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Abstract

It has previously been shown that a 2+1 dimensional BTZ black
hole can be created by introducing two massless particles with cer-
tain constraints on the impact parameter and their center-of-mass
energy in an otherwise empty anti-de Sitter space. This can be done
using Lie groups and looking at the action of isometries on the con-
formal boundary, where the particles are distributed symmetrically
across the spacetime. This study was aimed at finding a more gen-
eral, coordinate-free way of describing this phenomenon, using only
the holonomies of the particles. With such a construction, we will see
how an event horizon is formed when the particles are distributed in
a non-symmetric manner, and we will get a glimpse of what happens
when considering three massless particles.
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1 General relativity

In modern-day physics, it is no longer a debate whether black holes ex-
ist or not. Strange as they may seem, the best theories we currently have
indicate there is no going around them. In fact, their existence has been
experimentally confirmed as well. This study is aimed at the formation of
black holes, where we will mainly focus on the creation of an event horizon.

Mathematically, the main tool used in this study is group theory. How
and why this is implemented will be explained later on. The physical context
in which we will use this is the theory of general relativity. Put more precisely,
we will investigate how and when black holes, which are a feat of general
relativity, are formed in a certain type of spacetime, primarily making use
of aspects of group theory. But before we go there, let us start with a few
remarks on the theory of general relativity itself.

General relativity is a theory of gravity published by Einstein in 1915,
and is a generalization of his previously published theory of special relativity.
Contrary to previous physical theories, it does not regard space and time
as two separate entities. Instead it combines them in a four-dimensional
spacetime. General relativity describes how the energy and momentum of
matter or radiation present in a universe is related to the geometry of that
universe, or spacetime. For example the presence of a mass, causes curvature
of the spacetime around that mass. How curvature and energy/momentum
content are related is through the Einstein field equations, which are given
by

Gµν − Λgµν = Rµν −
1

2
gµνR + Λgµν = 8πGNTµν . (1.1)

Here, Gµν is the Einstein tensor, which is given by a combination of the
Ricci tensor Rµν , the Ricci scalar R and the metric gµν . This tensor de-
scribes the curvature of spacetime. The right-hand side describes the energy
content of the universe through the stress-energy tensor, sometimes called
the energy-momentum tensor, Tµν . The Λ on the left-hand side is called the
cosmological constant, and describes a possible additional global curvature
of the spacetime, independent of the matter content.

The theory can be thought of as a more precise formulation of Newton’s
theory of universal gravity, and indeed if one is working in the Newtonian
limit, general relativity produces the same results.
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1.1 Black holes

Within the theory of general relativity, we will take a closer look at black
holes, in particular black hole formation.
Einstein’s theory of general relativity predicts the existence of black holes.
Or rather, it predicts the existence of so-called singularities, also called space-
time singularities, or gravitational singularities. Such a singularity is a point
in spacetime where the density is infinite, as is the curvature. This singu-
larity is always hidden behind the event horizon, although so-called naked
singularities have been proposed. So what we call a black hole, is the event
horizon, within which lies a singularity. The event horizon marks a special
boundary in spacetime, behind which no signal can be sent back out of the
black hole.

Initially, the existence of spacetime singularities, and therefore black
holes, was a topic of debate and it also was not clear how a black hole could
be formed. Later though, it was shown that the collapse of a star at the end
of its lifetime could lead to the formation of a black hole. This happens when
the internal pressure within the star is no longer strong enough to resist its
own gravity

What is interesting about black holes is that they can be described by
only three quantities, namely its mass, its angular momentum and its electric
charge, as is stated by the no-hair theorem. Additionally, black holes seem
to behave as a perfect black body. No light that falls onto the event horizon
will be reflected. After all, nothing, not even light can escape the black hole.
But moreover, they emit light through Hawking radiation, which corresponds
exactly the black body radiation for a certain temperature. The second law
of thermodynamics requires that all black holes should have an entropy. The
entropy of a black hole is given by the Bekenstein-Hawking formula:

S =
A

4~GN

(1.2)

Here the entropy S is directly related to the black hole surface area A, which
is in turn related to its mass. Classically, the black hole mass only ever
increases.

1.2 Recent discoveries

Although general relativity has established itself as one of the foundations
of modern day physics for a much longer time, direct evidence of the theory

5



came only recently. The same goes for the existence of black holes. There
have been many experimental tests before, proving general relativity is the
best model we have for describing gravity, however these tests provided only
indirect evidence. The first direct evidence of general relativity being correct
came in 2016, when gravitational waves were detected. The final piece of
evidence for black holes came in 2019, when researchers took a picture of a
black hole.
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2 (2+1)-dimensional gravity

Instead of the usual four, or more accurately put 3+1 dimensions, we will
focus our attention on 2+1 dimensional gravity. Naturally, this means we
are considering one timelike dimension and two spacelike dimensions.
Why are we interested in it? Well, for starters the calculations become
drastically simplified. The Einstein field equations are highly non-linear;
with each extra dimension the calculations become more complicated very
quickly.

Luckily, ordinary (3+1)-dimensional gravity and (2+1)-dimensional grav-
ity share the same conceptual basis, and so many of the fundamental prob-
lems that arise in four dimensions translate well to three dimensions. More-
over, when considering quantum gravity, the (2+1)-dimensional model can
be quite helpful. Again, it has to be noted that this model is a lot simpler,
both physically and mathematically, and it is actually possible to write down
candidates for a theory of quantum gravity. However these solutions are most
often quite different physically than the solutions in 3+1 dimensions, and so
the (2+1)-dimensional model does not help much in our understanding of the
dynamics of realistic, four-dimensional quantum gravity. But for the analysis
of conceptual problems, this toy model has proven to be quite instructive.

In this study we will not be focused so much on quantum gravity. We
will restrict ourselves to just gravity. That is to say, we will be doing general
relativity in 2+1 dimensions.

2.1 General relativity in 2+1 dimensions

The most important physical difference between general relativity in 2+1
dimensions as compared to general relativity in 3+1 dimensions becomes
apparent when considering the Riemann tensor. That is because an interest-
ing feat of 3-dimensional gravity is hidden in the structure of the Riemann
tensor, which is given by [16]

Rµνρσ = gµρRνσ + gνσRµρ − gνρRµσ − gµσRνρ −
1

2
(gµρgνσ − gµσgνρ)R . (2.1)

In 2+1 dimensions, the Riemann tensor is a linear combination of the Ricci
tensor (and the Ricci scalar), and this has some important consequences.
Looking at the Einstein field equations in vacuum with a vanishing cos-
mological constant, Rµν = 0 (and R = 0), which are the same as in four
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dimensions, we can see that the Riemann tensor vanishes in that case. So we
conclude that all solutions to the vacuum Einstein equations are flat every-
where, in the case of a zero cosmological constant. To find the form of the
vacuum field equations in the case of a non-vanishing cosmological constant,
we have to take the trace with respect to the metric in equation (1.1), while
setting Tµν = 0. By definition we then find

R− n

2
R + nΛ = 0 , (2.2)

where n is the spacetime dimension. If we then solve this equation for R and
plug it back into the original equation (1.1), again keeping Tµν = 0, and solve
that for Rµν , we find the vacuum Einstein field equations for a non-vanishing
cosmological constant. Setting n = 3 we find

Rµν =
2

n− 2
Λgµν = 2Λgµν . (2.3)

So in other words: given Λ = 0, we always obtain flat Minkowski space in 2+1
dimensions. Such a spacetime can be seen in figure 1. At the same time this
means that for Λ 6= 0, every solution to the vacuum Einstein field equations
(2.3), has a constant curvature everywhere. In this study we will consider
anti-de Sitter space with Λ = −1. Why we do this becomes apparent shortly.
But in that case, the Riemann tensor reduces to an even simpler form:

Rµνρσ = gµσgνρ − gµρgνσ . (2.4)

What is important to note, is that physically, a spacetime in 2+1 dimensions
has no local degrees of freedom. This results in the fact that curvature is
always concentrated at the location of matter, and also that there are no
gravitational waves. Gravity in 2+1 dimensions has a rather unusual Newto-
nian Limit where there is no interaction between point masses in spacetime
[4].
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Figure 1: This is a simple visualization of (2+1)-dimensional Minkowski
space. In the absence of matter or radiation, and with Λ = 0, one always
obtains this solution to the Einstein equations. (Image from [15].)

2.2 The (2+1)-dimensional black hole

Now, since this study is specifically about black holes, it is appropriate to
discuss the (2+1)-dimensional black hole. Although at first it was thought
impossible, (2+1)-dimensional general relativity does allow for the creation
of black holes [3]. In fact, it can be shown that such a black hole arises
naturally from collapsing matter, as is the case in 3+1 dimensions. The
(2+1)-dimensional black hole solution is named after Bañedos, Teitelboim
and Zanelli, hence it is known as the BTZ black hole. A 3-dimensional black
hole solution does however require a negative cosmological constant. This
is different in ordinary general relativity, where black hole solutions can be
asymptotically flat.

The fact that an event horizon can be formed is also why it is interesting
to consider gravity in three dimensions. What is also interesting, is that a
rotating BTZ black hole solution admits closed timelike curves. In fact, as
we will see later on, we will consider the region in spacetime that contains
closed timelike curves as the interior of the black hole itself. So to be clear,
if we have a BTZ spacetime, and consider the region of space where r > 0,
we do not find any closed timelike curves [2]. As we shall see further on, to
locate the event horizon, one must first look for the boundary of the region
of spacetime that contains closed timelike curves.

BTZ metric

To get a better understanding of how a BTZ black hole behaves, and to see
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the similarities with the (3+1)-dimensional solution, it is instructive to have
a look at the BTZ metric more closely. Using ”Schwarzschild” coordinates,
the BTZ metric is given by [7]:

ds2 = −(N⊥)2dt2 + f−2dr2 + r2(dφ+Nφdt)2 (2.5)

with the lapse and shift functions, and the radial metric

N⊥ = f = (−M +
r2

`2
+
J2

4r2
)1/2 , Nφ = − J

2r2
(|J | ≤M`) . (2.6)

This metric does indeed satisfy the Einstein equations in vacuum, fully writ-
ten out as follows:

Rµν −
1

2
gµνR =

1

`2
gµν . (2.7)

Here the negative cosmological constant is given by Λ = −1/`2. As one
might suspect, the parameters M and J give the ADM mass and angular
momentum. These quantities are given by

M =
r+

2 + r−
2

`2
, J =

2 r+r−
`

. (2.8)

In equation (2.8), the symbols r+ and r− correspond to the (outer) event
horizon and the inner horizon respectively. Very similar to a Kerr black hole
they are given by

r±
2 =

Ml2

2

{
1±

[
1−

(
J

Ml

)2
]}

. (2.9)

For r = r±, the metric (2.5) is in fact singular. However, these are merely
coordinate singularities, similar to r = 2m for the Schwarzschild metric. The
static, non-rotating solution (J = 0) is more analogous to the Schwarzschild
black hole that we know from four dimensions. The rotating case is quite
similar to the Kerr metric, and it shares many of the characteristics: it has
an (outer) event horizon, an inner horizon and an ergosphere. The latter is
given by:

rerg = M1/2` = (r+
2 + r−

2)1/2 . (2.10)

For this study, we are only interested in the event horizon, or the outer
horizon.
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Different again, however, is that the BTZ metric has a constant nega-
tive curvature. This means that any point in the black hole spacetime has
a neighborhood isometric to anti-de Sitter space, and the whole spacetime
is expressible as a collection of such neighborhoods appropriately patched
together. So where the Schwarzschild and the Kerr black holes are asymp-
totically flat, the BTZ black hole is locally anti-de Sitter space, and it has
no curvature singularity at the origin.

Similarities

What’s again interesting is that there are remarkable similarities with ordi-
nary black hole solutions, meaning they have very much the same properties.
For starters, 3-dimensional black holes also obey the so-called no-hair the-
orem [5]. So just like we know from four dimensions, this black hole also
can be fully characterized by its mass, its angular momentum and its electric
charge. So while absent in the metric (2.5), the (2+1)-dimensional black hole
solution can be fitted with an electric charge, however we will only consider
the case where any electric charge is absent.

Additionally, the BTZ solution has the same thermodynamical properties
as 4-dimensional black hole solutions, however in this case the black hole
entropy is related to the circumference instead of the surface area. This can
be seen by the following equation, which very much resembles the Bekenstein-
Hawking formula (1.2):

S =
2πr+
4~GN

. (2.11)

Black hole thermodynamics is in the realm of quantum effects near the event
horizon and as such is beyond the scope of this discussion. Still, rela-
tion (2.11) serves as an illustration of the similarities between the (2+1)-
dimensional setting, and ordinary reality.

In figure 2 we see the Penrose diagram for the (2+1)-dimensional black
hole. One can see the similarities with the Kerr solution.
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Figure 2: The different Penrose diagrams for (a) the generic case; (b) the
J = 0 case; and (c) the extremal (J = ±Ml) case.

The difference with the Kerr solution becomes apparent at r =∞, where for
the (2+1)-dimensional setting we have asymptotically anti-de Sitter space
instead of flat Minkowski space. From the diagram it is clear that r = r+
corresponds to the event horizon, while r = r− corresponds to the Cauchy
horizon of region I. In the absence of angular momentum, the Penrose dia-
gram looks very similar to that of a Schwarzschild black hole. Again, the
difference is in the asymptotic behaviour.
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3 Anti-de Sitter space

It has been mentioned that for black hole solutions to exist, we require
that the cosmological constant is smaller than zero. So therefore, we will
consider (2+1)-dimensional anti-de Sitter space, abbreviated as AdS3. Ac-
cording to [14], we can embed the n-dimensional Anti-de Sitter space (AdSn)
in an (n+1)-dimensional flat space Rn−1,2. This notation implies a flat space
with n−1 spacelike directions and 2 timelike directions. So in our case where
n = 3, we have a flat space R2,2, with a metric:

ds2 = −(dT1)
2 + (dX1)

2 − (dT2)
2 + (dX2)

2 . (3.1)

Anti-de Sitter space is then obtained by restricting to a submanifold with
the induced metric. This submanifold is a hyperboloid with equation:

X1
2 − T12 +X2

2 − T12 = −`2 . (3.2)

This study builds on the results found in [10], so therefore the same
notation and choice of coordinates will be used. The empty, 3-dimensional
anti-de Sitter space is denoted by S0 and can be covered by a global, cylindri-
cal coordinate chart (t, χ, ϕ), with a radial hyperbolic coordinate χ ≥ 0 and
ϕ ≡ 0 + 2π. The spacetime has a constant negative curvature everywhere,
and is equipped with the usual metric signature (−,+,+). The metric in
this case is given by

ds2 = dχ2 + sinh2 χ dϕ2 − cosh2 χ dt2 . (3.3)

It is easy to check that this metric can be obtained from the coordinates in
equation (3.12), by performing the following coordinate transformation:

T1 = ` cos

(
t

`

)
cosh

(χ
`

)
, X1 = ` cosϕ sinh

(χ
`

)
,

T2 = ` sin

(
t

`

)
cosh

(χ
`

)
, X2 = ` sinϕ sinh

(χ
`

)
,

(3.4)

where for the radius of the hyperboloid `, we will use ` = 1, in accordance
with [10]. This means we have for the cosmological constant Λ = −1, in
equation (2.7). The radius ` is related to the Ricci scalar RAdSn via [14]:

RAdSn = −n(n− 1)

`2
⇒ RAdS3 = − 6

`2
= −6 . (3.5)

13



This is consistent with equation (2.2) and the cosmological constant in equa-
tion (2.7).

Important in this study and in [10], is the description and (visualization)
of light rays. To do this more conveniently, we make another coordinate
transformation, such that:

coshχ =
1

cos θ
. (3.6)

We can then plug this back into equation (3.3) to find a new metric

ds2 =
dθ2 + sin2 θ dϕ2 − dt2

cos2 θ
= Fds̃2 , (3.7)

where F = 1
cos2 θ

is the conformal factor. For the conformally transformed
metric ds̃2 we then have:

ds̃2 = dθ2 + sin2 θ dϕ2 − dt2 . (3.8)

The cylinder shown in figure (3) represents the spacetime, where the
timelike direction is along the axis of the cylinder. In other words, the
cylinder is built from equal-time slices with a constant negative curvature.
Think of each equal-time slice as a hyperbolic plane, which are then stacked
on top of one another. And of course, the cylinder shown in the figure
represents merely a part of the spacetime; we actually have an infinitely long
cylinder. In fact, the cylinder is plotted for 0 ≤ t ≤ π.

Figure 3: Here the conformal representation of empty anti-de Sitter space is
shown. The timelike direction is along the vertical axis of the cylinder. The
side represents the conformal boundary.
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We are working in a conformal representation, so the side of the cylinder is
the conformal boundary representing spatial infinity, and is not actually part
of the spacetime itself. The collection of points in the interior of the cylinder
will sometimes be referred to as the bulk.

Figure 3 uses a slight modification of the spherical coordinate system used
in the metric (3.7). The grid of coordinates (θ, ϕ) is shown on the time slice
t = 0. The curved lines belonging to θ, and the straight lines belonging to
ϕ. The system is rotated such that we obtain the following metric:

ds2 =
dθ2 + sin2 θ dϕ2 − dt2

sin2 θ sin2 ϕ
, (3.9)

where the latitude runs from the north to the south pole such that 0 < θ < π,
while for the longitude we have 0 < ϕ < π. These poles are coordinate
singularities and lie on the conformal boundary. Despite this, they will not
pose a problem in our description of the boundary later on. Note that the
conformally transformed metric (3.16) is unchanged. However, the relation
between χ and the spherical coordinates is now given by:

coshχ =
1

sin θ sinϕ
. (3.10)

The coordinates are chosen such that an equal-time slice is given by the
Klein disc, which is closely related to the Poincaré disk. The property of the
Klein disc that is helpful, although not necessary, is that on the disc, spatial
geodesics are represented by straight lines on it. So therefore this choice of
coordinates is useful for drawing three-dimensional pictures of AdS3, and for
particularly displaying light rays and null surfaces.

3.1 Group structure

As we shall see later on, isometries play an important role in the descrip-
tion of our spacetime in this study. An isometry in this case is a transforma-
tion of anti-de Sitter space that leaves the metric invariant. The notion of
isometries will be further elaborated in section 3.2. As it turns out, isometries
are much more easily described in terms of group theory than the explicit
coordinates we have used so far. Therefore, we want to think of anti-de Sitter
space as a group manifold. So we use the fact that this spacetime is isometric
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to the group SL(2,R), which is the matrix group of real 2× 2 matrices with
unit determinant [10]. So elements in this group are given by:

SL(2,R) =

{(
a b
c d

)
: a,b,c,d ∈ R and ad− bc = 1

}
. (3.11)

The relation between SL(2,R) and AdS3 can be recognized if we consider the
formulation of flat R2,2, with coordinates (X1, X2, T1, T2). We can combine
the coordinates into a matrix x, such that:

x =
1

`

(
T1 +X1 T2 +X2

−T2 +X2 T1 −X1

)
, detx = 1 . (3.12)

The determinant of matrix x then coincides with (3.2). Equivalently, in this
formulation the isometry group is evidently SO(2, 2) [7]; isometries can be
represented as elements of the group SL(2,R) × SL(2,R)/Z2 ≈ SO(2, 2).
The two copies of SL(2,R) act by left and right multiplication, such that
x 7→ ρlxρR, with (ρL,ρR) ∼ (−ρL,−ρR). The concept of an isometry will
be explained shortly, and is actually an essential feature in this study.

Using the rotated spherical coordinates (t, θ, ϕ), a general group element
of the group SL(2,R) can be parametrized as

x(t, θ, ϕ) =
cos t1+ sin tγ0 + cos θ γ1 + sin θ cosϕγ2

sin θ sinϕ
, (3.13)

where 1 is the unit matrix. The gamma matrices form an orthonormal basis
for the associated Lie algebra of traceless matrices sl(2,R), and are given by

γ0 =

(
0 1
−1 0

)
, γ1 =

(
0 1
1 0

)
, γ2 =

(
1 0
0 −1

)
. (3.14)

The group element (3.13) can be found from the matrix (3.12) if we apply
the coordinate transformation (3.4) and use ` = 1, such that we find the
conformal factor F = 1

cos2 θ
. Then rotating the angular coordinates such that

F = 1
sin2 θ sin2 ϕ

, gives the group matrix x(t, θ, ϕ). Using group element (3.13),
one can easily show that the Cartan-Killing metric, which is given by

ds2 = 1
2

Tr (x−1 dxx−1 dx) , (3.15)

does indeed coincide with the metric (3.9) shown before.
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The parametrization of our spacetime by SL(2,R) has as an important
consequence, namely that the spacetime presented here becomes periodic in
time, with a period of 2π. This appears to pose a problem, as realistic,
physical anti-de Sitter space is not periodic in time. However, it turns out
that this feat of parametrizing AdS3 will not be a problem for us; all the
interesting physics, so in our case black hole formation, takes place within one
period. In fact, all this takes places within a time interval of π, so therefore
the periodicity cannot be seen. So to be precise, the SO(2, 2) corresponds to
the isometry group of the periodic AdS3. The isometry group of AdS3 is a
universal cover of SO(2, 2).

3.1.1 Conformal boundary

Next, it is important to quickly discuss some properties of the conformal
boundary (∂AdS3), sometimes noted by J0. The central idea of this study
is to investigate the creation of black holes inside the bulk. However, we will
see that the causal structure of the interior can be almost completely inferred
from considerations of the conformal boundary, so it would be appropriate
to find a convenient description of J0. If we were to cute the conformal
boundary along a vertical line and laid in flat on a plane, we would obtain
an infinitely long strip. Right off the bat, the most important thing to notice
here is that this strip is actually 2-dimensional Minkowski space, which can
be seen when evaluating the conformal metric (3.8) at the boundary. For
both ϕ = 0 and ϕ = π have for the metric on the boundary (dϕ2 = 0):

ds̃J0
2 = dθ2 − dt2 . (3.16)

This indeed corresponds to 2-dimensional Minkowski space, spanned by co-
ordinates t and θ, and with that, the existence of left and right moving light
rays on the boundary, with |dθ/dt| = 1 is implied. This is in fact a feature
of anti-de Sitter space, where there is no distinction between spacelike and
lightlike infinity. The origin and destination of light rays can be considered
the same. This has no counterpart in Minkowski space.

A new parametrization

The SL(2,R) parametrization of AdS3 is convenient in the bulk, but does not
extend to the boundary due to the divergence in the denominator in (3.13).
To describe the bulk and boundary in a unified manner, it is convenient
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to ignore this overall factor, which is only there to ensure unit determi-
nant. Indeed, SL(2,R) is isomorphic to PGL(2,R), which is the group of
2 × 2 real matrices with positive determinant modulo scalar multiplication.
Then the boundary naturally corresponds to the 2×2 non-zero real matrices
with zero determinant (modulo scalar multiplication). Note that in this new
parametrization, the isometry group is still SO(2, 2).

So what is meant by ”modulo scalar multiplication?” It means that we
identify matrices that only differ by scalar multiplication. For example, we
let x,y ∈ PGL(2,R) represent the same point in spacetime if we have

x ∼ y = λx , (3.17)

for some λ ∈ R. This way of identifying matrices does indeed extend to the
conformal boundary.

So now, just as we had for points inside our spacetime, we have a de-
scription for points of the conformal boundary in terms of matrices. By
parametrizing AdS3 in this manner, we know that for the points (matrices)
z on the boundary we always have det (z) = 0, which means that such a
point can always be written as

z = ~α ~β
T

, (3.18)

where ~α and ~β are both 1-parameter families of 2-vectors, such that

~α =

(
α
1

)
, ~β =

(
β
1

)
. (3.19)

The matrix z on the boundary can then always be written in the following
form:

z =

(
αβ α
β 1

)
(3.20)

Later on, it will become clear why it is useful to express a point z on the
boundary as the product of two vectors. For now, we are interested in how α
and β are related to the coordinate system (t, θ, ϕ). We want to write z in a
similar way as the group element x in (3.13). The boundary corresponds to
either ϕ = 0 or ϕ = π. So naturally we want to drop the denominator, and
only consider the numerator in (3.13). This gives two options for a matrix
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on the boundary, namely:

zϕ=0(t, θ) =

(
cos t+sin θ
cos t−sin θ

cos θ+sin t
cos t−sin θ

cos θ−sin t
cos t−sin θ 1

)
,

zϕ=π(t, θ) =

(
cos t−sin θ
cos t+sin θ

cos θ+sin t
cos t+sin θ

cos θ−sin t
cos t+sin θ

1

)
.

(3.21)

So how did we get to this result? Certainly, just dropping the factor 1
sin θ sinϕ

and then setting ϕ = 0 or ϕ = π, does not immediately lead to the result
(3.21). To obtain these matrices, we again make use of the fact that we are
interested in matrices up to scalar multiplication. The derivation than goes
as follows:

zϕ=0, ϕ=π(t, θ) = [sin θ sinϕx(t, θ, ϕ)]ϕ=0, ϕ=π

=

(
cos t± sin θ cos θ + sin t
cos θ − sin t cos t∓ sin θ

)
= (cos t∓ sin θ)

(
cos t±sin θ
cos t∓sin θ

cos θ+sin t
cos t∓sin θ

cos θ−sin t
cos t∓sin θ 1

)
∼
(

cos t±sin θ
cos t∓sin θ

cos θ+sin t
cos t∓sin θ

cos θ−sin t
cos t∓sin θ 1

)
,

where in the last step we simply dropped the factor (cos t∓ sin θ), and iden-
tified z with the resulting matrices (scalar multiplication). Throughout this
section, the top parts in ± and ∓ correspond to ϕ = 0, while the bottom
parts correspond to ϕ = π. So then we have finally obtained the result from
(3.21). The values can now simply be read from the matrix, such that we
find:

α =
cos θ + sin t

cos t∓ sin θ
, β =

cos θ − sin t

cos t∓ sin θ
. (3.22)

So now we have found an explicit parametrization for matrices belonging to
the points on the boundary using the coordinates t and θ. Why go through
all this trouble just to express α and β in terms of these coordinates? Well,
important in this study is the description of light rays. As we shall see, this
is more easily described using a system of light cone coordinates. To make
a switch to this new coordinate system, we first need to know the explicit
relation (3.22). Additionally, it is important to understand how points in
the spacetime, and in particular on the boundary, transform under certain
transformations (more on that shortly). For that, the new coordinate system
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will also come in handy.

Topology of the conformal boundary

Using a slightly different parametrization for the vectors ~α and ~β, one can
demonstrate that the conformal boundary has the topology of a torus, given
by S1 × S1. The idea is to consider ~α and ~β to be points on the unit circle
S1. In that case, the vectors can be parametrized as follows:

~α =

(
cos a
sin a

)
, ~β =

(
cos b
sin b

)
. (3.23)

For both vectors we have |~α| = |~β| = 1. So then a parametrizes a point on a
circle with radius one, and b parametrizes a point on another such circle. The
product of these vectors according to (3.18) does indeed result in a matrix
with unit determinant, and as such lies on the conformal boundary of anti-de
Sitter space. The fact that the topology of the boundary corresponds to that
of a torus is a nice way to see the periodicity of 2π in the time coordinate t
of anti-de Sitter space.

3.1.2 Geodesics and null planes

Now that we have found a description of anti-de Sitter space in terms of
the Lie group PGL(2,R), we want to extend this to the notion of geodesics.
From standard differential geometry, we know that for a point p on a manifold
M , the geodesic through that point can be defined using the exponential map
at the point p, expp : Tp −→ M , with Tp the tangent space at the point p
[8].

This construction extends in a very nice way to the context of Lie groups.
A point p on the spacetime manifold M now corresponds to an element x in
the corresponding Lie group, where M itself is of course the group manifold.
Naturally, the tangent space Tp at that point is given by the associated Lie
algebra. So then a vector V µ ∈ Tp is now given by an element X ∈ sl(2,R).
This seems strange, but the group PGL(2,R) has the same Lie algebra as
SL(2,R) [9]. A geodesic g(s) can be parametrized as follows:

g(s) = x exp (sX) , (3.24)

with s ∈ R the free parameter, x ∈ PGL(2,R) and X ∈ sl(2,R). We can
think of x as the starting point of the geodesic, and of X as the direction.
Finally, s indicates how far one moves backwards or forwards along the curve.
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For the most part we are interested in lightlike geodesics, as we are con-
sidering massless particles. Naturally, the direction of a geodesic moving
through spacetime determines whether or not this is the case. In other words,
we require X to be a lightlike Lie algebra element. This requirement can be
determined through the Cartan-Killing product:

〈X,X〉 =
1

2
Tr (XX) =


< 0 , timelike

= 0 , lightlike

> 0 , spacelike

. (3.25)

From the lightlike statement 1
2

Tr (XX) = 1
2

Tr (X2) = 0 it follows that for
X to be lightlike, it must be a nilpotent matrix. This means that Xn = 0
for all integers n ≥ 2. With this we can make a simplification for a lightlike
geodesic. We can expand the matrix exponential and then recognize that the
second order and higher vanish. This gives the following result:

g(s) = x exp (sX) = x (1+ sX) . (3.26)

Distance between points

With a given metric, determining the distance between points in a certain
coordinate system is in general not so difficult. But now we want to know
how to compute the distance between points in AdS3, in terms of matrices.
So consider two matrices x, y ∈ PGL(2,R). The points are connected by
a geodesic g(s) = x exp (sN ), meaning that we start in point x and then
follow the curve until we reach point y. Once again, s parametrizes the
distance along the curve. The distance between the two points is then given
by:

Tr (x−1 y) = Tr (xy−1) =


2 cos τ , timelike separated

2 , lightlike separated

2 cosh d , spacelike separated

. (3.27)

Here, the parameter s is renamed as τ for the timelike case, as it then corre-
sponds to proper time, and as d for the spacelike case, where it corresponds
to hyperbolic distance. Which one of the three options in (3.27) one obtains,
is of course dependent on which category the (normalized) vector N falls in,
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and therefore the type of geodesic connecting the points x and y.

Null surfaces in AdS3

As will become apparent later on, it is important to understand how null
planes can be represented in our (2+1)-dimensional anti-de Sitter space. The
key point is that in this representation, every null plane can be thought of
as the (past or future) light cone of some point on the boundary. Such a
lightlike surface is shown in figure 4. Important to note is that a null plane
is spanned by a family of light rays. In fact, such a null plane is unique for a
particular family of light rays and therefore unique each light ray that lies in
that plane. All the light rays in the plane share the same destination. What
is meant by a ”family” of light rays will become apparent shortly.

The natural question arises how we can understand these null surfaces in
terms of formulas. In an arbitrarily curved space, if we have a collection of
geodesics (which do not cross) that define a smooth surface embedded in M ,
than there are two vector fields which are relevant for the description of that
surface. These are the tangent vectors to the geodesics, and the so-called
”deviation vectors.” These deviation vectors point from one geodesic to the
other, hence the name. Once again, for a more detailed description we refer
to [8].

So it turns out that the parametrization and construction of a null plane
is in fact very similar to that of a world line. The only difference is that a
surface is spanned by two elements of the Lie algebra instead of one element.
If we have a lightlike world line given by (3.26), a natural choice for one of
the Lie algebra elements spanning the null surface attached to this world line
would be X. After all, the world line lies on the null plane, and is part of
the surface itself. So we then only need to find an element Y ∈ sl(2,R) that
is orthogonal to X. For two sl(2,R) elements to be orthogonal they need to
satisfy the following condition:

Tr (XY ) = 0 (3.28)

So how do we find an element Y such that relation (3.28) is satisfied? We can
construct Y by taking the Lie bracket of X with another arbitrary vector in
sl(2,R), for example γ0. The Lie bracket, and with that Y is then given by

Y = [γ0,X] = γ0X −Xγ0 . (3.29)

Again, it is the properties of the trace that ensure condition (3.28) is satisfied,
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as we have:
Tr (XY ) = TrXγ0X −XXγ0)

= Tr (Xγ0X)− Tr (XXγ0)

= Tr (Xγ0X)− Tr (Xγ0X) = 0 .

So now we have found the two basis vectors X and Y that span the null
surface. Analogous to what we did for the world line, the null plane can
finally be parametrized as follows:

p(s, s′) = x exp (sX + s′Y ) , −∞ < s <∞, and−∞ < s′ <∞ . (3.30)

This construction is such that the world line of the particle itself corresponds
to s′ = 0.

Figure 4: Here a single null plane in AdS3 is shown. The horizontal lines
represent lines of constant t. The bold lines on both sides of the plane are
the intersections with the conformal boundary. A null geodesic that lies in
the plane is shown in red.

What will also become important, is the intersection of a null plane with the
conformal boundary. Since the surfaces in question are lightlike, it means
that the intersections with the boundary represent left and right moving light
rays on the boundary. As this boundary is in fact 2-dimensional Minkowski
space, the intersection of null planes in AdS3 with the conformal boundary
are lines at a ±45◦ angle.
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3.2 Isometries on anti-de Sitter space

An important notion we need to discuss next, is the concept of an isom-
etry, and how they act in (2+1)-dimensional anti-de Sitter space. Later on,
we will also discuss the concept of a holonomy, and how holonomies fully
determine the geometry of our spacetime. As a holonomy is defined through
an isometry, the two terms are actually very closely related, and later on the
terms will be used interchangeably. Using a slightly different notation than
in section 3.1 and using group element (3.13), a generic isometry of anti-de
Sitter space that preserves time and space orientation can be written as [10]:

f : x 7→ u−1 xv , (3.31)

where u and v are two arbitrary Lie group elements. So now, an isometry of
anti-de Sitter space f , also indicated by (u,v), is a pair of SL(2,R) matrices
that act by left and right multiplication, according to (3.31). To see that
the transformation f is indeed an isometry, and therefore leaves the metric
unchanged, we revisit the Cartan-Killing metric (3.15). Applying f would
give:

ds2 = 1
2

Tr (v−1 x−1 uu−1 dxv v−1 x−1 uu−1 dxv)

= 1
2

Tr (v−1 x−1 dxx−1 dxv)

= 1
2

Tr (x−1 dxx−1 dx) ,

where in the last step we made use of the cyclic properties of the trace.

3.2.1 Geodesics

Why is an isometry important? For starters, it is used to describe the
world lines of particles. As we want to rely on group theory in this study,
a useful way to look at geodesics is through isometries. That is because a
property of isometries on the group manifold is that the fixed points of an
isometry always form a geodesic, if there are any fixed points to be found.
This collection of fixed points is called the axis of the isometry. Conversely,
every geodesic corresponds to the axis of some isometry, or rather a family
of isometries. This is the case in Minkowski space, where every straight line
is the axis of a 1-parameter family of Poincaré transformations, but it also
holds true for anti-de Sitter space [10].

Again, as we shall see, a geodesic is fully defined through the isometry, so
purely by the elements of the corresponding Lie group, in this case u and v.
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For this study, we are interested in massless particles, and therefore lightlike
geodesics. Whether the axis of an isometry represents a timelike, lightlike, or
spacelike geodesic, is therefore entirely dependent on which of these classes u
and v belong. So how does one conclude whether an arbitrary group element
m ∈ SL(2,R) is lightlike or not? This is related to number of fixed points
on the boundary of the hyperbolic plane [6]. For such matrix we can say the
following:

(i) m is called elliptic if it has a single fixed point outside the boundary.

(ii) m is called parabolic if it has a single fixed point on the boundary.

(iii) m is called hyperbolic if it has two fixed points on the boundary.

This criterion can be easily determined by considering the trace of the matrix
m. The number of fixed points (on the boundary), and therefore the class
to which m belongs, can be read off from the following trace conditions:

|Tr (m)| =


< 2 , timelike (elliptic)

= 2 , lightlike (parabolic)

> 2 , spacelike (hyperbolic)

. (3.32)

We want the lightlike requirement in relation (3.32) to hold for both u and
v. Put another way: for the world line of a particle to be lightlike we want
its defining isometry to be lightlike, or parabolic, in both the left half and
the right half of the isometry. So we simply require

|Tr (u)| = |Tr (v)| = 2 . (3.33)

So given two lightlike elements u and v, we can now try to find all points
(or group elements) x, that are fixed points of this isometry. To do this, one
must solve the fixed point equation

x = u−1 xv ⇒ ux = xv . (3.34)

It is then the collection of points x satisfying this equation that form the
geodesic.

3.2.2 Action on conformal boundary

In section 3.1.2 it was mentioned that a null surface is spanned by a
family of light rays. It can be shown that the entire null plane containing the
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geodesic that is the axis of isometry f , is in fact a fixed surface of f . For an
explicit derivation, see [10]. This means that the light rays on J0 that mark
the intersections of the null plane with the conformal boundary are indeed
fixed lines of f . The intersections of these lines must therefore be a fixed
point. These points coincide with the intersection of the axis of f with the
boundary. In fact, all lightlike geodesics spanning the null plane in question
intersect the boundary at these points.

Next, consider the action of f on the null plane. The null plane is a
fixed surface of f , so all points on the null surface are mapped onto the same
surface by the null isometry f . Unique to the light ray that represents the
axis of the isometry however, is that points on the axis are in fact mapped
onto the exact same point. The remaining points on the null plane, those
that lie on other light rays, are shifted along those light rays by an amount
that is proportional to the distance from the axis.

Now, we want to find out how a null isometry acts specifically on J0.
From the above statements we can conclude that quite generally, the fixed
point of any isometry on the boundary, always corresponds to the intersection
of fixed light rays. Vice versa, the left and right moving light rays moving
through a fixed point of f , are themselves fixed lines. This has an important
consequence, namely that the fixed light rays divide the boundary into a
series of diamonds.

Figure 5: Here the grid of light cone coordinates on the conformal boundary
is visualized. Each of the diagonal lines on the boundary represent left and
right moving light rays on J0.

26



The points where the diagonal lines on the boundary intersect one another,
each belong to separate families of light rays. Equivalently, all those points
are the fixed point on the boundary of different 1-parameter isometries. As we
shall see, this is conveniently described if we switch to light cone coordinates.

Light cone coordinates

Remember that our conformal boundary is simply 2-dimensional Minkowski
space equipped with coordinates (t, θ). We now want to switch to a system
of light cone coordinates (ζ+, ζ−), which in terms of the original coordinates
are given by:

ζ+ =
t+ θ√

2
, ζ− =

t− θ√
2

. (3.35)

With this relation, we can write α and β in terms of the light cone coordi-
nates. This is simply done by inverting the system of equations (3.35) to find
expressions for t and θ in terms of the light cone coordinates. Substituting
this back into equation (3.22) and simplifying the result making use of the
sum identities of the sine and cosine gives the following result:

ϕ = 0 :


α =

cos

(
ζ+√

2

)
+sin

(
ζ+√

2

)
cos

(
ζ+√

2

)
−sin

(
ζ+√

2

) =
1+tan

(
ζ+√

2

)
1−tan

(
ζ+√

2

)
β =

cos

(
ζ−√

2

)
−sin

(
ζ−√

2

)
cos

(
ζ−√

2

)
+sin

(
ζ−√

2

) =
1+tan

(
ζ−√

2

)
1−tan

(
ζ−√

2

)
,

ϕ = π :


α =

cos

(
ζ−√

2

)
+sin

(
ζ−√

2

)
cos

(
ζ−√

2

)
−sin

(
ζ−√

2

) =
1+tan

(
ζ−√

2

)
1−tan

(
ζ−√

2

)
β =

cos

(
ζ+√

2

)
−sin

(
ζ+√

2

)
cos

(
ζ+√

2

)
+sin

(
ζ+√

2

) =
1+tan

(
ζ+√

2

)
1−tan

(
ζ+√

2

)
.

(3.36)

Important to note is that now, α and β are described by a single coordinate
each, either ζ+ or ζ−, depending on the value of ϕ, instead of two (t and θ).
With that, it is easy to determine how an isometry acts on the conformal
boundary. So consider again the general isometry (3.31). To investigate what
happens to point z on the conformal boundary under this transformation,
it is convenient to write z as the Kronecker product of two vectors, see
equation (3.18). The vectors themselves are parametrized as in (3.19). The
transformed point on the boundary z′ = f(z) can then be calculated as
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follows:

z′ = f(z) = u−1 z v = u−1 ~α~β
T
v = (u−1~α)(vT~β)

T
. (3.37)

Note that u−1 and vT are both general SL(2,R) matrices of the form (3.11).
The action of such a matrix on a vector like ~α is given by:(

a b
c d

)(
α
1

)
=

(
aα + b
cα + d

)
∼
(
aα+b
cα+d

1

)
≡
(
α′

1

)
, (3.38)

where is the second step we used scalar multiplication, as should be familiar
by now. Relation (3.38) of course also holds for vector ~β. So apparently,
the action of a general SL(2,R) matrix on such vectors is given by linear
fractional transformations, and thus is the same as the action of PGL(2,R)
on the real projective line R ∪ ∞. Now the advantage of the light cone
coordinates can be better appreciated. In that coordinate system, α and β
are parametrized by one of the light cone coordinates each, as was shown in
(3.36). Then the action of an isometry (u,v) can be more easily understood.
The left half of the isometry corresponds to a translation along one of the
axes in this coordinate system, the right half corresponds to a shift along the
other axis in the light cone coordinate system.

If both u and v are taken to be lightlike elements of SL(2,R), than of
course we are speaking of a null isometry. One can then investigate the action
of the isometry on its fixed lines on the boundary. This is done explicitly in
[10], using isometry f1, which we will encounter again in section 4.1. Using
the same isometry, its action on the conformal boundary is given in figure 6.
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Figure 6: Here the action of a null isometry f = f1 on the conformal bound-
ary is shown. The fixed lines, in bold, represent left and right moving light
rays on the boundary, and are actually the intersections of the null plane
from figure 4 with the conformal boundary, as well as fixed lines of f1. The
dotted diagonal lines at ±45◦ angles can be seen as the grid belonging to the
coordinate system of light cone coordinates. (Image from [10] and edited.)

Then the action of a null isometry f1 on a point on the conformal boundary
is given in figure 6. The red line shown in figure 4 represents the axis of this
isometry.

Light cones

A special case of a null plane is one where all the vectors in the tangent space
are lightlike. In other words, both vectors in the Lie algebra spanning the
surface are lightlike. In that case we speak of the light cone. This would,
however, only apply to points within the spacetime S0, and not for a point
on the boundary. Mentioned before is that all of the light rays spanning
the null plane converge to the same points on the boundary. There are no
other light rays in the spacetime, outside the null plane, that reach the same
point, or have the same origin, as can be inferred from figure 4. From this
we conclude that the light cone belonging to a point on J0 is in fact a null
surface in S0. As such, it is not spanned by two lightlike vectors, as would
be the case for the light cone belonging to a point in the bulk. Instead, the
surface is spanned by a lightlike vector, the tangent vector to one of the light
rays in that plane, and a spacelike vector.

Generally speaking, the light cone belonging to a point is the collection of
points that have a Lorentzian distance of zero to that point. Differently put,
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it is the collection of points that have at least one lightlike geodesic to that
point. We already found a formula for the distance between two points in
the bulk. However, we want to find the light cones of points that do not lie in
AdS3, but on its boundary. These points are given by the collection of all (up
to scalar multiplication) rank-1, real, 2 × 2 matrices that have det(z) = 0.
This means they are not invertible, and the trace condition (3.27) does not
hold.

To see how it works for this case, it is once again important to realize
that all light rays in a particular null plane share the same beginning and
ending point, as can be seen in figure 4. In fact, we can say that the future
light cone of a point on the boundary with a time coordinate t, corresponds
to the past light cone of the antipodal point on the boundary at time t+ 2π.

Consider a point x ∈ AdS3 and a point z ∈ ∂AdS3. The points are
connected by a lightlike geodesic g(s) = x (1+ sX). As explained in section
3.2.1, this geodesic is the axis of some isometry f , meaning that z must also
be a fixed point of f . The boundary of course represents infinity. So starting
in point x and then taking the limit s→ ±∞, we should end up in point z.
Let us evaluate the limit:

lim
s→±∞

g(s) = lim
s→±∞

x (1 + sX) ' lim
s→±∞

sxX
!

= z . (3.39)

But once again, we are interested in the matrices only up to scalar multipli-
cation, so we can disregard the factor s. We can then find a trace condition
for determining the distance from a point inside the bulk to a point on the
conformal boundary, similar to the condition (3.27) we had for two points
inside the bulk. This new relation is given by

Tr (x−1z) = 0 ⇔ xX = z (3.40)

So now, given an arbitrary starting point x of a geodesic, and a chosen
lightlike direction X, we can easily find the point on the conformal boundary
where the geodesic ends, using the second relation in (3.40). Conversely, if
we have some (fixed) point z on the boundary, we can use the first relation
to find all points in the light cone to that point. Note that equation (3.40)
only holds when considering a lightlike geodesic.

3.3 Holonomies

As will become more apparent in the following two sections, we want to
describe the spacetime in terms of holonomies. We can think of a holonomy

30



as the failure of a coordinate patch to extend all the way around a curve. So
put differently, it measures what happens when an imaginary observer walks
around a curve. Do you get back in the same place where you started, with
the same orientation, or has something non-trivial happened?

The important thing to understand is that the geometry of a spacetime
can actually fully be determined by the holonomies. This is at least the
case for our situation where we have a negative cosmological constant. For
Λ > 0, this is not necessarily true [13]. The holonomies in this case are
given by pairs of SL(2,R) matrices that act on a group element through the
isometry given in equation (3.31). So again, a holonomy (u,v) acts on a
matrix x ∈ PGL(2,R) by left and right multiplication. Naturally, u is called
the left half of the holonomy, and v the right half. Holonomies are given by
isometries and because of this the terms isometry and holonomy will be used
interchangeably.

In this case, the holonomies are elements of the isometry group SO(2, 2).
In the case of a trivial holonomy, nothing happens, and this corresponds to
empty anti-de Sitter space. The holonomy is then simply the identity. In
the non-trivial case, it means that certain points in spacetime are identified
in a non-trivial manner. As we will see, this corresponds to a spacetime
containing particles. That is why in this discussion we will talk about the
holonomy of a particle.
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4 The spacetime

The goal of this study is to extend and generalize the results found by
Holst & Matschull in [10]. Those results show how a (2+1)-dimensional black
hole can be formed by introducing two massless particles in an otherwise
empty anti-de Sitter space. Moreover, the possible creation of a wormhole is
made explicit. This entire chapter serves as a brief summary of their work,
where we will mainly focus on the parts that are relevant for this study. So
needless to say, we will stick to the black hole side of the wormhole.

As we shall see in this section, by introducing particles under the right
circumstances, the resulting spacetime contains closed timelike curves. These
can be treated as singular, and therefore the solution can be interpreted as
a rotating black hole. So in this section we go step-by-step towards a black
hole solution. We start off with an empty anti-de Sitter space, and then
investigate what happens when particles are introduced. More importantly,
we will see how exactly particles are introduced. And then we will see how
a BTZ black hole can actually be obtained by introducing two particles. In
this section this is done such that one obtains a symmetric situation. For
convenience, we will adopt the notation used in [10].

In the chapter that follows, we will generalize the results to find a simple
criterion for the existence of a black hole in terms of Lie group elements and
holonomies. After all, the goal in this study is finding a general, coordinate-
free way of describing a spacetime with constant negative curvature while
adding massless particles to it, and then trying to find a simple criterion
for the possible creation of an event horizon, even for a non-symmetric dis-
tribution of the particles. With that we should be able to easily analyse
what happens when particles are introduced to our spacetime and determine
whether or not an event horizon is formed. Ultimately, we want to find
the location of such an event horizon. Eventually, we can investigate what
happens when a third particle is introduced.

4.1 Adding particles

Note: throughout this section, anti-de Sitter space is parametrized by
SL(2,R). With the notion of an isometry, particles can be added to the
empty anti-de Sitter space. From section 3.2.1 it follows that the world lines
of the particles correspond to the axes of certain isometries. So introducing
two lightlike particles, and determining their paths in spacetime, can be done
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by specifying the axes of the appropriate, lightlike isometries

f1 : x 7→ u1
−1 xv1, f2 : x 7→ u2

−1 xv2 . (4.1)

To describe the motion of two particles passing each other, two physical
parameters are relevant: the distance at the moment of closest approach, and
their center-of-mass energy. The distance is given by the unique spacelike
geodesic that is orthogonal to both world lines. For two identical particles
the center-of-mass frame is defined to be the coordinate system (t, θ, ϕ), in
which the particles are interchanged by rotating the cylinder 180 degrees,
such that

r : (t, θ, ϕ) 7→ (t, π − θ, π − ϕ) , x 7→ γ0
−1 xγ0 , (4.2)

where we have r ◦ r = id. Using the fact that one still has the freedom
to perform time shifts and spatial rotations, it can be achieved that the
spacelike geodesic joining the particles at the moment of closest approach
is the coordinate line t = θ = π/2. The isometry for the first particle is
parametrized such that the corresponding matrices are given by:

u1 = 1+ e−δ tan ε (γ0 − γ2) , v1 = 1+ eδ tan ε (γ0 + γ2) . (4.3)

Using reflection at the time axis, the second isometry is then simply deter-
mined by r ◦ f2 = f1 ◦ r, which means that the corresponding matrices are
given by:

u2 = 1+ e−δ tan ε (γ0 + γ2) , v2 = 1+ eδ tan ε (γ0 − γ2) . (4.4)

All these matrices lie on the future light cone of the unit element 1. This
construction is such that one has obtained a symmetric situation where δ can
be interpreted as something that resembles the impact parameter, measuring
the distance from the world lines to the central axis of the cylinder. In truth,
δ actually measures the distance of light rays belonging to a family of light
rays from the axis of the corresponding isometry. It then follows that the
distance between the particles at the moment of closest approach is 2δ. The
second parameter ε measures the center-of-mass energy of the particles.

The world lines are then found by solving the fixed point equation (3.34),
setting x = x(t, θ, ϕ). The resulting coordinate equations for the world lines
of both particles, p1 and p2 are then given by:

p1 : θ = t , cosϕ = tanh δ ,

p2 : θ = π − t , cosϕ = − tanh δ .
(4.5)
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The first equations in p1 and p2 define null surfaces in anti-de Sitter space.
The second equations pick out a particular light ray. In this symmetric
situation both particles enter the spacetime from infinity, that is to say from
the conformal boundary, at the same time t = 0, but on opposite sides of the
cylinder. Then these particles pass each other somewhere near the middle of
the cylinder at some distance and finally they fly off back to spatial infinity,
crossing the conformal boundary at equal time t = π, again at opposite sides
of the cylinder. This can be seen in figure 7.

Figure 7: In this figure the world lines of the two particles are shown in red.
The particles enter the spacetime simultaneously, pass each other and fly off
back to infinity.

An even simpler situation would be one where after a certain time, the
world lines of the particles meet in the middle of the cylinder, and therefore
the particles collide. If the center-of-mass energy is sufficiently large, the
colliding particles can collapse into a black hole [12]. This would be a non-
rotating, static BTZ black hole solution, with zero angular momentum. Here,
this construction is generalized to the case of a non-zero impact parameter.

Now, only the locations of the world lines are known. The construction
of the spacetime, however, is not yet complete; the spacetime still needs
to be equipped with some kind of local curvature, as dictated by general
relativity. After all, the goal is to construct a spacetime with a negative
cosmological constant and two massless, pointlike particles as matter sources.
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From section 2.1 it follows that in three dimensions, such a spacetime has a
constant negative curvature everywhere, except for two conical singularities
located on the world lines of the particles. Again, this means that curvature
is concentrated at the location of matter, or in this case radiation.

So how is local curvature added in an otherwise empty spacetime? Here
this is done by choosing for both particles a world line, and a so-called wedge.
A wedge is in this case is a cut surface in the spacetime, creating two faces,
an upper and a lower face. These wedges are chosen in a special way. They
are two non-overlapping null half planes extending from the world lines of
the particles to the conformal boundary. The coordinate equations for these
lightlike surfaces, s1 and s2, are given by:

s1 : θ = t , cosϕ ≥ tanh δ ,

s2 : θ = π − t , cosϕ ≤ − tanh δ .
(4.6)

The half plane s1 is a fixed surface of the isometry f1, while s2 is a fixed
surface of s2, due to the symmetry under reflection. On both surfaces, the
coordinates t and θ are introduced, such that a point (t, t, ϕ) ∈ s1, and the
rotated point (t, π − t, π − ϕ) ∈ s2 are both denoted by (t, ϕ). Written in
these coordinates, the action of of f1 on s1 is the same as that of f2 on s2,
namely:

f1,2 : (t−, ϕ) 7→ (t+, ϕ) ,

cot t+ − cot t− = 2 tan ε (cosh δ cosϕ− sinh δ) .
(4.7)

The null half planes s1 and s2 are considered as two degenerate wedges;
no interior needs to be removed. Instead, points on the upper faces of the
null planes are considered to be distinct from those on the lower faces. The
surfaces are visualized in figure 8. The green planes represent the cut surfaces.
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Figure 8: In this figure the world lines of the two particles are shown in red,
and the cut surfaces extending from the world lines of the particles to the
conformal boundary are shown in green.

The next step is to identify the points on the lower face with points on the
upper face of the cut surfaces. This identification is through an isometry.
Which isometries are chosen? Those isometries where the axes of the isome-
tries correspond to the world lines of the particles f1 and f2, in the way shown
earlier. Again, think of this way of cutting out a wedge and identifying the
two faces, as introducing an additional curvature in the spacetime created
by the energy of the two massless particles. The identification is such that
a point (t−, ϕ) on the lower face corresponds to a point (t+, ϕ) on the upper
face of the same null surface. Note that for a lightlike surface, the upper
face is future pointing, while the lower face points towards the past. So the
spacetime is constructed from cutting and gluing along the null half planes
that extend from the world lines of the particles to the boundary. The re-
sulting spacetime is still covered by the single coordinate chart (t, θ, ϕ), but
now in a non-trivial way. The coordinates are discontinuous along the cut
surfaces, which can be considered as self-overlap regions with the transition
function from the lower to the upper faces given by (4.7).

Note that the ability to choose the cut surface such that it becomes a half
plane, attached to one side of the world line only, is a feature of working in
three dimensions. This is essential, because they need to be non-overlapping,
which is also a nice way to see that there is no local interaction between the
particles by local forces, again a feature of (2+1)-dimensional gravity.
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4.2 Black hole

The construction of the spacetime manifold S is now finished; all the in-
gredients for a BTZ black hole are present. The spacetime S was constructed
from S0 by following the cutting and gluing procedure described in section
4.1. However, the presence of some of the important features of a black hole,
like the event horizon and the singularity, is not yet obvious. In fact, since
the spacetime is constantly curved, it seems that there cannot be any sin-
gularity at all, except for the two conical singularities located on the world
lines of the particles.

As is stated by the theory of general relativity, there needs to be enough
energy in a sufficiently small volume of space for an event horizon to be
formed. This translates to constraints on the center-of-mass energy and
the impact parameter of the particles. It was mentioned before that the con-
struction of this spacetime can lead to the existence of closed timelike curves.
They occupy a region that extends from infinity to some neighbourhood of
the particles at the moment of closest approach. So combined, the impact
parameter and the center-of-mass energy have to be such that closed timelike
curves exist in the spacetime. The fact that this is possible can be inferred
from relation (4.7). The crucial point is that points of the lower faces of the
cut surfaces with time coordinate t− are mapped onto points on the upper
faces with a smaller time coordinate t+.

This means that when passing through one of the cut surfaces, one gains
time. After all, an observer moving on a future pointing timelike curve,
traversing the cut surface from below, continues above the cut at an ear-
lier time. From this it can be concluded that when passing through the
cut surfaces multiple times, it is perhaps possible to form a closed timelike
curve. Naturally, at least two particles, or rather cut surfaces, are required
for this to happen. It is simply not possible to gain enough time when pass-
ing through a single cut, even if one considers a hypothetical observer on a
lightlike geodesic. Moreover, in anti-de Sitter space, no geodesic intersects a
null plane twice.

Closed timelike curves

The question is how one determines the condition for closed timelike curves
to arise, and with that the threshold for the energy and the impact param-
eter. At the same time the region containing closed timelike curves must be
identified. A convenient way to achieve this is to first consider the causal
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structure on the conformal boundary J . This can be constructed from J0 by
following the same cutting and gluing procedure that was used to construct
S, and then look at the intersections of the cut surfaces with the conformal
boundary. The boundary J can be seen in figure 9, and it represents the
boundary of the cylinder given in figure 8. The bold lines in this figure are
the intersections of the cut surfaces with the boundary, and along these lines
the boundary is cut. As mentioned, the cut surfaces are lightlike, so the
intersections represent lightlike paths on the boundary.

The boundary corresponds to ϕ = 0 or ϕ = π, so from the action of the
isometries given in (4.7), the relation between the time coordinates t− and
t+ is in this case given by

cot t+ − cot t− = 2 e−δ tan ε . (4.8)

Again, just as in the bulk, a point on the upper side of the one of the cuts
is identified with a point on the lower side of that cut, meaning a point
with time coordinate t− on the lower side, is identified with a point with
time coordinate t+ on the upper side. So on the boundary it is also true
that when traversing the cut from below, as would always be the case for an
observer moving forward in time, one would experience a shift back in time,
such that t+ < t−.

The essential question now remains whether or not a left moving light
ray on J can gain enough time by going through both cuts to form a loop.
Given the symmetric manner in which the spacetime is constructed, and
taking into account that the conformal boundary is simply 2-dimensional
Minkowski space (except for the non-trivial identifications on the cuts), it
can easily be seen that the time needed for such a light ray to travel from
one of the cuts to the other is always π/2. To form a loop, this time must be
equal to the time gained when passing through a cut, meaning: t−− t+ = π/2.
Substituting this into equation (4.8) gives

sin (2 t+) = − sin (2 t−) = 2 eδ cot ε . (4.9)

For a solution to exist, the right-hand side cannot be bigger than one, because
otherwise the time gained would be smaller than π/2, and it would not be
possible for a light ray to form a loop. The physical interpretation for this
situation would be that the energy does not exceed the threshold required
for the creation of a black hole, or alternatively, that the particles are simply
too far apart. The particles would just pass each other and then disappear,
such that an empty anti-de Sitter space S0 remains.
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It turns out that for closed light rays to exist on J , the energy ε must be
bigger than π/4, so that one has tan ε > 1. This is in fact the same threshold
for the existence of a static black hole where the two particles collide, as
found previously in [12]. To meet the requirement in the case non-colliding
particles, there is an additional condition, namely that the spatial separation
of the two particles must be sufficiently small. This results in: eδ < tan ε.

When this is achieved, one actually finds two closed light rays on the
boundary. They are shown in figure 9, where they are indicated by ”CLC”.
Additionally, the action of the isometries f1 and f2 on the cuts is given in
the figure. The area enclosed by the two closed light rays and the two cuts,
is necessarily filled with closed timelike curves. Let these shaded rectangles
in figure 9 be Γ1 and Γ2, such that the entire region of closed timelike curves
on J is Γ = Γ1 ∪ Γ2. An example of such a closed curve is also shown in
figure 9, where is is abbreviated by ”CTC”.

Figure 9: In this figure the region on the conformal boundary containing
closed timelike curves is shown. These are the shaded rectangles. (Image
from [10] and edited.)

With the construction of this spacetime through the isometries of the par-
ticles, parts of the spacetime become causally disconnected. The fact that
there exist closed timelike curves on the boundary suggests that they exist in
the bulk as well, which hints at the existence of a black hole. That is, once
the region of closed timelike curves is interpreted as a singularity.

So, by parametrizing the group elements u1, v1, u2 and v2 that were used
to construct the spacetime S and its conformal boundary J in terms of the
impact parameter and the center-of-mass energy, and by finding a relation
between those parameters and the time coordinates on the cut surfaces, it is
possible to find the necessary constraints on δ and ε, such that a black hole
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can be formed.
To determine the location of the corners of Γ1 and Γ2, it is convenient

to replace the parameters δ and ε in f1 and f2 by the positive real numbers
0 < µ < ν, such that

cosh (µ/2) = e−δ tan ε , cosh (ν/2) = eδ tan ε . (4.10)

This means the isometries belonging to the particles are now given by 1-
parameter isometries. Such isometries will be considered in the next chapter.
As a side note: the length of the event horizon can be calculated explicitly, see
[10], and turns out to be twice the length of the spacelike geodesic connecting
the particles the moment the event horizon is created. One would then find
` = µ + ν. The horizon length remains constant from the moment it is
created. In the case of colliding particles we have δ = 0 and therefore µ = ν.
This would give a horizon length of ` = 2µ.

Event horizon

So where does a black hole, or an event horizon come into play? The fact
that closed timelike curves exist on J implies that it is possible to find them
in S as well. So the next objective is to identify which part of S is filled with
such curves, and thus analyze the full causal structure in the bulk. The first
step is to determine the apparent shape of the rectangles Γ1 and Γ2 as seen
by an observer in the interior of the cylinder, situated above one of the cut
surfaces, and below the other. So one has to find the past and the future of
Γ, and ask the question from where inside the cylinder a signal can be sent
to Γ.

To characterize the light rays on the boundary that form closed loops in
figure 9, it can be recognized that they are part of the fixed lines of certain
combinations of the isometries of the particles and the reflection r, before the
cutting and gluing procedure is performed. These new isometries are then
given by

g1 = f1 ◦ r = r ◦ f2 , g2 = f2 ◦ r = r ◦ f1 . (4.11)

To find the apparent shape of Γ as seen from inside the cylinder, one must
take into account left and right moving light rays on the boundary, in par-
ticular those that are fixed lines of g1 and g2. It turns out that the new
rectangles, indicated by Γ̃1 and Γ̃2, are bounded by the fixed lines of g1 and
g2. A complete derivation is given in [10].
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When the construction is finished, one finds that causal structure on
the conformal boundary is given by figure 10. The solid lines in the figure
represent the fixed lines of f1 and f2, while the dashed lines are those of the
isometries g1 and g2. The corners of the rectangles are the first fixed points
of g1 and g2 beyond the cuts.

Figure 10: Here we see the full causal structure of the conformal boundary.
The green lines are the intersections of the event horizon with the conformal
boundary. (Image from [10] and edited.)

Now it is straightforward to find the region of spacetime which is causally
connected to Γ, and with that the chronology horizon. The region behind
this horizon is the subset of S that is filled with closed timelike curves. For
the construction of the chronology horizon, see [10].

Once this region is identified, the next step towards the BTZ black hole
can finally be carried out. It turns out that one can interpret the regions of
closed timelike curves as singular, such that the chronology horizon can be
interpreted as an inner horizon, separating the interior of the black hole from
the region that is causally connected to the singularity. This can be seen in
figure 11.
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Figure 11: In this figure the singularity is indicated, as well as the causally
disconnected pieces regions on the boundary Λ− and Λ+. The dotted line
represents the central axis of the spacetime cylinder. (Image from [10] and
edited.)

The existence of a white hole horizon and even a wormhole can be inferred
from figure 11. In this case only the black hole is important, so the region on
the conformal boundary beyond the singularity Λ+ will not be considered.

What remains is to find the location of the black hole event horizon.
To do this, the same method used to find the chronology horizon can be
applied. To find the event horizon, one must look at the apparent position of
the last point on Λ−. From there, the past light cone must be evolved. The
relevant points are indicated by the red dots in figure 10. Actually, parts
of the boundaries of the regions Γ1 and Γ2 can be interpreted as the event
horizon of a BTZ black hole. Which parts exactly? Well, the lower sides
of the rectangles that are enclosed by the cut surfaces. These are the green
colored sides in this figure, and this is where the event horizon intersects the
conformal boundary.

So when evolving the null planes attached to the relevant points back-
wards in time to find the event horizon in the interior of the spacetime, the
only pieces that are of interest are those that are enclosed by the cut sur-
faces. Once this is done, one obtains the figure 12. Here the yellow surface
represents the full event horizon. So the event horizon in this case is made up
of two pieces of null plane fitting together correctly along the cut surfaces,
forming a single null plane in our spacetime. That the event horizon is a
lightlike surface, is to be expected.
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Figure 12: In this figure we have the event horizon (yellow). It consists of
two pieces of null plane that intersect at the same time they reach the world
lines of the particles.

It can be concluded that the horizon is created when the particles reach a
critical distance, and at the same time they fall behind it. Both particles are
hit at the same time by the pieces of horizon, and this is also the moment
when the two pieces of horizon intersect. This intersection is along a spacelike
geodesic connecting the particles at that moment.

An interesting side note, is that the black hole chronology horizon, the
white hole chronology horizon and the white hole event horizon are con-
structed in a similar manner. To find those null planes, one must consider
the other three fixed points in figure 10, and evolve either the past or the
future light cones from those points. In this particular case, the two chronol-
ogy horizons intersect each other along a closed spacelike geodesic, which is
in fact the only closed geodesic in S. In contrast to the event horizons, the
chronology horizons do not reach the world lines of the particles, as can be
seen in figure 11. This suggests the possibility of a ”safe passage” of the
particles through the wormhole.

For completeness, the chronology horizon and the entire wormhole are
given in the figures 13 and 14 respectively. The remainder of this study will
however only concern the black hole event horizon.
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Figure 13: This figure gives
the chronology horizon for the
wormhole. The lower plane
corresponds to the inner hori-
zon of the black hole, the up-
per plane to that of the white
hole. They intersect each other
before the reach the world lines
of the particles.

Figure 14: In this figure we
have the black hole (lower) and
white hole (upper) event hori-
zons in yellow. The black hole
(lower) and white hole (upper)
chronology horizons are given
in blue. Note all null plane
fit together correctly along the
light rays on the boundary.
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5 A general approach

At this point it is clear how a (2+1)-dimensional black hole can be formed
by taking empty anti-de Sitter space, introducing two lightlike particle that
have certain constraints on the impact parameter and their center-of-mass
energy. To recap, we started off with an empty, 3-dimensional anti-de Sit-
ter space where we introduced two lightlike particles that pass each other
and then fly back to infinity. The constraints on the impact parameter and
the center-of-mass energy ensure the existence of a region of closed timelike
curves in the spacetime. This region can in turn be considered as singular.
From there it is straightforward to determine the event horizon.

Now we want to consider the situation from a different perspective. In-
stead of having to deal with coordinates, and explicitly constructing the
spacetime by cutting and gluing, we want to only consider the holonomies of
the particles. The concept of a holonomy has been introduced in section 3.3.
In 3-dimensional anti-de Sitter space, the holonomy of a conical singularity,
like the ones located on the world line of the particles, always corresponds to
a cut surface with a non-trivial identification of the upper and lower faces,
exactly like the construction given in section 4.1. So this is nothing new, it is
simply a difference in terminology. Instead of talking about a cut surface, or
a wedge, we now talk about the holonomy of a particle. Empty anti-de Sitter
space is given by only trivial holonomies. We can find an arbitrary closed
loop, and nothing crazy would happen. A particle is then introduced by in-
troducing a non-trivial holonomy. Now suddenly, certain points in spacetime,
the ones on the cut surfaces, are identified in a non-trivial manner through
an isometry. Somewhat sloppy speaking, when considering the holonomy
of a particle, we define what happens for an observer moving around the
world line of that particle. The observer moves through the cut surface and
experiences a step back in time.

We indicate the holonomy of a particle by the matrices that define that
same isometry, so in this case, the two concepts are the equivalent. So for
example, the holonomies of particles 1 and 2 from chapter 4, that were de-
fined through the isometries f1 and f2, are indicated by (u1,v1) and (u2,v2)
respectively. Since the particles are lightlike, we are dealing with lightlike
holonomies. These two holonomies are in fact sufficient to describe the cur-
vature of the entire spacetime.

As will be explained in this chapter, is that we no longer need to consider
the impact parameter and the center-of-mass energy of the particles. What
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is interesting, is that we can find a criterion for the formation of an event
horizon, purely in terms of the holonomies of the particles, where any con-
straints on the impact parameter and the center-of-mass energy are implicitly
satisfied. Using this, we can generalize the result from before and move away
from the symmetric situation given in given in chapter 4. We can then in-
vestigate if, and if so, where an event horizon is formed given two massless
particles with an arbitrary distribution. All we need are the holonomies of
the particles. From there we can determine the world lines, and the null half
planes that would correspond the cut surface, and possibly an event horizon.
Alternatively, we can start by choosing two lightlike geodesics, determine the
corresponding holonomies, and follow the same process to find out whether
an event horizon is formed.

5.1 A BTZ criterion

So let us start by looking at the requirements for the formation of a
BTZ black hole. Instead of merely looking at the holonomies of the particles
individually, we are now also interested in the combined, or total holonomy
of the particles. The combined holonomy, f12 ≡ f1 ◦ f2, is simply given by

f12 : x 7→ (u1 u2)−1 xv1 v2 . (5.1)

Similar to the holonomy of a single particle, the combined holonomy mea-
sures what happens when an observer moves around the world lines of both
particles. And from the way we constructed f12, first around particle 1, then
around particle 2. Now the left half of the holonomy is given by u12 ≡ u1u2,
and the right half by v12 ≡ v1v2. Individually the four SL(2,R) elements
are still lightlike of course, meaning that for all these matrices the trace con-
dition |Tr (u)| = |Tr (v)| = 2 remains. But for the combined holonomy we
have found a different criterion. In order for a BTZ black hole to form, we
want the combined holonomy of the particles to be hyperbolic in both the
left and the right half of the holonomy. This gives:

|Tr (u12)| > 2 , and

|Tr (v12)| > 2 .
(5.2)

This is a remarkably simple requirement. We started with two lightlike
holonomies (u1,v1) and (u2,v2), which resulted in a situation where we have
two massless particles in an otherwise empty anti-de Sitter space. The claim
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is that if the combined holonomy (u12,v12) is spacelike in both the left and
the right have, we have obtained a spacetime that contains a BTZ black hole.

Why can we say this? Well, it has been shown by Carlip [7] that the
holonomy corresponding to a spacetime containing a BTZ black hole is given
by the SL(2,R)× SL(2,R)/Z2 group element (ρL,ρR), such that:

ρL =

(
eπ(r+− r−)/l 0

0 e−π(r+− r−)/l

)
,

ρR =

(
eπ(r++ r−)/l 0

0 e−π(r++ r−)/l

)
.

(5.3)

There it is made explicit that the BTZ black hole can be viewed as a quotient
space SL(2,R)×SL(2,R)/〈(ρL, ρR)〉, where 〈(ρL, ρR)〉 is the group generated
by (ρL,ρR). In short, it means that by making the appropriate identifica-
tions, one can convert the simple, almost structureless anti-de Sitter space
to a spacetime that very much resembles that of a Kerr black hole in 3+1
dimensions. Naturally, for the rotating case we always have r+ > r−. And
with that, it is easy to see that the traces of ρL and ρR are necessarily larger
than 2.

So, say that by introducing the two massless particles through non-trivial
lightlike holonomies we have obtained a combined holonomy (u12,v12). The
combined holonomy is assumed to be hyperbolic in both halves, so it should
correspond to the BTZ metric. Then how do we recognize that such a com-
bined holonomy actually corresponds to the holonomy given in (5.3)? Well,
we can always find an isometry (a, b) from SL(2,R)×SL(2,R), such that we
have

(a−1u12a, b
−1v12b) = (ρL,ρR) . (5.4)

Important to note is that the conjugation of a holonomy by an isometry
(a, b) does not change the spacetime, it simply corresponds to a coordinate
transformation. Since ρL and ρR are diagonal, we can say that the trans-
formation (5.4) is in fact the diagonalization of the elements u12 and v12.
Such a diagonalization can always be found as long as the condition (5.2) is
met. This can be recognized by considering the invariance of the trace under
conjugation:

Tr (a−1u12a) = Tr (aa−1u12) = Tr (u12) , and

Tr (b−1v12b) = Tr (bb−1v12) = Tr (v12) ,

where we made use of the cyclic properties of the trace.
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5.2 Mechanism

Given the simple criterion we now have for the creation of a BTZ black
hole, we can start to look at a more general, non-symmetric situation. The
whole construction of the spacetime as is done in [10] gets rather messy when
the particles are no longer distributed symmetrically across the spacetime. It
gets really difficult to express the coordinates in terms of the center-of-mass
energy and the impact parameter. Hence it gets difficult to find the closed
timelike curves.

Remember, in our construction, we only look at the holonomies of the
particles. That is to say, we simply look at arbitrary SL(2,R) matrices. More
precisely, we look at elements of the isometry group SO(2, 2). We will now
follow a step by step construction of the spacetime, where the corresponding
source code is given in appendix A.

Step 1: pick an arbitrary geodesic

In the end the goal is to visualize the world lines of particles, choose the
cut surfaces and then see whether an event horizon is formed. And if so,
where the event horizon lies. Again, we start with two particles. The whole
idea of this study is to show one can achieve this, simply by looking at the
holonomies of the particles. So we could start off with two arbitrary, lightlike
holonomies (u1,v1) and (u2,v2). It is, however, difficult to predict what the
spacetime will look like once one tries to plot the situation. Of course, we
always obtain a cylinder with two world lines in it, however we do not know
beforehand where these world lines reside.

So to have a little bit more control in visualizing the situation, it is easier
to start off by choosing two lightlike geodesics. From there, we can always
find the corresponding holonomies. As was mentioned in sect 3.2, every
geodesic is the axis is some isometry.

So, we can start off with two lightlike geodesics, g1(s) and g2(s), given
by

g1(s) = x1 (1 + sX1) and g2(s) = x2 (1 + sX2) . (5.5)

In order to visualize the world lines (and indeed the cylinder), one must of
course use some coordinate system for the 3D embedding of our spacetime
in flat Euclidean space (x, y, z). We already know the relation between the
coordinate chart (t, θ, ϕ) and PGL(2,R) matrices. Not taking in account the
denominator, this is explicitly given by relation (3.13). Finding a coordi-
nate transformation from (t, θ, ϕ) to (x, y, z) is trivial. From there, one can
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use computer software, like Wolfram Mathematica, to plot the spacetime to
obtain a figure like 15.

Figure 15: In this figure we have the world lines (red) for two particles
distributed in a non-symmetric way. Note that the particles do not enter the
spacetime simultaneously.

Very similar to what we had in section 3.2, we now obtain an image where
we have the cylinder containing two particles. This time they are distributed
in a non-symmetric manner.

Step 2: plot null half planes

Since the event horizon is bounded by the ”cut” surfaces, we still need to
find the null half planes attached to the world lines. To do this, we revisit
section 3.1.2. Specifically, we are interested in equation (3.30), which tells us
how we can parametrize a null plane. What we are after are two null planes
p1(s, s′) and p1(s, s′). We already know the geodesics g1(s) = p1(s, 0) and
g2(s) = p2(s, 0) for both particles, so all we need to do is find the orthogonal
vectors Y1 and Y2 of the Lie algebra. This can be done using formula (3.29).
We can make a construction like this for both particles and with that it is
easy to plot the desired part of the null plane that is attached to the world
lines, where we must remember that s′ = 0 corresponds to the world lines of
the particles. It turns out that s′ < 0 corresponds to the parts of the null
planes that extend from the world lines to the conformal boundary. Once
this construction is achieved, we obtain a situation like in figure 16.
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Figure 16: In this figure we have the cut surfaces (green) for two particles
distributed in a non-symmetric way. The null half planes extend from the
world lines of the particles to the conformal boundary.

Again, very important is that the two null planes are non-overlapping! Need-
less to say, the world lines of the particles cannot intersect.

Step 3: convert to holonomies

We are looking for the holonomies of the particles. After all, we want to use
those to determine whether a BTZ black hole can be formed. So given a
geodesic g(s) given by (3.26), how do we find the corresponding holonomy
(u,v)? Or rather, how do we find the 1-parameter (corresponding to the
different energies the particle can have) family of holonomies? The first step
is to revisit the fixed point equation (3.34) such that we find for u:

x = u−1 xv ⇒ u = xv x−1 . (5.6)

We now have an equation for u, however v is still unknown. The next step
is to recognize that the fixed point equation must hold for all points on the
world line of the particle, so for all values of s. With that knowledge, we can
basically insert g(s) into the fixed point equation and perform the following
calculation:

x (1+ sX) = u−1 x (1+ sX)v

⇒ x (1+ sX) = xv−1 x−1 x (1+ sX)v = xv−1 (1+ sX)v

⇒ 1+ sX = v−1 (1+ sX)v = 1+ sv−1X v .
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In the second line we substituted the (inverse) result for u, given by the
second relation in (5.6), into the equation. Simplifying the result of this
derivation a bit leads to a relation between X and v, which is what we need.
We get:

X = v−1X v . (5.7)

Now all that is left is to find an element v that satisfies this relation. Of
course we require v to be lightlike. In that case, the solution of equation
(5.7) is a 1-parameter family of lightlike SL(2,R) elements, given by:

v = eξX = 1+ ξX , with ξ ∈ R . (5.8)

So we can pick any (real) value for ξ, and relation (5.7) will be satisfied. Now
the only thing that remains is to plug the result for v back into equation (5.6)
to find a similar relation for u. We find:

u = 1+ ξ xX x−1 . (5.9)

So now we have found the holonomy (u,v) belonging to the geodesic g(s) of
massless particle given by equation (3.26). A simple check reveals that this
is actually correct:

u−1 xv = (1− ξ xX x−1)x (1+ ξX)

= (x− ξ xv)(1+ ξX)

= x+ ξ xX − ξ xX + ξ2 xXX = x

In the last step we used that X is a nilpotent matrix, so therefore the last
term, which is quadratic in X vanishes.

This procedure can be realized for both particles. So then we start off
with two world lines given by (5.5), to find the two corresponding, lightlike
holonomies (u1,v1) and (u2,v2). From there, we can construct the combined
holonomy (u12,v12). Then we want to investigate whether this combined
holonomy is hyperbolic or not. Note that since the individual holonomies of
particles 1 and 2 depend on the choice of ξ1 and ξ2 respectively, the combined
holonomy does as well. As stated before, we are interested in the traces of
the left and right halves of the combined holonomy. Making use of the fact
that Tr (X1) = Tr (X2) = 0, Tr (1) = 2 and of the cyclicity of the trace, we
can say that for the traces of the combined holonomy we have:

|Tr (u12)| = |2 + ξ12 Tr (x1X1 x1
−1 x2X2 x2

−1)|
|Tr (v12)| = |2 + ξ12 Tr (X1X2)| .

(5.10)
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Here we have ξ12 ≡ ξ1ξ2. It is clear that if either one of the traces from
the second terms of equation (5.10) vanish, we cannot have a hyperbolic
total holonomy. This is a special case where X1 and X2 are parallel. We
consider the case where ξ12 Tr (x1X1 x1

−1 x2X2 x2
−1) and ξ12 Tr (X1X2)

are non-vanishing. We can then always tweak the parameter ξ12 such that
|Tr (u12)| > 2 and |Tr (v12)| > 2. With that we would obtain the black hole.
If either one of these traces would be smaller than two, we would not find a
closed timelike curves. Physically it means that there is not enough energy
in the system to form a black hole (or that the particles are too far apart).

We want to consider the physical interpretation of the parameter ξ12. If
we would have a spacetime containing only one particle, the physical meaning
of the individual parameter ξ, is not really clear. In fact, it is not even clear
if one can attribute a physical meaning to ξ in that case at all. In the
case of one particle, one can always perform a coordinate transformation by
conjugation, such that it changes the ”center-of-mass” energy, if we were to
interpret the parameter this way. In the case of two particles however, we
can interpret ξ12 as being the center-of-mass energy of the two particles. A
little caveat: the vectors X1 and X2 are not normalized, so it is actually the
combination of these vectors with the parameters ξ1 and ξ2 that determines
the center-of-mass energy. It makes sense to interpret these combinations
as the center-of-mass energy, because if the particles are close enough to
potentially form a black hole, the only thing that determines whether an
event horizon is formed is the energy. This is no different than in ordinary
four dimensions. We already know the distance between the particles, as that
is given by the geodesics g1(s) and g2(s). Then the only thing that further
determines the creation of an event horizon would be the energy. In the
case of two particles, the center-of-mass energy is actually invariant under
conjugation, which is what we want. The energy must be independent of the
coordinate frame, and thus be Lorentz invariant.

Step 4: find fixed points of combined holonomy on boundary

Important for this approach is the action of the holonomies of the particles
on the conformal boundary. In particular, we are interested in the points
on the conformal boundary that are fixed by the holonomies, more precisely
the combined holonomy. From those points we want to construct the past
light cones. Parts of those light cones correspond to the black hole event
horizon. After all, the goal is to construct the event horizon using the fixed
points of the combined holonomy, as well as the cut surfaces. So this means
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we are looking for the null surface that is fixed by the combined holonomy.
Remember that the event horizon consisted of two pieces of null plane that
form a single null plane in our spacetime S. Those two pieces of null plane
can be shown to be the light cones to special points on the boundary that
are fixed by certain combinations of the isometries f1, f2 and r. Also, a
hyperbolic holonomy has two distinct fixed points on the boundary. The
logical conclusion is that the event horizon is actually a fixed surface of the
combined holonomy. So the points on the corners of the shaded rectangles
in figure 10. The fixed points of the total holonomy are given in figure 17a.

(a) (b)

Figure 17: The shaded rectangle in this figure represents the apparent region
of closed timelike curves in on the boundary, as would be seen by an observer
inside the spacetime. The fixed points of the combined holonomy are at the
corners of the rectangle. The dotted lines are the intersections of null planes
attached to the particles.

Figure 17 serves as an illustration of one of the patches of closed timelike
curves on the conformal boundary one might find when considering the fixed
points of the combined holonomy. The points correspond to the corners of
the rectangles. The left and right moving light rays connecting the points
mark the boundary of the apparent region of closed timelike curves, similar
to figure 10.

Note that not all of these four light rays are closed. Only parts of two
opposing sides, the parts enclosed by the cut surfaces, as shown in figure 9.
The relevant closed light ray in our case, the bottom one, is given in green
in figure 17. As we know, it is part of the event horizon, which means the
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intersection of the event horizon with the conformal boundary is a closed light
ray on J . As explained before, it is indeed part of the light cone belonging to
one of the fixed points of the combined holonomy. This is the corner shown
in red in figure 17.

On a minor note, the points and the rectangle in figure 17b were not
constructed using the same parameters that were used for all other figures
in this section. The figure in this case serves simply as an illustration to
get a better understanding of what is happening. In truth, the four points
are actually given in figure 17a, however this is visually less insightful. Still,
given a hyperbolic one always find two of these rectangles, which can be
constructed from the fixed points of the total holonomy, as we will now see.

To find the fixed points, one must solve the fixed point equation (3.34),
while at the same time requiring that the solution has a vanishing determi-
nant. After all, a point z on the boundary has det (z) = 0. With that in
mind it is convenient to write the point z as the product of two vectors ~α
and ~β, as is shown is equation (3.19). The fixed point equation then has the
following form:

(u12
−1~α)(~β

T
v12) ∝ ~α~β

T
. (5.11)

Here we used the proportionality sign instead of the equal sign to indicate
we are interested in matrices up to scalar multiplication. This now has
a particular advantage, as we can recognize that equation (5.11) actually
reduces to two eigenvalue equations that we can solve for the eigenvectors α
and β. Because due to the fact that we only consider matrices up to scalar
multiplication, the eigenvalues λα and λβ are not of importance to us. We

can simply identify matrices, such that ~α ∼ λα~α and ~β ∼ λβ~β. This leads
to the following equations:

u12
−1~α ∝ ~α and ~β

T
v12 ∝ ~β

T
⇒ v12

T~β ∝ ~β . (5.12)

So what this means is that one can find the point on the boundary z12
that is fixed by the holonomy (u12,v12), simply by finding the eigenvectors
belonging to u12

−1 and v12
T.

After solving equation (5.12) for the eigenvectors, one finds the fixed point
z12 on the conformal boundary. Actually find four different options for z12.
These are the four points shown in figure 17. Similar to what was done in
section 4.2, we can easily select the option that is relevant for us. That is,
the first fixed point beyond the cut surfaces. This point is given in red in
figure 17, as was done for the relevant points in figure 10.
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We still, however, only have one such point. Or equivalently, one shaded
rectangle, while we clearly require two. To find the other red point, one needs
to apply the holonomy of one particle to the point z12, such that we get:

z′12 = f1(z12) = u1
−1 z12 v1 . (5.13)

One has to consider the orientation of the spacetime when choosing to opt for
the holonomy of either particle 1 or particle 2. This is determined by how we
constructed the combined holonomy f12. We could have chosen f21 ≡ f2 ◦f1.
Then we would have found the second fixed point by applying the holonomy
of particle 2, f2, to the fixed point z12.

Step 5: plot the event horizon

To construct the event horizon, we are interested in the light cones of certain
points. To plot the light cones attached to the fixed points z12 and z′12, we
must plot all points that satisfy the trace condition (3.40) for those fixed
points.

Figure 18: In this figure we have the event horizon (yellow) for two particles
distributed in a non-symmetric way. The intersection of the two null planes
forming a single null plane, the event horizon, is the spacelike geodesic con-
necting the two particles.

In figure 18 we finally have the event horizon. Note that the event horizon
is made up of only parts of the light cones attached to the fixed points of
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the combined holonomy. Those points actually lie above both cut surfaces.
To retrieve the correct causal structure, the event horizon is bounded by
the cut surfaces. One piece of null plane lies above one of the cuts and
below the other cut, and vice verse for the other piece of null plane. Just as
for the symmetric case described in section 4, the event horizon is a single
null plane in S with no kinks other than the cusp from which the horizon
emerges. The spacelike geodesic connecting the particles along that line is a
self intersection of that single null plane in our spacetime. This is due to the
conical singularities that are located on the world lines. Quite generally, a
plane that intersects a conical singularity that is itself not orthogonal to the
plane, has a kink on the line that points away from the point of intersection
[10]. The horizons are therefore those null planes where this kink is located
on the spacelike geodesic connecting the particles. From this geodesic, the
horizon emerges.

Although not clearly visible in figure 18, it is important to note that
the particles are no longer reach the event horizon at the same time. This
seems to imply that the relation for horizon length (5.14) is no longer valid,
as we would expect some time-dependence for the horizon length. This is
however not the case. One can always find a Lorentz boost such that the
spacelike geodesic connecting the two particles and from which the event
horizon emerges, lies on an equal-time slice [1]. So this means the size of the
black hole remains constant as long as no matter falls into the black hole,
which was to be expected.

Using the combined holonomy, a simple formula for the horizon length
can be found. The length of the event horizon L is given by

L = arcosh
(
1
2
|Tr (u12)|

)
+ arcosh

(
1
2
|Tr (v12)|

)
. (5.14)

5.3 Another particle

With the statement about the combined holonomies, three particles can
be considered. To add another particle, we simply consider an additional
non-trivial, lightlike holonomy, such that we have:

f1 : x 7→ u1
−1 xv1, f2 : x 7→ u2

−1 xv2, f3 : x 7→ u3
−1 xv3 . (5.15)

The combined holonomy, f123 ≡ f1◦f2◦f3, is constructed in the same way as
before, different only in the fact that this time, the left half of the combined
holonomy is a composition of three lightlike matrices instead of two, and the
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same applies for the right half. So the combined holonomy is simply given
by

f123 : x 7→ (u1 u2 u3)−1 xv1 v2 v3 ≡ u123
−1 xv123. (5.16)

The same principle applies: if both the left and the right half of the combined
holonomy are hyperbolic, we obtain the BTZ metric. We don’t have to be
worried about the distance between the particles, or their total energy. That
is implicit in the combined holonomy being hyperbolic. So once again we
have the same trace condition for the combined holonomy:

|Tr (u123)| > 2 , and

|Tr (v123)| > 2 .
(5.17)

If these conditions are satisfied, we can follow the same steps as we did for two
particles, as described in section 5.2 to construct the event horizon, replacing
u12 with u123, and v12 with v123. And of course, we are now dealing with
an additional world line g3(s) and cut surface p3(s, s′). Again, we can find
a rectangles of four fixed points like in figure 17. From there we can pick we
desired one, which we call z123. Since we are now dealing with three particles,
we should actually obtain three such rectangles. The other points are again
found by applying the holonomies of the individual particles to z123, just like
in equation (5.13). The order in which this must be done depends on the
way we constructed the total holonomy, and with that the way an imaginary
observer walks around the world lines of the particles and through the cut
surfaces. In our case, we find the other fixed points, using

z′123 = f1(z123) = u1
−1 z123 v1

z′′123 = f2(z
′
123) = u2

−1 z′123 v2 .
(5.18)

From these points, the past event horizon must be evolved. To keep things
simple and visually instructive, it is convenient to consider the case where the
three particles are distributed across the spacetime in a symmetric manner.
This means they all enter (and leave) the spacetime simultaneously, and that
the distribution is point-symmetric for each equal-time slice. Moreover, we
start with a situation where the parameters of the individual 1-parameter
holonomies are equal as well, such that ξ1 = ξ2 = ξ3 ≡ ξ. We can then follow
all the steps to construct the event horizon, same as before, to obtain figure
19. Again, this is the most symmetric distribution for three massless par-
ticles, where the combined holonomy is indeed hyperbolic, just to illustrate
that our construction also seems to work for three particles.
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Figure 19: In this figure we have the event horizon (yellow) for three particles
distributed in a symmetric way. This time it consists of three pieces of null
plane that intersect at a point in the middle of the cylinder.

As one would expect, the event horizon is now given three pieces of null
plane that form a single null plane in S, fitting together correctly along the
cut surfaces. So logically, we now find three lines of intersection between
these null planes, and again these are spacelike geodesics that intersect the
world lines of the particles, as can be seen in figure 19. From these geodesic,
the null planes forming the event horizon emerge. Due to the symmetry in
this case, the particles are hit simultaneously by the event horizon. There
is an important difference compared to the situation with only two particles
however. We now have a situation where the horizon does not emerge from
a geodesic connecting the particles. Instead, the geodesics in question now
run from one world line each to a point on the axis of the cylinder at an
earlier time. The event horizon therefore seems to emerge from a vertex in
the middle of the cylinder. So in this case, it is not entirely clear whether we
can use a similar equation as given by (5.14) to calculate the horizon length.
Of course, we can boost the event horizon such that one of the cusps lies on
an equal-time slice. We can even imagine a where two of the three cusps do
so, but not all simultaneously.

The simplest situation is where only the combined holonomy f123 is hy-
perbolic in its left and right half, and all the others f12, f13 and f23 are not.
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We know that the combined holonomy of all three particles being hyperbolic
must imply that we have a BTZ metric. The question then arises what hap-
pens if two out of the three particles would have already formed a black hole.
For instance, it is possible that the combined holonomy of two particles like
f12 is already hyperbolic. Such a situation is visualized in figure 20.

Figure 20: Here we have the event horizon created by particles 1 and 2 (pink),
and the event horizon for all three particles (yellow). Note the world line of
the third particle crosses the event horizon of the two particles and as such
falls into the black hole.

To plot figure 20, we followed the exact same steps as before. First for
the holonomy f12, and then for the total holonomy f123. As expected, the
event horizon created by particles 1 and 2 lies above that of the event horizon
created by all three particles. As is familiar from four dimensions, the horizon
size should increase as matter falls into it. If we assume formula (5.14) to
hold for u123 and v123, we find that this is indeed the case. At least for the
parameters that were evaluated.

One can ask the question what the options are for the third ”infalling”
particle, given the formation of a BTZ black hole by the other two parti-
cles. How will it change the total holonomy if for example the third particle
does not cross the event horizon created by the other two particles? More
importantly, if it does cross the event horizon, does that automatically lead
to a total holonomy f123 that is hyperbolic in its left and right half? Put
differently, if we do in fact consider all three particles, is it sufficient to only
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have a combined holonomy f12 that is hyperbolic to obtain a BTZ space-
time? Another way to look at this problem is through trapped surfaces in
the interior of the black hole [11]. (As we are in three dimensions, this would
actually be trapped lines.) The important point made there is that it is
impossible to locate the event horizon without knowledge about the infinite
future. This is a simple consequence of the face that an event horizon of a
black hole marks a boundary in spacetime such that no events inside it can
be seen from the outside. It can then be shown that the role of the original
singularity has been taken over by the role of the new singular line at a lower
time coordinate, once the third particle has falling in. In fact, the new event
horizon then has a kink before the particle crosses it. This does agree with
the results in figures 19 and 20.
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6 Concluding remarks

It certainly seems that we can generalize the result from [10], by simply
looking at the holonomies of the particles. Instead of finding the coordinates
of fixed points on the boundary explicitly by considering the non-trivial iden-
tifications on the cut surfaces, we now can recognize them to be the fixed
points of the total holonomy and find them in terms of matrices. This drasti-
cally simplifies the situation. Once these points are found, it is only a matter
of identifying which of those points is the first fixed point beyond the cuts,
and then the construction of the event horizon is performed in the same
way. To be fully confirm this, the causal structure of the spacetime could be
evaluated as it is done in [10]. That would especially give more insight to
what happens in the interior of the black hole, and particular, which region
of spacetime is filled with closed timelike curves that must be taken away to
obtain the black hole.

In the case of three particles the situation is not as clear, even in the
case of a symmetric distribution. The same logic as for a spacetime with
only two particles in terms of fixed points of combined holonomies seems to
apply and does lead to figures that could be expected of a situation like this,
however it is not entirely clear to what extent general statements about the
interior causal structure can be made. Again, approaching this problem from
the context of trapped surfaces might reveal more about this aspect and the
location of the event horizon. It would be interesting to see if those results
would correspond to the method in this study, whereby we looked at the first
fixed points of the total holonomy beyond the cut surfaces.

What is in general true is that if, for a spacetime containing two particles,
and for a spacetime containing three particles, both halves of the respective
total holonomies f12 and f123 are hyperbolic, we do obtain a BTZ spacetime.
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Appendix

A Source code

Define functions

(* gamma matrices *)

\[Gamma]0 = {{0, 1}, {-1, 0}} ;

\[Gamma]1 = {{0, 1}, {1, 0}} ;

\[Gamma]2 = {{1, 0}, {0, -1}} ;

(* the 3d embedding used in holst1999anti Figure 1 *)

coortocyl[{t_, \[Theta]_, \[Phi]_}] :=

{Cos[\[Phi]] Sin[\[Theta]], Cos[\[Theta]], t}

cyltocoor[{x_, y_, z_}] :=

{z, ArcCos[y], ArcCos[x/Sqrt[1 - y^2]]}

(* holst1999anti (1.8) *)

gamma =

{{{0, 1}, {-1, 0}}, {{0, 1}, {1, 0}}, {{1, 0}, {0, -1}}};

coortomat[{t_, \[Theta]_, \[Phi]_}] :=

1/(Sin[\[Theta]] Sin[\[Phi]]) (Cos[t] {{1, 0}, {0, 1}}

+ {Sin[t], Cos[\[Theta]],

Sin[\[Theta]] Cos[\[Phi]]}.gamma)

(* shortcut to go from a PGL(2,R)-matrix to the 3d cylindrical

embedding and back *)

mattocyl[x_] :=

Append[{Tr[gamma[[3]].x], Tr[gamma[[2]].x]}/Sqrt[

Tr[x]^2 + Tr[gamma[[1]].x]^2] ,

-ArcTan[Tr[x], Tr[gamma[[1]].x]]] //

If[#[[3]] < 0, {-#[[1]], -#[[2]], \[Pi] + #[[3]]}, #] &

cyltomat[{x_, y_, z_}] := {{x + Cos[z],

y + Sin[z]}, {y - Sin[z], -x + Cos[z]}}

(* up to scalar multiplication we can parametrize any

matrix with determinant 0 by *)

boundarymat[{\[Alpha]_, \[Beta]_}] :=
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KroneckerProduct[{Cos[\[Alpha]], Sin[\[Alpha]]},

{Cos[\[Beta]], Sin[\[Beta]]}];

(* Use a more regular form for the inverse matrix *)

detinv[{{m11_, m12_}, {m21_, m22_}}] =

{{m11, m12}, {m21, m22}} // Det[#] Inverse[#] & ;

(* Parametrization nilpotent matrices *)

nilpotentmat[\[Theta]_] := {{Cos[\[Theta]],

1 + Sin[\[Theta]]}, {-1 + Sin[\[Theta]], -Cos[\[Theta]]}}

(*-----------------------------------------------------------*)

(*-----------------------------------------------------------*)

Choose parameters

(* Starting point )/direction parameter/holonomy parameter *)

{x1x = 1/6, x1y = 0, x1z = \[Pi]/2,

X1nil = 0 \[Pi], \[Xi]1 = 3} ;

{x2x = -1/3, x2y = 1/2, x2z = \[Pi]/2,

X2nil = 2 \[Pi]/3, \[Xi]2 = 4} ;

(*-----------------------------------------------------------*)

(*-----------------------------------------------------------*)

Calculations

(* WORLD LINES *)

(* Starting points world lines *)

x1 = cyltomat[{x1x, x1y, x1z}] ;

x2 = cyltomat[{x2x, x2y, x2z}] ;

(* Direction lightlike world lines *)

X1 = nilpotentmat[X1nil] ;

X2 = nilpotentmat[X2nil] ;

(*-----------------------------------------------------------*)

(* CUT SURFACES *)

(* Orthogonal vectors to world lines *)

65



Y1 = \[Gamma]0.X1 - X1.\[Gamma]0 ;

Y2 = \[Gamma]0.X2 - X2.\[Gamma]0 ;

(* Simplify matrix exponential *)

(* Combined matrix in null plane equation *)

W1[s_, t_] = s*X1 + t*Y1 ;

W2[s_, t_] = s*X2 + t*Y2 ;

(* Factor for simplification matrix exponential *)

f1[s_, t_] = Sqrt[Tr[W1[s, t].W1[s, t]]]/2 ;

f2[s_, t_] = Sqrt[Tr[W2[s, t].W2[s, t]]]/2 ;

(* Equation null planes, expanded matrix exponential *)

Mexp1[s_, t_] =

Cosh[f1[s, t]]*IdentityMatrix[2]

+ (1/f1[s, t])*Sinh[f1[s, t]]*W1[s, t] ;

Mexp2[s_, t_] =

Cosh[f2[s, t]]*IdentityMatrix[2]

+ (1/f2[s, t])*Sinh[f2[s, t]]*W2[s, t] ;

(* Numerical equation null plane *)

Mexp1n[s_, t_] = FullSimplify[1.*Mexp1[s, t]] ;

Mexp2n[s_, t_] = FullSimplify[1.*Mexp2[s, t]] ;

(*-----------------------------------------------------------*)

(* FIXED POINTS BOUNDARY PARTICLES *)

(* End (start) points particles *)

z1 = x1.X1 ;

z2 = x2.X2 ;

(*-----------------------------------------------------------*)

(* HOLONOMIES OF PARTICLES *)

(* Left half *)

v1 = MatrixExp[\[Xi]1*X1] ;

v2 = MatrixExp[\[Xi]2*X2] ;

(* Right half *)

u1 = x1.v1.Inverse[x1] ;

u2 = x2.v2.Inverse[x2] ;

(*-----------------------------------------------------------*)

(* TOTAL HOLONOMY *)

(* Particles 1 & 2 *)

u12 = u1.u2 ;

v12 = v1.v2 ;
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(*-----------------------------------------------------------*)

(* LENGTH EVENT HORIZON *)

l12 = ArcCosh[Tr[u12*1.]/(-2)] + ArcCosh[Tr[v12*1.]/(-2)] ;

(*-----------------------------------------------------------*)

(* FIXED POINTS BOUNDARY COMBINED HOLONOMIES *)

(* Find two sets of four points,

given by a( ,A,B,C) and b( A,B,C) *)

(* Solve fixed point equation --> eigenvectors #1 *)

z12a = FullSimplify[

1.*KroneckerProduct[Eigenvectors[Inverse[u12]][[2]],

Eigenvectors[Transpose[v12]][[2]]]] ;

(* Transformed point through holonomy *)

z12b = Inverse[u1].z12a.v1 ;

(* Solve fixed point equation -> eigenvectors #2 *)

z12aA = FullSimplify[

1.*KroneckerProduct[Eigenvectors[Inverse[u12]][[1]],

Eigenvectors[Transpose[v12]][[2]]]] ;

(* Transformed point through holonomy *)

z12bA = Inverse[u1].z12aA.v1 ;

(* Solve fixed point equation --> eigenvectors #3 *)

z12aB = FullSimplify[

1.*KroneckerProduct[Eigenvectors[Inverse[u12]][[2]],

Eigenvectors[Transpose[v12]][[1]]]] ;

(* Transformed point through holonomy *)

z12bB = Inverse[u1].z12aB.v1 ;

(* Solve fixed point equation --> eigenvectors #4 *)

z12aC = FullSimplify[

1.*KroneckerProduct[Eigenvectors[Inverse[u12]][[1]],

Eigenvectors[Transpose[v12]][[1]]]] ;

(* Transformed point through holonomy *)

z12bC = Inverse[u1].z12aC.v1 ;

(*-----------------------------------------------------------*)

(* COORDINATE EQUATIONS NULL PLANES *)

(* Use trace condition *)

xcoor12a[y_, z_] =

FullSimplify[

x /. Solve[Tr[detinv[cyltomat[{x, y, z}]].z12a] == 0, x]

[[1]]] ;
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xcoor12b[y_, z_] =

FullSimplify[

x /. Solve[Tr[detinv[cyltomat[{x, y, z}]].z12b] == 0, x]

[[1]]] ;

xcoor12aA[y_, z_] =

FullSimplify[

x /. Solve[Tr[detinv[cyltomat[{x, y, z}]].z12aA] == 0, x]

[[1]]] ;

xcoor12bA[y_, z_] =

FullSimplify[

x /. Solve[Tr[detinv[cyltomat[{x, y, z}]].z12bA] == 0, x]

[[1]]] ;

xcoor12aB[y_, z_] =

FullSimplify[

x /. Solve[Tr[detinv[cyltomat[{x, y, z}]].z12aB] == 0, x]

[[1]]] ;

xcoor12bB[y_, z_] =

FullSimplify[

x /. Solve[Tr[detinv[cyltomat[{x, y, z}]].z12bB] == 0, x]

[[1]]] ;

xcoor12aC[y_, z_] =

FullSimplify[

x /. Solve[Tr[detinv[cyltomat[{x, y, z}]].z12aC] == 0, x]

[[1]]] ;

xcoor12bC[y_, z_] =

FullSimplify[

x /. Solve[Tr[detinv[cyltomat[{x, y, z}]].z12bC] == 0, x]

[[1]]] ;

(*-----------------------------------------------------------*)

(*-----------------------------------------------------------*)

Plot

(* Plot fixed points total holonomy --> A for event horizon *)

Show[Graphics3D[{{Opacity[0.3], LightBlue,

Cylinder[{{0, 0, 0}, {0, 0, \[Pi]}}, 1]}, {Black,

Sphere[mattocyl[z12a], 0.03]}, {Black,
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Sphere[mattocyl[z12b], 0.03]}, {Blue,

Sphere[mattocyl[z12aA], 0.03]}, {Blue,

Sphere[mattocyl[z12bA], 0.03]}, {Pink,

Sphere[mattocyl[z12aB], 0.03]}, {Pink,

Sphere[mattocyl[z12bB], 0.03]}, {Orange,

Sphere[mattocyl[z12aC], 0.03]}, {Orange,

Sphere[mattocyl[z12bC], 0.03]}},

Boxed -> False, Axes -> False]]

(* WORLD LINES/CUT SURFACES/EVENT HORIZON *)

(* Use RegionFunction for the right boundary conditions *)

Show[Graphics3D[{{Opacity[0.3], LightBlue,

Cylinder[{{0, 0, 0}, {0, 0, \[Pi]}}, 1]}},

Boxed -> False, Axes -> False],

ParametricPlot3D[mattocyl[x1.(IdentityMatrix[2] + s X1)],

{s, -40, 40}, RegionFunction -> Function[{x, y, z},

x^2 + y^2 < 1], PlotStyle -> Red],

ParametricPlot3D[mattocyl[x2.(IdentityMatrix[2] + s X2)],

{s, -40, 40}, RegionFunction -> Function[{x, y, z},

x^2 + y^2 < 1], PlotStyle -> Red],

ParametricPlot3D[mattocyl[x1.Mexp1n[s, t]], {s, -40, 40},

{t, -40, 0}, RegionFunction -> Function[{x, y, z},

x^2 + y^2 < 1], Mesh -> None, PlotStyle -> Green],

ParametricPlot3D[mattocyl[x2.Mexp2n[s, t]], {s, -40, 40},

{t, -40, 0}, RegionFunction -> Function[{x, y, z},

x^2 + y^2 < 1], Mesh -> None, PlotStyle -> Green],

ParametricPlot3D[

mattocyl[cyltomat[{xcoor12aA[y, z], y, z}]], {y, -1, 1},

{z, 0, \[Pi]}, RegionFunction -> Function[{x, y, z},

x^2 + y^2 < 1 && (Tr[detinv[cyltomat[{x, y, z}]].z2] > 0

|| Tr[detinv[cyltomat[{x, y, z}]].z12bA] < 0) &&

Tr[detinv[cyltomat[{x, y, z}]].z1] < 0],

Mesh -> None, PlotStyle -> Yellow],

ParametricPlot3D[

mattocyl[cyltomat[{xcoor12bA[y, z], y, z}]], {y, -1, 1},

{z, 0, \[Pi]}, RegionFunction -> Function[{x, y, z},

x^2 + y^2 < 1 && (Tr[detinv[cyltomat[{x, y, z}]].z1] > 0

|| Tr[detinv[cyltomat[{x, y, z}]].z12aA] < 0) &&
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Tr[detinv[cyltomat[{x, y, z}]].z2] < 0],

Mesh -> None, PlotStyle -> Yellow]]
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