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Abstract
In this thesis, I will discuss the most general gravity-mediated scattering of scalar particles compatible with a Lorentzian quantum effective action. I will use this framework to recover that scattering
amplitudes originating from the Einstein-Hilbert action supplemented by minimally coupled scalar
fields diverging quadratically with the centre-of-mass energy. The introduction of new interactions
associated with terms quadratic in spacetime curvature cure this problem at the cost of unitarity.
I will demonstrate that dressing the monomials with momentum-dependent form factors provides
enough room to circumvent both problems, allowing for finite, unitary and causal scattering amplitudes beyond the Planck scale. These structural demands can be met without the introduction of
non-localities or higher spin-degrees of freedom. These results constitute prototypical examples for
scattering amplitudes expected within the gravitational asymptotic safety program. Furthermore,
the form factor formalism allows for a parametrization of a class of higher-derivative theories of
gravity. Our framework allows us to pinpoint the problems that present themselves in here. In this
thesis, we will analyze effective field theory, Stelle gravity, infinite derivative gravity and Asymptotic
Safety within this formalism as an illustration and as a stepping stone towards realizing Lorentzian
asymptotically safe scattering amplitudes.
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1

Introduction

The discussion about space and time is one that inspired many of the greatest minds of history. The
ancient philosophers of Greece already wondered about the nature of these entities. Throughout
the centuries, parallel to the development of mathematics, a framework was build to quantify these
discussions into the laws of physics. The interplay between physics, mathematics and philosophy
has boosted science to the point we are now. A remarkable feature that guided many scientist is
a certain amount of beauty, elegance or simplicity that nature should preserve. Following these
ontological principles, it is extraordinary how well the rules of calculus, algebra, group theory etc.
lend themselves for the description of nature we have today.
A prime example of this is general relativity (GR), the theory of gravity we have today. Using
tensor calculus, a complex set of highly non-linear partial differential equations is captured in a
single line. Besides the mathematical marvel general relativity brought about, it also radically
revolutionized the way we think about space and time. According to GR, they are one and the
same and should be treated on equal footing. Previously, these were considered as separate entities,
existing side-by-side, but the success of GR forced us to accept the notion of spacetime. No other
theory could correctly described the precession of Mercury’s perihelion, the deflection of light by the
sun or gravitational redshift. On top of that is the prediction of gravitational waves and black holes,
which have been observed in nature in just the last five years [1, 2].
Equally important, and roughly at the same time, was the development of quantum mechanics,
and later quantum field theory. The classical particle interpretation of localized objects was replaced
by formulating particles as excitations of an underlying Hilbert space, has proven to be extremely
successful, although it was met with mixed reactions at that time.
Nevertheless, the irrefutable evidence of the quantum nature of matter was building up, which
eventually culminated in the standard model (SM) of particle physics. The standard model incorporates three of the four fundamental forces of nature in a single quantum field theory by introducing a
small set of elementary particles and force carriers. It uses the mathematical framework of quantum
field theory to describe how they interact, and it allows us to calculate cross sections and decay
rates to very high precision. Over the last decades, all particles that constitute the SM have been
observed, with the Higgs boson being the last addition in 2012 [3, 4]. The standard model allowed us
to calculate some of the most accurate predictions to date, such as the anomalous magnetic dipole
moment of the electron where experiment and theory agree up to ten parts in a billion [5].
Chapter 1. Introduction
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1.1

Problems with gravity

Despite the successes of the standard model, there are still some big questions left unanswered. For
instance, very little is known about dark matter and dark energy, even though they proved the
most significant contributions to the energy budget of the universe. Secondly, the observed neutrino
oscillations contradict the assumed masslessness of the standard model neutrinos. Maybe the biggest
issue is the absence of gravity. As physicists, we are looking for one elegant theoretical framework
to describe nature, so naturally the standard model and general relativity should be unified into one
theory. In order to treat gravity on equal footing with the other fundamental forces, it is of paramount
importance to understand how gravity behaves as a quantum theory. However, the standard model
does not describe gravity. It does not include its force carrier, the so-called graviton, as it does for
the other fundamental forces (photons, gluons and W ± -, Z-bosons).
Gravitons appear naturally when general relativity is treated as a quantum field theory. However,
problems start piling up quickly when gravitational interactions are evaluated at very short distances
or at very high energies. In this UV-regime, observables defined through their scattering amplitudes
are plagued by divergences. A general procedure in quantum field theory introduces a counter
Lagrangian to the action whose goal is to absorb these infinities. To each term in the counter
Lagrangian, a coupling constant is associated, whose value should be determined by experiments.
The problem with gravity is that this approach requires an infinite number of counter terms. Thus,
one needs an infinite number of observations to determine all the coupling constants. Formally, this
is called the perturbative nonrenormalizability of general relativity. It has been proven that gravity
interacting with scalar particles is perturbatively nonrenormalizable at the one-loop level [6, 7], and
pure gravity at the two-loop level [8].
A second problem is due to the difficulty of measuring
effects. It is expected
p quantum gravity
19
5
that these effects become relevant at the Planck scale ~c /GN ' 10 GeV, which is many orders
of magnitude higher than what we can currently measure at the LHC and it is even well-beyond the
highest detected energies of cosmic rays. The branch of quantum gravity phenomenology is looking
for quantum gravity signatures which are accessible experimentally. Although building a galaxysized particle collider might be cumbersome, there might be hope to measure quantum gravity in
other processes. Some of the proposals build on the idea that Lorentz invariance or the principles
of relativity might be broken near the Planck-scale, and that quantum gravity effects are important
in the description of neutron stars. A more elaborate discussion on the current status can be found
in [9–11]. Nevertheless, it is still notoriously hard to link theory to any reasonable detection and
with current technology, these ideas are still out of reach.

1.2

A new hope

At this point one might wonder if the quest for quantum gravity is doomed to fail. Certainly,
there are many issues, both theoretically and experimentally, that need to be overcome. Concerning
general relativity, we know that problems arise in the UV, but this does not mean we cannot draw
any conclusions in the low energy regime. Regarding general relativity as an effective field theory,
predictive statements can be made below a certain cut-off scale [12–14]. It is beyond this scale that
a new quantum gravity theory is required.
The scientific community has not been sitting still in the last decades, making massive progress
towards understanding the intricate subtleties of quantum gravity. At this point, there is a wide
range of quantum gravity proposals, each solving some of the issues raised in the previous section,
although there is no clear “winner” yet. Among the more popular proposals are string theory and loop
quantum gravity. Due to the non-perturbative nature of quantum gravity, these theories abandoned
2
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the quantum field theory formalism. However, they have problems of their own. Loop quantum
gravity has issues with restoring general relativity in the semi-classical limit [15–17]. Conversely,
predictivity of string theory has always been up for debate, due to its enormous number of degrees
of freedom. From a pragmatic point of view, no characteristic fingerprint of string theory (including,
e.g., supersymmetry, extra dimensions and Regge poles) have seen experimental confirmation.
A second look at the QFT-approach to gravity shows that there is actually much to be gained. As
shown by Stelle, it turns out that the addition of higher curvature terms to the Einstein-Hilbert action
yields a renormalizable theory [18]. There is, however, a cost to be paid. Stelle gravity introduces a
negative norm state, also called a ghost state, in the spin-two part of the graviton propagator (which
will be shown in detail in chapter 5). This spin-two ghost is unphysical and it is known to violate the
unitarity of the S-matrix [19]. Nevertheless, quantum field theories should not simply be disregarded.
Currently, there is a plethora of higher-curvature and higher-derivative theories, potentially resolving
the unitarity issues that typically arise in this sector [20, 21].
The analysis of a quantum field theory generally starts from an action. It tells us which interactions between particles are allowed, incorporates all the symmetry conditions of the theory, and
allows to compute observables (at least in principle). A priori, we have no information about the
interaction monomials that enter the action. A natural starting point is to order contributions to the
action by power counting arguments. Generically, the argument is that interaction monomials coming
with a higher mass dimension are suppressed in the low-energy regime. Following this logic, we could
then start to include higher and higher orders of curvature tensors. However, this procedure proves
to be problematic when truncated at a finite order. As was with Stelle gravity, unitarity-breaking
ghosts modes appear in higher derivative theories. There are several ways to deal with ghosts [22].
In the context of asymptotic safety, they can be dealt with through an interacting fixed point. If the
mass of the ghost state is pushed to infinity by the renormalization group equation, it is effectively
decouple from the theory and unitarity is saved. Due to the complexity of the renormalization group
equation, an analysis of a generic action is currently out-of-reach, but over the years, an incredible
amount of evidence is building up that gravity is asymptotically safe in four dimensions [23–34], for
a more complete discussion I refer to [35–37]. One of the open questions is if asymptotically safe
gravity is unitary [38] and how the mechanism can be formulated for Lorentzian signature metrics.
In this thesis we take first, important steps towards answering these questions.
The key idea of the present approach is to collect all orders of the Laplacians acting on a monomial
X, conspire into an entire function. Schematically,
Z

4

√



2

2

d x −g α0 X + α1 X∆X + α2 X∆ X + . . .



−→

Z

√
d4 x −gXfXX (∆)X

(1.1)

where ∆ = −g µν Dµ Dν . Each monomial gets dressed with a form factor, which captures the entire
momentum dependence of that specific term. This approach allows to study a broad class of quantum
gravity theories in a unifying language. For example, in four dimensional theories, there are only
two independent tensor structures that appear at O(R2 ) in the pure gravity part of the action [39];
the squared Ricci scalar and the squared Weyl tensor (see section 3.2.1). The constant form factors
of Stelle gravity, which generated the spin-two ghost, is now a momentum-dependent function. The
idea is that appropriate form factors circumvent the ghost modes. The form factor model has been
studied to resolve the black hole singularity [40], while they can simultaneously modify gravity on
cosmic scales [41, 42]. The current question is which form factors result in a good theory of quantum
gravity. This can be divided into two subquestions. We should understand what constraints need
to be imposed on the form factors to abide to a list of physical requirements, e.g. unitarity and
causality. Secondly, we need to know how to construct a theory that satisfies these criteria from first
principles. In the work done in this thesis, the focus is on the first question.
1.2. A new hope
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1.3

Outline

The goal of this thesis is to use the form factors to study the requirements of unitarity and causality of scattering events. At the heart of this analysis will be the scattering of (in)distinguishable
scalar particles, mediated by a graviton. The starting point will be the quantum effective action of
gravity coupled to scalar fields, containing all interaction monomials that contribute to the tree-level
scattering amplitudes in a flat Minkowski background. This also contains a self-interaction of the
scalar particles, which plays an essential role in taming the growth of the amplitude. Dressing each
term with a form factor, we obtain the most general quantum effective action that contributes to
this scattering process.
This thesis starts with familiarising the reader with the mathematical background of the quantum
effective action in chapter 2. In the final section of this chapter, I will also list the important
constraints we wish to impose on the action, which restricts the monomials that enter. We then
derive the most general action which can be attributed to scalar-scattering in chapter 3. From
this, we derive the relevant n-point functions, from which we get the graviton propagator and the
scalar-graviton vertex. This sets the stage for constructing the scattering amplitude, partial wave
amplitudes, and cross section in chapter 4. The result allows us to derive constraints on the form
factors to yield unitary, causal and scale-free amplitudes, without introducing massive higher-spin
particles and non-localities. Also, it allows for an analysis of different higher-derivative theories of
gravity in a unified language in chapter 5. As a proof of principle, a specific set of form factors are
introduced in chapter 6 which are compatible with the list of constraints, showing that the form
factors give enough freedom for a physical quantum gravity theory. We close with some concluding
remarks and an outlook to future research in chapter 7.
The constants ~ and c will be set to one throughout the calculations, while Newton’s constant
will remain in the calculation. The calculations will done in a Lorentzian metric signature.1 The
cosmological constant is also set to zero. It is assumed that this does not influence the conclusions
of the work done in this thesis.
During my internship, I have had the opportunity to join a research collaboration from Nijmegen,
Waterloo and Mainz, consisting of dr. Frank Saueressig, dr. Benjamin Knorr, dr. Chris Ripken and
me. The results of this thesis can partially be found in the two articles, [43, 44], we wrote in this
time.

1

4

Asymptotic safety calculations are usually done in Euclidean signatures.

1.3. Outline
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2

Time for action

In this chapter, the theoretical foundation for the remainder of this thesis will be laid down. The
object that we will work towards is the quantum effective action. It is a generating functional which
encodes all one-particle irreducible vertices of the theory. Having this in our toolkit, calculating
scattering amplitudes becomes easy. Only tree-level diagrams are needed to obtain the amplitude.
No renormalization techniques are required here, since all loop corrections are already included in the
effective vertices. The downside to this is that full insight in the microscopic quantum fluctuations
of the theory is required. In this sense, full information of the system is necessary. In this thesis,
the quantum effective action will be parametrized in terms of unspecified form factors which capture
all (non-perturbative) momentum dependence of the quantum fields. These functions account for
the momentum behaviour of the vertices and propagators beyond leading order. Starting from a
quantum effective action is therefore perfectly fine, although a derivation of these form factors from
first principles is beyond the scope of this thesis.
The first part of this chapter shows how the quantum effective action is derived in the path
integral formalism, starting from the ground up and going through the derivations step-by-step. The
final part of the chapter introduces the physical requirements which need to be imposed on a theory.

2.1

Generating functionals

Typically, observables can be calculated from scattering amplitudes. There are different procedures to
derive them from an action. Some QFT textbooks follow the way of canonical quantization. Classical
fields are promoted to quantum operators which satisfy the canonical commutation relations, which
is why QFT is sometimes bluntly referred to as “the art of putting hats on stuff”. A different, but
equivalent, approach is the path integral formalism. Following [45] an intuitive approach to the
path integral can be achieved by studying the double-slit experiment. Suppose a sheet with two
small slits is placed in between a particle source and a screen. This results in a interference pattern
on the screen, due to the wave-particle duality of matter. It cannot be said through which hole a
particle travelled to end up at the screen, and the detection amplitude is given by the sum of the
amplitudes of the particle travelling through either hole. Would anything change if more holes were
poked in the sheet? Similarly, would anything fundamentally change if more than one sheet was
placed in between the source and the screen? The answer to both questions is no, the same principle
still holds. The total amplitude is given by summing over the probability amplitudes of all possible
Chapter 2. Time for action
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trajectories through the sheets and holes. The real magic happens considering an infinite number of
sheets and holes. Effectively, the sheets are removed altogether, and the detection amplitude is given
by summing over all possible paths between the source and screen. There are two questions which
needs to be answered. We should know what the probability amplitude of any given path connecting
the two points xa at t = 0 and xb at t = τ is and we should know how to “sum over paths”.
b , sandThe propagation amplitude in quantum mechanics is given by the evolution operator U
wiched between the initial state |xa i and final state |xb i. It is a unitary operator which can be written
b this is given by
as the exponential of a Hermitian operator. For a time-independent Hamiltonian H,


i b
b
U (τ ) = exp − Hτ .
(2.1)
~
By the completeness relation, it is enough to know how the amplitude evolves in a tiny interval.
Suppose the points xi define a partition of the interval [xa , xb ], such that x0 = xa and xN = xb for some
N ∈ N and xi+1 > xi . Furthermore, the propagation between subsequent points is equitemporal,
meaning that it takes δτ = τ /N to propagate from xi to xi+1 . The total amplitude is obtained by
multiplying over all intermediate amplitudes
b (τ ) |xa i =
hxb | U

N Z
Y
i=1



b (τ ) |xi−1 i .
dxi hxi | U

(2.2)

b = pb2 /2m + Vb (x), the intermediate amplitudes can readily be calStarting from a Hamiltonian H
culated by making use of the completeness relation for a second time. For the explicit calculations,
I refer to [45, 46]. A functional integral is obtained by plugging the result back and taking the
continuum limit N → ∞
 Z τ 

Z
1
b (τ ) |xa i = Dx(t) exp i
hxb | U
dt mẋ2 − V (x)
~
2
 Z0

Z
i
= Dx(t) exp
dt L[x, ẋ] .
(2.3)
~
The functional integral integrates over all possible paths such that x(0) = xa and x(τ ) = xb . Both of
the initial questions are answered. The path integral is calculated through an integration procedure
over a discrete interval, followed by taking the continuum limit. Simultaneously, this representation
of the amplitude shows that the weight of each path is given by an exponential of a phase factor. Each
path has the same modulus, and the phase factor is given by the action of the theory. The expectation
value, where the initial and final state are the ground state is called the partition function, and it
denoted by Z.
Befitting to any good quantum theory, the semi-classical limit ~ → 0 should retrieve the classical
equations of motion. In this limit, the stationary phase approximation shows that only paths that
extremize the action, solving the Euler-Lagrange equations, contribute to the action. This shows
that the semi-classical limit gives the classical equations of motion.
At this point, it is time do start doing quantum field theory. This means all components in
equation (2.3) should be identified with Lorentz invariant building blocks. First, the “path” is
replaced by the quantum field φ, which is a function of spacetime, rather than just the variable t.
Secondly, the action is defined as an integral of the Lagrangian density. The correct kinetic term
contains two time-derivatives, contrary to Schrödinger’s equation, to treat space and time on equal
footing. Finally, we use the freedom to choose the initial and final configurations as the ground
state to obtain the partition function of the quantum field theory. It has the interpretation of the
6
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transition amplitude of the vacuum |Ωi, i.e. the vacuum energy, picking up all possible quantum
fluctuations along the way
 Z

Z
4
b
Z0 = hΩ| U (τ ) |Ωi = Dφ exp i d xL[φ] .
(2.4)

Here |Ωi is the vacuum state of the fully interacting Hamiltonian of the system. At some instance of
time, we would like to create a particle, watch it propagate for a while, and finally annihilate it into
the vacuum. The way to achieve this, is by including a small perturbation to the vacuum by means
of a source term J, linearly coupled to the field φ
 Z
Z
h
i
4
(2.5)
Z [J] = Dφ exp i d x L[φ] + J(x)φ(x) .
The φ-integral has no explicit solution in a closed form. In general, an expansion procedure of some
kind is required, which is the starting of perturbation theory in QFT’s. However, a solution can be
found for a massive, free particle. In this case, the potential is set to V (φ) = 21 m2 φ2 , resulting in


Z
Z

i
4
4
d x d y J(x)D(x − y)J(y) = Z0 exp iW [J] ,
Z[J] = Z0 exp −
(2.6)
2
where W is defined as the exponent sitting in Z[J]
Z
Z
1
4
d x
d4 y J(x)D(x − y)J(y),
W [J] = −
2
and D is the propagator of the scalar field φ, satisfying

− ∂ 2 + m2 D(x − y) = δ (4) (x − y).

(2.7)

(2.8)

It is clear that W [J] ' −i log Z[J] contains the interesting information about a free particle, namely
the propagator. Taking variations with respect to the source term gives us exactly that
δ 2 iW [J]
= −iD(x − y).
δJ(x)δJ(y)

(2.9)

It is not a coincidence that this happens. In fact, equation (2.9) holds for any action, not just for a
free particle. Understanding W and Z in terms of correlation functions, or equivalently, in terms of
Feynman diagrams turns out to be crucial. To show what is going on, Z and W will be expanded
around J = 0, starting with Z first.
 Z
X
n
∞ n Z
i
Dφ exp i d4 xL[φ]
d4 xJ(x)φ(x)
n!
n=0


Z
Z
Z
1
4
4
4
= Z0 1 + i d x J(x) hφ(x)i −
d x d y J(x)J(y) hφ(x)φ(y)i + . . . .
2

Z[J] =

Z

(2.10)

What is being shown here is that Z is a generating functional, whose coefficients give the n-point
correlation functions. Of course, we know that the two-point correlation function is exactly the
propagator, so it was indeed no coincidence that it appeared in eq. (2.7). In general, we have
1
δ (n) Z[J]
Z[J] δJ(x1 ) . . . δJ(xn )

J=0

= in hφ(x1 ) . . . φ(xn )i .

2.1. Generating functionals

(2.11)
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hφ(x)φ(y)i =

x

y

+

x

y

Figure 2.1: Representation of the two-point correlation function in Feynman diagram language. It
includes all diagrams, both connected (1st term) and disconnected (2nd term), propagating from x to
y. The shaded grey area consists of all connected contributions.
It is time to show the exact difference between W and Z. As an example, I will calculate the first
and second order functional derivatives of W [J] with respect to two non-zero source terms J(x) and
J(y).
δW [J]
δ log Z[J]
1 δZ[J]
= −i
= −i
= hφ(x)i
δJ(x)
δJ(x)
Z[J] δJ(x)

(2.12)

This is the same result as we got for Z[J]. From the next order onwards, the result will be different
however.
δ 2 log Z[J]
δ 2 W [J]
= −i
δJ(x)δJ(y)
δJ(x)δJ(y)
 Z
Z
h
i
δ
1
4
= −i
Dφ i φ(y) exp i d z L[φ] + J(z)φ(z)
δJ(x) Z[J]

 Z
Z
h
i
1
4
= −i −
Dφ i φ(x) exp i d z L[φ] + J(z)φ(z)
Z[J]2
 Z
Z
h
i
4
× Dφ i φ(y) exp i d z L[φ] + J(z)φ(z)
 Z
Z
h
i 
1
4
+
Dφ i φ(x) i φ(y) exp i d z L[φ] + J(z)φ(z)
Z[J]


= i hφ(x)φ(y)i − hφ(x)i hφ(y)i .

(2.13)

We can immediately interpret the difference between W and Z. While Z is the generating functional
for all correlation functions, W generates only the connected ones. A diagrammatic representation
of this result is shown in figure 2.1 and 2.2. As a matter of convention, the RHS of equation (2.13) is
abbreviated to i hφ(x)φ(y)ic . In general, taking the n-th derivative of W with respect to J gives the
n-th order connected correlation function
δiW [J]
= in hφ(x1 ) . . . φ(xn )ic .
δJ(x1 ) . . . δJ(xn )

(2.14)

It is because of this reason that our interest lies in W ; only connected and amputated diagrams are
relevant in the calculation of scattering amplitudes.
The connected two-point function generated by W consists of all possible diagrams which cannot
be separated without cutting an internal line. These diagrams can be divided into two classes.
First, we consider the class where cutting an arbitrary internal line does not produce a disconnected
graph. The collection of these diagrams are known as the one-particle irreducible diagrams. Next,
we consider the classes where cutting one, two, . . . internal lines produces one-particle irreducible
diagrams. All these reducible diagrams can be produced by stringing together the irreducible parts
in all possible ways, as illustrated in figure 2.2. In this sense, the connected two-point function gives
the exact propagator. In the next section, we introduce the quantum effective action, which produces
not only the exact propagator, but also all exact n-point vertices.
8
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hφ(x)φ(y)ic =

x

y

=

x

y

+

x

1PI

y

+...

Figure 2.2: Representation of the connected correlation functions in Feynman diagrams; it the total
correlation function minus the disconnected part. The shaded grey area consists of all connected
contributions.

2.2

The quantum effective action

Right now, we are familiar with the generating functional Z, whose logarithm gives access to all
the connected correlation functions. Although this result is already insightful, it is possible to go
one step further. The connected diagrams still contain external lines, which should be removed to
obtain the exact vertices of the theory. Taking the Legendre transform of W turns out do to the
trick. This produces Γ, which is a generating functional for all exact one-particle irreducible vertices.
This object is known as the quantum effective action and has many applications in particle physics,
scattering theory and condensed matter physics. Subsequently, Γ is a functional of the expectation
values of the fields and not of the source terms.
To incorporate the exact 1PI propagator and vertices in a path integral representation, the first
thing to do is to promote W to a more general functional which includes loop corrections. A stepby-step explanation is given in [46]. Define WΓ,~ as the sum of all connected diagrams, where each
external line is the exact 1PI propagator, and where each vertex is the exact 1PI vertex. The bare
action is replaced by the more general effective action Γ. By definition, it is a richer object as it
needs to contain all quantum corrections at this level. The dimensionless parameter ~ keeps track of
the order of the connected diagrams. It is implemented in the following way
 

Z
Z

i
4
ZΓ,~ [J] = Dφ exp
Γ[φ] + d x J(x)φ(x)
= exp iWΓ,~ [J]
(2.15)
~

The original W is obtained if only tree-level contributions to WΓ are considered. Every propagator is
multiplied with a factor ~, whereas sources and vertices get an additional factor ~−1 . The combined
factor is then equal to P − E − V , where P is the number of propagators, E is the number of
sources and V the number of vertices. On the other hand, we can count the number of closed loops
L by evaluating the number of unfixed internal momenta. The total number of internal momenta
is equal to P − E, but some of these are fixed by constraints coming from the vertices. Also, one
vertex is required to provide energy-momentum conservation, which brings to total number of unfixed
momenta, i.e. loops, to L = P − E − V + 1. This allows for a loop expansion for WΓ,~
WΓ,~ [J] =

∞
X

~L−1 WΓ,L [J].

(2.16)

L=0

For small ~, the dominant contribution comes from the connected tree-level diagram, giving us
W [J] = WΓ,L=0 [J].
The final piece of the puzzle is the new quantum equations of motion derived from (2.15). By
the stationary phase approximation, the solution is given by the field configuration which satisfies
δΓ[φ]
= −J(x).
δφ(x)

(2.17)

So far, we have studied the path integral in the vicinity of J = 0. Now the source term is set to
a finite value, making the solution Φ(x) to the equations of motion J-dependent. In the stationary
2.2. The quantum effective action
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δ 2 Γ[Φ]
=
δΦ(x)δΦ(y)



x

y

−1

=



x

y

+

x

1PI

y + ...

−1

Figure 2.3: The second variation of the quantum effective action is inversely proportional to the exact
propagator, consisting of all possible combinations of one-particle irreducible corrections.
phase approximation, the path integral (2.15) reduces to
 


Z
i
4
0
ZΓ,~ [J] = exp
Γ[Φ] + d x J(x)Φ(x) + O(~ ) .
~

(2.18)

Now that the dust has settled, we can see the relation between W and Γ. Combining equations
(2.15), (2.16) and (2.18) shows that the quantum effective action is given by the Legendre transform
of W
Z
Γ[Φ] = W [J] − d4 x J(x)Φ(x),
(2.19)
where
δW [J]
= hΩ| φ(x) |ΩiJ ≡ Φ(x).
δJ(x)

(2.20)

The last step follows from the observation that the vacuum expectation value of φ(x) in the presence
of a non-zero source function is also the solution to the quantum equations of motion.
δW [J]
δJ(x)
Z
δΓ[Φ]
δ
=
+
d4 y J(y)Φ(y)
δJ(x) δJ(x)
Z
δΓ[Φ]
δΦ(y)
=
+ Φ(x) + d4 y J(y)
.
δJ(x)
δJ(x)

hΩ|φ(x)|Ωi =

The first term in this expression can be evaluated using the chain rule, giving
Z

Z
δΦ(y)
δΓ[Φ] δΦ(y)
hΩ|φ(x)|Ωi = d y
+ Φ(x) + d4 y J(y)
δΦ(y) δJ(x)
δJ(x)


Z
δΓ[Φ]
δΦ(y)
= d4 y
+ J(y)
+ Φ(x).
δΦ(y)
δJ(x)
4

(2.21)

By definition, Φ is the solution to (2.17), making the term in the large square brackets disappear.
Hence, what remains is
hΩ|φ(x)|Ωi = Φ(x).

(2.22)

So far, I claimed that Γ produces all one-particle irreducible correlation functions. It is time
to prove that statement, which we will do along the lines of [47]. The statement is slightly more
nuanced. The second order derivative generates the inverse of the two-point correlation function.
This can be shown from the general properties satisfied by Legendre transforms. Recalling (2.17) we
10
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y

y

z

=

x

V

z

x

Figure 2.4: The connected three point correlation function consists of three complete external lines
attached to the one-particle irreducible three point vertex δ 3 Γ[Φ]/(δΦ)3 .
have
δ δΓ[Φ]
δJ(y) δΦ(x)
Z
δΦ(z) δ 2 Γ[Φ]
= − d4 z
δJ(y) δΦ(z)δΦ(x)
Z
δ 2 Γ[Φ]
δ 2 W [J]
,
= − d4 z
δJ(y)δJ(z) δΦ(z)δΦ(x)

δ(x − y) = −

(2.23)

where we applied the chain rule for the second line and equations (2.20), (2.22) give the final result in the third line. Given that W generates the connected two-point function, this shows that
δ 2 Γ[Φ]/(δΦ)2 is proportional to the inverse propagator,
δ 2 Γ[Φ]
=−
δΦ(x)δΦ(y)



δ 2 W [J]
δJ(x)δJ(y)

−1

= D−1 (x − y).

(2.24)

What now about higher order variations. Using the standard rules for differentiating inverse
matrices, the next order gives
Z
δ 3 W [J]
δ 3 Γ[Φ]
= − d4 ud4 vd4 wD(x − u)D(y − v)D(z − w)
.
(2.25)
δJ(x)δJ(y)δJ(z)
δΦ(u)δΦ(v)Φ(w)
The result is the connected three-point correlation function. So let us see what is written in the
integral. The three propagators denote external lines, which have to be joined together at a vertex.
Because the result is the fully connected three-point function, this implies that δ 3 Γ[Φ]/(δΦ)3 has to
be the exact three-point vertex,
−

δ 3 Γ[Φ]
= V(x, y, z).
δΦ(x)δΦ(y)δΦ(z)

(2.26)

The same argument and calculation can be extended to show that Γ generates all one-particle irreducible n-point vertices. In general
−

δ (n) Γ[Φ]
= V(x1 , . . . , xn )
δΦ(x1 ) . . . δΦ(xn )

∀n ≥ 3.

2.2. The quantum effective action
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We conclude this section with the following remark. So far the derivation of the quantum effective
action has been limited to scalar fields. The exact same principles hold for vector and tensor fields.
To obtain the graviton propagator, variations of the effective action with respect to the metric
perturbation hµν can be taken using the relation

δhαβ
1 µ ν
= 1αβµν =
δα δβ + δαν δβµ ,
δhµν
2

(2.28)

such that 1 acts a the unit tensor for all symmetric rank-two tensors. Also, the graviton propagator
is defined as the inverse of the two point function with respect to this unit tensor.

2.3

Constraining the action

Right now, we know what we can do given a quantum effective action Γ. The exact propagators
and vertices are easily found through differentiation with respect to the relevant fields, and in order
to obtain the amplitude for a scattering process, only tree-level diagrams are required. This makes
it an extremely powerful tool in a physicist’s toolkit. The cost to be paid is that we need a-priori
knowledge of the interacting monomials that enter in the action, including momentum-dependent
form factors which usually come from renormalization techniques.
First and foremost, the model should agree with observations and measurements. For gravity,
this path is quelled by the weakness of gravitational interactions, which are expected to appear at
the Planck scale. This makes it hard to tie experiments to constraints on form factors of local theories.2 On the other hand, the quantum effective action should be theoretically consistent, providing
a theory which abides to fundamental properties. Haphazardly extending GR with higher-derivative
terms is known to cause problems, violating unitarity and causality. At this point, it should be
clarified what these properties exactly are, and how they translate to constraints on the action and
on scattering amplitudes.
Symmetry:
Symmetry conditions often form the basis for a physical theory. The mathematical language to
parametrize symmetries is given by group theory. All symmetries found in nature can be associated
to a symmetry group. The concept of symmetries is long known. For instance, the equations of motion
underlying classical mechanics exhibit invariance under translation and rotation transformations.
Symmetries in QFT’s are often captured in a special class of groups; the Lie groups. If the action
is invariant under local transformations of a Lie group, then we call that a gauge symmetry. Initially,
an action with a gauge symmetry is problematic and needs to be fixed. The reason is that in the path
integral formalism, we are redundantly integrating over an infinite family of physically equivalent field
configurations. Also, two-point functions can become singular. A well known example is QED, where
gauge fixing of the U (1) symmetry group is required to obtain a well-defined photon propagator.
This gauge-fixing procedure was introduced by Faddeev and Popov [50–52]. They solve the issue by
including an extra term in the action which captures all gauge-equivalent field configurations. In the
case of non-Abelian gauge symmetries, a second term is required, which introduces ghost fields to
the theory. These extra fields do not satisfy the spin-statistics theorem and have to be virtual. No
ghost fields appear in QED. The U (1) gauge symmetry of QED is Abelian, so no ghosts appear here,
but for gravity this is not the case. Here, ghost fields are essential for a well-defined theory. Standard
choices such as the harmonic gauge generate a “ghost action” quadratic in the ghost fields.
2

There are non-local models which provide an infrared modification of gravity [48, 49]. In particular, this leads to
interesting cosmological effects, such as a dynamical dark energy density that can account for the presently observed
value of ΩDE without the introduction of a cosmological constant. Effects like these might be experimentally viable.
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Secondly, symmetries severely limit the form of monomials that can enter in the action. Only
monomials which are invariant under transformations of the underlying symmetry group can appear. That is the motivation of using tensors to construct the action, since this allows to construct
Lorentz-invariant combinations rather efficiently. Invariance at the level of the action ensures that
all observables also respect this symmetry. In the case of gravity, the field equations are written in
terms of curvature tensors. These field equations are invariant under diffeomorphisms, which ensure
that a change of coordinates do not affect the form of the equations of motion. In the case of gravity,
only monomials which are derived from the Riemann tensor can appear. At the two-derivative level,
only one monomial is non-zero due to symmetry, which constitutes the Ricci scalar for the EinsteinHilbert action. At the next order, as we will see in section 3.2.1, only two extra monomials appear.
Unitarity:
The way to understand unitarity in quantum field theories is by means of the scattering matrix S.
The components of the S-matrix are called scattering amplitudes and they relate how asymptotic free
initial and final states are related. In order to understand the scattering amplitudes as probabilities,
it is required that the S-matrix is unitary.
There is a direct relationship between unitarity of the S-matrix, and boundedness of the individual
scattering amplitudes and consequently, cross sections. This result is known as the Froissart bound,
named after the French physicist who first derived it in 1961 in [53, 54]. It uses the optical theorem
to derive that the total scattering cross section cannot grow faster than log2 s, where s is the square
of the centre-of-mass energy. Considering Feynman rules derived from a bare action, the optical
theorem relates tree-level diagrams and loop corrections to obtain unitarity. The question arises how
the optical theorem extends to the quantum effective action formalism, and how it constrains the
form factors. In this work, we will understand unitarity by means of a partial wave decomposition
of the scattering amplitudes (see section 4.2). Bounding the partial wave amplitudes
|aj (s)| ≤ 1

∀j ≥ 0,

(2.29)

the scattering amplitude is confined to the Argand plane. Consequently, the model introduced in
chapter 6 satisfies the Froissart bound.
Causality:
Causality means that two spacelike separated events cannot affect each other, as it requires superluminal exchange of information. To meet this demand, it is required that the commutator of field
operators vanish outside the light cone. Consequently, only local terms can be added to the action.
Causality constrains scattering amplitudes in two ways. The Cerulus-Martin bound implies that
amplitudes cannot fall faster than exp (−s log s) [55, 56]. In the forward scattering limit, when t is
fixed, scattering amplitudes are polynomially bounded, having to grow slower than s2 [57, 58].
Scale-invariance:
Some quantum field theories, even those who are perturbatively renormalizable, are not expected to
hold for infinitely large energies. A prime example is φ4 -theory in four dimensions, with the bare
Lagrangian given by
1
1
1
L[φ] = ∂µ φ∂ µ φ − m2 φ2 − λφ4
2
2
4!

(2.30)

where λ is the coupling constant of the φ4 -interaction. The theory is perturbatively renormalizable,
i.e. the one-loop divergences can be absorbed in the renormalized coupling constant. This leads to
2.3. Constraining the action
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a renormalization group equation
3λ2
dλ
=
+ O(λ3 )
d log Λ2
32π 2

(2.31)

with the UV cut-off scale Λ. The solution to this differential equation introduces a logarithmic term
and a reference scale µ
λ(Λ2 ) =

λ(µ2 )
3
1−
λ(µ2 ) log
32π 2



Λ2
µ2

.

(2.32)

The problem that appears in this equation is that the denominator vanishes at a finite UV-scale.
This is known as a Landau pole, and appears in theories that are not asymptotically free. The only
way to get rid of the Landau pole, is to push the location of the pole to infinity. The only freedom
is by taking µ to infinity. Subsequently, the renormalized coupling constant tends to zero. This is
known as quantum triviality: an initially interacting theory becomes trivial when we demand that
the coupling constant is finite for all energies.
In an asymptotically free theory, the problems of a Landau pole are circumvented because the
coupling constants vanish in the UV. Asymptotic safety is a generalization. Coupling constants don’t
necessarily need to vanish, but they can approach finite values. In both cases, the “running” of the
coupling constants stop, meaning that the interacting strength approaches a finite value. Subsequently, observables are automatically guaranteed to be finite and scale invariant, i.e. a momentumdependent field redefinition does not affect observables in the high-energy limit [59].
It has to be noted that the constraints above can be met outside the framework of quantum
field theory. Particularly in string theory, the Veneziano and Shapiro-Virasoro amplitude meet all
unitarity and causality demands [60–62]. The underlying mechanism is an infinite tower of massive
higher-spin resonances. The goal of the form factor approach is to show that unitarity and causality
constraints can also be met in a Lorentzian quantum field theory. There is enough room in the
form factor formalism to provide a UV-completion of gravity without introducing the resonances of
string theory. As a proof of principle, a model will be introduced in chapter 6, where the form factors
assume the form of a carefully chosen analytic function to prove this claim. To realize the asymptotic
safety scenario for a non-minimally model of gravity coupled to matter, it is expected that matter
self-interactions are crucial [38, 63]. During the analysis of the model, matter self-interactions will
indeed prove to be essential to provide a bounded and scale-free scattering amplitude.
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CHAPTER

3

Feynman rules from the quantum effective action

In the previous chapter, the theoretical framework for exploring quantum gravity as a QFT has been
given. It has always been the goal to see if a quantum effective action can be written down which
abides to many of the constraints given in section 2.3. Of the local theories that go beyond first
order in the curvature terms, all of them struggle with at least some of the topics in section 2.3. We
do not derive a quantum effective action, and in this sense, we do not formulate a QFT which has
these nice properties. We rather focus on the apparent freedom of form factors to show that QFT’s
can produce a physical theory for quantum gravity in the high-energy regime.
As a simplest test case, the scattering process of two scalar particles will be studied, which
interact through the emission and absorption of a graviton. Scalar particles are easy to use from
a computational point-of-view, as they do not have tensor indices and do not introduce γ-matrices
associated to representations of the Clifford algebra. This limits the possible tensor contractions
significantly, and makes calculations less tedious. In this regard, photon scattering requires much
more work, as the number of independent tensor structures ramp up quickly with the additional
tensor indices. Nevertheless, the relevant Feynman rules for scalar scattering requires meticulous
bookkeeping skills, which is why the results found in the section have also been verified with the
xAct programming suite in Mathematica [64].
In this thesis, we shall discuss the scattering of distinguishable and indistinguishable scalar particles. Hence, two flavours of particles, φ and χ, are introduced, which can be distinguished by their
mass. The first part of this chapter derives the most general quantum effective action compatible
with relativistic QFT that can possibly contribute to gravity-mediated scattering of these particles.
This will include the Einstein-Hilbert term and a kinetic term for the scalar field, as well as higher
order terms such as R2 and Rφφ. All of the invariant contractions of the curvature tensors and the
scalar fields up to this order will be deduced and each monomial will be dressed with a form factor,
such that the momentum dependence of the couplings is squeezed into functions.
In the upcoming section, we will first familiarize ourselves with the graviton. Without doing any
hefty calculations, we can already derive some of the important properties, which can be used for the
remainder of the chapter. It will be shown that the graviton is a rank-two tensor derived from the full
metric. The second part of this chapter is dedicated to the Feynman rules derived from the quantum
effective action. The main ingredients for the scattering amplitude are the graviton propagator and
the graviton-matter vertex, which will be derived here. The scalar self-interaction will also be given
at the end of the chapter.
Chapter 3. Feynman rules from the quantum effective action
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3.1

Lessons from classical gravity

All forces described by the Standard Model are carried by some mediator. Electromagnetism has
the photon, the strong nuclear force has the gluons and the weak nuclear force has the W ± - and
Z-bosons. By this logic, it is only natural to expect a force mediator for gravity. This theorized
particle is what we call the graviton.
Some simple observations reveal quite a lot about the nature of the graviton. First, we know that
the graviton is a massless particle. We know that general relativity produces Newtonian gravity in
the semi-classical limit which describes the long-range force of gravity with the inverse power law
V (r) = −GN

m1 m2
.
r

(3.1)

The potential is similar to that of the classical Coulomb potential, which also has a massless mediator.
A massive force carrier would have resulted in a suppression term, such as the exponential damping
factor in Yukawa theory.3
Next, we can see that the graviton must be a spin-two particle. Any particle with half-integer
spin, enters the action as a particle-anti particle pair, which is the reason why fermions are unfit to
be force carriers. The graviton also cannot have odd spin. The reason can again be deduced from the
gravitational potential. The mass of particles, which take the place of a charge in the potential, is
positive. The minus sign tells us that gravity is an attractive force, at least in the classical realm. If
the graviton would have spin s, then the sign of the gravitational potential would change as (−)s+1 .
This still leaves the possibility for a spin-zero boson. But this is not feasible, as a scalar particle
cannot produce the Einstein equations of motion in a semi-classical limit.
In general relativity, the linearized Einstein’s field equations were obtained by perturbing the
metric around a flat Minkowski spacetime.
gµν = ηµν + hµν

(3.2)

Expanding the Einstein field equation up to linear order in the metric perturbation gives (see appendix
B)
Oµνρσ hρσ = −16πGN Tµν ,

(3.3)

where the differential operator Oµνρσ is given by

Oµνρσ = ηµρ ηνσ ∂ 2 − ηνσ ∂µ ∂ρ + ηµσ ∂ν ∂ρ + ηρσ ∂µ ∂ν + ηµν ∂ρ ∂σ − ηµν ηρσ ∂ 2 .

(3.4)

Then, diffeomorphism invariance allows for an suitable gauge choice. In linear gravity, the harmonic
gauge condition
1
Fν = ∂ µ hµν − ∂ν h = 0,
2

(3.5)

where h = η µν hµν is the trace of the metric perturbation, simplifies the equations of motion to an
inhomogenous wave equation


1
∂ 2 hµν = −16πGN Tµν − ηµν T .
(3.6)
2

The wave solutions are the gravitational waves of general relativity. In four dimensions, the metric
perturbation hµν has initially sixteen degrees of freedom. Ten of these are fixed by Poincaré symmetry,
3

Massive gravitons are being studied in the literature, as they affect the low-energy behaviour of gravity [65]. The
study of massive gravitons was instigated by the Fierz-Pauli action and later extended to a broader class of theories.
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hµν

•

•

φ
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Figure 3.1: A schematic representation of the diagrams we wish to calculate. The outgoing particles
can be either identical or different from the ingoing particles.
and another four by diffeomorphism invariance. They remaining two give rise to two independent
polarization modes.
Much of this discussion extends to a quantized version of gravity. The metric perturbation hµν is
promoted to a quantum field operator and loses its geometrical meaning. In typical QFT-language,
this field operator can be represented in terms of creation and annihilation operators, and gravitons
are interpreted as excitations of an underlying Fock space with respect to these operators. The two
polarizations of the gravitational waves are now the (++) and (−−) helicity states of the graviton.
The gauge freedom has to be dealt with explicitly in the action with the help of the Faddeev-Popov
procedure. This will be studied more closely in section 3.2.2.

3.2

Components of the action

The goal of this thesis is to analyze the scattering amplitudes associated to Feynman diagrams such as
figure 3.1, i.e. external scalar particles which interact through a mediated graviton in a flat Minkowski
background. The two essential ingredients that need to be derived are the graviton propagator and
the graviton-matter vertex. To do this, the quantum effective action is split into two parts. One part
contains purely gravitational monomials, which defines the propagator, while the other one contains
matter and matter-gravity terms, defining the vertex.

3.2.1

Gravitational sector

The goal of the gravitational monomials is to construct the most general gravitational propagator
in a flat Minkowski background. To do this, it is necessary to include all terms in the action which
could possible contribute. From the quantum effective action, we know that we only need to consider
terms that are at most quadratic in the metric perturbation hµν . Each curvature tensor introduces
an extra order of hµν , so only monomials which are at most quadratic in the Riemann tensor or its
contractions need to be considered. The curvature tensors exhibit a lot of symmetries in the indices,
which reduce the number of unique contributing monomials drastically. A list of internal symmetries
and the Bianchi identities can be found in appendix B. Additionally, we can use two more symmetries
to reduce the number even further.
1. Covariant derivatives can be swapped freely. This will play a significant role in the R2 and
Rφφ sector, where multiple covariant derivative terms can appear, whose indices need not to
3.2. Components of the action
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be contracted with one another. If two or more covariant derivatives act on a single field, they
can all be swapped. Initially, this can only be done if



Dµ , Dν = 0

(3.7)

This is not the case, because (3.7) is a well-known representation of the Riemann tensor.
However, this contributes to higher order structures in the action; R3 and R2 φφ respectively,
which is not of interest to us.
2. The goal of the form factors is to capture the non-trivial momentum dependence of the graviton
propagator and vertices. For general building blocks Xi , scalar, vector or tensor, the arguments
of the form factors contain all possible combinations of covariant derivatives. This results in a
term of the form
Z
√
d4 x −gX1 , . . . Xn ({Di Dj }i≤j ) X1 , . . . Xn ,
(3.8)
where


Di X1 . . . Xn = X1 . . . D Xi . . . Xn ,

(3.9)

i.e., the index i indicates the building block on which the covariant derivative acts. Switching
to momentum space and imposing momentum conservation at each vertex, we are allowed to
remove one Di from the arguments. This gives in total 21 n(n − 1) arguments to each form
factor. In this work, we will encounter two types of monomials. The first type is of the form
X 2 . Following the convention of [66], we have
Z
√
1
d4 x −gXfXX (∆)X,
(3.10)
2
where the canonical factor of 21 is preserved. The second type is of the form XY Y . We use the
freedom of momentum conservation to remove mixed derivatives Di Dj , where i 6= j, from the
form factors. This gives a functions which solely depends on the Laplacian operators.
Z
√
d4 x −gfXYY (∆1 , ∆2 , ∆3 ) XY Y.
(3.11)
In the low energy regime, all observables should comply with general relativity. This fixes the linear
term in the action: the Einstein-Hilbert action
Z
√
1
ΓEH = −
d4 x −gR.
(3.12)
16πGN
This is also the only non-trivial contraction of the Riemann curvature tensor, so there really is no
other choice in this sector. This is also the single unique monomial that will not be dressed with a
form factor. When Laplacians act on the Ricci scalar, the total term is equivalent to a surface term
and these do not affect the theory.
Next are the quadratic curvature terms. From the work of Fulling et al. [67], it is known which
monomials appear at this order. Keeping track of all index contractions and symmetries, they
characterize the maximally reduced set in terms of Young tableaux. At this level, it is still possible
to do the calculation by hand and in the following paragraph, we will show that only two quadratic
curvature monomials appear.
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Let us first consider two curvature tensors, and no covariant derivatives. At this level, two
curvature tensors can be contracted in four independent ways
n
o
R2 , Rµν Rµν , Rµνρσ Rµνρσ , Rµρνσ Rµνρσ .
(3.13)

This list can be generated with the AllContractions function of xAct, which keeps track of the internal
symmetries of the curvature tensors only. Imposing the first Bianchi identity, the third and fourth
term are equivalent
1
Rµρνσ Rµνρσ = Rµνρσ Rµνρσ .
(3.14)
2
This reduces the set to three structures, and for a generic spacetime dimension, this is all we can
do. In four dimensions, a specific combination of squared curvatures tensors reduces to a topological
surface term, the so-called Gauss-Bonnet term
GB = Rµνρσ Rµνρσ − 4Rµν Rµν + R2 .

(3.15)

This term can be written as a total derivative in four dimensions, giving rise to a surface term when
integrated over. Such terms do not affect the theory, and can therefore be removed. This constraint
will be used to remove the squared Ricci tensor from the basis. As a matter of convention, we can
replace the squared Riemann tensor by the squared Weyl tensor by the following relation
1
Cµνρσ C µνρσ = Rµνρσ Rµνρσ − 2Rµν Rµν + R2 .
3
This reduces the basis to

n
R2 ,

o
Cµνρσ C µνρσ .

(3.16)

(3.17)

The reason to choose the Weyl tensor over the Riemann tensor is as follows. In linearized gravity,
we know that there are two physical degrees of freedom, which correspond to the polarization of a
massless spin-two particle. Including the quadratic curvature terms (without form factors), six more
degrees of freedom are introduced to the theory [18, 19, 68]. Five of them correspond to a massive
spin-two graviton and the sixth corresponds to a massive scalar particle. Choosing the basis (3.17)
the degrees of freedom decompose cleanly in the propagator representation. Using the spin projection
operators, the massive spin-two degrees of freedom are generated by the squared Weyl tensor, and the
massive spin-zero particle comes from the squared Ricci tensor. In section 3.3, we will see explicitly
that this also happens when these basis terms are dressed with form factors.
The next step is to see if new terms appear when curvature tensors are contracted with covariant
derivatives. This will not be the case. At the next order, two covariant derivatives appear, whose
indices need to be contracted with indices of the curvature tensors. Applying the Bianchi identities
and the constraints at the start of this section systematically, all contractions either vanish or can
be mapped to the form factor contributions
n
o
R∆n R, Rµν ∆n Rµν , Cµνρσ ∆n C µνρσ .
(3.18)
In [66], it is shown that the Rµν ∆n Rµν , can be mapped onto the remaining two structures, but again
only in four dimensions, as the procedure relies on (3.15). Hence, the gravitational sector is captured
in the action


Z
1
1
1
4 √
µνρσ
Γgrav =
d x −g − R − RfRR (∆)R + Cµνρσ fCC (∆)C
.
(3.19)
16πGN
6
2

The normalization factors of the form factors are chosen for convenience and such that positive form
factors will not introduce additional poles in the graviton propagator.
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3.2.2

Gauge fixing

The kernel of the operator O in equation 3.3 is given by all fields of the form
hµν = ∂µ ξν + ∂ν ξµ .

(3.20)

Transformations of this kind are infinitesimal coordinate transformations. The existence of the
infinite dimensional kernel is due to diffeomorphism invariance of the gravitational action. This can
be understood as follows. Define the local transformation
x0µ = xµ + ξ µ (x).

(3.21)

The tensor ξ plays the role of an infinitesimal coordinate transformation. The full metric transforms
as [69]
δgµν = −Dµ ξν − Dν ξµ

(3.22)

In a linear split with a Minkowskian background, we obtain the expression (3.20), up to a minus sign
which can be removed by redefining ξµ → −ξµ . The diffeomorphism invariance in general relativity
allows for a transformation of hµν to a special gauge, which simplified the classical equations of motion
to the wave equation (3.6). In quantum field theories, gauge symmetries require some attention. Field
configurations that are related by a gauge transformation should be marginalized. The way to do this
was proposed by Faddeev and Popov, after whom this trick is named. Equivalent field configurations
are captured by a gauge fixing function such as (3.5). This thesis uses a generalized linear version,
introducing gauge parameters α and β. The gauge-fixing function is then given by
Fν = ∂ µ hµν −

1+β
∂ν h.
4

(3.23)

The harmonic gauge, (3.5) corresponds to β = 1. The generalized gauge fixing functions enters the
action in the following way
Z
1
1
Γgf =
d4 x Fµ F µ .
(3.24)
16πGN 2α
We now have the ability to analyse a much broader class of gauge fixings. Setting α = 1, we get
the Feynman gauge, and α → 0 gives us the Landau limit. In this work, we will not fix α and
β. Hence, the parameters will appear explicitly in the graviton propagator. But as we will see,
contracting the propagator with the vertices remove any gauge dependence from the result. This
gives us gauge-independent observables.
As a final remark of this section, we note that in principle, the gauge-fixing term is not enough
to regularize the path integral for non-Abelian gauge theories. A second trick is necessary, which
introduces ghost-particles to the theory. These are virtual particles and couple only to the graviton.
Hence, they cannot contribute to the tree-level amplitudes which we are interested in here, and can
therefore be omitted in the present analysis.

3.2.3

Matter sector

From conventional QFT, the action of a free massive scalar particle φ, is given by


Z
1 µν
1 2 2
4 √
d x −g g Dµ φDν φ − m φ .
2
2
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This reduces to the Klein-Gordon equation in classical quantum field theories on a Minkowski metric.
To implement scalar particles in the form factor program, we dress the action (3.25) with a form
factor fφφ


Z
1
4 √
Γφφ = d x −g
φfφφ (∆)φ .
(3.26)
2
The form factor fφφ has to satisfy certain on-shell relations. On a flat spacetime, φ satisfies the
linearized equations of motion fφφ ()φ = 0, with  = −∂ 2 . It has a unique zero, corresponding
to the mass of the particle: fφφ (m2 ) = 0. Secondly, φ is normalized such that it has the canonical
0 (m2 ) = 1. The diagrams of interest contain only external scalar particles.
kinetic term on-shell: fφφ
Imposing the on-shell conditions ensures that no additional fφφ form factors appear in the scattering
amplitudes.
For the graviton-matter vertex, we should think of all the ways one curvature tensor can be
contracted with two scalar particles. Without any derivatives, the only possible contraction is
Rφφ.

(3.27)

Like the quadratic curvature sector, things get a little more tedious at the next level. As soon
as covariant derivatives are included, there are additional combinations that appear. With two
derivatives, an extra monomial is necessary to accommodate for all contractions. Again with the
help of xAct, we have the non-minimal set
n
o
Dµ Dν Rµν φφ , RDµ φDµ φ, Rµν Dµ φDν φ , Rµν φDµ Dν φ .
(3.28)

The first structure is proportional to (∆R)φφ by the contracted Bianchi identity. The second monomial can be mapped to R(∆φ)φ. These two structures are generated by a form factor acting on Rφφ.
The remaining two structures are equivalent by partial integration, although they cannot be mapped
back to the Rφφ. Hence the dressed Rµν Dµ φDν φ is added to the gravity-matter action.
No new terms appear at four derivatives. In principle, there could be a contribution from terms
if the Riemann tensor has all indices contracted with covariant derivatives. All other contributions
can automatically be mapped to form factor contributions. Two things can happen, which depends
on how the derivatives are distributed among the Riemann tensor and the two scalar fields. The
derivatives may be distributed in such a way that they form a commutator once the internal symmetries of the Riemann tensor are used. This generates a term which either vanishes or is quadratic
in the curvature. Both structures do not contribute to the hφφ-vertex in a flat background. Thus,
we are left with the most general gravity-matter action
Z
√ 
Γmatter = d4 x −g φfφφ (∆)φ

+ fRφφ (∆1 , ∆2 , ∆3 )Rφφ + fRicφφ (∆1 , ∆2 , ∆3 )Rµν Dµ φDν φ .
(3.29)
The contribution of the χ-particle to the action is identical (simply replace the labels φ → χ), which
means that the same on-shell conditions apply to fχχ when m2φ is swapped for m2χ . Also, preserving
Z2 symmetry of the scalar fields excludes a hφχ vertex.
In total, the quantum effective action that contributes to the Feynman diagram, figure 3.1, that
we will use in this work is given by
Γgrav + Γgf + Γmatter .

(3.30)

The graviton-matter vertices are then derived from Γmatter and the graviton propagator from Γgrav
and Γgf , which will be the scope of the upcoming sections.
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3.3

The graviton propagator

The part of the action that generates the graviton propagator is given by
Z

√ 
1
1
1
Γgrav + Γgf =
d4 x −g − R − RfRR (∆)R + Cµνρσ fCC (∆)C µνρσ
16πGN
6
2

Z
1
+
d4 x Fµ F µ .
2α

(3.31)

With the mathematical framework we set up in chapter 2, calculating the propagator is now a
straightforward calculation. The calculation is however prone to errors due to the large number of
tensors that appear in the intermediate steps. This is why the results have been verified with the
xAct programming suite in Mathematica [64, 70]. A complete derivation of the graviton propagator
can be found in appendices C and D. In appendix C, the action is expanded up to quadratic order in
the metric perturbation, followed by taking variational derivatives with respect to h. The symmetry
in the indices of h transfers to this object, and in the end also to the propagator, meaning that

δ 2 Γgrav + Γgf
(3.32)
δhµν δhρσ
is symmetric in the indices {µν} and {ρσ}.
We can now think of all linearly independent ways to construct a rank-four tensor out of the
background metric and momentum tensors, maintaining the symmetry. This is the basis which was
chosen in [43]. Although the result is completely equivalent, we can also think of other bases. In
appendix D, we introduce the spin-projection operators which allows us to decompose any symmetric
two-tensor onto irreducible representations of SO(3). We can therefore analyse the spin components
that constitute the graviton propagator. The final result is given in equation (D.16), which I will
reiterate here

2α
µνρσ
µνρσ 2
D
(q ) = 16πGN 2GCC (q 2 )P2µνρσ + 2 P1µνρσ − GRR (q 2 )P0,s
q


 β + 1 2
16α 1
µνρσ
2
+
−3
GRR (q ) P0,w
(β − 3)2 q 2
β−3

√ β+1
µνρσ 
µνρσ
2
,
(3.33)
+ 3
GRR (q ) P0,sw + P0,ws
β−3
where

GXX (q 2 ) =

1
.
q 2 1 + q 2 fXX (q 2 )

(3.34)

Some of the coefficients have a singularity at β = 3. This choice of β is related to an incomplete
gauge fixing. The gauge fixing operator works as a projection operator for this particular choice [71].
The only components of the propagator that are independent of the gauge parameters are the
spin-two and the spin-zero singlets. All other contributions are unphysical, and can be removed
by a convenient choice of gauge parameters. This also happens at the level of the Einstein-Hilbert
action [35], so indeed the form factors do not introduce new physical sectors of the graviton. We also
see that the inclusion of form factors alter the pole behaviour of the propagator in these sectors
GXX (q 2 ) =

22

1
1
− 2
−1 2 .
2
q
q + fXX
(q )
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For constant form factors, this indicates a massive ghost particle or a tachyon sitting in the spinzero or spin-two part of the graviton, depending on the sign. We will see this in more detail when
we analyse Stelle gravity in chapter 5. Having momentum dependence in the form factors gives us
full control over these particles. We will exploit this freedom to produce form factors which do not
introduce any new massive degrees of freedom.

3.4

The graviton-matter vertex

The matter action 3.29,
Z
√ 
Γmatter = d4 x −g φfφφ (∆)φ


+ fRφφ (∆1 , ∆2 , ∆3 )Rφφ + fRicφφ (∆1 , ∆2 , ∆3 )Rµν Dµ φDν φ ,

(3.36)

has already been used in a previous article to calculate the hφφ-vertex [66]. The derivation of the
vertex is slightly more involved. To derive the contribution of the fφφ form factors to the hφφ-vertex,
√
it is necessary to expand the Laplacian operator ∆ and the metric determinant −g up to first order
in h. Then, taking variations with respect to the respective fields give the graviton-matter vertex. In
appendix C, the complete derivation is given, following the conventions of [66]. The graviton-matter
vertex is finally given by
1
µν
Vhφφ
(q, pφ1 , pφ2 ) = η µν fφφ (p2φ1 )
4
2
2 

1 fφφ (pφ1 ) − fφφ (pφ2 ) µ ν
1 µν
1 µ ν
ν µ
−
q pφ1 + q pφ1
pφ1 pφ1 − η q · pφ1 +
2
2
2
p2φ1 − p2φ2


+ fRφφ (q 2 , p2φ1 , p2φ2 ) q 2 η µν − q µ q ν
 


1
1 2
2 2
2
− fRicφφ (q , pφ1 , pφ2 )
q + p2φ1 − p2φ2 q µ pνφ1 + q ν pµφ1 +
2
2


1 2
q + p2φ1 − p2φ2 η µν + q 2 pµφ1 pνφ1
4
+ (pφ1 ↔ pφ2 ).
(3.37)
The graviton-matter vertex satisfies the following tranversality condition
µν
qµ Vhφφ
(q, pφ1 , pφ2 ) = 0,

(3.38)

which only holds when the expression is evaluated on-shell and such that momentum conservation is
imposed, i.e. q = pφ1 + pφ2 .
The hχχ-vertex is completely similar, after replacing all the labels φ → χ. In this notation, q
is the momentum of the internal graviton, and pφ1 and pφ2 are the momenta of the external scalar
particles. The on-shell conditions for fφφ guarantee that the vertex is finite for all external momenta.

3.5

The scalar self-interactions

It has been known for a while that pure gravity is one-loop renormalizable, but gravity coupled to
matter is not. The presence of scalar matter generates UV-divergences which necessitate a counter
term in the action of the form [6, 38, 72]
Z
√
Γself ' d4 x −g (Dµ φDµ φ)2 .
(3.39)
3.4. The graviton-matter vertex
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A self interaction of this form is currently not present in our theory, but it will play the crucial role
to obtain a finite amplitude at all scales. This contribution is slightly different for φφ → φφ and
φφ → χχ. We include a φ4 and φ2 χ2 term in the action, and dress it with a form factor. Momentum
conservation lets us remove four arguments, so we choose to remove the Laplace operators. The
self interactions generate only the two-scalar-to-two-scalar vertex, which means we only consider the
expansion up to zeroth order
Z
1
d4 xfφφχχ (−∂1 · ∂2 , −∂1 · ∂3 , −∂1 · ∂4 , −∂2 · ∂3 , −∂2 · ∂4 , −∂3 · ∂4 ) φ2 χ2 ,
(3.40)
Γφφχχ =
4
Z
1
Γφφφφ =
d4 xfφφφφ (−∂1 · ∂2 , −∂1 · ∂3 , −∂1 · ∂4 , −∂2 · ∂3 , −∂2 · ∂4 , −∂3 · ∂4 ) φ4 .
(3.41)
4!
Switching to momentum space, and taking variational derivatives, gives us the Feynman rules associated to the four-point interactions
V4φφχχ = fφφχχ (p1 · p2 , p1 · p3 , p1 · p4 , p2 · p3 , p2 · p4 , p3 · p4 ) ,
V4φφφφ = fφφφφ (p1 · p2 , p1 · p3 , p1 · p4 , p2 · p3 , p2 · p4 , p3 · p4 ) .

(3.42)
(3.43)

Due to the symmetry of identical particles, we impose that fφφχχ is symmetric upon interchanging
{1, 2} and {3, 4} while fφφφφ is symmetric in all its arguments.
In the upcoming chapter, the Feynman rules derived here will be used to construct scattering
amplitudes, associated to Feynman diagrams such as figure 3.1. The essential ingredients are the
graviton propagator, equation (3.33), and the graviton-matter vertex, equation (3.37). In the final
chapter, the self-interactions, equations (3.42) and (3.43), will come into play.
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CHAPTER

4

The most general amplitude

Now all the components for the scattering amplitudes have been calculated. In this chapter, the
Feynman rules are used to calculate the scattering amplitudes of two processes. One of these considers
scattering of identical particles φφ → φφ. The other one with different incoming and outgoing
particles φφ → χχ. The latter scattering requires only one single amplitude to be calculated due to
this symmetry. In terms of the Mandelstam variables (see appendix A), this is the s-channel diagram,
where s is the square of the centre-of-mass energy. The former scattering process of identical particles
also permits a t- and u-channel diagram. These diagrams can now simply be obtained by crossing
symmetry and relabelling the scalar mass. The contribution of the four-point interaction will also be
calculated, although it will not be of primary interest until later. In the remainder of this chapter,
the scattering amplitudes will be decomposed into partial wave amplitudes, and the cross section of
both interactions will be calculated.

4.1

The scattering amplitude

Labelling the incoming particles with momenta p1 , p2 , and outgoing particles with p3 , p4 , we are
interested in S-matrix elements of the form
hp3 , p4 | Sb |p1 , p2 i .

(4.1)

b
In this notation |pi , pj i resembles a two particle momentum-state of scalar particles. Splitting Sb = 1+
b
b where no scattering happens, and an interacting
iT distinguishes between the non-interacting part, 1
part Tb. It is the interacting part that is of interest in quantum field theory. This is where the strength
of the Feynman diagrams come into play. In momentum space, we know that [47]
X 
hp3 , p4 | iTb |p1 , p2 i = (2π)4 iδ (4)
pi A (p1 , p2 → p3 , p4 )
(4.2)

The amplitude A includes the information of all scattering channels allowed by the theory. If the
Feynman rules are known, that is, how to translate from diagrams to formulae and vice versa, then
calculating tree-level scattering amplitudes is straightforward.
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χ

φ
p2

p4

•

qs = −(p1 + p2 )

•

p1

p3
χ

φ

Figure 4.1: The Feynman diagram underlying φφ → χχ scattering.
φφ → χχ :

The first and hardest part is the calculation the scattering amplitude of φφ → χχ. This segment
produces all the physics necessary for φφ → φφ as well as all other related scattering amplitudes.
Sb encodes all the information how the initial state can propagate to the final state. Here, the only
diagram contributing to the amplitude is the one shown in figure 4.1. The straight lines denote
scalar particles φ or χ. The double wiggly line denotes the graviton. By convention, all momenta
are incoming. The amplitude of this diagram hp3 , p4 | iTb |p1 , p2 i is in momentum space given by
Z


d4 q
(2π)4 δ (4) (p1 + p2 + q)(2π)4 δ (4) (−q + p3 + p4 )iA p1 , p2 , p3 , p4 ; q
4
(2π)
X 

pi iAφφχχ p1 , p2 , p3 , p4 ; −(p1 + p2 )
(4.3)
= (2π)4 δ (4)

hp3 , p4 | iTb |p1 , p2 i =

Momentum conservation is imposed at each vertex, and the internal graviton momentum q is integrated over. The remainder Aφφχχ includes the vertices and propagator of the diagram. For a
tree-level diagrams such as figure 4.1, this consists of contracting two scalar-matter vertices with the
internal graviton propagator in the following way.
µν
ρσ
iAφφχχ
(p1 , p2 , p3 , p4 ; q) = Vhφφ
(q, p1 , p2 )Dµνρσ (q)Vhχχ
(−q, p3 , p4 ).
s

(4.4)

Momentum conservation fixes the internal graviton momentum. This gives the scattering amplitude
as a function of three variables. A convenient choice are the Mandelstam variables s, t and u. Scattering is done in the centre-of-mass frame, and the scattering amplitude is written as a function of
the combinations p1 + pj , with j = 2, 3, 4. The Mandelstam variables are defined in this way. For a
thorough definition of the kinematics used here, I refer to appendix A. The appeal of the Mandelstam
variables is that each tree-level diagram is characterized by the internal momentum. For instance,
the amplitude associated to figure 4.1 has q = −(p1 + p2 ), which is why it is called the s-channel
diagram.
Using the Mandelstam variables and the spin-projection decomposition of the propagator, equation (4.4) simplifies once again. Contracting spin projectors with the two graviton-matter vertices,
and evaluating the external scalar particles on-shell shows that only P2 and P0,s survive. Using the
26
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propagator and vertex derived in sections 3.3 and 3.4 respectively, the result is


1
µν
ρσ
Vhφφ
(P2 )µνρσ Vhχχ
=−
1 + sfRicφφ (s, m2φ , m2φ ) 1 + sfRicχχ (s, m2χ , m2χ )
24

2 
× t2 − 4tu + u2 + 2 m2φ − m2χ



1
µν
ρσ
Vhφφ
(P0,s )µνρσ Vhχχ
=−
s + 2m2φ 1 + sfRicφφ (s, m2φ , m2φ ) − 12sfRφφ (s, m2φ , m2φ )
12




× s + 2m2χ 1 + sfRicχχ (s, m2χ , m2χ ) − 12sfRχχ (s, m2χ , m2χ ) .

(4.5)

(4.6)

Contractions involving the other projection tensors vanish, but only after the on-shell conditions
are imposed. It was not important to fix the gauge parameters α and β at the start of the calculation. Contracting the gauge-dependent propagator with the vertices and the on-shell conditions
guarantee that the propagator is projected on its gauge-invariant parts. This means that the scattering amplitude is manifestly gauge invariant, as it ought to be. A deeper understanding is given
in [73]. In linearized gravity, the equations of motion relate the metric perturbation hµν to the
energy-momentum tensor Tµν . Splitting the metric perturbation hµν as a superposition of fields with
spin zero, one and two, it can be shown that the spin-one part does not depend on Tµν . It satisfies a
homogeneous differential equation, and is completely fixed by its initial conditions. The underlying
reason is the transversal graviton-matter vertex, cf. equation (3.38). P2 and P0,s are the only two
structures which contain metric tensors besides momentum tensors. Accounting for the coefficients
of the graviton propagator in equation (3.33) gives us the full-fledged amplitude


µν
ρσ
Aφφχχ
(s, t, u) ≡ 16πGN Vhφφ
2GCC (s) (P2 )µνρσ − GRR (s) (P0,s )µνρσ Vhχχ
.
(4.7)
s
Using equations (4.5) and (4.6), this can be written in its expanded form
 


4πGN
2
2
2
2
Aφφχχ
(s,
t,
u)
=
)
1
+
sf
(s,
m
,
m
)
,
m
−
1
+
sf
(s,
m
Riccχχ
Riccφφ
s
χ
χ
φ
φ
3


2
GCC (s)
× t2 − 4tu + u2 + 2 m2φ − m2χ




+ s + 2m2φ 1 + sfRicφφ (s, m2φ , m2φ ) − 12sfRφφ (s, m2φ , m2φ )





2
2
2
2
2
× s + 2mχ 1 + sfRicχχ (s, mχ , mχ ) − 12sfRχχ (s, mχ , mχ ) GRR (s) .

(4.8)

This result finalizes the calculation we set out to do at the start and is one of the most important
results of this thesis. Related amplitudes can be deduced from this result from symmetry arguments.
For instance, the φχ → φχ scattering also contains one tree-level diagram. The internal momentum
in this case is given by the Mandelstam variable t, while the remainder of the calculation of the
diagram is completely analogous to Aφφχχ
. Crossing symmetry tells us that Aφχφχ
can be obtained
s
t
by replacing s ↔ t.
Let us discuss the properties of (4.8) in detail. The scattering amplitude is invariant under
momentum-dependent
field redefinitions. Introducing the wave function renormalization tensor4
p
Z(q 2 ) to transform
p
 ρσ
2
hµν 7→
Z(q )
hρσ ,
(4.9)
µν

4

In gravity, the wave function renormalization can be a tensor mapping a (0, 2)-tensor to a (0, 2)-tensor, including
appropriate symmetries.

4.1. The scattering amplitude
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χ

φ
p2

φ
p4

p2

p4

•

•

p1

p3
φ

φ

χ

(a) Self interaction of the φφ → χχ scattering. It
is symmetric under p1 ↔ p2 and p3 ↔ p4 .

p1

p3
φ

φ

(b) Self interaction of the φφ → φφ scattering. It
is symmetric in all momenta.

Figure 4.2: Self interaction of the φφ → χχ scattering (left) and φφ → φφ scattering (right).
does notpaffect the amplitude. The graviton propagator picks up a factor of Z(s)−1 , which is cancelled
by the Z(s) terms appearing in the vertices. Secondly, the form factors fφφ and fχχ are absent
in the amplitude. The reason is the presence of only external scalar particles which are evaluated
on-shell. The on-shell conditions imposed on these form factors remove them from the amplitude. If
a diagram contains internal scalar particles, these form factors would appear.
Equation (4.8) does not include the scalar self-interaction, whose Feynman diagram is given by
figure 4.2a. This contribution to the amplitude is given by (3.42) evaluated on-shell


s−2m2φ t−m2φ −m2χ u−m2φ −m2χ u−m2φ −m2χ t−m2φ −m2χ s−2m2χ
φφχχ
A4
= fφφχχ
,
,
,
,
, 2
.
(4.10)
2
2
2
2
2
In total, the amplitude for the φφ → χχ is given by Aφφχχ
+ Aφφχχ
, which finalizes the discussion of
s
4
the φφ → χχ scattering amplitude calculation.
φφ → φφ :
Next, the focus shifts to the scattering of identical particles. Due to the symmetry, there are now
three diagrams contributing to the total amplitude. These are given in figure 4.3. Having already
calculated the amplitude (4.8) makes the calculation of the amplitudes easy. For the s-channel
diagram Aφφφφ
, the labels χ are replaced with φ in (4.8), yielding
s
 
2 

4πGN
φφφφ
As
(s, t, u) =
− 1 + sfRiccφφ (s, m2φ , m2φ )
t2 − 4tu + u2 GCC (s)
3



 2
2
2
2
2
2
+ s + 2mφ 1 + sfRicφφ (s, mφ , mφ ) − 12sfRφφ (s, mφ , mφ ) GRR (s) .
(4.11)

The amplitudes of the t- and u-channel are obtained by applying crossing symmetry to (4.11); replacing s with t and u respectively.
Aφφφφ
(s, t, u) = Aφφφφ
(t, s, u),
s
t
28

Aφφφφ
(s, t, u) = Aφφφφ
(u, t, s).
u
s
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qs = −(p1 + p2 )
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•

p1

p3
φ

φ
(a) s-channel diagram.

p2

p4

φ

p2
φ

p3

φ

φ

•
qt = −(p1 + p3 )

qu = −(p1 + p4 )

•

•

•

φ

φ
p1

φ

p3

φ
p1

(b) t-channel diagram.

p4

(c) u-channel diagram.

Figure 4.3: The Feynman diagrams associated with the φφ → φφ scattering process. For indistinguishable particles, there are three channels, characterized by the momentum carried by the graviton.
In terms of the Mandelstam variables, these are the s-, t- and u-channel diagrams respectively.

The self-interaction is given by evaluating (3.43) on the mass shell and replacing the momenta by
the Mandelstam variables

Aφφφφ
4

= fφφφφ



s−2m2φ t−2m2φ u−2m2φ u−2m2φ t−2m2φ s−2m2φ
, 2 , 2 , 2 , 2 , 2
2



.

(4.13)

The total amplitude for φφ → φφ scattering is given by Aφφφφ
+ Aφφφφ
+ Aφφφφ
+ Aφφφφ
.
s
u
t
4
4.1. The scattering amplitude
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4.2

Partial wave decomposition

An often used technique in the analysis of scattering amplitudes is to use a partial wave decomposition
to study individual angular momentum components of the amplitude. In two-to-two scattering, the
amplitude has rotational symmetry, such that it does not depend on the azimuthal scattering angle φ.
Therefore, the scattering amplitude can be characterized by two variables, the centre-of-mass energy
s and the scattering angle θ. In classical quantum mechanics, this symmetry is used to decompose
the amplitude into partial waves characterized by their angular momentum. This method also lends
itself to any other system exhibiting rotational symmetry. For example, in [74], this method was
employed to study the UV-completion of gravity via scattering of two scalar particles in the spinhelicity formalism, and in [75] it gave insight in the angular momentum rules for massive gravity.
The exchange of a generic spin-J particle in the scattering amplitude is captured in the index of the
Legendre polynomials, Pn (z). For example, the coefficient belonging to P2 (z) gives the contribution
of the scattering process mediated by a spin-two particle.
Let us start by recapitulating the relevant properties of the Legendre polynomials and our definition of the partial wave expansion. For the majority, we will follow the conventions in [74]. A
compact definition of the Legendre polynomials is given by Rodrigues’ formula,
n
1 dn
x2 − 1 .
n
n
2 n! d x

Pn (x) ≡

(4.14)

The Legendre polynomials form an orthogonal set on the
 Hilbert space of square integrable functions
on the interval [−1, 1], commonly denotes as L2 [−1, 1] . The inner product on this space is defined
as
Z 1
hf, gi =
dx f (x) g(x).
(4.15)
−1

The Legendre polynomials satisfy the orthogonality condition.
hPn , Pm i =

2
δnm .
2n + 1

(4.16)

Introducing an appropriate scaling factor transforms the Legendre polynomials to an orthonormal
set. As an immediate consequence, we are now in the position to expand any function in L2 [−1, 1]
in this basis.
f=

∞
X

aj Pj ,

aj =

j=0

2j + 1
hf, Pj i .
2

(4.17)

In scattering amplitudes, we are seeking to encode their dependence on the scattering angle θ in
terms of the Legendre polynomials. We define the expansion with an extra overall factor of 32π. The
coefficients aj are the so-called partial wave amplitudes
A(s, cos θ) = 32π

∞
X
2j + 1
j=0

2

aj (s)Pj (cos θ),

(4.18)

where
1
aj (s) ≡
32π
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d (cos θ) A(s, cos θ)Pj (cos θ).
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φφ → χχ :
With the toolbox of partial wave amplitudes at our disposal, equation (4.8) can now neatly be
decomposed, such that two partial wave amplitudes are appearing




GN
φφχχ
2
2
2
2
2
a0
(s) =
GRR (s) s + 2mφ 1 + sfRicφφ (s, mφ , mφ ) − 12sfRφφ (s, mφ , mφ )
12




2
2
2
2
2
× s + 2mχ 1 + sfRicχχ (s, mχ , mχ ) − 12sfRχχ (s, mχ , mχ ) ,
(4.20)
aφφχχ
(s) = −
2




GN
GCC (s) s − 4m2φ 1 + sfRicφφ (s, m2φ , m2φ )
60



× s − 4m2χ

1 + sfRicχχ (s, m2χ , m2χ ) .

(4.21)

The partial wave amplitudes with j = 1 and j ≥ 3 vanish. These expressions simplify significantly if
we assume a minimally coupled theory and take the ultrarelativistic limit, i.e. the graviton-matter
form factors are set to zero and the mass of the scalar particles is negligible compared to s,
GN 2
GN 2
s GRR (s), aφφχχ
(s) = −
s GCC (s).
(4.22)
2
12
60
For now, the focus is purely on the graviton mediated amplitude and the analysis of the self-interaction
is left for later. It should be noted however, that the self-interaction contributes to the even partial
wave amplitudes, a2n , which are associated to ladder diagrams exchanging n gravitons.
aφφχχ
(s) =
0

φφ → φφ :
and Aφφφφ
from Aφφφφ
The procedure we used to obtain the scattering amplitudes Aφφφφ
, Aφφφφ
u
s
s
t
does not translate to the partial wave amplitudes. The problem arises in the t- and u-channel
amplitudes. The partial wave amplitudes become ill-defined in this region, due to the t−1 and u−1
factors appearing in these diagrams. In the limit cos θ → 1, the amplitude diverges, which is a general
problem for all scattering amplitudes mediated by a massless particle.

4.3

Cross section

Scattering cross sections are the objects that relate theory to experiment. On the one hand, this is
something that we can measure with great accuracy in particle colliders such as the LHC, while on
the other hand, they are directly related to scattering amplitudes. Working in the centre-of-mass
frame has the advantage that the differential cross section reduces to a simple expression. The result
holds for all scattering amplitudes and is given by
s
 
2
s − 4m2χ
dσ
1
A(s,
t,
u)
.
(4.23)
=
dΩ CM 64π 2 s s − 4m2φ
The massless limit is defined as taking both mφ , mχ → 0, which removes the square root term from
the equation. To obtain the total cross section, the differential cross section (4.23) is integrated
over the solid angle dΩ. At this point we make the following observations. In case of a two-to-two
scattering process, where A is independent of φ, an overall factor of 2π is obtained due to the φintegral. Moreover, there are no mixed factors of partial wave amplitudes due to the orthogonality
of the Legendre polynomials. For readability, the indices φ, χ of the partial wave amplitudes are
omitted, and we obtain
s

16π s − 4m2χ  2
φχ
2
σCM =
a
(s)
+
5a
(s)
.
(4.24)
0
2
s
s − 4m2φ
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In these calculations, the coefficients of one and five appears in front of the partial wave amplitudes.
These are generated by the normalization factor of the Legendre polynomials, and they indicate how
many (off-shell) graviton helicity states appear; one in the spin-zero sector, and five in the spin-two
sector. In the massless limit, the partial wave amplitudes (4.22) reduce to the cross section
φχ
σCM
=


πG2N s3  2
1
GRR (s) + G2CC (s) .
18
5

(4.25)

π 2
G s.
15 N

(4.26)

Here, we accounted for a factor 12 due to identical external particles. Also, GXX is given in equations
(3.34), which reduces to s−1 when we return to general relativity, where the form factors fXX are set
to zero. Hence, for general relativity, the cross section is
φχ
σCM
=

The inclusion of non-zero form factors will in general change the scaling behaviour of the cross section.
In the upcoming chapter, we will see various manifestations of higher-derivative gravity models, and
analyse how they change the scattering amplitudes, partial wave amplitudes and subsequently the
scattering cross sections.
The differential cross section for φφ → φφ is obtained by squaring the complete amplitude Aφφφφ .
Due to the divergence of the t- and u-channel amplitudes, integrating over the solid angle produces a
divergent integral. This is not a problem that the form factors brought about. This divergence is also
produced in general relativity and is due to the masslessness of the graviton. A potential cure came
from Weinberg’s soft graviton theorem [76]. Apart from the IR-divergence generated by the virtual
graviton, a second source of IR-divergences appear from diagrams where soft external gravitons are
radiated away. Weinberg showed that order for order in perturbation theory, the IR-divergences
generated from both classes exactly cancel, meaning that it is expected that the emission of soft
graviton removes the singularity.
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CHAPTER

5

In context to other theories

Based on the form factor program, the comparison of different higher-derivative theories of gravity
can be done in the form factor program with relative ease. They parametrize these theories, and
allow for an analysis in an unifying language. The goal of this chapter is to analyze some of these
theories, and to identify their properties with respect to the causality and unitarity conditions set up
in section 2.3. Following the analysis of [43], the important properties of the different theories can be
extracted from the gravity mediated scattering of distinguishable particles, φφ → χχ. As seen in the
previous chapter, this reduces the scattering amplitude to equation (4.8) which gives a well-defined
partial wave decomposition. Secondly, we will study massless particles, setting mφ , mχ = 0. Finally,
the theories all have gravity minimally coupled to matter, entailing that all form factors fRxx and
fRicxx are set to zero.

5.1

General relativity revisited

The theory of general relativity is retrieved by setting all form factors to zero. In this way, all
quadratic curvature contributions to the action are removed, and only the Einstein-Hilbert term
remains (without the cosmological constant). We can immediately substitute this replacement rule
into the scattering amplitude to obtain the well-known result of general relativity [77],
Aφφχχ (s) = 8πGN

tu
= 2πGN s sin2 θ.
s

(5.1)

The resulting partial wave amplitudes are
aφφχχ
(s) =
0

GN
s,
12

aφφχχ
(s) = −
2

GN
s.
60

(5.2)

We can immediately see that there is no hope of having a unitary S-matrix in the high energy limit.
Both the scattering and the partial wave amplitudes scale linearly with s, which in turn implies that
the dimensionless cross section sσCM , where σ is given by equation (4.26), scales quadratically with
the centre-of-mass
energy squared. This is in line with the negative mass dimension of Newton’s


constant, GN = −2. By construction, tree-level diagrams are linear in GN and therefore must be
proportional to s in order to obtain a dimensionless amplitude.
Chapter 5. In context to other theories
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Figure 5.1: The spin-zero partial wave amplitudes of general relativity, Stelle gravity, infinite derivative gravity and renormalization group improvements. Here, ω = cR = 1 for all models. The partial
wave amplitude of Stelle gravity and renormalization group improvements completely overlap.

5.2

Effective field theory

Effective field theories introduce a cut-off scale Λ2 up to which a theory is valid. Beyond this scale,
the theory should not be trusted, and a different theory which is appropriate at this scale should be
employed. However, the idea behind effective field theories is that below the cut-off scale, the theory
is predictable. In this way, general relativity makes sense when considered as a quantum theory.
The cut-off scale of the effective field theory is the Planck scale, beyond which a complete quantum
gravity theory is required.
An effective field theory cannot describe all quantum fluctuations in the action by definition, and
thus we cannot employ the quantum effective action constructed in chapter 2. Scattering amplitudes
can be calculated in a perturbative expansion as long as we consider the low-energy regime only.
Tree-level amplitudes calculated from a bare action S give leading order contributions, and loop
corrections are now required to obtain a more accurate result. A first order correction can be found
by calculating all one-loop Feynman diagrams. For massless mediators such as the graviton or
the photon, these loop corrections typically comprise non-analytic terms proportional to log s and
s−1/2 [78–81].
Alternatively, these non-analytic terms can be calculated directly from the bare action. A oneloop effective action contains these terms as form factors. Tree-level diagrams calculated from this
object have the one-loop corrections already accounted for. The one-loop effective action is given by
1
S (2) + RUV
Γ1−loop = S − tr log
,
2
S (2)

(5.3)

where S (2) is the second variation of S with respect to the fluctuation field, and RUV is a regulator
which ensures that the trace does not diverge at high energies. One of the first one-loop calculations
for pure gravity was done by ’t Hooft and Veltman, who calculated the one-loop divergences resulting
34
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from the Einstein-Hilbert action [6]. A wide range of calculations have been done since then for
Einstein-Hilbert gravity coupled to matter, such as scalar, Dirac and Maxwell fields [35, 82]. The
logarithmic divergence for gravity coupled to Ns scalars is given by


 
 
Z
2 + Ns
1
41 + Ns
∆
∆
µν
4 √
.
(5.4)
R
+
R
Γone-loop = −
d
x
−g
R
log
R
log
µν
16π 2
120
Λ2
240
Λ2
The gravity matter form factors can also be calculated in this framework [82, 83], although including
matter fluctuations tend to complicate the calculations.
This works primarily focusses on the UV aspect of scattering amplitudes. Hence, the partial
wave amplitude calculated from (5.4) is omitted from figure 5.1. Nevertheless, non-local effects in
the infrared regime have been studied in the literature [41, 42, 84, 85] and can potentially account for
dark energy in the universe [48, 49, 86]. Equation (5.4) serves as an illustration of the versatility of
the form factor formalism.

5.3

Stelle gravity

In Stelle gravity, the form factors of the quadratic curvature monomials are set to a non-zero constant
fRR (q 2 ) = −

1
,
cR

fCC (q 2 ) = −

1
.
cC

(5.5)

The free parameters cR and cC set the scale at which the quadratic curvature corrections set in. At
energies below this scale, the second order curvature terms are insignificant and Stelle gravity reduces
to general relativity. At large energies, these extra terms tame the growth of the amplitude. We can
see this from the partial wave amplitudes evaluated for the form factors (5.5)
(s) =
aφφχχ
0

GN 2  1
1 
s
−
,
12
s s − cR

(s) = −
aφφχχ
2

GN 2  1
1 
s
−
.
60
s s − cC

(5.6)

Indeed, as s tends to infinity, the form factors (5.5) ensure a finite amplitude. A closer inspection
reveals the problems that appear in Stelle gravity. The decomposition of the partial wave amplitudes
show that, besides the massless pole at s = 0, there are additional massive poles, sitting at s = cR
and s = cC for the different spin modes. These additional contributions appear in the partial wave
amplitudes with opposite sign. This is an indication that one of these extra poles is associated to
a negative-energy state. A formal calculation of the residue of the massive poles shows that the
spin-two pole is the culprit

cR − s
GN
Res|s=cR aφφχχ
(s) = lim
a0 (s) =
cR > 0,
0
s→cR
cR
12

cC − s
GN
(s) = lim
Res|s=cC aφφχχ
a2 (s) = −
cC < 0.
2
s→cC
cC
60

(5.7)
(5.8)

States with negative residue lack a physical interpretation, and should therefore be removed from
the theory. Doing this however, violates unitarity of the S-matrix [87], showing that introducing
quadratic curvature monomials à la Stelle generates a non-unitary theory.
It was already shown by Ostrogradski in the 1850s that classical systems containing time derivatives of order higher than two generate Hamiltonians whose kinetic energy is not bounded from below.
The same principle applies here. The quadratic curvature monomials introduce higher order field
derivatives, which in turn violate the unitarity of the theory. As summarized in [22], there are three
ways to deal with this problem. We can accept that gravity is not causal at a microscopic level. The
5.3. Stelle gravity
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kBk Γk rφs “

1
Tr
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Ś

Figure 5.2: A visualization of the Wetterich equation in Feynman diagram notation.
massive modes that appear in the propagator are then interpreted as particles moving backwards in
time. A second way is to break Lorentz invariance. Maintaining two time-derivatives and allowing
for higher spatial derivatives, unitarity can be saved. This idea forms the basis of Hor̆ava-Lifschitz
gravity. The third way is what we initially set out to do with the form factor program. The derivative terms are compressed into a function, capturing the non-trivial momentum dependence. Stelle
gravity shows that momentum-dependent form factors are paramount if one insists on unitarity and
causality. An example is the infinite derivative models that we will encounter in the next section.

5.4

Infinite derivative gravity

Infinite derivative gravity [69,80,88,89] generalizes Stelle gravity by including momentum-dependent
form factors at the bare action. The choice for the form factors in this approach is an exponential
function. In this way, the form factor has no zero, and therefore, the graviton propagator only
contains the massless modes. It mimics the behaviour of the scattering amplitudes calculated from
string theory, where exponential form factors appear as a class of higher-derivative theories [90].
Following [80, 91], the specific choice for form factors are
fRR (∆) =

ecR ∆ − 1
,
∆

fCC (∆) =

e cC ∆ − 1
,
∆


2
fφφ (∆) = ecS (∆−mφ ) ∆ − m2φ .

(5.9)

This is also the first encounter with a non-trivial scalar form factor fφφ . By construction, this form
factor satisfies the on-shell conditions specified in section 3.2.3. The exponential form factors suppress
the high energy behaviour of the scattering amplitudes, which generates an asymptotic free theory.
Work in this field suggests there should also be form factors in the gravity-matter sector, although
the precise structure of these terms has not yet been worked out. Substituting (5.9) into the partial
wave amplitudes of φφ → χχ, we obtain
(s) =
aφφχχ
0

GN −cR s
se
,
12

(s) = −
aφφχχ
2

GN −cC s
se
.
60

(5.10)

This clearly shows the exponential damping of the amplitudes in the UV-regime. This is also illustrated in figure 5.1. This also means that there are no ghost modes in infinite derivative gravity, or
any new massive degrees of freedom at all for that matter.
By crossing symmetry, we obtain the scattering amplitude for φχ → φχ by interchanging s ↔ t.
In this case, the partial wave amplitudes are exponentially increasing with s, which violates the
Froissart bound. It is therefore unclear if infinite derivative gravity truly generates a finite, unitary
theory.

5.5

Renormalization group improvements

Non-perturbative methods for gravity became available by the work of Reuter in the early nineties
[86, 92–94]. The central object in this framework is the effective average action; a scale-dependent
counterpart to the “ordinary” effective action. This is done by introducing a regulator Rk . In this
36
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case, k acts as an IR cut-off scale, which associates a mass k 2 to the low-energy modes. The effective
average action is derived along the same lines as the ordinary quantum effective action. First, we
define the functional Wk [J]


Z
Z
4
exp (Wk [J]) ≡ Dφ exp −Γ[φ] − ∆Sk [φ] + d x φ(x)J(x) .
(5.11)
Here, the regulator term ∆Sk [φ] is given in momentum space by
Z
d4 p
1
φp Rk (p2 )φp .
∆Sk [φ] =
2
(2π)4

(5.12)

We note that the effective average action is derived for spacetimes with an Euclidean signature, so
the traditional factors of i do not appear in the path integral. We see that the regulator term has
no impact on the vertices of the theory. Its only effect is to modify the momentum behaviour of the
propagator. In this case, it is similar to the fXX form factors encountered for the graviton propagator,
although now the IR-behaviour is changed. For a regular suppression of the infrared modes of φ(x),
the following list of requirements applies to the regulator [35, 95]
• Rk must be continuous and monotonically decreasing in both p2 and k 2 .
• For p2 > k 2 , Rk should tend to zero.
• For p2  k 2 , Rk is approximately k 2 .
• For k → 0, Rk should tend to zero.
The effective average action is defined by taking the Legendre transform of Wk [J]
Z
Γk [φ] = −Wk [φ] + d4 x J(x)φ(x) − ∆Sk [φ].

(5.13)

A smooth regulator allows the derivation of a flow equation. This is known as the Wetterich equation,
which provides the primary non-perturbative tool to investigate asymptotic safety of quantum gravity


−1
1
(2)
k∂k Γk [φ] = Tr Γk + Rk
k∂k Rk .
(5.14)
2
(2)

In this notation, Γk is the Hessian containing two functional derivative with respect to φ. The trace
is defined with respect to an arbitrary basis of eigenstates of the argument, which can be discrete or
continuous. Figure 5.2 gives a visual representation of the Wetterich equation. The continuous line
represents the exact propagator, regulated by Rk

−1
(2)
Γk + Rk
,
(5.15)

and the cross on top symbolizes the insertion of k∂k Rk . The effective average action interpolates
between two special limit points. From equation (5.13) and the properties of the regulator, we see
that limk→0 Γk removes the regulator and the quantum effective action is retrieved. On the other
hand, it can be shown that limk→∞ Γk approaches the bare action [36].
The Wetterich equation is non-perturbative, in the sense that it does not rely on any expansion in
coupling constants of any kind. Typically, one would like to start from a bare action S, and solve the
Wetterich equation to obtain the renormalized coupling constants. In general, this is incredibly hard
to do, and typically one has to settle for a truncated expansion of the action. Having a finite number
5.5. Renormalization group improvements
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of monomials in the action, each associated with a coupling constant, results in a finite number
of β-functions obtained from the Wetterich equation. This typically generates a set of non-linear,
coupled differential equations which can be solved by means of numerical methods.
The basis of monomials used to construct the action can be thought of as spanning a theory
space. The coupling constant correspond to coordinates in this high-dimensional space, and the βfunctions trace out trajectories. In some cases, the trajectories will be pulled towards a fixed point.
At the fixed point, the coupling constants are finite, the β-functions vanish and hence, the theory is
saved from UV-divergences. A fixed point has been found when studying the action projected on a
√
√
two-dimensional subspace spanned by g and gR [96]. The coupling constants are therefore the
scale-dependent Newton’s constant Gk and cosmological constant Λk . In four-dimensional gravity,
the dimensionless coupling constants are obtained by multiplication with an appropriate factor of k
to obtain a dimensionless object
Λk = k −2 Λk

gk = GN k 2 ,

(5.16)

The negative mass dimension of Newton’s constant dictates the quadratic scaling of gk , showing that
expanding in gk well beyond the Planck scale is problematic. The Wetterich equation gives a new
scaling behaviour in this regime. Following [96], the dimensionless coupling constants are substituted
in the Wetterich equation to obtain the two β-functions. For a vanishing cosmological constant, we
have
k∂k gk = 2

1 − ω 0 gk
gk .
1 − (ω 0 − ω)gk

(5.17)

Having chosen the exponential regulator, the constants ω and ω 0 are
ω=

π
4
− ,
π 36

ω0 =

14
π
− .
3π 36

(5.18)

Although gk = 0 is a solution to (5.17), it implies that gk is zero at all scales. Looking at the world
around us, it is clear that this cannot be the case. A second non-trivial fixed point is given at
∗
guv
=

1
.
ω0

(5.19)

∗ ] for all k, then g has to be attracted towards zero
Given that gk is contained in the interval [0, guv
k
∗ in the ultraviolet limit. Equation (5.17) cannot be solved
in the infrared limit, and towards guv
explicitly, but for ω 0 /ω ≈ 1 we find an accurate approximation. This choice is not unreasonable as
from (5.18) we have ω 0 /ω ≈ 1.18. Restoring k 2 , Newton’s constant is

G(k 2 ) =

GN
.
1 + ωGN k 2

(5.20)

For small k 2 , the running is indeed close to the bare Newton’s constant. For k 2  G−1
N , the coupling
constant falls off as k −2 .
We perform a renormalization group improvement to the scattering amplitude by exploiting the
information given by equation (5.20) to incorporate quantum corrections to the graviton propagator.
In the amplitude, the only scale-dependent variable is the graviton momentum. Naturally, we identify
k 2 = qE2 . The subscript reminds us that we are still in an Euclidean background. Using a standard
Wick rotation, we can switch from the Euclidean background to the Minkowski background. Taking
the sign convention of the flat background into account, we have k 2 → −q 2 . The renormalizion group
improvement of the scattering amplitude (5.1) gives,
Aφφχχ (s) = 8πG(−s)
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The partial wave amplitudes are
aφφχχ
(s) =
0


GN 2  1
1
s
−
,
−1
12
s s − G−1
N ω

aφφχχ
(s) = −
2


1
GN 2  1
s
−
.
−1
60
s s − G−1
N ω

(5.22)

The partial wave amplitudes show the same qualitative behaviour as Stelle gravity. The gravitational form factors are both equal to the constant fXX = −GN ω, which corresponds to the Stelle
−1
parameters cX = G−1
N ω . The interacting fixed point guarantees finite observables in the UV. The
renormalization group improvement implements this feature at the cost of a ghost particle in the
−1
spin-two sector of the graviton, similar to Stelle gravity. Setting cR = cC = G−1
N ω , the partial wave
amplitudes completely overlap is shown in figure 5.1.
The renormalization improvement assigns the same mass to the spin-zero and spin-two mode,
which is already a simplification of Stelle gravity where the two could have different mass. Extending
this analysis to more general scattering processes becomes more problematic. Renormalizing one
single coupling constant is not enough to specify all the different form factors that might appear.
Secondly, form factors generally carry more than one argument. For example, the matter form
factors fRxx and fRicxx had three, each depending on independent scales. An underdetermined
system appears when the single scale parameter k has to describe a multiple-parameter family of
scale-dependent variables. Renormalization group improvements give an idea about how physics
could look like, but one should not expect that it is able to reveal the full picture.

5.5. Renormalization group improvements
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6

Realizing asymptotic safe amplitudes

In this chapter, the model introduced in [44] is analysed. A carefully chosen analytic structure of the
form factors realizes asymptotic safety at the level of scattering amplitudes. The model is a proof
of principle, showing that the form factors have enough freedom to support a unitary and causal
theory. There will be extra emphasis on the pole structure of the model, which has the resemblance
of a Lee-Wick model in QED. This model is non-perturbative in the sense that a finite truncation of
the model introduces massive poles signalling unitarity and causality problems. These massive poles
are artefacts of the truncation scheme. An analysis of the full form factors shows that all poles are
on the imaginary axis. Hence, it is essential that the full structure is maintained. It will also become
clear that the form factors modifying the graviton propagator are not sufficient to guarantee finite
observables. This is only possible with the addition of a matter self-interactions.

6.1

Lee-Wick models and microcausality - an interlude

In the 1960s, Lee and Wick proposed a special class of quantum field theories to provide a UVcompletion to QED [97,98]. The goal was to circumvent the Landau pole which appears in the photon
propagator for some finite energy, while retaining renormalizability and unitarity of the theory. Their
idea was to modify the scalar part of the photon propagator according to
1
q2

−→

1
1
M2
,
−
=
−
q2 q2 − M 2
q2 q2 − M 2

(6.1)

where M is a finite mass scale. This modification is not completely new; this is also done in PauliVillars regularization. The difference is that M is not regarded as a cut-off scale, which can be
send to infinity to return the classical theory. Instead, Lee and Wick regard M as a physical scale.
This can be achieved by including a massive auxiliary field in the action. For example, the Abelian
Lee-Wick model for QED, with an interaction fermion ψ, is [99]
h
i


1
1
1
L = − Fµν F µν + Gµν Gµν + M 2 Bµ B µ − ψ γ µ − i∂µ − e(Aµ + Bµ ) + m ψ + Jµ Aµ + B µ .
4
4
2
(6.2)
Here we have introduced the massive Lee-Wick photon field Bµ to the theory (Gµν = ∂µ Bν − ∂ν Bµ )
with mass M . Notice that it appears in the Lagrangian with the wrong sign, meaning that it is a ghost
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state. Both the “normal” and the Lee-Wick photon couple to the electromagnetic current, and the
interaction can be described in a combined propagator. In [99], this propagator has been calculated,
and modified by integrating out the Dirac fields. This way, the propagator gets a contribution of the
vacuum polarization, Π(q 2 ),
iDµν (q 2 ) =

q2

−iηµν

.
+ i 1 + Π(q 2 ) − q 2 /M 2

The vacuum polarization is given in a Källen-Lehmann spectral representation
r
Z ∞
1
4m2 
α
2m2 
 1−
ds
Π(q 2 ) = q 2
1
+
.
3π 4m2 s s − q 2 + i
s
s

(6.3)

(6.4)

Calculating the vacuum polarization function Π(q 2 ) of the photon propagator, shifts the pole of the
heavy Lee-Wick particle into the complex plane. In [100], a numerical solution reveals the resonance
structure, showing that the propagator is well approximated by
iDµν (q 2 ) =

q2

q2

−iηµν
.
− µ2 − iM Γ

(6.5)

The imaginary part of the denominator yields a finite decay width, showing that the massive LeeWick particle is unstable. However, this decay width also comes with the wrong sign. Together,
this implies that overall, the imaginary part of the propagator is the same as a propagator with the
correct kinetic and resonance signs
Im q 2 Dµν (q 2 ) = −ηµν

(q 2

MΓ
.
−
+ M 2 Γ2
µ2 )2

(6.6)

The negative sign of the massive Lee-Wick propagator in (6.1) is associated to a negative energy
state, violating unitarity. In the classical limit, this negative state indicates instability of the theory,
which can be removed by imposing boundary conditions such that certain modes are restrained.
However, this procedure is known to violate causality, suppressed below the scales set by the LeeWick particles [101, 102]. In particular, [102] shows that the overlap of incoming and outgoing wave
packets, mediated by the massive Lee-Wick particle, has non-zero overlap only when the mediator
propagates backwards in time, i.e. the outgoing particles appear before the ingoing particles have
collided. The time scale at which causality is violated is set by the imaginary part of the LeeWick resonance. A second problem that arises is the violation of Lorentz invariance at a certain
point in the calculations [103–105]. A solution came by the hands of Cutkovsky, Landshoff, Olive
and Polkinghorne [106], who redefined the contour of the momentum integral in such a way that
unitarity and Lorentz invariance is eventually restored.

6.2

Analysis of the hyperbolic tangent form factors

Scattering of massless, distinguishable particles produced a single tree-level diagram (figure 4.1) and
scattering amplitude (4.8). Omitting the gravity-matter form factors fRxx and fRicxx , we shift the
analysis to the pure gravity form factors and the pole structure therein. Adopting the form factors
of [44]

fXX (∆) = cX GN tanh cX GN ∆ ,
(6.7)
we immediately get the scattering amplitude and partial wave amplitudes by plugging the form
factors (in momentum space representation) in equations (4.8) and (4.22). The constants cX > 0
6.2. Analysis of the hyperbolic tangent form factors
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Figure 6.1: The spin-zero partial wave amplitudes of figure 5.1, now with the hyperbolic tangent model
included. Again ω = cR = 1 for all models.
are strictly positive and dimensionless. In the centre-of-mass frame, the scattering amplitude (4.8)
reduces under these assumptions to



4πGN 2
φφχχ
2
2
As
(s, cos θ) =
s GRR (s) − s + 6st + 6t GCC (s)
3


4πGN 2
=
s GRR (s)P0 (s) − GCC (s)P2 (s, cos θ) ,
(6.8)
3
with
GXX (z) =

1
.
z 1 + cX GN z tanh cX GN z

(6.9)

The corresponding partial wave amplitudes (4.22) will be reiterated here
aφφχχ
=
0

GN 2
s GRR (s),
12

aφφχχ
=−
2

GN 2
s GCC (s).
60

(6.10)

Unitarity:
First we notice that s tanh s is a positive function. Therefore, these form factors do not introduce
massive ghost degrees of freedom in the theory. At the same time, the partial wave amplitudes are
bounded in the high energy regime. As s tends to infinity, the tanh-function approaches unity. In
this way the momentum behaviour of the propagator is smoothly altered from s−1 to s−2 which
is exactly what was necessary to stop the linear growth of the partial wave amplitudes in general
relativity (see figure 6.1). The smooth transition is what Stelle gravity was lacking. It also had the
correct high energy behaviour of the propagator, but at the cost of a pole at finite energy. Imposing
the unitarity constraint of of the partial wave amplitude, (2.29), gives a lower bound of the cX .
cR ≥
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1
,
12

cC ≥

1
.
60
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Causality
One of the conditions for a causality-abiding scattering amplitude was given by the upper bound
mentioned in section 2.3. Any causal scattering amplitude should be polynomially bounded, growing
slower than s2 . For φφ → χχ, this is not a problem, but there is a related scattering process where
this bound is violated.
Moving towards φχ → φχ scattering, we obtain the corresponding scattering amplitude equation
(6.8) by crossing symmetry



4πGN 2
φχφχ
2
2
At
=
t GRR (t) − 6s + 6st + t GCC (t) .
(6.12)
3

This scattering process only has a t-channel. In the forward scattering limit, where t is fixed, this
amplitude scales with s2 , breaking the causality bound. The gravity form factors are insufficient to
recuperate causality. This is where the scalar self-interaction plays a crucial role. The form factor
fφφχχ can be chosen in such a way that causality is restored. In the massless limit, the on-shell
self-interaction to the t-channel amplitude is

Aφχφχ
= fφφχχ 2t , 2s , 2u , 2u , 2s , 2t + sym,
(6.13)
4

where “sym” means that all permutations of the arguments of fφφχχ , where p1 ↔ p2 and p3 ↔ p4 ,
should be added. This way, crossing symmetry arises from the symmetrization of the form factors,
which itself arises from the variational principle of the action. Different choices of fφφχχ can generate
the same amplitude, which is why only the full vertex is of our concern. Besides being crossing
symmetric, the form factor should also vanish in the low energy limit s → 0. In this regime, general
relativity should be retrieved and corrections due to self-interactions should be suppressed at low
energies. On the other hand, the self interaction cancels the quadratic divergence of the scattering
amplitude, which gives
= 8πGN s2 GCC (t) + O(s).
= − lim Aφχφχ
lim Aφχφχ
t
4
t fixed
s→∞

t fixed
s→∞

(6.14)

To achieve these goals, an interpolation function fint is introduced to switch the self-interaction off
and on in the correct regimes. For low s, this function reduces to zero, and in the limit s → ∞, it
tends towards one. The self-interaction is then defined as
Aφχφχ
= g(t|s, u) = 4πGN GCC (t)(s2 + u2 )fint (s2 + t2 + u2 ),
4

(6.15)

where we take fint the same as in [44]
fint (z) =

ct G2N z tanh ct G2N z
.
1 + ct G2N z tanh ct G2N z

(6.16)

By construction, this function is invariant under crossing symmetry and at low energies, i.e. GN s .
(GN ct )−1 , the self-interaction is “switched off”. The control parameter ct sets the scale at which
the self-interaction provides a relevant contribution to the complete amplitude. The full scattering
amplitude is now linear in s at high energies,
lim Aφχφχ = lim Aφχφχ
+ Aφχφχ
= −8πGN stGCC (t) + O(s0 ).
t
4

t fixed
s→∞

t fixed
s→∞

(6.17)

Naturally, the self-interaction also contributes to the total scattering amplitude of the s-channel. One
easily verifies that it does not affect the salient features at high energies,

4πGN 2 
φφχχ
s
G
(s)
+
2G
(s)
+ O(s0 ).
(6.18)
lim Aφφχχ = lim Aφφχχ
+
A
=
RR
CC
s
4
t fixed
t fixed
3
s→∞

s→∞
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(a) Pole structure of tanh-model at tenth order.

(b) Pole structure of tanh-model at twenty-fifth
order.

(c) Pole structure of the untruncated form factor.

(d) Pole structure of the untruncated form factor
at a larger interval.

Figure 6.2: Contour diagrams of 1 + z tanh(z). The figures signify the pole structure of the form
factors, truncated at a finite order [6.2a, 6.2b] and in their exact form [6.2c, 6.2d]. The location of
the poles are at the centre of the white circles.
The functions GXX (s) decay asymptotically of order s−2 so the amplitude is asymptotically constant
in s. Thus, the qualitative behaviour of the s-channel amplitude is unchanged. Including a matter
self-interaction only shifts the asymptotic limit to a different, finite value.
Pole structure:
Due to the symmetry of the form factor contribution in the propagator, there are no poles for any real
s (apart from the one corresponding to a massless graviton at s = 0). Analyzing the pole structure in
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the complex momentum plane, all poles of the tanh-model are on the imaginary axis; their real part
is always zero. The first pole is in the origin and is due to the massless graviton of general relativity.
The position of the other poles are found by solving
ix tanh(ix) + 1 = 0

←→

x tan(x) − 1 = 0,

x ∈ R.

(6.19)

There is no solution of this equations in closed form, and numerical methods are required to approximate the exact position of the poles. However, at large x, the poles approach the zeros of tan(x)
increasingly better, showing that the poles have a Regge behaviour where they are equally spaced
due to the periodicity of the tangent function. Reintroducing the constants cX and GN , the poles,
Γ(n) , are positioned at
(n)

ΓX '

πn
i,
GN cX

∀n ∈ Z.

(6.20)

The exact solutions to equation (6.19) are illustrated in figure 6.2. In these contour diagrams, the
poles are positioned at the centre of the white bubbles. In figures 6.2c and 6.2d we clearly see how
the poles are positioned at the complex axis, becoming equidistant far away from the origin.
The fallacy of form factor truncations:
So far, we have seen that the poles of the full form factors are all on the imaginary axis. This is
the underlying mechanism which gives us causal, unitary, Lorentz invariant scattering amplitudes.
However, this form factor approach is relatively new, and so far quite a lot of the literature focuses on
studying quantum gravity theories employing a truncated derivative expansion. This corresponds to
approximating the form factors by a Taylor expansion of finite order. In this section, it will be shown
that this procedure is prone to difficulties. First, we can perform a Taylor expansion of z tanh(z)
around z = 0

∞
X
22n 22n − 1
z tanh z =
B2n z 2n ,
(2n)!

(6.21)

n=1

where Bn are the Bernoulli numbers. The expansion has a finite radius of convergence of π/2, where
the tanh hits its first pole. Hence, we cannot expect a finite expansion to generate all the poles on
the imaginary axis, especially those outside of the radius of convergence. The pole structure of the
truncated model is shown in figures 6.2a and 6.2b, where (6.21) is expanded up to order ten and
twenty-five respectively. Some of the poles are indeed on the imaginary axis and are present in the
full form factors 6.2c, but the remaining poles arise at the boundary of the radius of convergence.
Truncating the form factors therefore yield massive poles in the complex plane. This structure is
identical to the one encountered in Lee-Wick models. From this context, it is known that poles with
a non-zero real part lead to violation of microcausality.
In the context of asymptotic safety, the evolution of a scale-dependent effective action is described
by a non-perturbative functional renormalization group equation. The difficulty is that the analysis
of a general action with this technique is currently our of reach. At the moment, truncations of the
action are studied to analyze the asymptotic safety scenario of gravity. Although there are strong
indications of asymptotic safety of gravity [23–34], there is still a lot unknown about the unitarity
of these theories. From the model here, it is clear that carefulness is required when unitarity is
studied in a truncated theory. A similar conclusion is reached in [107]. The ghosts that enter in these
theories, such as the spin-two ghost in Stelle gravity, might be artefacts of the truncation procedure,
and might be absent in the full theory.
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Microcausality of the hyperbolic tangent model:
The question then arises of the tanh-model violates causality at microscopic scales like the Lee-Wick
models do. Following the analysis in [102] , it turns out that this is not the case. The multiplicative
factor of 1 + fXX (q 2 ) appearing in the propagator is regular for all real q 2 . Consequently, the causal
behaviour of the scattering amplitude is equivalent to that of a massless particle. On the other hand,
it is clear that a truncation of the form factor to some degree introduces massive Lee-Wick poles.
This signals once again that it is crucial that the full form factor has to be kept.
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7

Conclusions and Outlook

In this thesis we developed the form factor program in the quantum effective action. Our main
interest was in determining its ability to generate amplitudes compatible with Lorentzian asymptotic
safety. Explicitly, the focus was on scattering of (massive) scalar matter, generating the scattering
amplitude (4.8). This result was generated from the most general action that could describe the
process. This includes up to R2 monomials to properly account for the graviton propagator, and
up to Rφφ monomials for the vertices. Collecting the derivative acting on these monomials in the
form factors, the most general action, vertices, propagators and amplitudes could be derived. This
amounted for the first part of the thesis, from which the following conclusions can be drawn.
1. The amplitude (4.8), and all derived amplitudes, are manifestly gauge independent. The gaugefixing term contributed to the spin-one and spin-zero sector of the off-shell graviton to ensure
a well-defined propagator. Contracting the propagator with the graviton-matter vertices and
imposing on-shell conditions, eliminates any gauge-dependence of the result.
2. A decomposition of the scattering amplitude into partial wave amplitudes has proven to be very
insightful. In (4.20), it is shown that the Ricci form factor enters the spin-zero amplitude, and
the Weyl form factor to the spin-two part. These form factors alter the momentum dependence
of the graviton propagator derived from general relativity to
1
1
.
→ 2
2
2
q
q 1 + q fXX (q 2 )

(7.1)

It shows that a suitable choice for the form factor could cancel the typical q 2 divergence of the
GR scattering amplitude (5.1).
3. The scattering amplitude is invariant under momentum-dependent field redefinitions of the
graviton.
In the second part, the general amplitude was used to analyze some of the established higherderivative theories. In this part, the scalars were assumed to be massless, and all Rφφ form factors
were dropped. In this setup, it was possible to analyze unitarity, boundedness and causality for these
theories. Figure 5.1 summarizes the behaviour of the the theories studied in this thesis.
Chapter 7. Conclusions and Outlook
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• In the absence of the quadratic curvature form factors, the scattering amplitude reduced to the
one of GR. This showed the typical linear divergence of the amplitude in the centre-of-mass
energy s.
• The main emphasis of this thesis was to study the high-energy behaviour of scattering amplitudes. Nevertheless, the form factor formalism can naturally be used to include logarithmic
structures which arise from effective field theory. These terms account for the leading lowenergy corrections to general relativity and are to be used below the corresponding cut-off
scale.
• In Stelle gravity, the two curvature form factors are assumed to be constant. This choice
introduced a massive pole with a negative residue in the spin-two sector of the off-shell graviton
propagator. This ghost state, is known to violate unitarity. They are typical for theories that
include time derivatives of the metric perturbation beyond second-order. At energies beyond
the mass of the ghost mode, the scattering amplitudes are finite and scale-free.
• In the asymptotic safety program, the Wetterich equation is used to study if the renormalization
of coupling constants approaches a fixed point in the UV. The scale-dependence of Newton’s
constant was determined by applying this method to the Einstein-Hilbert action. The result
were two fixed points, a free fixed point, and a non-trivial one in the UV [96]. The running
coupling (5.20) interpolates smoothly between these two regimes. The qualitative behaviour of
the scattering amplitude due to the scale-dependent coupling constant is analogous to that of
Stelle gravity. It has become clear that the renormalization group scheme is not sufficient to
account for all momentum-dependence captured by the form factors.
• The exponential form factors of infinite derivative gravity dampen the partial wave amplitudes
of the s-channel amplitude, yielding a renormalizable and asymptotically free theory in the
UV-regime. It is unclear if scattering amplitudes obtained by crossing symmetry are UV-finite.
The last part of the thesis analyzes the hyperbolic tangent form factors introduced in [43, 44]. In
chapter 6, we analyzed the properties of these form factors and came to the following conclusions.
• The function s tanh(s) is a positive function, ensuring that the only pole of the propagator is
situated at the origin. The ghost mode of Stelle gravity is avoided.
• The scattering amplitude of the s-channel diagram is finite and scale-free in the high-energy
limit. In this regime the growth of the amplitude is cancelled by the tanh contribution. The
t-channel amplitude related by crossing symmetry was not finite. This amplitude scales with
s2 , which violates the causality bound. In this case, it is essential that the scalar self-interaction
is included. With an appropriate choice, also the t-channel is finite.
• The mechanism that underlies the finiteness of the amplitude can be found in the pole structure
of the form factors. The poles of the propagator are all situated on the imaginary axis and
approach a Regge behaviour, where the poles become equally distanced. Truncating the form
factor to a finite order returns massive (ghost) modes which signal the violation of unitarity,
mimicking the spin-two ghost of Stelle gravity.
• The model introduced here is similar to Lee-Wick models [97, 98], due to the nature of the
pole structure of the tanh-model. Lee-Wick models also have poles in the imaginary plane, and
it is known that at time-scales set by the real part of these poles, causality is violated. The
poles in the tanh-model are massless however. Following [102], this guarantees to ensure that
microcausality is preserved.
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• There are no degrees of freedom in the partial wave amplitudes for j ≥ 3. This is in contrast
to the Veneziano and Virasoro-Shapiro amplitudes, which provide a stringy UV-completion
through an infinite tower of massive spin resonances.
A next step would be to calculate the form factors from first principles. In [40], a first step in
this direction is made. It has been shown that R + C 2 gravity projected on the Wetterich equation
gives a non-Gaussian fixed point in the UV, and it fixes the asymptotic behaviour of the form factor
fCC . An accurate approximation has then been shown to remove the spacetime singularity induced
by black holes. Extending the discussion to the form factors of this thesis would then give the full
momentum correction to the Newtonian potential.
Another interesting part would be to include other types of matter to the discussion. For example,
one could adopt a similar procedure to derive scattering amplitudes for gravity-mediated photon
interactions. Although the approach is straightforward conceptually, the explicit calculations become
tedious. Scalar-photon scattering is interesting in this regard. It is a logical extension of our work
in [43,44] and requires the introduction of the photon to the action. Besides the typical Fµν F µν part,
all non-equivalent RF F monomials contributing to the graviton-photon three-point vertex should be
considered. This is still very much doable (it turns out that there are nine monomials in total), but
the number is ever increasing with the introduction of extra tensor indices and it is not always easy to
reduce the list of monomials to a minimal basis. Besides the number of monomials, also the number
of amplitudes increases. External particles can be in different helicity states, and all amplitudes
need to be considered. Nevertheless, programming packages such as xAct in Mathematica make this
feasible. Having the full amplitude at hand, it is then interesting to see if the theory can be linked
to experiment in an effective field theory setting. Typical examples are the Shapiro time-delay or
superluminal propagation of gravitational waves [108–110]. In particular, it would be very interesting
to calculate quantum corrections to the gravitational deflection of light. A massive object can be
modelled as a massive scalar field without any quantum fluctuations. Performing a loop computation
for a fluctuating photon and graviton field, generates the one-loop form factors. The total scattering
amplitude provides a plug-and-play solution, where the form factors are to be substituted directly
by the one-loop results. Hence, the form factor formalism provides an easy and methodical approach
to study the φγ → φγ scattering amplitude and all its related features.
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A

Kinematics

In this appendix, the kinematical conventions of this thesis are defined. This will include the sign
convention of the space-time metric, the definition of the incoming and outgoing particles in terms
of centre-of-mass coordinates, and the relations of the Mandelstam variables to the scattering angle θ.
Most literature regarding general relativity uses the mostly-plus convention, while most literature
on quantum field theory uses the mostly-minus convention. In this thesis, I choose to adopt the
conventions of QFT,
ηµν = diag(1, −1, −1, −1).
(A.1)
The on-shell condition for a massive scalar field reads,
p2 = ηµν pµ pν = (p0 )2 − p2 = m2 .

(A.2)

The bold symbol, p, indicates the three-vector component of the tensor pµ . This relation allows us
to express p0 in the mass and momentum of the scalar field. A convenient choice is to switch to
the centre-of-mass frame, where the total three-momentum vanishes. This can be represented in the
four-momentum of the incoming and outgoing fields
q

q

p1µ =
p2 + m2φ , p
p2µ =
p2 + m2φ , −p
(A.3)
 q

 q

p3µ = − q 2 + m2χ , q
p4µ = − q 2 + m2χ , −q

Using this convention, all momenta in the Feynman diagrams are incoming. This is indicated by the
arrows of the Feynman diagrams in figures 3.1, 4.1, 4.2 and 4.3. Next, we demand energy-momentum
conservation of the incoming and outgoing particles,
p2 + m2φ = q 2 + m2χ .

(A.4)

In general, the length of the incoming and outgoing three-momenta, p and q respectively, are different.
The exception is the case where the masses are equal. In this case, equation (A.4) implies that
|p| = |q|. In both cases, the incoming and outgoing momenta define a scattering angle θ by
p
(A.5)
p · q = p2 · q 2 cos θ
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In the centre-of-mass frame, we can introduce the Mandelstam variables. They are combinations of
the momenta, which often occur in scattering amplitudes,
2

s = p1 + p2 = 4 p2 + m2φ
(A.6)
p
2
2
2
(A.7)
t = p1 + p3 = −p − q − 2 p2 · q 2 cos θ
p
2
2
2
u = p1 + p4 = −p − q + 2 p2 · q 2 cos θ.
(A.8)

Here s5 is the centre-of-mass energy; the total energy of the scattering process measured in the
centre-of-mass frame. We can invert equation (A.6) to express p2 (and q 2 ) in terms of s,
1
p2 = s − m2φ ,
4

1
q 2 = s − m2χ .
4

This allows us to write all Mandelstam variables in terms of two variables: s and θ,




s
1q
s − 4m2φ s − 4m2χ cos θ ,
t=−
− m2φ − m2χ +
2
2




s
1q
2
2
2
2
u=−
− mφ − mχ −
s − 4mφ s − 4mχ cos θ .
2
2

(A.9)

(A.10)
(A.11)

Finally, we can easily check the well-known identity


s + t + u = 2 m2φ + m2χ ,

(A.12)

showing us the linear dependence of the Mandelstam variables. In the case that the incoming and
outgoing particles are the same, equations (A.10) and (A.11) simplify. This can be seen as taking
m2χ = m2φ .


1
s − 4m2φ 1 − cos θ
2


1
u = − s − 4m2φ 1 + cos θ
2
t=−

(A.13)
(A.14)

5

To remove any confusion about the use of the fraktur typesetting, these are the normal Mandelstam variables which
one could encounter in an everyday QFT-textbook.
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Properties of the curvature tensors

B.1

Symmetries in the curvature tensors

1. We will work with the Christoffel symbol, which is the unique metric compatible connection
satisfying
Γλµν = Γλνµ ,

Dλ gµν = 0.

(B.1)

2. The Riemann tensor has the following set of internal symmetries:
Rµνρσ = −Rνµρσ = −Rµνσρ ,
Rµνρσ = Rρσµν .

(B.2)

3. The Riemann tensor satisfies the two Bianchi indentities:
Rµ[νρσ] = 0,

(B.3)

D[α Rµν]ρσ = 0.

(B.4)

In this notation, the square brackets denote the antisymmetrization of a tensor in the indicated
indices. Similarly, the symmetrization of a tensor is denoted with parentheses. Formally, for
an arbitrary tensor T of rank n,
1 X
Tσ(µ1 ),...,σ(µn ) ,
n!
σ∈Sn
1 X
=
sgn(σ)Tσ(µ1 ),...,σ(µn ) .
n!

T(µ1 ,...,µn ) =

(B.5)

T[µ1 ,...,µn ]

(B.6)

σ∈Sn

Here, Sn is the symmetric group of order n.
4. The Ricci tensor and Ricci scalar are defined as
Rµν = g µρ Rµνρσ ,
µν

R = g Rµν .
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5. For the Ricci tensor and Ricci scalar, we have the relation.
1
Dµ Rµν = Dν R.
2

(B.9)

It comes from contracting indices of the Riemann tensor in the second Bianchi identity, hence
the name “contracted Bianchi identity”.

B.2

Linearized Einstein field equations

The full metric is expanded around a flat Minkowskian background.
gµν = ηµν + hµν ,

(B.10)

g µν ' η µν − hµν ,

(B.11)

√

1
−g ' 1 + h.
2

(B.12)

Here ' symbol means that the expansion is truncated at first order in h. This gives the following
expansion of the Christoffel symbol, the Riemann and Ricci curvature tensors, and the Ricci curvature
scalar

1
∂µ hλν + ∂ν hλµ − ∂ λ hµν ,
Γλµν '
(B.13)
2

1
Rµνρσ '
∂µ ∂σ hνρ + ∂ν ∂ρ hµσ − ∂µ ∂ρ hνσ − ∂ν ∂σ hµρ ,
(B.14)
2


1
Rµν '
∂α ∂µ hνα + ∂α ∂ν hµα − ∂ 2 hµν − ∂µ ∂ν h ,
(B.15)
2
R ' ∂β ∂α hαβ − ∂ 2 h.

We also remark that the Weyl tensor has the following decomposition in four dimensions
 1

1
Cµνρσ = Rµνρσ +
gρν Rµσ + gσµ Rνρ − gσν Rµρ − gρµ Rνσ +
gρµ gσν − gρν gσµ R
2
6

(B.16)

(B.17)

such that at first order in h, we have

1
Cµνρσ '
∂µ ∂σ hνρ + ∂ν ∂ρ hµσ − ∂ν ∂σ hµρ − ∂µ ∂ρ hνσ
2
1
ηνσ ∂ 2 hµρ − ηνρ ∂ 2 hµσ − ηµσ ∂ 2 hνρ + ηµρ ∂ 2 hνσ
+
4

− ηνσ ∂ α ∂µ hρα + ηνρ ∂ α ∂µ hσα + ηµσ ∂ α ∂ν hρα − ηµρ ∂ α ∂ν hσα

− ηνσ ∂ α ∂ρ hµα + ηµσ ∂ α ∂ρ hνα + ηνρ ∂ α ∂σ hµα − ηµρ ∂ α ∂σ hνα

+ ηνσ ∂µ ∂ρ h − ηνρ ∂µ ∂σ h − ηµσ ∂ν ∂ρ h + ηµρ ∂ν ∂σ h

1
+
ηµρ ηνσ ∂ α ∂ β hαβ − ηµσ ηνρ ∂ α ∂ β hαβ + ηµσ ηνρ ∂ 2 h − ηµρ ηνσ ∂ 2 h .
6

(B.18)

The Einstein-Hilbert action gives the vacuum equations of motion. To include the matter part
into the equations, a matter Langrangian, LM , is added to the action. The stress-energy tensor is
then proportional to the matter terms appearing in the equations of motion

√
2 δ −gLM
Tµν ≡ − √
.
(B.19)
−g
δg µν
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Expanding the equations of motion up to first order, we obtain the linearized Einstein field equations
1
Rµν − gµν R
2

1
' − ∂ 2 hµν − ∂α ∂µ hνα − ∂α ∂ν hµα + ηµν ∂β ∂α hαβ − ηµν ∂ 2 h + ∂µ ∂ν h
2
= 8πGN Tµν

(B.20)

Imposing the harmonic gauge condition on the metric perturbation simplifies the linearized equations
to
1
∂ 2 hµν − ηµν ∂ 2 h = −16πGN Tµν .
2

(B.21)

Taking the trace on both sides gives
∂ 2 h = 16πGN T.

(B.22)

Plugging this back in, we get the inhomogeneous wave equation for the metric perturbation, equation
(3.6)


1
∂ 2 hµν = −16πGN Tµν − ηµν T .
2
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C

Propagator and vertex calculations

The following calculations have been confirmed with the xAct package suite in Mathematica [64].
xAct is relatively new and provides a wide variety of field and tensor manipulations suited for research
in high energy physics or classical field theory. For the research done in this thesis, we have made
particular use of the tensor computer algebra package xTras, [70], which provides additional features
to calculate the appropriate vertices of a classical field theory. We have made great use of the
following build-in functions:
• AllContractions: To calculate the minimal basis of monomials in sections 3.2.1 and 3.2.3.
• SolveConstants: To project the graviton propagator and graviton-matter vertex onto the basis
of spin projection operators (see appendix D).
• VarD: To calculate variational derivatives of the quantum effective action.

C.1

Propagator calculations

The relevant contributions to the graviton propagator come from the curvature and gauge fixing
terms. These were encoded in equation (3.19)
1
Γgrav + Γgf =
16πGN

Z


√ 
1
1
d4 x −g − R − RfRR (∆)R + Cµνρσ fCC (∆)C µνρσ
6
2

Z
1
d4 x Fµ F µ .
+
2α

(C.1)

They are found by expanding the curvature tensors in h. Here we make use of (B.16) and (B.18) of
appendix B. We notice that the flat Minkowski background reduces the subsequent result. The Ricci
scalar and Weyl tensor vanishes in this case. This means that the factors of h have to come from the
linear expansion of the Ricci scalar and Weyl tensor, and we do not need to expand the Laplacian ∆
or the metric determinant beyond zeroth order. Following this procedure, we get
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1
Γgrav + Γgf '
16πGN

Z



1
d x − 2hαβ ∂α ∂β h + 2hαβ ∂β ∂γ hαγ + ∂β h∂ β h + 2∂α hαβ ∂γ hβγ
2
4

− 2∂ β h∂γ hβγ + 2hαβ ∂γ ∂β hαγ − h∂γ ∂β hβγ − 2hαβ ∂ 2 hαβ + h∂ 2 h + ∂β hαγ ∂ γ hαβ

3
− ∂γ hαβ ∂ γ hαβ
2
i
h
i
1h
− ∂α ∂β hαβ − ∂ 2 h fRR (−∂ 2 ) ∂α ∂β hαβ − ∂ 2 h
6
1h
+
ηνσ ∂ 2 hµρ − ηνρ ∂ 2 hµσ − ηµσ ∂ 2 hνρ + ηµρ ∂ 2 hνσ − ηνσ ∂α ∂µ hρα + ηνρ ∂α ∂µ hσα
32
+ ηµσ ∂α ∂ν hρα − ηµρ ∂α ∂ν hσα − ηνσ ∂α ∂ρ hµα + ηµσ ∂α ∂ρ hνα + ηνρ ∂α ∂σ hµα

− ηµρ ∂α ∂σ hνα + ηνσ ∂µ ∂ρ h − ηνρ ∂µ ∂σ h − ηµσ ∂ν ∂ρ h + ηµρ ∂ν ∂σ h

2
2
2
2
− ηµσ ηνρ ∂α ∂β hαβ + ηµρ ηνσ ∂α ∂β hαβ + ηµσ ηνρ ∂ 2 h − ηµρ ηνσ ∂ 2 h
3
3
3
3
− 2∂µ ∂ν hρσ − 2∂µ ∂ρ hνσ + 2∂µ ∂σ hνρ + 2∂µ ∂ν hρσ + 2∂ν ∂ρ hµσ − 2∂ν ∂σ hµρ
h

× fCC (−∂ 2 )×

i

η νσ ∂ 2 hµρ − η νρ ∂ 2 hµσ − η µσ ∂ 2 hνρ + η µρ ∂ 2 hνσ − η νσ ∂α ∂ µ hρα + η νρ ∂α ∂ µ hσα
+ η µσ ∂α ∂ ν hρα − η µρ ∂α ∂ ν hσα − η νσ ∂α ∂ ρ hµα + η µσ ∂α ∂ ρ hνα + η νρ ∂α ∂ σ hµα
− η µρ ∂α ∂ σ hνα + η νσ ∂ µ ∂ ρ h − η νρ ∂ µ ∂ σ h − η µσ ∂ ν ∂ ρ h + η µρ ∂ ν ∂ σ h

2
2
2
2
− η µσ η νρ ∂α ∂β hαβ + η µρ η νσ ∂α ∂β hαβ + η µσ η νρ ∂ 2 h − η µρ η νσ ∂ 2 h
3
3
3
3

i
− 2∂ µ ∂ ν hρσ − 2∂ µ ∂ ρ hνσ + 2∂ µ ∂ σ hνρ + 2∂ µ ∂ ν hρσ + 2∂ ν ∂ ρ hµσ − 2∂ ν ∂ σ hµρ

β+1
1
(β + 1)2
γ
β
αβ
βγ
∂β h∂ h +
∂ α h ∂ γ hβ −
∂β h∂γ h
(C.2)
+
32α
2α
4α

This result is not very illuminating, but it can be simplified significantly.The partial derivatives
can be removed by switching to momentum space by a Fourier transformation of the metric perturbation. This replaces all ∂µ → iqµ , with qµ being the graviton momentum. This way, the tensor
contractions can be pulled through the form factors. The Fourier transform is denoted by the operator
F̂, and applying this operation to (C.2) gives



1
F̂ Γgrav + Γgf =
q 2 7 + q 2 fCC (q 2 ) hαβ hαβ
64πGN

h
3(β + 1)2 1 + q 2 fCC (q 2 ) 2 1 + q 2 fRR (q 2 ) i 2 2
+
+
− 2+
q h
8α
3
3
i
h 1 + 6α
+ 1 + q 2 fCC (q 2 ) q α q β hαγ hβγ
−2
α
h
 4
i
β+1 2
+ 8+
+ 1 + q 2 fCC (q 2 ) + 1 + q 2 fRR (q 2 ) q α q β hαβ h
α
3
3

i
2h
2
2
α β γ δ
+ fCC (q ) − fRR (q ) q q q q hαβ hγδ .
(C.3)
3
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We now take two functional derivatives with respect to the metric perturbation.
!



δ 2 F̂ Γgrav + Γgf
1
=
q 2 1 + q 2 fCC (q 2 ) η µσ η νρ + η µρ η νσ
δhµν δhρσ
64πGN
h (β + 1)2 2
 4
i
+
− 1 + q 2 fCC (q 2 ) − 1 + q 2 fRR (q 2 ) q 2 η µν η ρσ
4α
3
3
h β+1 2
 4
i

+ −
+ 1 + q 2 fCC (q 2 ) + 1 + q 2 fRR (q 2 ) η µν q ρ q σ + η ρσ q µ q ν
α
3
3
h1
i


+
− 1 + q 2 fCC (q 2 ) η νσ q µ q ρ + η µσ q ν q ρ + η νρ q µ q σ + η µρ q ν q σ
α

i
4h
2
2
µ ν ρ σ
(C.4)
+ fCC (q ) − fRR (q ) q q q q
3
The final step in this calculation is to invert this expression. Although this can in principle be done,
it is worth the wait to introduce a convenient basis of operators. In appendix D, we introduce the
spin projection operators, which allows us to distinguish between the different spin components of
the graviton. Then, we decompose equation (C.4) into this basis. Also decomposing the graviton
propagator in this basis, we see that the components are easily obtained.

C.2

Vertex calculations

Here, I will follow the notation of [66]. The part of the action that contributes to this vertex is
equation (3.29)
Z
√ 
Γmatter = d4 x −g φfφφ (∆)φ

+ fRφφ (∆1 , ∆2 , ∆3 )Rφφ + fRicφφ (∆1 , ∆2 , ∆3 )Rµν Dµ φDν φ .
(C.5)
First we focus on the kinetic part Γφφ . Contributions to the hφφ-vertex are generated by expanding
∆. To first order in h, we get
∆φ = −g µν Dµ Dν φ

' − (η µν − hµν ) Dµ ∂ν φ


= − (η µν − hµν ) ∂µ ∂ν φ − Γλµν ∂λ φ

= φ + hµν ∂µ ∂ν φ + η µν Γλµν ∂λ φ.

(C.6)

The flat Minkowski background metric has a vanishing Christoffel symbol. That means up to first
order in h we have
1
∆φ ' φ + hµν ∂µ ∂ν φ + η µν η λσ (∂µ hνσ + ∂ν hµσ − ∂σ hµν ) ∂λ φ
2


1
= φ + hµν ∂µ ∂ν φ + ∂µ hµλ − ∂ λ h ∂λ φ
2


1 µ
µν
µν
= φ + h ∂µ ∂ν + ∂µ h ∂ν − ∂ h∂µ φ
2
= φ + d1 φ
Appendix C
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where

d1 is the following differential operator, which is linear in hµν
1 µ
∂ h∂µ .
2

d1 = hµν ∂µ ∂ν + ∂µ hµν ∂ν −

(C.8)

With the techniques of [66], we are now able to deduce the full graviton-matter vertex. With
“full” I mean that all calculations can be done explicitly, without relying on a expansion method of
some kind. The prerequisite is that the form factors have a well-defined Laplace transform. In that
case, we have
Z
√
1
d4 x −gφfφφ (∆)φ
Γφφ =
2
 Z ∞

Z

√
1
1
=
d4 x −η 1 + h φ
dsf˜(s) 1 + V (0; −s, −sd1 ) e−s φ
2
2


Z
Z 0∞
1
1
−s
4
˜
=
dsf (s)φV (0; −s, −sd1 )e
φ .
(C.9)
d x hφfφφ ()φ +
2
2
0
where the operator V is defined as
V (; X, Y ) =

∞
X
j=0


1 
X + Y, Y j
(j + 1)!



and the multicommutator X, Y j is defined recursively as


X, Y



j

 
 
≡ X, X, Y j−1 ,



X, Y



0

= Y,

∀j ∈ N>0 .

Writing the (C.9) in terms of this multicommutator expansion, we obtain


Z
Z ∞
∞
X
1
1
1
d4 x  hφfφφ ()φ +
dsf˜(s)φ
[−s, −sd1 ]j e−s φ
Γφφ =
2
2
(j + 1)!
0

(C.10)

(C.11)

(C.12)

j=0

Now, we pull s out of the commutator, and we make use of the identity
Z

4

√

d x −gY [, Z]j X =

Z

j  
X
j
d x −g
(−1)l (j−l Y )Z(l X)
l
4

√

(C.13)

l=0

where X, Y and Z are (differential) operators. Applying this to (C.12) gives


Z
Z ∞
j  
∞
j+1 X
X
1
(−s)
j
1
Γφφ =
d4 x  hφfφφ ()φ +
dsf˜(s)
(−1)l (j−l φ)d1 l e−s φ
2
2
(j + 1)!
l
0
j=0
l=0
"
Z
1
1
=
d4 x fφφ (3 )hφφ
2
2
#
Z ∞
j  
∞
j+1 X
X
(−s)
j
j−l
µν
l
−s
l
3
(−1) 2 d̃1,3 3 e
hµν φφ
(C.14)
+
dsf˜(s)
(j + 1)!
l
0
j=0

l=0

The indices of the box operators indicate on which object they act. This way, 1 acts on h, 2 on
the first φ and 3 and the second φ. From d1 , we get differential operators acting on h and the last
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φ. This is captured in

d̃1,3 , which is derived from


1 µ
µν
µν
φd1 φ = φ h ∂µ ∂ν + ∂µ h ∂ν − ∂ h∂µ φ
2


1
µ ν
µ ν
α
µν
hµν φφ
= ∂3 ∂3 + ∂1 ∂3 − ∂1 ∂3α η
2
= d̃µν
1,3 hµν φφ

(C.15)

such that
µ ν
µ ν
d̃µν
1,3 = ∂3 ∂3 + ∂1 ∂3 −

1 α
∂ ∂3α η µν
2 1

As remarked by the authors of [66], both sums and the s-integral can be done explicitly. This leaves
Γφφ

1
=
2

Z




fφφ (2 ) − fφφ (3 ) µν
1
d x fφφ (3 )hφφ +
d̃1,3 hµν φφ .
2
2 − 3
4

(C.16)

This finalizes the result. The contribution of Γφφ to the graviton-matter vertex comes from
Γφφ

1
'
2

Z



fφφ (2 ) − fφφ (3 )
1
d x fφφ (3 )η µν +
2
2 − 3
4



1 α
µ ν
µ ν
µν
∂3 ∂3 + ∂1 ∂3 − ∂1 ∂3α η
hµν φφ. (C.17)
2

A similar result can be obtained for the other monomials in equation (C.5). The calculation for
this as a little less tedious. The h contribution has to come from the curvature tensor, because we
have a flat Minkowski background. The metric and form factors do not need to be expanded for the
hφφ-contribution.
Z

√
d4 x −gfRφφ (∆1 , ∆2 , ∆3 )Rφφ =
=

Z

Z


d4 xfRφφ (1 , 2 3 ) ∂ ν ∂ µ hµν − ∂ 2 h φφ


d4 xfRφφ (1 , 2 3 ) ∂1ν ∂1µ − η µν ∂ 2 hµν φφ,

(C.18)

and
Z

√
d4 x −gfRicφφ (∆1 , ∆2 , ∆3 )Rµν Dµ Dν φφ


Z
1
1
= d4 xfRicφφ (1 , 2 , 3 ) ∂ν ∂α hβν − ∂β ∂α h − ∂ 2 hαβ ∂ β ∂ α φφ
2
2


Z
1 µν
1 2 µ ν
µ α
4
α β
ν
= d xfRicφφ (1 , 2 , 3 ) ∂1 ∂1α ∂2 ∂2 − η ∂1α ∂1β ∂2 ∂2 − ∂1 ∂2 ∂2 hµν φφ.
2
2

(C.19)

The remainder of the computation is straightforward. Collecting the terms from equations (C.17),
(C.18) and (C.19) the next step is the Fourier transform of the fields h and φ to obtain the vertex
in momentum space. Effectively, this means we set ∂1 → iq, ∂2 → ipφ1 and ∂3 → ipφ2 . The result is
Appendix C
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then read of from the remaining term in the brackets, giving (3.37)
1
µν
Vhφφ
(q, pφ1 , pφ2 ) = η µν fφφ (p2φ1 )
4
2
2 

1 µν
1 fφφ (pφ1 ) − fφφ (pφ2 ) µ ν
1 µ ν
ν µ
p φ1 p φ1 − η q · p φ1 +
−
q p φ1 + q p φ1
2
2
2
p2φ1 − p2φ2


+ fRφφ (q 2 , p2φ1 , p2φ2 ) q 2 η µν − q µ q ν
 


1
1 2
2
2 2
− fRicφφ (q , pφ1 , pφ2 )
q + p2φ1 − p2φ2 q µ pνφ1 + q ν pµφ1 +
2
2


1 2
q + p2φ1 − p2φ2 η µν + q 2 pµφ1 pνφ1
4
+ (pφ1 ↔ pφ2 ).
(C.20)
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Spin projection operators

In this appendix, we introduce a set of operators which allows us to distinguish the different spin
components of the graviton. A conventional choice are the Barnes-Rivers operators [111], which
have been used with great success in four-dimensional quantum gravity [112], where they are dubbed
spin-projectors. The name already reveal what these operators do. They decompose the graviton in
various spin states. Any symmetric rank-two tensor such as the graviton can be decomposed into
irreducible representations of SO(3), labelled by a bold integer j and have dimension 2j + 1. An
extensive discussion is given in [69], which shows that the graviton can be decomposed into two
spin-zero multiplets, a spin-one singlet and a spin-two singlet. Schematically, hµν ∈ 0 ⊕ 0 ⊕ 1 ⊕ 2.
The way to do this is to project the tensor along its transverse and longitudinal parts by introducing the operators
θµν = ηµν − ωµν ,

ωµν ≡

qµqν
.
q2

(D.1)

These satisfy
q µ θµν = 0,

q µ ωµν = qν .

(D.2)

In four-dimensional theories, the four operators that project any symmetric rank-two tensor onto the
irreducible representations of SO(3) are represented as combinations of θµν and ωµν
 1
1  µρ νσ
θ θ + θµσ θνρ − θµν θρσ ,
P2µνρσ =
2
3


1
P1µνρσ =
θµρ ω νσ + θµσ ω νρ + θνρ ω µσ + θνσ ω µρ ,
2
1 µν ρσ
µνρσ
P0,s = θ θ ,
3
µνρσ
P0,w = ω µν ω ρσ .
(D.3)
In order to close the algebra, we need to introduce two additional projection operators, which symbolize that the two spin-zero multiplets can mix,
1
µνρσ
P0,sw
= √ θµν ω ρσ ,
3
1
µνρσ
P0,ws
= √ ω µν θρσ .
3
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The operators are defined such that P 2 = P. Together, these six projections operators satisfy the
following algebraic relations and completeness relation6 . Removing the tensor indices for clarity, they
are
P0,ab P0,cd = δad δbc P0,a ,

P0,ab Pi,c = δi0 δbc Pi,ab ,

Pi,c P0,ab = δi0 δac P0,ab ,
Pi,a Pj,b = δij δab Pj,a ,

P2 + P1 + P0,s + P0,w = 1

(D.5)

In this notation, i, j = 0, 1, 2 and a, b, c, d = s, w. Also, a 6= b and c 6= d. Finally, we can see the
important properties of the operators. First, the transverse and traceless conditions met by P2 and
P1 are given
ηµν P2µνρσ = ηρσ P2µνρσ = 0
qµ P2µνρσ

=

qµ P1µνρσ

=0

(traceless)

(D.6)

(transverse).

(D.7)

Secondly, contracting the background metric with the projection operators gives us the correct dimension of the irreducible representations the operators project on. This was already hinted by their
lower index,
ηµρ ηνσ Pjµνρσ = 2j + 1.

(D.8)

Using this basis of operators, we are now in the position to calculate the expansion coefficients
of the graviton propagator, calculated from (3.19), following the prescription of section 3.3. The
coefficients coincide with the ones calculated in [43], where we used a different basis. The basis
there consists of five independent tensor structures which satisfy the symmetry conditions and can
be constructed from the background metric and the graviton four-momentum. They are
µνρσ
= η µν η ρσ ,
PTr
η µν q ρ q σ + η ρσ q µ q ν
µνρσ
Pηqq
=
,
q2
qµqν qρqσ
Pqµνρσ
=
.
4
q4

µνρσ
= η µ(ρ η σ)ν ,
PId
µνρσ
Pqηq
=

q (µ η ν)(ρ q σ)
,
q2

(D.9)

We remark that the parentheses around the indices again indicate symmetrization conform (B.5).
The transformation rules between the two are given below.
1 µνρσ 1 µνρσ 1 µνρσ 1 µνρσ 2 µνρσ
P2µνρσ = PId
− PTr − Pqηq − Pηqq + Pq4
2
3
2
3
3
1
µνρσ
P1µνρσ = Pqηq
− 2Pqµνρσ
4
2

1
µνρσ
µνρσ
µνρσ
µνρσ
P0,s =
PTr − Pηqq + Pq4
3
µνρσ
P0,w
= Pqµνρσ
4

1 µνρσ
2
µνρσ
µνρσ
P0,ws
+ P0,sw
= √ Pηqq
− √ Pqµνρσ
4
3
3
In unit tensor with four indices is defined as 1µνρσ =
that they really or not projection operators.
6

64

1
2
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δ µρ δ νσ + δ µσ δ νρ . The absence of P0,sw and P0,ws signifies
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D.1

Propagator decomposition

We now use the power of the spin projectors to decompose (C.4). We define the decomposition in
the following way
!
δ 2 F̂ Γgrav + Γgf
µνρσ
µνρσ
= a2 (q 2 )P2µνρσ + a1 (q 2 )P1µνρσ + a0,s (q 2 )P0,s
+ a0,w (q 2 )P0,w
δhµν δhρσ
µνρσ
µνρσ
+ a0,sw (q 2 )P0,sw
+ a0,ws (q 2 )P0,ws

(D.11)

We then used Mathematica, to find the momentum-dependent coefficients.
a2 (q 2 ) =
a1 (q 2 ) =
a0,s (q 2 ) =
a0,w (q 2 ) =
a0,sw (q 2 ) = a0,ws (q 2 ) =


1
q 2 1 + q 2 fCC (q 2 )
32πGN
1
q2
32πGN α
i
1 h 3(β + 1)2 2
q − 2q 2 1 + q 2 fRR (q 2 )
32πGN
8α
1
(β − 3)2 2
q
32πGN
8α
1 √ (β − 3)(β + 1) 2
q
3
32πGN
8α

Following section 2.2 we have seen that all that is left to do is inverting the expression. Concretely,
we want to find a tensor Dµνρσ , the graviton propagator, which satisfies
!
δ 2 F̂ Γgrav + Γgf
Dρσαβ = 1µναβ .
(D.12)
δhµν hρσ
Decomposing the propagator into the basis of spin projectors, we wish to solve this equation for the
coefficients b(q 2 ), which are defined as
µνρσ
µνρσ
+ b0,w (q 2 )P0,w
Dµνρσ (q 2 ) = b2 (q 2 )P2µνρσ + b1 (q 2 )P1µνρσ + b0,s (q 2 )P0,s
µνρσ
µνρσ
+ b0,sw (q 2 )P0,sw
+ b0,ws (q 2 )P0,ws

(D.13)

This is easier than it seems. The tensor, vector and scalar sectors do not mix, which means we are
basically inverting a block diagonal matrix and that b2 (q 2 ) and b1 (q 2 ) are given by the inverse of
a2 (q 2 ) and a1 (q 2 ) respectively. To obtain the scalar modes boils down to inverting a 2 × 2-matrix.
Carefully accounting for factors of i, we obtain the components of the graviton propagator.
b2 (q 2 ) = 32πGN GCC (q 2 )
b1 (q 2 ) =

32πGN α
q2

b0,s (q 2 ) = − 16πGN GRR (q 2 )


 β + 1 2
16α 1
2
2
b0,w (q ) = 16πGN
−3
GRR (q )
(β − 3)2 q 2
β−3
√
β+1
b0,sw (q 2 ) = b0,ws (q 2 ) = 16 3πGN
GRR (q 2 )
β−3
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where
GXX (q 2 ) =

1
q2

1+

.

q 2 fXX (q 2 )

In total, the graviton propagator is given by

2α
µνρσ
µνρσ 2
D
(q ) = 16πGN 2GCC (q 2 )P2µνρσ + 2 P1µνρσ − GRR (q 2 )P0,s
q


 β + 1 2
16α 1
µνρσ
2
+
−3
GRR (q ) P0,w
(β − 3)2 q 2
β−3

√ β+1
µνρσ
µνρσ 
2
+ 3
GRR (q ) P0,sw + P0,ws
.
β−3
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