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Preface

On the 21st of February 2017 I went on a journey to Japan. As the people close to me knew

by then, I was not to return for another year. In Japan, or to be more specific the beautiful

city of Kyoto, I would spend a year doing research in the field of quantum gravity with

Naoki Sasakura at the Yukawa Institute of Theoretical Physics, part of Kyoto University, as a

student of Renate Loll from the Institute of Mathematics, Astrophysics and Particle Physics

of the Radboud University in Nijmegen.

I have spent a wonderful year in Japan, where I was able to discover a lot about both

the culture and people of Japan. It was really quite a shock to be back in the Netherlands,

a place where trains with a five minute delay still count as being “on-time” [4]. I have

met wonderful people and new friends during my stay, from foreign students and fellow

physicists to Japanese students and "shakaijin". Besides that I was able to discover the

amazing cuisine of Japan, especially since I lived close to the best ramen street in Kyoto,

Ichijoji. I visited beautiful temples and nature around Kyoto and even had the opportunity to

do some travelling.

However, the year was not only for enjoying this beautiful country, but I was also able

to do research I found very interesting. After doing many courses on theoretical physics, I

realised that I was mainly interested in the most fundamental part of physics. I wanted to

understand what nature could look like at the deepest level. The research area which seemed

to be the best fit was quantum gravity, and after more than a year of thinking about this

subject I can say that I have come to really appreciate the subject. For this reason I tried to

summarise the parts of the field known to me in the first chapter after which I explain the

specific model I have been working on: the Canonical Tensor Model.

I am grateful for getting this opportunity to do my research project in Kyoto and I owe

my gratitude to several people. Firstly, I want to thank Naoki Sasakura for the chance he gave

me and the time he took for explanations and discussions. I cherish the many times we drank

premium coffee and came up with great ideas for our research. Besides that he asked me

to join him to conferences in South Korea (APCTP, Pohang) and Thailand (Chulalongkorn

U., Bangkok) which have been very insightful and amazing experiences. I also owe special

thanks to Renate Loll for supporting my decision to do my research elsewhere and her

patience and advise during the writing process of this master thesis.

Furthermore I would like to thank the administrative staff of the YITP, especially Yayoi
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Yagi because she really helped me get settled in Japan, and the members of both YITP and

IMAPP for interesting discussions. I also would like to thank the Hendrik Mullerfonds and

the Stichting Nijmeegs Universiteitsfonds for their financial support.

Last but not least, I would like to thank the people here who supported me, my parents,

girlfriend and other family and friends, as well as the many friends I made in Japan who

made my time there memorable.
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Chapter 1

Introduction to Quantum Gravity

One of the biggest open problems in theoretical physics nowadays is the quantisation of gravity. In

particle physics, the standard model describes three of the four fundamental forces,1 while quantum

gravity has not been properly implemented yet.

Theoretically, the main issue with the quantization of gravity (general relativity) is the perturbative

non-renormalizability of the gravitational field. While the other forces can be consistently defined

using perturbative renormalisation, this is not possible for gravity. There are several ways to try to

circumvent these issues. One way to do this is to extend the theory by adding extra structure to gravity

like extra dimensions. Theories like supergravity and string theory are prime examples of this. In this

thesis however, I will mainly focus on defining quantum gravity in a non-perturbative way. This can

be done by defining renormalisation more carefully (the Asymptotic Safety programme), defining the

theory non-perturbatively by using some intermediate discretisation of spacetime (Dynamical Trian-

gulations and Tensor Models, section 1.3.2) or by quantising the theory background-independently

from the Hamiltonian formalism (Canonical Quantum Gravity, section 1.3.3).

It is hard to do experiments in the regime where quantum gravity becomes important. The energy

scale at which one can expect quantum gravitational effects to play a role is called the Planck scale

and it can be constructed by using the fundamental constants c (speed of light), ~ (Planck constant)

and G (gravitational constant)

Ep =

√
c5~
G
≈ 1.22 · 1028eV. (1.1)

This energy scale is considerably higher than what we can currently directly probe (for comparison;

the Large Hadron Collider operates at a total energy of the order of 1013eV), so theoretical arguments

are of great importance in this field. From now on we will mainly use natural units, where c = ~ = 1.

In this chapter I will introduce part of the subject of quantum gravity. In the first section I will

describe “classical” gravity, given by Einstein’s General Relativity and I will introduce the Hamiltonian

description, called the ADM-formalism. The second section will introduce some aspects of quantum

mechanics where I will briefly review canonical quantisation. After these sections I will focus on

Quantum Gravity, briefly listing some proposed solutions to the issues of gravity and mainly focusing

on the difference between covariant and canonical approaches. The Canonical Tensor Model (CTM),

the model this thesis is about, uses many ideas from these areas and will be introduced in the next

chapters.
1Forces in the classical sense of the word. In Einstein’s General Relativity, gravity is described in terms of curvature of

spacetime itself.
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1. INTRODUCTION TO QUANTUM GRAVITY

For a nice overview of the history of quantum gravity up until 2000, I would like to refer to [5].

However, it misses a lot of exciting research which came with the advance of theories of the type of

section 1.3.2 in the early 00’s, as covariant approaches like Asymptotic Safety and Causal Dynamical

Triangulation delivered promising results.

1.1 Gravity

The best model we currently have for classical2 gravity is General Relativity (GR), introduced by

Einstein in 1915. I will first give a very brief review of GR, though some knowledge about this subject

is assumed already. There is some excellent literature on GR available [6, 7], and the first subsection

is mainly meant to give a brief summary of conventions. In subsection 1.1.2 I will formulate the

Hamiltonian description of GR, called the ADM-formalism. This is necessary for Canonical Quantum

Gravity, and is also a good starting point to understand the idea of the Canonical Tensor Model.

1.1.1 General Relativity

Newtonian gravity describes gravity as a classical force, generated by the gravitational potential

field Φ, in flat Euclidean three-dimensional space. This worked remarkably well to describe a broad

range of gravitational effects, from falling apples to planetary orbits. In relatively strong field limits,

however, it breaks down. The earliest example known is the orbit of Mercury which slowly rotates

around the sun, but about 43 arcseconds per century faster than explained by Newtonian gravity.

Einstein was able to explain this deviation using his - at the time - new theory of General Relativity [8],

and this is now seen as one of the first big results. There have been many tests of General Relativity in

the hundred years that followed [9], from the deflection of light by the sun [10] to the observation of

gravitational waves [11].

A central notion in General Relativity is spacetime. Spacetime is a four-dimensional differential

manifold equipped with a non-degenerate Lorentzian metric tensor field. The fact that it is Lorentzian

means that the eigenvalues have signature (+,−,−,−) or (−,+,+,+). Physically the choice is

just a convention, and we will choose the latter from now on. The manifold is also equipped with a

connection which is metric-compatible, such that the length of a vector does not change while being

parallel transported, which is called the Levi-Civita connection ∇. The Christoffel symbols for this

connection can be uniquely computed in terms of the metric.

Tensor fields are important in General Relativity, assigning a tensor to every point in spacetime

(sections of a tensor bundle). I will usually use the local notation for tensors (for instance gµν for the

metric tensor).

The notion of curvature in General Relativity is mathematically described by the Riemann

curvature tensor Rαµβν , which gives an important example of such a tensor field. This quantity

can be defined only in terms of the connection, so one can define it without even adding a metric

structure to the manifold. By contracting the α and β indices one can define the Ricci tensor

Rµν := Rαµαν .3 Another useful curvature measure is the Ricci scalar, which can be found by

2In this thesis, classical means “non-quantum”.
3As an aside, Newtonian gravity can also be described as a curvature of “Newtonian spacetime” where only the R00

component in the Ricci tensor is nonzero. This spacetime does not need a nontrivial metric, but needs a notion of “absolute
time” on the manifold. This is similar to a foliation of the manifold which will also be used in the ADM-formalism in
section 1.1.2. The difference in the ADM-formalism is that the choice of the foliation is arbitrary, which is important for
keeping the general covariance of the theory.
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1.1. Gravity

evaluating R := gµνRµν .

One more crucial tensor in GR is the stress-energy tensor, which is a symmetric tensor denoted by

Tµν . It describes the matter content of spacetime and is divergence free4

∇µTµν = 0. (1.2)

This tensor is important to the theory of General Relativity, as matter and curvature are directly related

by the central equations of the theory, the Einstein equations:

Rµν −
1

2
Rgµν + Λgµν =

8πG

c4
Tµν . (1.3)

These equations can be derived by using [6, 7]: (1) the equivalence principle, which states that

locally one can choose a coordinate system such that the metric, up to first order in derivatives, is

Minkowskian. (2) the principle of general covariance, which says that physical laws should be

independent of the choice of coordinate system (hence they must be expressed as tensorial quantities).

For a physical system, an action is defined as a functional (a map from functions to a set-theoretical

field, in our case the real numbers), where the field configurations which extremise the action are

solutions to the field equations for the field. General Relativity can also be formulated using an action

which was proposed by Hilbert in 1915:

SEH[g] :=
c4

16πG

∫
d4x
√
|det(g)|R. (1.4)

This action is called the Einstein-Hilbert action. The Einstein field equations for Tµν = 0 can be

found by finding the extremal configurations of this action. By adding a matter and cosmological

constant term the field equations including matter may be found by varying an extended action [7]

S[g] :=

∫
d4x
√
| det(g)|

[
c4

16πG
(R− 2Λ)− LM

]
. (1.5)

Here LM is the Lagrangian describing the matter. This is called “minimally coupled matter”, which

simply means that it is only directly coupled to gravity via the
√
−g term and covariant derivatives,

and it leads to the Einstein equations. The nice thing about the action formalism is that it is fairly easy

to generalise; adding matter fields, higher-order terms (for instance R2) etc. is relatively easy.

1.1.2 ADM formalism

The ADM-formalism is the Hamiltonian formulation of General Relativity. ADM stands for Arnowitt,

Deser and Misner, the three physicists who initially found this formulation [12]. It is important

for canonical quantization approaches to gravity, since these usually take the symplectic structure

of the classical theory5 and from this define a quantum theory (see section 1.2). In this section I

will derive the Hamiltonian for GR. For this we will need to single out time, which breaks manifest

four-dimensional general covariance, because the Hamiltonian of a system defines how configurations

evolve in time. General covariance itself is not broken, but just less apparent because the Hamiltonian

will be a linear combination of first class constraints: the choice of time is a gauge choice. This is

4There are some things to keep in mind. An important object is the “inverse metric tensor” by g−1, which is a covariant
2-tensor (instead of a contravariant one). It is called the “inverse” because it has the property gαβ(g−1)βγ = δ γα . Lowering
(raising) of the indices is done by acting with the (inverse) metric on it. For instance Tµν = (g−1)µα(g−1)νβTαβ . It is
worth noting that Tµν and Tµν thus have a one-to-one correspondence (if the metric gµν is non-degenerate).

5Symplectic geometry is the natural mathematical habitat for a Hamiltonian system.
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1. INTRODUCTION TO QUANTUM GRAVITY

Figure 1.1: An illustration of the foliation by the diffeomorphism X : R× S →M. The vector field
of (1.7) is also illustrated.

a relatively short overview, for a more extended discussion I refer to for instance [13, 6, 14] (which

are the main sources for this subsection). We will be working on spacetime, (M, g) whereM is a

differentiable manifold and g is the metric tensor, as introduced in section 1.1.1.

We will first put the vacuum Einstein-Hilbert action (1.4) into the canonical form. This means that

we will rewrite the action into a form where the dynamical variables are the configuration variables

and their conjugate momenta. To do this we will assume that our spacetime manifoldM has topology

M∼= R× S. (1.6)

Here S is a three-dimensional manifold of some fixed topology. A theorem by Geroch shows that

a globally hyperbolic spacetime has this topology [15, 16]. A globally hyperbolic spacetime is a

spacetime with Cauchy surfaces. A Cauchy surface is a subset ofM such that any nowhere-spacelike

curve intersects it exactly once. This is a causality or determinism condition: given some “initial

values” described on a Cauchy surface there is a unique global solution. Physically this is a natural

condition, as the initial conditions given by some surface fix the whole manifold by the Hamiltonian

flow. In a quantum theory of gravity one has to be more careful, as topological fluctuations are allowed

in some theories [17], while in others, for instance Causal Dynamical Triangulation, the fixed topology

is treated as a fundamental restriction on configurations [18].6

With the aforementioned assumption we can foliateM into hypersurfaces Σt := Xt(S) (t ∈ R)

with embedding Xt : S → M. With this we can define a diffeomorphism X : R × S → M as

(t, x)→ X(t, x) := Xt(x) where x are local coordinates on S. The diffeomorphism X is what we

will call the foliation, as it is our choice how to foliate the manifold. This is illustrated in figure 1.1.

We can write any diffeomorphism φ :M→M as φ = X ′ ◦X−1 for two foliations X and X ′. So

any diffeomorphism can be rewritten in terms of foliations. Two foliations are also always related

by a diffeomorphism X ′ = φ ◦ X . So invariance under Diff(M), the diffeomorphisms onM, is

equivalent to invariance under the choice of foliation: since GR is invariant under diffeomorphisms, it

will also be invariant under the choice of foliation (so we are not allowed to make a specific choice for

the foliation).

6This is what the “Causal” stands for, the counterpart without this restriction “Dynamical Triangulations” has been
considerably less successful.
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1.1. Gravity

Let us call nµ the unit normal vector field to the hypersurfaces Σt (so gµνnµnν = −1). To

parameterise the embedding we introduce the vector field (see figure 1.1)

∂Xµ

∂t
=: N(X)nµ(X) +Nµ(X) (1.7)

which parameterises the foliation X , where Nµ is a vector field tangential to the hypersurfaces. N

is called the lapse function while Nµ is called the shift vector. Because we are explicitly dealing

with spacelike embeddings, we are using information from the metric here. The vector field (1.7) is a

future-directed timelike vector field because the embedding is spacelike, so we have the conditions

N(X) > 0, (1.8)

−N2 + gµνN
µNν < 0. (1.9)

We introduce the first and second fundamental form of Σ:

qµν := gµν + nµnν ,

Kµν := q ρµ q
σ
ν ∇ρnσ.

(1.10)

Here q is the spatial metric on Σt induced by g. It can be easily seen that it is a symmetric and

non-degenerate metric on Σt. K is the extrinsic curvature of Σt.

From the initial value formulation of GR we know that the triple (Σt, qab,Kab) for some t uniquely

defines a globally hyperbolic spacetimeM (up to diffeomorphisms) if it satisfies so-called initial

value constraints (see [6]). We will denote the Ricci scalar on Σt as R(3), which is defined as the

usual contraction of the Riemann curvature tensor R(3)ρ
µσν which is computed with respect to the

spatial metric q and the metric-compatible connection∇(3).7 After some work8 the four-dimensional

Ricci curvature can be expressed in terms of R(3) and Kµν :

R(3+1) = R(3) +KµνK
µν −K2 − 2∇µ (nν∇νnµ − nµ∇νnν) . (1.11)

The last term is a total derivative term, so it will only contribute a boundary term to the action and will

be discarded. Before rewriting our action, it is good to note that these quantities are still defined on

the embedding of S inM, so it is useful to pull back these quantities to S if we want to describe the

system on S. By pulling back the quantities one finds

qab(t, x) := gµν(X(t, x))
∂Xµ

∂xa
∂Xν

∂xb
, (1.12)

K(x, t) = (qabKab)(x, t), (1.13)

(KµνK
µν)(x, t) = (KabK

ab)(x, t) (1.14)

Here I introduced some extra notation; Latin indices are defined on S while the Greek indices are

defined on the embedding inM. The indices on S are raised and lowered with qab and its inverse qab

(defined as discussed above). It can also be shown that the curvature scalar R(3) pulled back to S is

simply the curvature scalar defined by qab.

7These can be expressed in terms of the original connection∇ and q.
8See Appendix E of [6] or chapter 1 of [13].
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1. INTRODUCTION TO QUANTUM GRAVITY

Let us find an explicit expression for the metric gµν in terms of quantities on S (note that

Nµ = ∂Xµ

∂xa N
a):

ds2 := gµνdX
µ ⊗ dXν ,

= gµν(X(x, t))

(
∂Xµ

∂t
dt+

∂Xµ

∂xa
dxa
)
⊗
(
∂Xν

∂t
dt+

∂Xν

∂xb
dxb
)
,

= gµν

(
(Nnµ +Nµ)dt+

∂Xν

∂xa
dxa
)
⊗
(

(Nnµ +Nµ)dt+
∂Xν

∂xb
dxb
)
,

= (−N2 + gabN
aN b)dt⊗ dt+ qabN

a(dt⊗ dxb + dxb ⊗ dt) + qabdx
a ⊗ dxb.

So we can now read off the values for g on R × S.9 A consistency check shows that the metric

is Lorentzian, since −N2 + gµνN
µNν = −N2 + qabN

aN b < 0, as we required in (1.10). We

can now calculate the volume form on R × S, by using that the volume form is covariant (so√
|det(g)|d4X =

√
|det(g∗)|dtd3x where g∗ is the pullback we just calculated, note that the gta

terms exactly cancel the qabNaN b-term.):10

√
|det(g)|d4X = N

√
det(q)dtd3x. (1.15)

With this we can write the action on R× S:

S =
1

16πG

∫
R
dt

∫
S
d3x
√

det(q)N
(
R+KabK

ab −K2
)
. (1.16)

These are all quantities on S×R, soR = R(3) andK = qabK
ab. This action is called the ADM-action

or the canonical action of GR.

To now go from the action formalism to the (symplectic) Hamiltonian formalism, it is useful to

make the canonical variables in Kab more explicit. Because nµ is orthogonal to the hypersurface we

have n[a∇bnc] = 0, so we also have nan[a∇bnc] = 0 which gives that Kab −Kba = 0. From the

definition of the Lie derivative, Lnqab = nc∇cqab + qcb∇anc + qac∇bnc, one can show that

2Kab = Lnqab,

= N−1 [q̇ab − Lnqab] . (1.17)

We observe now that the action (1.16) only depends on the derivative of qab, and not on the derivatives

of N or Na. For the conjugate momenta we find (for simplicity I put 8πG = 1 for the canonical

analysis)

pab(t, x) :=
δS

δq̇ab(t, x)
=
√

det(q)
[
Kab − qabK

]
, (1.18)

Πa(t, x) :=
δS

δṄa(t, x)
= 0, (1.19)

Π(t, x) :=
δS

δṄ(t, x)
= 0. (1.20)

Because the conjugate momenta of N and Na (which are currently in our configuration space) vanish

we have a singular Lagrangian (see appendix A). Currently we are considering the configuration space

Q := (qab, N
a, N). (1.21)

9More precisely, the pullback of g.
10Because I use g and q here to refer to the spacetime and spatial metric I write the determinants explicitly. Later in the

thesis I will simply write g and q if I mean the determinants.
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1.1. Gravity

When we have such a singular Lagrangian we need to find the reduced phase space, where we impose

the constraints.11 We will do this for the primary constraints below, where we will remove N and Na

from the configuration space. The secondary constraints, which we have to impose to make sure that

the time evolution of the primary constraints vanishes, will be imposed but these are not as simple.

The Poisson structure is given by the following Poisson bracket{
qab(t, x), pcd(t′, x′)

}
= δcd(ab)δ(t, t

′)δ(3)(x, x′), (1.22)

where δcd(ab) = 1
2(δcaδ

d
b + δcbδ

d
a). N and Na have similar Poisson brackets. The primary constraints are

trivially found to be

C(t, x) := Π(t, x) = 0, Ca(t, x) := Πa(t, x) = 0. (1.23)

Now we will introduce Lagrange multipliers (fields) λ and λa, which are used to describe a Hamilto-

nian valid on the full phase space, and find the extended Hamiltonian density12

Hext := pabq̇ab + ΠṄ + ΠaṄ
a −L (1.24)

= λC + λaCa +NaHa +NH. (1.25)

Here,Ha andH are called the (spatial) diffeomorphism constraint and the Hamiltonian constraint

(collectively often called the Dirac constraints) and are given by

Ha := −2qac∇bpbc, (1.26a)

H :=
1

det(q)

[
pabp

ab − 1

2
p2

]
+
√

det(q)R. (1.26b)

These objects will need to be imposed as secondary constraints later on, hence the name. Note that

these are covector and scalar densities of weight one.13 As mentioned before, we also need to see

if the time evolution of the constraints vanishes. The dynamics is only consistent if the constraints

Poisson commute with the Hamiltonian on the constraint surface, for instance (assuming that C has

no explicit time dependence):

Ċ(f) := {H,C(f)} ≡ 0, (1.27)

where I use some useful notation

G(f) :=

∫
S
d3xf(x)G(x),

~G(~F ) :=

∫
S
d3xF a(x)Ga(x).

(1.28)

This notation is three-dimensionally covariant for the quantities defined in (1.26), since they are of

weight 1 (and d3x is of weight -1), if we take f and F to be scalar and vector fields.14 The full

Hamiltonian can now be written as

H := C(λ) + ~C(~λ) + ~H( ~N) +H(N). (1.29)

11Since we are dealing with tensor fields on a manifold, the configuration space (and hence phase space as well) are
infinite-dimensional.

12The Hamiltonian density is the integrand of the Hamiltonian H :=
∫
S d

3xH .
13For a short introduction to tensor densities, see appendix B.
14See appendix B for more on densities.
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1. INTRODUCTION TO QUANTUM GRAVITY

If we now calculate the Poisson bracket of the constraints with the Hamiltonian, using a smearing

function f and smearing vector ~F , we get straightforwardly{
~C(~F ), H

}
= ~H(~F ),

{C(f), H} = H(f).

So, for consistency of the system we need to impose the secondary constraints for every x ∈ S

H(x, t) = 0, (1.30)

Ha(x, t) = 0. (1.31)

This is why I already called these quantities constraints. An important fact is that the secondary

constraints do not change under evolution when restricted to the constrained surface, so we do not

have to impose any further constraints. The constraints span the Dirac hypersurface deformation

algebra:15

{
H(f),H(f ′)

}
= ~H( ~K(f, f ′)), (1.32a){

H(f), ~H(~F ′)
}

= H(L~F f), (1.32b){
~H(~F ), ~H(~F ′)

}
= ~H(L~F

~F ′), (1.32c)

where Ka := qab(f∂bf
′ − f ′∂bf) and the Lie derivative of a vector field is given by (L~F

~F ′)a =

F b∇bF ′a−F ′b∇bF a and acting on a function gives L~F f = Fµ∂µf . This is not a proper Lie algebra

because of the q-dependence of the right-hand side of (1.32a). This is somewhat of a surprising result;

the symmetry of the constraints which are supposed to represent the diffeomorphism invariance of

General Relativity do not span a Lie algebra, while the four dimensional diffeomorphisms form an

infinite dimensional Lie group. There is however no contradiction here, as (according to discussions

in [13, 19]), the action of ~H does generate spatial diffeomorphisms and on-shell the symmetry group

is indeed the full diffeomorphism invariance. The constraints above are constructed explicitly from

(originally) the action of GR, so it is not surprising that they generate something which does not

exactly correspond to the kinematical four-diffeomorphism invariance and they only match on-shell.

One could worry that this makes a quantum theory hard to define, as implementing the constraints

above will not lead to diffeomorphism invariance as an off-shell gauge symmetry. Thiemann argues

in [13] that there is no fundamental reason to be overly worried at this point because in the semi-

classical limit (where the states become on-shell) the correspondence to diffeomorphism invariance

should be recovered. This is however still an unsolved problem.

Let us consider the equations of motion of the system. The phase space variables Π and Πa vanish,

so we only need to consider the equations of motion for N,Na, qab and pab. It is easy to find the

equations of motion for the lapse function and the shift vector:

Ṅ = λ, (1.33)

Ṅa = λa, (1.34)

where we should remember that λ and λa are arbitrary functions. This implies that the trajectory of the

lapse function and the shift vector are completely arbitrary, as it should be. It is also easy to see that

15For a derivation, see [13].
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the evolutions of qab and pab are independent of C and Ca, so we can simply see N,Na as Lagrange

multipliers and drop the terms proportional to C and Ca. This leads to the reduced Hamiltonian

H :=

∫
S
d3x [NaHa +NH] , (1.35)

which will be the starting point for defining the classical Canonical Tensor Model later on.

The equations of motion can be calculated by evaluating q̇ab = {qab,H} and ṗab = {pab,H}. The

equations of motion, combined with the constraints (1.30) and (1.31) are equivalent to the Einstein

equations (1.3) in vacuum

Gµν = 0. (1.36)

During these calculations have I ignored the boundary contributions. In a closed universe the

boundary terms will be absent. In other cases, for instance for an asymptotically flat universe, there

will be boundary contributions remaining. This can be seen as the “energy” for such a universe. An

example of this is the Schwarzschild black hole, where this energy equals the mass parameter of the

black hole. A more in-depth discussion is beyond the scope of this thesis.

1.1.3 Superspace

In section 1.1.2 we learned that General Relativity can be reformulated in the canonical formalism.

At the present stage, all spatial metrics on S are included in the configuration space. Let us call this

configuration space Riem S, and the (spatial) diffeomorphism group acting on it Diff S. We define

superspace by

S (S) := Riem S/Diff S, (1.37)

that is, the space where all metrics which are diffeomorphic to each other are identified (equivalence

classes), in other words, the space of geometries on S instead of the space of all metrics. In General

Relativity, a configuration q ∈ Riem S and a configuration related by a diffeomorphism ψq for

ψ ∈ Diff S , both describe the same physical state. Hence, one should consider S as the configuration

space. For this configuration space the spatial diffeomorphism constraint, (1.31), is already satisfied.

The group Diff S sometimes (for open spaces) is set to not include “physically relevant” sym-

metries, for instance rotations with respect to the rest of the universe. Diff S is understood to only

contain redundancies.

Related to superspace is a minisuperspace. A minisuperspace is a superspace which is restricted

even further by symmetry considerations, such that only a finite number of degrees of freedom

survives. A finite number of configurations implies that one no longer has a field theory, so this space

contains only a very restricted part of the full theory of General Relativity. One restricts oneself to

very symmetric solutions of the Einstein equations, which for instance in cosmology are justified to

describe the large-scale behaviour of the universe. For our purpose, they are mainly toy models to

probe quantum gravity and make some cautious cosmological predictions. One of the best known

examples is the (d+1)-dimensional Friedmann universe, whose classical line element is given by

ds2 = −N2(t)dt2 + a2(t)dΩ2, (1.38)

where the spatial metric is fully specified by the scale factor a(t) and dΩ2 is the metric of a d-

dimensional sphere.16 The extrinsic curvature Kab of the spatial manifold is in this case given

16I generalised the discussion to d dimensions in order to make contact with a result in section 3.2.1.
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1. INTRODUCTION TO QUANTUM GRAVITY

by

Kab =
ȧ

N(t)

qab
a(t)

, (1.39)

so finding the action (1.16) is then easy17

S =
1

16πG

∫
dt

∫
ddx a(t)dN(t)

(
d(1− d)

ȧ2

N(t)2a2(t)
− 2Λ

)
. (1.40)

We can rewrite this in a way that the spatial manifold is integrated out, such that the action becomes a

function of the total spatial three-volume L(t) :=
∫
ddx a(t)d:

S =
1

16πG

∫
dt

(
d(1− d)

L̇2(t)

N(t)L(t)
− 2ΛN(t)L(t)

)
. (1.41)

17I added a cosmological constant term.
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1.2. Quantisation

1.2 Quantisation

Obtaining a quantum theory from a classical theory by some mapping is called quantisation. Quanti-

sation is a procedure to obtain a quantum mechanical theory, which in its classical limit corresponds

to some known macroscopic theory. It should be stressed that quantisation is merely a way to obtain

an educated guess of what could be the quantum theory of nature, as quantum theories which have a

given classical limit are by no means unique, and, moreover, it is not even guaranteed that for a given

classical theory a meaningful quantisation exists. I will describe canonical quantisation. Details may

be found in for instance books by Isham [20] and Peskin and Schroeder [21].

Canonical quantisation is a method introduced by Dirac [22] and is a widely used method. It is

used in Canonical Quantum Gravity, and I will also use it to define the quantum Canonical Tensor

Model. We want to construct a quantum theory (i.e. a Hilbert space with operators acting on it)

from a classical (Hamiltonian) theory (a symplectic manifold). I will first describe the kinematical

quantisation, and will comment on the Hamiltonian (which for any physical theory has to be quantised

as well) later on. The idea is to consider functions on phase space, which is a symplectic manifold

(Γ,Ω) where we usually take Γ = T ∗C (the cotangent bundle over some configuration space C ),

F 3 f : Γ→ R, and map them to operators which act on some Hilbert space where the commutator

algebra of these operators is equivalent to the Poisson algebra, up to a factor i~:18

Qf := f̂ ,

i~Q{f,g} := [f̂ , ĝ].
(1.42)

The map is supposed to obey the von Neumann rule (Qφ◦f = φ(Qf )). This seems like a natural thing

to do, but such a map does in general not exist if we do this for all functions on phase space: we

cannot do this for all phase space functions with a linear map while preserving the Poisson algebra

correspondence and the von Neumann rule [23].

There are a number of ways in which one mathematically tries to formulate a consistent quantisa-

tion procedure, such as deformation quantisation and geometric quantisation [24]. I will not discuss

the details of these programs here, but the former relaxes the requirement of the Poisson bracket

correspondence, such that the correspondence only holds in the ~→ 0 limit, while the latter restricts

the function space which is considered. Sometimes (for instance in [13]), one uses a subalgebra of

the full Poisson algebra to construct a new algebra satisfying the sought after commutation relations

and defining the quantum theory in the framework of algebraic QFT. To keep things simple I will

only consider the quantisation of a restricted subalgebra, and not go into the details on how to exactly

define the full quantisation.

Let us now consider a set of global coordinates of Γ,19 which we call the elementary variables,

such that they form a closed subalgebra of the full Poisson algebra on Γ. These variables will now be

mapped to quantum operators acting on L2(C ). For example, let us take a finite symplectic manifold

R2n ∼= T ∗Rn with elementary variables given by the canonical coordinates with the symplectic

18After this I will set ~ = 1.
19For many manifolds it is not possible to find a global coordinate patch. One could for instance pick global coordinates

by embedding a manifold in a larger Rn manifold and choose global coordinates there. For the CTM this will not be
problematic as its configuration space is isomorphic to Rn.
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1. INTRODUCTION TO QUANTUM GRAVITY

subalgebra

{qi, pj} = δji ,

{qi, qj} = 0,

{pi, pj} = 0.

(1.43)

We now map this to an operator algebra represented on a Hilbert space H ∼= L2(Rn) as

[q̂i, p̂
j ] = iδji ,

[q̂i, q̂j ] = 0,

[p̂i, p̂j ] = 0.

(1.44)

In general the phase space we quantise will be subject to some constraints20 which have to be

either first solved on the classical level, or one has to quantise the full classical theory and solve them

on the quantum level. In some restricted situations these actions commute [25], but in general this

is not the case [26]. For more complicated constraints it is in general easier to quantise a system

by quantising the canonical variables on the extended phase space and subsequently quantising the

constraints and enforcing them, especially if the geometry of the extended phase space is simple.

This first step can be done by writing the constraints CI with Lagrange multipliers λI as functions

of the elementary variables, and defining their quantum counterpart by taking the same functional

with now the corresponding operators

CI := CI({a})→ ĈI := CI({â}), (1.45)

where a ∈ X and {â} are the corresponding quantum operators. This comes with some subtleties:

One has to choose an ordering of the operators (the quantisation is not unique). Also, in Quantum

Field Theory (QFT), operators encounter various kinds of infinities which have to be regularised

and fixed by normal ordering21 and renormalisation. In the case of gravity, these naively defined

constraints behave badly [27]. I will assume that it is possible to define these operators though, since

the CTM is a finite system and the problems are more under control.

Once we defined the quantum constraints we have to find the Hilbert space which “solves” them.

Let us call the original Hilbert space the kinematical Hilbert space Hkin. Formally, we want states in

the new Hilbert space, the so-called physical Hilbert space Hphys, to satisfy

ĈI |Ψ〉 ≡ 0, (1.46)

where |Ψ〉 ∈Hphys. A naive assumption would be that Hphys is a subspace of Hkin, Hphys ⊂Hkin.

This brings some problems since the elements of Hphys are typically distributions (and thus not part

of Hkin) if the spectrum of the constraint is continuous around zero. This may be solved by defining

states in the physical Hilbert space, Hphys 3 |Ψ〉, from states in the kinematical Hilbert spaces,

Hkin 3 |ψ〉, and using a suitable redefinition of the inner product using rigged Hilbert spaces. I will

not go into this any further.

As mentioned above, for a physical system we have a Hamiltonian H acting on our phase space

H : Γ→ R, (1.47)
20I will assume the constraints are first class.
21The absence of infinities (i.e. consistency of the theory) partly fixes the ordering degeneracy in the case of perturbative

QFT.
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which generates time translations of phase space functions f : Γ→ R (which have no explicit time

dependence)
df

dt
= {f,H}. (1.48)

In a quantum theory (assuming we defined a Hamiltonian operator Ĥ corresponding to the classical

Hamiltonian) we can either put the time evolution in the operators (Heisenberg picture)

i
df̂

dt
= [f̂ , Ĥ], (1.49)

where the connection to the classical system is easy to spot, or in the physical states (Schrödinger

picture)

i
d |Ψ〉
dt

= Ĥ |Ψ〉 . (1.50)

These two “pictures” are equivalent because the expectation value of any observable remains the same

in both pictures.
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1. INTRODUCTION TO QUANTUM GRAVITY

1.3 Quantum Gravity

In this section I will consider some approaches to quantum gravity. There are a lot of approaches

to quantum gravity, and a quite extensive subset of them is discussed in the book by Kiefer [14].

Roughly speaking, the approaches of quantum gravity may be divided into two categories: Perturbative

and non-perturbative. The issue (as I will briefly discuss below) with perturbation theory is that

the gravitational field is perturbatively non-renormalisable. People working on the perturbative

approach try to get around this problem by introducing extra structure, like supersymmetry and

higher dimensions. Non-perturbative approaches on the other hand try to be more careful with the

quantisation of gravity, and try to add as little extra structure as possible. The second category can be

further divided into covariant (path integral) approaches, which try to define the theory in a manifestly

covariant way, and canonical approaches, where one tries to apply Dirac’s canonical quantisation to

the degrees of freedom of gravity. These (sub-)categories are not mutually exclusive, for instance spin

foam models try construct a covariant formulation of Loop Quantum Gravity, a canonical theory. I

will discuss the (naive) perturbative approach and the basics of the non-perturbative approaches using

path integral or canonical quantisation.

1.3.1 Perturbation theory

Because of the enormous success of the Standard Model (SM) of Particle Physics, it makes sense to

first try and use techniques which have been developed here. The SM uses extensively tools from

perturbative QFT, so it seems like a natural starting point to try and build a theory of quantum gravity.

The start of the perturbative approach to quantum gravity was the introduction of the Feynman rules

for gravity [28]. However, as it turns out this does not yield a well-defined perturbative theory.

As a first qualitative analysis, one can try to use dimensional counting arguments [21]. In

perturbation theory, diagrams are used to represent terms in the perturbative series of a process. For

a given diagram one can determine the so-called superficial degree of divergence, ∆, given by the

formula [14, 21]

∆ := d− ∂ −
∑
f

nf (sf + 1), (1.51)

where d is the spacetime dimension, ∂ is the number of derivatives of the coupling term, nf are the

number of particles of type f in the interaction and sf is 0 for bosonic fields and 1/2 for fermions.

For high energies M such a coupling will be accompanied by a term M−∆, so ∆ < 0 yields a

non-renormalisable coupling (as perturbation theory is bound to break down if the coupling becomes

large). An example is the QED interaction −ieψ̄Aµγµψ, which has ∆ = 0. This means that the

electric charge is dimensionless and the coupling is renormalisable.

Let us look at a naive perturbation theory approach using some fixed background geometry, ḡµν ,

called the background field method

gµν(x) := ḡµν(x) + hµν(x), (1.52)

where hµν(x) is supposed to be a small perturbation such that one can use it for a perturbative

expansion. One can show that, using this perturbation for ḡ = η (the Minkowski metric) with the pure

Einstein-Hilbert action (1.4), the resulting interaction terms are of the symbolic form

hr(∂h)(∂h) (1.53)
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for r ≥ 1. This would mean that the mass dimension of the terms for d = 4 is given by ∆ = −r, so

these terms will be badly divergent.

Let me stress that this argument is very qualitative. It just tells us what to expect: Gravity is

perturbatively non-renormalisable. It is of course possible that these divergent terms would cancel out,

and may be absorbed in field redefinitions. This is something that happens often with theories with

a strong symmetry (such as supersymmetry); divergences are softened or cancelled out completely.

It was shown that at one-loop order, the divergences can be eliminated by field redefinitions (except

for a total derivative term which is unphysical) [29]. However, this turned out to be just coincidental

as perturbative quantum gravity coupled to matter diverges at one-loop order and pure gravity at

two-loop order [29, 30]. Gravity appears to be non-renormalisable, meaning that one would need an

infinite number of counter terms to make the theory finite which would require an infinite number of

measurements to fix the associated couplings. It appears to be, as there is no proof of this to all loop

orders because of the complexity of the gravitational action. It is still possible that in some way the

divergences cancel out, but currently it is considered a fact that gravity is not renormalisable, at least

using the perturbative methods which are used in the SM.

Perturbative approaches to this problem try to solve it by introducing extra structure to the theory.

A well known fact from perturbative quantum field theory is that extra structure may help to reduce

or remove divergences of a theory. In the 1970s some argued that adding supersymmetry might also

work to reduce divergences for quantum gravity. By coupling a spin-3/2 field to the gravitational

action, making the action symmetric under supersymmetric transformations between the spin-2 metric

field and the spin-3/2 field, the theory is finite up to two loop order [31]. If one allows the theory to

deviate stronger from original four-dimensional GR, one finds that there exist supergravity theories

with more interesting properties for higher dimensions. By the late 1980s the interest in supergravity

faded due to the fact that it appeared to have bad UV-behaviour after all [32]. Another field which is

closely related to supergravity and is still very active today is String Theory. It is currently the only

known perturbative theory which has a chance to describe quantum gravity and aims to also introduce

a consistent framework for the unification of all of the fundamental forces. The idea is to spread out

the interaction by using world sheets instead of world lines to describe the motion of the fundamental

objects, called strings [33].

1.3.2 Path integral approach

The key object of the research directions in this subsection is the path integral for quantum gravity. It

is based on the path integral formulation of QFT’s, and was already formulated by Misner in 1957 [34].

It is given by

Z :=

∫
D[gµν ]eiSEH [gµν ], (1.54)

with the action given in (1.4), and where the integral is over all geometries (or equivalence classes of

Lorentzian metrics; the superspace of section 1.1.3). These equivalence classes are denoted by [gµν ].

While this expression looks appealing, there is numerous problems and subtleties with it. First

of all we need to make precise what we mean by an “integral over geometries”, and an integration

measure should be defined. Since we want to integrate over equivalence classes we should not

integrate over all metrics, but a subset. One usually does this by introducing gauge constraints into the

measure.22

22One can see this as adding a gauge fixing term to the action, which requires the so-called Faddeev-Popov ghosts.
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But even if we succeed in that we need to make the integral converge, as the integral oscillates

due to the imaginary exponent in the integrand. There revarious methods to do this, for instance by

adding a damping term to the integrand23, or what is usually done in QFT’s, going to Euclidean time

t→ τ := −it, (1.55)

by which we aim to relate the Lorentzian path integral of (1.54) to the Euclidean path integral

ZE :=

∫
D[gµν ]e−SE [gµν ], (1.56)

where SE is the Euclidean action obtained from SEH

SE := − c4

16πG

∫
M
d4x
√
gR. (1.57)

The prescription of (1.55) is called Wick rotation, and in flat spacetime this is a well-defined procedure,

as a result of which QFT and statistical field theory share a close connection. If one is able to link

the QFT to a statistical model one can use techniques from statistical mechanics to analyse the theory.

There are two major problems with this for quantum gravity. Firstly, for non-flat spacetime, very few

Euclidean metrics have a well-defined Lorentzian counterpart by rotating to imaginary time. This

procedure generally produces complex metrics. One should thus properly define a nontrivial map

between Euclidean and Lorentzian metrics. A second problem arises from the Euclidean action, as the

Euclidean action for gravity is unbounded from below, which is called the conformal factor problem.

There are several attempts to fix these problems. They both boil down to defining a fundamental

theory for gravity in the UV using the same fundamental degrees of freedom, but changing for instance

the action or their representation. One promising example is Asymptotic safety [35], originally

proposed by Weinberg [36], which aims to find a UV fixed point of the Renormalisation Group (RG)

flow which may be described non-perturbatively with the functional renormalisation group equations.

A well known discrete approach is Dynamical Triangulation (DT), which tries to define a regularised

theory by replacing the formal integral over equivalence classes of metrics by a discrete sum over

triangulations and then taking the continuum limit. DT itself has not been very successful in four

dimensions, but Causal Dynamical Triangulation, which introduces a notion of causal structure to the

allowed triangulations, has been very successful [37, 18, 38, 39], with, for one, the existence of a de

Sitter phase. Related to DT are the so-called Tensor Models, originally motivated from the success of

matrix models to describe two-dimensional quantum gravity [40, 41, 42]. These differ from the kind

of tensor models this thesis is about, and interpret the diagrams generated by the partition function as

simplicial (generalised) manifolds. The original models were not satisfying, as they produced singular

and uninteresting spaces. Shortly after, group field theories were introduced which behaved slightly

better but could still not be properly analysed [43, 44, 45]. Recently there has been new interest in

tensor models with the introduction of coloured tensor models which admit a so-called 1/N expansion

allowing for a more rigid analysis [46, 47], and the relation of tensor models to holography [48, 49].

1.3.3 Canonical Quantum Gravity

In this subsection I will briefly discuss canonical quantum gravity. The main goal of this section is to

show the difficulties one can encounter while quantising gravity in the canonical approach.

23This introduces problems as it will make the theory complex, while GR is definitely a real theory.
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Let us consider the most straightforward approach: quantising the canonical formalism of GR in

the metric formulation; the ADM formalism (section 1.1.2). This approach is also called quantum

geometrodynamics. The ADM formalism describes GR as an infinite-dimensional symplectic manifold

with the canonical variables (qab; p
ab) and Poisson structure given in section 1.1.2. Besides that we

have the constraintsH = Ha = 0.

Considering these as the elementary variables of the canonical quantisation approach (section 1.2),

we arrive at the quantum commutator algebra (from the Poisson bracket (1.22))

[q̂ab(t, x), p̂cd(t′, x′)] = iδcd(ab)δ(t, t
′)δ(3)(x, x′). (1.58)

Let us consider a representation space for these operators to act on. This can formally be done with

“wave functions” for gravity ψ[qab(x)]

q̂ab(x)ψ[qab(x)] = qab(x)ψ[qab(x)],

p̂cd(x)ψ[qab(x)] = −i~ δ

δqcd(x)
ψ[qab(x)],

which are defined on Riem(S) (the space of all three-metrics). Next, we have to introduce the quantum

analogues of the classical constraints (1.26), and they should annihilate states in the physical Hilbert

space. From the naive definition of (1.45) we arrive at the quantum constraint equations

0 ≡ ĤΨ :=

(
1

2
√
q

(qacqbd + qadqbc − qabqcd)
δ

δqab

δ

δqcd
−√qR

)
Ψ, (1.59a)

0 ≡ ĤaΨ := i2Dbqac
δ

δqbc
Ψ. (1.59b)

The first of these equations is called the Wheeler-deWitt equation, while the second one is called the

quantum spatial diffeomorphism constraint. Notice that this means that the quantum Hamiltonian

vanishes when acting on physical states. Because the Hamiltonian is supposed to generate time

translation, this is also often called the problem of time. The spatial diffeomorphism constraint

classically generates spatial diffeomorphisms, so (1.59b) says that the wave function is invariant under

these.

There are several issues which accompany the equations (1.59) [13, 14]. For one, the Wheeler-

deWitt equation is mathematically very challenging, as it is a second-order functional operator which

is not analytic. It is also unclear whether anomalies will occur in the commutator algebra of the

constraints. If this is the case, we cannot expect four-dimensional covariance to occur. This also

has to do with the factor-ordering problem; other choices could have been made in the ordering of

the operators, which affects the occurance of anomalies. Furthermore, the Wheeler-deWitt equation

contains divergences so a careful renormalisation treatment is necessary.

The states which satisfy the constraint equations of (1.59) span the so-called physical Hilbert

space. These constraints all reduce the Hilbert spaces, a (very formal!) picture would be given by

Hkin
Ĥa−−→Hdiff

Ĥ−→Hphys. (1.60)

The resulting physical Hilbert space is presumably very complicated. The formal picture given

in (1.60) does not reflect this properly, as the constraints do not in general act as simple projection

operators. If the zero mode of the operator is in the continuous part of the spectrum the states will

become distributional.
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1. INTRODUCTION TO QUANTUM GRAVITY

These issues make the “straightforward” method hard to deal with. For this reason, people try to

formulate a canonical theory for quantum gravity using a different set of elementary variables. The

point of these variables is that they are possibly easier to handle, and the constraints get a nicer form.

One of the biggest research areas doing this is called “Loop Quantum Gravity”, where the elementary

variables are taken to be the Ashtekar variables [13, 14, 50, 51]. It has been relatively successful in

some respects, as for one it derives the fundamental discreteness of three-dimensional geometries at

the kinematical level and a simplified version reproduces the correct black hole entropy. There are

still many open questions, and a satisfactory quantisation at the physical Hilbert space has not been

found yet. The Canonical Tensor Model may also be viewed as such a model, where the theory is

formulated in terms of the algebra of functions over a space instead of the coordinates. The Canonical

Tensor Model has the advantage that it is already defined as a discrete model at the classical level,

solving a lot of functional derivative ambiguities often associated to field theories.

18



Chapter 2

Riemannian manifolds and tensors

There is another kind of tensor model around, which does not construct geometry in terms of a metric,

but uses an alternative way to encode the geometric information of a Riemannian manifold, namely,

by the algebra of functions. This was first developed in the Euclidean setting [52, 53, 54, 55, 56], and

later used as an interpretation of the Canonical Tensor Model [3, 57]. In this chapter I will motivate

looking at the algebra of functions from spectral triple theory, after which I will construct the tensors

corresponding to fuzzy spaces.

2.1 Spectral data

Spectral data is a broad term for data from spectral objects, such as the eigenvalues and eigenfunctions

of operators. For simplicity, let us consider a compact Riemannian manifold (M, g) throughout this

chapter, whereM is a differentiable manifold and g is a positive-definite metric. Frequently used

operators which have a strong connection to the geometry of a Riemannian manifold are the Dirac

operator and the Laplace-Beltrami operator.

2.1.1 Spectral triple

Let C∞(M) be the space of smooth complex functions onM, a well known result from differential

geometry is that the algebra of smooth functions can be equipped with a topology which retrievesM.

This is called the Gelfand duality. This can be extended to the full geometrical structure, normally

encoded in g, which is called the spectral triple

(A, D,H), (2.1)

where A is a C∗-algebra, D is a self-adjoint operator andH is a Hilbert space on which this operator

acts. For a given Riemannian manifold as above, there is a special kind of spectral triple called the

canonical triple [58]

(C∞(M), D, L2(S)), (2.2)

where S is a spinor bundle S → M, and D is the Dirac operator associated to the Levi-Civita

connection onM lifted to S. One can show that one can re-obtain the Riemannian structure from

this spectral triple. A famous theorem, called the reconstruction theorem, states that a spectral

triple as in (2.1) with A commutative is equivalent to a canonical triple for some compact smooth

manifold [59].1

1More precisely: The algebra A is isomorphic to C∞(M) for some manifoldM.

19



2. RIEMANNIAN MANIFOLDS AND TENSORS

In this construction we must have a Hilbert spaceH for the algebraA to act on, where the operator

D is used to show that there is a smooth atlas. The operator D is also used to find the Riemannian

distance onM, so we can re-obtain the geometric structure.

2.1.2 Commutative algebras and tensors

Motivated by the spectral triples of section 2.1, we want to find a way to efficiently describe this data,

in order to make a dynamical model. The construction here is not rigorous, so mathematically we

are not sure how to directly get back the full Riemannian manifold from this data. In chapter 5 I will

construct methods to re-obtain topological and geometric information from the data constructed in

this chapter, but there is no rigorous “reconstruction”-like theorem available.

Instead of the above spectral triple, we will work with a different “canonical triple”, namely, an

algebra of smooth functions C∞(M), the Laplace operator onM, ∆M, and the real-valued square

integrable functions L2(M). It is worth noting that in some cases the connection to the canonical

triples above is obvious (if the spinor bundle is trivial), as we ignore the spin structure. However,

in cases where the spinor bundle is not trivial, the assumption that this is all the data we need is a

conjecture. This setup is motivated by the fact that we can “separate points” by using smooth functions

onM, whereas Riemannian distances between points can be found from the Laplacian by using

Varadhan’s formula

dg(x, y)2 = − lim
t→0

4t logKt(x, y), (2.3)

where Kt(x, y) is the fundamental solution to the heat equation

∂

∂t
Kt(x, y) = ∆MKt(x, y). (2.4)

Let us consider a basis for the Hilbert space. For a compact Riemannian manifold, we know that

the corresponding Laplace-Beltrami operator (also just called the Laplacian), in local coordinates

given by

∆M =
1
√
g
∂i
√
ggij∂j , (2.5)

has a discrete spectrum and the eigenfunctions form a basis for the Hilbert space
(
L2(M), dω

)
, where

dω := ddx
√
g is the natural integration form on (M, g). We denote the set of eigenfunctions by {fn}

where n ∈ {1, 2, . . .}. It is worth noting that the heat kernel has a formal expansion in terms of the

eigenfunctions and eigenvalues {λn} as

Ht(x, y) =
∑
n

e−λntfn(x)fn(y). (2.6)

Now we consider the algebra C∞(M). Any function ψ in the Hilbert space can be decomposed into

the eigenfunctions mentioned above as ψ =
∑

a≥1 αafa, and for the product of two of these functions

we have ψ1ψ2 =
∑

a,b≥1 αaβbfafb, so the only real information here is given by the subalgebra of

the eigenfunctions fnfm. Let us formally write this as

fafb := Pab
cfc. (2.7)

We know that we can make this decomposition, because both fa and fb are smooth functions on a

compact manifold, so their product must be square integrable and can be decomposed in terms of the

eigenfunctions again. Now what is this Pabc? Because the algebra commutes, it must be symmetric in
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2.1. Spectral data

the two lower indices. From the inner product on the Hilbert space, we know that the object acts on

two dual states. To make this more clear, let us denote the dual of fa by f̄a such that

< fa, fb >= faf̄
b ∈ R ∀a, b. (2.8)

If we evaluate

Pab
cfcf̄

af̄ b = fafbf̄
af̄ b, (2.9)

we see that indeed Pabc acts on two dual states like one would expect from a linear operator. Because

the eigenfunctions of the Laplacian can be taken to be orthonormal, we might just as well define the

quantity Pabc := Pab
c′δcc′ . This quantity acts on three vectors in an infinite-dimensional vector space

(Hilbert space). In other words, this can be seen as a multilinear map2 of three infinite-dimensional3

vectors to the reals: It is a real totally symmetric three-tensor.4

Because we are using an orthonormal set of eigenfunctions, we can find the values of Pabc by

multiplying (2.7) by fc and integrating∫
M
dωfafbfc =

∫
M
dωPab

c′fc′fc = Pabc. (2.10)

Since the functions are smooth functions on a compact manifold this is a finite integral. It might be

useful to also encode the information about the eigenvalues in the object. For a compact Riemannian

manifold the eigenvalues, as defined below in (2.12), are always positive (or zero), and they are

countable,

0 ≤ λ1 < λ2 ≤ . . . , (2.11)

and we denote the eigenfunction corresponding to the eigenvalue λa as fa, such that

∆fa ≡ −λafa. (2.12)

We can use these eigenvalues to construct another tensor (family of tensors) with so-called regularised

functions

f̃a := g(λa)fa, (2.13)

where g is a strictly positive decreasing function such that g(λ→ 0) = 1 and g(λ→∞) = 0. The

resulting tensor is given by

P
(g)
abc :=

∫
M
dωf̃af̃bf̃c. (2.14)

and currently they are mainly used to construct finite fuzzy spaces which have more well-behaved

properties. This is due to the fact that the cutoff is usually really sharp, but this comes for small

N with too wildly behaved systems. Of course we cannot expect the fuzzy space to be comparable

to a continuum space for small N , but with these regularised functions it seems to be possible to

generate fuzzy spaces which have a relatively nice behaviour for N as small as N ∼ 50. See chapter 5

and [3]. A possible idea for future work is to investigate the possibility to encode information about

the eigenvalues in the tensor using this function, as this tensor will then contain the full spectral

information of the manifold.

2It is continuous by construction, since it is defined as the product of two continuous functions which is again continuous.
3We will in the end mainly be interested in finite-dimensional systems, I will not discuss the challenges that come with

the infinite-dimensional structure.
4The Pabc is also a tensor of course, but this way we can only consider lower-indices which simplifies the discussion.
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2. RIEMANNIAN MANIFOLDS AND TENSORS

2.2 Fuzzy tensor models

We are now ready to introduce tensor models as models of dynamical fuzzy spaces. In our case we

are interested in non-associative algebras, which I will explain below, but in principle the framework

can be extended to different types of algebras, for instance associative non-commutative algebras. Let

us first (roughly) define what we mean by a fuzzy space.

2.2.1 Fuzzy spaces

There are various definitions of fuzzy spaces in the literature [60], which are usually based on the

fuzzy sphere [61]. I will consider a rather rough definition of a fuzzy space which suits our needs:

Given a space which is characterised by an infinite-dimensional commutative algebra A acting on

some function space H, a fuzzy space associated to this space is an N -dimensional algebra AN
together with a finite-dimensional representation spaceHN ⊂ H such that in a suitable N →∞ limit

it reproduces the original algebra A and function spaceH.

Note that we did not assume the fuzzy algebra AN to be commutative, or even associative. The

algebra may not have these properties, as long as it still closes and is distributive. Usual fuzzy

spaces are associated with non-commutative geometry, because the finite-dimensional algebra is

non-commutative, but our interest lies rather in commutative but non-associative algebras.

Let me explain briefly why these spaces are called fuzzy. A commutative algebra of smooth

functions on some manifoldM is able to “separate points”, because if we have two non-identical

points a, b ∈M, we can separate them with functions which only have support around a but not at b,

and vice versa. However, if we consider a finite set of independent functions associated to a non-zero

dimensional manifold, it is not possible to do this for the whole manifold. Because of this there will be

a certain “fuzziness”, meaning that in general a point is not anymore separable from points close to it.

2.2.2 Non-associative fuzzy spaces and symmetric tensor models

Now we return to the kind of models we started with in section 2.1.2. If we have some infinite-

dimensional symmetric three-tensor corresponding to a manifoldM

Pabc ↔M,

we can construct a commutative non-associative fuzzy space by truncating the tensor at some N ,

or more precisely by constructing a projection π from the full function space L2(M) to a finite-

dimensional vector space V . This projection can be defined in many ways, but an economical one

which ensures that the N → ∞ limit is well-defined and - some - geometric information is kept

is by using the Laplace-Beltrami operator (in the case of a Riemannian manifold) and ordering

the functions according to the value of the eigenvalues as in (2.11), and using the projection map

π : L2(M)⊗3 → V ⊗3

π(Pabc) ≡ Pabc if a, b, c ≤ N,

π(Pabc) ≡ 0 otherwise.
(2.15)

We are keeping the correspondence of the algebra

fafb := Pab
cfc, (2.16)
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2.2. Fuzzy tensor models

so that we can easily see that the algebra is still commutative. However, this algebra is generally

not associative, which can easily be seen by taking fa(fbfc) = faPbc
dfd = Pbc

dPda
efe which is

not necessarily (fafb)fc = Pab
dPcd

efe. The fact that taking a finite number of elements destroys

associativity can be easily seen by a very simple example, which is discussed in section 2.2.3.

Let me remark that the tensors corresponding to fuzzy spaces come with a naturalO(N) symmetry

inherited from the inner product space they act on

Pabc → Oa
a′Ob

b′Oc
c′Pa′b′c′ , (2.17)

where Oab are O(N) matrices. In L2(M) this corresponds to the “superposition principle” which is

naturally present in a Hilbert space and simply reflects that we are working on a linear space with an

inner product.

There is an interesting connection to a formalism by Rieffel using order-unit metric spaces [62, 63].

While in the current setup we look into non-associative algebras, one could look into so-called order-

unit metric spaces where essentially commutativity is lost instead of associativity. An important

example is the reconstruction of the two-sphere as a limit of matrix algebras [64]. In order to construct

a proper proof in our setup it might be useful to restrict ourselves to Jordan algebras, because it is

possible to define mathematical states in this case which can be equipped with a weak* topology. This

would put a constraint on the configuration space we will define in chapter 3 and I have not considered

this in the current thesis. Whether physically interesting algebras generated by these tensors are

generally Jordan or not has not been investigated at this point, but the simple example in section 2.2.3

can easily be checked to be Jordan. This would be an interesting future research direction.

Let me make one last remark about these fuzzy spaces. By truncating the algebra, we are reducing

the algebra of functions over a smooth manifold to an algebra of functions over a finite set of points:

We are approximating the manifoldM by a finite set of points. It will turn out later in section 5 that

the number of points is not simply N , but something called the rank of the tensor.

2.2.3 Commutative non-associative fuzzy circle

As a first elementary example of a fuzzy space, and the demonstration that these algebras are indeed

non-associative, we will consider the fuzzy circle. The functional basis of the fuzzy circle is given by

(using the coordinate θ ∈ [0, 2π])

f0 =
1√
2π
,

f2n−1 =
1√
π

sin(nθ),

f2n =
1√
π

cos(nθ).

(2.18)

The algebra for the first three elements is given by

f0fa =
1√
2π
fa, (2.19a)

f1f1 =
1

π
sin2(θ) =

1

2π
− 1

2π
cos(2θ) =

1√
2π

(f0 − f4), (2.19b)

f1f2 =
1

π
sin(θ) cos(θ) =

1

2π
sin(2θ) =

1√
2π
f3, (2.19c)

f2f2 =
1

π
cos2(θ) =

1

2π
+

1

2π
cos(2θ) =

1√
2π

(f0 + f4). (2.19d)
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2. RIEMANNIAN MANIFOLDS AND TENSORS

From the definition of the “infinite-dimensional” Pabc we can deduce the first nonzero elements

P0a
b =

1√
2π
δba, (2.20a)

P11
a =

1√
2π

(δa0 − δa4), (2.20b)

P12
a =

1√
2π
δa3 , (2.20c)

P22
a =

1√
2π

(δa0 − δa4). (2.20d)

Now we define the fuzzy circle by truncating this algebra for finite N , which for this demonstration

purpose we will take to be N = 3. This defines the tensor

P0a
b =

1√
2π
δba, (2.21a)

P11
a =

1√
2π
δa0 , (2.21b)

P12
a = 0, (2.21c)

P22
a =

1√
2π
δa0 , (2.21d)

which acts on R3, where a and b run from 0 to 2. We can now see where the non-associativity of the

fuzzy spaces comes from: From the truncation. For instance, in the infinite dimensional case we see

(f1f1)f2 =
1

4π
√
π

(cos(x)− cos(3x)) = f1(f1f2), (2.22)

but in the finite dimensional (N = 3) case

(f1f1)f2 =
1√
2π
f0f2 =

1

2π
f2,

f1(f1f2) = f1 · 0 = 0,

(2.23)

so indeed, associativity is lost. As this simple example already shows, if we take N to be very large

we will not notice this for the low frequency modes. So a large N should approximate a smooth space

better. By construction, the algebra we get is of course still commutative.

2.2.4 Commutative non-associative fuzzy two-sphere

Let us apply the methods of this chapter by constructing the “commutative non-associative fuzzy

two-sphere”. We begin with the Riemannian two-sphere (S2, gS2), where the metric is the standard

metric induced from the embedding of S2 in R3 and may be written in (the standard) local coordinates

(θ, φ) as

gij(θ, φ) =

(
1 0

0 sin2 θ

)
. (2.24)

In these coordinates the real orthonormal set of eigenfunctions of the Laplace-Beltrami operator, (2.5),

is given by the real spherical harmonics Ylm(θ, φ). These satisfy an algebra which can be described

by the infinite-dimensional “tensor”

PS
2

(l1,m1)(l2,m2)(l3,m3) :=

∫
S2

dω Yl1m1Yl2m2Yl3m3 ,

=

3∏
i=1

√
2li + 1

(
l1 l2 l3

0 0 0

)(
l1 l2 l3

m1 m2 m3

)
,

(2.25)
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2.2. Fuzzy tensor models

where

(
l1 l2 l3

m1 m2 m3

)
is the Wigner 3j-symbol. Note that the indices used before can be easily

used to describe this, as (1, 2, 3, 4, . . .)→ ((0, 0), (1,−1), (1, 0), (1, 1), . . .). The eigenvalue of the

spherical harmonic Ylm is l(l + 1).

We can now define some cutoff N , or a cutoff L as N = (L+ 1)2 such that all states for l ≤ L
are included in the new tensor

P
fuzzyS2

(l1,m1)(l2,m2)(l3,m3) = PS
2

(l1,m1)(l2,m2)(l3,m3) if l1, l2, l3 ≤ L. (2.26)

This tensor, acting on the N -dimensional vector space RN , now defines our commutative non-

associative fuzzy two-sphere. Let me stress that at this point it is not clear yet how to define distances

on the fuzzy sphere.

It is worth noting that tensor models of this type can generate spaces of many different topologies

and dimensions: it is not restricted to the number of indices. In this example we constructed a

two-sphere, but a similar approach works for any d-sphere, or d-torus, or others. This means that the

kinematical space corresponding to some continuum limit of these models is very rich, and one has to

find a model which generates spaces with interesting dynamics.
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Chapter 3

Introduction to the Canonical Tensor
Model

In this chapter I will give an introduction to the Canonical Tensor Model (CTM), introduced in 2011 by

N. Sasakura [57]. The model was introduced as a tensor model in the Hamiltonian framework, which

is a fundamentally different approach than the usual tensor models. The tensors are interpreted in the

framework of chapter 2. Because of this the interpretation of the tensor is radically different, the model

is described by a three-tensor which is supposed to be able to describe gravity in any dimension.1 I

will try to motivate the model using physical arguments, after which the connection to gravity will be

examined. Lastly I will quantise the model.

3.1 Introducing the Canonical Tensor Model

With the CTM we try to develop a discrete model for quantum gravity. We want to try to build a tensor

model, but unlike the usual tensor models (see section 1.3.2) we want to construct it in such a way that

time is treated differently on the discrete level using the framework of chapter 2. The reason for this is

the fact that the original Euclidean signature tensor models have issues with constructing spacetimes

and the success of CDT over DT (see section 1.3.2) was one of the original motivations to construct a

“time-separated” tensor model.

A difficulty with constructing a “causal tensor model” is that for a tensor model it is harder to

define a topological product structure of spacetime. Where in CDT a topology of the form (1.6) is

assumed, this is harder to do with abstract tensors. One could imagine “fixing” one of the labels of a

tensor, e.g. Ttabc = (Tt)abc, but this does not seem like a natural starting point.

Because we want to consider a tensor model with a nontrivial treatment of time, the canonical

framework seems to be a good starting point, but unlike quantum geometrodynamics (section 1.3.3)

we want to fundamentally describe space discretely (similar to section 1.3.2). To construct the classical

CTM it is useful to consider the ADM-formalism (see section 1.1.2) of general relativity, as this is the

canonical setup of classical gravity.

If we look back at equation (1.35) we observe that the Hamiltonian density is given as a linear

combination two types of constraintsH andHa,

H := NaHa +NH, (3.1)

1Usually a three-tensor is assumed to model three-dimensional quantum gravity.
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3. INTRODUCTION TO THE CANONICAL TENSOR MODEL

which are called the (spatial) diffeomorphism constraint and the Hamiltonian constraint. In sec-

tion 1.1.2 we explained that the spatial diffeomorphism constraint generates spatial diffeomorphisms

(hence the name), whereas the the Hamiltonian constraint generates diffeomorphisms normal to the

spatial slices on shell. The constraints form an algebra given by (1.32).

We will construct a tensor model where the tensors have three indices. The interpretation of

the model is considered in chapters 2 and 5, and a very rough interpretation is given by the labels

referring to points in a space. This is at this point a rather formal statement, and a more precise

discrete interpretation will be given in chapter 5.

3.1.1 What are we looking for?

We are looking to describe a tensor model in the framework developed in chapter 2. As we saw there,

a three-tensor is able to describe a Riemannian manifold of any dimension. We want to be economical

in our setup, so we want to have one fundamental (configuration) object which describes our model.

Because we already saw that three-tensors may do the trick for Riemannian manifolds, this seems to

be the most economical choice. Furthermore, we can of course always, given some function algebra,

reduce four-(or higher)-tensors to three-tensors2

Pabc
dfd =: (fafb)fc := Pab

ePce
dfd, (3.2)

so in these kind of models

Pabc
d = Pab

ePce
d. (3.3)

One could also get the use of 3-tensors from more algebraic requirements:

• A single fundamental object should describe our model;

• the setup should be as simple as possible;

• the model should be able to reproduce an algebra similar to the hypersurface deformation

algebra (1.32), meaning:

– the algebra of the constraints should be first-class;

– the algebra should contain one non-constant structure function (as in (1.32a));

– time evolution should be local, hence the dynamical constraint should have one label and

should be connected (for instance QabcQbcdQdee is fine, but QabbQccdQdee is not).

Since we want just one object to describe our model3, we should for instance take a vector V , matrix

M , or some other tensor Qa1,...,ap (where p > 2). The crucial point which excludes the vector and

matrix type of models is the form of the algebra. In [65], the author showed that a model built from

vectors or matrices will not generate an algebra similar to the hypersurface deformation algebra of GR.

This means that we are left with either three-tensors or even bigger quantities. If we consider the

interpretation of tensor models as a dynamical theory of fuzzy spaces (see chapter 2), we know that

a three-tensor is able to describe a dynamical model of D-dimensional fuzzy spaces. So it seems it

should be possible to construct a three-tensor model which describes the dynamics of D-dimensional

2I take here infinite dimensional tensors so that the algebra is associative. But at least in the continuum limit, this
argument should hold.

3Extra objects may be added to describe matter degrees of freedom.
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geometries. As was found in [65], it is indeed possible to construct a three-tensor model which mimics

the hypersurface deformation algebra of GR.

In the original paper, complex tensors, let me call them Cabc, were considered with a “generalised

hermiticity condition”

Cabc = Cbca = Ccab = C∗bac = C∗acb = C∗cba. (3.4)

However, we want to be minimal in our setup. So we will consider real symmetric three-tensors.

Up to some assumptions, the Hamiltonian of the original model turns out to be unique, but for the

symmetric three-tensors the Hamiltonian is classified by a single parameter (which we later will call

λ). It is easier to work with the real symmetric model, and there is good evidence that this model is

enough to describe the dynamics of GR.4 The real symmetric model is called the minimal Canonical

Tensor Model, but recently it is the model that is called the Canonical Tensor Model (CTM) so we will

just call it that.

3.1.2 Kinematical setup

We want to construct a similar-looking tensor model, but we want to be as minimal as possible. I

argued in section 3.1.1 that a real symmetric 3-tensor model is an interesting starting point. We will

hence use 3-tensors because they are the simplest possible model. Let us define an N -dimensional

vector space V , on which a real symmetric tensor Q can act:

Q : V × V × V → R. (3.5)

As we will need an inner product later on (and real inner product spaces are isomorphic to RN , we

will usually just take RN as the vector space. We define the configuration space C of the N -CTM as

the space of such symmetric three-tensors:

C :=

{
Q : V × V × V → R | Q(v1, v2, v3) = Q(vσ1 , vσ2 , vσ3)

for v1, v2, v3 ∈ V and σ a permutation of (1, 2, 3).

}
(3.6)

Using a basis for V given by {ea | a ∈ {1, . . . , N}}, so for v ∈ V : v := viei, we can obtain a

representation of the tensor as a multidimensional array

Q(ea, eb, ec) := Qabc ∈ R. (3.7)

So we see that the configuration space is isomorphic to RN , where N := 1
6N(N + 1)(N + 2) is the

number of independent components of a symmetric 3-tensor. This is just a side remark which we use

to simplify the discussion, as we want to add more structure to our model for which tensors are a more

natural way to think about this space. However, the fact that it is isomorphic to RN means that we can

easily find the cotangent space. Let us take PQ to represent a point in the fibre at Q ∈ RN . If we take

canonical coordinates on T ∗RN and denote them by (Qi, P
j), we have a canonical one-form

w := PidQ
i (3.8)

which gives rise to the symplectic two-form

dw = dQi ∧ dPi. (3.9)
4The original model also turned out to have some problems, for instance it needs an additional constraint to contain

non-trivial fixed points under the Hamiltonian vector flow. See section 3.1.5 for some discussion on this.
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3. INTRODUCTION TO THE CANONICAL TENSOR MODEL

Once we have this we can define the Poisson brackets on Γr := T ∗RN (∼= R2N ) as

{f, g} :=
∂f

∂Qi
∂g

∂Pi
− ∂g

∂Qi
∂f

∂Pi
, (3.10)

or

{Qi, Pj} = δij ,

{Qi, Qj} = 0,

{Pi, Pj} = 0.

(3.11)

This is done for elements of Γr, but we would like to formulate everything in terms of the tensor Qabc
and its canonical conjugate Pabc.5 The canonically conjugate tensor is a tensor which acts on the same

V :

P : V × V × V → R. (3.12)

Of course we could in principle take another vector space, since the only thing that really matters for

the setup so far is the Poisson structure we impose on phase space. However in the end we want to be

able to build quantities from Qabc and Pabc which act on the same vector space. The Poisson structure

in terms of Qabc and Pabc is given by

{Qabc, Pdef} :=
∑
σ

δaσdδbσeδcσf , (3.13)

where σ is a permutation of {d, e, f} and δ the Kronecker delta. We can see that (3.13) is equivalent

to (3.11). We will add a little more structure to the vector field V , namely a real inner product

% : V × V → R. (3.14)

An orthogonal transformation, T : V → V , is one which preserves the inner product %(v, v) =

%(Tv, Tv). In (3.7) we chose a certain basis to get a decomposition. If we now do a basis transforma-

tion ea → Taa′ea′ this induces a kinematical symmetry for our model:6

Qabc → Taa′Tbb′Tcc′Qa′b′c′ ,

Pabc → Taa′Tbb′Tcc′Pa′b′c′ .
(3.15)

Here, T are matrices of the defining representation of the O(N) orthogonal group.7 The underlying

assumption is that the rotation of the vectors in V should physically not matter, which is a natural

assumption if we want the theory to depend on the tensors alone and not on the choice of basis.

The generators, Jab, of the SO(N) subgroup span the skew-symmetric matrices (Jab = −Jab).
Infinitesimally one can show that the generators of the SO(N) subgroup are given by

Jab = −α(QacdPbcd −QbcdPacd). (3.16)

Here, α is a constant which we may choose, and will set to α = 1
4 . To derive this generator let us

view an infinitesimal transformation of Q′abc := Qabc + δQabc and P ′abc = Pabc + δPabc

δQabc := ε(Λaa′Qa′bc + Λbb′Qab′c + Λcc′Qabc′),

δPabc := ε(Λaa′Pa′bc + Λbb′Pab′c + Λcc′Pabc′),
(3.17)

5We know that P can also be described by a tensor since it has the same number of degrees of freedom.
6I use lower indices everywhere, with the summation convention implied for repeated indices. Considering section 2.1

this assumes that we use the plain functions to construct te tensor, and not the regularised ones.
7There is also an extension of the CTM where the group is taken to be an orthosymplectic group, which might be

relevant to describe fermionic degrees of freedom [66].
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3.1. Introducing the Canonical Tensor Model

where Λab are skew-symmetric matrices generating SO(N) transformations and ε is very small. The

generator of these transformations is now defined by

δQabc := {Qabc, ηdeJde},

δPabc := {Pabc, ηdeJde},
(3.18)

for infinitesimal arbitrary two-tensor ηde. Comparing (3.17) and (3.18) suggests the Ansatz

Jab = α1QacdPbcd + α2PacdQbcd. (3.19)

By plugging this Ansatz in (3.18) and imposing that it is equal to (3.17) we find

εΛab = (2α1ηba + 2α2ηab), (3.20)

and because Λab is skew-symmetric we see that α2 = −α1 := α, thus we find (3.16).

This concludes the discussion on the mathematical framework of the model. The takeaway

message is that the model is defined on the configuration space C given by (3.6), whose elements are

represented by symmetric three-tensors Qabc. The phase space of the model is given by the cotangent

bundle Γ := T ∗C consisting of canonical pairs (Qabc, Pabc) which have a Poisson structure given by

(3.13), with an additional O(N) kinematical symmetry.

3.1.3 Hamiltonian constraints

To determine the dynamics of the CTM we need to define a Hamiltonian on our phase space which is a

smooth function H : Γ→ R. There are obviously many possibilities to choose from, so we will look

at the ADM-formalism of GR for inspiration.

The first important observation is that the Hamiltonian in the ADM-formalism is a linear combina-

tion of first-class constraints. So we will also construct a Hamiltonian which is a linear combination

of first class constraints:

H := nIaHIa + nIabHIab + nIabcHIabc + . . . . (3.21)

We want to mimic the ADM-formalism (especially the algebra), so we will take just a linear combi-

nation of two of these constraints. The generators of the SO(N) in (3.16) rotate the vector space,

and in the very formal correspondence between the labels and points we can see this as some sort of

relabelling of the points.8 This can be seen as an analogy of the kinematical symmetry of GR, the

spatial diffeomorphism transformations, which are generated by the spatial diffeomorphism constraints

in the ADM-formalism. So a reasonable choice for one of the constraints seems to be Jab.9

The CTM was proposed as a model with local time, which seems to be a good starting point since

time should be a local property. This says that the analogue of the Hamiltonian constraint should

have just one index. If it would have more than one index, for instance two, an infinitesimal time

translation would be given by δtxyHxy: a non-local expression. It is an important observation that

locality for transformations in the timelike direction is built in, while this is not the case for spatial

transformations generated by Jab. This means that “spatial locality” is not a given, and must arise as

a property of the specific tensor.
8This is a formal correspondence, one could argue that a more natural symmetry is the permutation group, SN ⊂ O(N),

but the full O(N) group is more natural in terms of the underlying vector space. Furthermore, the O(N) group will become
a natural symmetry in the geometric interpretation I introduce in chapter 5.

9Even though the choice seems to be reasonable, it is of course important to show the correspondence to the spatial
diffeomorphism constraint explicitly. This is done in sections 3.2.3 and 3.2.4, where the formal continuum limit is discussed.
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3. INTRODUCTION TO THE CANONICAL TENSOR MODEL

So we choose as the starting point the Hamiltonian given by

H := naHa + nabJab, (3.22)

where na and nab are a vector and an anti-symmetric two-tensor which act like Lagrange multipliers,

similar to the lapse function and shift vector in the ADM-formalism. Ha is still not fixed. There are

some physical assumptions which help us reduce the number of possibilities. Firstly, we want to

obtain Ha such that the algebra spanned by Ha and Jab closes. This is just the statement that the

constraints should be first class: the Poisson bracket of two constraints yields another constraint.

There is also a notion of locality we will impose; terms in the Hamiltonian constraint need to be

connected: all tensors in a term must be connected via contractions. For instance QabcQbcdPdee is

allowed, but QabbQdefPdef is not.

Now, of course there is still an infinite number of possibilities to consider, even if we assume that

the Hamiltonian constraint is a polynomial function of P and Q. Because calculating the algebra gets

exponentially more tedious at every order, we will only consider terms up to third order in P and Q.

For higher order functions it will get increasingly difficult to satisfy the closure of the algebra, so a

higher order solution might not exist.10

Under these assumptions we may write the most general form of the Hamiltonian constraint in

terms of 22 terms, where we haven’t required the closure of the algebra yet:

Ha =

22∑
i=1

aiH
i
a. (3.23)

It is possible to prove thatHa is unique, in the sense that all ai are fixed up to some overall constant,

under the above mentioned assumptions if one discards terms which are odd in P . Discarding terms

which are odd in P corresponds to a kind of “time reversal symmetry”(P → −P ) assumption. In [67]

the uniqueness of the CTM is proven under these assumptions:

1. There is a Hamiltonian constraint with one index and a constraint given by the generator of the

kinematical O(N) symmetry;

2. The constraints span a first-class algebra;

3. The Hamiltonian constraint is an at most cubic polynomial function of the canonical tensors;

4. The algebra contains no disconnected terms;

5. The Hamiltonian is invariant under a “time-reversal transformation”.

At the moment it is not clear if the time-reversal symmetry is a necessary assumption, but we will

continue with it for now. This assumption splits the number of possible terms in half, and we just have

11 terms to consider left. From the closure of the algebra one can then derive the “unique”11 solution,

given by

Ha := β (PabcPbdeQcde − λQabb) . (3.24)

10This is just speculation though.
11I used inverted commas because the model still depends on one parameter λ, so it is not strictly unique. The model is

unique if one uses complex tensors under a generalised hermitian condition, as was done originally, but the real symmetric
model is easier and may be sufficient to describe gravity.
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Just like for the kinematical constraint, (3.16), we may choose β as we like and we set it to β = 1
2 .

We finalised the definition of the classical model, with the kinematical setup given in section 3.1.2 and

the Hamiltonian given by (3.22).12

3.1.4 Constraint algebra

To see if this construction indeed resembles GR and to see if the constraints are indeed first class, we

need to construct the algebra of the constraints. Let us define

H(ξ) := ξaHa,

J (η) := ηabJab,
(3.25)

where ξ and η are an arbitrary vector and respectively an anti-symmetric two-tensor. I will demonstrate

the calculation of one of the terms, but will leave out some steps since it is just a straightforward

computation. I will only show the {J (η1),J (η2)}-term.

{J (η1),J (η2)} = α2η1
abη

2
cd{QaefPbef −QbefPaef , QcghPdgh −QdghPcgh}

= α2η1
abη

2
cd(QaefPdgh{Pbef , Qcgh}+ PbefQcgh{Qaef , Pdgh}

− (c↔ d)− (a↔ b) + (a↔ b, c↔ d))

= α2η1
abη

2
cd(−2δbcQaefPdef − 4QacePbde + 2QcefPbefδad + 4QacePbde

− (c↔ d)− (a↔ b) + (a↔ b, c↔ d))

= 2α2η1
abη

2
cd(δbc(QdefPaef −QaefPdef ) + δad(QcefPbef −QbefPcef )

+ δbd(QaefPcef −QcefPaef ) + δac(QbefPdef −QdefPbef ))

= 2α(η1
abη

2
bdJad − η2

caη
1
abJcb + η1

abη
2
bcJac − η2

dcη
1
cbJdb)

= 4αJ ([η1, η2]) ≡ J ([η1, η2]).

Here we set α = 1
4 in the end which makes the algebra have a nice form.

To summarise, we now have the constraint algebra of the CTM, which has the following familiar

form for α = 1
4 and β = 1

2 :

{H(ξ1),H(ξ2)} = J
(

[ξ̃1, ξ̃2] + 2λξ1 ∧ ξ2
)
, (3.26a)

{J (η),H(ξ)} = H(ηξ), (3.26b)

{J (η1),J (η2)} = J ([η1, η2]). (3.26c)

Here ξ̃ab := Pabcξc, (ξ1 ∧ ξ2)ab := ξ1
aξ

2
b − ξ1

b ξ
2
a and [η1, η2]ab := η1

acη
2
cb − η2

acη
1
cb. An important

property of this algebra is the P -dependence of the right-hand side of (3.26a): the algebra is also

not a usual Lie algebra, but contains a structure function. This is exactly what we want, since the

ADM-algebra also has a non-trivial dependence on the metric in (1.32a). One should be careful with

relating P or Q, or some combination, to the metric tensor in GR. This should be done after taking

some continuum limit, and we will get to this in a bit; the relation will be quite nontrivial. At the

moment we are just happy with getting a dependence on P at all, as this is quite nontrivial to realise.

12As an aside; there is also an extended model called the mother Canonical Tensor Model, which is another tensor model
in this formulation which derives the CTM from the Hamilton-Jacobi procedure. This model is more difficult to handle,
because the algebraic structure is not completely known [68].
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3.1.5 Equations of motion

In (3.22) the Hamiltonian for the CTM was defined, which induces a Hamiltonian flow on the

symplectic manifold defined in section 3.1.2. The parameter which describes this flow we will denote

by t and call time. The equations of motion on Γ with Hamiltonian H are given by

Q̇abc :=
dQabc
dt

= {Qabc,H}, (3.27a)

Ṗabc :=
dPabc
dt

= {Pabc,H}. (3.27b)

Note that even though the Hamiltonian is completely made out of first-class constraints, so vanishes

weakly (on the constrained surface), the evolution of Q and P is nontrivial. This is what we expect

since they are not constraints themselves (which would make the system rather boring).

The equations of motion can be computed directly from the definitions (3.27). Working out the

Poisson brackets one finds

Q̇abc =
1

2

∑
σ

nσaPσbghQσcgh + ndPσadeQeσbσc + nσadQdσbσc , (3.28a)

Ṗabc =
1

2

∑
σ

−ndPσadePeσbσc + λnσaδσbσc + nσadPdσbσc . (3.28b)

With these one can compute the evolution of the canonical tensors for some given initial tensor. Note

that the Pabc equations of motion, (3.28b), do not contain any Qabc dependence. This means that this

is quite an easy equation of motion to consider. Later in the formal continuum limit we will for this

reason consider this tensor and connect the equations of motion of P to a GR system.

The quadratic nature of (3.28b) might be cause for concern, since such a differential equation

could easily diverge. This was the case for the original complex tensor model [69], which needs

an additional scaling constraint to make sense. In the case of the interpretation of the model as a

dynamical model of fuzzy spaces this makes sense, since adding a new constraint generating the gauge

transformation

Qabc → γQabc, Pabc → γPabc, γ ∈ C/{0}, (3.29)

which for the functions of a fuzzy space means

fa → γfa, (3.30)

which means that we are only interested in properties up to re-scaling of the functions. For the current

model however, non-trivial fixed points do exist. If one still is interested in adding an additional

scaling constraint one needs to require λ = 0 for the consistency of the algebra. In the following we

will not add this constraint and keep λ arbitrary.
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3.2. Connection to General Relativity

3.2 Connection to General Relativity

In section 3.1 I introduced the CTM from first principles to construct a model which mimics the

algebraic construction of the ADM formalism. This however does not at all guarantee that the model

we end up with corresponds to GR. For this purpose, three papers are important in relating the model

to GR [70, 65, 71]. These are all classical discussions; the classical CTM to classical GR. The papers

show a clear connection to GR, but are not complete in some ways. For instance, the continuum limit

pre-assumes a specific form for the Pabc-tensor and does not discuss the conjugated Qabc tensor. The

discussions of this section mainly serve the purpose of showing that the CTM indeed relates to GR

and is a model which should be developed further. What we want in the end is a discussion from the

quantum mechanical perspective which in some limit leads to classical GR, which is however still out

of reach.

3.2.1 CTM as a minisuperspace

In [70], the authors showed the correspondence between the N = 1 CTM and a minisuperspace

approximation of GR. I will briefly overview the main points of this paper.

In the N = 1 CTM we have just one pair of canonically conjugate variables, Q111 and P111. Note

that the constraint Jab, (3.16), trivially vanishes. So in the CTM we are also talking about a kind

of superspace. This already hints that we might find a minisuperspace-like system. Let us use the

following parameterisation

Q :=
1

3
Q111, P := P111, n = 3n1, (3.31)

which leads to the Hamiltonian (from (3.22)):

H := n(QP 2 − λQ). (3.32)

The Poisson bracket of the new canonical variables is given by

{Q,P} = 1. (3.33)

Note that with this we explicitly went back to the isomorphic RN = R configuration space from

section 3.1.2. We will often use this isomorphism in defining the theory (also for defining the

Hilbert space, section 3.3), but in this case it is useful to explicitly use the R space since the O(N)

symmetry which makes the tensor representation more useful is trivially satisfied anyway. To see the

correspondence to the minisuperspace we should do a Legendre transform to obtain the Lagrangian of

the system

Q̇(P, t) :=
∂H

∂P
= 2nQP

⇒ P (Q̇) =
Q̇

2nQ

and we get

L(Q, Q̇, t) := Q̇P (Q̇)−H(Q,P, t) =
Q̇2(t)

4n(t)Q(t)
+ λn(t)Q(t). (3.34)

So in the end the action would be given by

SN=1 CTM :=

∫
dt

(
Q̇2(t)

4n(t)Q(t)
+ λn(t)Q(t)

)
. (3.35)
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If we compare this to the minisuperspace action of (1.41) we find indeed the agreement if we take for

instance the mapping

Q(t)→ d(1− d)

16πG
L(t), n(t)→ N(t), λ→ 2Λ

d(d− 1)
. (3.36)

3.2.2 “N →∞”

The N →∞ limit was from the beginning supposed to relate to GR. This has been investigated in two

steps, the first of which, in [65], related the CTM algebra to the hypersurface deformation algebra of

GR, (1.32). This will be discussed in subsection 3.2.3. In subsection 3.2.4 I will discuss another paper

where the relation between the CTM and GR was made even more explicit by regarding the equations

of motion and showing the equivalence to a general relativistic system [71]. In these discussions I will

not work out the full calculations, which may be found in the original papers. Now I will set up the

idea of the continuum limit, which will also be important later in section 5.3.

The N →∞ limit considered is a very formal one. We assume the emergence of a space which

respects locality. The emergence of a space is implemented by simply replacing the labels with

elements in a D-dimensional space

a→ x ∈ RD, (3.37)

and contractions (sums over elements) will become integrations∑
a

→
∫
dDx. (3.38)

Of course this is some tricky business, as this is definitely different from the discrete model. Since

we in chapter 2 used compact Riemannian manifolds, this limit is not expected to behave nicely; and

indeed we will need distributions which are not proper functions. Distributions are useful because

we can explicitly write a basis of functions fω(x) := δ(x− ω). Because the corresponding functions

should be smooth we may also include derivatives of these distributions. Note that this is a formal

setup, as distributions are not proper functions.

To implement the locality we will focus on local quantities while evaluating the algebra and

assume that Pxyz is also “localised”. To interpret this statement, let us recall that a symmetric tensor

can be fully characterised by an arbitrary vector action on it: Pabcφaφbφc (see appendix C). In the

continuum limit this would mean that the tensor is characterised by test functions: the tensor becomes

a distribution. Locality, which says Pxyz 6= 0 for x ∼ y ∼ z can now be interpreted as being able to

do a derivative expansion around

P 0
xyz =

∫
RD

dωβ(ω)δD(x− ω)δD(y − ω)δD(z − ω), (3.39)

which would describe a strictly local tensor (but we would also not expect any gravitational dynamics

with such a tensor). This derivative expansion is important in the argument, and will be used in

section 3.2.3, 3.2.4 and 5.3. The derivative expansion up to fourth order will suffice. Since the

derivative expansion is characterised by test functions we will “contract” the tensor, by integrating

over the argument of test functions. In [71] it was shown that the derivative expansion up to fourth

order is given by

P [f3] :=

∫
dDxdDydDzPxyzf(x)f(y)f(z) (3.40a)

:=

∫
dDx βf3 + βijf2f,ij + βijkf2f,ijk + βij,klff,ijf,kl + h.o. (3.40b)
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where other possible lower-order terms can be absorbed in these quantities. Here, β(x), βij(x),

βijk and βij,kl are fields over RD and represent the “components” of Pxyz. We denote covariant

derivatives by ,µ, so for instance f,ij := ∇i∇jf(x). The fields βij and βijk are fully symmetric

and βij,kl = βji,kl = βij,lk = βkl,ij . The indices i, j, k, l ∈ {1, . . . , D} are space indices on the

(eventually) spatial manifold. The test function f(x) is not a true function but a scalar density with

weight 1
2 , the β fields have weight −1

2 .13 The weight of dDx is −1 (this can be seen because dDx
√
q

is covariant, see appendix B), so with this we see that P [f3] should be a spatially covariant expression.

3.2.3 Continuum CTM algebra

Here I will calculate the continuous CTM algebra (or to be more precise the local part) and relate it to

the ADM algebra. The discussion here is based on [65], however some of the conventions differ. The

result will be that the algebras are equivalent, and this leads to the conjecture that the continuum limit

leads to a general relativistic system. This conjecture will then be proven in section 3.2.4. We consider

the algebra given in (3.26) and perform the formal continuum analysis. Note that the generators of the

algebra are now not contracted with usual vectors, but distributions ξx and ηxy:

H(ξ) :=

∫
RD

dDxξxHx, (3.41a)

J (η) :=

∫
RD

∫
RD

dDxdDyηxyJxy. (3.41b)

We would like these quantities to be covariant, in other words the integrands of (3.41a) and (3.41b)

should be densities of weight 1 respectively 2. The precise nature of these will become clear later.

Let us first consider the {J ,J } part. Firstly observe in (3.26c) that the algebra is given by the

commutator algebra of ηxy. We are interested in extracting the local part of the algebra, so we assume

that ηxy is a local quantity in the same sense as Pxyz is. Hence we take a derivative expansion up

to second order, however, since the operator is anti-symmetric it should only depend on the first

derivative term up to second order (from the property δ,i(x) = −δ,i(−x)). So we take for ηxy

ηxy :=
1

2
(vi(x) + vi(y))δDi (x− y) (3.42)

where δDi (x− y) := ∂
∂(x−y)i

δD(x− y). This acting on a test function will give

η[gf ] :=
1

2

∫
dDxdDyηxyf(y)g(x),

=
1

2

∫
dDxvi(x)(∂if(x)g(x)− f(x)∂ig(x)),

=

∫
dDxg(x)

(
vi(x)∂i +

1

2
∂iv

i(x)

)
f(x). (3.43)

So if we consider η as acting on a test function f(y) we would find

(η[f ])(x) :=

(
1

2
(∂iv

i) + vi∂i

)
f(x). (3.44)

We can now easily calculate the commutator algebra of η with this action:

[η1, η2]f := η1(η2f)− η2(η1f),

=

(
1

2
(∂iv

i
3) + vi3∂i

)
f := η3[f ], (3.45)

13This is not trivial, but later it will be shown why they have to have these weights.
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where

vi3 := vj1∂jv
i
2 − v

j
2∂jv

i
1 = (Lv1v2)i. (3.46)

From (3.45) we can see that the algebra of η’s closes and induces an algebra on the vectors v. We can

now compare this to (1.32c) and we see that the action of J on the vectors v1 and v2 is the same as

the action of ~HADM on the vectors f and f ′. So we identify14

v ∼= F, (3.47)

and we observe that J (η) generates spatial diffeomorphisms in the continuum limit.15

The {J ,H} part is now easy to do. From (3.26b) we see that we should find the action of η on

the function ξ. But from (3.44) we know

η[ξ] :=
1

2
(∂iv

i)ξ + vi∂iξ. (3.48)

This is exactly the action of the Lie derivative on a scalar half density. In the ADM algebra the algebra

for this line, (1.32b), is almost the same, except that the test function f transforms as a regular scalar.

Hence we can identify it with ξ̃ which is given by ξ := q1/4ξ̃,

ξ ∼= q1/4f. (3.49)

This makes the interpretation a bit more non-trivial. The spatial metric tensor qij is a dynamical

variable, so putting it in the shift vector would raise concerns. Instead, the extra factor should be

absorbed in the Hamiltonian constraint. It is not trivial to see that this does not change the algebra.

In [65] the authors show that the algebra with the “new” Hamiltonian constraint corresponds to the

CTM algebra. To keep the discussion simple I will not do this and refer to this paper which solves the

problem.

In (3.26c) we find that to evaluate the {H,H}-part we need to use the assumed local form of Pxyz
of (3.40b). We will only use terms up to second order for the current analysis. First we concentrate on

the first part: calculating [ξ̃1, ξ̃2]. ξ̃ will be of the form

ξ̃[fg] :=

∫
dDxdDydDzPxyzξ(z)f(x)g(y). (3.50)

The difference between this and (3.40b) is that we have three separate functions ξ, f and g. However,

all the information about Pxyz is in the coefficients found in (3.40b). This has been explicitly

calculated in [65], and everything could be expressed in terms of β(x) and βij(x). Once we express

the terms properly, we do the same things as before in (3.43). After one does this16 we, surprisingly,

find an expression of the form of (3.44) with the vector

vi = β(x)βij(x)(ξ1ξ2
,j − ξ2ξ1

,j). (3.51)

This means that the local expansions of P and η are compatible. Let us compare this part to the

corresponding line in the ADM formalism, (1.32a). By inserting (3.49) into (3.51), we find

vi = ββijq1/2(f1∂jf2 − f2∂if1), (3.52)
14This specifies the relation for this line, since η is fully defined by v (up to second order) and the algebra of η defines

the algebra of J .
15Two side remarks to this: 1) The full Lie algebra so(N) of the CTM cannot be identified with the spatial diffeomor-

phisms. 2) Not unrelated to that; later in section 3.2.4 we find that it also generates higher spin symmetries.
16Details can be found in the paper [65].
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which corresponds to the GR case if we identify

ββij ≡ qij
√
q
. (3.53)

This is an important observation. It connects the fundamental variable(s) of the CTM to the ones from

GR. From this we see that this is highly nontrivial; which is why I tried to stress that the connection

between the canonical variables of the CTM and the ADM formalism should not be made too soon.

There is a “problem” for the case of λ 6= 0, as the part of the algebra proportional to λ simply

translates to

(ξ1 ∧ ξ2)xy := ξ1(x)ξ2(y)− ξ2(x)ξ1(y), (3.54)

and this expression is non-local. How to treat this is currently not known, and would be an interesting

later study. As this continuum limit is very formal in many ways, it does not mean that a true

continuum limit has no chance of fixing this. It might for instance be that the correct form of Pxyz
is not a completely local one, and we can cancel out this term. Also the effect of extra objects like

coupled vectors or matrices in the formal continuum limit is yet unexplored, so this might also add

some local structure to the λ-term. This is all just speculation though, and this is definitely something

which has to be addressed in the future. Especially since from the connection to a minisuperspace

in section 3.2.1 one would expect that λ 6= 0 should be an interesting case since it corresponds to a

cosmological constant term, and in chapter 4 a wave function is discussed which is only interesting in

the case of λ > 0.

All in all the correspondence between the CTM and GR at this point seems remarkable. Though

the algebras look similar, the kinematical structure and setup of the theories are completely different.

So this correspondence is noteworthy. A final remark goes to the weights of these quantities. At the

end of section 3.2.2 I mentioned that the weight of the quantities β, βµν is −1
2 while the weight of the

functions f is 1
2 . As we have shown in (3.49), the test functions should be seen as scalar half densities.

The β’s should then have weight −1
2 , which is also consistent with (3.53).

3.2.4 Continuum CTM equations of motion

In this section I will discuss the connection to GR from the equations of motion of the CTM, which was

calculated in great detail in [71]. In this subsection, even more than before, I will restrict myself to a

qualitative discussion and for the details of the calculation I refer to [71]. The two main ingredients

used in the analysis are the formal continuum limit of section 3.2.2 and the equations of motion which

are given in section 3.2.4. However, because of the non-locality of the λ-term which was found in the

discussion about the relation to the hypersurface deformation algebra, we restrict ourselves to the case

of λ = 0.17 In this case the discrete equations of motion for Pabc are given by

Ṗabc

∣∣∣
λ=0

= −1

2

∑
σ

ndPσadePeσbσc + nσadPdσbσc . (3.55)

Here we will also only consider the equations of motion of the Pabc tensor, and ignore the equations

of motion of Qabc. We can do this because, as is already apparent from (3.27), the evolution of Pabc
is independent of Qabc. Of course this means that the analysis is not complete. A complete analysis

of the CTM would also include Qabc, but this would be way more tedious as the equations of motion

17As mentioned before, it is important to analyse this more carefully for the λ 6= 0 term. This is still an open problem.
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3. INTRODUCTION TO THE CANONICAL TENSOR MODEL

of Qabc do depend on Pabc. So we consider only the equations of motion for Pabc and leave the full

analysis for later study.

Let us first discuss the second term on the right-hand side of (3.55), corresponding to the O(N)

symmetry. The O(N) kinematical symmetry of the Canonical Tensor Model is, as explained in

section 3.1.2, the symmetry which leaves the inner product invariant. This can be characterised by

looking at symmetries leaving the norm ||v|| invariant. In the continuous case this would correspond

to symmetries which leave

||f ||2 :=

∫
dDxf(x)f(x) (3.56)

invariant, for some test function f(x) ∈ L2(RD). This is the case for the following operations (which

is all up to fourth order)

δ1f(x) :=
1

2
vi,if + vif, i, (3.57a)

δ3f(x) :=
1

2
vijk,ijkf

3 +
3

2
vijk,ij f +

3

2
vijk,i f,jk + vijkf,ijk. (3.57b)

where vi and vijk are a vector field and symmetric three-tensor field. One can prove that these leave

the norm defined in (3.56) invariant by doing partial integration and concluding that the integrand is

simply a total derivative. Note the similarity between (3.57a) and (3.43), a big difference is however

that we are talking about covariant derivatives now. This signals that δ1 generates diffeomorphisms.

δ3 is a spin-3 transformation.

Performing these transformations on P [f3] and transferring them to the β’s by doing partial

integrations leads to18

δ1β = −viβ,i +
1

2
vi,iβ, (3.58a)

δ1β
ij = −vkβij,k +

1

2
vk,kβ

ij + vi,kβ
kj + vj,kβ

ik, (3.58b)

δ1β
ijk = 0, δ1β

ij,kl = 0, (3.58c)

and

δ3β
ij =

9

2
βvijk,k , (3.59a)

δ3β
ijk = 3βvijk, (3.59b)

δ3β = 0, δ3β
ij,kl = 0. (3.59c)

The first part of the right-hand side of (3.55) is more difficult to calculate. First the authors found the

equations of motion in a static background gij . One first has to obtain an expression for a contraction

of P with just two functions by taking the functional derivative

P [f, f ] :=
δ

δf(x)
P [f3], (3.60)

after which we calculate

δ(P [f3]) :=

∫
dDxn(x)P [f, P [f, f ]] (3.61)

18To be complete, the authors used a gauge fixing condition where they set βµνρ = 0, this will be briefly explained later
as the time evolution of this term gives a constraint.
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3.2. Connection to General Relativity

with a test function f which is independent of time. This expression can in turn be translated to

expressions of the form δβ, δβij , δβijk, δβij,kl. The expressions can be found in the paper. The

equations of motion will now be given by

β̇ = δβ + δ1β, (3.62a)

β̇ij = δβij + δ1β
ij + δ3β

ijk, (3.62b)

β̇ijk = δβijk + δ3β
ijk, (3.62c)

β̇ij,kl = δβij,kl, (3.62d)

Where the δ1 and δ3 are for some vector and symmetric 3-tensor field. Now first, as I already

mentioned, the authors chose a gauge fixing of βijk = 0. To keep this term zero we need to gauge fix

the δ3-term given in (3.59b)

δβijk + 3βvijk = 0. (3.63)

One can also show that two successive time evolutions given purely by δβ and δβij will in general

not commute, but they will generate a diffeomorphism

(δn1δn2 − δn2δn1)β = δ1β, (3.64a)

(δn1δn2 − δn2δn1)βij = δ1β
ij , (3.64b)

where the diffeomorphism transformation is specified by (3.58) with vector

vi = 12ββij(n1n2,j − n2n1,j) (3.65)

which shows that the equations of motion of (3.62) are consistent with (3.51) and the algebra of GR is

recovered for

ββij =
qij
√
q
. (3.66)

For the βij,kl field a solution can already be found and is given by

βij,kl =
1

3β
βijβkl +

1

β
β(ijβkl), (3.67)

so the authors ignored this field in the further analysis and simply assumed this form.

So far we only considered a static spatial metric background. However, to be complete we should

not keep the metric static as in the ADM formalism of GR the spatial metric is the fundamental

dynamical variable. So if we lift the restriction of qij to be static we extend our configuration space.

Let us review what system we are looking at currently. Our extended configuration space is given by

both the spatial metric and the representative β fields:

C := (qij , β, β
ij). (3.68)

To represent GR this is of course a bit odd. There are two symmetric two-tensor fields, qij and βij .

This means that we can change the metric qij , the geometry of our emerging manifold, which can

be compensated by the β fields. So taking for instance the metric to be static, which we have been

doing so far, means that we simply choose a specific gauge of the theory. This gauge can of course not

result in the full glory of GR, as the metric field is not dynamic. By choosing another gauge, we can

relate the theory to GR more explicitly. These views are from the point of view of the CTM completely

equivalent; we just pick another gauge. The most obvious candidate for a gauge would be (3.66), as

this will replicate the algebraic structure of GR. Figure 3.1 illustrates the different gauge choices.
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3. INTRODUCTION TO THE CANONICAL TENSOR MODEL

Figure 3.1: Schematic overview of the time evolution in the CTM in the extended configuration
space of the CTM. One configuration of the CTM is given by a surface where P = const. A time
evolution goes from one surface to another. The dotted arrow represents the time evolution for a static
background, while the dashed arrow represents an evolution in GR. The picture is taken from [71].

After this the discussion becomes rather technical, I will restrict to a brief discussion. What the

authors of [71] did now was first explicitly find the transformations which keep the configurations

invariant by evaluating δ(P [f3]) ≡ 0 and show that a change in the metric can be absorbed in the

β-fields. After this they imposed the relation (3.66) and calculated the equations of motion of qij and

β within this gauge choice.

As it turns out, using the Hamilton Jacobi formalism, it is possible to identify the equations

of motion of the CTM within this gauge with the equations of motion corresponding to a general

relativistic system coupled to a scalar field. The corresponding action is given by

SCTM :=

∫
M
dD+1x

√
−g
(

2R− 1

2
gµν∂µφ∂νφ− e

√
6−d

8(d−1)
φ
)
, (3.69)

where the scalar field corresponds to

eφ(x) := β(x)q−1/4(x), (3.70)

and the metric is defined by the pullback of the D-dimensional spatial metric, the lapse function N

and the shift vector Ni as in the ADM formalism (section 1.1.2). The details may be found in the paper,

but this proves the relation between the CTM and a general relativistic system coupled to a scalar field.

In this gauge the β and βij can now be related to q and φ by

β(x) = q(x)−1/4eφ(x), (3.71a)

βij(x) = q−1/4(x)e−φ(x)qij(x). (3.71b)

A final remark goes to a special dimension of the system. d = 6 seems to be special from (3.69),

as for d > 6 the system is unstable. At d = 6 the potential term disappears and the system gets a

comformal symmetry, signaling a phase transition. This phase transition is further unexplored, but

d < 6 would correspond to a stable phase and d > 6 probably violates our continuous assumptions.
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3.3. Quantisation

3.3 Quantisation

The main objective of the CTM is to give a quantum mechanically consistent model of quantum gravity.

So while the classical case is certainly interesting and important by itself, the Quantum Canonical

Tensor Model (QCTM), should correspond to the fundamental theory of gravity. In this section I will

introduce the QCTM from canonical quantization, which is a useful method to be sure that the classical

limit corresponds to the classical CTM.

3.3.1 Canonical quantisation

Canonical quantisation is a procedure introduced by Dirac [22], by which one simply relates classical

phase space functions with quantum mechanical operators. A quantisation map for any phase space

function is known to be impossible in general, so one has to make a choice as for what to quantise.

This choice is in principle arbitrary, and the most ‘canonical’ one might not be the better one,

see for instance the difference in straightforward quantisation of gravity and loop quantum gravity

(section 1.3.3).

In the CTM however, it seems straightforward to simply take the tensors Qabc and Pabc and define

them as the fundamental variables. This was done in [72]. The most straightforward choice for a

Hilbert space for our operators to act on is the square-integrable functions

Hkin := L2
(
RN
)
, (3.72)

where N := 1
6N(N + 1)(N + 2). This is the obvious choice because our phase space is isomorphic

to R
1
3
N(N+1)(N+2), see section 3.1.2. This space becomes a Hilbert space once it is equipped with an

inner product. The phase space variables Qabc and Pabc now become self-adjoint operators acting on

this Hilbert space, namely,

Q̂abc and P̂abc, (3.73)

with commutation relations as suggested by the Poisson bracket (3.13) à la Dirac

[Q̂abc, P̂def ] = i
∑
σ

δaσdδbσeδcσf , (3.74a)

[Q̂abc, Q̂def ] = 0, (3.74b)

[P̂abc, P̂def ] = 0, (3.74c)

where σ is again permutations of (def). We also want to find the quantum constraint operators Ĥa
and Ĵab. Because of normal ordering we have to introduce another term in Ĥa to account for this.

The operators become

Ĥa :=
1

2
(P̂abcP̂bdeQ̂cde − λQ̂abb + iλH P̂abb), (3.75a)

Ĵab :=
1

4
(Q̂acdP̂bcd − Q̂bcdP̂acd). (3.75b)

If one wants the Hamiltonian to be self-adjoint, λH can be fixed:19

2
ˆH†a = Q̂cdeP̂bdeP̂abc − λQ̂abb − iλH P̂abb,

= P̂abcP̂bdeQ̂cde − λQ̂abb − iλH P̂abb + [Q̂cde, Pbde]Pabc + [Q̂cde, P̂abc]Pbde,

= P̂abcP̂bdeQ̂cde − λQ̂abb + i((N + 2)(N + 3)− λH). (3.76)

19However, it can be argued that the operator Ĥa needs not be self-adjoint in the kinematical Hilbert space we are using,
since this Hilbert space could be really different from the physical Hilbert space [73].
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3. INTRODUCTION TO THE CANONICAL TENSOR MODEL

So from this we see that if we require Ĥ = Ĥ† we get:

λH =
1

2
(N + 2)(N + 3). (3.77)

It is maybe a bit worrisome that there seems to exist an ambiguity in the definition of (3.75a), as we

found the classical Hamiltonian constraintHa to be uniquely specified if we imposed, amongst others,

that there exist no odd terms in P . However, we need not worry about this too much. Firstly the most

important part of the CTM is the algebraic correspondence to the ADM formalism. We will see in due

course that the constraint algebra remains unchanged. Furthermore, although we arrived at this model

from the classical model, the only important thing in that step is the classical correspondence.

One now has to find the commutation algebra which is spanned by the constraints. This turns out

to remain of the same form. By explicit computation we can find that the commutation algebra of the

quantum constraints is given by

[Ĥ(ξ1), Ĥ(ξ2)] = iĴ
(

[ξ̂1, ξ̂2] + 2λξ1 ∧ ξ2
)
, (3.78a)

[Ĵ (η), Ĥ(ξ)] = iĤ(ηξ), (3.78b)

[Ĵ (η1), Ĵ (η2)] = iĴ ([η1, η2]), (3.78c)

with similar definitions as before: [, ] denotes a commutator, ξ1 ∧ ξ2
ab := ξ1

aξ
2
b − ξ2

aξ
1
b , ξ̂ab := P̂abcξc.

We define the ordering of Ĵ (η̂ to be like Ĵ (η̂) := η̂abĴab. This concludes the kinematical Hilbert

space discussion. We have a Hilbert space now for our operators to act on and we defined our operators.

Now we have to implement the constraints.

3.3.2 Physical Hilbert space

The constraints of the CTM can be implemented in a similar fashion as in canonical quantum gravity.

We require physical states |Ψ〉 to vanish under the constraint operators

Ĥa |Ψ〉 ≡ 0, (3.79a)

Ĵab |Ψ〉 ≡ 0. (3.79b)

(3.79a) is the CTM analogue of the Wheeler-deWitt equation. By this we reduce our Hilbert space to

some subspace Hphys. I will denote elements from the kinematical Hilbert space by |ψ〉 and elements

from the physical Hilbert space by |Ψ〉. There is an important thing to note here. While defining

an inner product on L2(RN ) is relatively simple, it is not clear if this inner product would also be

satisfactory in Hphys. At present this is something which is still an open question, defining an inner

product on this space still has to be done. In this thesis we will construct functions which (formally)

satisfy the constraint equations from above and assume we can define some form of (if necessary

rigged) Hilbert space.

One way to define an inner product on the physical Hilbert space in the case that the Hamiltonian

constraints have a continuous spectrum around zero, would be to relate the states to the states in the

kinematical Hilbert space. Say we have a state |ψ〉 ∈Hkin, we can construct a state in the physical

Hilbert space if we use a master constraint, as used in LQG [74]. The idea is to construct a quantity

M in such a way that the constraint M = 0 implies Ca = 0 for all constraints Ca. An example of

such a master constraint would be

M :=
∑
a

(Ha)2 +
∑
b<a

(Jab)2. (3.80)
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Because Ha and Jab are real valued, the constraint M = 0 implies Ha = Jab = 0. If we now take

the quantum version of the master constraint, M̂, we can define our physical Hilbert space by

M̂ |Ψ〉 ≡ 0. (3.81)

Now, from a state in the kinematical Hilbert space |ψ〉 we can construct a state in the physical Hilbert

space formally by a so-called rigging map [13]

γ : |ψ〉 → |Ψ〉 := δ(M̂) |ψ〉 :=

∫
R

dt

2π
eitM̂ |ψ〉 . (3.82)

This formally solves the constraint, from the distributional identity xδ(x) = 0. In [13], this is proposed

as a solution to the quantum problem of time, since this shows that time is in fact “integrated out”.

These solutions obviously are not part of Hkin, as they will not be normalisable. However, for Hphys

we can define an inner product by

〈Ψ,Ψ′〉phys := 〈ψ, δ(M̂)ψ′〉kin . (3.83)

This works only if we start with an element in the kinematical Hilbert space to construct an element

in the physical Hilbert space. In the following however, we will find solutions by solving the partial

differential equations which follow from choosing a representation and demanding the constraints,

(3.79), to hold. Exploring the physical Hilbert space better is definitely something which should be

done in the future.

3.3.3 Wave functions

Let us now discuss some of the wave functions of the CTM. Several solutions have already been

found [72, 75], but our main interest here will be solutions for general N . I will derive wave

functions which solve the quantum constraint equations (3.79) in both the Q̂ and P̂ representation.

The derivations here will be rather formal, as I will assume that the wave functions nicely converge

and are regulated properly.20 Lastly I will give some of the other wave functions found in the papers

mentioned above.

Let me first briefly discuss the meaning of “T representation”. What we mean by this is that we

choose a basis in terms of eigenvalues of the T̂ -operator,

T̂ |T 〉 ≡ T |T 〉 . (3.84)

We can construct a wave function by projecting onto this basis

Ψ(T ) := 〈T |Ψ〉 . (3.85)

Of course one could do this for abstract tensors, but usually we will simply choose an orthogonal basis

and use indices Tabc. Say we take the Q representation. In that case we know from the commutator

in (3.74) that

P̂abcΨ(Q) = i∂
(Q)
abc Ψ(Q), (3.86)

as defined in section C, and similar for −Q̂ in the P -representation.

20In the next chapter I will discuss one of these wave functions and we will see that this is not necessarily trivial.
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3.3.3.1 Integral wave function

Let us look at a wave function of a certain form. For this we take either the Q or P representation, so

let us call the tensor of our choice Tabc and use the derivative defined in appendix section C:

∂
(T )
abc Tdef :=

∑
σ

δaσdδbσeδcσf . (3.87)

The tensor Tabc acts on a vector space, RN , as explained in section 3.1.2. In appendix section C, I

show that all information of a symmetric tensor can be extracted by contracting it fully with a vector

φ ∈ RN . For a wave function which is a function of Tabc only, one would need to integrate over all

possible vectors.

For the wave functions that will follow, the general Ansatz will be based on a grand partition-like

function [76, 77]21 and look like

Ψ(T ) :=

∫
RN

dφf(φ2)eiTφ
3
, (3.88)

where I used the shorthand notations

φ2 := φaφa,

dφ :=
∏
a

dφa,

Tφ3 := Tabcφaφbφc.

(3.89)

In both the P and Q representations we can show that such a solution solves the constraint equations

for a specific choice of f(φ2), which will be done below. What I want to show now is that these

solutions are indeed solving the kinematical symmetry constraint (3.79b).

In either representation, solving this constraint boils down to showing

Tacd∂
(T )
bcd Ψ(T ) = Tbcd∂

(T )
acdΨ(T ).

Let us show this explicitly, in this I assume that the wave function behaves nicely and boundary terms

vanish so partial integration can easily be done.

Tacd∂
(T )
bcd Ψ(Q) = i6

∫
dφf(φ2)Tacdφbφcφde

iTφ3
,

= 2

∫
dφf(φ2)φb∂ae

iTφ3
,

= −2

∫
dφ∂a(f(φ2)φb)e

iTφ3
,

= −2

∫
dφ(f(φ2)δab + 2φaφbf

′(φ2))eiTφ
3

= Tbcd∂
(T )
acdΨ(Q), (3.90)

where ∂a := ∂
∂φa

and f ′(x) := ∂f
∂x . We conclude that every wave function of the form (3.88) will

satisfy the kinematical quantum constraint (3.79b).

3.3.3.2 Q representation

From the form of Ĥ, (3.75a), we can already see that in the Q-representation the coupled partial

differential equations will become second-order. So in order to keep these manageable we put λ = 0

21Some more on geometries in random tensor networks and connections to the CTM can be found in [78, 71].
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for now.22 The wave function was originally found because it closely resembles a grand partition

function of a tensor network [76, 77]. In the derivation here we will start with an Ansatz as in (3.88)

for the wave function:

Ψ(Q) =

∫
RN

dφf(φ2)eiQφ
3
. (3.91)

Because of this Ansatz, the kinematical constraint (3.79b) is already satisfied. Here Qabc is a tensor

of our configuration space, φa ∈ RN , f(φ2) is a function we will find later and we use the shorthand

notations similar to (3.89). Just to avoid confusion here and later: φa is a vector in RN but it has no

real physical interpretation (at this point). The function as a whole is defined on RN . Another fact to

note is that we have at this point no explicit inner product on the Hilbert space so far.

Anyway, let us assume that the state indeed is a candidate element of the physical Hilbert space.

In the Q-representation we can write the constraints as

Ĥa =
1

2
(Qcde∂

(Q)
abc ∂

(Q)
bde + iλH∂

(Q)
abb ), (3.92a)

Ĵab =
1

4
(Qacd∂

(Q)
bcd −Qbcd∂

(Q)
acd ), (3.92b)

where ∂(Q)
acd := ∂

∂Qacd
is defined in appendix C. Let us first solve the constraint Hamiltonian equa-

tion (3.79a). This we will do in two parts, beginning with the second term:

λH∂
(Q)
abb Ψ = λH

∫
dφf(φ2)∂

(Q)
abb e

iQφ3
,

= i6λH

∫
dφφaφ

2f(φ2)eiQφ
3
. (3.93)

The first term in needs some partial integration to get to a good form, and I will just assume that this

is allowed and that boundary terms vanish.

Qcde∂
(Q)
abc ∂

(Q)
bde Ψ(Q) =

∫
dφf(φ2)Qcde∂

(Q)
abc ∂

(Q)
bde e

iQφ3

= −36

∫
dφf(φ2)Qcdeφaφ

2
(
Qφ3

)
eiQφ

3

= 12i

∫
dφφaφ

2f(φ2)φc∂ce
iQφ3

= −12i

∫
dφ∂c

(
φaφcφ

2f(φ2)
)
eiQφ

3

= −12i

∫
dφ((N + 3)φaφ

2f(φ2) + 2φa(φ
2)2f ′(φ2))eiQφ

3
(3.94)

Here ∂a := ∂
∂φa

. So to solve (3.79a) we should solve the differential equation for f(x):(
λH
4
− N + 3

2

)
f(x) = xf ′(x) (3.95)

This is solved if f(x) is of the form of a power law,

f(x) = xα, (3.96)

with α given by:

α =
λH
4
− N + 3

2
=self-adj.

1

8
(N − 2)(N + 3), (3.97)

22For general N there is not yet a wave function known for λ 6= 0. I will here just focus on deriving the function for
λ = 0, but a more general function is desirable.
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where the last equality is true if one assumes Ĥa to be self-adjoint. So, finally, our wave function is

given by:

Ψ(Q) =

∫
dφ(φ2)αeiQφ

3
. (3.98)

The function has a relatively simple form, so it seems encouraging to analyse it. In chapter 4 we will

try to do this, but conclude that, at least with our methods, it seems to have some bad behaviour. It

is however nice that we can find a function relatively easily which solves the very nontrivial partial

differential equations from the quantum constraint equations (3.79).

3.3.3.3 P representation

As already mentioned, we expect the wave functions to be easier to solve in the P -representation,

since the Hamiltonian constraint operator will become of first order:

2Ĥa = iPabcPbde∂cde + iλHPabb − iλ∂abb, (3.99)

We use a similar Ansatz, but in the P-representation:

Ψ(P ) =

∫
dφf(φ2)eiPφ

3
. (3.100)

The first term of (3.99) now gives:

PabcPbde∂cdeΨ(P ) = i6

∫
dφf(φ2)PabcPbdeφcφdφee

iPφ3
,

= 2

∫
dφf(φ2)Pabcφc∂be

iPφ3
,

= −2

∫
dφ∂b(φcf(φ2))Pabce

iPφ3
,

= −2PabbΨ(P )− 4

∫
Pabcφbφcf

′(φ2)eiPφ
3
,

= −2PabbΨ(P ) +
i4

3

∫
f ′(φ2)∂ae

iPφ3
,

= −2PabbΨ(P )− i8

3

∫
φaf

′′(φ2)eiPφ
3
. (3.101)

The third term gives:

∂abbΨ(P ) = i6

∫
dφf(φ2)φaφ

2eiPφ
3
. (3.102)

So in order for (3.79a) to hold we get:

Pabb(λH − 2)Ψ(P ) + i

∫
dφ φa(−6φ2λf(φ2)− 8

3
f ′′(φ2))eiPφ

3
= 0, (3.103)

which is satisfied if:

λH = 2, (3.104)

f ′′(x) +
9λ

4
xf(x) = 0. (3.105)

There are two independent solutions to this second equation, the Airy function and the Airy Bi

function. Let us restrict ourselves for now to the Airy function so that integration over the real domain

will suffice to make the integral convergent. This function has the integral representation:

Ai(x) =

∫ ∞
−∞

dt ei(xt+
1
3
t3). (3.106)
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3.3. Quantisation

Using this representation with the solution f(x) = Ai

(
−
(

9λ
4

) 1
3 x

)
in (3.100):

Ψ(P ) =

∫
dφdte

i

(
Pφ3−( 9λ

4 )
1
3 φ2t+ 1

3
t3
)
. (3.107)

Rescaling this to φ̃ =
(
− 4

9λ

) 1
3 t we get (we do not care about constant prefactors):

Ψ(P ) =

∫
dφdφ̃ei(Pφ

3+φ2φ̃− 4
27λ

φ̃3). (3.108)

Now this looks rather disappointing, since the value of λH is fixed and the Hamiltonian is not

even self-adjoint for an integer value of N . However, we can extend this solution to general λH , as

ΨλH (P ) = (Ψ(P ))λH/2 (3.109)

where Ψ(P ) is given by (3.108). We can check this

−i2ĤaΨλH (P ) :=
λH
2
PabcPbdeΨ(P )

λH−2

2 ∂cdeΨ(P ) + λHPabbΨ(P )
λH
2 − λλH

2
Ψ(P )

λH−2

2 ∂abbΨ(P ),

=
λH
2

Ψ(P )
λH−2

2 (PabcPbde∂cde + 2Pabb − λ∂abb) Ψ(P ) = 0. (3.110)

In the next chapter I will analyse these wave functions, especially (3.108).
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Chapter 4

Wave function analysis

In this chapter I will analyse a wave function which was introduced in section 3.3. This was done

in [2], using a mechanism we called the “highlighting mechanism”, developed in [1]. The main focus

will be on the wave function in the P representation, as it has very interesting properties. I will first

review the highlighting mechanism of [1]. After this I will discuss the aforementioned wave function

in the Q representation in section 4.2, and conclude that in our current analysis it is not particularly

useful. I will end with the analysis of the wave function in the P representation in section 4.3. Even

though I will discuss this in some detail, not every calculation is fully discussed and I will often refer

to [2]. This chapter should be seen as a summary of [2, 1].

4.1 Highlighting mechanism

In this section I will summarise [1], a more in-depth discussion may be found there. First, in

section 4.1.1, I will introduce a general argument for a certain type of function which I will then apply

to a toy model in section 4.1.2.

4.1.1 The mechanism

The “highlighting mechanism” is a conjecture, which states that quantities of the form

Ψ(Q) :=

∫
C
dφeiS(Q,φ), (4.1)

which are invariant under some group G are peaked around values of Q which are invariant under a

subgroup H ⊂ G.1 Here both Q and φ represent multiple variables,2 dφ is an integration form over

the variables φ, and S(Q,φ) is some function which is not too simple. I will label the variables3 as

φa where a ∈ {1, . . . , N} and Qi where i ∈ {1, . . . ,M}.
Let me make the statement more precise. Let us write the action of the group G on φ and Q as

(φg)a := R(g)a
bφb, (4.2a)

(Qg)i := R̃(g)i
jQj , (4.2b)

where R and R̃ are representations for g ∈ G. These representations should not be trivial, but may be

reducible and contain trivial representations. We want the quantity to be invariant under the action of
1In principle one could use a completely general group, but our discussion will mainly focus on Lie groups.
2For instance, φ could be a vector in a vector space and Q a tensor.
3Assuming there is a finite number of them, in principle it is also possible to generalise this.
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4. WAVE FUNCTION ANALYSIS

this group

dφg ≡ dφ,

S(Qg, φg) ≡ S(Q,φ).
(4.3)

Now the general idea of the mechanism is that if we take a configuration QH which is itself invariant

under the action of a subgroup H , these configurations will be “highlighted”, i.e. Ψ(Q) is peaked

around those configurations. We can understand this by considering such a configuration

QHh ≡ QH ∀h ∈ H ⊂ G,

and realising that (4.3) now implies that for elements of this subgroup there exists a whole orbit in φ

given by the action on this subgroup which has the same phase in (4.1). The effect of this mechanism

is highly dependent on the size of this orbit, so a large representation of this subgroup on φ yields a

way bigger contribution. We will see examples of this later.

A useful way to make this more explicit is the stationary phase approximation [79]4, which says

that such a function may be approximated by summing over the stationary or critical points, φσ,

defined by
∂S

∂φa

∣∣∣∣
φ=φσ

≡ 0. (4.4)

For generic configurations5 Q we will find decoherence between the critical points, if the number of

critical points ncrit is sufficiently large

Ψ(Q) ≈
ncrit∑
σ=1

Aσe
iS(φσ ,Q) ≈ 0, (4.5)

because the phases corresponding to the critical points are not correlated. On the other hand, if we

have a configuration which is invariant under a subgroup H , we get a set of critical points which

contribute coherently, corresponding to an orbit generated by H . So we will get big contributions

for large orbits. The main reason why this works is because the phase function is constant along this

trajectory

S(φh, Q
H) = S(φh, Q

H
h ) = S(φ,QH). (4.6)

Now there seems to be a preference for larger subgroups here, as they will generally have a large

representation space on φ. However, these will have larger restrictions onQH making the configuration

space smaller. It is thus difficult to say what kind of subgroup in the end would be preferred, if one

wants to assign to Ψ some probability interpretation.

It is worth noting the imaginary factor in the exponent of (4.1). In the case of a “Euclidean”

setting, the most important configuration would be given by the minimal value of S. In this setup

however, the coherence of critical points is essential and this makes this mechanism possible.

4.1.2 A toy model

In the paper we used a toy model to show the effect. The toy model is directly based on the

grand partition function of the randomly connected tensor network in [76], but making the exponent
4The stationary phase approximation works for real S, to make this more sophisticated one could apply Picard-Lefschetz

theory. See for instance section 3 of [80]. However, as we will mainly be interested in real S I will only discuss the
stationary phase approximation.

5I will from now on use the term generic to talk about configurations which are not invariant under some non-trivial
subgroup of G.
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4.1. Highlighting mechanism

imaginary

ΨT (Q) :=

∫
RN

dφei(φ
2+Qφ3)−εφ2

:=

∫
RN

dφeiST (Q,φ)−εφ2
,

where φa ∈ RN and Qabc is a symmetric tensor acting on RN . We use similar shorthand notations

as in (3.89), where dφ :=
∏
a dφa, φ

2 := φaφa and Qφ3 := Qabcφaφbφc. I added a −εφ2 factor in

order to make sure the integration converges for ε > 0. I will take this regularisation parameter to be

small in general, but for now I am not interested in the precise nature of the vanishing limit ε→ 0+,

and simply focus on the mechanism. For the actual physical wave functions we will take care of the

regularisation properly.

The quantity defined in (4.1) is invariant under O(N) transformations which have representations

(φg)a := R(g)a
bφb, (4.7a)

(Qg)abc := R(g)a
dR(g)b

eR(g)c
fQdef , (4.7b)

so for our mechanism we can use the group G = O(N) and look for subgroups which are highlighted.

For later comparison to the CTM I quote the general critical points equations

3(Qφσ2)a + 2φσa ≡ 0. (4.8)

Let me briefly discuss the cases of N = 3 and N = 4 to see the mechanism in action.

4.1.2.1 N=3

ForN = 3 the full group isG = O(3), and we can look for configurations invariant underH = SO(2).

A representation of the generator of its Lie algebra is given by

T =

 0 1 0

−1 0 0

0 0 0

 , (4.9)

and can always be put into this form by an O(N) transformation. Now, by demanding (4.1.1) and

using (4.7b) one can see that this leads to the requirement

Ta
a′Qa′bc + Tb

b′Qab′c + Tc
c′Qabc′ = 0. (4.10)

This just leaves two independent parameters

Q113 = Q223 =:
x

3
,

Q333 =: y,
(4.11)

where other entries, up to permutations of the indices, are zero. We can now write the function S(Q,φ)

as

S(φ, x, y) = (φ2
1 + φ2

2)(1 + xφ3) + φ2
3 + yφ3

3, (4.12)

and the critical points are easily found by using (4.4)

φ1 = φ2 = φ3 = 0, (4.13a)

φ1 = φ2 = 0; φ3 = − 2

3y
, (4.13b)

φ2
1 + φ2

2 =
2x− 3y

x3
=: R2; φ3 = −1

x
. (4.13c)
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4. WAVE FUNCTION ANALYSIS

Figure 4.1: Numerical integration of (4.1.2) for (4.14) with y = −1, ε = 0.0001. The figure plots the
values of |Ψ(x, y = −1, z)|2 against x, z. Image taken from [2].

We see here a continuous set of critical points appearing if 2x−3y
x > 0. To see the highlighting

mechanism in action we should construct a Q which we can parameterise such that we can recover

the symmetric QH of (4.11). Let us take

Q113 =:
x+ z

3
,

Q223 =:
x− z

3
,

Q333 =: y,

(4.14)

where we recover (4.11) for z = 0. We can reduce this to a single integral and solve that one

numerically. The results of this can be found in figure 4.1, and one can see that the configurations

with z = 0 are preferred. Some more discussion and another example may be found in [1].

4.1.2.2 N=4

For N = 4 the full group is given by G = O(4). In [1] we discussed both the SO(2) and SO(3)

symmetry group. To be brief here I will only discuss the SO(3) group, as this will be very interesting

to compare to the CTM wave function of section 4.3.

In a similar manner as above, we can find the SO(3) symmetric tensor to be

Q114 = Q224 = Q334 =:
x

3
,

Q444 =: y,
(4.15)

which we can then perturb in a similar manner as above, by relaxing Q114 6= Q224 6= Q334 and

parameterising it this time as

Q114 =:
x

3
,

Q224 =:
x+ z1

3
,

Q334 =:
x+ z2

3
,

Q444 =: y.

(4.16)

This again can be reduced to a single integral, which can be calculated numerically. The results of this

can be found in figure 4.2, and one can see that the case where z1 = z2 = 0, which corresponds to
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4.1. Highlighting mechanism

Figure 4.2: Numerical integration of (4.1.2) for (4.16) with x = 0.3, y = −1, ε = 0.0001. The
figure plots the values of |Ψ(x, y = −1, z)|2 against x, z. Image taken from [2].

the O(3) symmetric configuration, is indeed preferred. However, we also see that there exist small

peaks for the cases z1 = 0, z2 = 0 and z1 = z2. These are exactly the configurations for which a

O(2)-symmetric configuration is obtained.

This concludes my discussion about the highlighting mechanism. In the toy model it seems clear

that the mechanism works very well, even for small N . We will now turn to the wave functions and,

amongst others, use this mechanism to quite accurately predict which states will be preferred. As

mentioned before, this is only a qualitative prediction. It is hard to predict which subgroup will have

the biggest overall contribution.
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4. WAVE FUNCTION ANALYSIS

4.2 Q representation

Let us first discuss the Q-representation wave function found in section 3.3.3, (3.98):

Ψ(Q) :=

∫
RN

dφ(φ2)αeiQφ
3

=:

∫
RN

dφ(φ2)αeiS(Q,φ),

where α = 1
2(λH/2 − N + 3). This function is of course also invariant under the G = O(N)

symmetry group6 in the same way as in (4.7b). This is clearly a function Ψ : RN → C, but it is not

instantly clear that this function is an element of L2(RN ). However, since we do not know the precise

nature of the physical Hilbert space, except for a formal discussion in section 3.3, we will not let this

bother us too much for now.

One thing we should worry about is how to regulate this integral, as generally there will be some

real poles the integral encounters: we have to properly define the integral to make it meaningful.

We will use here, and in section 4.3, the so-called “epsilon-prescription” by which we simply add a

symmetric term to make sure the integral converges, and subsequently take the vanishing limit:

Ψε(Q) :=

∫
RN

dφ(φ2)αeiS(Q,φ)−εr3
, (4.17)

where ε > 0 and r2 := φ2 (we take r > 0 by definition). Let us first do a stationary phase analysis to

gain some insight in the wave function. The critical points are given by

Qabcφ
σ
aφ

σ
b ≡ 0. (4.18)

So for a critical point φσ we will always get Qabcφσaφ
σ
b φ

σ
c = 0, which means that the phase of the

wave function, at least for this approximation, is always zero: the wave function is real. This is an

exact property, as we can simply substitute φa → −φa for some a.

Let us now see what the preferred values might be. Let us take as an example the N = 3 case

discussed in section 4.1.2. We try to take the same, O(2) symmetric, configuration as in (4.11) which

in this case leads to

SH(Q,φ) = x(φ2
1 + φ2

2)φ3 + yφ3
3, (4.19)

which has the following impressive set of real critical points:

φ1 = φ2 = φ3 = 0. (4.20)

Here we see an indication of our mechanism failing because the phase function is too simple. We

could try to extend our mechanism to discuss Picard-Lefschetz theory so we can also include the

imaginary critical points in our discussion. However, upon evaluating the wave function we found not

a specific preference for symmetric states.

What we did find was a preference for singular states. For instance, if we take x→ 0 in (4.19)

and look at (4.17), we see that we now have two integrals over φ1 and φ2 which are not “damped” by

oscillations. So divergences coming from these two directions cannot be fixed by the ε we added. It

is worth noting that this might not be a real problem, because to get the inner product of (3.83) we

“renormalised” the inner product effectively by dividing by δ(0). But still it seems difficult to interpret

the wave function, as all other values would in that case be depressed.

6Which should of course be the case as it is the kinematical symmetry of the CTM. The kinematical constraint makes
sure that this is the case.
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4.2. Q representation

Another problem is that infinite configurations are generally preferred, which can be seen by

rescaling the wave function (4.17) by φ→ |Q|−1/3φ (here |Q| :=
√
QabcQabc) which leads to

Ψ(Q) = |Q|−
N+2α

6 Ψ(QΩ), (4.21)

where QΩabc := Qabc
|Qabc| and α = 1

8(N + 3)(N − 2) if the Hamiltonian is self-adjoint, as in (3.97). If

we naively take the inner product to be carried over from the kinematical Hilbert space to the physical

Hilbert space7 we can look at the “inner product” taking the volume element into account∫
RN

dQ|Ψ(Q)|2 =

∫
R+×SN−1

d|Q||Q|
1
6

(N3+2N2−3N)dQΩΨ(QΩ). (4.22)

Since the exponent is positive the wave function diverges at infinity, so the configurations with

|Q| → ∞ are preferred. This seems to be physically unfavourable situation. Therefore we will

now leave this wave function, though it might be possible to make sense of it when we have better

knowledge about the inner product on this Hilbert space.

7As already mentioned, we do not expect this to be the correct inner product. This is just for the argument, so we
assume that the inner product will not change (much) the dependence on the size of Q.
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4. WAVE FUNCTION ANALYSIS

(a) Non-singular case (b) Singular case

Figure 4.3: An illustration of the deformation of the contour around a branch cut. On the left we see
that ε > 0 is safe when the contour is taken to be the real line, when moving ε→ 0+ we deform the
contour such that the singularity is avoided. On the right we see an example of the contour being
pinched by two branch cuts while taking the ε→ 0+ limit. These images are taken from [2].

4.3 P representation

Let us now consider the other wave function discussed in section 3.3.3, ΨλH (P ) = (Ψ(P ))λH/2,

where Ψ(P ) is given by (3.108). The analysis of this wave function is given in great detail in [1] and

I will here mainly discuss the most important points. As in the case for the Q-representation I will

introduce an extra term to make the integral convergent. Unlike the Q-representation case we can find

a meaningful ε→ 0+ limit, which usually is well defined. The wave function turns out to have a very

interesting structure, so we will analyse it more thoroughly. The reguralised version is given by

Ψε(P ) =

∫
dφdφ̃ei(Pφ

3+φ2φ̃− 4
27λ

φ̃3)−εr3
=:

∫
dφdφ̃eiS(P,φ,φ̃)−εr3

, (4.23)

here r2 := φ2 + φ̃2. Again, if we have a better understanding of the Hilbert space we need to confirm

that this function is in it, but for now we will assume that this is the case.

4.3.1 Defining the convergent wave function

Because (4.23) will be more interesting than the Q-representation wave function discussed above, let

us define the vanishing limit of ε properly so it is conditionally convergent. To gain insight in the pole

structure, let us go to hyperspherical coordinates, so that we can integrate over the radial part already.

For this we first define a new symmetric (N + 1)× (N + 1)× (N + 1)-tensor P̃ , which also includes

the extra terms:

P̃abcφaφbφc := S(P, φ, φ̃), (4.24)

where we regard φN+1 := φ̃. If we want to write hyperspherical coordinates, we can decompose

φ =: rφΩa where φΩ is a unit vector. We can now rewrite the wave function as

Ψε(P ) =

∫
SN

dΩ

∫ ∞
0

drrNei(P̃ φ
3
Ω)r3−εr3

,

=
1

3
Ω

(
N + 1

3

)∫
SN

dΩ
(
ε− iP̃φ3

Ω

)−N+1
3
. (4.25)

Now we see where the ε → 0+ limit can go wrong; if P̃ φ3
Ω = 0. For generic P̃ we can fix this by

deforming the contour before taking the limit, as illustrated in figure 4.3a. This is not always possible

when the contour is pinched, which happens for special values of P .

In practise we can use (4.25) to do numerical computations for small N . Since there is still a

compact N -dimensional integration left, it will stop being useful for higher N . We need to define it

properly in the ε→ 0+ limit though. This may be done by explicitly choosing a contour which solves
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4.3. P representation

our problem

Ω′j := Ωj + i∆
∂(P̃ φ3

Ω)

∂Ωj
(4.26)

where ∆ > 0. If ∆ is taken to be small enough we can see that the contour is deformed like we want,

because

P̃ φ3
Ω′ ≈ P̃ φ3

Ω + i∆

N∑
j=1

(
∂P̃φ3

Ω

∂Ωj

)2

+O(∆2). (4.27)

The second term in this equation simply adds a positive contribution to ε. So by taking this contour

we can safely take the ε→ 0 limit and define our integral as

Ψ(P ) := Ψε→0+(P ) =

∫
SN

dΩ

∣∣∣∣∂Ω′

∂Ω

∣∣∣∣ (−iP̃φ3
Ω′

)−N+1
3
. (4.28)

It is of course important that this yields the intended wave function. As a consistency check we

evaluated the quantum constraints acting on this wave function and within error margins this yields

zero. Besides this we checked whether the integration depended on the arbitrarily chosen ∆, which

was not the case (as it should). The details about this are in appendix A of the paper [2].

Now, we can point out one simple problem. We see in (4.26) that for ∂P̃φ
3
Ω

∂Ωj
= 0 the contour will

not change. This is not necessarily a problem except if at the same point also P̃ φ3
Ω = 0. The latter of

these conditions can be regarded as the derivative with respect to r, while the former is the derivative

with respect to the angular directions. So this condition is the same as ∂P̃φ3

∂φa
= 0 ∀a, which is the

condition for critical points. For this reason it is important to analyse the critical points, which I will

do below.

We could define this contour properly in the case that the first derivative vanishes by including

the second derivative, and if necessary inductively repeat this process. This will still add a positive

contribution to ε and hence we can still define the function properly. This cannot be fixed with the

current prescription in two scenarios:

1. The critical point is the trivial one (φa = 0), but this is not a physical divergence since the

contour can simply be defined around this pole.

2. The critical point is constant along a continuously connected subset of RN . This is a physical

divergence where the highlighting mechanism is expected to play a role, which is discussed in

section 4.1. A branch cut like this is illustrated in figure 4.3b.

4.3.2 Highlighting in the CTM

Let us now see the highlighting mechanism in action for the current wave function. We know from

section 4.3.1 that we expect the wave function to diverge for nontrivial critical points. So for this we

evaluate the critical points of S(P, φ, φ̃):

3(Pφσ2)a + 2φσa φ̃
σ ≡ 0, (4.29a)

φσ2 − 4

9λ
φ̃σ2 ≡ 0. (4.29b)

It is worth noting that (4.29a) is exactly the same as (4.8) where φ̃ = 1. This makes sense, since the

models are comparable to begin with. There is a big difference coming from (4.29b) however, since
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4. WAVE FUNCTION ANALYSIS

it restricts the size of φσ, which indirectly restricts P . We can make this relation more explicit by

combining (4.29a) and (4.29b), assuming that the critical point is not trivial:

λ =
(Pφ3)2

(φσ2)3
. (4.30)

Now this is an important equation. It states that for λ < 0 there exist no nontrivial critical points. For

λ = 0 the wave function is not physical for a similar reason as the Q-representation wave-function,

but this time the favoured state is P = 0. So for these reasons we will from now on only consider

λ > 0.

This is interesting, as in the classical model this term was responsible for non-local behaviour in

the formal continuum limit, discussed in sections 3.2.3 and 3.2.4. On the other hand, the λ-term in

the N = 1 case of section 3.2.1 does correspond to the cosmological constant which should be taken

positive according to cosmological observations. So this gives some extra motivation to look back at

the continuum limit and try to formulate it differently. This is still an open problem and we will now

go back to the analysis of the wave function.

If we choose some subgroup H ⊂ G and we pick a configuration PH which is invariant under

this subgroup we find from the critical points that indeed our mechanism should work again. Any

h ∈ H acting on (4.29b) will not change anything, but acting on the left-hand side of (4.29a) yields

R(h)a
a′
(

3(Pφσ2)a′ + 2φσa′ φ̃
σ
)

= 3(Pφσ2)a + 2(φσh)aφ̃
σ = 0, (4.31)

where (φh)a := R(h)a
a′φa′ so we see for φσ 6= 0 that there exists a whole orbit φσh of critical points

who contribute coherently: we expect that the mechanism should be visible.

Let me give an example, for which I pick the easiest interesting case, N = 3, which intrinsically

has the symmetry O(3). There is one Lie subgroup which we can pick for our mechanism, namely

O(2), and the tensor invariant under this subgroup is the same as in the N = 3 example of the toy

model in section 4.1.2:8

P113 = Q223 =:
x

3
,

P333 =: y,
(4.32)

where all other components, except for permutations of the indices, are set to zero. The corresponding

phase function is given by

S(x, y, φ, φ̃) := x(φ2
1 + φ2

2)φ3 + yφ3
3 + (φ2

1 + φ2
2 + φ2

3)φ̃− 4

27λ
φ̃3, (4.33)

which has critical points given by

φ1 = φ2 = φ3 = φ̃ = 0, (4.34a)

φ1 = φ2 = 0, φ3 = − 2

3y
φ̃, for λ = y2, (4.34b)

φ2
1 + φ2

2 = R2φ̃2, φ3 = −1

x
φ̃, for λ =

4x3

27(x− y)
, (4.34c)

where R2 := 2x−3y
x3 > 0. These critical points are really similar to the ones we found for the N = 3

toy model in (4.13), where the main difference comes from the λ restriction of (4.30).
8Note that we are now taking a specific configuration of our wave function. The wave function is still defined in the

full Hilbert space but we are only looking at a specific region of its domain. Of course, we do this to argue that this is the
interesting domain to look at and the function can be regarded as a function with some substantially smaller subset of RN
as support.
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Figure 4.4: Left and middle: A 3D plot respectively contour plot of the absolute value of the wave
function (4.28) for (4.33) with λ = 0.5, drawn on the (x, y) parameter plane. The blue solid curve
and the straight lines in the contour plot represent the restrictions, y = x − 4

27λx
3 in (4.34b) and

y2 = λ in (4.34c). The configurations along (4.34c) with R2 > 0 are strongly peaked. Also visible
are the effects along (4.34b). On the right: The arrows represent the Hamiltonian vector flow of the
classical CTM. The image is taken from [2].

z

Figure 4.5: The image shows the evaluation of the wave function using a perturbation to the symmetric
configuration given by (4.35), where x = 3, y = x− 4

27λx
3 and λ = 1. This is plotted against z, and

we see that indeed z = 0 is the preferred case. The image is taken from [2].

The effect of the λ-restriction can clearly be seen in figure 4.4, where clearly the part of the wave

function where λ-restriction holds is preferred. One can also observe that if R2 becomes smaller than

zero the contribution vanishes because there are no real solutions to (4.34c).The solution with the

biggest orbit has the biggest contribution ((4.34c) over (4.34b)). In figure 4.4 this domain is compared

to the classical model, where it corresponds to a certain Hamiltonian vector flow.

Let us now see using this example if the symmetric configuration PH is preferred. For this

we add a term which breaks the symmetry. One could in principle insert anything in an entry of

P := PH + δP and use (4.28). As an example let us take

δP133 :=
z

3
⇒ δS := zφ1φ

2
3, (4.35)

where all other terms of δP are zero (except for permutations of the indices). This specific choice has

the advantage that we can do some of the integrals already and end up with a single integral to do

numerically. The results of this can be found in figure 4.5.

The strong preference of the λ-restriction seems to have nothing to do with the mechanism.

However, in section 4.3.3 I will show that this λ-restriction can be explained as configurations which

are derived from a larger symmetry group O(1, N).
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4.3.3 Hidden larger symmetry

Let us now go back to the λ-restriction we found before in equation (4.30). In our treatment this extra

restriction seems a bit strange; it apparently has nothing to do with the highlighting mechanism for

partial symmetries we discussed in section 4.1. However, as it turns out, the highlighting mechanism

does apply. The actual symmetry was just “hidden”.

Currently we have been applying the highlighting mechanism purely on the P -tensor and the

vectors φ. But we should consider the mechanism more carefully; symmetries which are represented

on both φ and φ̃ might be highlighted. This is supported by the fact that not only Ĵab |Ψ〉 = 0 is a

requirement for a physical state, but also Ĥa |Ψ〉 = 0, so a larger (“gauge”)-symmetry could be the

actual symmetry of the wave function.

Let us start with the case of N = 3, and look at the wave function for the symmetric configura-

tion (4.32). However, this time we extend the discussion to the N + 1-vector space. This means that

the new extended configuration tensor P̃ , which I already used in (4.24), is the more natural choice.

In this case it is explicitly given by

P̃113 = P̃223 =
x

3
,

P̃333 = y,

P̃114 = P̃224 = P̃334 =
1

3
,

P̃444 = −k,

(4.36)

where k := 4
27λ , φ4 := φ̃ and the other components up to permutations are zero.

Now we will work backwards; instead of using our mechanism to find configurations which

are peaked we use the configuration to find the corresponding symmetry, the existence of which is

conjectured by our mechanism.9 The generators of the Lie algebra can be found by using the condition

first used in (4.10):

Taa′P̃a′bc + Tbb′P̃ab′c + T̃cc′Pabc′ ≡ 0, (4.37)

and we try to find 4× 4 matrices which satisfy this. This can be easily done by using a computer, as

there are just 16 entries for T .

Obviously we should at least find the SO(2)-matrix, given in (4.9). For arbitrary x and y this

is indeed what we find. But if we additionally assume y = x − kx3, which corresponds to the

λ-restriction in (4.34c), we find additionally to the SO(2)-matrix of (4.9) (let us call it T (1)):

T (2) :=


0 0 1 −x
0 0 0 0

−1 + 3
2kx

2 0 0 0

−3
2kx 0 0 0

 , (4.38a)

T (3) :=


0 0 0 0

0 0 1 −x
0 −1 + 3

2kx
2 0 0

0 −3
2kx 0 0

 . (4.38b)

9It might not be the case that one can always find a symmetry corresponding to these critical points and we just get
lucky here. Hence the word “conjectured”.
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These look not instantly recognisable until one calculates the algebra of these generators10

[T (1), T (2)] = −T (3), (4.39a)

[T (1), T (3)] = T (2), (4.39b)

[T (2), T (3)] = (3kx2 − 1)T (1). (4.39c)

In figure 4.4 we see that the strong peaks appear for R2 > 0. This means that 0 < 2x−3y
x =

3x−yx − 1 = kx2 − 1: the structure constant of (4.39c) is positive. This means that the algebra in

(4.39) is a representation of the so(1, 2)-Lie algebra. We see the same happening for the SO(N − 1)-

symmetries which are enhanced to SO(1, N − 1) in the simplified model of section 4.3.4.

There is no good physical interpretation of the emergence of these indefinite Lie group symmetries

yet. The symmetries become apparent after including the φ̃ integration, which was necessary to

add to solve the Hamiltonian constraint. The fact that the symmetry has a timelike signature and is

generated from the Hamiltonian constraint might suggest that φ̃ should be interpreted as some internal

time variable, similar to the rigging map in (3.82). At this point this is speculation and it would be

interesting to pursue this further.

4.3.4 Simplified model

I will now introduce a simplified model, where we look at a specific subdomain of the configurations.

The main reason to do this is because we want to be able to do many of the φ-integrations, so that we

only have one remaining for any N . This is useful because integrations over many variables take a lot

of time to do numerically. We should be careful with conclusions here though, we will not be able

to use purely this subdomain to in the end calculate observables etc., because we need the full wave

function Ψ(Q) for this. Therefore we will only focus on showing that the highlighting mechanism

plays a role here. In the paper [2] there are more calculations and discussions, here I will only focus

on the introduction and the results.

The model is motivated by the SO(N − 1) symmetric configurations, for which examples for

N = 3 and N = 4 have been discussed before. We consider the wave function on a subdomain

RN ⊂ RN . In principle, the wave function we define below is not defined in Hphys, but on L2(RN ).

However, it corresponds trivially to the wave function in Hphys on the corresponding subdomain by

the inclusion map. The subdomain is given by

QaaN =:
xa
3

for a < N,

QNNN =: y,
(4.40)

where other components are zero (up to permutations). We treat x ∈ RN−1 as an (N − 1)-tuple and

together with y ∈ R the configurations are in RN as said above. The function we consider is now

given by

Ψ(x, y) :=

∫
dφdφ̃eiS(x,y,φ,φ̃), (4.41)

where

S(x, y, φ, φ̃) :=

N−1∑
j=1

xjφ
2
jφN + yφ3

N + φ2φ̃− kφ̃3. (4.42)

10On the fixed points of the classical Hamiltonian flow the symmetry in the quantum case is enhanced even further. For
(some) details, see [2].
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Figure 4.6: The image shows an example of an integration contour C. The dotted lines are the branch
cuts of the integrand and φ0 is a real solution to h(φ) = 0. The figure is taken from [2].

We see here that we can make many different representations of O(n) (n < N ) symmetries and

their direct products. If all the xj are the same we have O(N − 1), and all xi different will yield

O(1)N−1 ∼= ZN−1
2 , and any combination of these in between. As an example:

(xj) = (

O(3)︷ ︸︸ ︷
x1, x1, x1,

O(2)︷ ︸︸ ︷
x2, x2,

O(1)︷︸︸︷
x3 ,

O(2)︷ ︸︸ ︷
x4, x4, ... ) . (4.43)

We can do N of the N + 1 integrations already (for details see [2]), and we end up with a single

integral which has to be evaluated numerically

Ψ = 2π
N−1

2 Re [A+] , (4.44)

where A+ is given by

A+ =
1

3
Γ

(
5−N

6

)∫
C
dφ̃

N−1∏
j=1

1√
−i(xj + φ̃)

(
−ih(φ̃)

)N−5
6
, (4.45)

with h(φ̃) = φ̃+ y − k φ̃3.11 This is the remarkable thing about this subdomain, we can do all of the

integrations except for one for any N . The integration contour C should avoid the branch cuts which

naturally occur in (4.45). An illustration of such an integration contour is given in figure 4.6. The

square roots yield branch cuts in the negative imaginary direction, while the branch cuts coming from

h(φ̃) = 0 depend on the sign of the derivative of h(φ̃).

It is now easy to do some analysis with this for larger N and a variety of subgroups. We will

mainly see that the mechanism again predicts correctly that symmetric configurations are preferred.

More than qualitative results should not be expected. Let me first discuss some qualitative large-N

behaviour, where we break the O(N − 1)-symmetry completely to O(1)N−1. We take the following

parametrisation

xj(z) := x0 + z

(
j

N
− 1

2

)
, (4.46)

which is chosen such that the xj are evenly distributed in the region

xj(z) ∈
(
x0 −

z

2
, x0 +

z

2

)
, (4.47)

11For N−5
6

an integer this expression is not determined (the Γ function will diverge while the integral will go to zero)
and one has to be more careful. This case can also be treated, for the details see [2].
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Figure 4.7: The absolute value of the wave function as a function of z for N ∈ {50, 60, 70, 80} and
x0 = 2. On the left: y = x0 − kx3

0. On the right: y = x0 − kx3
0 + 0.1. As before, k = 4/27. The

wave function for finite α is not peaked around z = 0, as explained in the text. The peak is much
stronger for α = 0. The image is taken from [2].

which implies that for z = 0 the O(N − 1)-symmetry is restored. Since we already know that the

y-value will be restricted around y = x0 − kx3
0 we use for y the parameterisation

yα = x0 − kx3
0 + α. (4.48)

For α = 0 the z = 0 case will be strongly preferred due to both the highlighting of the symmetric

configuration and the λ-restriction being satisfied.12 For α 6= 0, the branch point coming from the

(−ih(φ̃))
N−5

6 term will not be situated at x = x0, and the region (4.47) will not even contain the

branch point for z too small. So we expect the O(N − 1)-symmetry, for z = 0, to not even be

highlighted at all! The symmetries which will be highlighted are O(1)-symmetries which may pass

over the branch point one by one for increasing z. From section 4.3.3 we know that these symmetries

areO(1, 1) when they pass over the branch point, so we see that the fact that the symmetry is indefinite

is more important than the size of N . Let me note that the case of α = 0 has much stronger peaks than

α 6= 0, so O(1, N − 1) is still the most preferred symmetric configuration. The effects mentioned

above can be seen for relatively large N in figure 4.7.

Another possibility to try using this toy model is subgroups of the type O(n1) × O(n2) where

n1 + n2 = N − 1. The idea is to take an x ∈ RN−1 of the type

x = (

n1 times︷ ︸︸ ︷
x1, ..., x1,

n2 times︷ ︸︸ ︷
x2, ..., x2 ) . (4.49)

In a similar discussion as before, we expect the O(n1) × O(n2) symmetry to be highlighted if

y = x1 − kx3
1 = x2 − kx3

2. The trivial case is of course x1 = x2, but in that case we simply get the

O(N − 1) symmetry back. This will probably be the largest effect, since the orbit space φH is much

bigger. It is possible that the contributions of the two symmetries interfere destructively. Figure 4.8

shows the case of N = 7 with O(3)×O(3) and O(4)×O(2).

4.3.5 Asymptotic region

To discuss the asymptotic behaviour of the wave function, let us first try the most simple kind of

scaling argument. For convenience, I repeat the wave function

Ψ(P ) =

∫
RN+1

dφdφ̃ei(Pφ
3+φ2φ̃−kφ̃3). (4.50)

12Or in the language of section 4.3.3, the symmetry is enhanced to O(1, N − 1).
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Figure 4.8: Two examples of the O(n1)×O(n2) types of symmetry, where x1 is the parameter for
the O(n1)-symmetry and x2 for O(n2), as in (4.49). On the left: The O(3)×O(3)-symmetry. The
largest peaks are located at x1 = x2 and are the O(6) symmetry, and the shallow peaks extending
from them the separate O(3)-symmetries. At the crossing points of the O(3)-peaks corresponding to
O(3)×O(3), one can find a small additive effect. On the right: The same for O(4)×O(2)-symmetry.
The O(6)-symmetry at x1 = x2 is strongly preferred, while the O(4)-peaks are much stronger than
O(2). At the point where O(4)×O(2) occurs, there is an interference effect, but this cannot be seen
because O(4) heavily dominates over O(2).

Let us rescale φa → |P |−
1
3φa where |P | :=

√
PabcPabc. In the large-P limit, (4.50) will reduce with

this rescaling to

Ψ(P ) ≈ |P |−
N
3

∫
R
dφ̃e−ikφ̃

3

∫
RN

dφei|P |
−1Pφ3 ∝ |P |−

N
3 , (4.51)

because the integrals will just give some constants for constant Pabc|P | . Generically this logic works and

we are able to find this asymptotic behaviour. However, there exist values for P where this will not

work. The problem is that some of the φa-integrations might not yield a finite result with this choice,

because the middle term in the exponent of (4.50), φ2
aφ̃, which we neglected turns out to be important.

A more reliable approach is to not scale every φa with the same weight. Instead we take the

rescaling

φa → |P |−waφa, (4.52)

with wa some real number we call the weight. Ψ will in this case be given by

Ψ = |P |−
∑N
a=1 wa

∫
RN+1

dφdφ̃ exp
[
i
(
|P |−wa−wb−wcPabcφaφbφc + |P |−2waφaφaφ̃− kφ̃3

)]
,

(4.53)

where the wa are chosen by two conditions: 1) The phase function has a finite |P | → ∞ limit and 2)

the integral takes a finite (non-zero) value in this limit.

This scaling argument can only be applied if one manages to find such a set of weights wa. The

scaling argument is not able to pick up logarithmic corrections to this. In section 7 and appendix

section D of the paper the asymptotics and scaling argument are discussed in more detail, with

examples [2].
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Chapter 5

Topology and Geometry

At this point we have not really discussed the geometric interpretation of the CTM. We motivated the

use of 3-tensors because in the N →∞ limit they can describe the algebra of functions on a smooth

manifold, from which the manifold can be reconstructed. In the discrete (i.e. finite N ) case this is less

obvious and we have to find it. Most of this was done in [3]. In this section I will explain that not the

labels, running from 1 to N , but the rank R of the tensor refers to the points in the emergent space. To

make this more specific we will use the tensor rank decomposition, also called canonical polyadic

(CP) decomposition, to find R vectors which refer to points in a space. We need to impose some extra

structure to construct a metric space we can use to extract some properties of the emerging space.

This chapter mainly consists of information to be found in [3], restricted to conceptual discussion.

The paper also has a technical discussion, more numerical simulations and the comparison of the

results to the continuum limit which are not (fully) included here.

5.1 Tensor rank decomposition

Let us consider the simplest space possible, consisting of a single point. In the fuzzy spaces interpre-

tation this is only the lowest mode. This could be described by the N = 1 canonical tensor model

which describes a minisuperspace as discussed in section 3.2.1. Here the tensor is simply given by

P111 6= 0.

We could of course embed this in an N > 1 CTM by simply putting all other entries to zero

P111 6= 0,

others = 0.

The dynamics of this system is exactly the same. However, the CTM has a kinematicalO(N) symmetry,

so the most general form of our one-point space described by the CTM is

Pabc = vavbvc (5.1)

for some N -dimensional vector vi ∈ V . Now we can understand that a space with R points should

not be described by just any tensor with R labels but by a tensor built from R of these vectors (5.1)

Pabc =
R∑
r=1

vrav
r
bv
r
c . (5.2)
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5. TOPOLOGY AND GEOMETRY

We constructed a tensor to describe R points in a CTM with some N . One could imagine that not any

such construction really makes sense. Putting a two-point system inside a N = 1 CTM will obviously

not make a lot of sense. Later we will add some additional (metric space) structure to the set of points

described by the model, and the distance between the points will depend on the inner product between

the points. In the example above, this would mean that the distance between the two points in the

N = 1 CTM is zero: they describe the same point. This simple example shows that we should be

careful with just adding random “points” to the tensor.

The discussion above describes a way to view the previously more arbitrary “points” of the CTM.

In the CTM, however, the tensor is the fundamental object. Hence, we need a way to define the points

after given some tensor Pabc. For this we will work the other way around. A symmetric N ×N ×N
tensor can be decomposed into vectors

Pabc =
R∑
r=1

vrav
r
bv
r
c . (5.3)

This is called the tensor rank decomposition. (5.3) is the exact same equation as (5.2), but should

be read the other way around: Any symmetric tensor Pabc with finite N can be written in this way

for some finite R. The smallest R for which this is possible is called the rank of the tensor. The

tensor rank decomposition may be seen as a generalisation of the matrix singular value decomposition.

However, there are some difficulties. There is no algorithm to find the exact decomposition for a

generic tensor, and there is no way to find the rank R generally.

Let us consider the meaning of the vectors vra. We have r of these vectors, and from chapter 2

we know that the full tensor should be interpreted as the algebra of eigenfunctions fa of the Laplace

Beltrami operator restricted to a finite number of eigenfunctions. Every vector of the tensor rank

decomposition vra constructs a rule for the algebra of these eigenfunctions as

fafb → vrav
r
bv
r
cfc, (5.4)

where I used the summation convention for the lower indices. For the full algebra we have to sum

over all of these vectors

fafb =
∑
r

vrav
r
bv
r
cfc =

(∫
M
dωfa(ω)fb(ω)fc(ω)

)
fc, (5.5)

where we used the relations obtained in chapter 2. So, quite literally, we are approximating the

eigenfunctions of the continuous Laplacian by vectors. We can now understand better why we

interpret a vector vra as a point; we are replacing a continuous integral over a manifoldM by sum

over R points, hence we are approximating our space by R points.

Currently the “space” we built just consists of a set of points represented by vectors {vri |r ∈
{1, . . . , R}}. To extract some useful information about the spaces which the CTM describes we need

additional structure. If we are able to define a distance function on the set we can use this to define a

metric space. From this we can extract some useful topological information, and there is even some

notions of curvature present which can be defined on a metric space without smooth structure [81, 82].

So far the only ingredient we have is the vector space structure inherited from the vectors vri , where

the inner product is simply given by

vr · vr′ :=
N∑
a=1

vrav
r′
a . (5.6)
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5.1. Tensor rank decomposition

Using these ingredients we want to obtain topological and geometrical data corresponding to a

configuration tensor Pabc in the CTM. In the next section, section 5.2, I will extract topological data

from these vectors by using the inner product (5.6). This will serve as an efficient method to extract

topological properties of the emergent space.
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5. TOPOLOGY AND GEOMETRY

5.2 Topological properties

In this section I will construct a method to find topological properties of an emergent space. The

central ingredient to this is persistent homology, which is a relatively new tool from topological data

analysis. Persistent homology uses a metric space defined from a set of data points. We will treat our

vectors as the data points, and use a simple “distance function” to define the metric space. This simple

distance function is not to be interpreted as actual distances between points, but it defines a distance

which will suffice to capture topological (global) properties. The reasoning behind this is that the

details of the small scales (distance function) should not matter for the global topological properties.

5.2.1 Topology

Let us construct a topology on the set of points represented by vectors, let us denote this set by V . We

can specify a topology by specifying a base, which is a collection of subsets B which cover V and

finite intersections of these subsets also contain a base element. In the standard Euclidean topology a

basis for this topology is given by open balls.

In our case we construct similar quantities which cover V . We call these elements Bε(i) which

are defined by

Bε(i) := {j ∈ V | viavja > ε}, (5.7)

where i ∈ V and ε determines the size of the basis element, for larger ε Bε becomes smaller and

vice versa. We can take ε > 0 in order to make sure that points which are orthogonal will never

be considered “close”. It is worth to note at this point that the vectors va tend to be orthonormal,

statistically speaking. This is a phenomena called concentration of measure, and a concrete example

of this will be given in section 5.2.3.

These basis elements can now be used to define the full topology T on V by taking unions

and intersections of this basis. This topology, however, is not very useful if we want to associate a

continuous space to a finite tensor Pabc. We would like to know what kind of topology the continuous

counterpart can have. More concretely, we expect that the current method in the N →∞ limit will

obtain a dense subset in the topology we are after, so we need to construct a method to “guess” which

kind of topology this will be for the continuous space. One thing we can guess already is that this will

typically be a manifold. The continuous counterparts of the elements Bε will be homeomorphic to

open balls (so “locally Euclidean”).

In order to find the expected topological structure, we will equip the set of points with a metric-

space structure (V, d) where d : V ×V → R is a distance function, use persistent homology to analyse

this metric space and find the corresponding continuous topology. So let me first explain persistent

homology, after which I specify the metric space.

5.2.2 Persistent homology

Here I will briefly explain persistent homology [83]. It is a technique from algebraic topological data

analysis. To save some space, I will assume that elementary (simplicial) homology is known to the

reader (see for instance [84]). Let us consider a topological space V , we want to associate a complex

with it in order to calculate the homology groups. A compact Riemannian manifold is homotopy

equivalent to the nerve of a finite subset V for any ε ≤ t for some t, such that the covering is chosen

by balls U = {Bε(v)}v∈V . This complex is called the Čech complex.
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5.2. Topological properties

Figure 5.1: An illustration of the difference between the Čech complex and the VR complex. Left: a
covering. Middle: Čech complex. Right: VR complex. Taken from [83].

Figure 5.2: An illustration of different choices of ε (right is a little larger than left). The main
“topology” one wants to associate with these complexes is S1, as this is the global structure. Taken
from [83].

Another complex, which is computationally preferred and has the same property as above, is

called the Vietoris–Rips complex (VR complex). It is defined as follows: Let (V, d) be a metric space,

then for a parameter ε the VR complex denoted by VR(V, ε) will be the simplicial complex with vertex

set V and (v0, . . . , vk) spans a k-simplex iff d(vi, vj) ≤ ε ∀i, j ∈ {0, . . . , k}. The difference between

the Čech complex and the VR complex is illustrated in figure 5.1.

Now for a (finite) metric space (V, d) we want to understand the topological data which is present.

We could just construct a complex for some value of ε, however, as is illustrated in figure 5.2, simply

calculating the homology groups will not always yield a faithful result. In the left complex the Betti

number of the first homology group is 3, because besides the “macroscopic” S1 structure there are

two extra small loops. If one now increases ε a little, these small loops will close, but others may

appear as is illustrated on the right of the figure. The purpose of persistent homology is to construct an

explicit method to keep track of the appearance and closure of these holes, so that one can understand

the large-scale structure better.

A filtered complex has the property that C(V, t1) ⊂ C(V, t2) whenever t1 ≤ t2 ∈ R. This is a

property both the Čech complex and the VR complex have. In this case, the inclusion i : C(V, t1)→
C(V, t2), where C(V, t) is some filtered complex, induces a map between homology groups

i∗ : Hk(C(V, t1))→ Hk(C(V, t2)). (5.8)
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5. TOPOLOGY AND GEOMETRY

Figure 5.3: A qualitative example of a typical barcode which corresponds to S1. Left: Barcode for
H0. Right: Barcode for H1.

We call C(V, t) an R-persistence simplicial complex because t ∈ R. The idea is now to follow this

persistence complex along the parameter t and see how the elements of the homology groups evolve.

For N-persistence modules, which are similar structures but the different complexes are labelled

by n ∈ N, there exists a theorem that they can be completely specified by pairs of numbers (ni,mi).

We can use any partial ordering preserving map f : N→ R to construct a N-persistence module from

a R-persistence module, which can then be classified by pairs of numbers. In the case of persistent

simplicial complexes, these numbers represent k-holes in the simplex. For instance if a hole appears at

t1 and closes at t2, it will be represented by (t1, t2). The intervals are usually graphically represented

as so-called barcodes, an example of which is given in figure 5.3. As can be seen in the picture, the

intervals (t1, t2) are shown in such a barcode. Typically, theH0 barcode will start off (for small t) with

a lot of bars (high Betti number) because at that point no points have been connected yet (t is small

so d(vi, vj) < t is never true). As t increases, points start to connect and from some value t ≈ 0.3

onward the whole space is connected. The barcode corresponding to H1 has a single component for a

rather large interval, signalling S1.

For the calculation of the barcodes we used an open-source program called “Ripser”.1 In practise

one has to specify what base one is using. The calculations of the images here are in Z2, but one can

choose to do this in a different base if one expects for instance a twist, e.g. for separating the Klein

bottle (H1 = Z⊕ Z2) from the torus (H1 = Z⊕ Z).

5.2.3 Topology of fuzzy tensor spaces

Let us now return to the fuzzy tensors. Using the tensor rank decomposition we have distilled from

the tensor a set of vectors vri with inner product inherited from the vector space on which the tensor

acts. Now we want to introduce a distance function to our set of points V . This can be done in several

ways, but the details of the implementation are not expected to matter for the global effects. For this

we will construct a graph, where the vertices are given by the set of points V . Vertex i is connected to

j if, for fixed ε, j ∈ Bε(i). We can now use the geodesic graph distance for distances between points.

It is possible to sophisticate this approach, but for the topological data it turns out to suffice.

The downside to this construction is that we have to choose a constant ε, which we can only choose

after investigating the inner product structure of the vectors. While using persistent homology after

choosing a value for ε works pretty well, there is no general way yet to choose an ε systematically. A

1https://github.com/Ripser/ripser
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Figure 5.4: Left: The inner product distribution of the vectors of the fuzzy two-sphere defined in
the text. The concentration of measure mentioned before is clearly visible. Right: In this figure we
connect two points i, j with a link if j ∈ Bε=0.2(i), the sphere is already visible here.

possible resolution would be multi-parameter persistent homology, but this field is less understood [85].

For now let us accept that we will have to choose a ε after looking at the inner product distribution.

Investigations in this area will be left for future study.

As an example, let us reconstruct the topology for the example of section 2.2.4: the non-associative

fuzzy two-sphere. In [3], the fuzzy sphere was calculated using the regulated functions f̃a ∝ e−m
2
afa.

These turned out to lead to easier inner products between the vectors. The main reason for this seems

to be that the cutoff value is less abrupt in this case. We can see this as follows: In the full macroscopic

theory, the naive function to use in (2.13) would be g(λa) = 1, but as explained an injective function

would not lose any information (and gain some on the eigenvalues). Cutting off the algebra at some

N would then give the function

g(λa) =

1, if a ≤ N.

0, a > N.
(5.9)

A smooth damping function (such that g(λa)→ 0 for a > N ) would thus be expected to soften the

effects coming from the cutoff. Especially for small N (which are the only ones we can compute), we

would want this as we expect the cutoff effects to be visible at about the Planck scale (which for our

current purposes can be considered N →∞). So whether or not this function is useful in the large N

theory, for finite models it seems to be necessary, especially when using the graph distance for the

persistent homology.

The specific example we look at is the fuzzy two-sphere with the cutoff value L = 5 such that all

l ≤ L are taken into account with the damping function g(l) = e−l
2/L2

. A drawback of this method is

that we have to “guess” a correct R, in this case we used R = 72 = 2N . Figure 5.4 shows the result

of this. On the left we see the inner product distribution, from which we can choose an epsilon, for

instance ε = 0.2. On the right we clearly see a sphere emerging for this choice of epsilon if we build a

graph as described above. Figure 5.5 shows the corresponding barcodes of H0 and H2, which clearly

seem to indicate a global S2-topology.

This method seems to work remarkably well for a lot of topologies. As mentioned in [3], we

have been able to first construct and then recover various topological structures, such as the circle,
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5. TOPOLOGY AND GEOMETRY

Figure 5.5: The Betti numbers of the fuzzy sphere defined in the text, left is H0 and right is H2.
Indeed this barcode strongly suggests an S2 topology.

two-sphere, three-sphere, torus and the Klein bottle. In principle there is no restriction on the topology

of the emergent manifold, so it seems as if the CTM is in principle able to describe any interesting

topology.
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5.3 Diffusion: capturing geometry

Now that we have set up a method for recovering the topological structure of the manifold we started

with, let us consider a notion of geometry in the CTM and similar tensor models. In this section I will

explain why diffusion can help understanding this.

A very useful tool when talking about the spectral geometry of a manifold is the Laplace-Beltrami

operator ∆, which was important in our setup of a theory with symmetric three-tensors. From this

operator we can construct a diffusion equation called the heat equation

d

ds
ρ = ∆ρ, (5.10)

and the fundamental solution to this equation (the Heat kernel) can reconstruct the Riemannian

distance by (2.3).

In the CTM we do not have a Laplace-Beltrami operator a priori, so we should construct a way to

still recover this information. What we can do, however, is use the vectors obtained from the tensor

rank decomposition, section 5.1, to construct a similar operator. We will “guess” the form of this

operator by looking at the formal continuum limit of section 3.2.2 first.

5.3.1 Diffusion in the continuum

In the continuum limit of section 3.2.2 we already assumed the emergence of a Riemannian manifold

(M, q) homeomorphic to RD for some D. This manifold has a Laplace-Beltrami operator as given

in (2.5). We want to relate this to the tensor rank decomposition in section 5.1. To do this, we should

first find the tensor rank decomposition in the continuum limit case. We define this as

Pxyz :=

∫
RD

dωβ−2(ω)wx(ω)wy(ω)wz(ω), (5.11)

where β(ω) is the same as in (3.40b). Recall that β is a scalar density with weight 1/2, so dDxβ−2(ω)

is a natural CTM-analogue of the integration form on the manifold, and we want to keep using

CTM-variables in order to define everything internally. For simplicity I will suppress the D in dDω

and δD(ω) terms. The wx(ω) quantities are scalar densities in their argument x, but usual scalars

with respect to ω. Let us denote this weight as [q(x)1/4]. The wx(ω) are also given by derivative

expansions of the form (up to second order)

wx(ω) = w(ω)δ(x− ω) + w(ω)wi(x)δ
(x)
i (x− ω) + w(ω)wij(x)δ

(x)
ij (x− ω), (5.12)

where we define δ(x)
i := ∆

(x)
i δ (with ∆(x) the covariant derivative with respect to x) and we use the

convention that δ(x− y) has weight [q(x)1/4q(y)1/4], so that the weight of w(ω) is [q(ω)−1/4] and

of wi and wij it is zero. From the derivative expansion in (3.40b) we can see that, up to second order,

w(ω) = β(ω), (5.13a)

wi(x) = 0, (5.13b)

wij(x) = β−1(x)βij(x). (5.13c)

The wx(ω) has weight [q(x)1/4], so the integration over their product should yield a covariant quantity

K(ω, ω̃) :=

∫
RD

dx wx(ω)wx(ω̃),

= β(ω)β(ω̃)δ(ω − ω̃) +Aij(ω, ω̃)δω̃ij(ω̃ − ω) +Aij(ω̃, ω)δωij(ω − ω̃),

(5.14)
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where

Aij(ω, ω̃) = β(ω)βij(ω̃). (5.15)

The Laplace-Beltrami operator is given by ∆ := ∇ · ∇. So let us consider not the quantity K(ω, ω̃)

above, but subtract the diagonal part

K̃(ω, ω̃) := K(ω, ω̃)− β(ω)β(ω̃)δ(ω − ω̃). (5.16)

We see that this quantity must have some geometrical properties, to investigate this more quantitatively

let us construct a virtual diffusion process. Since it is a distribution, we can integrate it over a test

function ρ and consider this action as an operator

d

ds
ρ(ω, s) =

∫
RD

dω̃ β−2(ω̃)K̃(ω, ω̃)ρ(ω̃, t). (5.17)

If we can assume that the covariant derivative of the β’s is zero (homogeneity) we see that this

diffusion equation becomes
d

ds
ρ(ω, s) =

βij(ω)

β(ω)
∇i∇jρ(ω, s). (5.18)

This looks very much like the Laplacian, and indeed if we use (3.71)

d

ds
ρ(ω, s) = e−2φ(ω)∆ρ(ω, s). (5.19)

The conclusion is that the “operator” K̃(ω, ω̃) in the CTM contains similar information to the Laplacian.

We could interpret this as a kind of conformally rescaled metric, similar to the conformally rescaled

metric in string theory. The advantage of this method is that we have so far only used quantities which

are intrinsic to the CTM, so we can expect (or at least hope) that these translate to the discrete CTM

relatively easily.

The diffusion equation of (5.18) can be solved for initial condition ρ(ω, 0) = δ(ω−ω0) and small

t

ρ(ω, s) ≈ ρ0s
D
2 e−

1
4s
e2φ(ω)δωigijω

j
, (5.20)

where δω := ω − ω0. This function has its maximal value at

smax =
e2φ(ω)

2D
δωigijω

j , (5.21)

so we can find the distance between nearby points by measuring smax.

5.3.2 Discrete diffusion

Now let us consider the discrete case. The conventions used in this subsection differ a bit from the

paper [3] to make the connection to the previous subsection more explicit.

The idea is now to construct an operator for the discrete model motivated from (5.16) and define a

notion of distance. In the previous subsection we defined a continuous tensor rank decomposition

in (5.11) (note that in the following I will always compare to the homogeneous case). However, the

tensor rank decomposition of (5.3) was interpreted as the discrete version of (2.10). There is a small

but notable difference between (5.11) and (2.10), as the integration forms differ by a factor coming

from the scalar field. This comes from the fact that β and βµν are the quantities corresponding to

the CTM, while gµν is the fundamental quantity of the corresponding manifold. To find geometric
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properties, we expect that we have to change the tensor rank decomposition for the finite CTM slightly

to make the connection to the continuous case more straightforward. We will use the Ansatz

Pabc =
∑
r

ζ(r)wraw
r
bw

r
c , (5.22)

where we are replacing the usual summation everywhere as
∑

r →
∑

r ζ(r). This is the summation

over the “points”, but not the inner product on the underlying vector space which is still just a simple

sum.

From (5.14) we will impose a consistency condition on ζ (using the usual inner product of (5.6))∑
r′

ζ(r′)wrwr
′ ≡ 1. (5.23)

From the original tensor rank decomposition (5.3) we can deduce the following relation between the

two decompositions

vra = ζ(r)1/3wra, (5.24)

which we can use together with (5.23) to fix ρ by the equation∑
r

ζ(r′)2/3vr · vr′ = ζ(r)1/3. (5.25)

Let us now define the diffusion kernel operator

Krr′ := wr · wr′ , (5.26)

in accordance with (5.14) and subtract the diagonal part just like in (5.16)

K̃rr′ := wr · wr′ − ζ(r)−1/2ζ(r′)−1/2δrr
′
. (5.27)

So now we consider the discretised version of the diffusion process in (5.17)

d

ds
ρ(r, s) =

∑
r′

ζ(r′)K̃rr′ ρ(r′, s). (5.28)

Up until now the analogy to the continuous case was kept really closely. To actually compute

distances using this however, it is better to consider a slightly different operator which is obtained

by K̃rr′ → ζ(r)1/2K̃rr′ζ(r′)−1/2 to make the diffusion operator symmetric, which leads to an easy

eigenvalue problem. The final step is evaluating this diffusion equation to find the maximum value

and determine smax. For this we take the initial condition ρr′(r, s) = δrr′ , and by this determine the

distance between r and r′.

We have thus far developed a method to extract the distance of nearby points, extracted from a

three-tensor. In principle this is a well-defined process, though there is some numerical error to be

expected. We can now go to the discrete CTM and look at some properties of the evolution.

I will now briefly consider the time evolution of points in this interpretation. For this we use the

equations of motion of section 3.1.5. First we remark that the relevant quantities we described here

are all SO(N)-invariant, as they only depend on the inner product (5.6). This means that we can

simply put nab = 0 as SO(N)-gauge transformations should not affect our results. Due to the lack of

an interpretation of Qabc we will only consider the equations of motion of Pabc. Furthermore, due to

the fact that this is only a first investigation we set λ = 0 to avoid locality issues which plague the

continuum theory.
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So the relevant equation of motion is now given by

Ṗabc = −nd(PadePebc + PbdePeac + PcdePeab). (5.29)

We will take the explicit example of a fuzzy two-sphere, as defined in section 2.2.4. For simplicity

we begin with the index 0, which corresponds to the eigenvalues (l = 0,m = 0). We will consider a

specific gauge which makes sure that the two-sphere is kept, namely n0 = 1
3 and na = 0 for a 6= 0.

This can be seen as a uniform lapse function on the fuzzy two-sphere.

Because P00a = 0 for a 6= 0 we see that the equation of motion for P000 decouples from the rest

Ṗ000 = −P 2
000, (5.30)

with the solution

P000 =
1

1 + t
. (5.31)

Other components have to be evaluated numerically but this already leads to an interesting observation;

the solution diverges for t→ −1+ and monotonically decreases after. We interpret this as the “birth”

of the two-sphere at t = −1. This also leads to another technical observation. The rank of the tensor

in this limit will be found to be 1, which increases as time increases. This is due to the fact that the

P000 term will dominate over the others. This is only a technical issue though, as for any t > −1 the

rank of the tensor will be fixed and not change through time, but the error made by approximating the

tensor by a smaller rank tensor is smaller for small t because points get closer together.

In [3] the connection has been made back to the continuum model as well. It was found that the

correspondence to the continuum model is rather good, especially for small t. This is explained by the

fact that small t corresponds to the discrete points being close to each other, but for larger t they grow

apart and the discreteness (for the finite systems considered) becomes macroscopic.
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Chapter 6

Summary and outlook

In this thesis I have done three major things, each of which suggest interesting directions for future

research.

Firstly, I set up a proposal for a mathematical framework for non-associative fuzzy spaces and

their connection to tensors, and used this to introduce the CTM in the context of quantum gravity

(chapters 1, 2, 3). There are some interesting things left to do here. For instance, instead of applying

the non-associative fuzzy spaces directly to the CTM, one could take a step back and carefully examine

the static fuzzy spaces and try to generalise them. It should be interesting to investigate Jordan

algebras in our setup, since it might be possible to construct a topological proof of the recovery of

the original topological spaces in the N → ∞ limit. This would also change the structure of the

CTM slightly, as the tensors have to be restricted to only produce Jordan algebras. Another future

direction would be to examine the quantum CTM more carefully, and try to understand the Hilbert

space structure better. The fact that the kinematical Hilbert space is quite easy (namely L2
(
RN
)
)

might help the quantum model considerably.

After this extensive introduction of the model, I summarised the research I participated in regarding

the analysis of a wave function of the quantum model [1, 2]. Despite not knowing the exact structure

of the physical Hilbert space, one is able to find solutions to the partial differential equations which

follow from the constraints. I worked on the analysis of one of these wave functions, and we found

that configurations which are invariant under subgroups of the kinematical symmetry of the CTM are

preferred (chapter 4). There are many things to do in this regard as well. For one, one could try to find

more solutions to these partial differential equations, especially in the Q-representation. It would also

be interesting to see if useful configurations are also highlighted (for instance a fuzzy two-sphere),

which have a more complicated symmetry than the vector-representations of orthogonal subgroups of

the kinematical symmetry.

Lastly I summarised the last part of the research I was part of, which focused on the (discrete)

geometric interpretation of the classical model [3]. While it is difficult to go back from a tensor

to the original functional setup of the fuzzy spaces of chapter 2, we were able to extract a lot of

information from them, including topological and (to some extent) geometrical, using techniques from

(topological) data analysis and diffusion. There are a lot of things to do here as well. One could try to

make the method for calculating the tensor rank decomposition and persistent homology better, so it

will become easy to recognise the global structure of the corresponding fuzzy spaces (and possibly

even be able to classify the tensors). While the diffusion process works quite well to obtain some

geometrical data, it is not reliable enough at this point. Getting a rigid definition of (local) distances
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6. SUMMARY AND OUTLOOK

might help a lot in the analysis of the model, and one could try to apply methods like [82] to obtain

knowledge about the curvature.

There are some other things one could do to improve the model. For one, it is puzzling that the

quantum mechanical model seems to prefer a positive “cosmological constant” λ, while classically

the model prefers λ = 0 in the continuum limit due to non-local behaviour. This might be due to

incorrect assumptions in the continuum limit and simplifications of the model (like the exclusion of

vector and matrix degrees of freedom). There is also the fact that the continuum limit is based on

an expansion of the P -tensor alone. It is thus interesting to review the continuum limit by including

analysis of the Q-tensor or adding quantities to the Hamiltonian constraint and observing whether this

changes the resulting general relativistic system.

All in all I think this has been a fascinating project to work on, and I think the model is a good

candidate theory of quantum gravity. At the very least it is a good model to gain some insight in the

dynamics of this new kind of tensor models.

80



Appendix A

Constrained systems

This is a very brief overview on constrained systems. See for instance [86] for a more in-depth

discussion. For simplicity we will work here with finite systems.

Say we have a configuration space Q. We write TQ for the tangent bundle over Q. We define the

Lagrangian describing a system as a function on the tangent bundle

L : TQ→ R, (A.1)

for which the paths of the physical system in TQ, (q(t), q̇(t)), are given by solutions to the Euler-

Lagrange equations. The Lagrangian can only describe a physical system if q̇ = dq
dt for these solutions.

To go from Lagrangian mechanics to Hamiltonian mechanics, which takes place on phase space

given by the cotangent bundle T ∗Q, we construct a map from the tangent bundle TQ over the

configuration space to the cotangent bundle T ∗Q (with canonical coordinates) as follows

f : TQ→ T ∗Q,

(qi, q̇j)→
(
qi, p

j =
δL
δq̇j

)
.

(A.2)

We call the Lagrangian regular if this map is a diffeomorphism, and singular if this is not the case. If

the map f is regular this map is one-to-one and we can use the natural symplectic structure on T ∗Q.

In the singular case the image of the map f gives a constraint surface Γc in T ∗Q which (in general)

has no natural symplectic structure and is defined by primary constraints

φ0
I(q, p) = 0. (A.3)

The symplectic form pulled back from the inclusion map i : Γc → T ∗Q is degenerate, so finding

solutions to the Hamiltonian equations is not well-defined. The Hamiltonian, obtained from the

Legendre transform

H(qi, p
i) := piq̇i − L(qi, q̇i), (A.4)

is only defined on Γc, while a Hamiltonian defined on T ∗Q would have no issues. To solve this

ambiguity we will introduce a new Hamiltonian H ′(q, p) which is defined on all of T ∗Q, but reduces

to (A.4) when restricted to Γc

H ′|Γc = H, (A.5)

which may be achieved by adding the constraints with Lagrange multipliers

H ′ = H + λIφ0
I . (A.6)
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A. CONSTRAINED SYSTEMS

In order to make sure that a constraint remains zero on the constraint surface it is often necessary

to impose secondary constraints φsI = {φI , H} = 0. There are two classes of constraints, first- and

second-class. First-class constraints weakly commute with all other constraints in the sense that their

Poisson bracket vanishes on the constraint surface. Second-class constraints do not have this property,

and in order to quantise these one needs to quantise the Dirac bracket which defines a new Poisson

structure where they do commute. The Dirac bracket does have some serious drawbacks, however,

which makes quantisation of second-class constraints also difficult. The first-class constraints generate

gauge transformations and may as well be difficult to implement, as one has to use a gauge-fix and

show that the theory does not depend on this.

The extended Hamiltonian now consists of the Hamiltonian plus all of the first-class constraints

φI

Hext := H + λIφI , (A.7)

which, according to Dirac, should ultimately be used to describe the dynamics.
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Appendix B

Ingredients from differential
geometry

In this chapter I will shortly discuss some elements from differential geometry used throughout

the thesis. These discussions will be extremely brief, for specifics I refer to books on differential

geometry [84, 87].

Fibre bundles

Fibre bundles are useful objects in differential geometry. They are in some sense generalisations of the

Cartesian product of manifolds, in the sense that manifolds are a generalisation of RD. The precise

definition is given by [84]:

A differentiable fibre bundle (E, π,M,F,G) consists of the following elements:

1. A differentiable manifold E called the total space;

2. a differentiable manifold M called the base space;

3. a differentiable manifold F called the fibre;

4. a surjection π : E → M called the projection. The inverse image of π at p ∈ M (Ep :=

π−1(p) ∼= F ) is called the fibre at p;

5. a Lie group G called the structure group, which acts on F on the left;

6. locally the fibre bundle is trivial, meaning there is a set of open coverings {Ui} of M such that

there is diffeomorphisms φi : Ui × F → π−1(Ui);

7. the transition functions tij : Ui ∩ Uj → G which act on the fibre when going from one chart to

another are smooth and consistent with the group structure of G.

Usually these bundles are denoted by E π−→ M . Common bundles for a manifold M are the trivial

bundle M × F , the tangent bundle TM :=
⋃
p∈M TpM and cotangent bundle T ∗M :=

⋃
p∈M T ∗pM .

Two elementary examples are the cylinder and the Möbius strip, both of which are locally S1 × I but

the latter has a different global structure given by the structure group Z2.
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Tensor densities

Tensor densities are a certain generalisation of tensor fields [7]. They almost transform as tensor

fields when passing from one coordinate frame to another, but are multiplied by a power of the

determinant of the Jacobian. This power is called the weight. We want physical observables to not be

tensor densities in accordance with general covariance, but they do appear often in steps in between

calculations. In our case we are mainly interested in scalar densities. One very important example

of such a scalar density is the metric determinant. On a Riemannian manifold we can calculate the

metric determinant transformation from a coordinate system x to x′ as

g(x′) = g(x)

∣∣∣∣∂x′∂x

∣∣∣∣−2

, (B.1)

so the metric determinant is a scalar density of weight −2. For any scalar density f of weight w we

can write (+ for Euclidean signature, - for Lorentzian signature)

f̃ := (±g)w/2f (B.2)

which transforms like a usual scalar. The most obvious application of this is the integration measure

ddx which has weight 1, so a covariant integration measure is given by

ddx
√
±g. (B.3)

The Lie derivative acting on a scalar density of weight w can be explicitly computed to be given by

Lvf =
w

2
(∇µvµ)f + vµ∇µf. (B.4)
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Appendix C

Symmetric tensors

In this chapter I will add properties of symmetric tensors which are used throughout the thesis. Here

we are interested in usual tensors, so not tensor fields, since the CTM is defined simply on a vector

space. Any relevant information on tensor fields will be given in appendix B.

Partial derivative

As mentioned in section 3.6, the tensors we consider are symmetric and the tensor space is isomorphic

to RN which obviously has a well-defined differential structure. We will define the “partial derivative”

of a symmetric three-tensor Q as

∂

∂Qabc
Qdef =

∑
σ

δaσdδbσeδcσf . (C.1)

Note that by this definition ∂
∂Qabc

Qabc = 3! = 6. Alternatively one could divide by 3! in the definition

above. We will often adopt a shorthand version of the definition above as

∂
(Q)
abc :=

∂

∂Qabc
, (C.2)

or even just ∂abc if it is clear what tensor we are talking about.

Information of tensors from a single vector

The following argument is taken from [71]. A totally symmetric tensor Pabc, which can obviously be

characterised by three vectors as Pabcφ1
aφ

2
bφ

3
c , can be characterised by the values of Pabcφaφbφc for a

generic vector φc. This can be easily seen by defining four vectors

v0 = φ1 + φ2 + φ3,

v1 = −φ1 + φ2 + φ3,

v2 = φ1 − φ2 + φ3,

v3 = φ1 + φ2 − φ3.

(C.3)

Now we find

24Pabcφ
1
aφ

2
bφ

3
c = (Pv3

0)− (Pv3
1)− (Pv3

2)− (Pv3
3), (C.4)

where I used the short hand notation Pv3 := Pabcvavbvc.
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