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Introduction

Before you is the result of my master thesis project. After some initial search-
ing for a subject, the choice was made to focus on the concept of vacuum in
quantum field theory, specifically quantum field theory with curved spacetime
backgrounds. This thesis describes the theory needed to work on this subject,
and the results and conjectures obtained during my work on the subject.

Background and goals

The classical notion of vacuum, dating back at least as far as early experiments
in thermo- and hydrodynamics, is that of empty space, or voids. A region that
contains no particles nor other objects.

With the advent of quantum mechanics, it became clear that vacuum is not
truly empty. In fact, quantum mechanics, specifically the Heisenberg uncer-
tainty principle, prohibits a completely empty state to exist, there will always
be a presence of quantum fluctuations. This means that there is some amount
of energy left in the vacuum state, allowing it to exhibit non-trivial properties.

The quantum field theory vacuum in flat spacetime has been studied quite
extensively, especially in the context of the cosmological constant problem, an
overview of which is given in [1]. A recent thesis by S. Lepoeter studies these
connections more in simple models for the early universe [2].

As to the case of general curved spacetimes, much less is known. Part of
the problem is that the definition of vacuum becomes problematic in curved
spacetimes. In this thesis, a possible solution for this will be explored, in the
form of an alternative, local definition of the vacuum.

Structure, or how to read this thesis

This thesis consists of two major parts. Chapters 1 and 2 give an introduction
to general relativity and quantization on arbitrary manifolds, and consist mostly
of a summary of the existing literature on the subjects to the extent needed in
the next part. A reader with background in these subjects can skip the majority
of these chapters, reading only their summary sections.

v



vi INTRODUCTION

The next part, consisting of chapters 3 through 5, contain more novel mate-
rial. Chapter 3 studies the well known examples of flat spacetimes and spatially
flat Friedmann-Robertson-Walker manifolds, focusing on finding local vacuum-
like states in these and on the properties useful for finding them. Chapter 4 then
generalizes the results from chapter 3 to a method we hypothesize to work for
arbitrary manifolds. Finally, chapter 5 shows that the method actually works
in the restricted case of 1+1-dimensional manifolds, elaborating more on its
properties in the process.

Appendix A contains an attempt at using the method from chapter 4 on
a 1+2-dimensional spacetime. Problems with regularizing the obtained results
prevented the inclusion of this in the main text, but it provides a good starting
point for further investigations into the validity of the hypothesis from chapter 4.
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On units and conventions

Before starting on the physics proper, it is unfortunately necessary to fix some
conventions. Throughout this document the standard high energy physics units
are used, setting c = ~ = 1. We will adopt the convention of not writing down
these constants wherever they occur.

Furthermore, as we will be looking at both relativistic and gravitational
issues, we need to fix conventions for the metric and related quantities. In
line with the high energy particle physics tradition, a metric with signature
(+,−,−,−) will be used. Furthermore, for the general relativistic portions of
the text, with the exception of the aforementioned metric, we will follow the
conventions from [3], having Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ −ΓρνλΓλµσ
and Rµν = Rλµλν .
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Nomenclature

Mathematics

N The set of natural numbers (including 0).
Z The set of integers.
R The set of real numbers.
C The set of complex numbers.
R≥0 The set of positive real numbers including 0.
<(z) The real part of the complex number z.
=(z) The imaginary part of the complex number z.

Γ(z) The gamma function of z, analytic continuation of
∞∫
0

dxxz−1e−x.

General relativity and field theory

gµν The (components of) the metric.
g The determinant of the metric.
Γρµν Christoffel symbols of the Levi-Civita connection.
Rρσµν Riemann tensor.
Rµν Ricci tensor.
R Ricci scalar.
Tµν Stress-energy tensor.
â†α,âα Creation/Annihilation operators.

φ̂ Field operator.

T̂µν Stress-energy operator.
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Chapter 1

General Relativity

With the advent of Special Relativity it quickly became clear that the Newtonian
formulation of gravity was not compatible with it, and could not easily be
written in a form that was. A new idea was needed. This idea came in the form
of Einstein’s General Relativity theory. Instead of taking gravity to be a force,
General Relativity posited that it was in fact a deformation of space and time
itself.

In General Relativity, it is assumed that everything with mass deforms
(curves) spacetime. Then all the effects of gravity are caused by the fact that
straight lines in spacetime are affected by this curvature.

1.1 Manifolds

In order to properly set up General Relativity, a way is needed of working with
curved spacetimes. It turns out that mathematics has such a way, in the theory
of manifolds. The explanation of the theory of manifolds given here is loosely
based on the material in chapters 2 and 3 of [3], which is a good starting point
for the reader looking for more information.

A manifold is essentially a set of points, together with information as to
how these points are connected and distanced from each other. Since it would
be very difficult to work directly with this set of points, one usually introduces
coordinate maps on this set. In essence, these are maps that take coordinates
in a subset of Rd, and use these to label points in a subset of the manifold.

These maps are required to respect the way the manifold is connected, in
the sense that if we have a list of points in Rd that tend to a single other point,
then the images of these points should tend to the image of that limit point.
However, distances need not be respected (this wouldn’t even be possible for
most manifolds, see for example the sphere). This means a different method is
needed to expose this information.

In general, it is possible that there are several maps describing the same
section of the manifold. Whenever this is the case, these maps need to be

1



2 CHAPTER 1. GENERAL RELATIVITY

compatible, which essentially means that they should describe the same spatial
structure. As in the rest of this text we only need manifolds described by a
single coordinate map, these compatibility rules will not be treated here.

1.1.1 Vectors, tensors and the metric

The metric is what contains the geometric properties of the manifold. In order
to introduce it, first another concept is needed, that of a tensor.

In a flat, d-dimensional space, there is also a way of indicating directions
with a magnitude, using the vector space Rd. In flat space there is no need to
be pedantic about having a copy of these for each point in the space. Moving
vectors around in a flat space can be visualized as moving an arrow, and it is
clear that during such moving around this arrow has no need to rotate.

In a manifold this is quite different. Moving a vector along a path might
change some of its properties. Most importantly, when moving a vector around
a circular path, the result can be very different from the vector started with.

Figure 1.1: Tangent
space at a point.

Hence, in order to introduce this same concept of
vectors on the manifold, it is necessary to also keep
track of where a vector is located. To this end, each
point on the manifold has its own tangent space, where
all vector quantities at this point are situated. These
tangent spaces are an intrinsic companion to the mani-
fold, and not dependent on the coordinate maps. How-
ever, using coordinate maps of the manifold, coordi-
nates can also be introduced on these tangent spaces,
by using the directions of the coordinate derivatives
as a basis. Then, elements of the tangent space can
be expressed in coordinates, which for a vector V are
(abstractly) written as V µ. In this notation, µ is an
index, so V µ means that we are referring to the µ-th component of V in the
chosen coordinates.

Similarly, at each point there is also a space of linear functions on that
point’s vectors, called covectors, that form the dual space of the tangent space.
As these are linear functions, they can be fully described by their values on a
complete set of vectors. This means that, again, coordinate maps can be used
to introduce coordinates for the covectors, in such a way that for a covector
W ,

∑
µ
Wµ V

µ = W (V ). Since sums like this occur often, it is customary that

the summation is implicit whenever an index is repeated, making the above
Wµ V

µ = W (V ). This is referred to as the Einstein sum convention.

The above constructions of vectors and covectors can be generalized to ob-
jects with an arbitrary number of vector and covector indices. These are called
tensors, and a vector with k upper and l lower indices has a natural interpre-
tation as a map from k covectors and l vectors to the real numbers. As such,
these objects can be seen as living in a form of abstract tangent space, and their
coordinate forms are only a result of the coordinate maps used for the manifold.
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However, because the manifold will in general be curved, the directions of
the coordinate derivatives might not be orthogonal to each other. In fact, their
natural magnitude might not even be one. This means that the natural relation
between vectors and covectors, needed for example to calculate the norm of
vectors, is nontrivial.

Hence, an expression for the operation of making a covector out of a vector
(and vice versa) is required. Since this is a linear operator, it itself acts as a
tensor, and is called the metric tensor, or gµν . Its inverse is denoted gµν , and
is defined by the relation gµρgρν = δµν .

1.1.2 Connection and derivatives

In the previous section, tensors were introduced as living only on one point,
and the only way the extended shape of the manifold came in was in defining
coordinates on the spaces these objects live in. In general however, the quantities
or objects represented by these tensors are well-defined on all points of the
manifold. For example, the metric is a well defined transformation at each
point.

It is very useful to have a concept that connects the coordinate values of
such tensor objects at various points. This is the role of the connection Γµνρ.
Although it is denoted as a tensor, it is important to keep in mind that it is
not a tensor, as its properties under coordinate transformations are markedly
different. Its prime use will be defining a notion of differentiation of tensors.

Suppose T ν
µ is a tensor defined on a sufficiently large region of the manifold.

Then its components are functions of the coordinates used to induce them, and
it is possible to take a partial derivative of these components to one of the
coordinates. This can be written as ∂ρT

ν
µ , where ∂ρ denotes differentiation in

the direction of the ρ-th coordinate. While written as a tensor, this again does
not transform as a tensor.

This is rather unfortunate, as there are several important applications of
derivatives (such as in writing down an action) where a derivative that does
transform like a tensor is needed. For this, the covariant derivative ∇µ acts
as a derivative producing an object that does transform like a tensor. For the
tensor T from the previous example, it is defined through ∇ρT ν

µ = ∂ρT
ν

µ −
ΓλρµT

ν
λ + ΓνρλT

λ
µ . In general, for each lower index a term is generated of the

form of the second right-hand term in the example, and for each upper index a
term of the form of the third right-hand term.

The properties imposed on the connection are such that∇ρ acts like a deriva-
tive, e.g. as a linear operator satisfying the Leibniz rule. These two properties
together are not enough to uniquely fix the connection and covariant derivative.
Two more properties are needed.

The first, that the connection be torsion free, is somewhat technical and
will not be elaborated on here, but requires Γρµν = Γρνµ. The second, metric
compatibility, states that ∇ρgµν = 0. This implies that the covariant deriva-
tive interacts in such a way with the metric that one can freely raise and lower
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indices. These two properties together are enough to uniquely specify a connec-
tion.

This connection, usually called the Levi-Cevita connection, is given by:

Γρµν =
1

2
gρλ

(
∂µgλν + ∂ν gλν − ∂λgµν

)
1.1.3 Geodesics

Figure 1.2: Great circle, a
geodesic on a sphere.

The derivative defined above allows a quantitative
analysis of how a vector changes from point to point
in the manifold. In particular, one can look at what
it means for a vector to not change from point to
point. This is the basis for the concept of geodesics.
In essence, a geodesic is the curve that is obtained
if one were to start at a point of the manifold, picks
a direction and starts walking in that direction, all
the while transporting the direction in such a way
that it does not change in the sense of the covariant
derivative. For example, on a sphere, this will give
great circles as geodesics.

The concept of always walking in the same di-
rection, transporting it with you without change,
can be formalized. Let γµ(τ) be a path parameter-
ized by the parameter τ . By reparameterization, we can always make it such
that the direction vector d

dτ γ
µ has constant norm, so assume this. For this path

to be a geodesic, it then has to be the case that the direction vector does not
change, giving the condition

(
d
dτ γ

ρ
)
∇ρ
(

d
dτ γ

µ
)

= 0 for all µ.

Figure 1.3: Rotation of
a vector during parallel
transport on a sphere.

Written differently, this gives the geodesic equa-
tion

d2γµ

dτ2
+ Γµρσ

dγρ

dτ

dγσ

dτ
= 0.

1.1.4 Curvature

The notion of transporting a vector along a curve
without changing it, called parallel transport, is
useful for more than just determining geodesics.
For example, one can wonder what happens to a
vector that is parallel transported through a loop.
In flat space the answer to this question is simple,
in that nothing changes. On curved spaces the sit-
uation is altogether different, as can be seen on the
sphere (see also Figure 1.3).

It turns out that the amount of rotation of a
vector around an infinitesimal loop forms a good basis for defining the Riemann
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curvature tensor. In fact, for a vector V σ going through an infinitesimal loop
constructed by first going a bit along a vector Aµ, then a bit along a vector Bν ,
then back along Aµ and finally back via Bν , the change of the vector is given
as δV ρ = RρσµνV

σAµBν .

Using this, one can work out an expression for the Riemann tensor as

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ.

It turns out that the Riemann tensor has several symmetries. These are
most easily seen in Rρσµν = gρλR

λ
σµν , and are:

Rρσµν = −Rρσνµ
Rρσµν = −Rσρµν
Rρσµν = Rµνρσ

Rρσµν +Rρµνσ +Rρνσµ = 0

U V

M

f

f−1

φ′ φ

Figure 1.4: Coordinate trans-
form f between two charts φ and
φ′

It is also useful to consider contractions
of the Riemann tensor. From the above sym-
metries it can be shown that there is essen-
tially only one way to contract the Riemann
tensor. This gives the Ricci tensor

Rµν = Rλµλν ,

which is symmetric, and the Ricci scalar

R = gµνRµν .

1.1.5 Coordinate transform

As stated when introducing coordinate
maps, in the rest of this text manifolds that
need more than one map to cover the entirety
of the manifold will not be encountered. In
all the cases looked at, the relevant portions
of the manifold can be covered using a single
coordinate chart.

However, one specific case of multiple co-
ordinate maps is useful to look at. Suppose we have two charts φ : U →M and
φ′ : V → M covering the manifold M . Then there is a relation f between the
coordinates used by these charts, called a coordinate transformation. This gives
the situation drawn in figure 1.4. It is required that f is a smooth bijective
map, and that φ′ ◦ f = φ and φ ◦ f−1 = φ′.

In this specific case, it is interesting to work out the transformation rules
for the components of vectors and covectors. With some calculations one finds
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that (using µ for the old components and µ for the new):

V µ =
∂fµ

∂xµ
V µ

Wµ =

(
∂fµ

∂xµ

)−1

Wµ

For tensors, for each upper index a factor like that for a vector is needed,
and for each lower index a factor like that for a covector. So for the tensor T ν

µ ,
it transforms as

T ν
µ =

(
∂fµ

∂xµ

)−1
∂fν

∂xν
T ν
µ .

1.2 Gravity using manifolds

The above machinery can now be used to reformulate special relativity, and
postulate general relativity. The following material is loosely based on chapter 4
of [3], and again the interested reader is referred there for more detail.

Taking as coordinates x0 = t, x1 = x, x2 = y, x3 = z, the metric turns out
to be

gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 = ηµν .

This is exactly what is called the metric when using the four-vector formalism
for special relativity, and in fact all relevant quantities are of similar form.

x

t

Figure 1.5: Space- (dashed)
and timelike (solid) geodesics
in a 2-d Minkowski space-
time, with dotted lightcone.

Working out what the Geodesics are on the
manifold above, one finds that they divide in 3
categories:

• spacelike curves (gµν
∂γµ

∂t
∂γν

∂t < 0), that lie
completely outside the lightcone for any
point on them.

• timelike curves (gµν
∂γµ

∂t
∂γν

∂t > 0), that
lie completely inside the lightcone for any
point on them.

• lightlike curves (gµν
∂γµ

∂t
∂γν

∂t = 0), that lie
completely on the lightcone.

All these curves are straight lines in terms of the
above given choice of coordinates. For massive
particles, the timelike geodesics are the paths
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followed through spacetime when not accelerated, and for massless particles,
that role is occupied by the lightlike curves.

One final point is that we can determine something called a signature from
the metric. If we take any set of 4 independent vectors with non-zero norms, we
can count how many have positive and how many have negative norm. This is
a property that is independent of the choice of vectors, and for this spacetime
we find there is one positive and 3 negative norms. It can be shown that for
any manifold, it is independent of position, and hence makes a good way of
classifying the manifold. It is called the signature, and the value is usually
denoted as (+,−,−,−).

In general relativity, it is postulated that spacetime is a 4-dimensional mani-
fold with signature (+,−,−,−), that massive particles follow timelike geodesics,
and massless particles lightlike geodesics.

Furthermore, a prescription is needed that couples the shape of the space-
time manifold to the matter content of it. It turns out that just using mass
is not sufficient. The shape actually couples to the stress-energy tensor, which
contains the energy density, momentum density and momentum flow at a point
in spacetime. This is coupled to the curvature of the manifold through the
Einstein Equation

Rµν −
1

2
Rgµν = 8πGTµν .

1.3 Stress-energy tensor

In flat spacetime, the stress energy tensor is often found as the conserved current
corresponding to translation invariance (see for example [2]). When moving to
theories defined on a curved manifold, translation invariance is broken, and
it becomes unclear how to use Noether’s theorem to derive the stress-energy
tensor. However, the stress energy tensor also occurs in the Einstein equations,
a fact that can be used to derive an alternative expression for the stress energy
tensor.

A well known result in general relativity is that the Einstein equations can
be derived from an action, the Einstein-Hilbert action:

Sgrav = − 1

16πG

∫
d4xR

√
|g|

In order to derive the Einstein equations from the Einstein-Hilbert action, it
is useful to first derive two intermediate results. Let us start with the variation
of
√
|g|:

δ
√
|g|

δgµν
= − 1

2
√
|g|

δg

δgµν
=

1

2
√
|g|
ggµν = −1

2

√
|g|gµν

Second, both Γαµβ and Γαµβ + δΓαµβ are connections, and hence

∂µV
ν + ΓνµρV

ρ − ∂µV ν −
(
Γνµρ + δΓνµρ

)
V ρ
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is the difference of the two covariant derivatives corresponding to those connec-
tions, and hence transforms as a vector. But this can be rewritten as

δΓνµρV
ρ.

Since V transforms as a vector, and the whole transforms as a tensor for any
V , δΓνµρ behaves as a tensor.

With these preliminaries out of the way we can start to determine the varia-
tion of the action. Here, the approach in section 4.3 of [3] will be used. Varying
the action gives:

δSgrav = − 1

16πG

∫
d4x δ

(
R
√
|g|
)

= − 1

16πG

∫
d4x δ

(
Rµνg

µν
√
|g|
)

= − 1

16πG

∫
d4x

(
δRµνg

µν
√
|g|+Rµνδg

µν
√
|g|+Rµνg

µνδ
√
|g|
)

It can be seen that there are three contributions, and using the above derived
identities we could now, without much further effort, express two of them in
δgµν . This leaves the term δRµνg

µν
√
|g|, for which some extra work is needed.

Working out the variation of the Riemann tensor:

δRρµλν = δ
(
∂λΓρνµ + ΓρλσΓσνµ − ∂νΓρλµ − ΓρνσΓσλµ

)
= ∂λδΓ

ρ
νµ + δΓρλσΓσνµ + ΓρλσδΓ

σ
νµ − ∂ν δΓ

ρ
λµ − δΓ

ρ
νσΓσλµ − ΓρνσδΓ

σ
λµ

= ∂λδΓ
ρ
νµ + ΓσνµδΓ

ρ
λσ + ΓρλσδΓ

σ
νµ − ∂ν δΓ

ρ
λµ − ΓσλµδΓ

ρ
νσ − ΓρνσδΓ

σ
λµ

Furthermore, since δΓνµρ is a tensor, we can write down

∇λ
(
δΓρνµ

)
−∇ν

(
δΓρλµ

)
= ∂λδΓ

ρ
νµ + ΓρλσδΓ

σ
νµ − ΓσλνδΓ

ρ
σµ − ΓσλµδΓ

ρ
νσ

− ∂ν δΓ
ρ
λµ − ΓρνσδΓ

σ
λµ + ΓσνλδΓ

ρ
σµ + ΓσνµδΓ

ρ
λσ

= ∂λδΓ
ρ
νµ + ΓρλσδΓ

σ
νµ − ΓσλµδΓ

ρ
νσ

− ∂ν δΓ
ρ
λµ − ΓρνσδΓ

σ
λµ + ΓσνµδΓ

ρ
λσ

= δRρµλν .

Hence δRρµλν = ∇λ
(
δΓρνµ

)
−∇ν

(
δΓρλµ

)
.

Using this, the δRµνg
µν
√
|g| term can be worked out to give the following:

− 1

16πG

∫
d4x
√
|g|gµνδRµν = − 1

16πG

∫
d4x
√
|g|gµν

(
∇ρ
(
δΓρνµ

)
−∇ν

(
δΓρρµ

))
= − 1

16πG

∫
d4x
√
|g|
(
∇ρ
(
gµνδΓρνµ

)
−∇ν

(
gµνδΓρρµ

))
= − 1

16πG

∫
d4x
√
|g|∇ρ

(
gµνδΓρνµ − gµρδΓννµ

)
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Now, since for determining
δSgrav

δgµν it is only necessary to consider smooth com-

pactly supported δgµν , at infinity both δgµν and all its derivatives are zero,
and hence also δΓρνµ and all its derivatives. Thus, using Stokes’s theorem we
conclude that

− 1

16πG

∫
d4x
√
|g|gµνδRµν = 0.

Rewriting the two remaining terms gives:

δSgrav = − 1

16πG

∫
d4x

(
Rµνδg

µν
√
|g|+Rµνg

µνδ
√
|g|
)

= − 1

16πG

∫
d4x
√
|g|δgµν

(
Rµν −

1

2
Rgµν

)
Hence, by the principal theorem of the calculus of variations, we have an

extremum of the action iff

δSgrav

δgµν
= −

√
|g|

16πG

(
Rµν −

1

2
gµνR

)
= 0.

Starting from an action of pure gravity, the vacuum Einstein equation is found.
Now it can be postulated that the entire Einstein equations should follow from
an action that contains both the Einstein-Hilbert action and a matter portion.

Suppose that we now have an action Sfields for a field theory that is also valid
for a curved spacetime manifold. Then the total action is S = Sgrav + Sfields.
Taking the variation to the metric gives:

δS

δgµν
= −

√
|g|

16πG

(
Rµν −

1

2
gµνR

)
+
δSfields

δgµν

Since the equations of motion δS
δgµν = 0 are equivalent to the Einstein equa-

tion Rµν − 1
2gµνR = 8πGTµν , we arrive at the following definition for Tµν :

Tµν =
2√
|g|

δSfields

δgµν

1.3.1 Example: real scalar field

To illustrate the use of the above expression, it is useful to work out an example.
As it will be useful in later chapters, the choice has been made for the theory
of a single real scalar field. This gives a field action

Sfields =

∫
d4x
√
|g|
[

1

2
gµν∂µφ∂νφ−

1

2
m2φ2

]
.
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It is immediately clear that there are two occurrences of the metric in the
expression. Both are of sufficiently simple form that the tools derived above
immediately give results:

δSfields

δgµν
=
δ
√
|g|

δgµν

[
1

2
gρσ∂ρφ∂σφ−

1

2
m2φ2

]
+
√
|g|1

2
∂µφ∂νφ

= −1

2

√
|g|gµν

[
1

2
gρσ∂ρφ∂σφ−

1

2
m2φ2

]
+

1

2

√
|g|∂µφ∂νφ

Inserting this into the definition of the stress energy tensor then nets

Tµν = −1

2
gµνg

ρσ∂ρφ∂σφ+ ∂µφ∂νφ+
1

2
gµνm

2φ2.

Note that, for a Minkowski metric, this is equal to what can be derived using
Noether’s theorem (see [2] for that derivation).

1.4 Summary

This chapter introduced the important concepts from general relativity, such as
the metric, concept of a tensor, and that of coordinate maps and coordinate
transformations. Furthermore, a first look was taken at the notion of the stress-
energy tensor. It was noted that in a general spacetime, the derivation through
Noether’s theorem was not sound, and an alternative was needed. This in turn
was derived through the Einstein-Hilbert action, and as an example, the case of
a massive real scalar field was worked out, giving a stress energy tensor of the
form

Tµν = −1

2
gµνg

ρσ∂ρφ∂σφ+ ∂µφ∂νφ+
1

2
gµνm

2φ2.



Chapter 2

Quantization in curved
spacetime

Given the goal of studying the vacuum of a field in a curved spacetime back-
ground, it is necessary to learn how to quantize such a system. To introduce
the techniques for this, the theory of a massive real scalar field will be used:

S =

∫
d4x
√
|g|
[

1

2
gµν∂µφ∂νφ−

1

2
m2φ2

]
(2.1)

Although the focus throughout this text will be on this specific example, the
techniques and ideas presented here also form the basis for quantizing more
complex systems, such as complex scalar or fermionic fields. The text here is
largely based on the method of quantization presented in section 3.2 of [4].

Having a flat spacetime as background, one of the most direct ways of quan-
tizing the system is via canonical quantization. In this procedure the field is
expanded in plane wave modes uk(t,x) = Cke

ikx−iωt that solve the classical
equations of motion for the field, giving:

φ(t,x) =

∫
d3k [uk(t,x)ak + u∗k(t,x)a∗k] (2.2)

To get the field operator, the expansion coefficients ak are promoted to oper-
ators and given the commutation relations of creation/annihilation operators

([âk, âk′ ] = 0, [â†k, â
†
k′ ] = 0 and [âk, â

†
k′ ] = δ3(k − k′)1̂). Finally, requiring the

canonical equal-time commutation relation [φ̂(t,x), π̂(t,x′)] = iδ3(x−x′)1̂, with

π̂ = ∂t φ̂, to hold can be used to derive the value of the normalization constants
Ck.

Trying to generalize this procedure to a more general spacetime background
presents several issues, but the most obvious one is that plane waves might not
be solutions to the classical equations of motion anymore. Hence, there is a
need for methods that work with more general wave functions uk. Let us derive
those in a flat spacetime background.

11
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Start by assuming we have a set of mode functions uk(t,x), solving the
classical equations of motion. This set should be complete and minimal for
a fixed time t, in the sense that for any function f(x), there is an expansion
in a unique way as

∫
d3k [uk(t,x)fk + u∗k(t,x)f∗k ]. Since it is not immediately

obvious if and how orthogonality and normalization should be imposed, this is
left for later.

Expanding the field φ in these modes and promoting the coefficients to cre-
ation/annihilation operators results in the familiar looking expression

φ̂(t,x) =

∫
d3k

[
uk(t,x)âk + u∗k(t,x)â†k

]
.

Calculating the canonical commutators using this expression gives (using f ′

for the t-derivative of f):

[φ̂(t,x), π̂(t,x′)] =

∫
d3kd3k′

[(
uk(t,x)âk + u∗k(t,x)â†k

)
,(

u′k′(t,x
′)âk′ + u′∗k′(t,x

′)â†k′
)]

=

∫
d3kd3k′

(
uk(t,x)u′∗k′(t,x

′)[âk, â
†
k′ ]

+ u∗k(t,x)u′k′(t,x
′)[â†k, âk′ ]

)
=

∫
d3k (uk(t,x)u′∗k (t,x′)− u∗k(t,x)u′k(t,x′)) 1̂

Since the above ought to give the usual result of iδ3(x−x′)1̂, this imposes the
decomposition of δ3(x−x′). We now would like to define some sort of product
(u, v), giving a complex number as a result, that can be used to normalize the
mode functions. In fact, if it were possible to make (u, v) an inner product,
it could be used to impose orthogonality on the mode functions. This in turn
leads to the following equality:

(δ3(x− x′), uk) = −iu′∗k (t,x′) (2.3)

Hence we are looking for something that behaves somewhat as an inner
product and which satisfies (2.3). This second requirement implies that the
product (u, v) ought to at least depend on u and v′ (since ∂

∂tδ
3(x − x′) = 0).

Furthermore, for symmetry reasons one would then expect it to also depend on
u′ and v. Finally, using the fact that (sesqui)linearity in the arguments is needed,
i.e. (αu+ βu′, v) = α(u, v) + β(u′, v) and (u, αv + βv′) = α∗(u, v) + β∗(u, v′), a
product of the form

(u, v) = A

∫
d3x [u(t,x)v′∗(t,x)± u′(t,x)v∗(t,x)] ,

with A a complex constant, seems to be the simplest option. However, a simple
calculation shows that when f is a function with f ′(t,x) = 0, then (f, f) = 0.
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This implies that this product cannot be positive definite, and thus cannot be
an inner product. As there seems to be no obvious way of fixing this with-
out introducing extra terms violating (2.3), the easiest solution is to drop the
requirement of positive definiteness. It then follows immediately that there is
linearity in the first argument, and, to get conjugate symmetry (u, v) = (v, u)∗,
A needs to be real when using a + sign, and purely imaginary when using a −
sign. Since −i is needed as the constant, we end up with the second option and
find:

(u, v) = −i
∫

d3x [u(t,x)v′∗(t,x)− u′(t,x)v∗(t,x)]

It turns out that this product is independent of t for u, v evolving according
to the classical equations of motion for the field. Hence, getting the correct
commutation relations at the chosen time t will guarantee correct commutation
relations for all times.

Since this is not an inner product, a bit more care is needed when using
this to impose normalization conditions on the mode functions. Not having
positive definiteness has had a side effect, in this case in the form of the identity
(u, u) = −(u∗, u∗). Because of this, instead of using the normal requirements
for orthogonality, we require the following to hold for the mode functions:

(uk, uk′) = δ3(k − k′)

(u∗k, u
∗
k′) = −δ3(k − k′)

(uk, u
∗
k′) = 0

(2.4)

The second of these conditions introduces an extra minus sign when deter-
mining the coefficients of a function, and a straightforward calculation yields:

δ3(x′ − y) =

∫
d3k

[
(δ3(x− y), uk(t,x))uk(t,x′)− (δ3(x− y), u∗k(t,x))u∗k(t,x′)

]
To recap, we now have a formalism where in a flat spacetime regime, it

is possible to choose arbitrary mode functions in the field expansion and still
successfully quantize the theory, getting the proper equal time commutation
relations.

2.1 General spacetimes

In order to move the formalism built up above to curved spacetimes, there are a
few final problems to solve. The major problem with the formalism used above
is the explicit split between space and time coordinates, and the dependence on
the Minkowski metric in the various integrals. Note that, as k is just a label, its
use is not by itself problematic, although the physical interpretation may not
be preserved.

To circumvent this issue, let a spatial slice Σ be a 3 dimensional subspace of
the space-time manifold with the property that there is no time-like path within
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this slice. This slice forms a sub-manifold of the complete spacetime manifold,
and as such, the metric on the whole spacetime manifold induces a metric gijΣ
on the slice. Note that this induced metric has signature (−,−,−), instead of
the usual euclidean (+,+,+). Let gΣ denote the determinant of this metric,
and nµ(x) the normal of Σ at point x ∈ Σ.

It can be shown that such a slice is a Cauchy surface (i.e. suitable for speci-
fying initial conditions) for the classical equations of motion of our Lagrangian,
just like the points (t,x) with fixed t in flat spacetime. Furthermore, the normal
nµ(x) to Σ acts as a timelike unit vector at point x. Hence it is possible to use
dΣ as a replacement for d3x, and nµ(x)Dµ as a replacement for ∂t. Since the
latter reduces to nµ(x)∂µ for scalars, using the notation dΣµ = nµ(x)dΣ, the
product defined in the previous section becomes

(u, v) = −i
∫

dΣµ
√
|gΣ|

[
u(x)∂µv

∗(x)−
(
∂µu(x)

)
v∗(x)

]
.

One can now again verify that it still holds that [φ̂(x), π̂(y)] = iδ3(x − y)1̂,
where x, y ∈ Σ and δ3(x− y) is the function such that∫

dΣ
√
|gΣ|δ3(x− y)f(x) = f(y).

By analogy with the flat spacetime case, let nµ(x)∂µδ
3(x−y) = 0. The definition

of π̂(y) then generalizes to π̂(y) = nµ(y)∂µφ̂(y).
Using this, the above calculations can be adapted to yield

[φ̂(x), π̂(y)] =

∫
d3k

[
uk(x)nµ(y)∂µu

∗
k(y)− u∗k(x)nµ(y)∂µuk(y)

]
1̂

and

δ3(x− y) = −i
∫

d3k
[
uk(x)nµ(y)∂µu

∗
k(y)− u∗k(x)nµ(y)∂µuk(y)

]
,

showing that the desired commutation relation still holds.
One other useful observation about the product on curved spacetimes is that

it is actually independent of Σ. This can be shown in a straightforward manner
from Gauss’s theorem (paragraph 2.8 of [5]), combined with the fact that u and
v are solutions of the equations of motion. This is important because it means
that the fact that the choice of Σ is arbitrary is not a problem. The theory
will always yield the same results. More importantly, this allows us to make a
choice that simplifies the calculations.

2.2 State space, the vacuum and choice of mode
functions

We can now start looking at the consequences for the interpretation of the
framework we just posited. There are two major points that will require some
attention, the state content of the state space and the determination of the
vacuum state of the theory.
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2.2.1 Bogolubov transformations

We first turn our attention to state space. Having introduced the creation
and annihilation operators âk and â†k before, the implicit choice of using the
associated Fock space as our state space was made. Hence, there is a state |0〉,
with the property that âk |0〉 = 0 for all k, and the state space is spanned by

the states of the form â†k1
...â†kn |0〉 (n ≥ 0).

However, doing this makes the state space (at least potentially) dependent
on the choice of mode functions. To see if this is actually the case, consider the
case where there is a second set of modes, vk. These can be written in terms
of the old modes as vk =

∫
d3k′

[
αkk′uk′ + βkk′u

∗
k′

]
. Such a relation between

mode functions is called a Bogolubov transformation, and the coefficients are
called Bogolubov coefficients.

Now let âk be the annihilation operators for the set of modes uk, and b̂k
be the annihilation operators for the set of modes vk. Then, since the two
expansions of φ̂ should be equal, it is possible to derive the relation between the

operators, b̂k =
∫

d3k′
[
α∗kk′ âk′ − β∗kk′ â

†
k′

]
. Using this, when |0b〉 is the state

with b̂k |0b〉 = 0 for all k, it also holds that 〈0b| â†kâk |0b〉 =
∫

d3k′|βk′k|2. Hence,
while |0b〉 might be free of excitations of v modes, it is not necessarily free of u
excitations when written in u modes. Note that in particular, this shows that
care must be taken when interpreting these mode excitations as particles that
can be detected in a particle detector.

Therefore, the |0〉 state of the system is dependent on the choice of mode
functions. Fortunately, it turns out that if the |0〉 state for one set of mode
functions can be written as a normalized state for another set of mode functions,
the Fock spaces associated with those sets of mode functions are isomorphic.
Such a rewriting of vacua is possible when

∫
d3k′|βk′k|2 converges.

Bogolubov transformations are useful for calculations on a whole host of
phenomena, examples of which are particle creation during inflation and the
derivation of the Unruh effect. As we will not have a need for Bogolubov trans-
formations in the calculation of vacuum energies, we will not cover more of the
subject here. The interested reader can find a more complete treatment in [4].

2.2.2 Criteria for the vacuum state

The above discussion however does show that we have lost a natural candi-
date for the vacuum of the theory. Since |0〉 is dependent on the chosen mode
functions, it is not sound to define the vacuum of the theory using it directly.

In an attempt to define a proper vacuum for the theory, the next logical thing
to turn to would be the Hamiltonian. Normally in quantum mechanics, the
vacuum state is defined as being the lowest eigenstate of the Hamiltonian. This
makes sense since in most applications of quantum mechanics the Hamiltonian
represents the energy. However, the Lagrangian on a general spacetime manifold
is time dependent, hence the correspondence between the Hamiltonian and the
energy of the system no longer holds.
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More critically, it turns out that the Hamiltonian is significantly affected by
changes of the Lagrangian such as adding a total derivative. These can even
cause its spectrum to change to one that is not bounded from below. In this
last situation, there doesn’t even exist a lowest eigenstate of the Hamiltonian.
Thus, it seems this is again a dead end.

However, if there is a region in the manifold where it behaves as Minkowski
space, it turns out that it is possible to use the Hamiltonian to define (locally)
a vacuum state. This is most easily implemented by requiring the Hamiltonian
to match the usual flat spacetime Hamiltonian in that region, then defining the
vacuum to be the lowest eigenstate of this operator in the Minkowski region.

This principle, though useful in examining processes happening between two
regions of flat spacetime, also has the limitation that it does not generalize to all
regions of spacetime. However, it gives a local definition of vacuum, we might
hope that such a notion can be retained throughout all of spacetime. To this
end, it is necessary to look for a replacement for the Hamiltonian that does not
lose its physical meaning.

One quantity to consider is the stress-energy tensor. It is also related to the
energy of the system, but contrary to the Hamiltonian, it is a tensor quantity
that is well defined at any point in space. Furthermore, it has the advantage that
it enters in the Einstein equations, and hence is at least theoretically measurable
through its influence on the geometry of spacetime. We can hope that, given
the right choice for the quantum state of the system, a stress-energy tensor can
be found that is proportional to the metric at some point, and hence behaves,
in the sense of general relativity, as a vacuum state at that spacetime point.

2.3 Operators

The above discussion provides operators for two basic quantities: φ̂(x), π̂(x).
When studying the classical theory quantities arise that are functions of the
classical equivalents of these, such as the stress energy tensor. When studying
the quantum theory, it is useful to look at the quantum analogues of these
operators. However, while the classical quantities φ(x) and π(x) commute,
their quantum versions do not. This means that an order for these operators
needs to be chosen.

In flat spacetime, the traditional choice is to normal order the field operators.
Unfortunately, as discussed in [6], this puts all interesting properties of the
vacuum to 0. Furthermore, intuitively it seems reasonable that there should not
be any preferred ordering. This intuition can be backed up by a number of formal
arguments requiring proper behaviour of the resultant operators and relations
between them, which shows that Weyl ordering is the preferred ordering (again,
see [6]). This ordering will be used in this text.

As an example, consider the stress energy tensor for a massive real scalar
field

Tµν = −1

2
gµνg

ρσ∂ρφ∂σφ+ ∂µφ∂νφ+
1

2
gµνm

2φ2.
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There is only one problematic term, ∂µφ∂νφ. Because of the index, the two
field operators might not commute. All other terms are already a symmetric
product, or are symmetrized because they are contracted with gρσ. Hence,

to make it an operator, we replace it by 1
2

(
∂µ φ̂∂ν φ̂+ ∂ν φ̂∂µ φ̂

)
, yielding the

stress-energy tensor operator

T̂µν =
1

2

[
−gµνgρσ∂ρ φ̂∂σ φ̂+ ∂µ φ̂∂ν φ̂+ ∂ν φ̂∂µ φ̂+ gµνm

2φ̂2
]
. (2.5)

2.4 Summary

In this chapter it was shown that it is possible to perform quantization on curved
manifolds, independent of the choice of coordinates or other non-physical pa-
rameters. However, in the process of setting this up, it was found that the
Hamiltonian lost its physical interpretation, and with it we lost (in some situa-
tions) the interpretation of field excitations as particles.

Fortunately, we found that a local vacuum can still be obtained in specific
local geometries, and theorized that the stress energy tensor could be a good
candidate to extend such a notion to the entire spacetime. Furthermore, we
settled on a procedure to turn classical quantities into operators, and derived
the form of T̂µν for a massive real scalar field.
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Chapter 3

Examples of quantization

In the last chapter we developed the machinery to do quantization on curved
spacetime. One of the conclusions was that the usual definition of the vacuum,
as the lowest eigenstate of the Hamiltonian, was no longer a good definition.
However, we also hypothesized that maybe the stress-energy tensor could still
be an indicator of whether a state looks, at least locally, like a vacuum.

To explore this idea, it is useful to apply it to some examples. One of the
simplest non-trivial spacetimes we can try is spatially flat Friedmann-Robertson-
Walker (FRW) space.

3.1 Quantizing in FRW space

Friedmann-Robertson-Walker space is a model of spacetime on cosmological
scales. It is used to construct models of the entire visible universe, and to make
predictions on some of its properties and its evolution. The more interested
reader can find a detailed description in any text on General Relativity, such as
[3].

We pick the spatially flat variety here as an example since it is one of the
simplest non-flat spacetimes. Our starting point will be the metric of spatially
flat FRW space: ds2 = dt2−a2(t)

(
dx2 + dy2 + dz2

)
. On this spacetime we will

quantize the theory of a real scalar field (having as action 2.1), and try to find
a quantum state that locally behaves vacuum-like.

The first step is to select a spatial surface for the calculations. Given the
structure of the metric, a surface Σ of fixed time t seems a good choice. It has
a particularly easy normal, the unit vector in the t direction. From here on out
all calculations, unless explicitly noted, will be on points in this surface.

Next, a choice needs to be made for the mode functions. Since the chosen
slice is very similar to a slice from flat spacetime, it seems reasonable that the
mode functions will be similar, hence we hypothesize uk (t,x) = C√

2
eik·xvk (t).

There are two notable differences. First of all, we might need a normalization
constant, hence C is introduced as such. Furthermore, the metric is non-flat in

19
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the time direction, hence the time evolution of the mode functions will not be
a complex exponential. We assume however that it decouples from the spatial
behaviour, and hence gives a contribution of the form vk (t).

The above hypothesis for the mode functions has a decomposition between
a spatial behaviour and temporal behaviour that turns out to be fruitful in
more general situations, as we will see in the next example. It is useful to
introduce explicit notation for this split, by introducing ek (x) for the spatial
behaviour, and vk (t) for the temporal behaviour. The mode function then
becomes uk (t,x) = 1√

2
vk (t) ek (x). In the case of the mode functions found

above, this matches when we take ek (x) = Ceik·x.
Having chosen the mode functions, it is necessary to check that they satisfy

the requirements on mode functions as posited in chapter 2. Since the equation
of motion is a wave equation, it is easy to verify that, with the proper choice
of vk (t), the mode functions are solutions. As the mode functions are based
on Fourier modes, it also follows immediately that any function on Σ can be
written as a sum of these mode functions. This leaves only the check that they
are orthonormal. Calculating gives:

(uk, uk′) = −i
∫

dΣµ
√
−gΣ [uk∂µu

∗
k′ − (∂µuk)u∗k′ ]

= −i
∫

d3x a3(t) [uk∂0u
∗
k′ − (∂0uk)u∗k′ ]

= −i
∫

d3x a3(t)ei(k−k
′)·xC

2

2
[vkv

′∗
k′ − v′kv∗k′ ]

= −i(2π)3δ3
(
k − k′

)
a3(t)

C2

2
[vkv

′∗
k′ − v′kv∗k′ ]

= (2π)3a3(t)C2δ3
(
k − k′

)
= (vkv

′∗
k′)

(uk, u
†
k′) = −i

∫
dΣµ
√
−gΣ [uk∂µuk′ − (∂µuk)uk′ ]

= −i
∫

d3x a3(t)ei(k+k′)·xC
2

2
[vkv

′
k′ − v′kvk′ ]

= −i(2π)3a3(t)
C2

2
δ3
(
k + k′

)
[vkv

′
k′ − v′kvk′ ]

Matching the above two calculations to the conditions of equations 2.4 allows
us to derive two properties. First, we get C2 = 1

(2π)3a3(t) . Second, we find that

it is necessary to have vk = v−k.
At this point, we have laid the foundation of the quantization. All that

remains is to make a choice for the initial conditions of vk, and it is possible to
calculate any property of the system. One of the subjects typically of interest is
the creation of particles through expansion of the universe, about which the in-
terested reader can find more information in any good text on curved spacetime
quantum field theory, such as [4].
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3.1.1 Calculating the stress-energy tensor

Our focus here will be on establishing a candidate for the vacuum state. As
argued in chapter 2, we will focus on the expectation value of the stress-energy
tensor as the primary means of judging whether we have a vacuum.

As calculating the expectation value of the stress-energy tensor for an ar-
bitrary state is difficult, it is necessary to restrict to some subset of states. In
analogy with the flat spacetime case, and because it makes the calculations easy,
it is useful to restrict ourselves to the state |0〉. Note that, since no choice was
made on the initial conditions of the vk, this is still a family of states from which
we will eventually need to pick one.

Having made the choice of which mode functions to use, and which states
to focus on, we can now start calculating the stress-energy tensor. As the goal
is to eventually calculate 〈0| T̂µν |0〉, with T̂µν as in equation (2.5), we start by
calculating the derivatives of the field operator (2.2):

∂0φ̂ = ∂0

∫
d3k

[
1√

2a3(t)(2π)3
eik·xvk(t)âk +

1√
2a(t)3(2π)3

e−ik·xv∗k(t)â†k

]

=
1√

2a3(t)(2π)3

∫
d3k

[(
v′k(t)− 3a′(t)

2a(t)
vk(t)

)
eik·xâk

+

(
v′∗k (t)− 3a′(t)

2a(t)
v∗k(t)

)
e−ik·xâ†k

]

∂iφ̂ = ∂i

∫
d3k

[
1√

2a3(t)(2π)3
eik·xvk(t)âk +

1√
2a3(t)(2π)3

e−ik·xv∗k(t)â†k

]

=
1√

2a3(t)(2π)3

∫
d3k iki

[
eik·xvk(t)âk − e−ik·xv∗k(t)â†k

]
From this, we can calculate 〈0| ∂µ φ̂∂ν φ̂ |0〉, the primary ingredient for calcu-

lating 〈0| T̂µν |0〉:

〈0| ∂0φ̂∂iφ̂ |0〉 = − 1

2a3(t)(2π)3

∫
d3kd3k′

(
v′k(t)− 3a′(t)

2a(t)
vk(t)

)
· eik·xik′ie−ik

′·xv∗k′(t)δ
3(k − k′)

= − 1

2a3(t)(2π)3

∫
d3k iki

(
v′k(t)− 3a′(t)

2a(t)
vk(t)

)
v∗k(t)

= 0 (antisymmetry in k)

〈0| ∂iφ̂∂0φ̂ |0〉 =
1

2a3(t)(2π)3

∫
d3kd3k′ ikie

ik·xvk(t)

(
v′∗k′(t)−

3a′(t)

2a(t)
v∗k′(t)

)
· e−ik

′·xδ3(k − k′)

=
1

2a3(t)(2π)3

∫
d3k ikivk(t)

(
v′∗k (t)− 3a′(t)

2a(t)
v∗k(t)

)
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= 0 (antisymmetry in k)

〈0| ∂iφ̂∂j φ̂ |0〉 = − 1

2a3(t)(2π)3

∫
d3kd3k′ ikie

ik·xvk(t)ik′je
−ik′·xv∗k′(t)δ

3(k − k′)

=
1

2a3(t)(2π)3

∫
d3k kikjvk(t)v∗k(t)

〈0| ∂0φ̂∂0φ̂ |0〉 =
1

2a3(t)(2π)3

∫
d3kd3k′eik·x

(
v′k(t)− 3a′(t)

2a(t)
vk(t)

)
· e−ik

′·x
(
v′∗k′(t)−

3a′(t)

2a(t)
v∗k′(t)

)
δ(k − k′)

=
1

2a3(t)(2π)3

∫
d3k

∣∣∣∣v′k(t)− 3a′(t)

2a(t)
vk(t)

∣∣∣∣2
〈0| ∂iφ̂∂iφ̂ |0〉 = − 1

2a3(t)(2π)3

∫
d3kd3k′ ikie

ik·xvk(t)ik′ie
−ik′·xv∗k′(t)δ

3(k − k′)

=
1

2a3(t)(2π)3

∫
d3k k2

i |vk(t)|2

Having these, we can calculate two more ingredients:

〈0| φ̂2 |0〉 =
1

2a3(t)(2π)3

∫
d3kd3k′ eik·xvk(t)e−ik

′·xv∗k′(t)δ
3(~k − ~k′)

=
1

2a3(t)(2π)3

∫
d3k|vk|2

gρσ 〈0| ∂ρφ̂∂σφ̂ |0〉 =
1

2a3(t)(2π)3

∫
d3k

(∣∣∣∣v′k(t)− 3a′(t)

2a(t)
vk(t)

∣∣∣∣2 − k2

a2(t)
|vk(t)|2

)

We now have all the ingredients needed to calculate 〈0| T̂µν |0〉:

〈0| T̂0i |0〉 = 0

〈0| T̂i0 |0〉 = 0

〈0| T̂ij |0〉 =
1

2a3(t)(2π)3

∫
d3k kikjvk(t)v∗k(t)

〈0| T̂00 |0〉 =
1

2a3(t)(2π)3

∫
d3k

1

2

(
2

∣∣∣∣v′k(t)− 3a′(t)

2a(t)
vk(t)

∣∣∣∣2
−

(∣∣∣∣v′k(t)− 3a′(t)

2a(t)
vk(t)

∣∣∣∣2 − k2

a2(t)
|vk(t)|2

)
+m2 |vk(t)|2

)

=
1

2a3(t)(2π)3

∫
d3k

1

2

(∣∣∣∣v′k(t)− 3a′(t)

2a(t)
vk(t)

∣∣∣∣2 +

(
k2

a2(t)
+m2

)
|vk(t)|2

)
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〈0| T̂ii |0〉 =
1

2a3(t)(2π)3

∫
d3k

1

2

(
2k2
i |vk(t)|2

+

(
a2(t)

∣∣∣∣v′k(t)− 3a′(t)

2a(t)
vk(t)

∣∣∣∣2 − k2|vk(t)|2
)
− a2(t)m2 |vk(t)|2

)

=
1

2a3(t)(2π)3

∫
d3k

1

2

(
a2(t)

∣∣∣∣v′k(t)− 3a′(t)

2a(t)
vk(t)

∣∣∣∣2
+
(
2k2
i − k2

)
|vk(t)|2 − a2(t)m2 |vk(t)|2

)

Having calculated 〈0| T̂µν |0〉, we now want to interpret our results. For
this, we need to be able to regularize them. As this is tricky to do on the
current expressions, let us first focus on making a choice of initial conditions
on the mode functions. Traditionally, this would be done through minimizing
the Hamiltonian, but as noted before this has lost both its physical meaning,
as well as being unbounded from below if we are unlucky. We thus need a
different approach. We have already calculated 〈0|T00 |0〉, which, because of
the diagonal form of the metric, has a natural interpretation as energy density.
As the Hamiltonian was energy in the flat spacetime case, and the vacuum is
generally associated with low energy states, it seems reasonable to hope that
minimizing this energy density will give us a vacuum-like state.

First, we note that the expression for 〈0| T̂00 |0〉 is an integral over k, and
that vk(t) and v′k(t) only occur at integration point k. Hence, the minimization
can be done per k. Furthermore, each of these expressions is invariant under
rotation of vk(t) in the complex plane. This allows us to reduce one of the
degrees of freedom, giving the following initial conditions:

vk(t0) = αk

v′k(t0) = βk + iγk

This can be further simplified by applying the condition = (vk(t)v′∗k (t)) = 1,
giving:

vk(t0) = αk,

v′k(t0) = βk − i
1

αk
,

where αk and βk are real.

Plugging these assumptions in gives
∣∣∣βk − i 1

αk
− 3a′(t)

2a(t) αk

∣∣∣2+
(

k2

a2(t) +m2
)
|αk|2.

Minimizing this yields αk = 1

4

√
m2+ k2

a2(t)

and βk = 3a′(t)
2a(t) αk.

Let us take stock of what we just calculated. First of all, minimizing
〈0| T̂00 |0〉 gave a result in which vk(t) is independent of the direction of k.
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This in turn immediately gives us a diagonal stress-energy tensor, a sign that
we might be on the right path. Furthermore, inserting the choice of vk gives

〈0| T̂00 |0〉 =
1

2a3(t)(2π)3

∫
d3k

√
m2 +

k2

a2(t)

〈0| T̂ii |0〉 =
1

2a3(t)(2π)3

1

3

∫
d3k

k2√
m2 + k2

a2(t)

which is, up to some factors a(t), equal to the stress-energy tensor in flat space-
times as calculated in [2]. Hence, this stress energy tensor will, after regular-
ization, be proportional to the metric. We can thus argue that we have found a
state of the quantum system that, on the surface of constant time t0, behaves
as a local vacuum state.

3.1.2 Regularization

It is useful to explicitly do the regularization of the results above, as similar re-
sults will be encountered in further examples. Furthermore, doing this provides
direct confirmation that the stress-energy tensor is proportional to the metric.

First, we need to settle on a method of regularizing the result. It is important
that the chosen method does not disturb the symmetries of the theory, in this
case coordinate invariance. Given the form of the expressions involved, this
means that the most appropriate choice will be dimensional regularization.

Informally, in dimensional regularization we replace our expressions by ones
that are a function of the dimension of the spacetime manifold. These expres-
sions can then, using analytic continuations, be given meaning for almost all
values of the dimension, after which we take a limit of the dimension to the
physical dimension of the system under study. A more in-depth treatment of
this can be found in [7]. The calculations done here are analogous to the flat-
spacetime case, which is worked out in [8] and [2].

Let us start by writing down the stress energy tensor in its dimension-
dependent form, where d is the number of spacetime dimensions (e.g. we will
eventually take the limit d→ 4):

〈0| T̂00 |0〉 =
µ4−d

2ad−1(t)(2π)d−1

∫
dd−1k

√
m2 +

k2

a2(t)

〈0| T̂ii |0〉 =
µ4−d

2ad−1(t)(2π)d−1

1

d− 1

∫
dd−1k

k2√
m2 + k2

a2(t)

Taking d to be an arbitrary complex number, and both expressions to be
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analytic in d, this can be worked out:

〈0| T̂00 |0〉 =
µ4−d

2ad−1(t)(2π)d−1

∫
dd−1k

√
m2 +

k2

a2(t)

=
µ4−d

2ad−1(t)(2π)d−1

∫
dΩd−1

∞∫
0

dk kd−2

√
m2 +

k2

a2(t)

=
µ4−d

2ad−1(t)(2π)d−1

2π
d−1
2

Γ
(
d−1

2

) ∞∫
0

dk kd−2

√
m2 +

k2

a2(t)

=
µ4−d

2(2π)d−1

π
d−1
2

Γ
(
d−1

2

) 1∫
0

dxx−
d
2−1 (1− x)

d−3
2 md

(
x ≡ m2

m2 + k2

a2(t)

)

=
µ4−d

2(2π)d−1

π
d−1
2

Γ
(
d−1

2

)mdΓ
(
−d2
)

Γ
(
d−1

2

)
Γ
(
− 1

2

)
=

µ4

2(4π)
d−1
2

(
m

µ

)d Γ
(
−d2
)

Γ
(
− 1

2

)
〈0| T̂ii |0〉 =

µ4−d

2ad−1(t)(2π)d−1

1

d− 1

∫
dd−1k

k2√
m2 + k2

a2(t)

=
µ4−d

2ad−1(t)(2π)d−1

1

d− 1

∫
dΩd−1

∞∫
0

dk kd−2 k2√
m2 + k2

a2(t)

=
µ4−d

2ad−1(t)(2π)d−1

1

d− 1

2π
d−1
2

Γ
(
d−1

2

) ∞∫
0

dk
kd√

m2 + k2

a2(t)

=
µ4−d

2(2π)d−1

a2(t)

d− 1

π
d−1
2

Γ
(
d−1

2

) 1∫
0

dxx−
d
2−1 (1− x)

d−1
2 md

(
x ≡ m2

m2 + k2

a2(t)

)

=
µ4−d

2(2π)d−1

a2(t)

d− 1

π
d−1
2

Γ
(
d−1

2

)mdΓ
(
−d2
)

Γ
(
d+1

2

)
Γ
(

1
2

)
= − µ4a2(t)

2(4π)
d−1
2

(
m

µ

)d Γ
(
−d2
)

Γ
(
− 1

2

)

From these results, we note that 〈0| T̂ii |0〉 = −a2(t) 〈0| T̂00 |0〉, and thus

〈0| T̂µν |0〉 ∝ gµν . It is possible to work this out further, but as we have no
interest in that specific result, this will not be done here.
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3.2 Cylindrical modes in Minkowski space

In order to build some more intuition for what is going on, it is useful to look
at more examples. One of the options is to quantize the scalar field in flat
spacetime using a set set of mode functions different from the standard Fourier
modes. In two spatial dimensions, an alternative is the use of Bessel functions,
solutions of the Laplace operator in cylindrical coordinates.

Formulating the above mode solutions is simple in polar coordinates. How-
ever, these coordinates are not conformal. This will significantly impede both
the calculations, and their interpretation. However, in two dimensions, a trans-
formation exists that keeps the spatial part conformal. Using x = ersin(θ), y =
ercos(θ), the metric in the new coordinates becomes ds2 = dt2−e2r(dr2 +dθ2).
For quantization, this has the spatial slice Σ given by t = 0, which again will
be the slice on which all calculations are done.

With the above choices, instead of ek(x) = eik·x, we get as spatial modes the
functions ek,n(r, θ) = Jn(ker)einθ. This has different labels n ∈ Z and k ∈ R≥0,
hence the mode functions as a whole also get these labels, giving uk,n(t, r, θ) =
1√
2
ek,n(r, θ)vk,n(t). Since the mode functions now have a discrete label, the

requirements of chapter 2 need to be reinterpreted in a discrete context. A useful
approach is to reinterpret the delta function as a generalized delta function, with
respect to some form of integration over the mode space.

In this case, it is useful to take for integration over mode space the form
∞∫
0

dk
∞∑

n=−∞

k
2π . From a straightforward calculation we can find that

∫
Σ

dx
√
|g|ek,n(x)e∗k′,n′(x) =

2π

k
δ (k − k′) δn,n′ .

Hence, with a testfunction f(n, k) we have

∞∫
0

dk

∞∑
n=−∞

k

2π

(∫
Σ

dx
√
|g|ek,n(x)e∗k′,n′(x)

)
f(n, k) = f(n′, k′),

showing that the inner product gives a generalized delta function for our chosen
replacement for integration.

Of course, this way of integrating should now also be used to define the field
expansion, giving

φ̂ =

∞∫
0

dk

∞∑
n=−∞

k

2π

[
uk,nâk,n + u∗k,nâ

†
k,n

]
and it will also be the case that the delta functions in the commutation relations

of the creation/annihilation operators are delta functions for
∞∫
0

dk
∞∑

n=−∞

k
2π .

With these preliminaries out of the way, we can now go through the steps
of quantizing the theory.
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First, using the results above, a straightforward calculation immediately
leads to the conclusion that (uk,n, uk′,n′) = δ ((k, n) , (k′, n′)) ≡ 2π

k δ(k−k
′)δn,n′ ,

and that to have (uk,n, u
∗
k′,n′) = 0, vk,n = vk,−n needs to hold.

Next, it is useful to take a look at some identities for Bessel functions.
Sections 10.6 and 10.23 from [9] give the following:

Jn−1(x) + Jn+1(x) =
2n

x
Jn(x) (3.1)

Jn−1(x)− Jn+1(x) = 2J ′n(x) (3.2)
∞∑

k=−∞

Jn+k(a)Jk(b) = Jn(a− b) (3.3)

Jn(0) = δn,0 (3.4)

Using these, it is possible to work out the stress-energy tensor. As in the
previous case, it seems reasonable to hope that, with freedom of the vk,n(t), we
will find the state that behaves as |0〉, given suitable initial conditions on those
vk,n(t). As we used the 〈0| T̂00 |0〉 component to derive these initial conditions,
we will first only calculate those elements that contribute to that.

Starting with derivatives of the spatial part of the mode functions:

∂rek,n =
ker [Jn−1 (ker)− Jn+1 (ker)]

2Jn (ker)
ek,n

∂θek,n = inek,n

These allow us to calculate derivatives of φ̂:

∂t φ̂ =
1√
2

∞∫
0

dk

∞∑
n=−∞

k

2π

[
v′k,nek,nâk,n + v′∗k,ne

∗
k,nâ

†
k,n

]

∂r φ̂ =
1√
2

∞∫
0

dk

∞∑
n=−∞

k

2π

ker [Jn−1 (ker)− Jn+1 (ker)]

2Jn (ker)

[
vk,nek,nâk,n + v∗k,ne

∗
k,nâ

†
k,n

]

∂θ φ̂ =
1√
2

∞∫
0

dk

∞∑
n=−∞

k

2π
in
[
vk,nek,nâk,n − v∗k,ne∗k,nâ

†
k,n

]

Which in turn gives 〈0| ∂µ φ̂∂ν φ̂ |0〉, starting with only the diagonal elements:

〈0| ∂t φ̂∂t φ̂ |0〉 =
1

2

∞∫
0

dk

∞∑
n=−∞

k

2π

∣∣v′k,n∣∣2 |ek,n|2
=

1

2

∞∫
0

dk

∞∑
n=−∞

k

2π

∣∣v′k,n(t)
∣∣2 J2

n(ker)
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〈0| ∂r φ̂∂r φ̂ |0〉 =
1

2

∞∫
0

dk

∞∑
n=−∞

k

2π
|vk,n(t)|2 1

4
k2e2r [Jn−1 (ker)− Jn+1 (ker)]

2

〈0| ∂θ φ̂∂θ φ̂ |0〉 =
1

2

∞∫
0

dk

∞∑
n=−∞

k

2π
|vk,n(t)|2 n2J2

n (ker)

=
1

2

∞∫
0

dk

∞∑
n=−∞

k

2π
|vk,n(t)|2 1

4
k2e2r [Jn−1 (ker) + Jn+1 (ker)]

2
(using 3.1)

Combining these gives the final ingredients for T̂00 :

〈0| φ̂φ̂ |0〉 =
1

2

∞∫
0

dk

∞∑
n=−∞

k

2π
|vk,n(t)|2 J2

n (ker)

〈0| gµν∂µ φ̂∂ν φ̂ |0〉 =
1

2

∞∫
0

dk

∞∑
n=−∞

k

2π

[ ∣∣v′k,n(t)
∣∣2 J2

n (ker)

− 1

2
|vk,n(t)|2 k2

[
J2
n−1 (ker) + J2

n+1 (ker)
] ]

Finally, the result for T̂00 becomes:

〈0| T̂00 |0〉 =
1

4

∞∫
0

dk

∞∑
n=−∞

k

2π

[ ∣∣v′k,n(t)
∣∣2 J2

n (ker)

+ |vk,n(t)|2
(

1

2
k2
[
J2
n−1 (ker) + J2

n+1 (ker)
]

+m2J2
n (ker)

)]
Minimizing this as it stands, with full freedom in the mode functions, leads to

a position dependent result. Since the manifold is that of a flat spacetime (albeit
with a strange coordinate system), this is troubling. However, as the underlying
spacetime is flat, it is reasonable to expect the existence of a vacuum state |0〉
that is isotropic. In this case, assuming isotropy gives the constraint that vk,n
is independent of n.

Using this, together with identity 3.3 and 3.4, the right-hand side can be
reduced to:

〈0| T̂00 |0〉 =
1

4

∞∫
0

dk
k

2π

[∣∣v′k,0(t)
∣∣2 + (k2 +m2) |vk,0(t)|2

]
The minimization can now be done on a per k basis, and again using sym-

metry under complex rotations yields the following initial values for vk,n:

vk,n(0) =
1

4
√
k2 +m2

v′k,n(0) = −i 4
√
k2 +m2
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With these extra symmetries introduced, and using equations 3.1-3.4, it is
possible to calculate the remaining components of the stress energy tensor. We
start this by first calculating the off-diagonal elements of 〈0| ∂µ φ̂∂ν φ̂ |0〉:

〈0| ∂t φ̂∂r φ̂ |0〉 =
1

2

∞∫
0

dk

∞∑
n=−∞

k

2π

1

2
v′k,n(0)v∗k,n(0)ker [Jn−1 (ker)− Jn+1 (ker)] Jn (ker)

=
1

2

∞∫
0

dk

∞∑
n=−∞

k

2π

1

2
v′k,0(0)v∗k,0(0)ker [Jn−1 (ker)− Jn+1 (ker)] Jn (ker)

= 0 (3.3)

〈0| ∂r φ̂∂t φ̂ |0〉 = 0

〈0| ∂t φ̂∂θ φ̂ |0〉 =
i

2

∞∫
0

dk

∞∑
n=−∞

k

2π

[
−v′k,n(0)v∗k,n(0)Jn (ker)nJn (ker)

]

= −1

2

∞∫
0

dk

∞∑
n=−∞

k

2π

i

2
v′k,0(0)v∗k,0(0)Jn (ker) ker [Jn−1 (ker) + Jn+1 (ker)]

= 0 (3.3)

〈0| ∂θ φ̂∂t φ̂ |0〉 = 0

〈0| ∂r φ̂∂θ φ̂ |0〉 = − i
2

∞∫
0

dk

∞∑
n=−∞

k

2π

1

2
vk,n(0)v∗k,n(0)nJn(ker)ker [Jn−1(ker)− Jn+1(ker)]

= − i
2

∞∫
0

dk

∞∑
n=−∞

k

2π

1

2
vk,0(0)v∗k,0(0)

k2e2r

2

[
J2
n−1(ker)− J2

n+1(ker)
]

= 0

〈0| ∂θ φ̂∂r φ̂ |0〉 = 0

That these are all zero, combined with the fact that the metric is diagonal,
implies that the stress-energy tensor is diagonal. Calculating the diagonal:

〈0| T̂tt |0〉 =
1

4

∞∫
0

dk
k

2π

[∣∣v′k,0(t)
∣∣2 + (k2 +m2) |vk,0(t)|2

]

=
1

2

∞∫
0

dk
k

2π

√
k2 +m2

〈0| T̂rr |0〉 =
1

4

∞∫
0

dk e2r
[∣∣v′k,0(t)

∣∣2 −m2 |vk,0(t)|2
]
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=
e2r

4

∞∫
0

dk
k

2π

k2

√
k2 +m2

〈0| T̂θθ |0〉 =
1

4

∞∫
0

dk e2r
[∣∣v′k,0(t)

∣∣2 −m2 |vk,0(t)|2
]

=
e2r

4

∞∫
0

dk
k

2π

k2

√
k2 +m2

Note that this result is equal to that obtained when starting with the more
traditional Fourier modes. Hence, making just a few assumptions, which can all
be based on physical intuition of the system, it is possible to do quantization
with a completely different set of mode functions, whilst obtaining the same
result.

One assumption deserves a bit more attention. We assumed that the vac-
uum state was isotropic, and this was implemented through requiring that
vk,n(t) = vk,0(t). There is another way of looking at this requirement. Since
the eigenvalue of the spatial part ek,n with respect to the spatial Laplacian is
only dependent on k, this requirement can be interpreted in terms of properties
of the spatial modes. It can be formulated as: Modes whose spatial parts have
equal eigenvalue under the spatial Laplacian have equal time behaviour.

This formulation no longer makes reference to isotropy, and with it effectively
is separate from symmetry properties of the manifold. It simply requires the
behaviour of the mode functions to be such that the choice of the ek,n no longer
has any significance, beyond that they should split into bases of the eigenspaces
of the spatial Laplacian. As seen in the next chapter, this will be a useful
assumption when generalizing the procedure posited here.

3.3 Conclusions

We have seen that it is possible to get locally vacuum-like states everywhere in
FRW-space, contrary to the usual approach which only provides such notions
in flat regions [4]. Furthermore, the example with cylindrical modes shows that
even in flat spacetime, one needs to be careful in how mode functions are treated,
and we were forced to make uniformizing assumptions on mode functions.

In the next chapter, a formalism will be formulated based on these assump-
tions, and some of its properties will be demonstrated.



Chapter 4

Generalized methodology

From the two examples in chapter 3, it is possible to discern a general structure.
Furthermore, some hypothesis can be formed as to what choices lead to a local
vacuum-like state.

4.1 Framework for mode functions

Once again, the theory of the real scalar field is studied, with action

S =

∫
d4x
√
|g|
[

1

2
gµν∂µφ∂νφ−

1

2
m2φ2

]
.

In the previous examples, once a surface Σ was chosen, the mode functions
were separated in a time-axis component v, and a complete set of functions on
the surface. The spatial modes, chosen as being eigenvectors of the Laplace-
Beltrami operator, naturally provided labels, such as k in the FRW case, and
the pair (n, k) for the 2-d radial modes. Furthermore, these spatial modes were
in a sense orthonormal.

These two properties can be formulated in such a way that it is possible to
reason with them abstractly. Let eα be a complete orthogonal set of functions
on the spatial surface Σ, where α is used as a label. Then for α 6= α′ it holds
that ∫

d3x
√
|gΣ|eα(x)e∗α′(x) = 0.

Since the modes are orthogonal, it is possible to then define an ”integration”
with respect to which the functions are orthonormal. Formally, let dα be a
measure such that when we define∫

d3x
√
|gΣ|eα(x)e∗α′(x) ≡ δ(α, α′)
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it behaves like a delta function in the sense that for any sufficiently well behaved
function f(α) it holds that:∫

dα f(α)δ(α, α′) = f(α′)∫
dα f(α)δ(α′, α) = f(α′)

Though the notion of a measure can be defined in a mathematically rigorous
way, this will not be needed here. The interested reader can find information
on this in a good introduction into the analysis of multivariate calculus, for
example [10]. Important here is that a measure can be seen as an instruction
on how to integrate.

For example, consider the case of the 2-d radial modes considered in the
examples chapter. There, the labels were given by α = (n, k). Integrating the
mode functions over space it was found that∫

d3x
√
|gΣ|eα(x)e∗α′(x) =

∫
d3x

√
|gΣ|e(n,k)(x)e∗(n′,k′)(x)

=
2π

k
δ(k − k′)δn,n′

≡ δ(α, α′).

This led to the conclusion that to properly work with the mode functions, in-

tegration of the labels had to be done using
∞∫
0

dk
∞∑

n=−∞

k
2π . Hence, in the new

notation, we would have ∫
dα ≡

∞∫
0

dk

∞∑
n=−∞

k

2π

which satisfies the requirement that δ(α, α′) behaves as a delta function.

4.2 Quantization

The advantage of the above notational conventions is that it is now possible to
derive some results for the general situation, which then apply to all calculations
that fit this framework.

Let us assume a general spacetime, with a spatial surface Σ. Using the free-
dom of coordinate systems gained from general relativity, we take coordinates
(x0 ≡ t, x1, ..., xn) covering a region of the manifold at least including Σ, such
that Σ consists of all points with t = 0, and that on Σ the (non-reduced) metric
splits into the form

gµν =

1 0 · · ·
0 g11 · · ·
...

...
. . .

 .
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In these coordinates, (1, 0, ..., 0) is a timelike vector perpendicular to sigma, as
required for quantizing the theory.

From here on out we will use these coordinates: t will denote the first co-
ordinate, and x the rest. The induced metric of Σ is now obtained through
removing the first coordinate, and hence is gij . Note that this has a negative
instead of a Euclidean positive sign.

Now let eα be a complete set of orthogonal functions on Σ, and
∫

dα the
integration with respect to which they are orthogonal as explained above. Ex-
tend both formally to the entire manifold with the following properties holding
on Σ:

∂t

∫
dα f(α) = 0

∂teα = 0

Furthermore, let there be a function −, acting on the labels as −α, such that
e∗α = e−α.

This provides enough information to postulate mode functions and the field
expansion. Let uα(t,x) = 1√

2
vα(t)eα(x), and take φ̂ =

∫
dα
[
uαâα + u∗αâ

†
α

]
.

For the creation and annihilation operators â† and â, the canonical commutation
relations [âα, âα′ ] = 0, [â†α, â

†
α′ ] = 0 and [âα, â

†
α′ ] = δ(α, α′) are imposed as usual.

Using this, the conditions on vα(t) can be determined from

(uα, uα′) = −i
∫

dnx
√
gΣ [uα(t,x)∂tu

∗
α′(t,x)− (∂tuα(t,x))u∗α′(t,x)]

= −i1
2

∫
dnx
√
gΣeα(x)e∗α′(x) [vα(t)v′∗α′(t)− v′α(t)v∗α′(t)]

= δ(α, α′)= (vα(t)v′∗α (t))

(uα, u
∗
α′) = −i

∫
dnx
√
gΣ [uα(t,x)∂tuα′(t,x)− (∂tuα(t,x))uα′(t,x)]

= −i1
2

∫
dnx
√
gΣeα(x)eα′(x) [vα(t)v′α′(t)− v′α(t)vα′(t)]

= −i1
2

∫
dnx
√
gΣeα(x)e∗−α′(x) [vα(t)v′α′(t)− v′α(t)vα′(t)]

= −i1
2
δ(α,−α′)

[
vα(t)v′−α(t)− v′α(t)v−α(t)

]
.

Hence, since the right hand sides should be δ(α, α′) and 0 respectively, the re-
quirements =(vαv

′∗
α′) = 1 and vα = v−α are obtained. Using these, the argument

from chapter 3 implies immediately that the canonical equal time commutation
relation [φ(t,x), π(t,x′)] = iδ(x− x′) holds.

4.3 Stress energy tensor

It is also possible to calculate the form of the stress energy tensor in terms of the
above formalism. However, without any additional assumptions the resulting
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expressions will neither be practically useful nor insightful. Therefore, during
the process, some assumptions will be formulated, for which a coherent argument
will be made afterwards.

Given the form of the metric and the structure of the mode functions, it is
very useful to split the stress energy tensor in three components: the purely
timelike part T00 , the time-space mixed segment T0i = Ti0 , and the purely
spatial part Tij .

As much of the structure of the stress energy tensor comes from terms of the
form 〈0| ∂µ φ̂∂ν φ̂ |0〉, this split is useful also in determining the following four
expressions:

〈0| ∂0 φ̂∂0 φ̂ |0〉 =
1

2

∫
dα |eα|2 |v′α|

2

〈0| ∂0 φ̂∂i φ̂ |0〉 =
1

2

∫
dα eα (∂ie

∗
α) v′αv

∗
α

〈0| ∂i φ̂∂0 φ̂ |0〉 =
1

2

∫
dα (∂ieα) e∗αvαv

′∗
α

〈0| ∂i φ̂∂j φ̂ |0〉 =
1

2

∫
dα |vα|2 ∂ieα∂j e∗α

The first focus will be on the energy density 〈0| T̂00 |0〉. For this, two more
ingredients are necessary:

〈0| φ̂2 |0〉 =
1

2

∫
dα |eα|2 |vα|2

〈0| gρσ∂ρ φ̂∂σ φ̂ |0〉 = g00 〈0| ∂0 φ̂∂0 φ̂ |0〉+ gij 〈0| ∂i φ̂∂j φ̂ |0〉

=
1

2

∫
dα
[
|eα|2 |v′α|

2
+ gij∂ieα∂j e

∗
α |vα|

2
]

Using this, all the ingredients are available for the energy density:

〈0| T̂00 |0〉 =
1

4

∫
dα
[
|eα|2 |v′α|

2
+
(
−gij∂ie∗α∂j eα +m2 |eα|2

)
|vα|2

]
In order to reason about this expression, it is now useful to make some

assumptions:

Assumption 1. The functions eα are eigenfunctions of the Laplace-Beltrami
operator on Σ.

At first glance, it might seem weird to call this an assumption. It seems
more akin to a restriction on our choice of the basis. However, the assumption
is that such a complete set of orthogonal eigenfunctions exists. Although this is
proven in the case of some special manifolds, the author is not aware of a proof
holding for a general enough class of manifolds to be of interest.

Because of these assumptions, it is also useful to introduce some extra no-
tation. Let χα be the eigenvalue associated to eα, i.e. ∆Σeα = χαeα.
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Unfortunately, a fair number of interesting calculations involve expressions
of the form

∫
dα∂ie

∗
α∂j eα,

∫
dα(∂ie

∗
α)eα and linear combinations of such. From

the above calculation of 〈0| T̂00 |0〉, gij
∫

dα∂ie
∗
α∂j eα is of particular interest,

but other variations will arise.
Calculations in the case of a flat manifold (chapter 3), and those of a uni-

formly hyperbolic manifold (appendix A), suggest that these have the following
form:

Assumption 2.∫
dα f(χα)∂ie

∗
α∂j eα = −

gij
d− 1

∫
dαχαf(χα) |eα|2 ,

where d is the number of spacetime dimensions.

Assumption 3. ∫
dα f(χα)e∗α∂ieα = 0

Note that the function f only depends on the eigenvalues, not the label itself.
This is enough since the work in chapter 3 implied that we only need to choose
on a per eigenvalue basis, not on the internal structure of such an eigenvalue.

For a fixed manifold it can be shown that, when assumptions 2 and 3 hold
for one set of functions eα, they will also hold for all other sets that satisfy the
first assumption. A somewhat rigorous proof of this will be given in chapter 5.

It is useful to take a look as to how these assumptions can be interpreted in
a physical sense. Assumption 3 is simple in this regard, as it can be seen that
this holds when both α and −α have the same contribution to the integral. In
essence, it thus states that the mode functions can be (locally) mirrored in a
plane without changing anything.

Assumption 2 is stronger. The most natural interpretation of it is that the
mode functions don’t have a preferred axes, but that all axes look identical, at
least locally. This is a local version of isotropy, and as such, the failure of this
assumption might constitute a good starting point when looking for flaws in the
procedure outlined here.

Using these assumptions, it is now possible to build up a procedure for
choosing the vα, and formulate a conjecture on the form of the resulting stress
energy tensor on Σ.

First, one should choose the eα such that they are eigenfunctions of the
Laplace-Beltrami operator. Furthermore, as shown in the example in section
3.2, it is necessary to impose the condition that vα = vχα . This also allows the
use of the second assumption. Using these assumptions

〈0| T̂00 |0〉 =
1

4

∫
dα |eα|2

[∣∣v′χα ∣∣2 +
(
χα +m2

)
|vχα |

2
]

From chapter 3 we saw that we got a good candidate for a vacuum state
on the surface Σ by minimizing 〈0| T̂00 |0〉. Because of the form of 〈0| T̂00 |0〉,
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this can again be done on a per-eigenvalue basis. Doing this, the following
expressions are obtained for vχα on Σ.

vχα =
1

4
√
χα +m2

v′χα = −i 4
√
χα +m2

From assumption 3 we can immediately draw two consequences, 〈0| ∂0 φ̂∂i φ̂ |0〉 =

0 and 〈0| ∂i φ̂∂0 φ̂ |0〉 = 0. With this, the following is found for the stress energy
tensor:

〈0| T̂00 |0〉 = g00

1

2

∫
dα |eα|2

√
χα +m2

〈0| T̂i0 |0〉 = 0

〈0| T̂0i |0〉 = 0

〈0| T̂ij |0〉 = −gij
1

2(d− 1)

∫
dα |eα|2

χα√
χα +m2

(4.1)

For both of the examples in chapter 3, the procedure used fits the above
general descriptions, and all of the above assumptions are true. Furthermore,
it was found that in those situations, after regularization, 〈0| T̂µν |0〉 ∝ gµν .
Generalizing this to the above situation, the following can be conjectured:

Conjecture 1. For any geodesically complete, Minkowski manifold, for which
no geodesic self-intersects, assumptions 1-3 hold. Furthermore, properly regu-
larized, one will find∫

dα |eα|2
√
χα +m2 = − 1

d− 1

∫
dα |eα|2

χα√
χα +m2

,

and hence, on Σ, 〈0| T̂µν |0〉 ∝ gµν . Therefore, |0〉 is a local vacuum on Σ.

Although a proof of this isn’t known to the author for the general case, the
examples from chapter 3 show that it holds in some specific cases. In the next
chapter we will expand this to a larger class of manifolds.

4.4 Summary

We have developed a general way of constructing mode functions. Furthermore,
under a number of assumptions, that hold for all situations examined in this
thesis, the form of the resulting stress energy tensor was found. Finally, we
hypothesized that these assumptions would in fact always hold, and that the
resulting form of the stress energy tensor regularizes to something proportional
to the metric, hence giving us a vacuum-like state.



Chapter 5

Vacuum in 1+1-dimensional
spacetime

With the results and the conjecture from chapter 4, it is now useful to see if
there are more general cases we can apply it to. This gives an illustration of
the power of the assumptions, and provides proof of special cases in which the
conjecture holds.

It is often the case that reducing the number of dimensions we work in will
simplify the mathematics needed... and this is no different case. As we will
show here, it will be relatively easy to prove the conjecture in the case of a
1+1-dimensional spacetime (1 time dimension and 1 space dimension), again
using a real massive scalar field with action 2.1.

Furthermore, the 1+1 dimensional case provides a suitable situation to probe
any dependency of the result on the choice of the spatial surface Σ, and the mode
functions on those surfaces.

5.1 Proof of the conjecture for 1+1 dimensional
spacetimes

Let us start by proving the conjecture from chapter 4. The crucial observation
is that, since no geodesics intersect, any geodesically complete submanifold will
be non-compact. Because Σ is a 1-dimensional manifold, this is enough to
completely characterize it as being isomorphic to R, with the usual manifold
structure.

Because we have an explicit form for the spatial surface, it is possible to
explicitly find the mode functions and show the properties required for the con-
jecture directly. First of all, as we are working on R, the mode functions are the
standard Fourier modes, giving ek(x) = eikx. Given that we are working on R,
these immediately are eigenfunctions of the Laplace operator, hence assumption
1 holds. The fact that the mode functions are Fourier modes also immediately
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dictates
∫

dα ≡ 1
2π

∞∫
−∞

dk.

Furthermore, because we are working on R as a spatial surface within a
1+1-dimensional manifold, the metric structure is simply given by gxx = −1.
As such, the eigenvalue of mode ek(x) can be derived from −∂x∂xek(x) =
−(ik)2ek(x), and hence the eigenvalues are given by χk = k2. Using this, we
can verify the second and third assumptions:∫

dα f(χα)∂xe
∗
k∂xek =

∫
dα f(χα)(−ik)e∗k(ik)ek

=

∫
dα f(χα)k2 |ek|2

= −−1

1

∫
dαχαf(χα) |ek|2

= − gxx
d− 1

∫
dαχαf(χα) |ek|2

∫
dα f(χα)e∗k∂xek =

∫
dα f(χα)e∗k(ik)ek

=

∫
dα ikf(χα) |ek|2

=
1

2π

∞∫
−∞

dk ikf(k2)

= − 1

2π

∞∫
−∞

dk′ ik′f(k′2) (By reflection)

= 0 (Equal to inverse)

This leaves only one thing to show, and that is that, in the coordinate frame

on Σ where the metric becomes gµν =

(
1 0
0 −1

)
, the stress-energy tensor is

proportional to the metric. From the calculations in chapter 4 we immediately
have that the stress-energy tensor is diagonal, and that its diagonal components
are:

〈0| T̂tt |0〉 =
1

2

∞∫
−∞

dk
√
k2 +m2

〈0| T̂xx |0〉 =
1

2

∞∫
−∞

dk
k2

√
k2 +m2

Following the reasoning in subsection 3.1.2, it immediately follows that
〈0| T̂tt |0〉 = −〈0| T̂xx |0〉, and hence that this stress-energy tensor is indeed
proportional to the metric.
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Hence, we have shown that for a 1+1-dimensional manifold, the conjecture
from chapter 4 holds.

5.2 Choice of spatial surface and mode functions

In the procedure above there were still two points where an arbitrary choice
was made, in choosing the surface to work on, and in the choice of the spatial
modes on that surface. It is natural to wonder whether these choices influence
the end result.

Let us start by considering the choice of spatial modes. As noted in chapter 4,
all expressions involving mode functions are of the form

∫
dα f(χα)e∗α(x)eα(x) ≡

Kf (x, x), where χα is the eigenvalue associated with eα(x). We can generalize
this slightly and introduce Kf (x, y) =

∫
dα f(χα)e∗α(y)eα(x).

These functions can be recognized as being the integral kernels for operators
f(∆), in the sense that, for a function h on the spatial slice, we have

(f(∆)h)(x) =

∫
dy
√
gΣKf (x, y)h(y).

For this definition, it does not matter which set of spatial modes is used, as long
as they form an eigenbasis for the Laplace-Beltrami operator.

Hence, with the exception of a set of points of measure 0, Kf (x, y) is inde-
pendent of the mode functions almost anywhere. Furthermore, Kf (x, x) won’t
change when the mode functions are related through linear combinations. Thus,
in practice, Kf (x, x) does not depend on the choice of mode functions. Since
Kf (x, x) is the quantity featuring in the results, these do not depend on the
choice of mode functions.

Note that this is a general result, and holds for all manifolds, not just 1+1-
dimensional ones. Furthermore, though the above calculations show only the
case

∫
dα f(χα)e∗α(x)eα(x), this can be extended to expressions of the form∫

dα f(χα)(∂ie
∗
α(x))eα(x) and

∫
dα f(χα)∂ie

∗
α(x)∂j eα(x) by applying deriva-

tives to the x and y arguments of the function K(x, y).

The second choice permitted by the procedure above is that of the surface.
However, as noted, any spatial surface without edge will be isomorphic to the
real line, and hence yields the same result for the stress energy tensor in its local
coordinate frame. Hence, regardless of the coordinate frame we find 〈0| T̂µν |0〉 =
Agµν , where A is independent of the choice of Σ. In fact, A does not even depend
on the manifold.

The above two results have a very important consequence. Together they
imply that, in the case of a 1+1-dimensional spacetime, the procedure outlined
in chapter 4 produces a local vacuum-like state that always looks the same from
the stress-energy perspective.
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5.3 Intuition of differences

Of course, the local vacuum states themselves are not all identical. Can we get
a feel as to what their differences are?

It turns out that we can give at least a partial answer to this. Note that,
the vacuum state identified in the first section of this chapter is a vacuum state
for the entire surface. However, from particle creation in FRW space (see for
example [4]), we already know that these states cannot, in general, be vacua for
entire spacetime.

Hence, at least part of the differences between these states will be visible in
the stress-energy tensor at other points of the manifold. Whether this explains
all the differences was not studied by the authors, but might be an interesting
starting point for further research.

5.4 Summary

We have shown that, for a 1+1-dimensional spacetime, the procedure of chapter
4 always produces a local vacuum-like state. Furthermore, we saw that for
these states, the choice of spatial surface and spatial modes had no influence on
the expectation value of the stress-energy tensor. In fact, our argument that
the choice of spatial modes did not matter was general enough to apply to all
manifolds.



Chapter 6

Summary and conclusions

During this thesis project, a look was taken at the vacuum of quantum field
theories in the context of a curved spacetime background. Studying the litera-
ture, it was found that the Hamiltonian, although used with success to analyze
the flat spacetime case in [2], does not provide a good vacuum definition ([4]).
This meant that the concept of vacuum was only understood in these theories in
flat-limit regions, and generally considered not useful on the entire spacetime.

By looking at the stress-energy tensor, we were able to reestablish a notion
of vacuum, imposing the requirement (satisfied in the flat spacetime case) that
the expectation value of the stress-energy tensor should be proportional to the
metric for a vacuum state. Since the stress-energy tensor is a local quantity,
this meant switching from the notion of a vacuum for the entire spacetime to a
local concept of vacuum: the local vacuum.

In chapter 3 a first exploration of this concept showed that it was successful
in providing a notion of vacuum in the entirety of a spatially flat Friedmann-
Robertson-Walker spacetime, instead of only being valid in completely flat re-
gions described in [4].

Next, a general method for finding local vacua was investigated in chapter 4,
where some assumptions were made about the properties of mode functions,
resulting in the hypothesis that, with the method proposed, one will always find
local vacua. We noted that this hypothesis was supported by the cases studied
in chapter 3. Furthermore, in chapter 5, the hypothesis was proven in the case
of a 1+1-dimensional spacetime.

With this, we have the tools to describe what a local-vacuum state should
look like, together with a method for finding such states that works on spatially
flat FRW spacetimes and arbitrary 1+1-dimensional spacetimes. Combined
with the results in Appendix A, it seems not unreasonable to hope that the
method will work for arbitrary spacetimes.
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6.1 Outlook

A full proof of the hypothesis from chapter 4 was beyond the scope of this thesis.
As such, further work on proving or disproving it would be a good starting point
for further research.

In particular, finishing the analysis of the hyperbolic spacetimes could give
interesting insights into the case of 1+2-dimensional manifolds, as well as giving
more information on the dependency of the stress-energy tensor on the choice
of spatial surface.

In contrast, trying to disprove assumption 2 from chapter 4 might be an
effective approach for disproving the hypothesis. Interesting cases for this are
manifolds with non-isotropic spatial surfaces.



Appendix A

Quantizing in hyperbolic
spacetime

Moving on from 1+1-dimensional spacetimes, the next step was considering
some more special cases of higher-dimensional spacetimes. Because of its in-
ternal symmetries the choice was made to focus on hyperbolic 1+2-dimensional
FRW space.

Unfortunately, due to difficulties encountered when regularizing the result,
the analysis could not be completed within the scope of this thesis project.
However, the results that were obtained are interesting enough to warrant their
inclusion. Furthermore, finishing the analysis of hyperbolic FRW space could
be a good starting point for further research into the hypothesis of chapter 4

A.1 Spatially curved FRW spacetime

In chapter 3, quantization on a spatially flat Friedmann-Robertson-Walker space-
time was considered. In general FRW geometries, a constant spatial curvature
is also included, giving a metric that is usually cast in the form

ds2 = dt2 −R2(t)

[
dr2

1− kr2
+ r2dΩ2

]
,

where R is the scale factor function (which is usually taken to be dimensionful,
leaving k and r dimensionless), dΩ2 the metric for the (d− 2)-sphere, and k is
one of three values:

• 1, resulting in a spatial part that is spherical.

• 0, resulting in a spatial part that is flat.

• −1, resulting in a spatial part that is hyperbolic.

43
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Already having analyzed the flat case, this leaves the spherical and hyper-
bolic situations. It was chosen to do the analysis for the hyperbolic case, as its
results can also be interpreted in several other useful situations, as will be done
at the end of this chapter.

Like the flat case, the metric has an obvious choice for Σ, namely a surface
of constant time. However, this surface is no longer flat, and hence the usual
Fourier modes are no longer proper starting points for the mode functions.

Finding an alternative for the Fourier modes to use as mode functions is
non-trivial, and the above representation of the metric, although useful in in-
terpreting models of the universe, is less than ideal for our purposes. Hence,
throughout the rest of this chapter, that representation will be replaced by a
parameterization based on the Poincaré disk model.

A.2 Poincaré disk model and Fourier modes

The hyperbolic plane is well studied in mathematics, and several different pa-
rameterizations of it are used in the literature. The parameterization used
above, with radius and angle, is somewhat unwieldy in determining a proper
Fourier-mode-like decomposition. For a 2-dimensional spatial surface, a more
useful parameterization turns out to be that of the Poincaré disk model. We will
start here by studying the hyperbolic plane from a mathematical perspective,
as a 2-dimensional Riemannian manifold.

Figure A.1: Poincaré
model of the 2-
dimensional hyperbolic
plane, with several
geodesics

In the Poincaré disk model the hyperbolic plane
is mapped conformally to the unit circle. Using
coordinates x and y, with the requirement that x2+
y2 < 1 then gives the following metric

ds2 =
dx2 + dy2

(1− x2 − y2)2
.

In this parameterization, it turns out that there are
several properties that make the model somewhat
simpler to work with. First of all, the metric is
conformal, so angles are preserved. Furthermore,
the geodesics are easily described as being circle
arcs that run from one point on the unit circle to
another, starting and ending perpendicular to the
unit circle (see also figure A.1).

Using these properties, one can find a replace-
ment for the Fourier modes, and the Fourier trans-
form. This is worked out in [11], which derives the
results used here.

In a flat space, the propagation directions of plane waves are given by the
set of parallel lines going along the direction of propagation. Intuitively, these
lines can be thought of as lines whose intersection point is ”at infinity”. The
hyperbolic space is an example of a non-euclidean geometry, hence the concept of
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a parallel line is somewhat problematic. However, in our current representation
the edge of the disk (the unit circle) represents points that are infinitely far from
the origin. Hence, one can hope to find plane-wave like objects propagating
along geodesics all originating from a single point on the edge.

b

Figure A.2: Wavefronts for a
wave ”originating” from point
b, with geodesics to show or-
thogonality

To formalize this idea, it is necessary to find
wavefronts, lines that are perpendicular to all
these geodesics. These exist in the form of horo-
cycles, taking the shapes of circles parallel to
the edge at the infinity point. Given this infin-
ity point b, we can define < z, b > as the min-
imum distance between the horocycle through
b containing z and the origin, taking it to be
positive when the origin is outside the horocy-
cle, and negative when it is inside. It can then
be shown that eµ<z,b> is an eigenvector for the
Laplacian.

In order to express the eigenvector in terms
of the coordinates x and y, first consider the
simplified situation with b = (1, 0). It is then
intuitively clear (and can be proven) that on
any horocycle the point closest to the origin is
the other intersection of that horocycle with the x axis. When z = (x, y) it

follows that the x-coordinate of this intersection point is given as −x+x2+y2

−1+x .
Integrating the metric along the x-axis then gives the following:

eµ<z,(1,0)> = e
−µ tanh−1

(
1+−1+x2+y2

1−x

)
The easiest way to generalize this to arbitrary points b on the edge, is by

doing a rotation in the x-y plane. Hence, we parameterize the point b using an
angle θ, and rewrite the solution above using the substitutions x → x cos(θ) −
y sin(θ), y → y cos(θ) + x sin(θ) to obtain the general form

e
−µ tanh−1

(
1+ −1+x2+y2

1−x cos(θ)+y sin(θ)

)
As is the case when finding the plane waves in flat euclidean space, only a

subset of the complex plane is needed as values for µ to get a complete set. It
can be shown that taking µ = iλ + 1, with λ ∈ R, produces a complete set
of modes. Using these one can introduce an analogue of the Fourier transform
with the following relations:

f̃(λ, θ) =

∫∫
x2+y2<1

dxdy
f(x, y)e

−(iλ+1) tanh−1
(

1+ −1+x2+y2

1−x cos(θ)+y sin(θ)

)
(1− x2 − y2)

2 (A.1)

f(x, y) =
1

8π2

∫
R

dλ

2π∫
0

dθ f̃(λ, θ)e
−(−iλ+1) tanh−1

(
1+ −1+x2+y2

1−x cos(θ)+y sin(θ)

)
λ tanh

(
πλ

2

)
(A.2)
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There are a few things to note here. First of all, although this is in some sense
a generalization of the Fourier modes, the mode functions are not eigenfunctions
of the first derivatives, only of the Laplacian.

Secondly, in equation A.2, the magnitude and direction of the modes are
split. This can also be done in flat spacetime, however then only the positive
reals are needed in the role of magnitudes. In this hyperbolic analogue, both
positive and negative magnitudes are needed. There is no correspondence be-
tween the modes (λ = 1, θ = 0) and (λ = −1, θ = π). In some sense, we need
double the number of modes to write down any function.

A.2.1 Scale parameter

The discussion of the hyperbolic plane was done from the perspective of a pure
mathematical object. For our use, it is part of a larger, non-Riemannian man-
ifold in the form of a FRW spacetime. Hence, from here on out we will be
working with the metric

ds2 = dt2 − a2

(1− x2 − y2)
2

[
dx2 + dy2

]
.

With this choice, the unit of length is absorbed into a, leaving x and y
unitless (note: t still has unit of distance). Introducing this factor a has several
effects. First of all, the forward transform A.1 now produces a result a2 times
that of before. This needs to be corrected for in the inverse transform:

f(x, y) =
1

8a2π2

∫
R

dλ

2π∫
0

dθ f̃(λ, θ)e
−(−iλ+1) tanh−1

(
1+ −1+x2+y2

1−x cos(θ)+y sin(θ)

)
λ tanh

(
πλ

2

)

Furthermore, as the definition of the Laplace-Beltrami operator is dependent
on the inverse metric, it changes with a factor 1

a2 .
There are two ways to treat both these effects. The first is to take them at

face value, adding the extra factors of a2 where needed. The second option is to
absorb a into the definition of λ. While the second is a perfectly valid option,
simplifying several expressions, the choice was made to use the first option, as
this keeps any integration variables (and thus also labels of mode functions)
dimensionless.

Finally, we can calculate the curvature. This gives R = − 8
a2 . This means

that the limit a→∞ corresponds to a flat spacetime.

A.3 Identities for hyperbolic modes

Before starting to do physics proper using these mode functions, it is useful
to introduce some notation, and calculate several identities for these functions.
Since the calculations are tedious and not that insightful, they were performed
with the aid of a computer algebra system.
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First some notation. For the rest of this chapter, let

e(λ,θ)(x, y) = e
−(iλ+1) tanh−1

(
1+ −1+x2+y2

1−x cos(θ)+y sin(θ)

)
.

For the notational shorthands introduced in chapter 4, the label α will represent
a pair (λ, θ), and for integration

∫
dα ≡ 1

8a2π2

∫
R

dλ

2π∫
0

dθ λ tanh

(
πλ

2

)
.

Proof of the desired integral identities follows directly from the transformation
identities A.1 and A.2.

The eigenvalues of the modes:

∆e(λ,θ) = −(
1

a2
+
λ2

a2
)e(λ,θ)

For some of the calculations it is useful to have per-eigenvalue expressions
for single derivatives:

2π∫
0

dθ e∗(λ,θ)e(λ,θ) = 2π

2π∫
0

dθ(∂xe(λ,θ))
∗e(λ,θ) = 0

2π∫
0

dθ(∂ye(λ,θ))
∗e(λ,θ) = 0

2π∫
0

dθ(∂xe(λ,θ))
∗(∂xe(λ,θ)) =

(1 + λ2)π

(1− x2 − y2)2

2π∫
0

dθ(∂ye(λ,θ))
∗(∂ye(λ,θ)) =

(1 + λ2)π

(1− x2 − y2)2

2π∫
0

dθ(∂xe(λ,θ))
∗(∂ye(λ,θ)) = 0

2π∫
0

dθ gij(∂ie(λ,θ))
∗(∂j e(λ,θ)) = 2π

(
1

a2
+
λ2

a2

)

These calculations are enough to conclude that assumptions 1-3 from chap-
ter 4 hold.
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A.4 Quantizing using hyperbolic modes

The work in chapter 4 now immediately shows that using the mode functions
u(λ,θ) = 1√

2
e(λ,θ)v(λ,θ), with the intial conditions of v as free parameters, pro-

vides a proper quantization.
Imposing the assumption that v(λ,θ) only depends on the eigenvalue χλ re-

moves the θ dependence, giving v(λ,θ) = vλ. In this case this corresponds to
the assumption that the vacuum is orientation invariant. With this, we can use
expression 4.1:

〈0|T00 |0〉 =
1

16a2π

∞∫
−∞

dλλ tanh

(
πλ

2

)√
1

a2
+
λ2

a2
+m2

〈0|Tii |0〉 =
1

(1− x2 − y2)
2

1

32π

∞∫
−∞

dλλ tanh

(
πλ

2

) 1
a2 + λ2

a2√
1
a2 + λ2

a2 +m2

For brevity, the off-diagonal elements, which are 0, were omitted.

A.4.1 Flat limit

One of the interesting cases to consider is the limit a → ∞, the flat spacetime
limit. It can be shown that in this limit, the expression of the stress energy
tensor is equivalent to that of the flat case. To see this, we introduce λ̄ = λ

a ,
and perform a variable change in the integrals:

〈0|T00 |0〉 = g00

1

16π

∞∫
−∞

dλ̄ λ̄ tanh

(
aπλ̄

2

)√
1

a2
+ λ̄2 +m2

〈0|Tii |0〉 = −gii
1

32π

∞∫
−∞

dλ̄ λ̄ tanh

(
aπλ̄

2

) 1
a2 + λ̄2√

1
a2 + λ̄2 +m2

In the limit a → ∞, λ̄ tanh
(
aπλ̄

2

)
reduces to

∣∣λ̄∣∣. This can be combined

with the fact that the integral is symmetric around 0 to reduce the result to
that of flat spacetime for a→∞.

A.5 Regularization

The next step would logically be regularizing the results. For this, some form
of dimensional regularization, applicable to hyperbolic spaces, is needed.

Unfortunately, although the above mode functions are a good fit for calculat-
ing the stress-energy tensor, it is not trivial to extend the mode functions, and
the integration measure associated with it to higher dimensions. This severely
limits the amount of information on which to base regulators. As a result, the
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author was unable to find a regulator that correctly generalizes dimensional
regularization to a hyperbolic manifold.

A.6 Other uses of hyperbolic surfaces

It is however still useful to take a look at other situations in which a hyperbolic
surface may be encountered.

We will focus here on one particular situation; a flat 1+2-dimensional space-
time, with the usual (dimensionful) coordinates (t, x1, x2). We can then con-
struct a surface by choosing the positive t sheet of the hyperboloid given by
t2 − x2

1 − x2
2 = 1. This surface, considered as a submanifold, is in fact the hy-

perbolic plane (for a proof see any good introduction to hyperbolic geometry or
hyperbolic manifolds, such as [12]).

Thus, the hyperbolic plane is not just useful for defining local vacua in
hyperbolic FRW spacetimes, but also can give us a deeper understanding of flat
spacetime. In particular, it will give information on if and how a local vacuum
depends on the choice of spatial surface.

A.7 Summary

We found mode functions for hyperbolic FRW space, and using them were able
to show that the assumptions 1-3 from chapter 4 hold. Although problems
regularizing the results prevented us from proving the full hypothesis, the form
of the result suggests that, given a proper regulator, this will be possible.

Furthermore, we saw that the hyperbolic surface used to quantize the theory
also occurs in flat spacetime. Thus, regularizing the resulting expressions for
quantizing on a hyperbolic surface will give more information on if and how the
stress-energy tensor is influenced by the choice of spatial surface.
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