is defined on the
whole manifold. The metric of a pseudo-Riemannian manifold, however,
does not have to be positive. The metric g transforms under diffeomor-
phisms xµ 7→ x′µ(x) as a rank-two covariant tensor. In components,

g′µν(x
′) =

∂xα

∂x′µ
∂xβ

∂x′ν
gαβ(x), (1.1)

where the indices µ, ν, α, β ∈ Z take dim M values.
In D-dimensional flat space-time the metric tensor, gµν = ηµν , will have

a (p, q)-signature, that is to say p eigenvalues 1 and q eigenvalues−1, where
p + q = D. Euclidean space-time, with q = 0, and Minkowski space-
time, with q = 1, are examples of respectively Riemannian and pseudo-
Riemannian manifolds RD and Rp,q. Henceforth, µ, ν = 1, 2, . . . , D for Eu-
clidean space-time and µ, ν = 0, 1, 2, . . . , D − 1 for Minkowski space-time.
Minkowski space-time can be related to Euclidean space-time by a Wick
rotation x0 7→ ixD for complex manifolds.

The conformal group Conf(M ) is defined as the diffeomorphisms that
preserve the metric tensor up to a scale factor Ω(x), that is

g′µν(x
′) = Ω(x)gµν(x). (1.2)

Thus, Conf(M ) ⊂ Diff(M ). Moreover, the Poincaré group is contained as
a subgroup of the conformal group, since Poincaré transformations corre-
spond to Ω(x) = 1, the group of isometries. Conformal transformations are
isogonal, as they preserve the angle u·v/

√
u2v2 between vectors u,v ∈ Rp,q,

where u = |u|, u · v = gµνu
µvν as usual, and the summation convention

has been adopted for repeated upper (contravariant) and lower (covariant)
indices.

The metric transforms under infinitesimal diffeomorphisms xµ 7→ xµ +
εµ(x) as

g′µν = (δαµ − ∂µε
α)(δβν − ∂νε

β)gαβ
= gµν − (∂µεν + ∂νεµ) +O(ε2).

Equation (1.2) becomes infinitesimally g′µν(x
′) = gµν(x) + ω(x)gµν(x) +

O(ω2). Therefore, upon comparison up to first order,

∂µεν + ∂νεµ = −ω(x)gµν , (1.3)

which, in D-dimensional flat space-time, where gµν = ηµν , and after con-
tracting both sides with ηµν , yields

ω(x) = − 2
D
∂µε

µ.
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Substituting this result into equation (1.3) gives the conformal Killing equa-
tion:

∂µεν + ∂νεµ =
2
D
∂ · εηµν , (1.4)

where a (p, q)-metric tensor is assumed implicitly, as is done from here on.
Now, acting with ∂µ∂ν on equation (1.4) leads to(

1− 1
D

)
� ∂ · ε = 0, (1.5)

where � = ∂σ∂σ. If D = 1, then equation (1.4) is satisfied for any ε, so there
are no constraints imposed on ω(x), and consequently any diffeomorphism
is conformal. Of course, in the trivial case of one dimension the concept of
angles between curves does not exist, so the one-dimensional case will not
be pursued any further. It is useful to respectively apply ∂ρ to equation
(1.3), with of course gµν = ηµν , and permute the indices {ρ, µ, ν} cyclically
once and twice:

∂ρ∂µεν + ∂ρ∂νεµ = −ηµν∂ρω(x),
∂ν∂ρεµ + ∂µ∂ρεν = −ηρµ∂νω(x),
∂µ∂νερ + ∂ν∂µερ = −ηνρ∂µω(x).

Subtracting the first equation from the second and adding the third, one
finds that

2∂µ∂νερ = ηµν∂ρω(x)− ηρµ∂νω(x)− ηνρ∂µω(x),

which becomes after contraction with ηµν

2 � εµ = (D − 2) ∂µω(x).

Applying ∂ν and using that 2 � ∂µεν = −ηµν � ω(x), which is a corollary of
equation (1.3), one obtains:

(D − 2) ∂µ∂νω(x) = −ηµν � ω(x). (1.7)

Being contracted once more with ηµν gives

(D − 1) � ω(x) = 0, (1.8)

which is equivalent to equation (1.5).
It is obvious from equations (1.7) and (1.8) that the case D = 2 requires

a different approach, and its discussion shall be postponed for the moment.
However, forD ≥ 3, these equations imply that ω(x) is at most linear in the
coordinates xµ. These equations and the trial solution ω(x) = A + Bσx

σ,
with A, Bσ ∈ R, show that 2∂µ∂νερ = ηµνBρ − ηρµBν − ηνρBµ ∈ R for a
given set of indices {µ, ν, ρ}. As a consequence, εµ is at most quadratic in
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the coordinates: εµ = aµ + bµνx
ν + cµνρx

νxρ, where aµ, bµν , cµνρ ∈ R, and
of course cµνρ is symmetric in the last two indices. If one substitutes εµ into
equation (1.4) and compares all terms of the same order in the coordinates,
then

bµν + bνµ =
2
D
b σ
σ ηµν ,

cµνσ + cνµσ =
2
D
cρσρηµν .

There are no constraints on aµ. The first equation is easily solved by split-
ting bµν into a symmetric tensor Sµν and an antisymmetric tensor ωµν . The
antisymmetric part is free of constraints, but Sµν = ληµν , where λ = 1

D b
σ
σ ∈

R. Define bµ = − 1
D c

ρ
ρµ, not to be confused with bµν . Then, by symmetry of

cµνσ in the last two indices and the equation for cµνσ,

cµνσ = −cνσµ − 2bσηµν
= cσµν − 2bσηµν + 2bµηνσ
= −cµνσ − 2bσηµν + 2bµηνσ − 2bνηµσ
= −bσηµν + bµηνσ − bνηµσ.

Now, the infinitesimal conformal transformations can be completely iden-
tified: for translations εµ = aµ, for rotations εµ = ωµνx

ν , for dilations
εµ = λxµ, and for special conformal transformations εµ = bµx

2 − 2(b · x)xµ.
The conformal group Conf(Rp,q), with p + q > 2, is a Lie group of

transformations, as it is a connected topological group1; algebraically, it
is a group with its operations being continuous functions on the manifold,
diffeomorphisms, but topologically it is a manifold. Some function f(x; ζ)
on the manifold that depends implicitly on a set of parameters {ζk}, k ∈ Z,
transforms under diffeomorphisms as f ′ (x′ (x) ; ζ). To first order, the vari-
ation of the function δf = ∂f/∂xµ δxµ, where δxµ = εµ as before. However,
εµ = δζk ∂x

′µ/∂ζk to first order in ζk. The generators of infinitesimal trans-
formations {Gk} are defined as δf(x) ≡ i δζk Gkf(x), where the i is purely
conventional in physics. So, Gk = −i∂x′µ/∂ζk∂µ. For the conformal group,
the infinitesimal parameters, δζk, are aα for translations, ωαβ for Lorentz
transformations, λ for dilations and bα for special conformal transforma-
tions. Thus, the generators are respectively

Pµ ≡ −i∂µ,
Mµν ≡ i (xµ∂ν − xν∂µ) ,
D ≡ −ix · ∂,
Kµ ≡ −i

(
x2∂µ − 2xµx · ∂

)
.

(1.10)

1Please consult de Azcárraga and Izquierdo [19] or Gilmore [39] for more information.
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These generators form a Lie algebra under commutation as a consequence
of the group structure: [Gk, Gl] = fmklGm, where the fmkl are called the struc-
ture constants.2 In particular, the generators define the Lie algebra of the
conformal group, denoted by conf(Rp,q):

[D,Pµ] = iPµ,
[Kµ, D] = iKµ,

[Kµ, Pν ] = 2i (ηµνD −Mµν) ,
[Mµν ,Kρ] = i (ηνρKµ − ηµρKν) ,
[Mµν , Pρ] = i (ηνρPµ − ηµρPν) ,

[Mµν ,Mρσ] = i (ηνρMµσ + ηµσMνρ − ηµρMνσ − ηµρMνσ) ,

(1.11)

and all other commutators equal zero. The generators of the Lorentz ro-
tations Mµν satisfy the so(p, q) algebra, which is a subalgebra of the con-
formal algebra. The two last commutators in (1.11) represent the Poincaré
algebra, which is indeed a subalgebra of the conformal algebra, too. The
conformal group in D dimensions is locally isomorphic to the special or-
thogonal group in D + 2 dimensions: conf(Rp,q) ∼= so(p + 1, q + 1). Firstly,
because the conformal group in D dimensions is generated by D transla-
tions, 1

2D(D − 1) rotations, 1 dilation and D special conformal transforma-
tions, so that 1

2(D + 2)(D + 1) generators in total. Secondly, because the
conformal algebra, (1.11), can be cast into the so(p+ 1, q + 1) algebra,

[Jab, Jcd] = i (ηadJbc + ηbcJad − ηacJbd − ηbdJac) , (1.12)

by extending the metric by two diagonal components η++ = 1 and η−− =
−1, adding a one to both p and q, and by introducing the generators

Jµν = Mµν ,

J−+ = −D,

J−µ =
1
2

(Pµ −Kµ) ,

J+µ =
1
2

(Pµ +Kµ) ,

(1.13)

which of course comply Jab = −Jba. Now, a, b take D + 2 distinct values.
The new generators J+− and J±µ satisfy

[J+−, J+µ] = −iJ−µ,
[J+−, J−µ] = −iJ+µ,

[J+µ, J+ν ] = −iJµν ,
[J−µ, J−ν ] = iJµν ,
[J+µ, J−ν ] = −iηµνJ+−,

2See for instance Cahn [13], Georgi [32], Gilmore [39], Humphreys [53], Jacobson [56] or
Knapp [75] for more details on Lie algebras.
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from which the commutation relations (1.12) can easily be deduced.
The global versions of the infinitesimal conformal transformations can

be obtained by exponentiation of the Lie algebra generators, x′µ = eiζkG
k
xµ,

and they are respectively

xµ 7→ x′µ = xµ + uµ,

xµ 7→ x′µ = Λµνxν ,
xµ 7→ x′µ = αxµ,

xµ 7→ x′µ =
xµ + vµx2

1 + 2(v · x) + v2x2
,

(1.14)

where u,v ∈ Rp,q, Λ ∈ SO(p, q), the special orthogonal group, and α ∈
R \ {0}. For the former two diffeomorphisms Ω(x) = 1, which corre-
sponds to the Poincaré group. From the transformation properties of the
metric and the conformal mappings it follows that Ω(x) = α−2 and Ω(x) =(
1 + 2(v · x) + v2x2

)2 for scale and special conformal transformations, re-
spectively. The form of the special conformal transformations, as given in
(1.14), can be obtained by an inversion x′µ = xµ/x2, x 6= 0 and a transla-
tion by a vector v, followed by another inversion. Inversions are conformal
transformations, because Ω(x) = x−4. Please notice that special conformal
transformations as well as inversions are not defined for all x ∈ M .

Now I will come back to the case of D = 2. From the conformal Killing
equation (1.4), one sees that for Euclidean space-time R2 ∼= C

∂1ε2 = −∂2ε1,

∂1ε1 = ∂2ε2,
(1.15)

which are the Cauchy–Riemann equations. So, ε(z, z̄) ≡ ε1(z, z̄) + iε2(z, z̄)
is analytic (holomorphic) in z = x1 + ix2. Now, define z̄ = x1 − ix2 and
ε̄(z, z̄) = ε1(z, z̄) − iε2(z, z̄), which is an analytic function of z̄, or an anti-
analytic (antiholomorphic) function of z. From a squared infinitesimal line
element (ds)2 = gµνdxµ⊗dxν = dx1⊗dx1 +dx2⊗dx2 = dz⊗dz̄, one finds
that the metric components gzz = gz̄z̄ = 0 and gzz̄ = gz̄z = 1

2 .3 Therefore,
gzz = gz̄z̄ = 0 and gzz̄ = gz̄z = 2. In complex coordinates ∂z = 1

2 (∂1 − i∂2)
and ∂z̄ = 1

2 (∂1 + i∂2). Because of the Cauchy–Riemann equations (1.15)

∂z̄ε(z, z̄) = 0,
∂z ε̄(z, z̄) = 0,

which shows that indeed ε(z, z̄) = ε(z) and ε̄(z, z̄) = ε̄(z̄). In two dimen-
sions all analytic mappings are conformal, that is z 7→ f(z) and z̄ 7→ f̄(z̄),
since Ω(z, z̄) = |∂f/∂z|2 > 0.

3In the physicist’s notation the tensor product ⊗ is generally omitted: (ds)2 =
gµνdxµdxν = (dx1)2 + (dx2)2 = dzdz̄. Strictly speaking, g = gµνdxµ ⊗ dxν is the met-
ric tensor, although it is common practice to refer to its components as the metric as well.
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The results are similar for Minkowski space-time R1,1, which can be ob-
tained by a Wick rotation x2 7→ −ix0 from Euclidean space-time and by
analytic continuation of the fields on the manifold. Consequently, confor-
mal transformations in Minkowski space-time are invertible functions of
the left- and right-moving coordinates x± = x1 ± x0: x+ 7→ g(x+) and
x− 7→ h(x−).

Because the functions ε(z) and ε̄(z̄) are respectively locally holomorphic
and antiholomorphic, they can be expanded in Laurent series:

ε(z) =
∞∑

n=−∞
cnz

n+1, ε̄(z̄) =
∞∑

n=−∞
c̄nz̄

n+1, (1.16)

where cn and c̄n are complex infinitesimal parameters. The infinitesimal
generators are

ln = −zn+1∂, l̄n = −z̄n+1∂̄,

where ∂ ≡ ∂z and ∂̄ ≡ ∂z̄ have been introduced, and the factors i have been
omitted. These generators obey the Witt algebra vect(S1), which is the Lie
algebra of complex vector fields on the circle [49, 68]:

[ln, lm] = (n−m)ln+m,
[
l̄n, l̄m

]
= (n−m)l̄n+m, (1.17)

and
[
ln, l̄m

]
= 0, which shows that the holomorphic and antiholomorphic

sectors are independent. They are isomorphic, though, as they obey similar
commutation relations (1.17). Thus, the conformal algebra in two dimen-
sions is the direct sum of the holomorphic and antiholomorphic subalge-
bras. Hence, it suffices to consider only the holomorphic sector, and to bare
in mind that similar relations hold for the antiholomorphic sector. One con-
siders z and z̄ to be independent variables, so effectively one complexifies
the initial space to C2.

However, the infinitesimal generators ln are only defined locally on the
extended complex plane, or Riemann sphere S2 = C ∪ {∞}4, as holomor-
phic conformal transformations are generated by the vector fields

v(z) = −
∞∑

n=−∞
cnln =

∞∑
n=−∞

cnz
n+1∂,

which are non-singular for n = −1, 0, 1 if cn 6= 0. This is because

lim
z→0

v(z) = 0,

4Please note that the Riemann sphere is a compact manifold, whereas the complex plane
is not. The Riemann sphere is said to be the one-point compactification of the complex
plane.
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if n ≥ −1, and

lim
z→∞

v(z) = lim
w→0

v

(
1
w

)
= lim

w→0

∞∑
n=−∞

cnw
−n+1∂ = 0,

if n ≤ 1, where the transformation z 7→ w−1 has been performed. The
generators l−1, l0 and l1 form an su(2) subalgebra of the Witt algebra (1.17).
This is most easily established by the identifications J1 = i

2(l−1 + l1), J2 =
1
2(l−1 − l1) and J3 = l0. These generators obey [Jk, Jl] = iεklmJm, where
εklm is totally antisymmetric upon permutation of its indices {k, l,m} =
{1, 2, 3}.

The global transformations are then easily obtained by exponentiation
of the generators l−1, l0 and l1:

z 7→ z + α,

z 7→ βz,

z 7→ z

1− γz
,

where α, β, γ ∈ C, and similar relations hold in the antiholomorphic sec-
tor. The first global transformation is a translation by α, the second one
a scaling by |c| and rotation over arg(c), and the third is a special confor-
mal transformation. All these transformations can be combined to form the
general map

z 7→ az + b

cz + d
, (1.18)

which are Möbius transformations, which are also known as projective con-
formal transformations. They satisfy the condition ad − bc 6= 0, so there
are indeed just three independent parameters, as required. Without loss of
generality, one can impose ad − bc = 1. This condition ensures that the
Möbius transformations form a group that is isomorphic to PSL (2,C) ≡
SL (2,C) /Z2, where the factor Z2 is due to the invariance of the mapping
(1.18) under a change of sign of all parameters. Therefore, the total confor-
mal group in two dimensions Conf (C) ∼= PSL (2,C)× PSL (2,C).5

1.2 Conformal Fields

So far, I have reviewed the conformal symmetries of the manifold on which
physical theories will be defined. In general, the generators of these sym-
metries will act on the fields on the two-dimensional manifold, φ(z, z̄).

5The direct sum of Lie algebras leads to a direct product of Lie groups after exponentia-
tion [39].
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Primary fields are defined to transform covariantly under local conformal
transformations z 7→ f(z) and z̄ 7→ f̄(z̄) as

φ(z, z̄) 7→
(
df(z)
dz

)h(df̄(z̄)
dz̄

)h̄
φ(f(z), f̄(z̄)), (1.19)

where the conformal weights h, h̄ ∈ R have been introduced, and where the
bar merely serves as a distinction between the holomorphic and antiholo-
morphic weights. These primary fields have a scaling dimension ∆ = h+ h̄
and conformal spin s = h− h̄.

The variation of primary fields under infinitesimal holomorphic and
antiholomorphic mappings f(z) = z+ε(z) and f̄(z̄) = z̄+ε̄(z̄), respectively,

δφ = ε(z)∂φ(z, z̄) + hφ(z, z̄)∂ε(z) + ε̄(z̄)∂̄φ(z, z̄) + h̄φ(z, z̄)∂̄ε̄(z̄), (1.20)

up to first order in ε(z) and ε̄(z̄). Fields that transform only under global
conformal transformations as in equation (1.19) are called quasi-primary,
and fields that are neither primary nor quasi-primary are secondary. Please
notice that all primary fields are quasi-primary as well, although the con-
verse is not true.

1.2.1 Correlations Functions

In field theories one is generally interested in the correlations among the
fields. A powerful instrument in the (perturbative) calculation of correla-
tion functions, or Green’s functions, is the path integral formalism. The
dynamics of the fields are then encoded in the action, from which the equa-
tions of motion can be obtained by first-order variation of the action, which
yields the well-known Euler–Lagrange equations. For a product of several
fields φi(zi, z̄i), with i = 1, . . . , n, the n-point correlation function

G(n) (zi, z̄i) ≡ 〈φ1(z1, z̄1) . . . φn(zn, z̄n)〉

=
1
Z

∫
Dφ φ1(z1, z̄1) . . . φn(zn, z̄n) e−S[φ],

(1.21)

where Z =
∫
Dφ e−S[φ] is the partition function and S[φ] the Euclidean free-

field action. The reason for the appearance of the action in Euclidean space-
time is that it is well-defined in contrast to the path integral in Minkowski
space-time, which does not converge formally. The fields are assumed to
be analytically continuable, and to vanish at infinity.

In quantum field theories the different types of fields satisfy certain
algebras, which can be represented by operators in a Hilbert space. The
Hilbert space is supposed to be equipped with a stable, Poincaré invariant
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state, the vacuum |0〉.6 The correlation functions can then be expressed as
vacuum expectation values:

〈φ1(z1, z̄1) . . . φn(zn, z̄n)〉 = 〈0|Rφ(z1, z̄1) . . . φ(zn, z̄n)|0〉 , (1.22)

where R is the radial ordering operator for commuting (bosonic) fields:

Rφ(z)φ′(w) ≡
{
φ(z)φ′(w), |z| > |w|
φ′(w)φ(z), |z| < |w| . (1.23)

For anticommuting (fermionic) fields, there is a minus sign in front of the
last line of equation (1.23). The operator R is the Euclidean counterpart of
the time ordering operator T in Minkowski space-time, where there is a
natural direction of time. In Euclidean space-time the choice for the time
coordinate is ambiguous, and in order to remove the arbitrariness it is con-
venient to define initially the conformal field theory on a cylinder S1 × R,
that is x2 ∈ R, x1 ∈ [0, 2π), in anticipation of the string theory formalism,
which will be discussed in chapter 2. The conformal transformations z = eζ

and z̄ = eζ̄ , where ζ = x2 + ix1 and ζ̄ = x2 − ix1, from the infinite cylin-
der to the Riemann sphere, then, convert the time order to a radial order:
the infinite past, x2 → −∞, is mapped onto the origin, |z| = 0, the infinite
future onto the circle at |z| = ∞, and equal-time lines become concentric
circles around the origin.

A particularly interesting correlation function is the two-point func-
tion, which is known as the propagator. Global conformal invariance of
the theory implies conformal invariance of the vacuum. Therefore, the
holomorphic part of the two-point correlation function of primary fields
G(2) (z1, z2) = 〈φ1(z1)φ2(z2)〉, z1 6= z2, satisfies

[ε(z1)∂1 + h1 (∂1ε (z1)) + ε(z2)∂2 + h2 (∂2ε (z2))]G(2) (z1, z2) = 0

for local conformal transformations of the primary fields (1.20). A similar
equation holds of course for the antiholomorphic part, G(2)(z̄1, z̄2). I have
used the abbreviated notation ∂i ≡ ∂zi with i = 1, 2.

For translations ε (zi) = 1, so that the partial differential equation sim-
plifies to

[∂1 + ∂2]G(2) (z1, z2) = 0.

This means that G(2) (z1, z2) = G(2) (z12), where z12 ≡ z1− z2. For rotations
ε (zi) = zi, and thus

[∂1 + h1 + ∂2 + h2]G(2) (z1, z2) = [z12∂12 + h1 + h2]G(2) (z12) = 0,

6In the context of conformal field theory, the vacuum is supposed to be invariant under
global conformal transformations; the vacuum is maximally symmetric.
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with ∂12 ≡ ∂z12 , which means that G(2) (z12) = c12z
−h1−h2 , where c12 ∈

C is a normalization constant. Finally, special conformal transformations
ε (zi) = z2

i yield[
z2
1∂1 + 2h1z1 + z2

2∂2 + 2h2z2
]
G(2) (z1, z2) = 0

or, after insertion of G(2) (z12),

[h1 − h2] z12G(2) (z12) = 0,

from which it follows that either h1 = h2 or c12 = 0, which implies the
trivial solution. Hence,

G(2) (zi, z̄i) =


c12

(z12)2h(z̄12)2h̄
, h1 = h2 ∧ h̄1 = h̄2

0, h1 6= h2 ∨ h̄1 6= h̄2

, (1.24)

where I have taken both the holomorphic and antiholomorphic part into
account, and where I have introduced the holomorphic conformal weight
h = h1 = h2 and the antiholomorphic conformal weight h̄ = h̄1 = h̄2.

Similar arguments demonstrate that the three-point correlation function

G(3) (zi, z̄i) = c123
1

(z12)h1+h2−h3(z23)h2+h3−h1(z13)h3+h1−h2

× 1
(z̄12)h̄1+h̄2−h̄3(z̄23)h̄2+h̄3−h̄1(z̄13)h̄3+h̄1−h̄2

, (1.25)

where zij = zi − zj , and c123 ∈ C.
The four-point function G(4) (zi, z̄i), however, is not determined com-

pletely by global conformal invariance, since there are four independent
fields, yet but three global conformal transformations:

G(4) (zi, z̄i) = f (η, η̄)
∏
i<j

(zij)h/3−hi−hj (z̄ij)h̄/3−h̄i−h̄j . (1.26)

Here, f is an undetermined function of the holomorphic and antiholo-
morphic cross-ratios, η = z12z23/z13z24 and η̄, which is defined similarly,
h =

∑4
i=1 hi, and h̄ =

∑4
i=1 h̄i. These cross-ratios, or anharmonic ratios,

are invariant under global conformal transformations.
It is further useful to see how the conformal fields are related to the

asymptotic states in the theory. In the radial formalism the asymptotic in
and out states are

|φin〉 = lim
z,z̄→0

φ(z, z̄)|0〉 (1.27)

and
〈φout| = lim

w,w̄→0
〈0|φ′(w, w̄), (1.28)
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where z = 1/w, and φ′(w, w̄) = φ(1/z, 1/z̄)z−2hz̄−2h̄ as a result of equation
(1.19). In order to have 〈φout| = |φin〉†, it is necessary to define the hermitian
conjugate as

φ(z, z̄)† = φ(1/z̄, 1/z)z̄−2hz−2h̄. (1.29)

The inner product 〈φout|φin〉 is well defined, since the factor from hermitian
conjugation is cancelled by the one from equation (1.24):

〈φout|φin〉 = lim
z,z̄,w,w̄→0

〈
0
∣∣∣φ(z, z̄)†φ(w, w̄)

∣∣∣0〉
= lim

z,z̄,w,w̄→0
z̄−2hz−2h̄ 〈0|φ(1/z̄, 1/z)φ(w, w̄)|0〉

= lim
ζ,ζ̄→0

ζ̄2hζ2h̄
〈
0|φ(ζ̄, ζ)φ(0, 0)|0

〉
= 1,

if c12 = 1 in equation (1.24).

1.2.2 Conformal Ward Identities

The generalization of the constraints posed on n-point correlation functions
by conformal invariance leads to the conformal Ward identities. In order to
derive these identities it is necessary to introduce the generator of local con-
formal transformations and the concept of operator product expansions.

For any action S that depends on the metric of theD-dimensional back-
ground space-time, the energy–momentum tensor, which is also known as
the stress–energy tensor, is defined to be

Tµν = − 2√
|det gµν |

δS

δgµν
. (1.30)

There is an additional factor π conventionally in string theory [44]. The
energy–momentum tensor is by construction symmetric: Tµν = T νµ.

The first-order variation of the action with respect to the metric can then
be written as

δS =
1
2

∫
R

dDx
√
|det gµν |Tµνδgµν = 0, (1.31)

where R ⊆ M . In the operator formalism of quantum field theory, R be-
comes the (Banach) space of all field functions x, that is Map (R ,M ).

For infinitesimal diffeomorphisms in flat space-time, the variation δgµν
satisfies equation (1.3), so that

δS =
∫

R
dDx

√
|det gµν |Tµν∂µεν = 0.
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Assuming Tµνεν vanish on the boundary ∂R , one may rewrite the variation
of the action, by using integration by parts, as

δS = −
∫

R
dDx

√
|det gµν | (∂µTµν) εν = 0.

Because the functions εµ(x) and the region R are arbitrary as yet, the stress–
energy tensor is divergenceless, that is ∂µTµν = 0. For conformal transfor-
mations the energy–momentum tensor is traceless as well, Tµµ = 0, as can
be shown easily by inserting the right-hand side of equation (1.3) into equa-
tion (1.31).

For any symmetry of the action S there as an associated conserved
Noether current J µ (x): ∂µJ µ = 0. The Noether current for infinitesimal
conformal diffeomorphisms

J µ = Tµνεν , (1.32)

since ∂µ (Tµνεν) = (∂µTµν) εν + Tµν (∂µεν) = 0; the first term equals zero
due to divergenceless of the energy–momentum tensor, and the second
one by virtue of the symmetry of (1.3) and tracelessness of the energy–
momentum tensor. The related Noether charge

Q =
∫

RD−1

dD−1x J 0, (1.33)

is a conserved quantity as well. This follows directly from integrating
∂µJ µ = 0 over a (D − 1)-dimensional Euclidean space and applying Gauß’
divergence theorem to rewrite the integral of the spatial part

∫
dD−1x ∂iJ i

as a surface integral that vanishes, because the Noether currents J i are as-
sumed to be zero at infinity at all times. Thence, ∂0Q(x) = 0, provided the
integral (1.33) converges.

In two dimensions the condition Tr (Tµν) = 0 reads Tzz̄ = Tz̄z = 0. The
only non-zero components of the energy–momentum tensor are therefore
Tzz and Tz̄z̄ . Conservation of the energy–momentum tensor yields ∂̄Tzz =
∂Tz̄z̄ = 0, which implies that T (z) ≡ Tzz is holomorphic and T̄ (z̄) ≡ Tz̄z̄
is antiholomorphic. In fact, T (z) and T̄ (z̄) are meromorphic functions of
z and z̄ respectively, but it has become standard in the literature to call
these dependencies holomorphic and antiholomorphic, so I shall adopt the
nomenclature as well. The Noether currents are Jz = T (z)ε(z) and Jz̄ =
T̄ (z̄)ε̄(z̄), and the Noether charge is defined as

Qε,ε̄ =
1

2πi

∮
C
dz T (z)ε(z) +

1
2πi

∮
C
dz̄ T̄ (z̄)ε̄(z̄), (1.34)

where C is a closed, positively oriented contour enclosing the origin, and
the factor 2πi in the denominator is conventional in two-dimensional con-
formal field theory, as it cancels the same factor in the numerator coming
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from applying the residue theorem. In two dimensions the radial quantiza-
tion procedure, in which the space coordinate is compactified, induces the
integral of equation (1.33) to become a contour integral around the origin.

In quantum theories the Noether charge Qε is of course an operator
expression that acts on fields in the Hilbert space. It generates infinitesimal
conformal transformations z 7→ z + ε(z), which for holomorphic primary
fields implies that

δφ = [Qε, φ (w)] , (1.35)

where the left-hand side equals the holomorphic part of equation (1.20).
Equation (1.35) holds for unitary representations of the conformal algebra
only, which I shall tacitly assume from now on. The right-hand side of
equation (1.35) is an equal-time commutator, which in turn is an integration
along a circle of radius |z| = |w|:

[Q,φ (w)] ≡ lim
z→w

1
2πi

∮
dz ε(z)T (z)φ(w). (1.36)

Because of possible singularities on the contour it has to be deformed
such that

[Q,φ (w)] =
1

2πi

∮
|z|>|w|

dz ε(z)T (z)φ(w)− 1
2πi

∮
|z|<|w|

dz ε(z)φ(w)T (z)

=
1

2πi

∮
Cw

dz ε(z)RT (z)φ(w), (1.37)

where I have inserted the radial ordering operatorR, and where Cw denotes
a contour enclosing the point w. If the radially ordered operator product of
the energy–momentum tensor and a primary field φ(z) can be expanded in
Laurent series, then the integral in equation (1.37) is well-defined. Such an
expansion in terms of a complete set of local operators {On(w)} is called an
operator product expansion, abbreviated OPE, and it is only valid in some
infinitesimal region around w:

RT (z)φ(w) =
∑
n

cn(z − w)On(w). (1.38)

The sum includes a countable number of terms, and cn(z) are complex
functions of z. The operator product expansion defines an equivalence re-
lation if only singular terms are included in the sum of equation (1.38), be-
cause only these terms contribute to the contour integral of equation (1.37)
as a result of the residue theorem. Therefore,

RT (z)φ(w) ∼ h

(z − w)2
φ(w) +

1
z − w

∂wφ(w), (1.39)

as can be seen by using that ε(z) = ε(w) + (z − w)∂wε(w) + O(w2) and
upon comparison of equations (1.35) and (1.37) with the holomorphic part
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of equation (1.20) at z = w. In the physical literature on conformal field
theory, the radial ordering operator R is always implied implicitly in inte-
gral expressions and operator product expansions. I shall adopt the same
abuse of notation and leave out the radial ordering operator henceforth.

The generator of infinitesimal conformal transformations
∮

dz
2πiε(z)T (z)

can be used to derive relations among n-point correlation functions that are
valid locally: 〈∮

C

dz
2πi

ε(z)T (z)φ1(w1) . . . φn(wn)
〉

=
n∑
k=1

〈
φ1(w1) . . .

(∮
Cwk

dz
2πi

ε(z)T (z)φk(wk)

)
. . . φn(wn)

〉

=
n∑
k=1

〈φ1(w1) . . . δφk(wk) . . . φn(wn)〉.

Because ε(z) is arbitrary7,

〈T (z)φ1(w1) . . . φn(wn)〉

=
n∑
k=1

[
hk

(z − wk)2
+

1
z − wk

∂

∂wk

]
〈φ1(w1) . . . φn(wn)〉 , (1.40)

where the radial ordering of the operators in the correlators is implied.
Equation (1.40) is known as the conformal Ward identity. It states that
the correlation functions are holomorphic with isolated singularities at the
points where the field operators have been inserted.

1.2.3 Towards the Virasoro Algebra

Consider the free massless scalar action in two dimensions

S =
1
2π

∫
dzdz̄ ∂φ∂̄φ. (1.41)

The scalar satisfies the equations of motion

∂∂̄φ = ∂̄∂φ = 0. (1.42)

Therefore, ∂φ is holomorphic and ∂̄φ is antiholomorphic, which allows one
to write φ(z, z̄) as φ(z) + φ̄(z̄). The propagator is the solution of the partial
differential equation ∂∂̄ 〈φ(z, z̄)φ(w, w̄)〉 = −2πδ(2)(z − w; z̄ − w̄), where

7Moreover, the contour C belongs to the same homotopy class as the union of contours
around all n points wk in the interior of C that are connected by n − 1 piecewise smooth
paths. These paths are each traversed twice in opposite directions, and do therefore not
contribute effectively to the integral.
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2δ(2)(z −w; z̄ − w̄) = δ(x− x′)δ(y − y′), which are the real analogues of the
complex Dirac delta distribution in two dimensions.

〈φ(z, z̄)φ(w, w̄)〉 = − ln|z − w|2, (1.43)

with ln|z − w|2 = ln(z − w) + ln(z̄ − w̄), from which it obviously follows
that 〈φ(z)φ(w)〉 = − ln(z − w). Therefore,

∂φ(z)∂φ(w) ∼ − 1
(z − w)2

, (1.44)

where of course radial ordering is implied. Inserting this operator product
expansion into equation (1.37) and upon comparison with equation (1.20),
one sees that ∂φ is a primary field of weight h = 1.

The classical, holomorphic stress–energy tensor T (z) = −1
2∂φ(z)∂φ(z).

However, in quantized theories, it is necessary to introduce a normally or-
dered product of operators, which can be done formally by subtracting the
divergent piece:

T (z) = −1
2

: ∂φ(z)∂φ(z) :

= −1
2

lim
w→z

(∂φ(z)∂φ(w)− 〈∂φ(z)∂φ(w)〉)

= −1
2

lim
w→z

[
∂φ(z)∂φ(w) +

1
(z − w)2

]
. (1.45)

When dealing with creation and annihilation operators, one generally de-
fines the normally ordered product in such a way that all creation operators
appear on the left and all annihilation operators on the right of any product
of operators.

By applying Wick’s theorem and expanding ∂φ(z) around z = w up to
first order in ∂φ(w), one finds the radially ordered operator product expan-
sion:

T (z)∂φ(w) = −1
2

: ∂φ(z)∂φ(z) : φ(w)

= −∂φ(z) 〈∂φ(z)∂φ(w)〉

∼ ∂φ(z)
(z − w)2

=
∂φ(w)

(z − w)2
+
∂2φ(w)
z − w

. (1.46)
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Similarly, one finds that

T (z)T (w) =
1
4

: ∂φ(z)∂φ(z) : : ∂φ(w)∂φ(w) :

=
1
2
〈∂φ(z)∂φ(w)〉2 + 〈∂φ(z)∂φ(w)〉 ∂φ(z)∂φ(w)

∼
1
2

(z − w)4
+

2T (w)
(z − w)2

+
∂T (w)
z − w

. (1.47)

I have contracted both ∂φs in T (z) with both in T (w) in the first term on the
second line, which can be done in two different ways. Furthermore, I have
contracted one ∂φ of the one energy–momentum tensor with a single one
of the other in the second term on the same line, for which there are four
possibilities.

In two dimensions the Euclidean action of a free and massless fermion
field χ is

S =
1
4π

∫
dx1dx2 χ†γ0γi∂iχ, (1.48)

where the two-dimensional Dirac matrices satisfy the anticommutation re-
lations of the Clifford algebra{

γi, γj
}

= 2δij . (1.49)

In the complex chiral representation

γ0 =
(

0 1
1 0

)
, γ1 =

(
0 −i
i 0

)
, (1.50)

so that the operator γ0γi∂i becomes

γ0
(
γ0∂0 + γ1∂1

)
=
(
∂0 + i∂1 0

0 ∂0 − i∂1

)
= 2

(
∂̄ 0
0 ∂

)
.

The action becomes in terms of the two-component spinor χ =
(
ψ, ψ̄

)
S =

1
2π

∫
dzdz̄

[
ψ∂̄ψ + ψ̄∂ψ̄

]
. (1.51)

The equations of motion are ∂ψ̄ = 0 and ∂̄ψ = 0, which show that ψ = ψ(z)
and ψ̄ = ψ̄(z̄). Continuing in a similar fashion as for the free scalar, one
finds the propagator to be

〈ψ(z)ψ(w)〉 =
1

z − w
, (1.52)
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and that the energy–momentum tensor is

T (z) =
1
2

: ψ(z)∂ψ(z) :

=
1
2

lim
w→z

[ψ(z)∂ψ(w)− 〈ψ(z)∂ψ(w)〉]

=
1
2

lim
w→z

[
ψ(z)∂ψ(w)− 1

z − w

]
. (1.53)

The OPE between T and a fermion ψ is

T (z)ψ(w) =
1
2

: ψ(z)∂ψ(z) : ψ(w)

=
1
2

[−〈ψ(z)ψ(w)〉 ∂ψ(z) + 〈∂ψ(z)ψ(w)〉ψ(z)]

∼ −
1
2ψ(w)

(z − w)2
− ∂ψ(w)
z − w

, (1.54)

where the minus sign in the first term on the second line comes from inter-
changing ∂ψ(z) and ψ(w), because of the Pauli principle: {ψ(z), ψ(z′)} = 0
with |z| = |z′|. From these results it follows that the OPE of the energy–
momentum tensor with itself must be

T (z)T (w) ∼
1
4

(z − w)4
+

2T (w)
(z − w)2

+
∂T (w)
z − w

, (1.55)

which is of the same form as equation (1.47). In general, the OPE of a
generic T (z) with itself may be written as

T (z)T (w) ∼
1
2c

(z − w)4
+

2T (w)
(z − w)2

+
∂T (w)
z − w

, (1.56)

where c ∈ C is called the central charge or the (conformal) trace anomaly,
which is more customary in the context of string theory. Except for the
additional first term in the operator product expansions (1.47) and (1.55),
the energy–momentum tensor is a primary field of conformal weight 2.
Summarising, one has for the free massless boson and fermion (h, c) =
(0, 1) and (1

2 ,
1
2), respectively.

In general, a conformal field Φ(z) of weight h can be (Laurent) ex-
panded in modes:

Φ(z) =
∞∑

k=−∞
z−k−hLk, (1.57)

Lk =
∮
C0

dz
2πi

zk+h−1Φ(z), (1.58)
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where of course similar expressions hold for the antiholomorphic part of a
conformal field. The modes of the energy–momentum tensor satisfy

[Ln, Lm] =
∮
C0

dw
2πi

wm+1

∮
Cw

dz
2πi

zn+1RT (z)T (w)

∼
∮
C0

dw
2πi

wm+1

∮
Cw

dz
2πi

zn+1

[
1
2c

(z − w)4
+

2T (w)
(z − w)2

+
∂T (w)
z − w

]

=
∮
C0

dw
2πi

wm+1
[ c
12

(n+ 1)n(n− 1)wn−2

+ 2(n+ 1)wnT (w) + wn+1∂T (w)
]

=
c

12
n(n2 − 1)δn+m,0 + (n−m)Ln+m, (1.59)

where, in going from the third to the fourth equation, I have integrated the
last term on the third line by parts. Equation (1.59) defines the (holomor-
phic) Virasoro algebra vir. The modes of the antiholomorphic part of the
energy–momentum tensor obey an isomorphic algebra with c = c̄. In ad-
dition,

[
Ln, L̄m

]
= 0, which shows that the discussion of the holomorphic

sector solely suffices.
Under infinitesimal conformal transformations the energy–momentum

tensor transforms according to equation (1.37) as

δT (w) =
1

2πi

∮
Cw

dz ε(z)RT (z)T (w)

=
c

12
∂3ε(w) + 2T (w)∂ε(w) + ε(w)∂T (w), (1.60)

where ε(z) has been expanded around z = w up to third order. For ε(z) =
1, z, z2, that is for the infinitesimal generators of global conformal transfor-
mations, the stress–energy tensor transforms as a primary field. For finite
transformations z 7→ f(z),

T (z) 7→ (∂f)2 T (f(z)) +
c

12
S(f, z), (1.61)

where the Schwarzian derivative has been introduced:

S(f, z) =
∂f ∂3f − 3

2

(
∂2f

)2
(∂f)2

. (1.62)

The Schwarzian derivative vanishes for Möbius transformations (1.18).
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1.3 Virasoro Algebra

The Virasoro algebra is the one-dimensional central extension of the Witt
algebra of section 1.1, that is vir = vect(S1)⊕ Cc. In terms of the commuta-
tion relations this means that

[ln, lm] = (m− n)lm+n + a(m,n)c,
[ln, c] = 0,

(1.63)

where a(m,n) ∈ C is called the two-cocycle. The function a(m,n) can-
not be arbitrary, because the Lie bracket must be anticommutative and sat-
isfy the Jacobi identity. From these constraints, it follows that a(m,n) =(
αm+ βm3

)
δm,−n, where conventionally one takes α = −β = − 1

12 [68],
which clearly demonstrates the equivalence with equation (1.59).

1.3.1 Representation Theory

In order to account for scattering and decay of particles, the separable,
single-particle Hilbert spaceH from quantum mechanics has to be replaced
by a Fock space F over H, as follows:

F =
∞⊕
n=0

H⊗n.

Here, the creation and annihilation operators act on the vacuum, H0 = C
and H⊗n = H ⊗ H ⊗ . . . ⊗ H with n factors [90]. The physical Fock space
is the subspace of the complete Fock space, in which the negative-norm
states, known as ghosts, have been excluded. All orthonormal states define
a natural basis of the Fock space.8

For physical applications, only unitary highest-weight representations
of the Virasoro algebra are of interest, since one is interested in the phys-
ical Fock space, where one needs to define a non-negative, hermitian in-
ner product and a vacuum state that is annihilated by a maximum set of
operators on the space. Hermiticity is incorporated by an antilinear anti-
involution, known as the hermitian adjoint: l†n = l−n with l0 and c the only
self-adjoint elements of vir. A unitary highest-weight representation of the

8By and large, only two subspaces of the Fock space are considered in quantum field the-
ory, in which the spin statistics are correctly incorporated, namely the bosonic Fock space,
which is the symmetrized direct sum of Hilbert space tensor products, and the fermionic
Fock space, being its antisymmetrized version.
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Virasoro algebra on a Fock space9 is defined by highest-weight state |h, c〉
and a highest weight h such that

l0|h, c〉 = h|h, c〉,
ln|h, c〉 = 0 for n > 0, (1.64)

F = span
({
k ∈ Z

∣∣ l−kn . . . l−k1 |h, c〉
})
, 1 ≤ k1 ≤ . . . ≤ kn.

The eigenvalue of the operator l0 is sometimes called the level number.
The highest-weight state is created from the vacuum by a primary field

φ(z) with conformal weight h:

|h, c〉 = φ(0)|0〉. (1.65)

Since the vacuum is the state with maximal symmetry, it must be invariant
under global conformal transformations, so that ln|0〉 = 0 for n ≥ −1. Sec-
ondary states l−kn . . . l−k1 |h, c〉 are called descendant states and have con-
formal weight h′ = h + k1 + . . . + kn ≡ h + N , where N is the level of
the descendant state. At the level N there are p(N) distinct states, where
p(N) is the number of decompositions ofN into distinct integer summands
without regard to order [1].

Because [l0, l±n] = ∓nln for n > 0, the creation (raising) operators
are ln for n < 0, and the annihilation (lowering) operators are those with
n > 0. These are of course related to each other by hermitian conjugation.
If all states in the Fock space are linearly independent10 and generated by
the action of creation operators, then the highest-weight representation is
called a Verma module M(h, c).11 If, however, there exists a unique maxi-
mal proper subrepresentation, denoted by J(h, c), then the Verma module
V (h, c) = M(h, c)/J(h, c) is irreducible, and M(h, c) is said to be degener-
ate. In that case, the complete Fock space

F =
⊕
h,h̄

V (h, c)⊗ V̄ (h̄, c).

9Commonly, the Fock space is defined in terms of the creation and annihilation opera-
tors of the oscillator modes of either bosons or fermions, so, strictly speaking, the vector
space discussed here is not a Fock space in the usual sense. There exists, however, a map
from the bosonic (Heisenberg) and fermionic oscillator algebras to the Virasoro algebra [68]
such that the vector space and the Fock space are equivalent for non-zero highest weights
h [101]. I will postpone the discussion of these representations to the next chapter, where
the equivalence arises naturally in the discourse of strings.

10The universal enveloping algebra U(g) of a Lie algebra g is spanned by all monomials of
the Lie algebra generators {1 ≤ i ≤ n |Xi}: Xk1

1 . . . Xkn
n form a basis of U(g), where ki ∈ Z

. Linear independency is ensured in the universal enveloping algebra by the Poincaré–
Birkhoff–Witt theorem [56, 75].

11A Lie algebra is not associative in general, but its universal enveloping algebra is. A
linear representation ρ of the Lie algebra to linear operators on a vector space V , that is
ρ : g → gl(V ) = End(V ), yields a natural representation of the universal enveloping alge-
bra [53]. Because the universal enveloping algebra carries a ring structure, a Verma repre-
sentation is the same as a (left) U(g)-module structure on V [56]. So, Verma representations
and Verma modules are the same.



32 CHAPTER 1. CONFORMAL FIELD THEORY

Of course, the direct sum has to be replaced with a direct integral with
an appropriate integration measure for the conformal weights h, h̄ if the
values of these weights are continuous.

Whether M(h, c) is irreducible merely depends on the values (h, c) and
thereby on the existence of singular states, which are states that are dif-
ferent from the highest-weight state, but they are annihilated by all Vira-
soro operators with positive mode index. A singular state and all its de-
scendants, therefore, produce a Verma representation themselves. Singu-
lar states, including their descendants, are orthogonal to all states in the
Verma module and their norms are zero, as they decouple from all other
states. For this reason, they are sometimes called null states. Because any
singular state must be a descendant of the highest-weight state, the Verma
module created by the singular state is a subrepresentation of the original
one generated by the highest-weight state and all its descendants. Now, by
removing all subrepresentations — if existent —, one obtains an irreducible
representation of the Virasoro algebra.

1.3.2 Minimal Models

Define the matrix M (k) at level k such that its components satisfy

M
(k)
ij = 〈{i} | {j}〉 = 〈h, c|li1 . . . lir l−js . . . l−j1 |h, c〉, (1.66)

where
∑

n in =
∑

n jn = k and 〈h, c|h, c〉 = 1. Since Ker〈{i} | {j}〉 = J(h, c),
degeneracy of any representation implies a non-trivial kernel of the inner
product, or — in terms of the matrixM (k) — that detM (k) = 0 at some level
k. Unitarity entails that detM (k) ≥ 0 for k ≥ 0.

The determinant at the first level is

detM (1) = 〈h, c|l1 l−1|h, c〉 = 〈h, c|[l1, l−1]|h, c〉
= 2〈h, c|l0|h, c〉 = 2h,

where I have used the fact that ln|h, c〉 = 0 for n > 0. It then follows that
h ≥ 0 in order to ensure unitarity. Moreover, because 〈h, c|ln l−n|h, c〉 =
2nh+ c

12(n3 − n), it is necessary to have c ≥ 0 as well.
At the second level, one has

detM (2) =
∣∣∣∣ 〈h, c|l2 l−2|h, c〉 〈h, c|l2 l2−1|h, c〉
〈h, c|l21 l−2|h, c〉 〈h, c|l21 l2−1|h, c〉

∣∣∣∣
=
∣∣∣∣ 4h+ 1

2c 6h
6h 8h2 + 4h

∣∣∣∣
= 2h

(
16h2 + 2hc− 10h+ c

)
,

which — when equated with zero — defines a curve in the h–c plane. Its
interior defines a region of non-unitarity. The determinants at higher levels
can be used to rule out even more regions.
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A general expression for the determinant at arbitrary levels exists and
is known as the Kač determinant formula. It is given by

detM (k) = K
∏

1≤rs≤k
(h− hr,s(c))

p(k−rs), (1.67)

where
K =

∏
1≤rs≤k

((2r)ss!)m(r,s),

with m(r, s) = p(k − rs)− p (k − r(s+ 1)), and

hr,s =
1
48

[
(13− c)

(
r2 + s2

)
+
√

(c− 1) (c− 25)
(
r2 − s2

)
− 24rs− 2 + 2c

]
,

for r, s ∈ N. For an explicit proof I refer to the eighth and twelfth lecture of
the notes by Kač and Raina [68]. An immediate consequence of equation
(1.67) is that there exists a singular state at level rs if h = hr,s for rs 6= 0.

From the Kač determinant formula, one can show that non-trivial irre-
ducible highest-weight representations V (h, c) exist for c ≥ 1 and h ≥ 0,
and in particular that M(h, c) = V (h, c) for c > 1 and h > 0. However,
this still leaves the sector 0 ≤ c < 1, h ≥ 0 in the h–c plane; the fermionic
representation of section 1.2.3, for example, is non-trivial, unitary and lies
in this region.

For c = 0, the only unitary highest-weight representation of the Vira-
soro algebra is the trivial representation. In the region 0 < c < 1, there
exists a discrete set of points (hr,s(m), c(m)), for which the representations
are unitary. A common parametrization of these points is due to Friedan,
Qui and Shenker [29]:

hr,s(m) =
((m+ 3) r − (m+ 2) s)2 − 1

4 (m+ 2) (m+ 3)

c(m) = 1− 6
(m+ 2) (m+ 3)

,

(1.68)

where m ∈ N, and 1 ≤ s ≤ r ≤ m + 1. Note that one obtains the trivial
representation for m = 0. These unitary minimal series are a subclass of
the minimal models studied by Belavin and colleagues [6]; if there exist
two relatively prime integers p and p′, where p > p′, such that

hr,s(p, p′) =
(pr − p′s)2 − (p− p′)2

4pp′

c(p, p′) = 1− 6 (p− p′)2

pp′
,

(1.69)
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satisfying hr,s = hr+p′,s+p, then the corresponding conformal field theory
contains only a finite number of Virasoro representation [6]. Here, the val-
ues of r and s are limited to 1 ≤ r < p′ and 1 ≤ s < p. Conformal field
theories with a finite number of representations are called rational, since
the values for h and c are rational. The unitary minimal series (1.68) are
recovered by setting p′ = p− 1 with p = m+ 3.

1.3.3 Fusion Rules

Descendant states are found by applying the (semi-infinite) set of Vira-
soro generators {l−n} repeatedly on the highest-weight state. The highest-
weight state itself is constructed from the vacuum by the application of a
primary field as in equation (1.65). In analogy with descendant states, de-
scendant fields at the nth level φ(−n)(z) are constructed from primary fields
by applying the operator L−n(z) as follows:

φ(−n)(w) = L−n(w)φ(w) ≡
∮
Cw

dz
2πi

T (z)φ(w)
(z − w)n−1

. (1.70)

These secondary fields are local with respect to the OPE of T (z) and φ(z),
that is they appear as non-singular terms in equation (1.39). I have previ-
ously discarded all regular terms in radially ordered OPEs, as these only
appeared in contour integrals. Nevertheless, these descendant fields are
relevant, since they generate descendant states from the vacuum. The con-
formal weight of a descendant field at the nth level is of course h+ n.

Specifically, L0φ(z) = hφ(z), L−1φ(z) = ∂φ(z), and Lnφ(z) = 0 for n ≥
1. The energy–momentum tensor is the level 2 descendant of the identity
operator, that is 1(−2)(w) = T (w), which demonstrates — again — that T (z)
is not primary.

A primary field including all its descendant fields, which are created by
applying the (semi-infinite) set {L−n} to a primary field φ(z), constitute a
conformal family, which is denoted by [φ]. Hence, a conformal family con-
sists of a primary field and all its derivatives. As a result, the OPE of two
primary fields may also contain descendant fields12, and its expansion co-
efficients coincide with the numerical factors of the three-point correlation
function (1.25) [6]:

φi(z, z̄)φj(w, w̄) ∼∑
k

cijk(z − w)hk−hi−hj (z̄ − w̄)h̄k−h̄i−h̄j [φk(w, w̄)]. (1.71)

12It can be shown that the correlation functions of descendant fields can be rephrased in
terms of the correlation functions of primary fields by using the conformal Ward identity
(1.40). So, in two-dimensional conformal field theories, the dynamics of the descendants is
completely determined by their primary fields, although these primaries do not span the
entire Fock space.
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The OPE of any two fields belonging to the conformal families i and j is
then encoded concisely in the fusion rules:

[φi]× [φj ] =
∑
k

N k
ij [φk], (1.72)

where the fusion coefficients N k
ij ∈ N. If these vanish, then the correspond-

ing OPE expansion coefficients are equal to zero.
The fusion rules for the minimal models are given by

[φr1,s1 ]× [φr2,s2 ]
rmax∑

r=1+|r1−r2|

smax∑
s=1+|s1−s2|

[φr,s], (1.73)

where rmax = min (r1 + r2 − 1, 2p′ − 1− r1 − r2) and in a similar fashion
smax = min (s1 + s2 − 1, 2p− 1− s1 − s2). Again, one obtains the fusion
rules for the unitary minimal series by setting p′ = p− 1 .

1.4 Superconformal Field Theory

For a conformal field theory with a central charge between zero and one,
there are but a finite number of conformal families; the theory is exactly
solvable. If c > 1, then the conformal field theory will generally not be ra-
tional with respect to the Virasoro algebra. Hence, the number of n-point
correlation functions and OPEs is infinite, and the theory is not exactly solv-
able. If, however, the theory has additional symmetries such that the Vira-
soro algebra is contained as a subalgebra, then it is possible that the theory
is in fact rational with respect to this extended algebra. If these extensions
of the Virasoro algebra are generated by the modes of some current that are
either holomorphic or antiholomorphic, then these extended algebras are
called chiral.

The (holomorphic sector of the) Virasoro algebra is generated by the
modes of the (holomorphic) energy–momentum tensor, which has confor-
mal weight 2. It is common to characterize the chiral extensions by the con-
formal weights of the generating currents.13 Examples of such extensions
are affine (Kač-Moody) algebras (h = 1), superconformal algebras (h = 3

2 ),
tensor products of the Virasoro algebra (h = 2), W-algebras (h ≥ 3) and
parafermionic realizations, for which h is rational but not half-integer, as
these correspond to extensions by free fermions. I restrict my attention
here to the superconformal algebras, since they will play the most promi-
nent part in the sequel.

An N = 1 superconformal extension of the Virasoro algebra is a Lie
superalgebra containing the Virasoro algebra as a subalgebra and having

13Please note that for holomorphic extensions the conformal weight equals the conformal
dimension and spin.



36 CHAPTER 1. CONFORMAL FIELD THEORY

one supersymmetry generator. The superconformal algebra itself may be
extended and — depending on the value of N — contains additional gen-
erators related to symmetry transformations amongst the supersymme-
try generators. These local symmetries generate (Kač-Moody) subalge-
bras, and originate from invariance under local gauge transformations and
reparametrizations in superspace [102]. Hence, these local (inner) automor-
phisms create equivalent algebras. The number of independent algebras is
determined by the conjugacy classes of the global (outer) automorphisms,
that is the factor group.

Before proceeding to the construction of the N = 1 superconformal al-
gebra, I shall introduce the notion of Lie superalgebras. A Lie superalgebra
s = s0 ⊕ s1 has a product ◦ : s× s → s, which is a Z2 = Z/2Z-gradation,

xi ◦ xj ∈ si+j mod 2, (1.74)

which is supersymmetric,

xk ◦ xk = −(−1)klxl ◦ xk, (1.75)

and satisfies the generalized Jacobi identity

(−1)km (xk ◦ (xl ◦ xm)) + (−1)lk (xl ◦ (xm ◦ xk))+

(−1)ml (xm ◦ (xk ◦ xl)) = 0, (1.76)

for xi ∈ si. Please note that the product is antisymmetric in s0 and symmet-
ric in s1, as can be seen easily from the supersymmetry axiom (1.75). Only
s0 defines a Lie algebra; s1 is de facto not even an algebra, since its “algebra”
does not close with respect to the product ◦.

The product coincides with commutators for even (bosonic) generators
and anticommutators for odd (fermionic) generators. Explicitly,

◦ : s0 × s0 → s0 Li ◦ Lj = [Li, Lj ]
◦ : s0 × s1 → s1 Li ◦Ga = [Li, Ga]
◦ : s1 × s1 → s0 Ga ◦Gb = {Ga, Gb} ,

where s0 = span {Li} and s1 = span {Ga}. The indices i and a take dim s0

and dim s1 values respectively. Furthermore, N = dim s1.
Let m denote the dimension of Lie algebra s0, then the universal en-

veloping superalgebra has a basis Lk11 . . . Lkm
m Gi1 . . . Gis , where ki ≥ 0 and

1 ≤ i1 ≤ . . . ≤ is ≤ N [64, 65].

1.4.1 N = 1 Superconformal Algebra

For computational convenience I start with the centreless Virasoro algebra,
the Witt algebra:

Ln ◦ Lm = (n−m)Ln+m. (1.78)
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In order to construct the Witt superalgebra, I assume the remaining com-
mutator and anticommutator to have the following form:

Ln ◦Qr = (a+ bn− r)Qn+r

Qr ◦Qs = λLr+s,
(1.79)

where a, b ∈ C and λ ∈ C \ {0}. The trivial case of λ = 0 is to be excluded.
The generalized Jacobi identity applied to the triple L0, Qn, Qm yields

0 = L0 ◦ (Qr ◦Qs) +Qr ◦ (Qs ◦ L0)−Qs ◦ (L0 ◦Qr)
= λL0 ◦ Lr+s − (a− s)Qr ◦Qs − (a− r)Qs ◦Qr
= −λ (r + s)Lr+s − λ (a− s)Lr+s − λ (a− r)Lr+s,

which shows that either λ = 0 or a = 0. I shall take a = 0 henceforth.
Similarly,

0 = 3Gr ◦ (Gr ◦Gr)
= 3λ (r − 2br)G3r,

so that necessarily b = 1
2 , which also follows from for example the triplet

Ln, Qr, Qs. There are no more constraints on the indices nor on the scalar
in the Ansatz of (1.79).

Setting λ = 2 and adding a central term c to the newly found Witt su-
peralgebra, one obtains the N = 1 superconformal algebra:

[Ln, Lm] = (n−m)Ln+m +
c

12
(
n3 − n

)
δn+m,0

[Ln, Gr] =
(n

2
− r
)
Gn+r

{Gr, Gs} = 2Lr+s +
c

3

(
n2 − 1

4

)
δn+m,0,

(1.80)

which is known as the Ramond algebra if r, s ∈ Z, and which is called the
Neveu–Schwarz algebra for r, s ∈ Z + 1

2 . In terms of the operator products
one has that

T (z)T (w) ∼
1
2c

(z − w)4
+

2T (w)
(z − w)2

+
∂T (w)
z − w

T (z)G(w) ∼
3
2G(w)

(z − w)2
+
∂G(w)
(z − w)

G(z)G(w) ∼
2
3c

(z − w)3
+

∂T (w)
(z − w)

,

(1.81)

The modes of the supercurrent G(z) are

Gr =
∮
C0

dz
2πi

zr+
1
2G(z). (1.82)
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Some authors prefer the usage of ĉ = 2
3c. This means that a free scalar

superfield, which consists of a bosonic scalar with c = 1 and a (Majorana)
fermion with c = 1

2 , is normalized to ĉ = 1.
A supercharge T (z) can be introduced formally, where z = (z, θ) and θ

is a Graßmann variable:

T (z) = TF (z) + θTB(z),

in which TB(z) stands for the usual bosonic energy–momentum tensor of
conformal weight 2, as in equation (1.47), and TF (z) is its superpartner with
conformal weight 3

2 , such thatG(z) = 2TF (z). The supercharge satisfies the
OPE

T (z1)T (z2) ∼ ĉ

4z3
12

+
3θ12
2z2

12

+
1

2z12
DT (z2) +

θ12
z12

∂T (z2),

whereD = ∂θ+θ∂, z12 = z1−z2−θ1θ2 and θ12 = θ1−θ2. In addition, the su-
perderivatives satisfy D2 = ∂, Dz12 = θ12 and Dθ12 = 1. These definitions
are valid in the superspace formalism, that is on Z2-graded manifolds [5].
A complex supermanifold14 Cm|n is (at least) locally Cm⊗ΛCn, where ΛCn

is the exterior (Graßmann) algebra15 over the complex vector space Cn. A
basis of ΛCn is given by θ1 ∧ θ2 ∧ . . .∧ θn, where {θi, θj} = 0. Because there
is merely one Graßmann-valued coordinate θ, the space under considera-
tion here is C1|1, which is often denoted by (n, n̄) = (1, 0) superspace, as
n̄ equals zero in the absence of a Graßmann-valued coordinate θ̄ from the
antiholomorphic sector.

A superprimary field φ(z) = φF (z) + θφB(z) has weight h + 1
2 and it

obeys

T (z1)φ(z2) ∼ h
θ12
z2
12

φ(z2) +
1

2z12
Dφ(z2) +

θ12
z12

∂φ(z2).

In terms of infinitesimal superconformal transformations δz = ε(z) − θ δθ
and δθ = Dε(z)/2, where ε(z) = ε0(z) + θε1(z), this means that

δφ(z) =
[
T (z′), φ(z)

]
= ε(z)∂φ(z) + (Dε(z)) (Dφ(z)) + hφ(z)∂ε(z),

with16

T (z) =
1

2πi

∮
dzdθ ε(z)T (z),

where the contour in the complex plane is to be taken around the point at
which the field, on which the integral operator acts, is located.

14For a more sophisticated definition and treatment of supermanifolds, I refer to the ex-
cellent book by De Witt [21].

15Please note that ΛCn has the structure of a graded commutative algebra itself: ΛCn =
(ΛCn)0 ⊕ (ΛCn)1. The subscripts 0 and 1 indicate the subspaces of all even and odd ele-
ments, respectively.

16An integral over Graßmann variables is called a Berezin integral. It is defined by settingR
dθi θj = δij and

R
dθi = 0.
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A highest-weight representation of the N = 1 superconformal can be
defined in analogy with the conformal (Virasoro) algebra, and it satisfies

L0|h, c〉 = h|h, c〉,
Ln|h, c〉 = Gn|h, c〉 = 0, n > 0.

(1.83)

A basis for the Verma module at the nth level is given by

G−jm . . . G−j1 L−i−k
. . . L−i1 |h, c〉, (1.84)

where 1 ≤ i1 ≤ . . . ≤ ik, 0 ≤ j1 ≤ . . . < jm, and the level n =
∑

k (ik + jk).
Of course one has L†j = L−j as before, and G†j = G−j . The highest-
weight state is created by a primary superfield φ(z, θ) from the vacuum,
|h, c〉 = φ(0, 0)|0〉. The vacuum is now annihilated by the generators L−1,
L0, L1, G1/2 and G−1/2, so it belongs to the Neveu–Schwarz sector of the
superconformal algebra. As in the case of the Virasoro algebra, where the
vacuum is invariant under the action of SL(2,C), which is the global con-
formal group, the vacuum of the Neveu–Schwarz algebra is invariant un-
der the action of the global superconformal group. The subsuperalgebra
created by the five generators is isomorphic to the orthosymplectic alge-
bra17 osp(1|2), which has of course an sl(2) subalgebra corresponding to
the generators of the global conformal transformations. The global super-
conformal group is isomorphic to the Lie supergroup OSp(1|2), associated
with the orthogonal-symplectic subsuperalgebra.

All Neveu–Schwarz (descendant) states are related to (descendant) su-
perfields in analogy with the Virasoro case. Nevertheless, it is not possible
to obtain the Ramond states from the Neveu–Schwarz vacuum with these
same superfields. In order to link these states to the vacuum, it is necessary
to introduce so-called spin fields Σ±(z) of conformal weight hΣ such that

|h±, c〉 = Σ±(0)|0〉, (1.85)

where |h−, c〉 = G0|h+, c〉 and
(
h− ĉ

16

)
|h+, c〉 = |h−, c〉. In the operator

product language, this means that

TF (z)Σ±(w) ∼
1
2a±Σ∓(w)

(z − w)3/2
, (1.86)

where a+ = 1 and a− = hΣ − ĉ/16. In general, the OPEs of the spin
fields with fermionic fields are non-local (multiple-valued) and those with
bosonic fields are indeed local (single-valued).

17The isomorphism is most easily established in the Cartan-Weyl basis, where one has to
identify H ↔ L0, E± ↔ ±L∓1 and F± ↔ 1

2
G∓1/2 in the notation of Frappat et al. [26].



40 CHAPTER 1. CONFORMAL FIELD THEORY

The global supersymmetry generators are G2
0 = L0 − ĉ/16 and G2

−1/2 =
L−1 for the Ramond and Neveu–Schwarz sectors, respectively. Supersym-
metry is said to be spontaneously broken unless there is a state in the Ra-
mond sector with h = ĉ/16. If hΣ = ĉ/16, then supersymmetry is not bro-
ken spontaneously, and the ground states of the Ramond algebra are not
paired (chirally asymmetric); |h−, c〉 is a null state and therefore decouples.
The chirality operator Γ defined by

Γ|h, c〉 = |h, c〉, Γ|h±, c〉 = ±|h±, c〉
[Ln,Γ] = {Gn,Γ} = 0,

splits each Ramond level into the eigenspaces of Γ with eigenvalues ±1.
The Witten index Tr (Γ) counts the number of chirally asymmetric ground
states in the Ramond sector. Hence, if it equals zero, supersymmetry is
spontaneously broken.

For the N = 1 superconformal algebra, there exists a determinant for-
mula à la Kač [28, 69, 83] at each level and in each eigenspace of Γ. From
it one can show that representations are unitary for ĉ ≥ 1. Additionally,
h ≥ 0 in the Neveu–Schwarz sector, and h ≥ ĉ

16 in the Ramond sector.
These representations are irreducible if h 6= ĉ/16. In the region 0 ≤ ĉ < 1,
the representations are only unitary at discrete values (hr,s, ĉ(k)), where
now k ∈ N and

hr,s =
((k + 4)r − (k + 2)s)2 − 4

8(k + 2)(k + 4)
+

1
32
(
1− (−1)r−s

)
ĉ(k) = 1− 8

(k + 2)(k + 4)
.

(1.87)

1.4.2 N = 2 Superconformal Algebra

The next supersymmetric extension in line, and at the same time the last I
will discuss here, is the N = 2 superconformal algebra. Higher extensions
have been studies extensively in the literature as well, but they are not rele-
vant for the main theme, namely the Gepner models, which are constructed
from tensor products of N = 2 superconformal minimal models. The ma-
terial presented in this section comes mainly from the series of lectures by
Gepner [36] and Greene [45], and the articles by Kiritsis [73], and Schwim-
mer and Seiberg [102].

The N = 2 superconformal algebra has two supercharges G± and an
additional O(2) ∼= U(1) current J , which manifests the symmetry of the
theory under O(2) rotations of the two supersymmetry generators [73]. The
conjugacy classes of these outer automorphisms are rotations R that pre-
serve parity, for which detR = 1, so that R ∈ SO(2), and those that reverse
it, detR = −1, in which case the group to which the rotation matrix be-
longs is known as twisted SO(2) [102]. The factor group O(2)/SO(2) = Z2,
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which is a discrete group having two elements representing the two distinct
N = 2 superconformal algebras.

The full N = 2 superconformal algebra takes the following form:

[Ln, Lm] = (n−m) +
c

12
(
n3 − n

)
δn+m,0[

Ln, G
±
r

]
=
(n

2
− r
)
Gn+r

[Jn, Jm] =
c

3
nδn+m,0[

Ln, J
±
m

]
= −mJn+m[

Jn, G
±
r

]
= ±G±n+r{

G+
r , G

−
s

}
= 2Lr+s + (r − s) Jr+s +

c

3

(
r2 − 1

4

)
δr+s,0{

G±r , G
±
s

}
= 0.

(1.88)

The equations on the third and fourth line constitute a û(1) Kač-Moody
subalgebra with central charge k = c/3. Sometimes a normalized central
charge c̃ is used, in which case c̃ = ĉ/2 = c/3. An N = 2 superfield then
has c̃ = 1, as it contains two massless scalars and two (Majorana) fermions.

The operator product expansions are as follows:

T (z)T (w) ∼
1
2c

(z − w)4
+

2T (w)
(z − w)2

+
∂T (w)
z − w

T (z)J(w) ∼ J(w)
(z − w)2

+
∂J(w)
z − w

T (z)G±(w) ∼
3
2G

±(w)

(z − w)2
+
∂G±(w)
z − w

J(z)J(w) ∼
1
3c

(z − w)2

J(z)G±(w) ∼ ±G
±(w)
z − w

G±(z)G∓(w) ∼
2
3c

(z − w)3
+

2J(w)
(z − w)2

+
2T (w)± ∂J(w)

z − w

G±(z)G±(w) ∼ 1.

(1.89)

The supercurrents G±(z) are superprimary fields of weight 3
2 , and the U(1)

current is a primary superfield of weight 1. The supercurrents G+(z) and
G−(z) are by construction the complex conjugates of each other. The re-
lation between the superalgebra (1.88) and the operator products is estab-
lished via the mode expansions: T (z) =

∑
Lnz

−n−2, J(z) =
∑
Jnz

−n−1

and G±(z) =
∑
G±r z

−n−3/2.
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There is a parameter a ∈ [0, 1) that specifies the boundary conditions of
the supercurrents. It satisfies G±

(
e2πiz

)
= e±2πiaG±(z). If a = 0 one re-

trieves the (periodic) Ramond sector of the N = 2 superconformal algebra,
and if a = 1

2 one obtains the (antiperiodic) Neveu–Schwarz sector. How-
ever, these sectors are isomorphic and they are related by what is referred
to as spectral flow. In fact, for any value of a, the algebras are isomorphic,
since

L′n = Ln + aJn +
c

6
a2δn,0

J ′n = Jn +
c

3
aδn,0(

G±r
)′ = G±r±a

(1.90)

define a continuous set of automorphisms; the primed modes satisfy the
same algebra (1.88) as the unprimed ones. The last relation expresses the
interchangeability of the Ramond and Neveu–Schwarz sectors for a = 1

2 .
In the operator formalism this corresponds toX ′

n = UaXnU−1
a , and Ψ′ =

UaΨ, where Ua is a unitary operator, Xn = {Ln, Jn, G±r } and Ψ any field in
the Fock space. In this language, a (descendant) state |Ψ〉 — created from a
highest-weight state by the elements of the N = 2 superconformal algebra
— with, say, a = 0 is mapped to a state |Ψa〉 = Ua|Ψ〉. The unitary operator
Ua is said to generate the spectral flow.

In order to relate the states connected by spectral flow, I have to extend
the notion of a highest-weight representation to the present case. A highest-
weight |h, c〉 for the N = 2 superconformal algebra obeys

L0|h, c〉 = h|h, c〉, J0|h, c〉 = Q|h, c〉,
Ln|h, c〉 = Gn|h, c〉 = Jn|h, c〉 = 0, n > 0,

(1.91)

where Q is the U(1) charge. The modes satisfy L†n = L−n, J†n = J−n and
(G±r )† = G±−r. The Verma module is spanned by all states created from all
operators with negative mode indices acting on the highest-weight state. In
the Ramond sector the ground state is annihilated byG±0 . The vacuum state
is invariant under global N = 2 transformations, that is under the action
of the group OSp(2|2). In other words, it is annihilated by L0, G

±
−1/2, G

±
1/2

and J0, in addition to all lowering operators. Highest-weight states are
obtained from the vacuum by the action of superprimary fields φ(z, θ+, θ−)
at the origin of (2, 0) superspace, and a highest-weight state in the Ramond
sector is created from the vacuum by a superprimary spin field, as in the
case of the N = 1 superconformal algebra.

Of particular use to the discussion of the spectral flow operator, and
later on in the analysis of the spectra of Gepner models, is the notion of
chiral and antichiral states. Chiral states are annihilated by G+

−1/2 and an-
tichiral states by G−−1/2. For a chiral primary state |χ〉, 0 = ||G+

−1/2|χ〉||
2 =
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〈χ|{G−1/2, G
+
−1/2}|χ〉 = 2h+Q, so that h = Q/2. Similarly, one easily derives

that h = −Q/2 for antichiral states. In general, h ≥ |Q|/2 in the Neveu–
Schwarz sector as a consequence of unitarity and positivity of the above
anticommutation relations. Moreover, {G−3/2, G

+
−3/2} = 2L0 − 3J0 + 2c/3

yields that h ≤ c/6 for chiral primary states. Another useful inequality one
may easily obtain from the anticommutator {G−0 , G

+
0 } is that h ≥ c/24 in

the Ramond sector, which is actually a corollary of the osp(1|2) subsuper-
algebra and unitarity, and therefore holds in the case of the N = 1 super-
conformal algebra as well. N = 2 supersymmetry is unbroken, if there is a
state in the Ramond sector with h = c/24.

Chiral primary fields define a ring structure, called the chiral ring. A
general operator product between two chiral primary fields reads

φ1(z)φ2(w) =
∑
k

(z − w)hk−h1−h2 ψk(w). (1.92)

Here, ψk is a field of weight hk. The OPE contains no singular terms be-
cause Qψ = Qφ1 + Qφ2 , as U(1) charges add under the operator product,
from which it follows that hψ ≥ hφ1 + hφ2 . If and only if ψ is a chiral and
primary field, then it remains on the right-hand side in the limit z → w.
Therefore, the product (φ1 · φ2) (w) = limz→w φ1φ2(w) is associative, com-
mutative and closes into the chiral ring, which establishes the ring struc-
ture.

Now I shall return to the discussion of the spectral flow operator Ua.
Let

L0|Ψa〉 = ha|Ψa〉 J0|Ψa〉 = Qa|Ψa〉 (1.93)

with respect to the a = 0 generators. Then L′0|Ψa〉 = h|Ψa〉 and J ′0|Ψa〉 =
Q|Ψa〉. From the automorphisms (1.90), one sees that

L′0|Ψa〉 =
(
ha + aQa +

c

6
a2
)
|Ψa〉

J ′0|Ψa〉 =
(
Qa +

c

3
a
)
|Ψa〉.

Hence, ha = h − aQ + c
6a

2 and Qa = Q − c
3a. Primary antichiral states

are mapped by U1/2 to the degenerate ground state of the Ramond sector,
h = c/24. The Neveu–Schwarz vacuum (h = Q = 0) is connected to the
Ramond ground states by U1/2 and it is sent uniquely to the the chiral state
with h = c/6 by U1.

Please recall the OPE of ∂φ with itself, where φ is a free scalar boson,
(1.44). It resembles the operator product of the U(1) current J(z). There-
fore, J(z) can be written in terms of a boson:

J(z) = i
√
c

3
∂φ(z). (1.94)
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This procedure is known as bosonization. It is then possible to split an
arbitrary field Ψ in the theory into a neutral part Ψ̂ and a charged part,
which can be represented by a free scalar. Any field Ψ that creates a state
|Ψ〉 with U(1) charge Q can be written as

Ψ(z) = Ψ̂(z) exp

(√
3
c
φ(z)

)
. (1.95)

Unitarity then requires that the conformal weight of any field Ψ must
abide by the inequality

h ≥ 3Q2

2c
. (1.96)

In particular, G±(z) = Ĝ±(z) exp
(
±
√

3
cφ(z)

)
, so that

Ψ′(z) = UaΨ(z) ≡ exp
(
ia
√
c/3φ(z)

)
Ψ̂ exp

(
iQ
√

3/cφ(z)
)

= Ψ̂(z) exp
(
iφ(z)

(
Q
√

3/c+ a
√
c/3
))
,

which produces the automorphisms (1.90) correctly:

Q′ = Q+
c

3
a

h′ = h+
1
2

(
Q
√

3/c+ a
√
c/3
)2
− 3Q2

2c
= h+ aQ+

c

6
a2.

In order to interpret the operator U1/2 = exp
(

1
2 i
√
c/3φ

)
as a local

fermionic operator, its OPE with respect to all fields must be (at most) semi-
local, which means that it may have (at most) a square root branch cut.18

Because

U1/2(z)Ψ(w) ∼ (z − w)h
′−h−c/24 Ψ′(w) = (z − w)Q/2 Ψ′(w), (1.97)

one learns that Q ∈ Z. The primes in equation (1.97) indicate the values
after the transformations (1.90). In these theories, it is possible to introduce
a chirality operator Γ = exp iπJ0 that commutes with all bosonic operators
and anticommutes with the fermionic G±.

18In the operator formalism non-locality means that there are terms on the right-hand
side of the OPE proportional to (z − w)γ , where γ ∈ R \ Z, so that the operator product
is multiple-valued and induces a branch line or branch cut in the complex plane. Any
integral over a closed contour around the origin involving the non-local OPE yields a non-
zero result due to the branch cut. The phase factor it picks up from the integral, exp 2πiγ, is
called the monodromy.
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Before closing this chapter, I want to introduce the unitary N = 2 su-
perconformal minimal series for c < 3, (h(k), Q(k), c(k)):

h(k) =
l(l + 2)− q2

4(k + 2)
+
s2

8
,

Q(k) = − q

k + 2
+
s

2
,

c(k) =
3k
k + 2

(1.98)

where k ∈ N \ {0} and the indices l, q, s are in the the principal domain:

0 ≤ l ≤ k,

0 ≤ |q − s| ≤ l,

s =
{

0, 2 (Neveu–Schwarz sector)
±1 (Ramond sector),

l + q + s = 0 mod 2.

(1.99)

Moreover, q = q mod 2(k + 2) and s = s mod 4, so that fields with la-
bels (l, q, s) are equivalent to those with (k − l, q + k + 2, s+ 2) as a result
of what is commonly known as field identification [35]. Please note that
for the whole superconformal minimal theory either the holomorphic sec-
tor or the antiholomorphic sector can be brought into the standard range:(
l, q, s; l̄, q̄, s̄

)
=
(
k − l, q + k + s, s+ 2; k − l̄, q̄ + k + 2, s̄+ 2

)
. The super-

current is a primary field labelled by (k, k + 2, 0) = (0, 0, 2), and it pairs all
primary fields into supermultiplets: (l, q, s) and (l, q, s+ 2). This as follows
from the fusion rules:

(l1, q1, s1)× (l2, q2, s2) =
min(l1+l2,k−l1−l2)∑

l=|l1−l2|

(l, q1 + q2, s1 + s2). (1.100)

In the Neveu–Schwarz sector, the states |l, q, s〉 with s = 0 have mul-
tiplicity one, whereas the states with s = 2 have multiplicity two, as they
can be obtained by both G+ and G−: G±−1/2|l, q, 0〉 = |l, q, 2〉. However, if
these states are chiral primary (q = −l) or antichiral primary (q = l), then
the multiplicity is one. If l = q = 0, then the state is annihilated by both
supercharges, and hence it does not exist.

In the Ramond sector, the ground states are annihilated by G±0 and they
satisfy |q| = l+1. One of them has h = c/24, and the other has h = c/24+1.
States with h > c/24 are paired by the actions of G±0 . A supermultiplet
consists of states |l, q, 1〉 and |l, q, 3〉, of which the last one can be brought
back into the standard range.
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Chapter 2
String Theory

I shall briefly review the physical consequences of closed oriented strings
as the conceivably fundamental constituents of nature in this chapter. I
shall discuss the characteristics and spectra of successively bosonic strings,
fermionic superstrings, and heterotic superstrings, inspired by the formal-
ism from the first chapter.

Several concepts known from quantum field theory are used in this
chapter, such as the path integral formalism, the Faddeev–Popov quanti-
zation procedure, and the BRST symmetry. Details are given by for in-
stance Deligne [20], Green et al. [44], Itzykson and Zuber [55], Kaku [58],
Kugo [78], Polchinski [87] and Ryder [92]. The reader might also want
to consult Deligne et al. [20] for a more mathematical analysis of quan-
tum field theory and superstring theory, Green et al. [44], Kaku [59] or
Polchinski [87] for elaborate discussions on string and superstring theory,
or Zwiebach [110] for an introduction to string theory.

2.1 The Bosonic String

In quantum field theory the fundamental particles are considered points
that travel through space-time on paths called world lines. An almost
natural generalization are one-dimensional objects, strings, that propagate
through space and time on surfaces, world sheets. The obvious general-
ization of the relativistic point particle action, which is proportional to the
proper time along the world line, is the Nambu–Goto action

SNG[X] =
1

2πα′

∫
Σ

d2ξ
√
|det ∂aXµ∂bXνηµν |, (2.1)

which is proportional to the area of the world sheet. Here, Xµ = Xµ (τ, σ)
are the local coordinates of a D-dimensional flat Minkowski space-time
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M = RD−1,1 with the metric ηµν . ξa = {τ, σ} are the local coordinates
of the two-dimensional world sheet Σ, α′ is the Regge slope parameter,
and hab = ∂aXµ∂bXνη

µν is the induced metric. M is known in this con-
text as the target space. I shall use Latin indices on the world sheet and
Greek indices in target space unless stated otherwise. The factor in front
of the integral in (2.1) is purely conventional, and it is equal to the string
tension T . The action (2.1) is Poincaré invariant in target space and mani-
festly reparametrization invariant on the world sheet; the maps ξa 7→ χa(ξ)
define the group structure Diff(Σ).

The Nambu–Goto action (2.1) has the inconvenient feature that it is non-
polynomial in the coordinates X : Σ → M and their derivatives. An action
that is classically equivalent to the Nambu–Goto action, but indeed poly-
nomial in the coordinates and its derivatives is the Polyakov action [88]:

SP[X, g] =
1

4πα′

∫
Σ

d2ξ
√
|det gab| gab∂aXµ∂bXνη

µν , (2.2)

where the intrinsic world-sheet metric gab = gab(ξ) has been introduced.
Since the Polyakov action does not contain any derivatives of the world-
sheet metric, gab is non-dynamical, and it can be eliminated by means of
its equation of motion, which can be found by varying the action (2.2) with
respect to the world-sheet metric:

0 =
δSP

δgab
[X, g]

=
1

4πα′

∫
Σ

d2ξ
√
|det gab|

[
∂aX

µ∂bXµ −
1
2
gab

(
gcd∂cX

µ∂dXµ

)]
.

I have used that δ det gab = det gab gabδgab = −det gab δgabgab by virtue of
the variation of the identity gabgab = 2, which is valid if the world-sheet
metric has a (p, q)-signature, and that δ

√
|det gab| = −1

2

√
|det gab| δgabgab.

It follows that
hab =

1
2
gabg

cdhcd.

Accordingly, the world-sheet metric is proportional to the induced metric:

gab = Ω(ξ)hab,

where Ω(ξ) is an arbitrary function of the local world-sheet coordinates.
Plugging the solution into the Polyakov action (2.2), one retrieves equation
(2.1), since

√
|det gab| gab =

√
|dethab| hab and habhab = 2. The classical

equivalence between the Nambu–Goto action and the Polyakov action has
hereby been established. Consequently, the Polyakov action shares at least
the same symmetries as the Nambu–Goto action. In addition, the Polyakov
action is invariant under Weyl transformations gab(ξ) 7→ Ω(ξ)gab(ξ), be-
cause in D dimensions

√
|det gab| gab 7→ Ω

D
2
−1
√
|det gab| gab, which for

D = 2 is independent of Ω(ξ).
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2.1.1 Quantization

So far, the Polyakov action (2.2) is classical. A quantum mechanical descrip-
tion of strings can be obtained by for example canonical quantization of
the fields. However, this procedure leads rather unexpectedly to unphys-
ical states, known as ghosts. I will adopt the BRST quantization method,
named after Becchi, Rouet, Stora and Tyutin, in which the ghosts mani-
fest themselves naturally via the Faddeev–Popov determinant ∆FP. The
Faddeev–Popov determinant ensures the correct integration measure of the
path integral upon fixing the gauge1 of the metric by removing the world-
sheet redundancies that come from of the world-sheet diffeomorphism and
Weyl invariance.

The path integral for a fixed world-sheet metric is [84, 87]

Z =
∫

Map(Σ,M)
DX ∆FP e−S[X]

=
∫

Map(Σ,M)
DX ∆FP e−

R
Σ d

2ξ L[X],

(2.3)

where S[X] is the total effective action, which might depend on the world-
sheet metric gab and an additional field due to a gauge fixing term that is
not needed here.2 I have suppressed these dependencies. The Lagrangian
L[X] ≡

∫
dσL[X], so that S[X] =

∫
dτL[X]. The space-time coordinatesXµ

and the canonical momenta Pµ,

Pµ ≡ δL

δẊµ
, (2.4)

satisfy the canonical equal-time commutation relations:[
Xµ(τ, σ), P ν(τ, σ′)

]
= iηµνδ

(
σ − σ′

)
. (2.5)

1In mathematical terminology, a gauge is a certain choice of a (local) section of a princi-
pal bundle, where the fibre simply is the gauge group G. If the principal bundle is trivial,
then it may be written globally as M × G, where M is the base manifold, and in that case
there exists a global section. Whether a principal bundle is trivial depends on whether M
is contractible to a point. A gauge transformation is a map between two (local) sections,
or an automorphism of the principal bundle. Gauge fields are connections on the princi-
pal bundle, a gauge potential is a local connection on the bundle, of which — in the case
of a trivial bundle — there exists only one, and the field strength is the local form of the
curvature associated with the connection. A certain choice of a (local) trivialization of the
principle bundle is called “fixing the gauge” by physicists. For more information on prin-
cipal bundles and their connection to gauge theories, the reader might want to consult the
works of Eguchi et al. [24], Göckeler and Schücker [41], Isham [54] or Nakahara [84].

2Here, the integral over all equivalence classes of metrics, that is the quotient space of all
metrics and the space of the local gauge group, Met(Σ)/ (Diff(Σ) n Weyl(Σ)), has already
been performed. This quotient space is called the moduli space of Σ. If the group of dif-
feomorphisms is replaced by its normal subgroup that is isotopic (connected continuously)
to the identity map, Diff0(Σ), then the quotient space is called the Teichmüller space. The
factor group Diff(Σ)/Diff0(Σ) is known as the modular or mapping class group.
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The dot in the definition of Pµ represents the derivative with respect to the
world-sheet (proper) time τ . The Hamiltonian H = PµXµ − L is a self-
adjoint operator after quantization.

The Faddeev–Popov determinant is

∆FP = det
(
δFab
δωb

)
, (2.6)

where Fab[g] = 0 is the gauge fixing condition and ω an infinitesimal pa-
rameter such that Fab 7→ Fab + Kaωb under local gauge transformations.
This shows that ∆FP = detKa. Under infinitesimal reparametrizations
ξa 7→ ξa + ωa the two-dimensional metric gab transforms as

δgab = ∇aωb +∇bωa, (2.7)

where ∇aωb ≡ ∂aωb + Γcabωc represents the covariant derivative and Γcab is
the Christoffel connection.

For closed strings, for which Σ = R×S1, the world-sheet coordinates ξa

can be identified with the coordinates z = exp (τ + iσ) and z̄ = exp (τ − iσ)
in the complex plane. In the conformal gauge gab = δab, or explicitly δgzz =
δgz̄z̄ = 0 and δgzz̄ = δgz̄z = ∇zωz̄ +∇z̄ωz . Consequently,

∆FP = det ∂z det ∂z̄, (2.8)

as ∇z simplifies to ∂z , and likewise for z̄, for a conformally flat world-sheet
metric. The Faddeev–Popov determinant can then be written as an expo-
nential of a Berezin integral by introducing Graßmann valued ghost and
antighost fields c, c̄ and b, b̄ respectively, as is customary in quantum field
theory:

∆FP =
∫
DbDb̄DcDc̄ e−

R
Σ d2z LFP .

Here, d2z ≡ dz ⊗ dz̄ = 2d2ξ, the Lagrangian density is

LFP =
1
πα′

(
bzz∂z̄c

z + b̄z̄z̄∂z c̄
z̄
)
, (2.9)

and the ghosts cz, c̄z̄ transform according to the reparametrizations ωz, ωz̄ .
The antighosts transform in such a way that the action is geometrically
invariant [86]. I have absorbed numerical factors inversely proportional to
the string tension into the definitions of the (anti)ghosts in accordance with
the literature. In general, for any world-sheet metric [44]

SFP =
1

2πα′

∫
Σ

d2ξ
√
|det gmn| gmnbnl∇mc

l,

where the antighost field b is a covariant traceless symmetric tensor, and
the ghost field c a contravariant vector. The anticommuting fields b, c and
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b̄, c̄ are known as the reparametrization ghosts [79]. The total matter–ghost
Lagrangian density in the conformal gauge is

L[X, b, c] = LP + LFP, (2.10)

with
LP =

1
2πα′

∂X · ∂̄X, (2.11)

and LFP as given in equation (2.9). The path integral now becomes

Z =
∫
DXDbDb̄DcDc̄ e−

R
Σ d2z L[X,b,c]. (2.12)

As mentioned before, a gauge fixing termLGF can been added to the full
matter–ghost Lagrangian. A common choice is by introducing yet another
field Bab in order to obtain an integral representation of the gauge fixing
condition. The additional field is known as the Nakanishi–Lautrup field, of
which a detailed analysis in the framework of quantum field theory is given
by Kugo [78]. Its application to string theory is outlined by Polchinski [87]
in the context of the BRST formalism and its generalization, the Batalin–
Fradkin–Vilkovisky (BFV) formalism [51].

2.1.2 Mode Expansions

Before constructing the BRST charge and deriving the critical dimension
of the bosonic string, I will introduce some notation regarding the mode
expansions of the bosonic fields and the ghosts. Furthermore, I shall set
α′ = 2, as is conventional for closed strings. In complex coordinates the La-
grangian for the free bosons (2.11) is quite simple and their classical equa-
tions of motion, too: ∂∂̄Xµ = 0. Upon comparison with equation (1.42), one
immediately sees that the equation of motion of D free massless scalars is
equivalent to the equations of motion for the bosonic string.

Not surprisingly, ∂Xµ(z, z̄) may be split into a holomorphic and an an-
tiholomorphic part, Laurent expanded3 and integrated to give

Xµ
L(z) =

1
2
qµ − iaµ0 ln z + i

∑
m6=0

1
m
aµmz

m (2.13)

Xµ
R(z̄) =

1
2
qµ − iāµ0 ln z̄ + i

∑
m6=0

1
m
āµmz̄

m, (2.14)

where the subscripts “L” and “R” are reminiscent of their equivalents for
Minkowski world sheets, for which they denote the left- and right-moving

3Please note that for a Minkowski metric on the world sheet this complies with a Fourier
expansion, as z = exp (τ + iσ) and z̄ is its complex conjugate.



52 CHAPTER 2. STRING THEORY

sectors. The normalization has been chosen at further convenience. Single-
valuedness of Xµ implies that aµ0 = āµ0 = pµ, the space-time momentum.
So,

Xµ(z, z̄) = qµ − ipµ ln |z|2 + i
∑
m6=0

aµmzm + āµmz̄m

m
. (2.15)

The classical stress–energy tensor is T (z) =
∑
Lmz

m−2 in the left-moving
sector. T (z̄) =

∑
L̄mz̄

m−2 is its equivalent in the right-moving sector. The
modes are Lm = 1

2

∑
aµm−naµn and L̄m = 1

2

∑
āµm−nāµn, where the sums

run over n ∈ Z.
To create the canonical commutation relations anew in terms of the

newly defined modes, it is necessary to define aµ−n = (aµn)
† and āµ−n = (āµn)

†,
impose the following commutation relations

[aµm, a
ν
n] = [āµm, ā

ν
n] = mδm,−nη

µν ,

[qµ, pν ] = iηµν ,
(2.16)

and introduce a normal ordering operator : : , which arranges all lowering
operators (aµn, n > 0) to the right of the raising operators (n < 0). Now,

T (z) = −1
2

: ∂Xµ∂Xµ : ,

and there is a similar expression for T (z̄). The modes of T (z) are

Lm =
1
2

∞∑
n=−∞

aµm−naµn, m 6= 0

L0 =
1
2
p2 +

∞∑
n=1

aµ−naµn.

(2.17)

The commutation relations of equation (2.16) are known as the harmonic
oscillator or Heisenberg algebra, in which case one generally rescales aµn to
aµn |n|−1/2. The modes of the energy–momentum tensor satisfy the Virasoro
algebra with central charge c = D; the anomaly is the result of the quantum
structure due to the normal ordering of the ladder operators.

In a similar manner I shall now discuss the Faddeev–Popov ghosts.
From here on, I write b(z) for bzz , b̄(z̄) for bz̄z̄ , c(z) rather than cz and c̄(z̄)
instead of cz̄ . Following the discussion of the free boson and fermion from
the first chapter, one may easily derive that the reparametrization ghosts
b(z) and c(z) are conformal fields of weights h = 2 and h = −1. Their
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equations of motion are particularly simple, ∂b̄ = ∂c̄ = ∂̄b = ∂̄c = 0, and
their OPEs are as follows:

b(z)c(w) ∼ 1
z − w

,

T (bc)(z)b(w) ∼ 2c(w)
(z − w)2

+
∂b(w)
z − w

,

T (bc)(z)c(w) ∼ − c(w)
(z − w)2

+
∂c(w)
z − w

,

T (bc)(z)T (bc)(w) ∼ − 13
(z − w)4

+
2T (bc)(w)
(z − w)2

+
∂T (bc)(w)
z − w

.

(2.18)

The energy–momentum tensor of the ghosts defined as

T (bc)(z) = − lim
w→z

[
(∂b(z)) c(w) + 2b(z)∂c(w)− 1

(z − w)2

]
.

Let φ and φ̄ denote the holomorphic and antiholomorphic boson fields:
φ(z, z̄) = φ(z) + φ̄(z̄). The ghost and antighost fields may then be iden-
tified in terms of these chiral boson fields by b(z) = e−iφ(z), b̄(z̄) = e−iφ̄(z̄),
c(z) = eiφ(z) and c̄(z̄) = eiφ̄(z̄). Then, T (bc)(z) = −1

2 (∂φ)2 + 3
2∂

2φ.
As before, the fields may be expanded in modes:

b(z) =
∞∑

n=−∞
bnz

n−2,

c(z) =
∞∑

n=−∞
cnz

n+1.

(2.19)

These satisfy {bn, bm} = {cn, cm} = 0 and {bm, cn} = δm,−n, where of course
b†n = b−n and c†n = c−n. The modes of the stress–energy tensor are

L(bc)
m =

∞∑
n=−∞

(2m− n) bncm−n, m 6= 0

L
(bc)
0 =

∞∑
n=1

n (b−ncn + c−nbn)− 1.

(2.20)

These modes satisfy the Virasoro algebra with central charge c = −26. Fur-
thermore, b0 and c0 commute with L0 and they generate a subalgebra, as
{b0, c0} = 1 and b20 = c20 = 0. The ground state is therefore doubly degener-
ate.



54 CHAPTER 2. STRING THEORY

2.1.3 The Critical Dimension

So far, the Fock space consists of both physical and unphysical ghost states
that need to be removed. A way to eliminate ghost states is to introduce an
operator Q that annihilates physical states Q|ψ〉 = 0 and decouples trivial
(null) states from the spectrum, that is if |ψ〉 = Q|χ〉. States |ψ〉 and |ψ′〉 are
then equivalent if there is some |χ〉 such that |ψ′〉 = |ψ〉+Q|χ〉. Because of
the invariance of physical states under the operatorQ, this implies thatQ is
nilpotent: Q2 = 0. Mathematically, the physical Fock space is the quotient
Ker(Q)/Im(Q). All physical states are elements of the cohomology classes
of the operator Q, which is known as the BRST operator [7, 19, 20, 44].

Given a finite-dimensional Lie algebra g with elements Λi and structure
constants fkij such that

[Λi,Λj ] = fkijΛk, (2.21)

a BRST operator Q can be constructed, which calculates the cohomology of
g:

Q = ciΛi −
1
2
fkijc

icjbk. (2.22)

I have introduced antighosts bi in the adjoint representation of g and ghosts
ci in the dual of the adjoint representation of g, which means that the anti-
ghosts have a contravariant (lower) Lie algebra index, whereas the ghosts
have a covariant (upper) one. The ghosts satisfy {bi, cj} = δji and {bi, bj} =
{ci, cj} = 0. The so-called ghost number operator U = cibi satisfies [U, bi] =
−bi and

[
U, ci

]
= ci.

Nilpotency of Q is easily established:

2Q2 = {Q,Q}

= cicj [Λi,Λj ]− fkijc
icj{bk, cl}Λl +

1
4
fkijf

n
lm{cicjbk, clcmbn}

=
1
4
fkijf

n
lm{cicjbk, clcmbn}

=
1
4

(
fkijf

n
kmc

icjcmbn − fkijf
n
lkc

icjclbn

+ fnlmf
k
njc

lcmcjbk − fnlmf
k
inc

lcmcibk

)
= 0,

because each of these four terms is identically zero as a result of the Jacobi
identity for the structure constants, fmij f

l
mk + fmjkf

l
mi + fmki f

l
mj = 0. The

lower indices reflect the antisymmetry of the commutator: fkij = −fkji. As
an illustration, consider the first term: fkijf

n
kmc

icjcmbn = fkjmf
n
kic

jcmcibn =
fkmif

n
kjc

mcicjbn, so that

fkijf
n
klc

icjclbn =
1
3

(
fkijf

n
km + fkjmf

n
ki + fkmif

n
kj

)
cicjclbn = 0.
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However, in the case of the bosonic string, the Lie algebra in question
is infinite-dimensional. Define to that end the total Virasoro modes Λm =
Lm + L

(bc)
m and identify ci with c−i. Explicitly,

Λm =
∞∑

k=−∞
(2m− k) bkcm−k +

1
2

∞∑
k=−∞

aµm−kaµk, m 6= 0,

Λ0 =
1
2
p2 − 1 +

∞∑
k=1

aµ−kaµk + k (b−kck + c−kbk),

(2.23)

where [Λm,Λn] = (m− n) Λm+n + c−26
12

(
m3 −m

)
δm+n,0. In that case the

correct BRST cohomology operator is

Q =
∞∑

m=−∞
(Lm − δm,0) c−m −

1
2

∞∑
m,n=−∞

(m− n) : c−mc−nbm+n : , (2.24)

where the normal ordering is necessary, and the ghost number operator
becomes

U =
∞∑

m=−∞
: c−mbm : . (2.25)

The BRST charge generates infinitesimal BRST symmetry transforma-
tions:

δXµ(z) = [λQ,Xµ(z)] = λc(z)∂Xµ(z),

δb(z) = [λQ, b(z)] = 2λ
(
T (z) + T (bc)(z)

)
,

δc(z) = [λQ, c(z)] = λc(z)∂c(z),

where λ is some constant Graßmann parameter. The Noether current asso-
ciated with the BRST symmetry of the total action is

J(z) = cT (z) +
1
2

: cT (bc) : +
3
2
∂2c(z),

whence one recovers the BRST charge (2.24) by integrating

Q =
∮

dz
2πi

J(z).

Nilpotency of Q, as defined in equation (2.24), is guaranteed provided
that c = 26, since

Q2 =
1
2
cicj

(
[Λi,Λj ]− fkijΛk

)
,

where fkij = (i− j) δki+j , in which I have explicitly not included the central
term. From Λm = {Q, bm} and the assumption thatQ is nilpotent, one finds
that [Λm, Q] = 0. Therefore,

[Λm,Λn] = [Lm, {Q, bn}] = {Q, [Λm, bn]} = (m− n) {Q, bm+n}
= (m− n) Λm+n,
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which shows that the converse is true as well. Consequently, the BRST
operator Q is nilpotent if and only if c = 26. What is more, please recall
that c = D, which implies that the bosonic string in 26 dimensions is free
of anomalies; D = 26 is called the maximal or critical dimension of the
bosonic string.

Now, let |↑〉 and |↓〉 denote a basis of the doubly degenerate ground
state of the ghost Fock space, which is annihilated by all bn and cn with
n > 0, and define

b0|↓〉 = 0,
c0|↑〉 = 0.

(2.27)

Then,

b0|↑〉 = |↓〉,
c0|↓〉 = |↑〉,

necessarily. A symmetrical and popular choice [44, 87] for the normal or-
dering of the ghost numbering operator is

U =
1
2

(c0b0 − b0c0) +
∞∑
n=1

(c−nbn − b−ncn), (2.28)

which implies that U |↑〉 = 1
2 |↑〉 and U |↓〉 = −1

2 |↓〉. Moreover, let |ψ〉 be a
state that is annihilated by all ghost and antighost operators with positive
(non-zero) mode indices. BRST invariance of the state |ψ〉 then requires that

Q|ψ〉 =

(
c0 (L0 − 1) +

∞∑
n=1

c−nLn

)
|ψ〉 = 0,

if the state |ψ〉 has ghost number −1
2 , that is if it is annihilated by b0, or that

Q|ψ〉 =
∞∑
n=1

c−nLn|ψ〉 = 0,

if U |ψ〉 = 1
2 |ψ〉, that is if it is annihilated by c0 rather than b0. For states with

ghost number −1
2 , this reduces to (L0 − 1) |ψ〉 and Ln|ψ〉 for n > 0, which

are exactly the correct conditions for physical states, as I shall demonstrate
at the beginning of the next section.

Suppose a state |ψ〉 = Q|χ〉 has a ghost number of minus one half, then

|ψ〉 =
∞∑
n=0

Ln|χn〉,
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which implies that |ψ〉 is a null state4 by virtue of L†n = L−n. Therefore, all
physical states lie in BRST cohomology classes with ghost number−1

2 . The
physical Fock space obtained in this way is free of ghosts, which has first
been proven by Kato and Ogawa [63], and of which a nice proof may be
found in the first volume by Polchinski [87].

2.1.4 The Spectrum

Classically, the energy–momentum tensor (1.31) vanishes, that is Tµν = 0.
In the formalism of operators and quantum states, this constraint has to
be replaced by the requirement of invariance of the amplitude upon vary-
ing the metric infinitesimally. Thus 〈ψ′|Tµν |ψ〉 must vanish for arbitrary
physical states |ψ〉 and |ψ′〉. In terms of the modes of the total matter–ghost
energy–momentum tensor this means that 〈ψ′|Λm|ψ〉 for all m ∈ Z. From
the definition of these modes (2.23), the fact that Ln is hermitian and L

(bc)
n

is antihermitian, and the requirement that the states are annihilated by bn
for n ≥ 0 and cm for m > 0, this reduces to

Λm|ψ〉, m ≥ 0.

Equivalently,

(L0 − 1) |ψ〉 = 0,
Ln|ψ〉 = 0, n > 0.

(2.29)

The same equations with bars on the generators are of course valid in the
antiholomorphic sector. In the covariant quantization scheme these are the
well-known equations that determine whether state is physical or not.

Since the BRST operator Q rids the spectrum of negative norm states
in 26 space-time dimensions, the bosonic string spectrum may be found
by simply writing out the constraints for the left and right zeroth modes
Virasoro generators as follows:(

p2 +m2
L

)
|0〉 = 0,(

p2 +m2
R

)
|0〉 = 0.

(2.30)

The mass-shell condition for particles5 can be used to identify

M2 = 2
∞∑
n=1

a−n · an − 2, (2.31)

4A state is called spurious if it is orthogonal to all physical states, and it is called null if
it is physical as well, which implies that its norm equals zero.

5The identification of particles with string states is by no means trivial. It is nevertheless
possible, because in the limit that the intrinsic size of the strings (the Planck length) becomes
unobservable, that is in the “long-distance limit”, string theory can be approximated by
quantum field theory, and therefore string states with states in quantum field theory [20].



58 CHAPTER 2. STRING THEORY

with m2
L = m2

R = M2. The total ground state is in fact the product of the
left and right ground states with momenta k and k̄: |0〉 = |0, k〉L ⊗ |0, k̄〉R.

At the lowest level, there is a scalar particle with M2 = −2, which is
called the tachyon; it travels faster than light, and is therefore in clear vi-
olation of causality. The first excited state is εµνa

µ
−1ā

ν
−1|0〉. There are but

D − 2 holomorphic and D − 2 antiholomorphic physical degrees of free-
dom — these states are representations of the little group SO(D − 2) of
SO(D − 1, 1).6 The symmetric traceless part of ε is a rank-2 tensor, which
can be identified with the graviton. The antisymmetric traceless tensor is a
gauge boson and it is sometimes called the axion. Corresponding to the
part of ε containing the trace is a Lorentz scalar, known as the dilaton.
All higher excitations transform under various tensor representations of
SO(D − 1), which means that these states are massive, as one can easily
verify from the mass formula (2.31).

One might have included the ghost and antighost generators in the
mass formula, but BRST invariance would have freed the spectrum at each
level of these ghosts [87].

2.2 The Fermionic Superstring

The bosonic string in its present form has several objectionable drawbacks
that need to be addressed. Firstly, the presence of a tachyonic state in the
spectrum of the bosonic string in (nearly) flat space-time geometries not
only violates causality, but causes divergencies in the perturbative calcu-
lation of scattering amplitudes beyond tree level as well. Secondly, the
bosonic string cannot be a viable theory of nature, as its spectrum does not
contain any fermions, that is states transforming under spinor represen-
tations of the Lorentz group. Thirdly, there are obviously no Yang–Mills
states present in the spectrum, which are desirable in order to link the low-
energy phenomenology of string theory to the infamous gauge theories.7

Ultimately, and perhaps most importantly, the theory is only free of the
conformal anomaly in 26 space-time dimension. Present-day experiments
have access to energy scales that have revealed but four space-time dimen-
sions, so there are 22 space dimensions unaccounted for.

Although merely the first argument indicates an inconsistency of the
bosonic string at higher levels in perturbation theory, all issues suggest

6Lorentz invariance in D dimensions requires physical states to be representations of
Wigner’s little group of the Lorentz group SO(D − 1, 1). The little group, which is also
known as isotropy group and stabilizer group, is the subgroup of the Lorentz group that
leaves the D-momentum of a particle invariant. For massive particles the stabilizer group
is SO(D − 1), and SO(D − 2) for massless particles.

7As an aside, in open (bosonic) string theories, Yang–Mills states can be incorporated by
supplying internal degrees of freedom at the open boundaries in the form of Chan–Paton
degrees of freedom (labels).
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that the bosonic string requires at least some modification. The first two
problems, and in some cases the third as well, can be resolved by adding
dynamical degrees of freedom to the world sheet. The last point mentioned
can be “solved” by what is known as compactification8, which pertains to
the second part of my thesis, where I shall briefly discuss its salient fea-
tures. This section deals with the inclusion of fermionic degrees of freedom
on the world sheet, which — anticipating its main results — eliminates the
tachyonic state, allow for fermions to propagate through space-time, and
reduce the number of space-time dimensions.

There are two known fermionic descriptions of strings. The first is the
Green–Schwarz [43] formalism, in which there are space-time vectors Xµ

that transform under vector representations of SO (D − 1, 1), as well as
space-time spinors transforming according to the spinor representations of
Spin (D − 1, 1), the universal covering group of SO (D − 1, 1). AlthoughD-
dimensional target space supersymmetry is manifest in the Green-Schwarz
model, it is difficult to quantize the Green-Schwarz superstring covariantly.
I shall therefore use the slightly more tractable Neveu–Schwarz–Ramond
(NSR) formalism, in which world-sheet supersymmetry is apparent in the
guise of the N = 1 superconformal algebra. All bosonic states are created
from the Neveu–Schwarz vacuum, whereas fermionic states are descended
from the (fermionic) Ramond ground state.

Before displaying the full NSR action, I will settle on some notation first.
A metric g can be expressed in a local frame or non-coordinate basis9 ea =
eaµdX

µ, where the coefficient eaµ is called a polyad or Vielbein [24, 41, 84]:

gµν = eaµe
b
νηab. (2.32)

In two dimensions it is called a Zweibein or less commonly a diad. The
inverse e µ

a obeys e µ
a ebµ = δba, where δab is the O(2)-invariant frame metric.

The Latin indices are used for flat world sheets and the Greek ones for
curved world sheets.

The two-dimensional Dirac matrices γµ = e µ
a γa satisfy the Clifford al-

gebra {γµ, γν} = 2gµν , where {γa, γb} = 2ηab. It is possible to define a co-
variant derivative for spinorsDµ = ∂µ+ 1

2ω
ab
µ σab with σab = 1

2 [γa, γb], where
ωabµ is called the spin connection [106]. It is the analogue of the renowned
Levi-Cività connection, which appears in the expression for the covariant
derivative of vectors. It satisfies ωabµ = −ωbaµ , and it is related to the Levi-

8Yang–Mills gauge symmetries can be introduced via the isometries of the compactifi-
cation spaces. For example, an n-dimensional torus Tn gives rise to an U(1)n gauge sym-
metry, an n-dimensional sphere Sn has an SO(n + 1) symmetry, and the n-dimensional
complex projective plane CPn an SU(n+ 1) gauge symmetry.

9A basis for the tangent space at p ∈ M is given by {∂µ}, and a basis for its dual space,
the cotangent space at p is {dXµ}. They satisfy 〈∂µ, dX

ν〉 = δν
µ.
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Cività connection by ωabµ = eaν∂µe
ν
b + eaνΓ

ν
µλe

λ
b . The affine spin connec-

tion one-form ωab = Γacbe
c
µdX

µ satisfies Cartan’s structure equations:

dea + ωab ∧ eb = T a,

dωab + ωac ∧ ωcb = Rab,

where the torsion two-form T a ≡ 1
2T

a
bce

b ∧ ec and the curvature two-form
Rab ≡

1
2R

a
bcde

c∧ed. T abc is the torsion tensor andRabcd the Riemann tensor.
In the NSR model there are space-time vectors Xµ and ψµ, which is a

spinor10 on the world sheet, a diad e µ
a and its superpartner χµ, the grav-

itino field, of which I have suppressed the spinorial index. Occasionally,
the spin 3

2 gravitino field is called a Rarita-Schwinger field. The complete
NSR action is then given by [12]

SNSR [X, g, ψ, e, χ] =
1

4πα′

∫
Σ

d2ξ
√
|det gαβ |

[
gαβ∂αX

µ∂βXµ

+ψ̄µγα∂αψµ − χ̄αγ
βγαψµ

(
∂βX

µ + 1
4χβψ

µ
)]
, (2.33)

where of course γα = e α
a γa, and ψ̄ = ψ†γ0. I should however note that

the gravitino and the metric are to be considered independent variables in
order to ensure local supersymmetry:

δXµ = ε̄ψµ,

δψµ = γν
(
∂νX

µ − 1
2 χ̄νψ

µ
)
ε,

δeaµ = ε̄γaχµ,

δχµ = 2Dµε.

Here, ε is a constant infinitesimal spinor with the same spin structure as that
of ψ and χ. The action is Poincaré invariant in target space, and invariant
under local Lorentz transformations, these are local O(2) frame rotations,
or Weyl diffeomorphisms:

δXµ = 0,
δψµ = −1

2σψ
µ,

δeaµ = σeaµ,

δχσµ = 1
2σχµ,

Furthermore, it is invariant under super-Weyl diffeomorphisms: δXµ =
δψµ = δeaµ = 0 and δχµ = γµη, where η has the same spin structure as χ.
All in all, the NSR action is superconformally invariant.

10Manifolds admit spinors if and only if the second Stiefel-Whitney class [93] is trivial.
The existence of spinors on the world sheet is ensured by the vanishing of the second Stiefel-
Whitney class for Riemann surfaces of arbitrary genus [2, 20, 84]. In that case, there are two
different spin bundles with opposite chirality with respect to the homology cycles of the
surface. After a conformal mapping, these sections of the spin bundles may be identified
with the holomorphic and antiholomorphic components of the complex (Weyl) spinors.
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2.2.1 Quantization

In the superconformal gauge, that is gαβ = δαβ , or equivalently eaµ = δaµ,
and χµ = γµ, the NSR action reduces to the Gervais–Sakita action, because
γµγ

νγµ = 0:

SGS [X, g, ψ] =
1

4πα′

∫
Σ

d2ξ
√
|det gab|

[
gab∂aX

µ∂bXµ + ψ̄µ/∂ψµ

]
. (2.34)

I have introduced the Feynman slash: /∂ = γa∂a. In this gauge the equations
of motion become quite simple:

�Xµ = 0,
/∂ψµ = 0,

(2.35)

where � is the two-dimensional d’Alembertian. The constraint equations
from varying the NSR action with respect to the diad and the gravitino are
now

Tαβ = ∂αX
µ∂βXµ + ψµγα∂βψµ − ηαβ∂αX

µ∂βXµ = 0,

Gα = γβγαψµ∂βX
µ = 0.

(2.36)

In the complex chiral representation the Gervais–Sakita action becomes

SGS [X,ψ] =
1

2πα′

∫
Σ

d2z
[
∂X · ∂̄X + ψ∂̄ψ + ψ̄∂ψ̄

]
. (2.37)

The corresponding path integral is

Z =
∫
DXDψ ∆FP e−SGS[X,ψ], (2.38)

where now the Faddeev–Popov determinant arises from gauge fixing both
the metric, as before, and the local supersymmetry by setting χµ = 0. More
precisely, since there are both bosonic and fermionic gauge conditions, ∆FP

is a superdeterminant or Berezinian, Ber(Q) = detQB (detQF )−1, where
QB is the even part and QF the odd part of Q, which is valid provided
there are no mixed conditions.11

In conformally flat spaces the Christoffel connection as well as the spin
connection vanish. Upon separating the path integral into a bosonic and a

11The appearance of the reciprocal determinant for the fermionic part comes from the
fact that under a change of Graßmann variables θ′i = Mijθj the integration measure
Dθ′ 7→ Dθ/detM . For a generic path integral with both bosonic and fermionic symmetries,
the Berezinian generalizes the Faddeev–Popov determinant for path integrals of bosonic
variables. The interested reader might want to consult the appendix of the review article by
Van Nieuwenhuizen [106]. In the absence of fermionic degrees of freedom, the Berezinian
reduces of course to the usual Faddeev-Popov determinant.
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fermionic functional integral, one may easily split the odd and even parts
from the Berezinian, too. As a result, the even part of the Faddeev–Popov
superdeterminant remains as in the case of the bosonic string, yielding
the familiar reparametrization ghosts b, c. The fermionic piece, however,
contains a determinant in the denominator, which can be arranged into
the exponent of a functional integral by introducing two commuting fields
βzζ , γ

ζ :

LFP =
1
πα′

(
βzζ∂z̄γ

ζ + β̄z̄ζ̄∂zγ̄
ζ̄
)
, (2.39)

where the spinor index ζ is a vestige of the infinitesimal transformation of
the gravitino: δχζz = ∂zε

ζ .

2.2.2 Mode Expansions and The Critical Dimension

The equations of motion are simply ∂ψ̄ = ∂̄ψ = 0, and they allow the fields
to be Laurent expanded. Because all physical quantities involving spinors
are bilinear expressions, the spinor fields can be either periodic or antiperi-
odic.12 On the world sheet periodic spinors are called Ramond fermions
and antiperiodic spinors Neveu–Schwarz fermions. A conformal map to
the annulus transforms the Ramond sector into antiperiodic fields, that is
ψµ
(
e2πiz

)
= −ψµ(z), and the Neveu–Schwarz sector into periodic fields:

ψµ
(
e2πiz

)
= ψµ(z). It is common practice to expand these fields in the

complex plane as

ψµ(z) =
∞∑

n=−∞
dµnz

−n−1/2,

ψ̄µ(z̄) =
∞∑

n=−∞
d̄µnz̄

−n−1/2,

(2.40)

for the Ramond sector, and as

ψµ(z) =
∑
r

bµr z
−r−1/2,

ψ̄µ(z̄) =
∑
r

b̄µr z̄
−r−1/2,

(2.41)

for the Neveu–Schwarz sector, where now r ∈ 1
2 + Z. The modes satisfy

{dµm, dνn} = {d̄µm, d̄νn} = ηµνδm+n,0 and {bµr , bνs} = {b̄µr , b̄νs} = ηµνδr+s,0.

12This is equivalent to saying that all components of the world-sheet spinors must have
the same spin structure — in other words, they have to be sections of the same spin bun-
dle — so that these spinors transform as vectors under Lorentz transformations [20]. The
different spin structures are then known as the Ramond and Neveu–Schwarz sectors.
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The constraint equations (2.36) yield the bosonic and fermionic stress
tensors:

T (z) = −1
2

: ∂X(z) · ∂X(z) : +
1
2

: ∂ψ(z) · ψ(z) : ,

G(z) =: ψ(z) · ∂X(z) : ,
(2.42)

which satisfy the equations in (1.81). G(z) is called the world-sheet super-
current. A Laurent expansion gives

T (z) =
∞∑

n=−∞
Lnz

−n−2,

G(z) =
∑
r

Grz
−r−3/2,

(2.43)

where r is integer in the Ramond sector and half-integer in the Neveu–
Schwarz sector. The modes generate the N = 1 Virasoro superalgebra
(1.80). They can be expressed in terms of the Laurent modes of the fields:

Lm =
1
2

∞∑
n=−∞

(am−n · an + ndm−n · dn), m 6= 0,

L0 =
1
2
p2 +

∞∑
n=1

(a−n · an + nd−n · dn),

Gm =
∞∑

n=−∞
a−n · dm+n,

(2.44)

for the Ramond sector, and

Lm =
1
2

∞∑
n=−∞

am−n · an +
1
2

∑
r∈Z+ 1

2

rbm−r · br, m 6= 0,

L0 =
1
2
p2 +

∞∑
n=1

a−n · an +
1
2

∑
r∈N+ 1

2

rb−r · br,

Gr =
∞∑

n=−∞
a−n · br+n,

(2.45)

for the Neveu–Schwarz sector.
The equations of motion for the βzζ , γζ ghosts, which I will henceforth

denote as β(z) and γ(z), are ∂̄β = ∂̄γ = ∂β̄ = ∂γ̄ = 0. β(z) and γ(z) are
conformal fields with weights 3

2 and −1
2 respectively, and their OPE is

β(z)γ(w) ∼ − 1
z − w

.
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These fields may be expanded in modes, too:

β(z) =
∑
r

βrz
−r−3/2,

γ(z) =
∑
r

γrz
−r−1/2,

(2.46)

where [γr, βs] = δr+s,0. Hermitian conjugation of these operators reverses
the sign of the mode index, as usual. The modes of the energy–momentum
tensor for these ghosts T (βγ) =: (∂β)γ : − 3

2 : βγ : satisfy the Virasoro alge-
bra with c = 11.

In analogy with the discussion of the bosonic string, the critical dimen-
sion can be determined by adding all central charges of the fields. A boson
contributesD, a fermion 1

2D, the reparametrization ghosts−26 and the β, γ
ghosts 11. So, the condition c = 3

2D − 15 = 0 implies that the NSR string
is free of anomalies in D = 10. In principle, one should construct the BRST
charge [60, 87] by adding the total matter and ghost modes. The critical
dimension can then be derived from the nilpotency condition. However,
since that calculation is similar to the one of the bosonic string, I refer to the
literature for detailed information [27, 85].

Important for the determination of the spectra of the NSR model are
the physical constraint equations. Left-moving Neveu–Schwarz states are
physical if they satisfy(

Ln −
1
2
δn,0

)
|ψ; NS〉 = 0, n > 0

Gr|ψ; NS〉 = 0, r ≥ 1
2 ,

(2.47)

and left-moving Ramond states are physical if they obey

Ln|ψ; R〉 = Gn|ψ; R〉 = 0, n > 0. (2.48)

Similar equations hold for the right-moving states in both sectors. The vac-
uum of the fermionic string satisfies, in addition to the conditions from the
modes of the reparametrization ghosts,

βr|0; NS〉 = γr|0; NS〉 = 0, r ≥ 1
2 ,

βr|0; R〉 = γr+1|0; R〉 = 0, r ≥ 0.
(2.49)

Moreover, the Neveu–Schwarz ground state is annihilated by all aµn for n >
0 and bµr with r ≥ 1

2 . The Ramond ground state is annihilated by all boson
and fermion modes with positive mode indices, as well as G0.
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2.2.3 The GSO Projection and The Spectrum

The operators Jµν = qµpν − qνpµ − i
(
Sµν + S̄µν + SµνR,NS + S̄µνR,NS

)
abide by

the Lorentz algebra SO(9, 1) for closed oriented strings, where

Sµν =
∞∑
n=1

aµ−na
ν
n − aν−na

µ
n

n
,

SµνNS =
∑
r≥ 1

2

bµ−rb
ν
r − bν−rb

µ
r ,

SµνR =
1
2

[dµ0 , d
ν
0 ] +

∑
n≥1

dµ−nd
ν
n − dν−nd

µ
n.

The right-moving operators are defined with bars on all mode operators.
The S operators are called the Lorentz spin operators. The Neveu–Schwarz
ground state is a scalar under the action of SO(9, 1), since SµνNS|0; NS〉 = 0.
The Neveu–Schwarz Fock space is obtained by applying the raising opera-
tors to the vacuum. These excited states transform under tensor represen-
tations of SO(9, 1), so they are all bosons. The degenerate ground state in
the Ramond sector is a spinor, as SµνR |0; R〉 = 1

2Σµν |0; R〉, where Σµν is the
Lorentz generator in the spinor representation. After all, the zeroth modes
satisfy the Clifford algebra for

√
2dµ0 = Γµ. All excited states become space-

time fermions.
From the physical state conditions in the Ramond and Neveu–Schwarz

sectors, one finds the mass formulae for these sectors to be

M2 = 2
∞∑
n=1

a−n · an + nd−n · dn (2.50)

and

M2 = 2
∞∑
n=1

a−n · an + 2
∑
r

rd−r · dr − 1 (2.51)

respectively, where of course r is half-integer and positive, andm2
L = m2

R =
M2, as before.

Because there are both left- and right-moving Neveu–Schwarz and Ra-
mond sectors, the spectrum of the closed string has four sectors in total:
(NS,NS), (R,NS), (NS,R) and (R,R). The ground state of the (NS,NS) sec-
tor |0; NS〉L ⊗ |0; NS〉R is a (scalar) tachyon with M2 = −1. The first ex-
cited states, εµνb

µ
−1/2b̄

ν
−1/2|0; NS〉L ⊗ |0; NS〉R, are massless and contain the

(symmetric) graviton, the anti-symmetric tensor and the dilaton. The ex-
cited states contain massive bosons. In the (R,NS) and (NS,R) sectors, there
are no tachyons, since the Ramond sector always has a non-negative mass
squared. The ground state |0; R〉L ⊗ εµb̄

µ
−1/2|0; NS〉R is massless. Because
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εµb̄
µ
−1/2|0; NS〉 is a massless vector state, the (R,NS) ground state can be de-

composed into a spinor, the dilatino, and a spinor-vector, the gravitino [20].
Excited states are massive fermions. Finally, one finds more bosons in the
(R,R) sector.

Although the NSR model started out with only world-sheet fermions, it
has produced fermions in space-time. It is nevertheless inconsistent, since
there is still a tachyon present in one of the four sectors. What is more, the
massless gravitino requires genuine ten-dimensional space-time supersym-
metry, as pointed out by D’Hoker [20], which the NSR model clearly lacks
— it exhibits two-dimensional world-sheet supersymmetry, that is it ex-
changes world-sheet bosons Xµ with world-sheet fermions ψµ, but it does
not interchange space-time fermions and space-time bosons. The notorious
tachyon, for instance, does not have a fermionic superpartner.

An ad hoc remedy for both problems exists and has been proposed by
Gliozzi, Scherk and Olive: the spectrum of the NSR model can be made
supersymmetric by manually selecting certain subsets of states. This GSO
projection is realized by introducing a world-sheet fermion number opera-
tor F such that {(−1)F , ψµ(z, z̄)} = 0 in all sectors.

Specifically, in the Neveu–Schwarz sector

FNS =
∑
r≥ 1

2

b−r · br, F̄NS =
∑
r≥ 1

2

b̄−r · b̄r, (2.52)

with (−1)F |0; NS〉L,R = −|0; NS〉L,R. Therefore, (−1)F = (−1)FNS−1 and
similarly for F̄ . For physical states, only those that satisfy (−1)F |ψ; NS〉L =
|ψ; NS〉L or (−1)F̄ |ψ; NS〉R = |ψ; NS〉R are allowed. The Fock space then
consists of states that are obtained from the ground state by applying an
even number of mode operators. Hence, the tachyonic ground state, in-
cluding all states obtained by applying an even number of b-operators to it,
are projected out. The Neveu–Schwarz ground state after the GSO projec-
tion is a massless vector with eight physical components13, εµb

µ
−1/2|0; NS〉.

The first 64 excited states, εµ1µ2µ3b
µ1

−1/2b
µ2

−1/2b
µ3

−1/2|0; NS〉 and εµb
µ
−3/2|0; NS〉,

are massive with M2 = 2.
The original ground state of the Ramond sector is a massless Dirac

spinor, which has 2D/2 = 25 = 32 components in ten dimensions. Super-
symmetry requires that there is an equal number of bosons and fermions,
so that the number of components has to be reduced by the GSO projections
to 8, corresponding to the Neveu–Schwarz ground state, in such a way that

13The ground state satisfies the massless condition p2 = 0 and the transversality con-
dition ε · p = 0. Transversality implies that all states with negative norms are removed,
but since it is massless there remains one null state. So, there are eight components with
positive norm.
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it is consistent with invariance under the action of Spin(9, 1). To that end,
define

(−1)F = Γ(−1)FR , (−1)F = Γ(−1)F̄R , (2.53)

where the chirality matrix Γ ≡ Γ0Γ1 . . .ΓD−1. It commutes with all gener-
ators of Spin(9, 1) Γµ, and satisfies Γ2 = (−1)

D
2
−1. With these definitions

one has
FR =

∑
n≥1

d−n · dn, F̄R =
∑
n≥1

d−n · dn. (2.54)

The GSO projection can now be implemented by choosing a chirality for
the ground state in the left and right sector, χL,R = ±1. States that satisfy

(−1)F |ψ; R〉L = χL|ψ; R〉L (2.55)

and
(−1)F̄ |ψ; R〉R = χR|ψ; R〉R (2.56)

are preserved in the Fock space of the Ramond sector. Although massive
states do not have a Lorentz invariant notion of chirality, there is no contra-
diction, since the opposite chirality components of massive states have dif-
ferent origins. As an illustration, consider the first excited level in the left-
moving sector, which has the states aµ−1|0; R〉L and dµ−1|0; R〉L, which have
both eight physical components.14 Choosing χL = ±1, one finds that the
states (−1)Faµ−1|0; R〉L = ±aµ−1|0; R〉L and (−1)Fdµ−1|0; R〉L = ∓dµ−1|0; R〉L
have opposite chiralities. Together they form the 16 components of a mas-
sive Majorana spinor.

There are two different types of consistent, closed oriented superstring
theories that arise from GSO projected NSR strings, which are called the
type IIA and type IIB superstrings.15 Type IIA superstrings are space-time
parity invariant, that is non-chiral, so χL = −χR, whereas type IIB su-
perstrings are chiral, which means that χL = χR. The massless spectrum
for both types can then be analysed by taking these distinctions into ac-
count. In the (NS,NS) sector, the massless level bµ−1/2b

ν
−1/2|0; NS〉L⊗|0; NS〉R

consists of the graviton, the antisymmetric tensor and the dilaton for both
types of strings. For both types, there are gravitinos and dilatinos with
opposite chirality in the (R,NS) and (NS,R) sectors, which exist at the lev-
els |0; R〉L ⊗ b̄µ−1/2|0; NS〉R and bµ−1/2|0; NS〉L ⊗ |0; R〉R. With regard to the
distinct types, these chiralities are identical in the (R,NS) sector and oppo-
site in the (NS,R) sector. The massless (R,R) level |0; R〉L ⊗ |0; R〉R contains

14The number of physical states is most easily established in the light-cone gauge, where
one applies transverse operators to the ground state, so all longitudinal (null) states are
immediately eliminated.

15The “II” refers to the fact that there are two gravitinos from the (R,NS) and (NS,R)
sectors, which means that there is N = 2 supersymmetry. Open (and closed unoriented)
superstrings with Chan–Paton degrees of freedom have one gravitino and are called type I
superstrings. Their gauge group is SO(32).
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bosons that are different for both types; it includes tensors of odd rank in
the case of the type IIA superstring and tensors of even rank for type IIB
superstrings. In fact, these states transform as differential forms of odd and
even degrees, respectively, since they arise from antisymmetric products of
vector representations [20]. They are to be regarded as abelian gauge fields.

Since the choice of chirality for the massless ground state does not affect
the massive levels of the type IIA and type IIB superstrings as a result of the
pairing of states with opposite chirality into massive Majorana spinors, the
contents of massive spectra of both types are identical. The type IIA and IIB
only differ in their massless spectra. The complete spectra of these strings
coincide with the spectrum of the Green–Schwarz superstring model.

2.3 Heterotic Superstrings

The type IIA and type IIB superstring theories have not only eliminated the
tachyon from the spectrum of the NSR model, but they have created space-
time fermions as well. A pleasant side effect of the inclusion of fermionic
degrees of freedom on the world sheet is the reduction of the space-time
dimension from 26 to 10. Admittedly, this still leaves 6 (previously) unde-
tected space dimensions, but it is a considerable progress from the dimen-
sional plethora of the bosonic string. Despite these theoretical successes,
there are still no Yang–Mills states in the spectra of these closed oriented
strings.16

The observation that the left- and right-moving sectors of both bosonic
strings and superstrings are completely independent lies at the heart of het-
erotic string theories, which realize Yang–Mills states from purely closed
oriented strings. The left-moving sector is built out of the left-moving sec-
tor of the type II superstring, whereas the right-moving sector of the het-
erotic string is taken from the right-moving sector of the bosonic string. The
evident discrepancy in critical dimensions between the left-moving type II
superstring and the right-moving bosonic string is used to create Yang–
Mills states. Heterotic strings are supposed to be embedded in D = 10-
dimensional space-time, where the remaining 16 dimensions of the right-
moving sector are to be used as internal degrees of freedom corresponding
to Yang–Mills degrees of freedom. Of course, Poincaré invariance is only
assumed to hold in the ten-dimensional subspace of the right movers, to
which the complementary bosonic left movers are to be added. The inter-
nal degrees of freedom are not affected by the action of the Poincaré group
in D = 10.

16Even though the GSO projection has rendered the NSR model consistent, it requires
space-time supersymmetry, which is not an apparent symmetry of nature at energy scales
available to modern experiments.



2.3. HETEROTIC SUPERSTRINGS 69

These 16 internal (compact) dimensions are constructed from unitary
conformal field theories with c = 16, such that the resulting theory is self-
consistent, free of ghosts and (conformal) anomalies, and space-time super-
symmetric.17 These conditions restrict the gauge group to be either E8×E8

or Spin(32)/Z2 [47]. Albeit in a highly artificial way, heterotic string the-
ories combine the best of both worlds, since the tachyon is removed and
fermions arise in space-time due to space-time supersymmetry in the left-
moving sector, and Yang–Mills states come from the right-moving sector.
Moreover, the gauge groups are phenomenologically interesting, since they
are large enough to contain the SU(3) × SU(2) × U(1) gauge group of the
Standard Model as a subgroup.

The internal degrees of freedom for the two different supersymmet-
ric and tachyon-free heterotic string theories can be realized by both free
bosons and free fermions. Because of the Bose–Fermi correspondence18,
these world-sheet theories are equivalent: one can take either 16 real scalar
fields or 32 Majorana spinors in the right-moving sector. I shall discuss the
free fermion realizations, as their treatment resembles that of the type II
superstrings.

2.3.1 The Spin(32)/Z2 Heterotic Superstring

The core of heterotic string theories is the left-moving type II superstring,
which consists of free Ramond and Neveu–Schwarz fermions — or Green–
Schwarz fermions, depending on the formalism one prefers — and right-
moving free scalars, which all live in a ten-dimensional space-time. The
internal part of the Spin(32)/Z2

∼= SO(32) is created from 32 world-sheet
spinors that transform as singlets under the Lorentz group in space-time.
These Majorana spinors λα can be represented by complex Weyl spinors
λα+ and their complex conjugates λα−. The action for the internal degrees of
freedom then becomes

Sint[λ, g] =
1

4πα′

∫
Σ

d2z

32∑
α=1

[
λα+∂̄λ

α
+ + λα−∂λ

α
−
]
. (2.57)

The equations of motion imply that λα+ = λα+(z) and λα− = λα−(z̄). Because
one only needs the right-moving (antiholomorphic) degrees of freedom of

17At this point I must note that there exists a heterotic theory that is self-consistent yet
non-supersymmetric. I shall not be concerned with it, as for the remainder of my thesis it
shall not be relevant.

18In two dimensions, bosons can be represented by pairs of fermions and vice versa as
a result of the Bose–Fermi correspondence. Bosonization and fermionization are therefore
specific to two-dimensional conformal field theories. I refer to book by Kač and Raina [68]
and the sixth lecture of Witten [20] for more details on the Bose–Fermi correspondence and
its physical consequences.
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λα for the construction of heterotic superstrings, one has to keep merely
λα−.

In the complex plane there are two spin structures possible for the in-
ternal fermions λα− just as in the case of the Ramond and Neveu–Schwarz
fermions. I shall denote these as P for periodic on the cylinder and A for
antiperiodic on the cylinder.

The internal fermions can be Laurent expanded, as usual:

λα−(z̄) =
∑
r

λαr z̄
−r−1/2, (2.58)

such that {λαr , λαs } = δαβδr+s,0. Here, r, s can be either both integer or
both half-integer, corresponding to the periodic and antiperiodic boundary
conditions respectively.

So far, the discussion has been completely general for free fermion re-
alizations of heterotic superstring theories. I shall now assume that all
λα− have the same spin structure, which means that Sint is invariant un-
der SO(32) rotations of the spinors λα−. Since the zeroth modes from the P
sector satisfy the Clifford algebra, its ground state is a Spin(32) spinor.

The zeroth mode generators are L0 = 1
2p

2 +N and L̄0 = 1
2p

2 +N̄ , where
the number operators N and N̄ depend on the contents of the various sec-
tors as follows:

NR =
∑
n≥1

[a−n · an + nd−n · dn],

NNS =
∑
n≥1

a−n · an +
∑
r≥ 1

2

rb−r · br,

N̄P =
∑
n≥1

[
ā−n · ān +

32∑
α=1

nλα−nλ
α
n

]
,

N̄A =
∑
n≥1

ā−n · ān +
∑
r≥ 1

2

32∑
α=1

rλα−rλ
α
r .

(2.59)

Physical states in the left-moving sector satisfy
(
L0 − 1

2

)
|ψ; NS〉L = 0 and

L0|ψ; R〉L = 0, just as before. In the right-moving sector these conditions
become

(
L̄0 + 1

)
|ψ; P〉R = 0 in the P sector and

(
L̄0 − 1

)
|ψ; A〉R = 0 in

the A sector.19 Therefore, M2 = 2NR = 2NNS − 1 for the left movers and
M2 = 2N̄P + 2 = 2NA − 2 for the right movers. The only contributions to
the massless spectrum are therefore states with NR = 0 or NNS = 1

2 in the

19The normal ordering constants that appear in combination with the zeroth mode gen-
erators can be calculated by adding the contributions from the physical contents of each
sector: each physical boson gives 1

24
, each physical fermion with integer modes gives − 1

24

and each physical fermion with half-integer modes gives 1
48

.
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left-moving sector and NA = 1 in the right-moving sector. P states cannot
appear in the massless spectrum.

For heterotic string theories, the GSO projection affects the internal sec-
tor as well. In the P sector one defines

(−1)F = λ(−1)FP , (2.60)

where

FP =
∞∑
n=1

32∑
α=1

λα−nλ
α
n

and

λ =
32∏
α=1

λα0 ,

for which {λ, λαn} = 0 for all n ∈ Z. In the A sector these equations are
replaced by

(−1)F = (−1)FA , (2.61)

FA =
∞∑
r= 1

2

32∑
α=1

λα−rλ
α
r .

Physical states that satisfy (−1)F |ψ; P〉R = |ψ; P〉R and (−1)F |ψ; A〉R =
|ψ; A〉R are retained in the Fock space for the P and A sectors, respectively.

The one massless bosonic state bµ−1/2|0; NS〉L ⊗ āν−1|0; A〉R consists of
the graviton, an antisymmetric tensor and the dilaton. The other mass-
less bosonic state is bµ−1/2|0; NS〉L⊗ λα−1/2λ

β
−1/2|0; A〉R. Because the internal

fermion operators anticommute, this state is an antisymmetric tensor rep-
resentation of SO(32). It therefore consists of an SO(32) vector boson in
the adjoint representation, commonly denoted by its dimensionality20 in
boldface: 496. It is to be identified with the Yang–Mills field. The mass-
less fermionic states are |0; R〉L ⊗ āµ−1|0; A〉R, which generates the gravitino
and the dilatino, and |0; R〉L ⊗ λα−1/2λ

β
−1/2|0; A〉R, from which one finds an

SO(32) gaugino in the adjoint representation. The gaugino is related to the
familiar gauge bosons by supersymmetry.

The first massive level with M2 = 2 has NR = 1 and NNS = 3
2 in the

left-moving sector, and NA = 2 and NP = 0 in the right-moving sector.
The P sector creates one Spin(32) Weyl spinor. Since, only an even num-
ber of internal fermion operators are allowed to be applied to the ground
states, the heterotic superstring described here produces only Spin(32)/Z2

representations.
20The dimensionality of the adjoint representation of the Lie algebra of SO(N) is given

by the number of independent components of the antisymmetric tensor: 1
2
N(N − 1). The

dimensionality of irreducible representations can be calculated by counting the number
of independent components or with the famous Weyl dimensionality formula, of which
details can be found in the works of Cahn [13], Jacobson [56] and Knapp [75], for example.
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2.3.2 The E8 × E8 Heterotic Superstring

I have hitherto assumed that all internal fermions have the same spin struc-
ture, which led to an SO(32) invariance. It is however theoretically accept-
able for the λα− to belong to different classes with each class lending the
same spin structure to the internal fermions. If there are two classes of
sizes k and 32 − k, then the internal action will be invariant under the ac-
tion of SO (k)×SO (32− k). In that case the sectors are denoted by AA, AP,
PA and PP, where the first letters refer to the spin structures of the first class
and the second characters refer to those of the second class. Because only
the SO(16)×SO(16) model yields a consistent heterotic superstring theory,
I shall concentrate on its construction.

In the right sector, the physical state conditions remain the same, but
the normal ordering constants ν̄ of the previous section have to be replaced
by 1 in the AA sector, −1 in the PP sector, −1 + k

16 = 0 in the AP sector
and 1 − k

16 = 0 in the PA sector for k = 16. Therefore, the level matching
conditions become M2 = 2NR = 2NNS − 1 for the left movers and M2 =
2N̄ − 2ν̄ for the right movers, where N̄ is the eigenvalue of the number
operator, as before.

The GSO projection in the A sector is defined by imposing that the
eigenvalues of (−1)F1 and (−1)F2 equal one for

F1 =
∞∑
r= 1

2

16∑
α1=1

λα1
−rλ

α1
r , F2 =

∞∑
r= 1

2

32∑
α2=17

λα2
−rλ

α2
r . (2.62)

For the P sector the same conditions are imposed, but one defines

F1 = λ(1)
∞∑
n=1

16∑
α1=1

λα1
−nλ

α1
n , F2 = λ(2)

∞∑
n=1

32∑
α1=17

λα2
−nλ

α2
n , (2.63)

where

λ(1) ≡
16∏
n=1

λn0 , λ(2) ≡
32∏

n=17

λn0 . (2.64)

The sectors labelled A and P in the case of the Spin(32)/Z2 heterotic su-
perstring correspond the the AA and PP sectors; the product (−1)F1(−1)F2

reduces to operator (−1)F of the A and P sectors.
Now I shall come to the analysis of the massless spectrum. The left

sector has not changed, thus it gives the familiar multiplet: bµ−1/2|0; NS〉L
and |0; R〉L. The PP sector does not bear any massless states.

In the AA sector (N̄ = 1), one would have massless gauge fields from
λα−1/2λ

β
−1/2|0; A〉R ⊗ |0; A〉R, which decomposes under SO(16)× SO(16) as

(120,1) ⊕ (1,120) ⊕ (16,16). Here, 120 denotes the antisymmetric ten-
sor in the adjoint representation of SO(16) and 16 the vector representa-
tion. If both λα−1/2 and λβ−1/2 belong to either the first or the second class of
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SO(16)× SO(16), then this is written as (120,1) and (1,120). (16,16) cor-
responds to λα−1/2 belonging to the first and λβ−1/2 belonging to the second
class. However, the (16,16) representations are projected out, since there
is an odd number of operators of each class acting on the vacuum. The
usual gaugino and N = 1 gravity supermultiplet, containing the gravi-
ton and the gravitino, the antisymmetric tensor, and the dilaton and the
dilatino, come from the tensor product of |0; R〉L and bµ−1/2|0; NS〉L with
āµ−1|0; A〉R ⊗ |0; A〉R.

The massless states |0; A〉R ⊗ |0; P〉R in the AP sector (N̄ = 0) and
|0; P〉R⊗|0; A〉R in the PA sector (N̄ = 0) consist of two inequivalent spinor
representations21 of Spin(16), which decompose as (1,128)⊕ (1,128′) and
(128,1)⊕ (128′,1). The GSO projection eliminates one of these spinor rep-
resentations from the P sector, say, the 128′. The remaining states transform
as massless space-time vectors upon the inclusion of the left-moving sector.

Altogether, the massless vector fields transform as (120,1) ⊕ (128,1)
and (1,120)⊕(1,128), which only yields a sensible theory with Yang–Mills
fields, if these gauge bosons transform under the adjoint representation of
some compact Lie algebra. The exceptional Lie algebra E8 has an SO(16)
maximal subgroup, under which the adjoint representation decomposes
according to 248 = 128 ⊕ 120. The heterotic superstring constructed in
this way has an E8 × E8 gauge group.

21The dimension of the Dirac representation of SO(2N), or actually Spin(2N), is 2N . The
Dirac spinor can be decomposed into its two irreducible Weyl components. Both Weyl
representations are 2N−1-dimensional. For SO(16) this means that 256 = 128 + 128′.
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Chapter 3
Modular Invariance

In this chapter the foundation for the second part of my thesis will be
laid; I shall outline the pivotal connection between conformal field theory
and perturbative string theory in the context of modular invariance. The
first section deals with the reasons for invariance of various theories under
modular transformations. In the second section I focus on the construc-
tion of modular invariant partition functions for conformal field theories,
where I shall introduce the concept of simple currents. In the third and final
section modular invariant partition functions for the various (super)string
theories shall move to the centre of attention.

Invariance under modular transformations is covered by many authors.
In the context of conformal field theory, it is discussed by Di Francesco et
al. [22], Ginsparg [40], Kaku [60], Ketov [71] and Schellekens [95]. In the
lecture notes of D’Hoker, to be found in the second volume of the work by
Deligne et al. [20], the mathematically inclined article by Alvarez-Gaumé et
al. [2], and the books by Green et al. [44] and Polchinski [87], modular in-
variance and its relation to perturbation expansions in string theory are ad-
dressed thoroughly. Henkel [50] looks at modular invariance from a more
statistical field theoretical point of view.

3.1 Modular Transformations

Heretofore, I have considered closed free strings, of which the world sheets
are tubes, and (super)conformal field theories defined on cylinders, which
can be mapped conformally to the punctured complex plane. If closed
strings are to interact, then their world sheet topologies will change with
them. The compact orientable two-dimensional world sheets are Riemann
surfaces. Topologically, these surfaces are relegated by the Euler charac-
teristic χ(Σ) = 2 − 2g, where g is the genus of Σ, that is the number of

75
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“handles”.1 A sphere, for instance, has g = 0, a torus, that is a sphere with
one handle, has g = 1, a double torus has g = 2, and so on. Similarly,
it is possible and allowed to define conformal field theories on Riemann
surfaces of higher genera, such as the torus. Please note that the infinite
complex plane is topologically equivalent to a sphere.

In the language of Feynman diagrams a scattering process of two free
closed oriented strings resembles the first diagram of figure 3.1. The two
initially free tubes converge, then merge into the central “blob”, and finally
separate into two disjoint tubes. If one decomposes the blob into Riemann
surfaces with different genera, one obtains the perturbation expansion for
the process. The scattering amplitude equals the infinite sum of multiloop
amplitudes, that is the sum over all inequivalent topologies. The calcu-
lation of such multiloop amplitudes requires knowledge of field theories,
especially partition functions, on arbitrary Riemann surfaces.

FIGURE 3.1: A string-string scattering process.

In a similar way, one can consider processes with m incoming and n
outgoing closed oriented strings, which would all have m tubes going into
the blob and n tubes protruding on the other side. In the case of m = n =
0, one obtains vacuum-to-vacuum (loop) diagrams, which all contribute
to the energy of the vacuum, the Casimir energy, and to the value of the

1In general, the Euler characteristic of n-dimensional manifolds can be calculated by
means of the Gauß–Bonnet theorem, in which one has to integrate the Euler class over the
manifold space, or the Euler–Poincaré theorem: χ(Σ) =

Pn
r=0 (−1)rbr(Σ), where br(Σ) is

the rth Betti number, which is equal to the dimension of the rth homology groupHr(Σ). For
compact two-dimensional manifolds, dimH0(Σ) = 1, dimH1(Σ) = 2g and dimH2(Σ) = 1.
The interested reader might want to consult Nakahara’s book [84] for details and back-
ground information.
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cosmological constant. The basic constituent of all these loop diagrams is
the torus, the one-loop diagram, as shown in figure 3.2.

FIGURE 3.2: One-loop vacuum diagram.

The homology cycles of the torus a and b are drawn as well. They form
a canonical homology basis for the torus; they generate the first homology
group freely [2, 84]. These curves are the only ones that are not contractible
to a point. Moreover, if one slices the torus around the a and b cycles and
straightens it, one finds a parallelogram such that opposite sides are identi-
fied with each other. A canonical system of curves can be defined likewise
for higher-genus surfaces. It is then possible to represent any Riemann sur-
face by a 4g-sided polygon with appropriate identifications on the bound-
ary. As mentioned, a torus (g = 1) is thus topologically equivalent a paral-
lelogram (tetragon) with opposite edges identified.

It is nevertheless more convenient to represent the torus by the complex
plane modulo a lattice, C/Λ, where Λ = Zω1 + Zω2 with ω1, ω2 ∈ C \ {0}
and ω1 6= ω2. Another set {ω′1, ω′2} spans the same lattice if these periods
can be expressed as an integer linear combination of {ω1, ω2}:

(
ω′1
ω′2

)
=
(
a b
c d

)(
ω1

ω2,

)

where a, b, c, d ∈ Z. The converse is true is well, so that the integer matrix
must be invertible. What is more, the area of the unit cell of the lattice has
to be the same irrespective of the periods, which implies that ad − bc = 1.
Therefore, these matrices belong to the group PSL(2,Z). Without loss of
generality, one can take Λ = {τ ∈ C \ {0} | N + Nτ}, where the modular
parameter τ = ω2/ω1 and Im(τ) > 0. The modular parameter then trans-
forms as

τ 7→ aτ + b

cτ + d
, (3.1)
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with ad − bc = 1. These modular transformations are generated by Dehn
twists:

T : τ 7→ τ + 1

S : τ 7→ −1
τ
,

(3.2)

which correspond to

T =
(

1 0
1 1

)
, S =

(
0 1
−1 0

)
. (3.3)

Dehn twists are finite global diffeomorphisms of the torus that generate the
mapping class group, and therefore cannot be obtained continuously from
the identity. The transformations satisfy (ST )3 = S2 = C, where C2 = 1,
the charge conjugation matrix.

Any sensible conformal field theory on the torus and any one-loop am-
plitude in string theory should be independent of the way the torus is
parametrized, which is equivalent to demanding these theories to be in-
variant under modular transformations, or modular invariant for short.

3.2 Conformal Field Theory

On the lattice one can define space and time directions on the real and imag-
inary axes respectively. The generator of translations in Euclidean time is
the Hamiltonian H = L0,cyl + L̄0,cyl and the generator of Euclidean space
translations is the momentum operator P = L0,cyl + L̄0,cyl, where L0,cyl

is the zeroth mode Virasoro operator on the cylinder. L0,cyl = L0 − c
24 ,

where the term with the central charge comes from the Schwarzian deriva-
tive (1.62), S (ez, z) = −1

2 . It is common to leave the possibility that c 6= c̄,
so that L̄0,cyl = L̄0 − c̄

24 .
The operator that translates the system in Euclidean space-time is then

e−2πIm(τ)H+2πiRe(τ)P .

The partition function Z can be expressed as the trace of the space-time
translation operator:

Z(τ, τ̄) = Tr exp [−2πIm(τ)H − 2πiRe(τ)P ]
= Tr exp

[
−πi (τ − τ̄)

(
L0 + L̄0 − c+c̄

24

)
+ (τ + τ̄)

(
L0 − L̄0 − c−c̄

24

)]
= Tr exp

[
2πiτ

(
L0 − c

24

)
− τ̄

(
L̄0 − c̄

24

)]
≡ Tr qL0−c/24q̄L̄0−c̄/24, (3.4)

where q = exp (2πiτ) and q̄ = exp (−2πiτ̄), the square of the nomes. In fact,
Z(τ, τ̄) = Z(τ), since τ̄ = τ∗. Henceforth, the dependence q = q(τ) shall be
implicit.
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3.2.1 Partition Functions

For any Verma module V (h, c) one can define a generating function for the
degeneracy of the holomorphic Verma module at the nth level Vn, called
the character:

χ(h,c)(τ) = TrqL0−c/24

= qh−c/24
∞∑
n=0

dimVnq
n.

= qh−c/24
∞∑
n=0

dim (h+ n)qn. (3.5)

Because there can be singular states in the Verma module, dim (h+ n) ≤
p(n), the number of partitions of the integer n. Therefore, the series (3.5) are
uniformly convergent for |q| < 1. The generating function for the partition
numbers is given by

∞∑
n=0

p(n)qn =
∞∏
n=1

1
1− qn

=
1

ϕ(q)
,

the reciprocal Euler function. The Euler function is related to the Dedekind
eta function by ϕ(q) = q−1/24η(τ). Hence the Virasoro character χ(h,c)(τ)
can be written as

χ(h,c)(τ) =
qh−(c−1)/24

η(τ)
. (3.6)

The Dedekind η function is a modular form of weight 1
2 and it is defined in

the upper half-plane. It transforms as follows under modular transforma-
tions:

η(τ + 1) = eπi/12η(τ)

η(−1/τ) =
√
−iτη(τ).

The partition function (3.4) becomes in terms of the eta function

Z(τ) = χ(h,c)(τ)χ(h̄,c̄)(τ̄)

=
qh+h̄+(c−c̄+2)/24

|η(τ)|2
.

From the transformations of the η function one can easily deduce that the
partition function is generally not modular invariant, since |η(τ + 1)|2 =
|η(τ)|2 and |η(−1/τ)|2 = |τ ||η(τ)|2.

Inspired by the apparent connection between the characters of repre-
sentations and the partition function, one can assume that

Z(τ) =
∞∑
i=1

χk(τ)Mklχl(τ̄). (3.7)
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is modular invariant. Here, χk(τ) is the character of the holomorphic Verma
module and χl(τ̄) the character of the antiholomorphic Verma module, for
which the traces as in equation (3.5) are over all physical descendant states
created from the highest-weight state |k〉L ⊗ |l〉R. Mkl is the multiplicity of
the state |k〉L⊗|l〉R. In order to determine whether the partition function is
invariant under modular transformations, it is important to know how the
characters transform under modular transformations:

χk(τ + 1) = e2πi(h−c/24)χk(τ)

=
∑
l

Tklχl(τ), (3.8)

χk(−1/τ) =
∑
l

Sklχl(τ), (3.9)

where T is a diagonal matrix and S is a unitary and symmetric matrix. The
requirement for equation (3.7) to be modular invariant can now be stated
in terms of the matrices T, S and M :

[M,T ] = [M,S] = 0, (3.10)

where Mkl ∈ N. An auxiliary condition is that there is one matrix element,
often M00, equal to one, corresponding to the unique vacuum. The trivial
solution Mkl = δkl is known as the diagonal invariant.

3.2.2 Minimal Models

Please recall the minimal series (1.69) from the first chapter. Their char-
acters are given as in equation (3.6) if the Verma module is irreducible. If
there is a singular state at some level N in M(h, c), then one has to remove
it in order to obtain the irreducible module V (h, c):

χ(h,c)(τ) =
qhr,s−(c−1)/24

η(τ)
(
1− qN

)
,

with c = c(p, p′). These null states occur at the level N = rs. However,
there is an infinite series of null states, as hr,s = hr+p′,s+p, of which all
contributions have to be removed. The final result is [16, 17]

χr,s(τ) =
1

η(τ)

∞∑
n=−∞

(
q

2npp′+pr−p′s
4pp′ − q

2npp′+pr+p′s
2pp′

)
, (3.11)

for 1 ≤ r ≤ p′ − 1, 1 ≤ s ≤ p − 1 and p′s < pr. These characters transform
under modular transformations as

χr,s(τ + 1) =
∑
ρ,σ

Tr,s;ρ,σχρ,σ(τ), (3.12)

χr,s(−1/τ) =
∑
ρ,σ

Sr,s;ρ,σχρ,σ(τ), (3.13)
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where

Tr,s;ρ,σ = δr,ρδs,σ exp
[
2πi
(
hr,s − c

24

)]
, (3.14)

Sr,s;ρ,σ =
√

8
pp′

(−1)1+sρ+rσ sin
(
πrpρ

p′

)
sin
(
πsp′σ

p

)
. (3.15)

All modular invariant partition functions for these models have been
completely classified by Cappelli, Itzykson and Zuber [16, 17]. The invari-
ants correspond to pairs of simply laced Lie algebras, labelled A, D and E,
and they are shown in table 3.1.2 The modular invariant partition functions
for the unitary models can be obtained by setting p′ = m+2 and p = m+3.

There exists a similar set of modular invariant partition functions for
the N = 1 superconformal minimal series (1.87). For details I refer to the
articles by Cappelli [15], and the aforementioned authors [16] including the
references therein, as I shall not need the specifics.

In the case of N = 2 superconformal field theories, there is an addi-
tional û(1) Kač–Moody subalgebra with J0 as its zeroth mode operator and
eigenvalue Q. The character will now depend on two parameters, namely
τ , associated with the Virasoro operator L0 and z, associated with J0. Usu-
ally one defines the character for these theories as [36]

χk(τ, z, u) = e−2πiu Tr e2πizJ0e2πiτ(L0−c/24)

= e−2πiu
∑
Q,h

mult(Q,h)e2πizQe2πiτ(h−c/24)

where the trace is over all physical states in the submodule defined by k,
and where mult(Q,h) denotes the number of states in the representation
with U(1) charge Q and weight h. Generically, the trace is over the genera-
tors of the maximal abelian subalgebra.

Gepner [34] and Qui [89] have related the modular invariants for para-
fermionic theories and the N = 2 superconformal minimal models (1.98)
to the modular invariants for the affine ŝu(2)k algebra at level k, as listed in
table 3.2. The characters3 of these minimal models at the kth level can be
written in terms of the string functions and the classical theta functions as

χlq,s(τ, z, u) =
∑

jmod k

clq−s+4jΘ2q+(4j−s)(k+2),2k(k+2)

(
τ,

z

k + 2
, 0
)
, (3.16)

2The simple Lie algebras correspond to the classical Lie algebras over the complex num-
bers Ar = sl(r+1), Br = so(2r+1), Cr = sp(2r) and Dr = so(2r), and the five exceptional
cases E6, E7, E8, F4 and G2. When all the roots are of the same length, the Lie algebra is
said to be simply laced, which only the A, D and E Lie algebras are.

3In general, the characters of any Kač-Moody algebra can be calculated by the Weyl–Kač
formula [68].
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where the string function [38]

clm(τ) = exp
[
l(l + 2)
2(k + 2)

− m2

4k
− c

24

] ∞∑
n=0

p(n)e2πinτ ,

coincides with the one defined by Kač and Peterson [67], and the classical
theta function associated with ŝu(2)m and characteristic n [74]

Θn,m(τ, z, u) = e−2πimu
∑
k∈Z

exp 2πin
{
τ
[
k +

n

2m

]2
− z

[
k +

n

2m

]}
.

The reason for the connection4 between the N = 2 minimal series and the
affine Kač–Moody algebra is encoded in the identity∑

q mod 2(k+2)

χlq,s(τ, z, 0)Θq,k+2(τ,−z, 0) = χl(τ, 0, 0)Θs,4(τ, z, 0),

where the ŝu(2)k character

χl ≡
Θl+1,k+2 −Θ−l−1,k+2

Θ1,2 −Θ−1,2
.

The three indices l, q, s transform independently under modular transfor-
mations; the l index as an affine ŝu(2)1 character, them index as a level k+2
theta function and the s index as a level 2 theta function [36]. Therefore,
modular invariant partition functions can be obtained by taking any mod-
ular invariant of the ŝu(2)1 system from table 3.2 and combining it with the
invariants for the pieces containing the theta functions at levels k + 2 and
2. The modular invariant partition functions for the theta functions [38] at
level k are the left-right symmetric partition function

ZΘ =
1

|η(τ)|2
∑

n mod 2k

Θn,kΘ∗
n,k,

and projections (orbifolds) by an arbitrary subgroup of the Zk symmetry
group, where k is the level. Explicitly,

ZΘ =
1

|η(τ)|2
∑
n,m

Am,nΘm,k(τ, z, u)Θ∗
n,k(τ, z, u), (3.17)

4Furthermore, the central charge is identical to the central charge of the affine ŝu(2)k

algebra as a result of the correspondence between the N = 2 discrete series and the coseth
ŝu(2)k ⊗ du(1)

i
/du(1). The coset construction has been pioneered by Goddard, Kent and

Olive [42], and more details and examples — including the famous Sugawara construc-
tion — can be found in the standard references on conformal field theory and infinite-
dimensional Lie algebras.
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where
Am,n =

1
2

∑
x∈Z2β
y∈Z2α

δm,αx+βyδn,αx−βy (3.18)

with α a divisor of the level k and αβ = k. There is exactly one solution per
divisor α. The case α = 1 corresponds to the diagonal invariant.

k ≥ 1
k∑
l=0

|χl|2 Ak+1

k = 4ρ
ρ ≥ 1

ρ−1∑
l=0

|χ2l + χk−2l|2 + 2|χk/2|2 D2ρ+2

k = 4ρ− 2
ρ ≥ 2

k/2∑
l=0

|χ2l|2 +
2ρ−1∑
l=0

χ2l+1χ
∗
k−2l−1 D2ρ+1

k = 10 |χ0 + χ6|2 + |χ3 + χ7|2 + |χ4 + χ10|2 E6

k = 16
|χ0 + χ16|2 + |χ4 + χ12|2 + |χ6 + χ10|2 + |χ8|2

+(χ2 + χ14)χ∗8 + χ8 (χ2 + χ14)
∗ E7

k = 28 |χ0 + χ10 + χ18 + χ26|2 + |χ6 + χ12 + χ16 + χ22|2 E8

TABLE 3.2: The exhaustive list of affine A(1)
1 modular invariants.

3.2.3 Fusion Rules and Simple Currents

In spite of the fact that the affine ŝu(2) invariants at any level have been
classified completely, it is extremely difficult to obtain modular invariants
for more general algebraic systems. A method devised by Schellekens and
Yankielowicz [96, 97, 99] and extended by Kreuzer and Schellekens [77]
uses the concept of simple currents to generate modular invariant parti-
tion functions for conformal field theories and principally any Kač–Moody
algebra. The success of their method lies in the profound but rather ob-
scure connection between the fusion rules (1.72) and the modular proper-
ties of algebraic systems. The behaviour under modular transformations S
is encompassed in the fusion rules by the famous formula found by Ver-
linde [107]:

Nijk =
∑
n

SinSjnSkn
S0n

, (3.19)

where N k
ij =

∑
lNijkC

lk. The S matrix diagonalizes the fusion rules.
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Consider a rational conformal field theory with M primary fields Φ. A
simple current Φi is a primary field such that the fusion coefficients are zero
for all but one field:

Φi × Φj = Φk, (3.20)

which means that
∑

kN k
ij = 1 for all values of j. Henceforth, I shall write

the simple current as J in accordance with the literature. The identity field
J = 1 is the trivial simple current for any conformal field theory.

Define the conjugate Jc of J such that J × Jc = 1. The action of the
simple current J on the field can now be established easily. For example,
J × J = J implies that J = 1, as one can easily verify by virtue of the
associativity of the fusion rules and the definition of the conjugate. Now,
suppose that J 6= 1. Then J × J yields another simple current, say J ′.
Equivalently, J × J ′ produces either the identity or yet another simple cur-
rent J ′′. Therefore, the simple current defines an orbit of simple currents,
which returns to the identity after a finite number of fusions, as the number
of primary fields is finite. The integer N ≤ M for which JN = 1 is called
the order of the simple current. JN denotes the fusion of N factors of J .
The length of the orbits is either N or a divisor of it.5

The cyclic group generated by the simple currents of an orbit is isomor-
phic to ZN . The group multiplication is obviously fusion and the inverse
operation is conjugation, (Jc)n = JN−n. All simple currents in a conformal
field theory define an abelian group that is isomorphic to the direct product
of the separate orbit groups and it is called the centre of the conformal field
theory.

Prior to presenting the modular matrix (3.24) in terms of simple cur-
rents, it is useful to consider the monodromy of the fields with respect to
simple currents and introduce the notion of the charge of a field. The charge
Q(Φ) of a field Φ is defined by means of the OPE

J(z)Φ(w) ∼ (z − w)−Q(Φ) (J × Φ) (w),

which can be written in terms of the conformal weights h as

Q(Φ) = h(J) + h(Φ)− h(J × Φ) mod 1. (3.21)

This charge is conserved under fusion and takes values t/N mod 1, where
t ∈ Z. From the OPE J(z)J(w) ∼ (z − w)−Q(J) J ′(w) and the fact that
JN = 1, it follows that

Q(J) =
r

N
mod 1, (3.22)

where r ∈ Z is known as the monodromy parameter. Hence,

Q(JnΦ) =
t+ rn

N
mod 1 (3.23)

5In the case that the simple current J maps a field Φ to itself, that field is called a fixed
point with respect to the current J .
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on each orbit. Equation (3.21) with Φ = Jn−1 yields

h(Jn) = h(Jn−1) + h(J)− (n− 1)Q(J) mod 1,

where I have used that Q(Jn) = nQ(J) mod 1, as the monodromy is addi-
tive modulo one. Because h(J) = h(Jc) = h(JN−1),

2h(J) = (N − 1)Q(J) mod 1.

Therefore,

h(Jn) =
r(N − n)

2N
mod 1,

for r = r mod N if N is odd and r = r mod 2N if N is even.
The elements of the most general modular matrix are then given by [97]

Mkl =
N∑
p=1

δΦk,JpΦl
δ1 (Q(Φk) +Q(Φl)). (3.24)

Here,

δM (x) =
{

1, x = 0 mod M
0, x 6= 0 mod M

.

If Φk = JpΦa and Φl = JnΦk, then

Q(Φk) +Q(Φl) = 2Q(Φa) +
2p+ n

N
r,

so that

MJpΦa,JqΦb
=

N∑
n=1

δΦa,Φb
δNb
q,p+nδ

1

(
Q(Φa) +

(
2p+ n

2N

)
r

)
(3.25)

for odd N and even r, where δMab = 1 if a = b mod M and δMab = 0 other-
wise. For odd N one has the freedom to choose r to be even. There are no
modular invariants for even N and odd r [94]. Equations (3.24) and (3.25)
demonstrate that only characters corresponding to fields within the same
orbits yield modular invariant partition functions.6 For each p and q, one
finds as multiplicity N/Nb, where Nb is the length of the orbit for Φb. In
general, the multiplicity equals one unless there is a fixed point in the or-
bit, in which case the multiplicity equals the number of instances that the
simple current maps the fixed point to itself.

Of course, one can take an arbitrary number of simple currents so as to
get any possible subgroup of the centre. To that end, define

J (α) =
k∏
i=1

Jαi
i . (3.26)

6The expressions for modular invariant partition functions from simple currents mimic
the usual construction of modular invariants on orbifolds [60, 96].
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The basis of simple currents {Ji} generate a subgroup of the centre, where
each Ji has order Ni. Furthermore, let Qi(Φ) denote the monodromy of a
field Φ with respect to the current Ji. The symmetric current monodromy
matrix R has entries

Rij = Qi(Jj) = Qj(Ji) =
rij
Ni

(3.27)

for rij ∈ Z. The diagonal elements are defined modulo two for odd Ni

and even rii, whereas the off-diagonal ones are defined modulo one. The
conformal weight of J (α) is then defined as

h(J (α)) =
1
2

∑
ij

αiRijαj +
1
2

∑
i

riiαi mod 1.

Now, the modular invariant expression becomes [77]

MΦa,J (α)Φb
=

N∑
n=1

δΦa,Φb
δNb
N,n

 k∏
i=1

δ1

Qi(Φa) +
k∑
j=1

Xijαj

, (3.28)

where the total size of the simple current subgroupN =
∑
Ni,X+XT = R

and 2Xii = Rii mod 2. The second delta function measures the multiplicity,
which is equal to the size of the subgroup divided by the size of the orbit
containing Φb. If Φa = Φb is not a fixed point for some simple current en-
closed in J (α), then the prefactor from the first two delta functions equals
one. If one lets the simple current act on the primary field Φa instead of Φb,
that is if it acts on the first “index” of the modular matrix, then one has to in-
sert the transposed matrix XT rather than X itself. Because of the intimate
relationship between orbifold constructions and simple current invariants,
X is called the torsion matrix.

Finding simple current invariants now boils down to obtaining a modu-
lar invariant partition function to start with, such as for example the trivial,
diagonal one, and identifying (all) the simple currents. Subsequently, one
has choose a set of simple currents that generate the desired subgroup of
the centre. By acting on all primary fields in the theory, these simple cur-
rents arrange all fields into orbits. Please note that for practical calculations
one only needs to know the fusion rules for the orbits instead of the whole
modular matrix. Extracting the correct left-right character combinations is
then simply a matter of finding all primary fields within the orbits such
that they complement the “charges” of each other to an integer according
to equations (3.24), (3.25) and (3.28). I have written “charge” in parenthe-
ses, because it is strictly speaking only correct in equation (3.24), where the
last delta function contains the sum of the individual charges. For instance,
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the “charge” in the generalized modular matrix of equation (3.28) — which
is proportional to Xij — differs somewhat from the monodromy charge

Qi

(
J (α)Φ

)
= Qi(Φ) +

k∑
j=1

Rijαj .

3.3 String Theory

Originally, the physical incentive for requiring partition functions to be in-
variant under modular transformations was the the one-loop (vacuum) di-
agram for strings. The total vacuum amplitude is calculated perturbatively
by summing all n-loop amplitudes, that is over all genera:

A =
∞∑
n=0

∫
Met(Σ)

Dg
N(g)

∫
Map(Σ,M)

DY e−S[Y,g],

where N(g) is some normalization factor including the (infinite) volume
of the gauge group, Y denotes a collection of fields and DY is its proper
measure.7 For a fixed world-sheet topology, however,

An =
∫

Mod(Σ)
dΩ

∫
Map(Σ,M)

DY ′ e−S[Y ′],

where the integration over all metrics has been replaced by the functional
integral over the moduli space of the Riemann surface, for which dΩ is
an invariant measure. The fields Y have obtained a prime to indicate ad-
ditional (Faddeev–Popov) fields from gauge-fixing the metric. The parti-
tion function Z(τ) is the integrand of the one-loop amplitude with inte-
grals over Faddeev–Popov fields excluded, so that it equals the trace of the
generator of space-time translations (3.4):

Z(τ) =
∫

Map(Σ,M)
DY e−S[Y ].

For the torus there is one modular parameter or modulus τ ∈ H =
{z ∈ C|Im(z) > 0}, the upper half-plane. The moduli space of the torus, or
perhaps more appropriately the modulus space, H/PSL(2,Z), is defined to
be that part of the upper half-plane in which no point within it is mapped
to another inside the fundamental domain by modular transformations,

7Scattering amplitudes can be calculated by inserting vertex operators into the func-
tional integral over all fields. The additional data of the external states, such as for example
momenta and Chan–Paton charges — in the case of open strings — are mapped to these
vertex operators.
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and any point outside of it can be reached from a unique point inside. The
moduli space of the torus is

Mod(S1 × S1) =
{
z ∈ H | |z| > 1 ∧ − 1

2 ≤ Re(z) < 1
2

}
,

of which details can be found in the book by Nakahara [84] and references
therein. An invariant measure is given by the Weil–Peterson measure dΩ =
d2τ/ (Imτ)2 with d2τ = dRe(τ)dIm(τ).

3.3.1 The Bosonic String

From the definition of the conformal characters (3.5) and the transforma-
tion properties of the Dedekind eta function, one can easily verify that the
combination

Z(τ) =
1√

Im(τ)|η(τ)|
(3.29)

is indeed modular invariant in the case of one free scalar. Using the power
series of the Dedekind eta functions in terms of the variable q, one sees that
Z(τ) =

∑
dm,nq

mq̄n, where dm,n is the multiplicity of states with left mass
m and right mass n.

Recall that the bosonic string consists of D − 2 physical bosons. Since
these are independent degrees of freedom and D = 26, the modular invari-
ant one-loop amplitude is

A1 = N

∫
d2τ

[Im(τ)]2
1

[Im(τ)]12 |η(τ)|24
, (3.30)

where the integral is over the fundamental domain, and N is a normal-
ization constant. The trace over the zeroth mode Virasoro generator L0

has to be dealt with with care. It consists of a continuous contribution
from the momentum and a discrete oscillator contribution, as can be seen
in equation (2.17). It becomes an integral over the momenta and yields a
factor

(
8π2
)(2−D)/2 for closed strings, which I have absorbed in the overall

normalization constant, as well as constant factors owing to the Faddeev–
Popov ghosts b, c [79].

3.3.2 The Type II Superstrings

In the case of free fermions on the cylinder, one has the freedom to choose
either periodic P (Ramond) and antiperiodic A (Neveu–Schwarz) boundary
conditions in the space direction for all fermionic operators. Now, one has
to specify the boundary conditions on both the a and b cycles of the torus,
that is in the time and space directions. This then gives four possible spin
structures, namely AA, AP, PA and PP.
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Each time a fermion is translated over a period τ in the time direction, a
minus sign enters, since it anticommutes with all fermions in passing by. In
order to make the connection with the usual periodic boundary conditions
in the time direction, one has to insert an operator (−1)F withF the fermion
number, which anticommutes with all fermionic variables. The operator
(−1)F reverses the periodicity. The traces over the two one-fermion states
are then easily performed because of the Graßmannian nature of fermions:

Tr qkψ−kψk = 1 + qk,

Tr (−1)Fkqkψ−kψk = 1− qk,

where the ψk denote the modes of the fermionic variables and they can be
either br for Neveu–Schwarz fermions or dn for Ramond fermions. Here,
Fk = ψ−kψk for k > 0 so that F =

∑
k≥0 Fk.

Let χ(X,Y) denote the holomorphic character with periodicity X (that is
Neveu–Schwarz or Ramond boundary conditions) in the space direction
and periodicity Y in the time direction. With convenient normalization
factors these characters for each free physical fermion (c = 1

2 ) are given by

χ(P,P) =
1√
2
Tr (−1)F qL0−1/48 =

√
ϑ1(τ)
η(τ)

,

χ(P,A) =
1√
2
Tr qL0−1/48 =

√
ϑ2(τ)
η(τ)

,

χ(A,P) = Tr (−1)F qL0−1/48 =

√
ϑ4(τ)
η(τ)

,

χ(P,A) = Tr qL0−1/48 =

√
ϑ3(τ)
η(τ)

,

(3.31)

where L0 is defined according to equations (2.44) and (2.45), but without
the bosonic oscillator modes.8 The theta functions ϑi(τ) are related to the
augmented Jacobi theta function as follows:

ϑ1(τ) = ϑ(0|τ)[12 ,
1
2 ], ϑ2(τ) = ϑ(0|τ)[12 , 0],

ϑ3(τ) = ϑ(0|τ)[0, 0], ϑ4(τ) = ϑ(0|τ)[0, 1
2 ],

8The characters of equation (3.31) can be related to the irreducible Virasoro characters
with c = 1

2
. These have conformal weights h1,1 = 0, h2,1 = 1

2
and h2,2 = 1

16
as one can

easily check from equation (1.68). The particulars can be found in the books by Di Francesco
et al. [22], Kaku [60] and Ketov [71].
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where the augmented Jacobi theta function with characteristics a and b is
defined by [87]

ϑ(z|τ)[a, b] =
∞∑

n=−∞
eπi[(n+a)2τ+2(n+a)(z+b)].

Please note that χ(P,P) = 0, since ϑ1(τ) = 0. It is however customary to
include it in the definitions, since it plays a vital part the construction of
modular invariant partition functions on higher genus Riemann surfaces.
The regular Jacobi theta function has a = b = 0, for which the optional ar-
guments [a, b] are usually discarded [1]. These theta functions are modified
by modular transformations as

ϑ1(τ + 1) = eπi/4ϑ1(τ), ϑ1(−1/τ) = −i
√
−iτϑ1(τ),

ϑ2(τ + 1) = eπi/4ϑ2(τ), ϑ2(−1/τ) =
√
−iτϑ4(τ),

ϑ3(τ + 1) = ϑ4(τ), ϑ3(−1/τ) =
√
−iτϑ3(τ),

ϑ4(τ + 1) = ϑ3(τ), ϑ4(−1/τ) =
√
−iτϑ2(τ).

In D = 10 space-time dimensions, one has eight physical (transverse)
bosons and fermions for the NSR model. The separate character functions
χi(τ) = [θi(τ)]

4 / [η(τ)]12 are not modular invariant:

χ1(τ + 1) = χ1(τ), χ1(−1/τ) = τ−4χ1(τ)

χ2(τ + 1) = χ2(τ), χ2(−1/τ) = τ−4χ4(τ),

χ3(τ + 1) = −χ4(τ), χ3(−1/τ) = τ−4χ3(τ),

χ4(τ + 1) = −χ3(τ), χ4(−1/τ) = τ−4χ2(τ).

The corresponding partition functions of the NSR model for i = 1, . . . , 4 are
simply

Zi(τ) = [Im(τ)]−4 χi(τ),

where, alike the bosonic case, the prefactor comes from [Im(τ)](2−D)/2, and
cancels the numerical factors τ−4 from the modular transformations. These
partition functions are not separately invariant under modular transforma-
tions, which should not be too surprising, since any sensible theory con-
tains Neveu–Schwarz as well as Ramond fermions.

Furthermore, the physically significant partition function is the parti-
tion function of the type IIA and IIB superstrings, that is after the GSO
projection has been performed. In the Neveu–Schwarz sector one has to
insert the projection operator 1

2

(
1− (−1)F

)
into the trace, whilst the opera-

tor 1
2

(
1± (−1)F

)
has to be inserted in the case of the Ramond sector, which

determines the chirality.9 The result of the trace in the left Neveu–Schwarz
9Please note that now the oscillator modes of both the bosons and fermions have to be

included.
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sector is 1
2 (χ3(τ)− χ4(τ)) and 1

2 (χ2(τ)± χ1(τ)) in the left Ramond sec-
tor [20, 60].

Because of the famous identity [1]

[ϑ2(τ)]
4 + [ϑ4(τ)]

4 = [ϑ3(τ)]
4 ± [ϑ1(τ)]

4 ,

one sees that the partition functions for the Neveu–Schwarz and Ramond
sectors are equal, which shows that the number of bosonic and fermionic
states at each level is the same. Hence, the partition function describes a
supersymmetric theory. Finally, the total partition function for the type II
superstring becomes

ZII(τ) =
1

[Im(τ)]4
|PGSO(τ)|2, (3.32)

where
P±GSO(τ) =

1
2

(χ3(τ)− χ4(τ)− χ2(τ)± χ1(τ)) . (3.33)

The combination of chiralities of P±GSO(τ) and its counterpart in the right
sector determine whether one has a type IIA superstring, for which one
has opposite chiralities P+

GSO(τ)P−GSO(τ̄) = P−GSO(τ)P+
GSO(τ̄), or a type IIB

superstring where P+
GSO(τ)P+

GSO(τ̄) = P−GSO(τ)P−GSO(τ̄) reflects the prefer-
ence for a specific chirality. Noteworthy is the fact that the partition func-
tions of the left and right sectors are separately modular invariant, which
shall turn out to be crucial in the case of heterotic superstrings.

Altogether, the spin structure on the a cycle of the torus determines the
boundary conditions on the fermionic operators as being Neveu–Schwarz
or Ramond. In one-loop amplitudes both sectors contribute equally. The
GSO projection operator deals with the proper summation over the spin
structures on the b cycles of the torus, which is essentially the same as
requiring modular invariance, implying the interchange of the homology
cycles a and b. Therefore, modular invariance, the GSO projection, and
space-time supersymmetry are all interdependent [60].

3.3.3 The Heterotic Superstrings

In order to construct the modular invariant partition function for the two
heterotic superstrings, one needs the left character function of the type II
superstring PGSO(τ) and the right character function of the bosonic string
with 32 internal fermions.

In analogy with the expressions for characters of free fermions (3.31),
the holomorphic character functions for pairs of internal fermions are

κi(τ) =
ϑi(τ)
η(τ)

. (3.34)
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For 2N internal fermions, there are 24 − N physical bosons left giving a
factor η(τ)N−24. This factor can be combined with the eta function factor
of the N pairs of internal fermions, so that one finds a total factor η(τ)−24,
which is modular invariant provided it is properly normalized. Therefore,
a linear combination of theta functions must be modular invariant. The two
solutions for N = 16 are [P8(τ)]

2 and P16(τ), where

P`(τ) =
1
2

(
[κ3(τ)]

` + [κ4(τ)]
` + [κ2(τ)]

` ± [κ1(τ)]
`
)
. (3.35)

The partition function of the Spin(32)/Z2
∼= SO(32) heterotic superstring

is then a hybrid combination of equation (3.32) and the right sector of the
internal fermion partition function:

ZSO(32)(τ) =
PGSO(τ)
[Im(τ)]4

[P8(τ̄)]
2

[η(τ̄)]8
. (3.36)

For the E8 × E8 superstring, one has

ZE8×E8(τ) =
PGSO(τ)
[Im(τ)]4

P16(τ̄)
[η(τ̄)]8

. (3.37)

I have omitted the chirality signs in the GSO character function PGSO(τ), as
a particular choice of chirality does not affect the spectrum.
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Chapter 4
Compactification

I have demonstrated that heterotic superstring theories have eliminated the
tachyon from the spectrum, added fermions to the bosons and even Yang–
Mills states. What is more, invariance under modular transformations at
the one-loop level, as discussed in the third chapter, has proven to be the
origin of supersymmetry and it has provided a natural basis for the rather
ad hoc procedure by Gliozzi, Scherk and Olive. Although supersymme-
try is not a symmetry of the Standard Model, it is generally not regarded
a problem. First and foremost, at the typical energy scale of any theory of
quantum gravity, the Planck scale (1019 GeV), supersymmetry may in fact
be unbroken and stable. Moreover, supersymmetry is a plausible solution
to the mass hierarchy problem in the Standard Model and it provides a pos-
sible explanation for the smallness of the cosmological constant due to the
perfect cancellation of bosonic and fermionic degrees of freedom. Unfor-
tunately, one issue remains gravely conspicuous: the theory is only well-
defined in D = 10 space-time dimensions. So far, physical experiments
have revealed just four dimensions in space and time. So where have these
six space dimensions gone?

An answer to that question is offered in the framework of compactifica-
tion, a field initiated by Nordstöm, Kaluza, who studied five-dimensional
extensions of Einstein’s theory of general relativity, which incorporated
Maxwell’s theory of electromagnetism, and Klein, who assumed the ad-
ditional dimension to be compactified, that is “curled up”. Here, I shall in-
troduce the fundamentals of compactification. The treatment shall be less
formal, mainly because a complete account would surpass the scope of my
thesis on an astronomical scale, as the literature on the subject is vast and
thematically divergent, but I firmly believe that one cannot omit compact-
ification from the description of physically realistic phenomenology from
superstring theories. For an incomplete yet extensive list of references, the
reader might be interested to browse through the book by Hübsch [52].
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The first topic is compactification on tori, which is the natural extension
of the Kaluza–Klein model. In the second section Calabi–Yau compactifica-
tion shall be touched upon based on the general assumptions as first stated
by Candelas, Horowitz, Strominger and Witten [14]. Finally, I shall describe
rather sketchily yet another compactification scheme, namely orbifold com-
pactification. Useful references have been, besides the ones I have already
mentioned, the lecture notes by Font and Theisen [25], Greene [45, 46] and
Ross [91], and the book by Polchinski [87]. Nakahara [84] and Eguchi et
al. have been helpful resources on the mathematical background, such as
(complex) differential geometry and characteristic classes.

4.1 Torus Compactification

Following the original thoughts by Kaluza and Klein, one may consider a
theory on a manifold M = M × S1, where M is the usual four-dimensional
(Minkowski) space-time. For the sake of simplicity, I shall take a simple
free massless scalar theory in five space-time dimensions:

L = 1
2η

MN∂Nφ(ξ)∂Mφ(ξ).

Here, ηMN = diag (−1, 1, 1, 1, 1) and ξM = (xµ, x4), where µ = 0, . . . , 3 and
x4 ∈ [0, 2πR). Because of the periodicity in x4, the scalar field φ(ξ) can be
Fourier expanded as

φ(ξ) =
1√
2πR

∞∑
k=−∞

φk(x)eikx4/R,

so that

L =
1
2

∞∑
k=−∞

[
ηµν∂µφk(x)∂νφ∗k(x)−

k2

R2
|φk(x)|2

]
.

Therefore, one finds in four dimensions one massless scalar φ0(x) and an
infinite number of scalars φn(x) with masses n/R. Usually, one considers
only the zeroth mode φ0, since all others become increasingly more mas-
sive in the limit R → 0, and they may be discarded for low-energetic phe-
nomenological purposes. This procedure is known as dimensional reduc-
tion.

One can easily extend the compactification procedure to higher dimen-
sions. For instance, in six space-time dimensions one finds the torus S1×S1

as compactification space. More generally, for M = M ×K one identifies

xµ ∼ xµ + 2π
D−1∑
i=4

Rµi
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in D-dimensional space-time, where at each point in the four-dimensional
space-time the space K is “attached”. Hence, the Fourier exponentials

exp [ik · x] ∼
D∏
i=4

exp [i (k · x+ 2πk ·Ri)]

= exp [ik · x] exp

[
2πik ·

D∑
i=4

Ri

]
= exp [ik · x],

if k · Ri ∈ Z. Because the periodicity vectors Rµi close algebraically, that is
Ri + Rj ∈ R for Ri, Rj ∈ R, they span a lattice. Moreover, it shows that k
is an element of the dual (“reciprocal”) lattice R∗.

In a similar way, (super)strings can be compactified. Single-valuedness
under the periodic identification of the coordinates implies that momen-
tum is quantized k = n/R with n ∈ Z. Fermions are not affected by the
boundary conditions of the compact space S1. Moreover, closed strings
can be wrapped around the compactification space a number of times:
Xµ ∼ Xµ + 2πwRδµ,D−1 where D is the critical dimension. The quantity w
is called the winding number and it is conserved in regular processes. The
result of the winding of strings around the (D − 1)th space dimension is
that the holomorphic and antiholomorphic momenta split into

pL =
n

R
+
wR

2
, pR =

n

R
− wR

2
.

For the bosonic string this yields additional massless states, including vec-
tor bosons. Compactification of more dimensions such that it is compatible
with modular invariance can be dealt with elegantly within the framework
of Narain compactification. Here, modular invariance is ensured provided
that the left and right momenta are elements of an (Lorentzian) even, self-
dual lattice, which is known as a Narain lattice [79].

When compactifying from D = 10 to d = 4 dimensions, the fields that
transform under the various representations of the Lorentz group decom-
pose according to the subgroups associated with target space M and the
internal manifold K, that is SO(9, 1) = SO(3, 1)× SO(6). The fundamental
representation branches as 10 = (4,1)⊕ (1,6), so that a vector splits into a
space-time vector and 6 scalars. An antisymmetric tensor splits into a four-
dimensional antisymmetric tensor, six vectors and fifteen scalars, since the
adjoint representation 45 = (6,1) ⊕ (4,6) ⊕ (1,15). A Dirac spinor in the
double cover of the special orthogonal group is denoted by 32 = (4,8). It
separates into two Weyl representations 16 and 16′. The Weyl spinors de-
compose as 16 = (2,4)⊕(2,4′) and 16′ = (2,4)⊕(2,4′).1 This means that if

1It is more or less convention to write bars on the dimensionality of the conjugate rep-
resentations if the space-time dimension is two plus a multiple of four, where the Weyl
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one starts with anN = 1 supersymmetric theory in D = 10, that is a theory
with one fermionic supercharge, such as for example the heterotic super-
string, one ends up with four fermionic supercharges after compactifica-
tion, thus an N = 4 supersymmetric theory. Similarly, type II superstrings
(with N = 2 supersymmetry) would yield a final N = 8 supersymmet-
ric theory.2 So, instead of resolving the problem of additional dimensions,
toroid compactification adds insult to injury by increasing the number of
supersymmetries.

4.2 Calabi–Yau Compactification

Some extensions of the Standard Model have N = 1 supersymmetry, such
as the Minimal Supersymmetric Standard Model (MSSM). The sameN = 1
supersymmetry is required in the supersymmetric heterotic theories in or-
der to guarantee consistency and modular invariance. It is therefore legit-
imate to require that there must be an unbroken N = 1 supersymmetry in
four dimensions after compactification (at the Planck scale). Furthermore,
one can assume that the ten-dimensional space is of the formM×K, where
M denotes a maximally symmetric space-time:

Rµνρσ = κ (gµρgνσ − gµσgνρ) . (4.1)

K is assumed to be compact. The space is then said to admit spontaneous
compactification. Finally, the spectrum of gauge particles should be re-
alistic. In other words, it should resemble what is observed in nature.
These three postulates have first been proposed by Candelas et al. [14], who
showed that Calabi–Yau manifolds as the internal spaces K fulfil all re-
quirements. Derivations of the consequences based on the original ideas of
Candelas et al. can be found elsewhere as well [20, 25, 44, 87].

The first postulate is equivalent to requiring M to be either Minkowski,
de Sitter or anti–de Sitter and that the metric

GMN =
(
ηµν 0
0 gmn

)
, (4.2)

where gmn is the metric of the internal space. I shall use Greek indices for
the manifold M and lower case Latin indices for the internal manifold. For

representations are their own conjugates. Some authors prefer to distinguish between these
two representations by using labels “L” and “R” instead, representing the positive (right-
handed) and negative (left-handed) chirality components of the Dirac representation. If the
space-time dimension simply is a multiple of four, then the familiar primes are used, as the
two Weyl representations are conjugate to each other.

2Please notice that the number of real parameters equals twice the dimension of the
Dirac representation. Weyl and Majorana conditions reduce the number of parameters both
by a factor two. For D = 2 mod 8, the Majorana and Weyl conditions are compatible, so
that one can reduce the number of real parameters by a factor four.
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an unbroken N = 1 supersymmetry one can show that there must be a
spinor that is non-zero and covariantly constant.3 In combination with the
first postulate one finds that M must be Minkowski space (κ = 0) and K
Ricci-flat (Rmn = 0). Moreover, it entails that K must have SU(3) holon-
omy.

For orientable, non-symmetric4 Riemannian manifolds the holonomy
groups have been completely classified by Berger and they are shown in
table 4.1. Because Sp(n) ⊂ SU(2n) ⊂ U(2n) ⊂ SO(4n), every hyper-
Kähler manifold is a Calabi–Yau manifold, every Calabi–Yau manifold is
a Kähler manifold, and every Kähler manifold is an orientable Riemannian
manifold. From the list one can see that the only six-dimensional Ricci-flat
manifolds with SU(3) holonomy are Calabi–Yau manifolds. Generally, one
considers these Kähler manifolds to be complex, so that Calabi–Yau man-
ifolds have three complex dimensions. They are referred to as Calabi–Yau
threefolds.

MANIFOLD DIMENSION HOLONOMY RICCI-FLAT

Riemann n SO(n) No
Kähler 2n U(n) No

Calabi–Yau 2n SU(n) Yes
Einstein 4n Sp(n)Sp(1) No

Hyper-Kähler 4n Sp(n) Yes
G2 7 G2 Yes

Spin(7) 8 Spin(7) Yes

TABLE 4.1: Berger’s classification of holonomy groups for simply connected, irre-
ducible, non-symmetric, oriented Riemannian manifolds [48]. The Einstein mani-
fold is known as the quaternionic Kähler manifold.

4.2.1 Kähler Manifolds

In order to fully appreciate the nature of Calabi–Yau manifolds, it is use-
ful to consider the more general class of Kähler manifolds first and their

3The infinitesimal variation of a fermionic field is generated by the supersymmetry gen-
erator Q: δψ = [ε̄Q, ψ]. If supersymmetry is unbroken, Q annihilates the vacuum. There-
fore, the vacuum expectation value of the variation of a fermionic field equals zero. Because
δψ = Dε where D is the covariant derivative for spinors and ε is an infinitesimal spinor,
one finds that Dε = 0, that is ε is non-zero and covariantly constant.

4Symmetric Riemannian manifolds have been classified by Cartan. These are homeo-
morphic to homogeneous spaces G/H , where G is a Lie group and H is a Lie subgroup,
and they have holonomy groups isomorphic to H . None of these are six-dimensional and
have H = SU(3).
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differential-geometric structure. A Kähler manifold K is a complex mani-
fold that has a hermitian metric, that is

g = gmn̄
(
dzm ⊗ dz̄n̄ + dz̄m̄ ⊗ dzn

)
, (4.3)

such that gmn̄ = gm̄n, which can be expressed (at least) locally as

gmn̄ =
∂2

∂zm∂z̄n̄
K(z, z̄). (4.4)

K(z, z̄) is called the Kähler potential. The Kähler potential is in general
not defined globally, nor is it unique, since K(z, z̄) + f(z) + f̄(z̄) yields the
same local metric. An equivalent statement is that a Kähler manifold has a
Kähler form

J = igmn̄
(
dzm ⊗ dz̄n̄ − dz̄n̄ ⊗ dzm

)
= igmn̄ dzm ∧ dz̄n̄ (4.5)

that is closed: dJ = 0.
The exterior derivative can be defined in terms of the Dolbeault op-

erators: d = ∂ + ∂̄. A (p, q)-form is an antisymmetric tensor product
of a holomorphic p-form and an antiholomorphic q-form. The Dolbeault
operators ∂ = dzk∂k and ∂̄ = dz̄k̄∂k̄ map (p, q)-forms to (p + 1, q)- and
(p, q + 1)-forms, respectively. The exterior derivative acts on a (p, q)-form
ω = ωk1...kp l̄1...l̄q

dzk1 ∧ . . . ∧ dzkp ∧ dz̄ l̄1 ∧ . . . ∧ dz̄ l̄q as follows:

dω =
1
p!q!

[
∂ωk1...kp l̄1...l̄q

∂zp+1
dzp+1 ∧ dzk1 ∧ . . . ∧ dzkp ∧ dz̄ l̄1 ∧ . . . ∧ dz̄ l̄q

+
∂ωk1...kp l̄1...l̄q

∂z̄q+1
dz̄q+1 ∧ dzk1 ∧ . . . ∧ dzkp ∧ dz̄ l̄1 ∧ . . . ∧ dz̄ l̄q

]
.

Observe that d2 = ∂2 = ∂̄2 = 0, that is the exterior derivative and the
Dolbeault operators are nilpotent. Moreover, J = i∂∂̄K.

The fundamental Kähler form is a real (1, 1)-form. From dJ = 0, one
finds that ∂lgmn̄ = ∂mgln̄ and ∂l̄gmn̄ = ∂n̄gml̄, because

0 =
(
∂ + ∂̄

)
gmn̄ dzm ∧ dz̄n̄

= ∂lgmn̄ dzl ∧ dzm ∧ dz̄n̄ + ∂l̄gmn̄dz̄
l̄ ∧ dzm ∧ dz̄n̄

= 1
2 (∂lgmn̄ − ∂mgln̄) dzl ∧ dzm ∧ dz̄n̄

+ 1
2 (∂l̄gmn̄ − ∂n̄gml̄) dz̄ l̄ ∧ dzm ∧ dz̄n̄.

Therefore, the holomorphic and antiholomorphic Christoffel connection
components are

Γmkl = gmn̄∂kgln̄, Γm̄k̄l̄ = gm̄n∂k̄gl̄n, (4.6)
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respectively. The non-zero elements of the Riemann tensor are then

Rklmn = gkr̄∂mΓr̄l̄n̄ (4.7)

and the Ricci tensor is
Rk̄l = −∂lΓm̄k̄m̄. (4.8)

The Ricci form, or the curvature form, R = iRkl̄ dzk ∧ dz̄ l̄ depends on the
volume form of the Kähler metric: R = −i∂∂̄ ln det g.

For Kähler manifolds K, the (p, q)th Dolbeault cohomology groups for
the operators ∂ and ∂̄ are equal and they are defined as

Hp,q
∂ (K) ≡ {ω|∂ω = 0}

{α|ω = ∂η}
, Hp,q

∂̄
(K) ≡ {ω|∂̄ω = 0}

{ω|ω = ∂̄η}
, (4.9)

where ω is a (p, q)-form and η is either a (p−1, q)- or a (p, q−1)-form. These
are the complex analogues of the de Rham cohomology groups for real
manifolds. dimHp,q

∂ (K) = dimHp,q

∂̄
(K) = hp,q are topological invariants,

which are known as the Hodge numbers. These Hodge numbers count
the number of (p, q)-forms. They are the complex equivalents of the Betti
numbers for the de Rham cohomology groups:

br =
r∑
p=0

hp,k−p. (4.10)

Because of the Poincaré duality, these Betti numbers satisfy br = bn−r with
n the complex dimension ofK. The Hodge numbers satisfy hp,q = hn−q,n−p

as a consequence of the so-called Hodge star duality, and hp,q = hq,p be-
cause of complex conjugation. All odd Betti numbers are even or zero, and
the Hodge numbers hp,p > 0 for 0 ≤ p ≤ n.

4.2.2 Calabi–Yau Manifolds

The first Chern class for a Kähler manifold

c1(K) =
1
2π
R, (4.11)

where R is the Ricci (1, 1)-form, as given in equation (4.8). Clearly, dR = 0,
but for Calabi–Yau manifolds the Ricci tensor vanishes, so R = 0. There-
fore, the first Chern class equals zero, which is an alternative definition of
Calabi–Yau manifolds.5

For Calabi–Yau manifolds it is known that h0,s = hs,0 for 1 < s < n, and
that h0,n = hn,0. Because of connectedness, one has h0,0 = 1. Specific to

5The converse, that is to say that for any Kähler manifold with vanishing first Chern
class there exists a unique Ricci-flat metric, is true but far from trivial.
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Calabi–Yau threefolds are the facts that hp,0 = h3−p,0 or h0,q = h0,3−q, and
that b1 = h1,0 = h0,1 = 0. The Hodge numbers are usually arranged in the
Hodge diamond:

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h3,0 h2,1 h1,2 h0,3

h3,1 h2,2 h1,3

h3,2 h2,3

h3,3

=

1
0 0

0 h1,1 0
1 h2,1 h1,2 1

0 h1,1 0
0 0

1

.

The only independent Hodge numbers for Calabi–Yau manifolds in three
complex dimensions are h1,1 and h2,1 = h1,2.

Because the Euler characteristic is

χ(K3) =
n∑
p=0

(−1)pbp, (4.12)

and the relation between the Betti and Hodge numbers (4.10), the Euler
characteristic can be expressed as

χ(K3) = 2
(
h1,1 − h2,1

)
. (4.13)

The subindex “3” is to indicate that these formulae hold for Calabi–Yau
3-folds only.

Even though it is inherently difficult to calculate an explicit metric for
Calabi–Yau threefolds, Calabi–Yau compactification has the main advan-
tage that it allows one to calculate the number of particle generations from
purely topological considerations. In order to see that, one has to look at
the E8 × E8 heterotic superstring, for example.6 The Lie group E8 has a
maximal subgroup SU(3) × E6 under which the 248-dimensional adjoint
representation breaks up according to the branching rule [104]

248 = (8,1)⊕ (3,27)⊕ (3,27)⊕ (1,78). (4.14)

Here, the 8 represents the adjoint representation of the Lie algebra of SU(3).
The adjoint of the Lie algebra of E6 is denoted by 78. E6 is a possible group
for so-called Grand Unification Theories (GUTs) through, for example, the
sequence E8 ⊃ E6 ⊃ SO(10) ⊃ SU(5) ⊃ SU(3) × SU(2) × U(1). Under
SO(10)×U(1) the 78 and the 27 of E6 branch as

78 = 10 ⊕ 16−3 ⊕ 16′3 ⊕ 450,

27 = 14 ⊕ 10−2 ⊕ 161,
(4.15)

6For manifolds of SU(3) holonomy the spin connection can be identified with an SU(3)
gauge field. For the decomposition (4.14), the spin connection is said to be embedded in the
gauge group.
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where the subscripts refer to the eigenvalues of the U(1) generators. The
fundamental representation, the 16-dimensional irreducible spinor repre-
sentation, and the adjoint representation decompose under the subgroup
SU(5)×U(1) as

10 = 52 ⊕ 5−2,

16 = 1−5 ⊕ 53 ⊕ 10−1,

45 = 10 ⊕ 104 ⊕ 10−4 ⊕ 240,

(4.16)

respectively. Finally,

5 = (1,2)3 ⊕ (3,1)−2,

5 = (1,2)−3 ⊕ (3,1)2,
10 = (1,1)6 ⊕ (3,1)−4 ⊕ (3,2)1

(4.17)

under the maximal subgroup SU(3) × SU(2) × U(1). Notice that 2 = 2 for
SU(2). Precisely one generation of quarks and leptons, see table 4.2, can
be assigned to the 5 ⊕ 10 of SU(5) [104]. In itself it fits into a single 16
of SO(10) with an additional 1−5, which may be regarded a right-handed
neutrino [87].

Due to the Atiyah–Singer index theorem for the spin complex [14, 20],
the Euler characteristic can be related to the number of massless fields that
transform according to the 27, called generations (with positive chirality)
and denoted by n27, and the 27, which are the antigenerations (with nega-
tive chirality) and are written as n27: χ(K3) = 2 (n27 − n27). Therefore, one
can identify n27 with h1,1, and n27 with h2,1. The number of chiral massless
families is exactly one half of the absolute value of the Euler characteris-
tic of the compactification space. Hence, one seeks Calabi–Yau manifolds
with Euler characteristic±6 in order to find a net number of three Standard
Model generations.

4.2.3 Examples

For n = 1 the moduli space is of Calabi–Yau manifolds is one-dimensional;
the Calabi–Yau onefolds are a one-parameter family of distinct manifolds
C/ (Z + Zτ) with Im(τ) > 0. These manifolds are all topologically equiva-
lent to the torus T2. The Hodge diamond is given by

h0,0

h1,0 h0,1

h1,1
=

1
1 1

1
.

It has Euler number χ(T2) = 0 and its holonomy group is trivial.
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FERMIONS: QUARKS AND LEPTONS

Generation 1 Generation 2 Generation 3 Representation(
u
d

) (
c
s

) (
t
b

)
(3,2)+1/6

ū c̄ t̄ (3,1)−2/3

d̄ s̄ b̄ (3,1)+1/3(
e−

νe

) (
µ−

νµ

) (
τ−

ντ

)
(1,2)−1/2

e+ µ+ τ+ (1,1)+1

ν̄e ν̄µ ν̄τ (1,1)0

BOSONS: HIGGS AND GAUGE BOSONS

Particle Representation

H0 (1,2)−1/2

W±, Z0 (1,3)0
γ (1,1)0
g (8,1)0

TABLE 4.2: Representations of the Standard Model for SU(3)c × SU(2)w × U(1)Y .
The subscripts in the table indicate the hypercharge values Y . When properly
normalized, the eigenvalue of the U(1) generator may be identified with the hy-
percharge Y . Then, SU(2) corresponds to the weak SU(2)w and SU(3) is to be
identified with the colour SU(3)c. Actually, the physical γ and Z0 are (mixed) lin-
ear combinations of the vector bosons fields of the electroweak SU(2)w × U(1)Y

theory [103].

In two complex dimensions, there are the K3 surfaces, named after
Kummer, Kähler and Kodaira, which are all characterized by

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h2,1 h1,2

h2,2

=

1
0 0

1 20 1
0 0

1

.

Here, χ(K3) = 24, as one can verify with equations (4.10) and (4.12). It has
SU(2) holonomy.7 For n ≥ 2 there are no explicit expressions for (Ricci-flat)
metrics known, although existence and uniqueness have been proven.

7Sometimes the complex double torus T4 is erroneously considered a Calabi–Yau mani-
fold in two complex dimensions; its holonomy group is trivial rather than SU(2).
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In principle, one could use as compactification spacesK3 = T2×T2×T2

or K3 = K3 × T2. However, these have trivial and SU(2) holonomy, re-
spectively, and are therefore not Calabi–Yau threefolds. The former creates
an N = 4N supersymmetric theory, whereas the latter yields a N = 2N
supersymmetric theory in space-time, where N denotes the number of su-
persymmetries of the ten-dimensional theory prior to compactification [25].
Both spaces have vanishing Euler characteristics due to the direct product
property of the Euler characteristic: χ(A×B) = χ(A)χ(B).

Unfortunately, there is no classification available for Calabi–Yau three-
folds. It is not even known whether the moduli space of Calabi–Yau three-
folds is finite-dimensional or not. An important class of Calabi–Yau three-
folds can however be constructed from the complex projective space CPn
in n complex dimensions. The set z = (z0, z1, . . . , zn) are the homogeneous
coordinates of the space. The points z ∼ (λz0, λz1, . . . , λzn) are to be iden-
tified, for λ 6= 0. Therefore, the space is compact. In that way, the complex
projective space is Cn+1 \ {0} modulo the identification. Alternatively, it
consists of the set of complex lines through the origin of Cn+1. The com-
plex projective space is a Kähler manifold, for which an explicit metric is
known, the Fubini–Study metric. A homogeneous polynomial of degree d
on the complex projective space is defined by

f(λz0, λz1, . . . , λzn) = λdf(z0, z1, . . . , zn).

The submanifold defined by f(z0, z1, . . . , zn) = 0 is called an algebraic va-
riety, and it is a Calabi–Yau manifold for d = n+ 1.8 A quartic polynomial
in CP3, for instance, is an example of a K3 surface.

An example of a Calabi–Yau threefold is a quintic polynomial in CP4,
which is written as [4||5]. It has χ([4||5]) = −200. The famous quintic hy-
persurface defined by z5

0 + z5
1 + z5

2 + z5
3 + z5

4 = 0 is known as the Fermat
surface; overall phases in the coordinates are irrelevant.

The weighted (quasi-homogeneous) complex projective space, written
as WCPn [w0, . . . , wn], is a generalization of the complex projective space.
Here, the identification is given by

z ∼ (λw0z0, λ
w1z1, . . . , λ

wnzn), (4.18)

where λ are non-zero complex numbers and wi ∈ N. The latter are called
the weights of the homogeneous coordinates. The greatest common divisor
of the weights is one. Weighted complex projective spaces are in general
singular spaces. The zero locus of a quasi-homogeneous polynomial of
degree d, that is the hypersurfaces defined by f(z) = 0, is a Calabi–Yau
n-fold, provided that the degree equals the sum of the weights [46].

8This follows from the vanishing of the first Chern class by using the “splitting princi-
ple” [52].
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Some other well-known classes of Calabi–Yau threefolds can be con-
structed by considering products of (weighted) projective spaces or com-
plete intersections of several hypersurfaces in either higher-dimensional
(weighted) projective spaces or products of (weighted) projective spaces.
If one studies products of CPn as the ambient space, the polynomials that
define the hypersurfaces need not be homogeneous with regard to the total
product, but merely within each factor of CPn. In the first class of com-
plete intersection Calabi–Yau manifolds (CICYs) are the intersection of two
cubics in CP5, denoted as [5||3 3], which has χ([5||3 3]) = −144, the intersec-
tion of a quadric and a quartic in CP5 with χ([5||2 4]) = −176, the intersec-
tion of two quadrics and a cubic in CP6, for which χ([6||2 2 3]) = −144, and
the intersection of four quadrics in CP7, where χ([7||2 2 2 2]) = −128 [52].
In the second class of CICYs is the famous Tian–Yau space TY with an Eu-
ler characteristic of χ(TY ) = −18, but there are many more. The Tian–Yau
manifold is constructed from two CP3 spaces with coordinates z and w.
There are three polynomials: the first is cubic in z, the second is cubic in w
and the third is linear in z and w, that is

3∑
i=0

z3
i ,

3∑
i=0

w3
i ,

3∑
i=0

ziwi.

This is can be encoded in the configuration matrix:

TY =
[

3 3 0 1
3 0 3 1

]
.

For more examples, explicit constructions and calculations, the reader
is referred to the rather technical work by Hübsch [52].

4.3 Orbifold Compactification

Another very popular compactification method is based on special singular
manifolds known as orbit manifolds, or orbifolds for short. An orbifold is
the quotient space of a smooth manifold M and a discrete isometry group
G. A point in the orbifold corresponds to an orbit of points in the original
manifold M under the action of the group G, that is x ∼ gx for g ∈ G
and x ∈ M . Fixed points of M under G become singular points in the
orbifold. Although not directly evident, strings can propagate consistently
on orbifolds.

A simple, and already known, example of an orbifold is the torus T2n,
which one can obtain by taking the coset space Cn/Λ, where Λ is an n-
dimensional complex lattice. The group of translations by lattice vectors
acts freely, so there are no singular points.
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A second example is given by the orbifold S1/Z2, which is the circle9

modulo the identification x ∼ −x. The orbifold consists of the real line
segment [0, πR]. x = 0 and x = πR are obviously fixed points, since x = 0
is invariant under the action of Z2, and x = πR is mapped to −x by Z2,
which is to be identified with x by construction.

A cone can be obtained from an orbifold procedure as well: C/ZN . One
identifies z ∈ C with e2πi/N . The origin |z| = 0 is fixed under the ac-
tion of the point group ZN and therefore generates a singular point with
a deficit angle 2π(N − 1)/N . Numerous (higher-dimensional) examples
can be found in the literature [25, 44, 84, 87, 110].

States in the spectrum consists of two types: untwisted and twisted
states. Physical states that are invariant under the action of G belong to
the untwisted sector. The twisted sector corresponds to states that satisfy
Xµ(σ + 2π, τ) = gXµ(σ, τ). Untwisted states correspond to the identity
element of the group G, g = 1. Normally, a closed string must start and
end at the same point, but on orbifolds the end point may be the image
of the initial point under the action of the element g ∈ G. The twisted
sector on the torus, for instance, consists of different winding numbers.
The conjugacy classes of G determine the distinct twisted sectors. These
twisted sectors are necessary for modular invariance.

One reason for the importance of orbifolds is the fact that they can be
used to reduce the Euler characteristic of the original manifold:

χ(M /G) = χ(M )/|G|, (4.19)

which is true provided G acts freely on M . Here, |G| is the order of the
group. If one takes M = K3, a Calabi–Yau threefold, one creates a Calabi–
Yau orbifold in this way. For example, the Fermat surface has a discrete
subgroup Z5 × Z5, which acts freely. Therefore, χ ([4||5] / (Z5 × Z5)) =
−200/25 = −8. Now, the orbifold generates four families of quarks and lep-
tons. A more interesting example comes from the Tian–Yau manifold TY . It
admits a free action of Z3 on the cubic polynomials in z and w. Therefore,
χ(TY /Z3) = −18/3 = −6, which gives rise to three particle generations.

9A circle of radius R can be obtained from the real line by identifying the points x ∼
x+ 2πR.
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Chapter 5
Gepner Models

In the previous chapter I have mentioned several geometric possibilities
that allow for the supersymmetric compactification of superstrings to four
space-time dimensions. There exists however a class of space-time super-
symmetric compactifications, which can be obtained from the tensor prod-
uct of several minimal N = 2 superconformal models for the type II su-
perstring theories and the heterotic superstring theories, such that they are
compatible with modular invariance. These models are known as Gepner
models, as they have first been studied by Gepner [34]. They provide a
seemingly non-geometric yet exactly solvable approach to supersymmet-
ric compactification. Quite unexpectedly, all Gepner models correspond to
Calabi–Yau spaces and their algebraic representations in terms of Landau–
Ginzburg models [33, 46, 82]. In this chapter, I shall introduce and analyse
these models based on their phenomenological implications and possible
realizations of the Standard Model.

In the first section the motivation for, and an overview of the construc-
tion of Gepner models is considered, based on the simple currents tech-
nique [98]. The second section contains the presentation of the basic 168
Gepner models, as they have been studied before extensively in the liter-
ature [31, 74, 80, 81, 82]. I have obtained these via the method of simple
currents with the aid of my own computer programme. The models listed
all correspond to known Calabi–Yau manifolds [72]. Finally, I highlight
some phenomenologically appealing approaches for models with unifica-
tion gauge groups [8, 9, 76].

5.1 Gepner’s Construction

The value of the critical dimension for the various string theories comes
from requirement of nilpotency of the BRST operator Q. In effect, the total
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anomaly, which equals the sum of the separate contributions of the physi-
cal fields (Xµ, ψµ) and the ghosts (b, c, β, γ), has to be zero, where each free
boson givesD and each fermion adds D

2 . Algebraically, compactification of
the originally D-dimensional theory to the d-dimensional space-time and
a (D − d)-dimensional internal space can be achieved by inserting an in-
ternal conformal field theory Cc;c̄ with left and right central charges c and
c̄, respectively, such that the theory remains anomaly-free. For the bosonic
string the internal theory is C26−d;26−d, for the type II superstring theories
C15−3d/2;15−3d/2, and C15−3d/2;26−d for heterotic superstrings. In the con-
text of (algebraic) compactification, the term “maximal dimension” forD is
perhaps more appropriate than “critical dimension”. Henceforward, I shall
consider type II and heterotic superstrings with d = 4.

5.1.1 General Considerations

The minimal requirements for the models one obtains for possibly different
internal theories are conformal invariance on the world sheet, or more ap-
propriately superconformal invariance, modular invariance, unitarity and
N = 1 space-time supersymmetry. Because N = 2 superconformal world-
sheet symmetry emerges from N = 1 space-time supersymmetry [60], it is
natural to start with an internal N = 2 superconformal field theory. In
order to calculate and analyse phenomenological aspects of the various
models, one prefers solvable internal theories, such as rational supercon-
formal field theories, especially the discrete minimal series. A choice for
the internal part are the so-called Kazama–Suzuki models [70], for which a
particular hermitian symmetric space supplies the necessary contribution
to critical values of c in the left and right sector. An alternative, or actu-
ally a subclass of the more general Kazama–Suzuki models, are the Gepner
models.

Here, one considers unitary minimal N = 2 superconformal models,
which have c < 3, as one can easily see from the definition (1.98). For
compactified superstring theories one needs c = 9. In principle, one can
take a suitable tensor product of r, possibly different, minimal models, such
that their central charges add up to the required value,

c =
r∑
i=1

3ki
ki + 2

= 9. (5.1)

In order to do so, one must define the (mode) operators O of the product to
be

O =
r∑
i=1

1⊗ . . .⊗O(i) ⊗ . . .⊗ 1, (5.2)

where O(i) is the operator of the ith factor. The ith factor has mode op-
erators L(i)

n , which satisfy the Virasoro subalgebra with central charge ci.
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The total central charge now equals the sum of the individual factors ci, as
required.

The primary fields are linear combinations of the primary fields of the
subtheories. The conformal weights and U(1) charges are the sums of the
individual contributions. Since 1 ≤ c < 3 one needs at least 4 and at most 9
copies. There are 168 different combinations in total, which are displayed
in table 5.2, along with their properties, which I shall elucidate below.

For type II superstrings one needs an internal part C9;9, whereas het-
erotic superstrings require C9;22. In the case of type II superstrings, one can
use the same tensor product on the left and right side. A modular invariant
partition function is given, in the light-cone gauge, by [34]

Z(τ) =
1

|Im(τ)η(τ)4|
∑
λ,λ̄

Bλ(τ)Bλ̄(τ̄)Zint, (5.3)

where λ, λ̄ are weight vectors of D1,1 = ŝo(2)1, which has four conjugacy
classes, namely the singlet [o], the vector [v], the spinor [s] and the anti-
spinor [s̄].

Bλ =
Θλ(τ, z, u)

η(τ)

are the characters of D1,1, which form a unitary representation of the mod-
ular group, where at level one

Θλ(τ, z, u) = e−2πiu
∑

γ∈M+λ

eπi(τγ2−2γz)

with M is the lattice spanned by the long roots of D1,1 [67]. Zint is the
modular invariant partition function of the internal theory, which can be
expressed in terms of the product of the characters (3.16). In d space-time
dimensions, there are d− 2 physical (transverse) bosons and fermions. The
partition function (5.3) clearly respects the SO(2) internal symmetry.

The resulting theory can be rendered heterotic by the bosonic string
map [79]. It relies on the observation that the characters of the four conju-
gacy classes of D1,1 transform in an identical manner under modular trans-
formations as the characters of D13,1 and D5,1 ⊗ E8,1, if the singlets and the
vectors are interchanged and the signs of the spinor representations are re-
versed [34, 74]. In the latter case, the result should be multiplied by the
singlet of E8,1, which transforms trivially under S and yields a phase fac-
tor e2πi/3 under T . A modular invariant partition function for the heterotic
superstring can then be obtained by replacing the right-moving characters
of D1,1, the Bλ̄(τ̄), by the characters of, for example, D5,1 ⊗ E8,1. Therefore,
the non-diagonal combination∑

λ,λ̄

Bλ(τ)Bλ̄(τ̄) = χoχ̄
′
v + χvχ̄

′
o − χsχ̄

′
s − χs̄χ̄

′
s̄,
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defines a heterotic modular invariant. For notational convenience, the un-
primed χs represent the characters of D1,1 and the primed ones the charac-
ters of D5,1⊗E8,1. The rank-13 Kač–Moody algebra supplies the remaining
c = 13, so that C9,22 = C9,9 ⊗ (D5,1 ⊗ E8,1)R.

The same bosonic string map can be used to replace the NSR fermions
and their ghosts, so that any heterotic superstring theory can be repre-
sented faithfully by a bosonic string theory with an internal sector C9;22 ⊗
(D5,1 ⊗ E8,1)L, provided the left-moving internal sector is built out of rep-
resentations of the N = 1 superconformal algebra [94].

Originally, the internal partition function Zint has been made compati-
ble with world-sheet and space-time supersymmetry by β-projections [34],
upon which I shall not dwell. Simple currents can be used as well to gener-
ate modular invariants, compliant with supersymmetry [98], which I shall
describe in the next subsection.

5.1.2 Simple Current Invariants

In addition to modular invariance one needs space-time and world-sheet
supersymmetry for consistency of superstring models. World-sheet super-
symmetry can be achieved by forbidding heterogeneous combinations of
the Neveu–Schwarz and Ramond sectors. In that way, all fields in the the-
ory have a well-defined monodromy with respect to the total supercur-
rent1, which is the sum of the space-time supercurrent ψµ∂Xµ, see (2.43),
and the total internal one. For each pair in the tensor product one has to
insert a modular matrix that acts on the left-moving characters, and corre-
sponds to the simple current of conformal weight 3, which is the product of
the supercurrents of the two factors. That particular modular matrix elim-
inates character combinations that are of the mixed NS-R or R-NS types.
Please confer equation (3.24), and especially equations (3.25) and (3.28) for
the specifics on modular matrices.

A natural candidate for the world-sheet supersymmetry generator is
the spectral flow operator U1/2, since it relates the Neveu–Schwarz sector
with the Ramond, which yield space-time bosons and fermions, respec-
tively. Previously, I have assumed that it should have at most a semi-
local structure with respect to all primaries, which suggested that the U(1)
charge Q should an integer, see section 1.4.2. In order to be interpreted as
a true supersymmetry generator, it must indeed be a semi-local fermionic
field, so that Q ∈ 2Z + 1, as can be seen immediately from equation (1.97).
Fields related by spectral flow both have either odd or even integral charge,
because the charge after spectral flow is shifted by c/6 = 2, as c = 12 in the
light-cone gauge — in which case one does not have to worry about the

1This is equivalent to the requirement that the world-sheet gravitino should couple to
the supercurrent with a well-defined spin structure.
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ghosts. The projection onto odd integral U(1) charges can be thought of as
a generalized GSO projection.

The characters related to each N = 2 superconformal primary field in
the left-moving sector are

χ(τ) = qh−c/24
∞∑
n=0

dnq
n, (5.4)

where dn denotes the number of linearly independent states at the nth level.
The right-moving characters are defined in a similar manner. For the mass-
less spectrum only the multiplicity d0, as discussed at the end of section
1.4.2, is relevant. Massless fields have h = 1

2 in the left sector and h = 1 in
the right sector. Furthermore, massless fields in the left sector haveQ = ±1,
as a result of unitarity (1.96), which gives |Q| ≤ 2, and the generalized GSO
projection, which states that Q must be an odd integer. Similarly, Q = 0
or Q = ±2 for (anti)chiral fields in the right sector. The charge is an even
integer as a consequence of the bosonic string map [36].

Important for the construction of the massless spectrum are the data of
the D5,1 ⊗E8,1 Kač–Moody algebra, which are shown in table 5.1. The four
conjugacy classes of D5,1 can contribute to the massless spectrum as well as
the vacuum descendant J−1|0〉, which has h = 1. The descendants of other
states do not contribute to the massless spectrum, since they add one unit
to h > 0.

REPRESENTATION LABEL h Q

1 [o] 0 0
10 [v] 1

2 1
16 [s] 5

8 −1
2

16′ [s̄] 5
8

1
2

45 J 1 0

TABLE 5.1: Conformal weights h and U(1) charges Q of the irreducible represen-
tations of the D5,1 Kač–Moody algebra. J denotes the descendant J−1|0〉 for the
U(1) current in the adjoint. The singlet of E8,1 has h = Q = 0.

The additional U(1) current J extendsD5,1 toE6,1 according to the max-
imal embedding

78 = 10 ⊕ 16−3/2 ⊕ 16′3/2 ⊕ 450, (5.5)
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where I have normalized the U(1) values compared with (4.15) properly, in
agreement with the spin-3

2 supercurrent.2 The 27 and 27 then decompose
as follows:

27 = 12 ⊕ 10−1 ⊕ 161/2,

27 = 1−2 ⊕ 101 ⊕ 16′1/2.
(5.6)

A theory with a left and right D5,1 ⊗ E8,1 Kač–Moody algebra that ex-
tends to E6,1 in both sectors, and a N = 2 world-sheet supersymmetry on
both sides is called a (2, 2) theory. If the right D5,1 factor is not extended to
E6,1, one has a (2, 1) theory. A (2, 0) theory is characterized by a D5,1 ⊗E8,1

Kač–Moody algebra that extends to E6,1 and an N = 2 world-sheet super-
symmetry, which both are in the left sector only.

As can be seen easily from the fusion rules of the N = 2 minimal su-
perconformal series (1.100), the simple currents are (l, q, s) = (0, q, s) and
(k, q, s). The primary field (k, k+2, 0) = (0, 0, 2) is a simple current of order
two and it has conformal weight 3

2 . Its orbits are the doublets consisting of
the primary fields (l, q, s) and their partners (0, 0, 2)× (l, q, s) = (l, q, s+ 2).
All Neveu–Schwarz primary fields have a vanishing monodromy charge
and all Ramond fields have a monodromy charge of one half with respect
to the supercurrent. The tensor product of the supercurrents of any pair
of factors eliminates exactly product states that are of the mixed types, as
the total monodromy charge must be an integer. Generally, simple currents
with fractional conformal weight h permute the characters in the super-
Virasoro modules, whereas simple currents with integer h resemble projec-
tion operators that remove certain characters and combine the remaining
ones [96]. The centre of an N = 2 minimal model at level k is either Z4(k+2)

if k is odd or Z2(k+2) × Z2 if k is even [98].
There must be a gravitino in the spectrum in order to have space-time

supersymmetry. An equivalent statement is that there is a chiral current
with h = 1 that transforms under the spinor representation of the NSR
model, that is SO(10), specifically Spin(10). It is the product of the Kač–
Moody spin field with h = 5

8 and an internal field with h = 3
8 , which

corresponds to the Ramond ground state. The primary field that generates
the Neveu–Schwarz vacuum, (l, q, s) = (0, 0, 0), is mapped to the Ramond
ground state with h = c

24 by spectral flow. Because the structure of the
fusion rules is preserved under spectral flow, and because (0, 0, 0) is the
identity field, which is of course a simple current, the Ramond ground state
(0, 1, 1) is a simple current. The space-time spin field is a simple current in
even dimensions. Therefore, the chiral spin-1 current is a simple current
in four space-time dimensions, so that it may be used to generate a space-
time supersymmetric simple current invariant. This can be accomplished

2The E6 gauge group arises from the E8⊗E8 heterotic superstring theory by the breaking
of one E8 to E6 by the SU(3) spin connection in the context of Calabi–Yau compactification.
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by adding the corresponding modular matrix on the left. It commutes with
the world-sheet supersymmetry matrix, so that it affects the right charac-
ters as well, provided that one does not include simple currents with frac-
tional charge. Hence, if only the world-sheet and space-time supersym-
metry matrices are used, one finds a (2, 2) theory, as these matrices act on
the right sector as well. In general, the right world-sheet supersymmetry is
broken if other simple currents are used as well.

All in all, the simple currents that implement world-sheet and space-
time supersymmetry are in effect JGSO = (0, 1, 1)⊗r ⊗ [s] in the left sector
and Ji for the ith factor in the tensor product, where Ji = (0, 0, 0)⊗(i−1) ⊗
(0, 0, 2) ⊗ (0, 0, 0)⊗(r−i) ⊗ [v]. Here, (0, 0, 0) = 1 of course. The simple cur-
rent for pair i and j is Jij = 1⊗(i−1)⊗(0, 0, 2)⊗1⊗(j−i−1)⊗(0, 0, 2)⊗1⊗(r−j),
where the supercurrents (0, 0, 2) are inserted at the ith and jth place. It ob-
viously has h = 3. JGSO is sometimes called the alignment current. Because
the monodromy matrix R, see equation (3.27), for these two currents van-
ishes — as both currents have integer spin —, only fields that have even
U(1) charges survive the projection, as required. If one adds simple cur-
rents to the chain such that the monodromy matrix does not vanish, then
supersymmetry is in general broken.

5.1.3 Computational Analysis

To obtain all “classical” 168 Gepner models, the (2, 2) theories, one has to
generate all fields (l, q, s), which correspond to all highest-weight states,
with equations (1.98) for each factor in the tensor product. The correspond-
ing characters (5.4) for all factors have to be combined, and are then multi-
plied with the characters of the representations of the left D5,1 ⊗ E8,1 Kač–
Moody algebra. Depending on whether a character belongs to the field
with h = 0, that is (0, 0, 0), one has to include the character of the adjoint
representation of the D5,1 algebra as well. Each final character therefore is
the product of one character from each factor and one of the four or five
characters of the Kač–Moody algebra. However, CPT transformations re-
late the two spinor representations of D5,1, so that one may eventually mul-
tiply by just three or four characters.

For the massless spectrum one needs to calculate only character prod-
ucts with h ≤ 1. The right-moving characters belonging to the fields (l̄, q̄, s̄)
are identical for these (2, 2) theories, as both the left and right internal sec-
tor consists of the sameN = 2 super-Virasoro representations and the same
Kač–Moody algebra. Because all Gepner models are space-time supersym-
metric, one only needs to consider either Neveu–Schwarz or Ramond char-
acters.

All (2, 2) models have a universal N = 1 supergravity multiplet con-
taining the graviton and the gravitino, the antisymmetric tensor, the dilaton
with its superpartner, the dilatino, gauge bosons and gauginos belonging
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to the gauge group E8 × E6 × G, where G is some enhanced symmetry
group of rank r − 1, and E6 singlets with their superpartners. For a ten-
sor product with r factors, there are r U(1) charges, of which one factor
extends D5,1 to E6,1, so that finally one finds a gauge group E8 × E6 ×
U(1)r−1 for the heterotic superstring. The chiral supermultiplets are de-
termined by the structure of the internal theory. The internal weights and
charges (hI , QI ; h̄I , Q̄I) for the generations are (1

2 ,−1; 1
2 ,−1) and for the

antigenerations (1
2 ,−1; 1

2 , 1). Their multiplicities equal those of (1
2 , 1; 1

2 , 1)
and (1

2 , 1; 1
2 ,−1), respectively. In the left sector they are to be combined

with the singlet of D5,1 and in the right sector with the vector 10 with
Q = ±1, so that (h,Q; h̄, Q̄) = (1

2 ,−1; 1,−2) and (1
2 ,−1; 1, 2) for the gen-

erations and antigenerations, respectively. The supersymmetry genera-
tors transform the 10 into the 16 into the 1 [74]. The E6 singlets have
(hI , QI ; h̄I , Q̄I) = (1

2 ,−1; 1, 0).

5.2 Massless Spectra

The models are listed in table 5.2 according to the internal level labels ki.
For example, ci = 9

5 for ki = 3, so that one needs five copies of the ki = 3
theory, which I have written as 3 3 3 3 3. Interestingly, this model corre-
sponds to a string theory on the Fermat surface. In the table, I have listed
the A invariants only; please see table 3.2 for the nomenclature. Apart from
these invariants, there are 60 exceptional invariants and 948 D invariants.

I have obtained the massless generations n27 and antigenerations n27

by computer by using the method described in the previous section. All
results are in accordance with previous calculations [31, 74, 80].

MODEL n27 n27
1
2 |χ| MANIFOLD

1 1 5 41 1804 251 251 0 WCP4[1, 42, 258, 602, 903]
2 1 5 42 922 257 137 120 WCP4[2, 21, 132, 308, 462]
3 1 5 43 628 263 95 168 WCP4[1, 14, 90, 210, 315]
4 1 5 44 481 143 143 0 WCP4[2, 21, 138, 322, 483]
5 1 5 46 334 287 47 240 WCP4[1, 7, 48, 112, 168]
6 1 5 47 292 287 47 240 WCP4[1, 6, 42, 98, 147]
7 1 5 49 236 107 107 0 WCP4[3, 14, 102, 238, 357]
8 1 5 52 187 173 53 120 WCP4[2, 7, 54, 126, 189]
9 1 5 54 166 335 23 312 WCP4[1, 3, 24, 56, 84]

10 1 5 58 138 131 59 72 WCP4[3, 7, 60, 140, 210]
11 1 5 61 124 377 17 360 WCP4[1, 2, 18, 42, 63]
12 1 5 68 103 221 29 192 WCP4[2, 3, 30, 70, 105]
13 1 5 76 89 83 84 0 WCP4[6, 7, 78, 182, 273]
14 1 5 82 82 491 11 480 WCP4[1, 1, 12, 28, 42]
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MODEL n27 n27
1
2 |χ| MANIFOLD

15 1 6 23 598 167 119 48 WCP4[1, 24, 75, 200, 300]
16 1 6 24 310 174 66 108 WCP4[1, 12, 39, 104, 156]
17 1 6 25 214 180 48 132 WCP4[1, 8, 27, 72, 108]
18 1 6 26 166 190 34 156 WCP4[1, 6, 21, 56, 84]
19 1 6 28 118 204 24 180 WCP4[1, 4, 15, 40, 60]
20 1 6 30 94 222 18 204 WCP4[1, 3, 12, 32, 48]
21 1 6 31 86 81 57 24 WCP4[3, 8, 33, 88, 132]
22 1 6 34 70 242 14 228 WCP4[1, 2, 9, 24, 36]
23 1 6 38 58 143 23 120 WCP4[2, 3, 15, 40, 60]
24 1 6 40 54 105 33 72 WCP4[1, 4, 21, 56, 84]
25 1 6 46 46 321 9 312 WCP4[1, 1, 6, 16, 24]
26 1 7 17 340 143 71 72 WCP4[1, 18, 38, 114, 171]
27 1 7 18 178 150 42 108 WCP4[1, 9, 20, 60, 90]
28 1 7 19 124 160 28 132 WCP4[1, 6, 14, 42, 63]
29 1 7 20 97 93 45 48 WCP4[2, 9, 22, 66, 99]
30 1 7 22 70 183 15 168 WCP4[1, 3, 8, 24, 36]
31 1 7 25 52 214 10 204 WCP4[1, 2, 6, 18, 27]
32 1 7 28 43 126 18 108 WCP4[2, 3, 10, 30, 45]
33 1 7 34 34 271 7 264 WCP4[1, 1, 4, 12, 18]
34 1 8 14 238 134 50 84 WCP4[1, 15, 24, 80, 120]
35 1 8 16 88 155 17 138 WCP4[1, 5, 9, 30, 45]
36 1 8 18 58 178 10 168 WCP4[1, 3, 6, 20, 30]
37 1 8 22 38 82 22 60 WCP4[3, 5, 12, 40, 60]
38 1 8 28 28 251 5 246 WCP4[1, 1, 3, 10, 15]
39 1 9 12 229 79 79 0 WCP4[2, 33, 42, 154, 231]
40 1 9 13 108 59 59 0 WCP4[3, 22, 30, 110, 165]
41 1 9 20 31 129 9 120 WCP4[2, 3, 6, 22, 33]
42 1 10 11 154 143 23 120 WCP4[1, 12, 13, 52, 78]
43 1 10 12 82 147 15 132 WCP4[1, 6, 7, 28, 42]
44 1 10 13 58 155 11 144 WCP4[1, 4, 5, 20, 30]
45 1 10 14 46 164 8 156 WCP4[1, 3, 4, 16, 24]
46 1 10 16 34 185 5 180 WCP4[1, 2, 3, 12, 18]
47 1 10 18 28 106 10 96 WCP4[2, 3, 5, 20, 30]
48 1 10 19 26 76 16 60 WCP4[3, 4, 7, 28, 42]
49 1 10 22 22 243 3 240 WCP4[1, 1, 2, 8, 12]
50 1 11 11 76 143 23 120 WCP4[1, 6, 6, 6, 26, 39]
51 1 12 12 40 180 6 174 WCP4[1, 3, 3, 12, 14]
52 1 12 13 33 43 43 0 WCP4[6, 14, 15, 70, 105]
53 1 12 19 19 151 7 144 WCP4[2, 2, 3, 14, 21]
54 1 13 13 28 208 4 204 WCP4[1, 2, 2, 10, 15]
55 1 13 18 18 107 11 96 WCP4[3, 3, 4, 20, 30]
56 1 14 14 22 127 7 120 WCP4[2, 3, 3, 16, 24]
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MODEL n27 n27
1
2 |χ| MANIFOLD

57 1 16 16 16 272 2 270 WCP4[1, 1, 1, 6, 9]
58 2 3 19 418 119 119 0 WCP4[1, 20, 84, 105, 210]
59 2 3 20 218 125 65 60 WCP4[1, 10, 44, 55, 110]
60 2 3 22 118 141 33 108 WCP4[1, 5, 24, 30, 60]
61 2 3 23 98 141 33 108 WCP4[1, 4, 20, 25, 50]
62 2 3 26 68 87 39 48 WCP4[2, 5, 28, 35, 70]
63 2 3 28 58 173 17 156 WCP4[1, 2, 12, 15, 30]
64 2 3 34 43 55 55 0 WCP4[4, 5, 36, 45, 90]
65 2 3 38 38 227 11 216 WCP4[1, 1, 8, 10, 20]
66 2 4 11 154 89 53 36 WCP4[1, 12, 26, 39, 78]
67 2 4 12 82 96 30 66 WCP4[1, 6, 14, 21, 42]
68 2 4 13 58 104 20 84 WCP4[1, 4, 14, 15, 30]
69 2 4 14 46 112 16 98 WCP4[1, 3, 8, 12, 24]
70 2 4 16 34 126 12 114 WCP4[1, 2, 6, 9, 18]
71 2 4 18 28 74 20 54 WCP4[2, 3, 10, 15, 30]
72 2 4 19 26 52 28 24 WCP4[3, 4, 14, 21, 42]
73 2 4 22 22 164 8 156 WCP4[1, 1, 4, 6, 12]
74 2 5 8 138 80 44 36 WCP4[1, 14, 20, 35, 70]
75 2 5 10 40 59 23 36 WCP4[2, 7, 12, 21, 42]
76 2 5 12 26 116 8 108 WCP4[1, 2, 4, 7, 14]
77 2 6 7 70 91 19 72 WCP4[1, 8, 9, 18, 36]
78 2 6 8 38 96 12 84 WCP4[1, 4, 5, 10, 20]
79 2 6 10 22 114 6 108 WCP4[1, 2, 3, 6, 12]
80 2 6 14 14 148 4 144 WCP4[1, 1, 2, 4, 8]
81 2 7 7 34 91 19 72 WCP4[1, 4, 4, 9, 18]
82 2 7 10 16 70 10 60 WCP4[2, 3, 4, 9, 18]
83 2 8 8 18 120 6 114 WCP4[1, 2, 2, 5, 10]
84 2 8 10 13 42 18 24 WCP4[4, 5, 6, 15, 30]
85 2 10 10 10 165 3 162 WCP4[1, 1, 1, 3, 6]
86 3 3 9 108 79 39 40 WCP4[1, 10, 22, 22, 55]
87 3 3 10 58 85 25 60 WCP4[1, 5, 12, 12, 30]
88 3 3 12 33 59 27 32 WCP4[2, 5, 14, 14, 35]
89 3 3 13 28 117 9 108 WCP4[1, 2, 6, 6, 15]
90 3 3 18 18 143 7 136 WCP4[1, 1, 4, 4, 10]
91 3 4 6 118 69 33 36 WCP4[1, 15, 20, 24, 60]
92 3 4 7 43 67 19 48 WCP4[2, 10, 15, 18, 45]
93 3 4 8 28 91 7 84 WCP4[1, 3, 5, 6, 15]
94 3 4 10 18 49 13 36 WCP4[3, 5, 10, 12, 30]
95 3 4 13 13 103 7 96 WCP4[2, 2, 5, 6, 15]
96 3 5 5 68 71 23 48 WCP4[1, 10, 10, 14, 35]
97 3 6 6 18 63 7 56 WCP4[2, 5, 5, 8, 20]
98 3 8 8 8 145 1 144 WCP4[1, 1, 1, 2, 5]
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MODEL n27 n27
1
2 |χ| MANIFOLD

99 4 4 5 40 86 8 78 WCP4[1, 6, 6, 7, 21]
100 4 4 6 22 90 6 84 WCP4[1, 3, 4, 4, 12]
101 4 4 7 16 99 3 96 WCP4[1, 2, 3, 3, 9]
102 4 4 8 13 61 7 54 WCP4[2, 3, 5, 5, 15]
103 4 4 10 10 128 2 126 WCP4[1, 1, 2, 2, 6]
104 4 5 5 19 65 17 48 WCP4[2, 6, 6, 7, 21]
105 4 6 6 10 66 6 60 WCP4[2, 3, 3, 4, 12]
106 4 7 7 7 112 4 108 WCP4[2, 2, 2, 3, 9]
107 5 5 5 12 122 2 120 WCP4[1, 2, 2, 2, 7]
108 6 6 6 6 149 1 148 WCP4[1, 1, 1, 2, 6]
109 1 1 2 11 154 71 71 0 WCP4[1, 12, 39, 52, 52]
110 1 1 2 12 82 76 40 36 WCP4[1, 6, 21, 28, 28]
111 1 1 2 13 58 86 26 60 WCP4[1, 4, 15, 20, 20]
112 1 1 2 14 46 86 26 60 WCP4[1, 3, 12, 16, 16]
113 1 1 2 16 34 100 16 84 WCP4[1, 2, 9, 12, 12]
114 1 1 2 18 28 55 31 24 WCP4[2, 3, 15, 20, 20]
115 1 1 2 19 26 41 41 0 WCP4[3, 4, 21, 28, 28]
116 1 1 2 22 22 131 11 120 WCP4[1, 1, 6, 8, 8]
117 1 1 3 6 118 55 55 0 WCP4[1, 15, 24, 40, 40]
118 1 1 3 7 43 67 19 48 WCP4[1, 5, 9, 15, 15]
119 1 1 3 8 28 67 19 48 WCP4[1, 3, 6, 10, 10]
120 1 1 3 10 18 31 31 0 WCP4[3, 5, 12, 20, 20]
121 1 1 3 13 13 103 7 96 WCP4[1, 1, 3, 5, 5]
122 1 1 4 5 40 65 17 48 WCP4[1, 6, 7, 14, 14]
123 1 1 4 6 22 70 10 60 WCP4[1, 3, 4, 8, 8]
124 1 1 4 7 16 79 7 72 WCP4[1, 2, 3, 6, 6]
125 1 1 4 8 13 48 12 36 WCP4[2, 3, 5, 10, 10]
126 1 1 4 10 10 101 5 96 WCP4[1, 1, 2, 4, 4]
127 1 1 5 5 19 65 17 48 WCP4[1, 3, 3, 7, 7]
128 1 1 6 6 10 43 19 24 WCP4[2, 3, 3, 8, 8]
129 1 1 7 7 7 112 4 108 WCP4[1, 1, 1, 3, 3]
130 1 2 2 5 40 35 35 0 WCP4[2, 12, 21, 21, 28]
131 1 2 2 6 22 68 8 60 WCP4[1, 3, 6, 6, 8]
132 1 2 2 7 16 43 19 24 WCP4[2, 4, 9, 9, 12]
133 1 2 2 8 13 27 27 0 WCP4[4, 6, 15, 15, 20]
134 1 2 2 10 10 89 5 84 WCP2[1, 3, 3, 4]
135 1 2 3 3 58 47 23 24 WCP4[1, 12, 12, 15, 20]
136 1 2 3 4 18 39 15 24 WCP4[3, 10, 12, 15, 20]
137 1 2 4 4 10 74 2 72 WCP4[1, 2, 2, 3, 4]
138 1 2 4 6 6 55 7 48 WCP4[3, 3, 5, 6, 8]
139 1 3 3 3 13 75 3 72 WCP4[1, 3, 3, 3, 5]
140 1 3 3 4 8 39 15 24 WCP4[3, 5, 6, 6, 10]
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MODEL n27 n27
1
2 |χ| MANIFOLD

141 1 4 4 4 4 103 1 102 WCP4[1, 1, 1, 1, 2]
142 2 2 2 3 18 65 5 60 WCP4[1, 4, 5, 5, 5]
143 2 2 2 4 10 69 3 66 WCP4[1, 2, 3, 3, 3]
144 2 2 2 6 6 86 2 84 WCP4[1, 1, 2, 2, 2]
145 2 2 3 3 8 39 15 24 WCP4[2, 4, 4, 5, 5]
146 2 2 4 4 4 60 6 54 WCP4[2, 2, 2, 3, 3]
147 3 3 3 3 3 101 1 100 [4||5]
148 1 1 1 1 5 40 47 23 24 [2||3]×WCP3[1, 6, 14, 21]
149 1 1 1 1 6 22 52 16 36 [2||3]×WCP3[1, 3, 8, 12]
150 1 1 1 1 7 16 68 8 60 [2||3]×WCP3[1, 2, 6, 9]
151 1 1 1 1 8 13 41 17 24 [2||3]×WCP3[2, 3, 10, 15]
152 1 1 1 1 10 10 79 7 72 [2||3]×WCP3[1, 1, 4, 6]
153 1 1 1 2 3 18 21 21 0 [2||3]×WCP3[1, 4, 5, 10]
154 1 1 1 2 4 10 62 2 60 [2||3]×WCP3[1, 2, 3, 6]
155 1 1 1 2 6 6 21 21 0 [2||3]×WCP3[1, 1, 2, 4]
156 1 1 1 3 3 8 21 21 0 [2||3]×WCP3[1, 2, 2, 5]
157 1 1 1 4 4 4 84 0 84 [2||3]×WCP3[1, 1, 1, 3]
158 1 1 2 2 2 10 46 10 36 WCP2[1, 1, 2]×WCP3[1, 3, 4, 4]
159 1 1 2 2 4 4 51 3 48 WCP2[1, 1, 2]×WCP3[1, 1, 2, 2]
160 1 2 2 2 2 4 61 1 60 WCP2[1, 2, 3]× [3||4]
161 2 2 2 2 2 2 90 0 90 WCP2[1, 1, 2]× [3||4]
162 1 1 1 1 1 2 10 62 2 60 [2||3]×WCP3[1, 3, 4, 4]
163 1 1 1 1 1 4 4 73 1 72 [2||3]×WCP3[1, 1, 2, 2]
164 1 1 1 1 2 2 4 35 11 24 [2||3]×WCP3[2, 3, 3, 4]
165 1 1 1 2 2 2 2 21 21 0 [2||3]× [3||4]
166 1 1 1 1 1 1 1 4 84 0 84 [2||3]× [2||3]×WCP2[1, 2, 3]
167 1 1 1 1 1 1 2 2 21 21 0 [2||3]× [2||3]×WCP2[1, 1, 2]
168 1 1 1 1 1 1 1 1 1 84 0 84 [2||3]× [2||3]× [2||3]

TABLE 5.2: Massless generations and antigenerations of E6 for the diagonal in-
variants of the Gepner models with their corresponding Calabi–Yau manifolds.
For models with six or more factors in the tensor product, orbifolds of the Calabi–
Yau spaces indicated must sometimes be taken so as to produce the correct Euler
characteristic [72].
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Unfortunately, there are no models listed that have a net number of
three generations. There is however an equivalence between the Tian–Yau
manifold and the 1 16 16 16 model with exceptional invariants in all three
16 factors [37].3 The Z3-orbifolded Tian–Yau manifold can be realized by
the orbifold S/H , where the hypersurface

S =
[

3 3 1
2 0 3

]
. (5.7)

Equivalently, it is defined by

z3
0 + z3

1 + z3
2 + z3

3 = 0,

z1w
3
1 + z2w

3
2 + z3w

3
3 = 0,

(5.8)

with z ∈ CP3 and w ∈ CP2. It has χ(S) = −54. The hypersurface is
invariant under a simultaneous permutation zi 7→ zπ(i) and wi 7→ wπ(i), for
i = 1, 2, 3. Furthermore, it has a discrete symmetry group Z3×Z3

9, since the
redefinitions

zi 7→ e2πiφi/3zi, i = 0, 1, 2, 3,

wi 7→ e−2πiφi/9wi, i = 1, 2, 3,
(5.9)

where φ0 is defined modulo 3 and modulo 9 for the remaining (integer)
phases, do not alter the hypersurface. S therefore has a global automor-
phism group G = S3 n

(
Z3 × Z3

9

)
.

The subgroup H = Z3 × Z3 acts freely in the first factor and with fixed
points in the second. These facts are most easily established by the explicit
automorphisms πi : CP3 × CP2 → CP3 × CP2 for i = 1, 2:

π1 =


0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

⊕

 0 1 0
0 0 1
1 0 0

 ,

which generates a cyclic group of order three G1 = {1, π1, π
2
1} ∼= Z3, and

π2 = 1⊕

 1 0 0
0 ω 0
0 0 ω2

 ,

where ω = e2πi/3, and where G2 = {1, π2, π
2
2} ∼= Z3 [100]. G1 acts freely

on S, as there are no points that remain fixed under its action. It cre-
ates the orbifold S′ = S/G1, which is a smooth manifold with χ(S′) =

3The exceptional invariants are not accessible with the simple currents technique. The
reason is that — in the language of affine and theta invariants, as discussed in section 3.2.2
— the simple currents correspond to Θ2β,k with the length of the orbit equal to α, where
αβ = k [10]. All simple current invariants correspond to orbifolds.



124 CHAPTER 5. GEPNER MODELS

−18. In CP2 the abelian group G2 leaves three sets of points fixed, namely
{w} = {(w1, w2, w3)} = {(0, w2, w3)}, {w} = {(w1, 0, w3)} and {w} =
{(w1, w2, 0)}. These yield three invariant sets (tori) in the total ambient
space of S:

z3
1 + z3

2 + z3
3 = 0,

z3
0 + z3

2 + z3
3 = 0,

z3
0 + z3

1 + z3
3 = 0.

In the orbifold S′ there is but one invariant torus because of permutation
symmetry, which is responsible for the fact that the resulting space S/H
has singular points. These singular points can be “resolved” [52] by a pro-
cedure that is referred to as the blow-up of singularities. The essence of the
operation is that singular points are replaced by (non-singular) projective
spaces such that the singular and non-singular space are isomorphic almost
everywhere, that is except for some null set.4 Under certain conditions5 the
Euler characteristic of the blown-up manifold S′/G2 can be shown to be
equal to

χ(S′/G2) =
χ(S′)− χ(T2)

|G2|
+ 4χ(T2),

where T2 is the singular curve, the torus. Because χ(T2) = 0, one finds that
χ(S′/G2) = χ(S/H) = −54/9 = −6. After the resolution the manifold S/H
is to be identified with the TY orbifold. For details I refer to Schimmrigk’s
article [100] and references therein, or the article by Lynker and Schimm-
rigk [82].

The Gepner model 1 16 16 16 corresponds to the propagation of super-
strings on S. The kth minimal model has a Zk+2 symmetry. Moreover,
one can permute the three 16 factors. The Z2 subgroups of Z18 act trivially,
so that the symmetry group of the Gepner model is isomorphic to the auto-
morphism group of S [37]. The Z3×Z3 orbifold of the Gepner model yields
the same Euler characteristic as the Tian–Yau manifold, provided that both
the twisted and untwisted sectors are included. Several three-generation
models based on the same Gepner model have been found by using simple
currents, too [98].

4To be more precise, a blow-up is a birational map between affine varieties, for which the
denominator of the birational map does not vanish on open subsets of the affine varieties,
that is it defines an isomorphism of the affine varieties on open subsets. The isomorphism
holds almost everywhere provided the Zariski topology is chosen for the affine varieties,
that is closed subsets are the zero loci of systems of polynomials [30].

5Let K be a Calabi–Yau manifold and G a finite discrete group that acts freely on K
except for a finite number of (disjoint) curves Ci, where i = 1, . . . , k. Furthermore, let
Gi ⊂ G be the automorphism group of Ci and let G′i denote the group that leaves the curve
Ci pointwise fixed. If Gi/G

′
i acts freely on Ci and G′i acts as a cyclic group on the fibre of

the normal bundle then one can resolve the singularities of K/G, such that K/G is indeed
a Calabi–Yau manifold [100].
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For all Gepner models, the Yukawa couplings can be calculated exactly
from the three-point correlation functions of the vertex operators. These
are in perfect agreement with those calculated from the Landau–Ginzburg
models and from topological considerations for Calabi–Yau manifolds [46].
However, for the three-generation Gepner model, there are several “serious
difficulties to overcome” for the model to become “phenomenologically vi-
able”, as argued by Wu and Arnowitt [109]. Irrespective of additional un-
observed particles, the three-generation model predicts two massless lep-
ton generations, a vanishing Cabibbo angle, and it admits flavour-changing
neutral currents. Nevertheless, it does provides a credible mechanism that
might solve the mass hierarchy problem of the leptons and quarks. In addi-
tion, if there is an intermediate breaking scale between the compactification
scale (1019 GeV) and the GUT scale (1014 GeV) at approximately 1016 GeV,
then the predicted weak mixing angle is in reasonable agreement with the
Standard Model value, and proton decay is suppressed substantially below
current experimental limits [91].

5.3 Grand Unification

Although the symmetric Gepner models do not yield satisfactorily realistic
spectra, there still are the (2, 1) and (2, 0) models that can be constructed
from them by means of additional simple currents or by breaking either
the right supersymmetry or the right Kač–Moody algebra manually. These
asymmetric Gepner models are far more numerous than their symmetric
counterparts. On the left side the full Kač–Moody algebra is of course nec-
essary for the theory to be mapped to a heterotic one by the bosonic string
map. From a phenomenological point of view, the (2, 0) models are the
most interesting, since they produce theories with grand unification gauge
groups.

Some mechanisms to obtain asymmetric Gepner models have been de-
veloped in recent years, mainly based on the so-called sigma models. Het-
erotic superstring theories with a D5 = SO(10) gauge group can be ob-
tained by breaking the right Kač–Moody algebra D5,1 to D1,1 ⊗D4,1, whilst
maintaining the left one [76]. The U(1) factor then extends SO(8) to SO(10)
by a maximal embedding. This U(1) group is a combination of the usual
U(1) current of the N = 2 superconformal algebra and the group SO(2) ∼=
U(1). Similarly, one may break the D4,1 to D3,1⊗D1,1. Because D3 = so(6) ∼=
su(4), the U(1) combination extends the gauge group to SU(5), again by
the embedding of maximal subgroups. Further reduction gives an SU(4)
gauge group, which does not lend itself for any realistic phenomenology,
or SU(3) × SU(2). Taking all U(1) factors into account, one finds a final
SU(3)× SU(2)×U(1)r+2 gauge group in the latter case.
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Blumenhagen and Wißkirchen describe the construction of such asym-
metric models with grand unification gauge groups [9, 8]. In their construc-
tion, the left Kač–Moody algebra is initially broken as well as the right one,
but it is fixed by an appropriate choice for the simple current. In particular,
one needs one simple current for the gauge group SO(10), two for SU(5),
and three for SU(3)×SU(2). The modular matrices of these additional sim-
ple currents should not commute with the matrices of the alignment and
GSO currents, so as to prevent the gauge group from being extended. The
precise nature of these simple currents depends heavily on the structure of
the internal conformal field theory. The Yukawa couplings for these mod-
els can be calculated explicitly. The authors, however, do not obtain any
realistic models, primarily because they concentrate on the 3 3 3 3 3 model.

Asymmetric (2, 0) models can be obtained from a more geometric per-
spective, as has been done by Kachru [57], for example. There indeed ex-
ist (2, 0) Calabi–Yau models with Standard Model gauge groups and three
generations of quarks and leptons. These in turn are related to asymmet-
ric Gepner models and Landau–Ginzburg models. The crucial point is that
one takes Calabi–Yau manifolds that are not simply connected, so that one
may designate “expectation values to Wilson lines around non-contractible
loops”, as Kachru points out.6 This procedure can be used to reduce the
rank of the gauge group successively, which explains its popularity. Still,
the Wilson-loop breaking approach is known to predict the weak mixing
angle incorrectly [4].

6A Wilson line, or Wilson loop, is the monodromy phase (holonomy) of a gauge field.
For compact spaces or spaces with non-trivial fundamental groups, Wilson lines are non-
zero and they can affect the physics dramatically. Even though the field strength vanishes
everywhere, there can be non-trivial gauge field configurations, which correspond to Wil-
son loops. Well-known examples of such configurations lie at the heart of the Aharonov–
Bohm effect, Berry’s phase, and the Dirac monopole. The interested reader is directed to
the literature [41, 84] for more details.



Outlook

Gepner models provide an algebraic alternative to compactification, for
which many phenomenological quantities can be calculated exactly due
to the solvability of the rational conformal field theories that are used to
build them. Simple currents are a powerful instrument in the computa-
tional search for modular invariants, as space-time supersymmetry, world-
sheet supersymmetry and more complicated structures are treated evenly
and can be implemented equally well.

Among the 168 models that I have explored with the simple currents
method, there are none with three particle generations; none of the known
1176 A-D-E invariants actually has three generations. From the Gepner
models it is however possible to obtain three-generation models, such as
the orbifolded 1 16 16 16 model with three exceptional invariants. Because
orbifolds with discrete torsion correspond to simple current invariants, one
may be optimistic to suggest that there are (many) more to be discovered
with the aid of simple currents in the domain of the abundant (2, 0) models,
as there indeed exist orbifolds that produce three generations of quarks and
leptons.

Recently, Dijkstra et al. [23] have found 179520 Standard Model spectra
from the Gepner models of open unoriented string theories, or orientifolds.
Their research is a first exploratory scan of the “landscape” of vacua. At the
Planck scale, these models do not exceed the maximum allowed value of
the weak mixing angle, and the value predicted by roughly one out of ten
models is compatible with SU(5) unification models. There are undoubt-
edly several Standard Model spectra to be found in (2, 0) Gepner models
from closed strings as well. Unfortunately, I have not been able to obtain
any realistic models. The construction of asymmetric models with grand
unification or even Standard Model gauge groups requires detailed knowl-
edge of the internal theories, which complicates matters considerably.

Properties such as masses and coupling constants depend on the mod-
uli of the compactification spaces. Because Gepner models correspond to
special points in the moduli space, the procurable vacua may not contain

127
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the Standard Model in all its glory. Moduli-independent quantities such
as for example the number of generations are therefore a first important
step towards identifying the possible Standard Model spectra. Once these
spectra have been classified, one might use perturbation theory near par-
ticular points in the moduli space or construct the models geometrically,
so that one can calculate more specific data. At that point, there are three
scenarios conceivable: either there are many Standard Models in the class
of (2, 0) or orientifolded Gepner models, there is a unique Standard Model,
or there are absolutely no Gepner models that match the Standard Model
exactly. In the first case one may have to live with the fact that our universe
is not unique after all, which is in clear contrast with the second possibil-
ity. The third scenario is not an immediate disappointment, as it would
merely rule out the class of Gepner models from the list of potential can-
didates. One could always try to use more complicated algebraic models,
such as non-rational conformal field theories, coset conformal field theo-
ries, and Kazama–Suzuki models, or one may use (combinations of) mod-
ular invariants that cannot be obtained by means of simple currents. That
Gepner models do not exhaust the possibilities at hand is underlined by the
research of Braun et al. [11], who have found the spectrum of the Minimal
Supersymmetric Standard Model (MSSM) from the E8×E8 heterotic super-
string on a Calabi–Yau space with an SU(4) instanton and a Z3×Z3 Wilson
line. The SU(4) instanton breaks one factor E8 → SO(10)× SU(4). The Wil-
son line breaks (the double cover of) SO(10) to a gauge group that contains
the Standard Model gauge group as a factor. They have found a spectrum
with three generations of quarks and leptons, where in each generation
there is one right-handed neutrino. The extra right-handed neutrino per
family might account for the observed neutrino oscillations.

Nevertheless, finding at least one Standard Model from String Theory
remains a challenge, but it surely is a prospect to look forward to.
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Mitteilungen der Deutschen Mathematiker-Vereinigung, 13 (2005),
pp. 98–105.

[31] J. FUCHS, A. KLEMM, C. SCHEICH, AND M. G. SCHMIDT, Spectra and
Symmetries of Gepner Models Compared to Calabi–Yau Compactification,
Annals of Physics, 204 (1990), pp. 1–51.

[32] H. GEORGI, Lie Algebras in Particle Physics, Frontiers in Physics,
Perseus Books, Reading, Massachusetts, 1999.

[33] D. GEPNER, Exactly Solvable String Compactifications on Manifolds of
SU(N) Holonomy, Physics Letters, B199 (1987), pp. 380–388.

[34] , Space-Time Supersymmetry in Compactified String Theory and Su-
perconformal Models, Nuclear Physics, B296 (1988), pp. 757–778.

[35] , Field Identification in Coset Conformal Field Theories, Physics Let-
ters, B222 (1989), pp. 207–212.

[36] , Lectures on N = 2 String Theory, (1989). Lectures at Spring
School on Superstrings, Trieste, Italy.



132 REFERENCES

[37] , String Theory on Calabi–Yau Manifolds: The Three Generation Case,
(1993), hep-th/9301089.

[38] D. GEPNER AND Z. QUI, Modular Invariant Partition Functions for
Parafermionic Field Theories, Nuclear Physics, B285 (1987), pp. 423–
453.

[39] R. GILMORE, Lie Groups, Lie Algebras and Some of Their Applications,
Dover Publications, Mineola, New York, 2002.

[40] P. GINSPARG, Applied Conformal Field Theory, Fields, Strings and
Critical Phenomena (Les Houches, Sessions XLIX), (1988), hep-
th/9108028.
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