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Chapter 1

Introduction and Motivation

1.1 Introduction

1.1.1 Causal Dynamical Triangulations

Already in 1916, merely one year after the introduction of general relativity to the
physics community by Einstein [1], Einstein himself observed that the theory of gen-
eral relativity would require quantum corrections [2]. In the meantime, all three other
fundamental forces have been quantised with a great deal of success and correspond-
ingly a complete theory of quantum gravity has continually been sought [3]. Whilst
there have been a great number of ideas, from those perturbative approaches which
quickly led to uncontrollable divergences [4], to the latest ideas which include string
theoretical approaches [5], loop quantum gravity [6] and various other approaches
(for example causal sets [7], non commutative geometry [8]), there is still a great
deal of work to do in order to achieve this goal.

Generally the approaches fall into two categories - those which start from a canonical
(or Hamiltonian) formulation of gravity, and those which start from a covariant (or
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path integral) formulation of gravity. The latter begin at the path integral

Z =

∫

D [g] eiSEH [g] (1.1)

with
∫

d [g] representing an integral over all metrics, and SEH the Einstein-Hilbert
action, and attempt to obtain useful information from it, including for example
observables and propagators. This has unfortunately proved a tough nut to crack,
and several of the above mentioned schemes are geared towards exactly this goal.

Causal Dynamical Triangulations (CDT)1 is one such scheme. There is, as yet,
no set of tools amenable to performing calculations with this object which is valid
across the entire range of physical parameters (for example, energy) in which there
might be interest. CDT proposes a calculational framework which takes the form
of a certain regularisation of (1.1). This is implemented by “integrating over” a
restricted set of metrics (i.e. geometries). The chosen set of geometries is the set of
triangulations, which are a class of piecewise linear simplicial complexes. Simplicial
complexes can be thought of as geometries obtained by gluing together d-dimensional
polytopes according to certain sets of gluing rules [10]. In this thesis, as is standard
in the CDT literature, a d-dimensional simplicial complex where all 2-dimensional
simplices have exactly three sides (that is, all faces are triangles) will be called a
d-dimensional triangulation [11].

This choice leads to a nonperturbative path sum Z =
∑

T
1

C(T )
eiSRegge[T ], which lends

itself more easily to calculation. Here T stands for all triangulations of given dimen-
sion d, C(T ) is the order of the symmetry group of the triangulation, and SRegge is
the action for piecewise linear spacetimes given by Regge [12].

In the CDT approach, yet stronger restrictions are imposed upon the triangulations
used. The length of each edge of a simplex is allowed to have one of only two
possible values for its squared length - a2 for spacelike edges (called “s” edges in
this thesis), and −αa2 for timelike edges (called “t” edges in this thesis), where

1This subsection is based upon [9], except from the parts to which another citation is explicitly
attached.
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a2, α > 0 and metric signature (−,+,+,+) is assumed). This places in turn strong
restrictions upon the kinds of d-dimensional simplices that are allowed to occur
in the d-dimensional triangulation. Without this restriction, extra divergences are
introduced to the path integral and the risk of overcounting is run.

sss ttt

tts sst

Figure 1.1: The four triangles that that may be constructed from the allowed side
lengths in CDT. The convention used here, blue lines for spacelike (s) edges and red
lines for timelike (t) edges, shall be used throughout this thesis. Additionally, green
shall stand for a timelike line.

CDT further restricts the set of allowable simplices to only those which are Lorentzian.
This gives rise to the “causal” part of the name CDT, since by choosing to use ex-
clusively simplices with such a property the consideration and definition of causal
structure and causality on the triangulations is facilitated. In the simplicial com-
plexes employed here, the space inside the d-simplices is chosen to be flat, hence the
simplices allowed in CDT contain Minkowski space. This does not however prevent a
CDT triangulation from including curvature, as will be seen shortly. If this restriction
were not imposed, the triangulations are those of Euclidean Dynamical Triangula-
tions, which has been well investigated and is known not to have a continuum limit
in more than 2 dimensions [13].

However, yet another restriction is imposed upon the CDT triangulations. The tri-
angulations are chosen to contain an explicit preferred foliation of spacetime, identi-
fiable in the spacelike substructure of the triangulation. This allows for a preferred
definition of time on the triangulation via the spacelike (d− 1)-dimensional hypersur-
faces, each representing a unit change in this choice of time variable compared to its
neighbouring hypersurfaces. In turn, this gives a well defined local and global causal
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structure. It turns out that, to impose the restriction that ensures the existence
of such a “proper time foliation” (also called a preferred foliation in the literature
[14, 15]), it is necessary to further limit the set of allowable d-dimensional simplices.
Why this is the case will become clear shortly.

The foliation also makes explicit the topology of the triangulation, usually chosen to
be [0, 1] × Sd−1 (in the example Figure 1.2 the triangulation’s left and right edges
should be identified to achieve this topology). The topology is fixed to be this for
all triangulations used in the path sum, which is the final restriction on the CDT
triangulations.

These restrictions can be illustrated by how they apply to the (1 + 1)-dimensional
case. Näıvely four different triangles (which are 2-dimensional simplices) may be
built from the edge lengths allowed, as seen in Figure 1.1. However, it can easily be
shown that choosing a coordinate system on these triangles and finding the metric so
introduced on the interiors of the triangles leads to the conclusion that two triangles
(‘ttt’ and ‘sss’) are Euclidean and two triangles (‘tts’ and ‘sst’) are Lorentzian. The
second restriction means that only tts and sst triangles, these being the Lorentzian
triangles, might have been used in the triangulations. Finally, only the tts triangle
may be used if there is to be such an explicit foliation. In this (1 + 1)-dimensional
example, the aforementioned foliation manifests itself as a set of blue (spacelike) lines
each of which runs from the left to right edges of the triangulation and at no point
“branches” (i.e. the line is a nice 1-dimensional manifold at all points). These may
be seen in a Figure 1.2.
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c c

c c

Figure 1.2: Example CDT triangulation. The vertices marked “c” are corner vertices,
which will become important later on in this thesis.

Taking all of the above together, the action for the (1 + 1)-dimensional case simplifies

considerably to that in S
(1+1)
CDT = −λ

(4α+1)
1
2

4
N2 (T ). Here λ = 2Λa2

16πG
, and N2 (T ) is the

number of triangles in the triangulation T . Note that the curvature term does not
appear since the integrated scalar curvature is a topological invariant in (1 + 1)
dimensions thanks to the Gauss-Bonnet theorem, and the topology is fixed for all
triangulations in the path sum by one of the above mentioned restrictions.

The (2 + 1)-dimensional model, which will also be considered in this thesis, may fur-
ther illustrate these restrictions. In this case, from the allowable edge squared lengths
11 tetrahedra (3-dimensional simplices) may näıvely be built, which are shown in Fig-
ure 1.3. For the full range of α values, only four of these are Lorentzian (τ2, τ3, τ5,
τ9), for a restricted range of α τ7 is also Lorentzian [16]. In order for there to be a
preferred foliation in the triangulations, it is necessary to restrict triangulations to
contain only τ5 and τ9. The action in (2 + 1) dimensions then simplifies to that seen
in [9].
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1 2 3

4 5 6

7 8 9

10 11

Figure 1.3: The 11 tetrahedra which may be built from edges of squared length a2

and −αa2.

The requirement of a preferred foliation is a condition which is applied globally to
the whole triangulation. Briefly returning to (1 + 1) dimensions, it has been shown
that [17] that CDT triangulations with all of the correct properties may be generated
from local conditions. The appropriate set of conditions is

• All triangles are of the tts type

• The boundaries of the triangulation are two spacelike loops

• All vertices take the form of Figure 1.4

Figure 1.4: Local Causal Structure Conditions at a CDT Vertex.
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Here the lattermost will be called the local causal structure condition. It ensures
that the light cone structure is correct at each vertex in the triangulation, that is
to say, in the bulk each vertex has four light lines extending from it, each vertex in
the boundary has two light lines extending from it, etcetera. Between each adjacent
pair of lightlike lines which are part of the light cone, there lies a region containing
edges of only one character.

1.1.2 Generalised Causal Dynamical Triangulations

The generalisation of CDT (gCDT) that is to be discussed here2, which must not
be confused with generalisations of CDT mentioned elsewhere3 keeps all the condi-
tions of CDT except for the condition that the triangulation must have a preferred
foliation. Edge lengths are still restricted to a2 or −αa2, still only the simplices
with Minkowskian interiors are allowed and the topology is still fixed (usually to
[0, 1]× Sd−1).

The generalisation may be thought of as being effected in two ways. Firstly from
the point of view of d-dimensional simplices, in which case the generalisation simply
corresponds to allowing all Lorenztian d-dimensional simplices.

Secondly it can be seen from the point of view of the (d− 2)-dimensional simplices
and their associated local causal structure conditions. These conditions separate the
(d− 1)-dimensional simplices located at a (d− 2)-dimensional simplex into four sets,
each separated from the next by a (d− 1)-dimensional lightlike object which is not
explicitly shown in the triangulation. All (d− 1)-dimensional simplices belonging
to a certain one of these sets has the same character, which could be spacelike or
timelike. For this reason, these sets are called “spacelike sectors” or “timelike sectors”
according to the character of the simplices contained in them.

Whereas in CDT the number of (d− 1)-dimensional spacelike objects in the spacelike

2This subsection is based upon [18, 16], except for parts to which other citations explicitly are
attached.

3For example[19, 20], which permits a phenomenon which appears as spatial topology change as
the time variable progresses, disallowed in the version gCDT being discussed here.

15



sectors about the (d− 2)-dimensional simplices of the triangulation was restricted
to one per sector (with any number of timelike objects in the timelike sectors), now
in gCDT any number of (d− 1)-dimensional spacelike simplices may be placed in a
spacelike sector4.

This is, once again, best illustrated by appealing to the (1 + 1)-dimensional and
(2 + 1)-dimensional cases explicitly.

In (1 + 1) dimensions thus the tts and sst triangles are both allowed. This means that

the action changes to S
(1+1)
gCDT = − 1

16πGa2
2Λ
(

a2

2

[

α + 1
4

]
1

2 N tts
2 (T ) + a2

2

[

α2
(

1 + α
4

)]
1

2 N sst
2 (T )

)

(which may be calculated from [9, 18]), since it is dependent upon the volumes of
the simplices used to build the triangulation, whose expressions differ for the tts and
sst triangles (§B.2). Now N tts

2 (T ) is the number of tts triangles in the triangulation
T , and N sst

2 (T ) is the number of sst triangles in the triangulation T 5.

From the second viewpoint the local causal structure conditions require each vertex
to appear as in Figure 1.5. It can be seen that there is now an arbitrary number
of spacelike edges in the spacelike sectors, compared to the single spacelike edges
of Figure 1.4. This means that the gCDT triangulation can be generated from the
following conditions.

• Only tts and sst triangles appear in the triangulation

• The boundary of the triangulation is two spacelike loops

• Each vertex has the structure of Figure 1.5

4In the bulk; in the boundaries the number of sectors about the vertex is different but the same
rules apply to those sectors which are present.

5The a2 factors are not cancelled, so the coupling constants G and Λ are dimensionful. Writing
the action in this form is useful if the (existence of the) continuum limit is studied.
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Figure 1.5: Local causal structure condi-
tions at a gCDT vertex.

Figure 1.6: Local causal structure condi-
tions at a spacelike gCDT edge.

An example triangulation generated by these rules may be seen in Figure 1.7. The
absence of an explicit foliation in the spacelike substructure is clear - no set of
spacelike lines can be chosen with each defined to be separated by unit time from its
neighbours such that each vertex has a unique time value.

Figure 1.7: An example gCDT Triangulation in (1 + 1) dimensions.

In (2 + 1) dimensions all four of the tetrahedra τ2, τ3, τ5 and τ9 are used. The (2 + 1)-
dimensional model with 5 tetrahedra (including τ7 in addition the aforementioned
4), whilst in principle an acceptable gCDT model for an appropriate range of α, is
not considered here and is left for future study. The associated action may be seen
in [16, 21], but its form will be of no further concern here. The conditions upon the
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triangles that meet at a spacelike edge are to be seen in 1.6.

1.1.3 Causal considerations

In CDT triangulations the preferred foliation means that the global causal structure
is quite immediately clear[22]. There is a global notion of time defined across the
whole triangulation meaning that the orientation of time is constant across the entire
triangulation.

For a gCDT triangulation, the properties of the global causal structure are less obvi-
ous. The absence of an preferred foliation means that the existence of a global time
function is not guaranteed, and therefore it is not a priori clear that the orientation
of time is consistent across the whole triangulation [18, 22].

Furthermore, closed timelike curves are automatically absent from CDT triangula-
tions. For each spacelike “hypersurface” H in the foliation, there is a set of spacelike
hypersurfaces from the explicit foliation in the “past” of all of the vertices of H,
and a set of hypersurfaces from the explicit foliation in the “future” of all vertices of
H, and these sets do not intersect. That is to say, a purely spacelike hypersurface
divides the triangulation into a future and past part which share no points, so there
is no opportunity for a timelike curve starting at H and proceeding in one direction
ever to reach the other part of the triangulation. In gCDT it is not a priori clear if
closed timelike curves can or do occur, and it is something that must be settled by
further investigation of the triangulations.

There exists for (1 + 1)-dimensional gCDT a proof that no contractible closed time-
like curves may occur (if the triangulation does indeed have topology [0, 1] × S1)
[18]6. A detailed description of this proof is given in §G which will address some
confusion that has surrounded the original proof. This proof also implies that it is
possible to assign a constant time orientation to an entire gCDT triangulation.

6As will be discussed later in this thesis, some problems have unfortunately been found with
this proof.
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Contrastingly in (2 + 1) dimensions, considerations, for example in [16], have resolved
very few of the questions about the causal aspects of the gCDT triangulations. Issues
such as closed timelike curves and global time orientation remain unresolved, and it
was not known whether the usual local causal structure conditions assumed in (2 + 1)
dimensions [16], which are conditions on triangles located around the spacelike edges
(Figure 1.6), would induce the correct causal structure in the neighbourhood of the
vertices.

1.2 Curvature in (g)CDT models

Regge [12] showed that curvature at a vertex in a piecewise linear triangulated space-
time is concentrated upon the (d− 2)-dimensional simplices, and further showed that
a (d− 2)-dimensional simplex has a curvature proportional to the deficit angle (1.2)
with which it is associated (in (1.2) 〈i, j〉 are all pairs of neighbouring d-1 simplices
that meet at h, and θ〈i,j〉 are the angles between those simplices).

εh = 2π −
∑

〈i,j〉
θ〈i,j〉 (1.2)

For an extended area Σ containing many vertices, the scalar curvature contained
within is then given by RΣ ∝ ∑

h∈Σ Ahεh (Ah is the volume associated with the
(d− 2)-dimensional simplex h).

Information about curvature in a spacetime may also be obtained with the help
of Wilson loops. Wilson loops were developed as tools to extract gauge-invariant
information from lattice QCD models [23], but may be used in any gauge theory.
In full generality, a Wilson loop W (Γ) is the trace of the path ordered exponential
of the integral of the gauge field over a closed path W (Γ) = Tr

[

P
{

e
∮
Γ
Aµdx

µ}]

[24],
where P is the path ordering operator, Aµ the gauge field, and Γ the closed path of
integration.
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Gauge-theoretic formulations of gravity have been heavily investigated and the fact
that the connection Γµ

νσ may serve as a gauge field is well known [25]. Furthermore
it has been shown that the exponentiation of this gauge field yields the frame trans-

formations [26]. In
(

eΓ
·
µ·dx

µ)ρ

σ
= Λρ

σ

(

~dx
)

, the transformation produced is the one

between the two points connected by the infinitesimal dxµ. Hence the Wilson loop
can be considered in gravity to be a trace of a path-ordered integral of frame trans-
formations along a closed curve W (Γ) = Tr

[

P
∮

Γ
dsΛρ

σ (s)
]

, the trace of a quantity
often known as a holonomy [27]. By Γ·

µ·dx
µ it is intended that upon exponentiation

the indices marked by the place holder · are contracted with one another to yield the
required index structure, for example the fourth term of the exponential expansion
should be of the form 1

3!
Γρ
µαdx

µΓα
νβdx

νΓβ
τσdx

τ

The path ordered integration may be illustrated in the following way - starting at
some point on Γ with the transformation Λ̃ = I, the curve Γ is traversed in an
anti-clockwise direction by moving infinitesimally, multiplying the transformation Λ̃
by the transformation Λ between the two ends of each infinitesimal move, until the
starting point is once again reached (since Γ is closed). The trace of the resulting
transformation is then taken. From [28], this formula becomes extremely simple in
the triangulated models considered in this approach. The simplices are pieces of
Minkowski space so each simplex can be associated with a single constant frame
(and indeed will have in throughout this thesis), and in this way there are no frame
transformations between any two points which lie a single simplex. Hence a frame
transformation may only occur when the path crosses a (d− 1)-dimensional simplex
which separates two d-dimensional simplices, or in other words, across a (d− 1)-
dimensional simplex shared by two d-dimensional simplices. Here, there may be
a transformation between the frames defined in each of the two simplices which
share the (d− 1) dimensional simplex. The formula for a Wilson loop thus becomes
W (Γ) = Tr [

∏

i Λi], where the transformations are multiplied in the order in which
they are encountered on the path Γ (as a consequence of the path ordering operator).
Note that, in this case, the Λ are orthogonal matrices since they are transformations
between Minkowski frames.

For clarity, an example of how this works in (1 + 1) dimensions is shown in Figure
1.8. Here a Wilson loop is calculated along a closed loop Γ enclosing a single vertex,
and at each edge through which the loop passes the product is multiplied by a further
transformation Λij. The resulting Wilson loop is WΓ = Tr [Λ12Λ23Λ34Λ45Λ56Λ67Λ71].
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1

2

3

4

5

6

7

Λ12

Λ23

Λ34
Λ45

Λ56

Λ67

Λ71

Figure 1.8: An example Wilson loop which encloses one vertex in (1 + 1) dimensions.
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Chapter 2

Curvature and Photon
Propagation in (1+1)d

2.1 Introduction

In this chapter tools for the calculation of curvature concentrated at vertices in
(1 + 1)-dimensional gCDT will be developed and explained. Furthermore, the prop-
agation of photons through (1 + 1)-dimensional gCDT triangulations will be investi-
gated to see what information (if any) photon paths (and hence light cone structure)
can yield about the curvature concentrated at a vertex. The tools so developed will
be applied to the set of representative vertices seen in §A.

The most convenient approach is to choose a coordinate system on the triangles
and do the calculations in this frame, in the knowledge that both the value of the
deficit angle at a vertex and the structure of the light cones may be found in the
absence of a defined coordinate system so the results will be independent of the choice
[12, 29, 30]. The edge lengths of the triangle together with the chosen coordinate
system determine the metric completely.
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In (1+1)d gCDT there are only two types of triangle, but it will prove useful to
consider two orientations of each triangle, choosing coordinates for each. The four
triangles of interest are then: the “up” tts triangle (Figure 2.1); the “down” tts
triangle (Figure 2.2); the “left” sst triangle (Figure 2.3); and the “right” sst triangle
(Figure 2.4). The notation θxy in this chapter will mean the angle between the edge
x and y, and from the angles shown here it should also be clear which labels belong
to which edges. Furthermore, recall that a2 and −αa2 refer to the squared lengths
along the edges, and here the notation (t, s) gives the time and space coordinates
(respectively) of a vertex in the triangle’s coordinate system.

(0,-1) (0,1)

(1,0)

-αa2 -αa2

a2

θtt

θs1t θs2t

Figure 2.1: A tts triangle of the “up” va-
riety.

(1,0) (1,2)

(0,1)

a2

-αa2 -αa2

θtt

θs1t θs2t

Figure 2.2: A tts triangle of the “down”
variety.

(0,0)

(2,0)

(1,-1)

a2

a2

-αa2θss

θs1t

θs2t

Figure 2.3: A sst triangle of the “left”
variety.

(0,0)

(2,0)

(1,1)

a2

a2

-αa2 θss

θs1t

θs2t

Figure 2.4: A sst triangle of the “right”
variety.
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The triangles have had coordinate assigned to their vertices. The triangles are named
for where their θtt or θss angle (whichever they have) is located relative to the other
two vertices, assuming the time coordinate in the chosen coordinate frames increases
when going from the bottom to the top, and the space coordinate increases when
going from left to right.

Because the triangles are pieces of Minkowski space, it is reasonable to choose metrics
on them which have constant components. Taking this choice together with the
coordinates and edge lengths already chosen above, enough information is given to
calculate these metrics. The calculation for the up triangle is illustrated here, and
the results for the rest may be found in §B.1. The metric follows from solving the
following equation for the line element applied along each of the edges

dl2 = gµνdx
µdxν (2.1)

Since the metric has constant components, the ds become ∆s (that is, no longer
infinitesimal, but macroscopic)

(∆l)2 = gµν∆xµ∆xν (2.2)

From the edge lengths and coordinates in Figure 2.1, the following is obtained

a2 = gtt (0− 0)2 + 2gts (0− 0) (1− (−1)) + gss (1− (−1))2 (2.3)

−αa2 = gtt (1− 0)2 + 2gts (1− 0) (0− (−1)) + gss (0− (−1))2 (2.4)

−αa2 = gtt (1− 0)2 + 2gts (1− 0) (0− 1) + gss (0− 1)2 (2.5)

⇒
a2 = 4gss (2.6)

−αa2 = gtt + 2gts + gss (2.7)

−αa2 = gtt − 2gts + gss (2.8)
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Immediately from (2.6)

gss =
a2

4
(2.9)

Then by subtracting (2.8) from (2.7)

✭✭✭✭✭✭✭✭✭−αa2 −
(

−αa2
)

= ✚✚gtt + 2gts✘✘✘+gss✟✟✟−gtt − (−2gts)✟✟✟−gss (2.10)

0 = 4gts → gts = 0 (2.11)

And finally then from (2.7)

−αa2 = gtt +
a2

4
(2.12)

gtt = −αa2 − a2

4
= −

(

α +
1

4

)

a2 (2.13)

To summarise, the metric coefficients for the chosen coordinate system in this triangle
are

gµν =

( −
(

α+ 1
4

)

a2 0

0 a2

4

)

(2.14)

The same strategy gives the metrics found in §B.1 for the down, left and right
triangles.
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2.2 Lorentz Angles

According to Sorkin [31], angles in a Lorentzian spacetime can be defined via the
following equations

cos θxy =
〈x, y〉
|x| |y| (2.15)

sin θxy =
|x ∧ y|
|x| |y| (2.16)

where1

〈x, y〉 = gµνx
µyν (2.17)

|x| = 〈x, x〉 1

2 (2.18)

|x ∧ y| =

(

1

2!
〈x ∧ y, x ∧ y〉

)
1

2

(2.19)

x ∧ y = x⊗ y − y ⊗ x (2.20)

〈x⊗ y, p⊗ q〉 = (x⊗ y)µν (p⊗ q)ρσ gµρgνσ (2.21)

Using (2.17)-(2.21) in (2.15) and (2.16)

cos θxy =
gµνx

µyν

(gρσxρxσ)
1

2 (gκλyκyλ)
1

2

(2.22)

sin θxy =

(

1
2
gµιgντ (x

µyν − yµxν) (xιyτ − yτxι)
)

1

2

(gρσxρxσ)
1

2 (gκλyκyλ)
1

2

(2.23)

1A prescription for the sign of the angle is also required details of which are to be found in §D.
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The calculation may be simplified by manipulating (2.23) further

gµιgντ (x
µyν − yµxν) (xιyτ − yιxτ ) (2.24)

= gµιgντx
µxιyνyτ − gµιgντy

µxιxνyτ − gµιgντx
µyιyνxτ + gµιgντy

µyιxνxτ(2.25)

= 2
(

(gµνx
µxν) (gρσy

ρyσ)− (gµνx
µyν)2

)

= 2
(

|x|2 |y|2 − 〈x, y〉2
)

(2.26)

(2.23) becoming

sin θxy =

(

(gµνx
µxν) (gιτy

ιyτ)− (gµνx
µyν)2

)
1

2

(gρσxρxσ)
1

2 (gκλyκyλ)
1

2

(2.27)

=

(

1− (gµνx
µyν)2

(gρσxρxσ) (gκλyκyλ)

)
1

2

(2.28)

=

(

|x|2 |y|2 − 〈x, y〉2
)

1

2

|x| |y| =

[

1−
( 〈x, y〉
|x| |y|

)2
]

1

2

(2.29)

The calculation of the angles in the tts and sst triangles will be illustrated by two
example calculations. Consider in the tts triangle (Figure 2.1) the angle θst1 between
the edges represented by vectors sµ and t1

µ (respectively), and the angle θst2 between
the edges represented by vectors sµ and t2

µ (respectively). The two vectors must
both either point away from the vertex at which the angle is being calculated or
point towards this vertex - here they are always taken to point away. Hence for θst2
the appropriate vectors are actually −sµ and t2

µ.

From (2.15) and (2.16), it is clear that in order to calculate the angles in the triangles,
the inner products (as defined by (2.17)) between the various vectors representing
their edges must first be determined.
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(1,1)
(1,-1)

(0,2)

Figure 2.5: The edges of the up triangle
represented as vectors.

(1,-1) (1,1)

(0,2)

Figure 2.6: The edges of the down trian-
gle represented as vectors.

(1,-1)

(2,0)

(1,1)

Figure 2.7: The edges of the left triangle
represented as vectors.

(2,0)

(1,1)

(1,-1)

Figure 2.8: The edges of the right triangle
represented as vectors.
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〈sµ, sν〉 = gµνs
µsν =

a2

4
· 2 · 2 = a2 (2.30)

〈sµ, t1ν〉 = gµνs
µt1

ν =
a2

4
· 2 · 1 =

a2

2
(2.31)

〈−sµ, t2
ν〉 = gµν (−sµ) t2

ν =
a2

4
· (−2) · (−1) =

a2

2
(2.32)

〈t1µ, t1ν〉 = gµνt1
µt1

ν = −
(

α +
1

4

)

a2 · 1 · 1 + a2

4
· 1 · 1 = −αa2 (2.33)

〈t2µ, t2ν〉 = gµνt2
µt2

ν = −
(

α +
1

4

)

a2 · 1 · 1 + a2

4
· (−1) · (−1) = −αa2(2.34)

Then these inner products may be used to find the cosines and sines of the desired
angles.

cos θst1 =
a2

2

(

[

a2
]

1

2

[

−αa2
]

1

2

)−1

=
1

2iα
1

2

(2.35)

sin θst1 =

[

(−αa2) a2 −
(

a2

2

)2
]

1

2

iα
1

2a · a
=

[

−
(

α + 1
4

)] 1

2

iα
1

2

(2.36)

cos θst2 =
a2

2

(

[

a2
] 1

2

[

−αa2
] 1

2

)−1

=
1

2iα
1

2

(2.37)

sin θst2 =

[

(−αa2) a2 −
(

a2

2

)2
] 1

2

iα
1

2a · a
=

[

−
(

α + 1
4

)]
1

2

iα
1

2

(2.38)

General results (arbitrary α) for the other angles in the tts and sst triangles may be
found in §C.2.
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In order to draw useful comparisons between all results in this chapter at its end, it
will prove expedient to define a “standard case” whereby α is set to some value in
order to simplify equations. The chosen value is α = 1

Setting α = 1 in Equations 2.35, 2.36, 2.37 and 2.38 leads to cos θst1 =
1
2i

, sin θst1 =√
5
2
, cos θst2 =

1
2i
and sin θst2 =

√
5
2
. Results for other angles in the standard case may

be found in §C.3)

Finally, calculating the inverses of these cosines and sines yields cos−1 1
2i

= π
2
+

mi,sin−1
√
5
2

= π
2
− mi, cos−1 1

2i
= π

2
+ mi and sin−1

√
5
2

= π
2
− mi where m =

1
2i
cos−1 3

2
= 0.48121182 . . . . Results for the other angles are to be found in §C.4.

The prescription for the sign of a Sorkin angle laid out in §D yields then π
2
+ mi,

π
2
+mi. Again, those of the other angles are to be found in §C.4.

Note that θst1 = θst2 as should have been expected, since they are essentially the two
equal angles of an isosceles triangle (similarly for θs1t and θs2t).

It is interesting to note that these angles sometimes take on complex values. This
is actually by design - the prescription of Sorkin gives an angle whose real part
is a measure of the number of times the light cone would be crossed if the angle
were traversed from one side to the other ( Re (θ) = π

2
× thenumberoflightcones )

and whose imaginary part is the part of interest to the deficit angle calculation.
Considering again the deficit angle, for example, in the bulk ε = 2π −∑i θi, noting
that this is included in the action and that the action must be a real quantity, two
things become clear. Firstly, Re (

∑

i θi) must be equal to 2π so that the result is
not complex (in which case there would be little hope of obtaining a real action)
but instead is imaginary. Secondly, where the deficit angle appears in the action,
it is necessary to use either −iε in its place so that the action is real. It can be
seen from this how well designed this angle prescription is for gCDT purposes - the
requirement that the action is real means that there must be four instances of π

2
in

∑

i θi, which in turn means that the light cone is crossed exactly four times as the
full circle around the vertex is traversed. This is easily seen to be equivalent to the
local causal structure condition of (1 + 1)-dimensional gCDT.
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Knowing these angles, the curvatures at the set of vertices being considered in this
chapter, seen in §A, may be calculated. The calculation is again demonstrated by
an example, being in this case performed upon the regular vertex (Figure A.1). It is
useful to label all of the angles that meet at this vertex as in Figure 2.9.

s
s

s
s

s

t1 t2

t1 t2

t1 t2

t1 t2

t1 t2

t1 t2

θ1

θ2

θ3
θ4

θ5

θ6

s

Figure 2.9: The regular vertex with the angles which meet at it labelled in the way
to which they will be referred in this calculation.

It is clear that these angles have the following values.

θ1 = θt1t2 (2.39)

θ2 = θst2 (2.40)

θ3 = θst1 (2.41)

θ4 = θt1t2 (2.42)

θ5 = θst2 (2.43)

θ6 = θst1 (2.44)

Recalling the deficit angle as given in (1.2), the angles are summed.

θregular = θt1t2 + θst2 + θst1 + θt1t2 + θst2 + θst1 (2.45)

θregular = ✘✘✘✘−2mi+
π

2
✘✘✘+mi+

π

2
✘✘✘+mi✘✘✘✘−2mi+

π

2
✘✘✘+mi+

π

2
✘✘✘+mi = 2π (2.46)
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Hence, for the regular vertex of Figure A.1, the deficit angle is εregular = (2π − 2π) =
0. This is as expected, since the regular vertex should have no curvature.

The deficit angles calculated for the other vertices in §A being considered may be
found in §C.5.

2.3 Wilson Loops

2.3.1 Introduction

Another route to the deficit angle is offered by the calculation of Wilson loops. Recall
that in triangulations such as ours, their calculation reduces to a very simple equation

W (Γ) =
∏

{e;e∩Γ6=∅}
Re (2.47)

Where Γ is a closed oriented path and e are the (d− 2)-dimensional subsimplices
of the triangulation (in this (1 + 1)-dimensional case, e are edges). It worth noting
that the orientation of Γ will affect the value of W (Γ).

In (1 + 1) dimensions the group of transformations is SO(1, 1) and thus in the usual
Minkowski space and frame have the form [32]

Λµν (ϕ) =

(

coshϕ sinhϕ
sinhϕ coshϕ

)

(2.48)

In what follows, some well known properties of the transformations will prove useful2.

2See §E.3.
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Λµν (ϕ)
−1 = Λµν (−ϕ) (2.49)

Λµρ (ϕ1) Λ
ρ
ν (ϕ2) = Λµν (ϕ1 + ϕ2) (2.50)

The transformation matrix (2.48) is appropriate only when the frame is the standard
Minkowski frame. The metrics (2.14), (B.1), (B.2) and (B.3) which were chosen on
the four triangles Figures (2.1)-(2.4) are not ηµν = diag (−1, 1) and the coordinates
in these triangles are also not standard Minkowski. Therefore it will be necessary to
transform Λµν to a form appropriate for the frames so chosen. This proceeds via

Λµ′

ν′ =
∂xµ′

∂xµ

∂xν

∂xν′
Λµ

ν (2.51)

where primed indices refer to coordinates in a triangle’s frame and unprimed indices
refer to standard Minkowski coordinates.

As can be seen from (2.51), it is necessary to know the relation between the standard
Minkowski coordinates and the coordinates that have been set up in the triangles.
This can be found using

gµ′ν′ =
∂xµ

∂xµ′

∂xν

∂xν′
gµν (2.52)

Because the standard Minkowski metric is ηµν , this becomes

→ gµ′ν′ =
∂xµ

∂xµ′

∂xν

∂xν′
ηµν (2.53)
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Note that this form of the equation does not include the possibility for a translation,
in other words the origins of the two frames are chosen to coincide.

An example calculation will be carried out for the up triangle’s coordinates (which
would yield the same results as the down tts triangle’s since their metrics are iden-
tical). Writing out (2.53) component by component gives

gt′t′ =
∂t

∂t′
∂t

∂t′
ηtt +

∂s

∂t′
∂s

∂t′
ηss (2.54)

−
(

α+
1

4

)

a2 = −
(

∂t

∂t′

)2

+

(

∂s

∂t′

)2

(2.55)

gt′s′ =
∂t

∂t′
∂t

∂s′
ηtt +

∂s

∂t′
∂s

∂s′
ηss (2.56)

0 = − ∂t

∂t′
∂t

∂s′
+

∂s

∂t′
∂s

∂s′
(2.57)

gs′s′ =
∂t

∂s′
∂t

∂s′
ηtt +

∂s

∂s′
∂s

∂s′
ηss (2.58)

a2

4
= −

(

∂t

∂s′

)2

+

(

∂s

∂s′

)2

(2.59)

By symmetry the equations for gt′s′ and gs′t′ are equivalent, so there are three equa-
tions corresponding to the three degrees of freedom contained in a metric on a 2-
dimensional space. However there are four partial derivatives to be fixed, reflecting
the fact that though the two coordinate frames have been given, their relation to
one another has not yet been fixed. It is possible to rotate them with respect to one
another whilst keeping the metric components fixed, this one degree of rotational
freedom (in 2-dimensional space) being the extra degree contained in the four par-
tial derivatives. For convenience and simplicity, coordinates are chosen such that
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corresponding coordinate axes coincide (i.e. t with t′ and s with s′). It is then
immediately apparent that ∂t

∂s′
and ∂s

∂t′
should be zero3, automatically satisfying the

second equation, and then giving solutions to the first and third equations.

(

∂t

∂t′

)2

=

(

α +
1

4

)

a2 → ∂t

∂t′
=

(

α +
1

4

)
1

2

a (2.60)

→ t =

(

α +
1

4

)
1

2

at′ → t′ =
1

(

α + 1
4

) 1

2 a
t (2.61)

(

∂s

∂s′

)2

=
a2

4
→ ∂s

∂s′
=

a

2
→ s =

a

2
s′ → s′ =

2

a
s (2.62)

The corresponding calculation for the left and right sst triangles is to be found in
§E.1.

Using these results in (2.51), the appropriate form of the Lorentz transformation in
the tts triangles can be found.

Λt′

t′ =
✚
✚
✚✚∂t′

∂t

∂t

∂t′
Λt

t = coshϕ (2.63)

Λt′

s′ =
∂t′

∂t

∂s

∂s′
Λt

s =
1

(

α + 1
4

)
1

2✚a

✚a

2
sinhϕ =

1

2
(

α+ 1
4

)
1

2

sinhϕ (2.64)

Λs′

t′ =
∂s′

∂s

∂t

∂t′
Λs

t =
2

✚a

(

α+
1

4

)
1

2

✚a sinhϕ = 2

(

α +
1

4

)
1

2

sinhϕ (2.65)

Λs′

s′ =
✚
✚
✚
✚∂s′

∂s

∂s

∂s′
Λs

s = coshϕ (2.66)

3It may appear here that two partial derivatives are having their values fixed, one more than is
allowed by fixing the rotational relation between the coordinate frames, but this is not so. If either
just ∂t

∂s′
= 0 or just ∂s

∂t′
= 0 is chosen, the other follows from (2.55), (2.57) and (2.59). This can be

seen for example in §E.1.

35



This can be summarised in a single expression, which now relates two coordinate
frames (primed and double primed) both with metric (2.14).

Λµ′

ν′′ =





coshϕ 1

2(α+ 1

4
)
1
2

sinhϕ

2
(

α+ 1
4

)
1

2 sinhϕ coshϕ



 (2.67)

The equivalent calculation for the sst triangles is found in E.2.

2.3.2 Coordinate Frames around a Vertex

Throughout the rest of this section and at later points in this thesis, it is necessary
to define a convention for choosing the coordinate frames in the triangles that meet
at a single vertex. The structure of the vertex (Figure 1.5) means that it is possible
to specify a sector of ingoing timelike lines and a sector of outgoing timelike lines at
each vertex (Figure 2.10).

Figure 2.10: Ingoing and outgoing time-
like edges at a vertex.

t

s

t

s

t

s

t

s

t

s

t

s

t

s

t

s

Figure 2.11: Assigning frames to the tri-
angles with timelike edges at the vertex.

The triangles with timelike edges at the vertex are chosen to have coordinate frame
whereby the increasing time direction is aligned with the arrows in the timelike edges
(Figure 2.11).
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Now a set of ingoing and outgoing spacelike lines can be identified from the directions
of increasing space coordinate in the frames already chosen (Figure 2.12).

t

s

t

st

s

t

s

t

s

t

s

t

s

t

s

Figure 2.12: Ingoing and outgoing space-
like edges at a vertex.

t

s

t

st

s

t

s

t

s

t

s

t

s

t

s

t

s

t

s

t

s

t s

Figure 2.13: Assigning frames to the re-
maining triangles.

Requiring the direction of increasing space coordinates in the triangles whose coor-
dinate systems have not yet been chosen to coincide with the arrows on the spacelike
edges fixes the remaining coordinate frames (Figure 2.13).

This convention will be employed throughout this section.

2.3.3 Lorentz Transformations in gCDT Triangulations

In order to calculate Wilson loops from (2.47) it will be necessary to identify all
possible transformations that may occur between two adjacent triangles in a gCDT
triangulation. It is enough to consider then all possible ways in which two gCDT
triangles which share a vertex may also share an edge. These are shown in §E.4. Now
the appropriate angles for the Lorentz transformations between all of these pairs may
be calculated. The method of calculation will be explained again by an example.
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(1,0) (1,2)

(0,1)

Figure 2.14: The coordinate directions of
the frame chosen on the down triangle.

(0,0)

(2,0)

(1,1)

Figure 2.15: The coordinate directions of
the frame chosen on the right triangle.

Here the pair contained in Figure E.2 is considered. From Figure 2.2 it is clear that
the tts triangle’s coordinate axes are oriented as in Figure 2.14, and similarly from
Figure 2.4 it is clear that the sst triangle’s coordinate axes are oriented as in Figure
2.15. The point at which the two timelike edges of the tts triangle meet is considered
to be the origin about which the rotation will take place.

The timelike direction in the sst triangle may be represented by a vector that runs
along its timelike edge, which has components (2, 0) in its own coordinate system.
However, since this edge is shared with the tts triangle’s right edge, in the tts tri-
angle’s coordinate system it has components (1, 1). This can be seen from Figure
2.16.
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(1,-1)
(1,1)

(0,2)

(2,0)

(1,1)

(1,-1)

Figure 2.16: How the down triangle’s right timelike edge vector relates to the right
triangle’s timelike edge vector when joined in Figure E.2.

The timelike direction in the tts triangle may be represented by a vector that runs
from the vertex at which the two timelike edges meet to the centre of the spacelike
edge. Such a vector has components (1, 0) in the coordinate system of the tts triangle.

Lorentz transformations are preserve squared distances4. Thus to relate two vectors
via a Lorentz transformation, the two vectors must have the same squared length.
The two vectors specified above do not. It is therefore necessary to “normalise”
these vectors by dividing them by their respective lengths, so that they do have the
same squared length (which will be in this case −1). Because the timelike edges
are known to have squared length −αa2 it is clear that the vector with components
(1, 1) coinciding with a timelike edges has length i

√
αa. From (2.2) and the metric

in the tts triangle (B.1) the tts triangle’s vector can be found to have a squared

length gtt and hence length
√
gtt = i

√

α+ 1
4
a. Dividing each vector by its length

and multiplying by i in order to ensure the vectors are real

4See §E.3.
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t̂
µ
tts =

1

a
√

α+ 1
4

(

1
0

)

(2.68)

t̂
µ
sst =

1

a
√
α

(

1
1

)

(2.69)

A rotation about the chosen vertex taking ∆a’s coordinate directions onto ∆b’s (la-
belled in Figure E.2) would send the sst vector onto the tts vector. Using (2.67),
appropriate for the tts triangle’s frame, the transformation first considered is

t̂
µ
tts = Λµ

ν t̂
ν
sst (2.70)

1
√

α + 1
4

(

1
0

)

=

(

coshϕ 2−1
(

α + 1
4

)− 1

2 sinhϕ

2
(

α+ 1
4

) 1

2 sinhϕ coshϕ

)

(2.71)

× 1√
α

(

1
1

)

Writing out both equations encapsulated in (2.71) explicitly

1
√

α+ 1
4

=
coshϕ+ 2−1

(

α + 1
4

)− 1

2 sinhϕ√
α

(2.72)

→
√
α

√

α + 1
4

= coshϕ+ 2−1

(

α+
1

4

)− 1

2

sinhϕ (2.73)

0 =
2
(

α + 1
4

) 1

2 sinhϕ+ coshϕ

✚
✚

√
α

(2.74)

Subtracting (2.74) from (2.73)
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√
α

√

α + 1
4

= 2−1

(

α +
1

4

)− 1

2

sinhϕ− 2

(

α+
1

4

)
1

2

sinhϕ (2.75)

sinhϕ =

√
α

√

α + 1
4

[

2−1

(

α +
1

4

)− 1

2

− 2

(

α +
1

4

)
1

2

]−1

(2.76)

Then from (2.74)

coshϕ = −2

(

α +
1

4

)
1

2

sinhϕ (2.77)

= −2

(

α +
1

4

)
1

2

√
α

√

α + 1
4

[

2−1

(

α +
1

4

)− 1

2

− 2

(

α +
1

4

)
1

2

]−1

(2.78)

In the standard case

sinhϕ =

√
1

√

5
4

[

1√
5
−
√
5

]−1

=
2

✚
✚

√
5

[

1− 5

✚
✚

√
5

]−1

= −1

2
(2.79)

and

coshϕ = −
√
5

(

−1

2

)

=

√
5

2
(2.80)

The results for all other pairs of triangles may be seen in §E.5.
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2.3.4 Single Vertex Wilson Loops

The Lorentz angles so found may now be used in the calculation of Wilson loops.
In particular, Wilson loops that enclose only the vertices in §A will be considered,
in order to compare them to the deficit angle results in §C.5. Again, an example
calculation will illustrate the method, with all other results relegated to §E.6. The
demonstration will be done for a Wilson loop that encloses only the minimal vertex
found in Figure A.2. It will prove useful for this calculation to label the four triangles
as follows

1 4

2 3

Γ

Figure 2.17: The minimal vertex with its triangles numbered, and the path Γ whose
holonomy will be considered together with its orientation.

The holonomy is given by the equation W (Γ) = Tr
∏

i Λi from §1.2. There are four
points at which the path Γ crosses an edge, so here W (Γ) = Λ1→2Λ2→3Λ3→4Λ4→1.
Comparing the pairs of triangles in Figure 2.17 with those pairs in §E.4 the following
identities may be ascertained - Λ1→2 = Λ (ϕ16) , Λ2→3 = Λ (ϕ1)

−1 , Λ3→4 = Λ (ϕ16)
and Λ4→1 = Λ (ϕ9)

−1.

Multiplying these all together and applying (2.49) and (2.50) to get the holonomy

δµν · Λν
ρ (−ϕ1) · δρλ · Λλ

σ (−ϕ9) = Λµ
σ (−ϕ1 − ϕ9) ≡ Λµ

σ (ϕminimal) (2.81)
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Of interest here is the trace of this matrix, wholly determined by the angle. The
angle is most easily compared with the deficit angles from §2.2, so the angles will be
reported here.

ϕminimal = −ϕ1 − ϕ9 = − (−2m)− (−2m) = 4m (2.82)

It should be noted that since the holonomy is in general in this case a matrix whose
two diagonal components are both coshϕ, the Wilson loop is given by 2 coshϕ.
Since coshϕ is a symmetric function of ϕ, this means that the Wilson loop is the
same whether the angle is ϕ or −ϕ. This leads in practise to no confusion, since in
this Abelian case the two angles ±ϕ correspond simply to the two opposite ways of
traversing the path Γ.

2.4 Photon Propagation

2.4.1 Introduction

The motivation for determining trajectories of photons that move through a 2-
dimensional triangulation has already been lain out in §2.1. But why should it
be expected that photon trajectories might yield information about curvature?

Firstly, both the light cones (on which photons travel) and the curvature are deter-
mined by the metric, so the two are not independent of each other. There are many
famous examples in the general relativity literature of the interplay between curva-
ture and causality, but perhaps the most illustrative metaphor for the methods that
will be used in this section is the deflection of light rays by the Sun, first accurately
predicted by Einstein in 1916 [33] and first confirmed on the basis of measurements
made by E. Cottingham, A. Crommelin, C. Davidson and A. Eddington in 1919 [34].
The way the system is set up in what follows is similar - two photons will be allowed
to travel through some piece gCDT spacetime and how they are deflected will be
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determined from how their spatial separation changes. In the case of the Sun, the
photons actually pass through a region of curved space which causes the deflection,
whereas in the gCDT triangulations the photons will pass through only flat space,
and the deflections will come about as an effect of curvature concentrated at vertices
which pass between the two photons, so the mechanism which brings about the de-
flection is different. But the general relativistic example does serve to illustrate the
point that paths of light rays can have a lot to say about curvature.

The determination itself can be achieved by implementation of the following steps.
Firstly the trajectories of photons are found in the triangles included in those tri-
angulations, allowing determination of the exit point of the photon from a triangle
given the point at which it entered that triangle. Secondly the transformations of the
photon’s position coordinates are found which are necessary when a photon passes
out of one triangle (with its associated coordinate frame) and into another (with
its own associated coordinate frame). Taken together, these comprise essentially an
algorithm for tracing photon paths across triangulations.

2.4.2 Photon Trajectories

Since photon paths are a property of a spacetime which do not depend upon any
coordinate system [35, 36], a convenient way to find the photon paths on the triangles
is to employ the coordinate systems chosen on the triangles in §2.1, safe in the
knowledge that the results are unique. Infinitesimal line elements of photon paths
obey an equation [35].

dl2 = gµνdx
µdyν = 0 (2.83)

Because the up and down tts triangles have the same metric, and similarly for the
left and right sst triangles, it is enough just to consider (2.83) for the two metrics
(2.14) and (B.2) respectively. Firstly, (2.14) for the tts triangles
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dl2 = gttdt
2 + gssds

2 = −
(

α+
1

4

)

a2dt2 +
a2

4
ds2 = 0 (2.84)

(

α +
1

4

)

��a
2dt2 =

��a
21

4
ds2 (2.85)

(

dt

ds

)2

=
1

4

1

α + 1
4

(2.86)

dt

ds
= ±

(

1

4α+ 1

)
1

2

(2.87)

The choice of signs arises in the final line since photons can move in two spatial direc-
tions, the two choices corresponding to “left-moving” and “right-moving” photons.
For the metric (B.2) of the sst triangles

0 = −αa2

4
dt2 +

(

1 +
α

4

)

a2ds2 (2.88)

(

dt

ds

)2

=
1 + α

4�
�a2

α✚✚a2
4

(2.89)

dt

ds
= ±

√

4

α
+ 1 (2.90)

These are integrated to find the desired equations of motion for the tts and sst
triangles respectively

t = ±
(

1

4α + 1

)
1

2

s+ c (2.91)

and
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t = ±
√

1 +
4

α
s+ c (2.92)

Some definitions which will simplify future calculations are

R ≡ (4α + 1)−
1

2 (2.93)

and

Q ≡
√

1 +
4

α
(2.94)

These definitions lead to simplified equations of motion

t = ±Rs + c (2.95)

and

t = ±Qs + c (2.96)

In all cases, the constant c will be determined by the starting point of the photon in
the triangle.
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2.4.3 Entry and Exit Points

Because of the simple form of the equations of motion (2.95) and (2.96), it is enough
to consider only the point at which the photon exits a triangle given the point at
which it entered, with the knowledge that these two points are connected by a straight
line in the triangle’s frame. At this point it is also useful to differentiate between
the up and down tts triangles (and likewise the left and right sst triangles), because
given a photon moving in some direction (towards or the left or towards the right),
its potential entry and exit points to and from the triangle in the up triangle will
differ from those in the down triangle (and similarly for the left and right triangles).

In this thesis, for simplicity, only photons moving to the right will be considered. If
the paths of photons moving to the left should be required, these can be found in
two ways.

The first (and simplest) way is to invert left and right directions, and calculate the
path of a photon moving towards the right. Inversion of the left and right directions is
equivalent to taking a plane triangulation, drawing it in a square on a piece of paper,
and reflecting it through a straight line connecting the centres of its two spacelike
boundaries. A right-moving photon along this reflected triangulation would be a left-
moving photon if the unreflected triangulation and photon path were again reflected
in the aforementioned line.

The second way, which requires more work to implement but is conceptually more
obvious, is to redevelop this algorithm for left-moving photons. This will not be
done in this thesis, since it would take up too much time and space - the aim here
instead is to obtain interesting results for the case that is considered, and to provide
sufficient instruction to any other researcher who wishes to devise algorithms for the
other three cases.

An example calculation will be done for the up triangle, the calculations for the other
triangles being relegated to §F.1.

Here a right-moving photon may enter either through the spacelike edge, or the
timelike edge that extends between the two vertices (0,−1) and (1, 0), which will
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hereafter be called the “left” timelike edge, the other being called the “right” timelike
edge5. This is seen in Figure 2.18.

1

2

Figure 2.18: The two possible ways a photon could enter an up triangle (it cannot
pass through the vertex), with the light line that extends from the vertex into the
triangle shown for reference.

Suppose the photon enters through the spacelike edge (marked 1 in Figure 2.18). If
the photon enters the triangle through the spacelike edge, it must have coordinates
(0, s0) because the spacelike edge coincides with the line s = 0. Immediately the
constant in the equation of motion (2.95) can be found

0 = Rs0 + c → c = −Rs0 (2.97)

It is easily seen that the photon must go on to leave the triangle through the right
timelike edge, as will now be demonstrated. The left and right timelike edges respec-
tively have equations

t− s = 1 (2.98)

t+ s = 1 (2.99)

5Similar definitions for the down, left and right triangles may be found in §F.1.
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To determine where the photon leaves the triangle, one of these equations must be
solved simultaneously with the photon’s equation of motion (2.95). Attempting to
do so with the left timelike edge (2.98) results in

t− s = 1 → s = t− 1 (2.100)

t = Rs+ c → s =
1

R
(t− c) (2.101)

t− 1 =
1

R
(t +Rs0) (2.102)

t

(

1− 1

R

)

= 1 + s0 (2.103)

t =
1 + s0

1− 1
R

(2.104)

To see which values (2.104) can take, it is necessary to consider R further. In gCDT,
for technical reasons6, α takes values only within a limited interval

1

4
≤ α ≤ 4 (2.105)

Returning to the definition (2.93) of R leads to

1√
17

≤ R ≤ 1√
2

(2.106)

It is also clear from the definition of the coordinate system on the triangle in Figure
2.1 that

6When Monte Carlo simulations are to be carried out, it is necessary to perform a Wick rotation
such that the triangulations containing space of Lorentzian signature become triangulations con-
taining space of Euclidean signature, in order to be able to use the tools of statistical mechanics.
For details, see for example [9].
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−1 ≤ s0 ≤ 1 (2.107)

Thus, in (2.104), the numerator takes only positive values, except for s0 = −1 → t0 =
0, in which case the solution is actually the point of entry so should be disregarded7.
Given the limits on R in (2.106), the denominator has a range

√
2 ≤ 1

R
≤

√
17 (2.108)

1−
√
17 ≤ 1− 1

R
≤ 1−

√
2 < 0 (2.109)

The denominator of (2.104) is always negative and the numerator always positive,
so the solution for t is always negative. Now, since 0 ≤ t ≤ 1 in the triangle, the
photon can never leave through the left-hand edge.

A similar procedure yields the point at which the photon exits the triangle through
the right-hand edge. Combining (2.95) with (2.99) yields

t + s = 1 → s = 1− t (2.110)

t = Rs+ c → s =
1

R
(t− c) (2.111)

1− t =
1

R
(t+Rs0) (2.112)

t

(

−1 − 1

R

)

= −1 + s0 (2.113)

t =
1− s0

1 + 1
R

(2.114)

7Furthermore, the (d− 2)-dimensional subsimplices in a (g)CDT model are singular, particles
therefore should not be allowed to pass through them, and indeed will not for a photon path of
finite length. For this reason such a situation is not considered here.
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To check that this has an appropriate value, R > 0 → 1
R

> 0 → 1 + 1
R

> 0 and
−1 < s0 < 1 → 1 − s0 > 0 so t > 0 (where the vertices have been ignored). The
maximum value occurs when s0 = −1 → 1 − s0 = 2 and R = 1√

2
→ 1 + 1

R
> 2 so

t < 1 even if the vertices were to be included. Hence 0 < t < 1, as required.

Then from (2.99)

s = 1− 1− s0

1 + 1
R

(2.115)

Now suppose that the photon enters through the left timelike edge (marked 2 in
Figure 2.18). It does so at coordinates (t0, s0). From the equation for the left-hand
edge, (2.98), this may be written (t0, t0 − 1). This allows the constant in the equation
of motion (2.95) to be found

t0 = R (t0 − 1) + c → c = t0 (1−R) +R (2.116)

It is obvious that the photon cannot leave through the spacelike edge - the photon
travels in the positive t direction, and the spacelike edge lies at a lower t value
than the entry point of the photon (t0 = 0 may be ignored because it is a vertex).
The photon must thus leave through the right-hand timelike edge. The equation of
motion (2.95) and the equation for the right-hand edge (2.99) combine to give
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t+ s = 1 → s = 1− t (2.117)

t = Rs+ c → s =
1

R
(t− c) (2.118)

1− t =
1

R
(t− t0 (1−R)− R) (2.119)

t

(

−1− 1

R

)

=
1

R
(−t0 (1− R)−R)− 1 (2.120)

t =
1

−1− 1
R

1

R
(−t0 (1− R)− R− R) (2.121)

t =
1

1 +R
(2R + t0 (1− R)) (2.122)

To check the value of (2.122), first note that 1−R > 0, so the value is minimal when
t0 = 0 in which case t is given by (2.123). In this case, 1

2R
is maximal when R = 1√

17
,

so the whole expression is minimal with value
2 1√

17

1+ 1√
17

≈ 0.39 for this R value.

t =
2R

1 +R
=

(

1

2R
+

1

2

)−1

(2.123)

The value is maximal when t0 = 1, where in fact

t =
1

1 +R
(✁2R + 1✟✟✟−R) = 1 (2.124)

which is of course to be expected, since if the photon were to be allowed to pass
through this vertex, it would not enter the triangle at all. t is thus always within
the range 0.39 . t < 1 .

Then from (2.99)

52



s = 1− 1

1 +R
(2R + t0 (1−R)) (2.125)

To summarise the two results, denoting the entry point as (t0, s0), the exit point is

•
(

1−s0
1+ 1

R

, 1− 1−s0
1+ 1

R

)

if t0 = 0,−1 < s0 < 1

•
(

1
1+R

[2R + t0 (1− R)] , 1− 1
1+R

[2R + t0 (1− R)]
)

if 0 < t0 < 1,−1 < s0 < 0

2.4.4 Example Application of Algorithm

As an example, the determination of the paths of two photons which pass either side
of the regular vertex are calculated. Deflections for all other vertices in §A are given
in §F.3. The geometry is shown in Figure 2.19 (along with the form the photon paths
will turn out to take). The photon that follows the purple path will be referred to
as γ1, and the photon that follows the orange path will be referred to as γ2.

0

1
2

3

4

5

6
7

Figure 2.19: The geometry investigated in the example photon propagation calcula-
tion, showing also the photon paths.

The photon propagation calculations are to be compared with the two methods of
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calculating deficit angles seen earlier in this chapter. It will therefore be necessary
for consistency to set α = 1 (the standard case) for these calculations and all other
photon propagation calculations in this thesis.

Starting Points and Initial Separation

It is convenient to choose ∆3 (from here onwards, a triangle labelled n in a diagram
will be referred to as ∆n) in Figure 2.19 as the starting point for the photons.
Furthermore, they are chosen to have initial coordinates such that γ1 passes “above”
the vertex, and γ2 passes “below” the vertex, that is, to ensure the vertex lies between
their paths. The threshold separating the starting points of photons that pass either
side of the vertex is easily found from the ranges of starting points for which the
photon exits through either the right timelike edge or the spacelike edge, given in
§F.1.1, and using α = 1

t =
1− R

1 +R
→ t ≈ 0.38 (2.126)

The starting points used for γ1 and γ2 respectively are taken to be

γ1 : (t3, s3) = (0.6, 0.4)γ2 : (t3, s3) = (0.2, 0.8) (2.127)

These have been chosen such that the photons start roughly equidistant from the
threshold. This also illustrates an important notation convention that will be used
throughout this chapter. The coordinates are assigned subscripts indicating to which
triangle they refer, hence the starting point in ∆3 being referred to as (t3, s3). Points
at which the photons finish in a triangle will be denoted by adding +1

2
to the sub-

script, so the photon will leave ∆3 at
(

t3+ 1

2

, s3+ 1

2

)

.

In some cases a triangle like ∆3 will not appear - its appearance is mandatory for
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a CDT vertex, but not a gCDT vertex. For comparison with such cases, it will
prove much simpler to use the initial and final separations of the photons as though
they had started in the spacelike edge of ∆0. To calculate where on this edge the
photons began their journey, it is necessary to use the equations (2.114) and (2.115)
essentially in reverse - using t and s to find t0 and s0.

But first it is necessary to find the point on the right timelike edge of ∆0 that
corresponds to a point on the left timelike edge of ∆3. The two sets of coordinates
will be related to each other by ensuring that the interval from the point to one of
the shared vertices of the line divided by the total interval of the line is the same in
each case, a general approach that will be used wherever such a transformation is
needed, illustrated in Figure 2.20. Hence for ∆3 to ∆0, choosing the point (0, 1) in
∆3, and using the formula (2.2) with (2.14) and (2.112) leads to8

(

(∆l)2
)

3
= gtt (0− t3)

2 + gss (1− s3)
2 (2.128)

(

(∆l)2
)

0
= gtt

(

0− t0+ 1

2

)2

+ gss

(

1− t0+ 1

2

)2

(2.129)

((Δ
l) 2
)
0

((Δ
l) 2
)
3

(t0,s0)

(t3,s3)

(t0,s0)

(t3,s3)

Figure 2.20: An illustration of the principle of equal squared intervals used to deter-
mine coordinate transformations at shared edges.

An obvious solution to
(

(∆l)2
)

3
=
(

(∆l)2
)

0
is

8The notation
(

(∆l)2
)

0

refers to an interval measured in the coordinate frame of triangle ∆0.
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(0− t3)
2 =

(

0− t0+ 1

2

)2

→ t0+ 1

2

= ±t3 (2.130)

(1− s3)
2 =

(

1− s0+ 1

2

)2

→ 1− s3 = ±
(

1− s0+ 1

2

)

(2.131)

The sign that should be taken is determined by the range of values that the coordi-
nates can take in each frame. Since both t3 and t0+ 1

2

lie between 0 and 1, and both

s3 and s0+ 1

2

lie between 0 and 1 (((B.19) and (B.21)), it is necessary in both cases to
observe that the direction in which the t and s coordinates in both ∆0 and ∆6 are the
same in order to see that the plus signs are appropriate, giving the transformation

(

t0+ 1

2

, s0+ 1

2

)

= (t3, s3) (2.132)

This holds generally where the right timelike edge of an up triangle and the left
timelike edge of a down tts triangle meet, so this will prove useful in later calcula-
tions. It can then be observed that each point along these edges has a unique set of
coordinates in each of the two triangles’ frames, and when the edges are identified
in such a way these points are put into a one to one correspondence. Hence, this
solution is unique, and will be so for any similar transformation found relating the
coordinates of the points along a shared edge in the coordinate frames of the two
triangles which share that edge.

Then from (2.114) and (2.115)

t0+ 1

2

=
1− s0

1 + 1
R

(2.133)

1− s0 =

(

1 +
1

R

)

t0+ 1

2

(2.134)

s0 = 1−
(

1 +
1

R

)

t0+ 1

2

(2.135)
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Since the point lies on the spacelike edge t0 = 0 from (B.17). Hence the starting

points are given by
(

0, 1−
(

1 + 1
R

)

t0+ 1

2

)

. What remains is to check that these points

actually lie on the spacelike edge, that is, they obey (B.17). Using the t3 values for
γ1 and γ2, along with α = 1

γ1 s0 = 1−



1 +
1

(

1√
5

)



 0.6 ≈ −0.94 (2.136)

γ2 s0 = 1−



1 +
1

(

1√
5

)



 0.2 ≈ 0.35 (2.137)

Since both of these points lie within the range of allowable s values, the photons do
indeed pass through the spacelike link.

From (2.2), the photons are initially separated by an interval of

(

(∆l)2
)

initial
= gss (0.35− (−0.94))2 ≈ a2

4
(1.29)2 ≈ 0.42a2 (2.138)

2.4.5 Path of γ1

The calculation of the path of a photon is simply repeated implementation of the
results found in this chapter and §F.1, with some extra transformations required
when a photon passes through an edge to relate the different coordinate systems of
the triangles that meet at that edge. These transformations will prove to be limited
in number (since there exists only a finite number of ways in which two triangles can
share an edge) and thus it is easy to write down a complete set which can be used
as required (which is done in §F.2).
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γ1 starts in ∆3 at a point (t3, s3) = (0.6, 0.4) and exits ∆3 via the spacelike edge at
a point

(

t3+ 1

2

, s3+ 1

2

)

=

(

1,
1 +R

R
(1− t3)

)

(2.139)

γ1 then enters ∆2. The appropriate ∆3 to ∆2 transformation (more generally, a
transformation between up and down tts triangles that meet at the spacelike edge)
may be calculated as follows

(

(∆l)2
)

3
= gtt

(

1− t3+ 1

2

)2

+ gss

(

2− s3+ 1

2

)2

(2.140)
(

(∆l)2
)

2
= gtt (0− t2)

2 + gss (1− s2)
2 (2.141)

The (unique) solution is

(

1− t3+ 1

2

)2

= (0− t2)
2 → t2 = ±

(

1− t3+ 1

2

)

(2.142)
(

2− s3+ 1

2

)2

= (1− s2)
2 → 1− s2 = ±

(

2− s3+ 1

2

)

(2.143)

The sign of the t coordinate solution is irrelevant since t2 = 0 from (B.17). This time
it is not enough to enforce the appropriate range for s2. Instead, it is necessary to
observe that at the shared spacelike edge of the down and up triangles, the direction
of increasing s coordinate along this edge in both triangles is the same. Thus, s2
should increase with increasing s3+ 1

2

, fixing the sign of the s solution and giving

(t2, s2) =
(

1− t3+ 1

2

, s3+ 1

2

− 1
)

=
(

0, s3+ 1

2

− 1
)

(2.144)
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According to (2.114) and (2.115) γ1 leaves ∆2 at

(

t2+ 1

2

, s2+ 1

2

)

=

(

1− s2

1 + 1
R

, 1− 1− s2

1 + 1
R

)

(2.145)

γ1 then enters ∆1 via the left timelike edge, which requires the same transformation
as (2.132)

(t1, s1) =
(

t2+ 1

2

, s2+ 1

2

)

(2.146)

To determine through which edge γ1 leaves ∆1, the numerical values of t1 and s1
must be calculated. By starting at (2.127) and using (2.139), (2.144), (2.145) and
(2.146)

(t1, s1) ≈ (0.21, 0.78) (2.147)

Given (2.126), (F.4) and (F.5), γ1 leaves ∆1 via the right timelike edge and it does
so at

(

t1+ 1

2

, s1+ 1

2

)

=

(

1 +R

1−R
t1, 1 +

1 +R

1− R
t1

)

(2.148)

γ1 enters ∆6. The form of the transformation between a down triangle joined at its
right timelike edge to the left timelike edge of a up triangle has yet to be found.
Imposing the usual requirement

(

(∆l)2
)

1
=
(

(∆l)2
)

6
on the intervals
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(

(∆l)2
)

1
= gtt

(

0− t1+ 1

2

)2

+ gss

(

1− s1+ 1

2

)2

(2.149)
(

(∆l)2
)

6
= gtt (0− t6)

2 + gss (−1− s6)
2 (2.150)

The solution is

(

0− t1+ 1

2

)2

= (0− t6)
2 → t6 = ±t1+ 1

2

(2.151)
(

1− s1+ 1

2

)2

= (−1 − s6)
2 → 1 + s6 = ±

(

1− s1+ 1

2

)

(2.152)

Requiring 0 ≤ t6 ≤ 1 and −1 ≤ s6 ≤ 0 (from (B.18)), given 0 ≤ t1+ 1

2

≤ 1 and

1 ≤ s1+ 1

2

≤ 2 (from (B.22)), determines the signs of the solutions, and yields

(t6, s6) =
(

t1+ 1

2

, s1+ 1

2

− 2
)

(2.153)

γ1 leaves ∆6 through the right timelike link, at a point given by (2.122) and (2.125)

(

t6+ 1

2

, s6+ 1

2

)

=

(

1

1 +R
(2R + t6 (1− R)) , 1− 1

1 +R
(2R + t6 (1− R))

)

(2.154)

γ1 then enters ∆7, again with the same transformation as (2.132)

(t7, s7) =
(

t6+ 1

2

, s6+ 1

2

)

(2.155)
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To determine whether γ1 leaves ∆7 through the spacelike edge or the right timelike
edge, the numerical values of t7 and s7 must be determined. By using (2.147) and
subsequently (2.148), (2.153), (2.154) and (2.155)

(t7, s7) ≈ (0.84, 0.16) (2.156)

Thus by (F.2) and (F.3) γ1 leaves through the spacelike edge, at a point

(

t7+ 1

2

, s7+ 1

2

)

=

(

1,
1 +R

R
(1− t7)

)

(2.157)

In the consideration of the results, it will be necessary to know the numerical values
at this final point, which from (2.156) and (2.157) are

(

t7+ 1

2

, s7+ 1

2

)

≈ (1, 0.53) (2.158)

2.4.6 Path of γ2

As was explained in §2.4.4, γ2 starts in ∆3 at (0.2, 0.8) and exits ∆3 through the
right timelike edge. It does so at

(

t3+ 1

2

, s3+ 1

2

)

=

(

1 +R

1−R
t3, 1 +

1 +R

1− R
t3

)

(2.159)

γ2 then enters ∆4, which requires the same transformation as (2.153), hence
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(t4, s4) =
(

t3+ 1

2

, s3+ 1

2

− 2
)

(2.160)

γ2 leaves ∆4 through the right timelike edge, from (2.122) and (2.125) at a point

(

t4+ 1

2

, s4+ 1

2

)

=

(

1

1 +R
[2R + (1−R) t4] , 1−

1

1 +R
[2R + (1− R) t4]

)

(2.161)

The transformation required when γ2 moves into ∆5 is given by (2.132)

(t5, s5) =
(

t4+ 1

2

, s4+ 1

2

)

(2.162)

To determine through which edge γ2 leaves ∆5, the numerical values of t5 and s5
must be calculated. Using (2.127), (2.159), (2.160), (2.161) and (2.162)

(t5, s5) ≈ (0.81, 0.18) (2.163)

By (F.2) and (F.3), γ2 leaves through the spacelike link at the point

(

t5+ 1

2

, s5+ 1

2

)

=

(

1,
1 +R

R
(1− t5)

)

(2.164)

When entering ∆6, the transformation of γ2’s coordinates required is (2.144)

(t6, s6) =
(

0, s5+ 1

2

− 1
)

(2.165)
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Subsequently γ2 leaves ∆6 through the right timelike edge, and from (2.114) and
(2.115) it does so at the point

(

t6+ 1

2

, s6+ 1

2

)

=

(

1− s6

1 + 1
R

, 1− 1− s6

1 + 1
R

)

(2.166)

γ2 moves into ∆7, with the transformation (2.132)

(t7, s7) =
(

t6+ 1

2

, s6+ 1

2

)

(2.167)

Once again, the numerical values of the coordinates must be calculated to determine
through which edge γ2 leaves ∆7. Using (2.163), (2.164), (2.165), (2.166) and (2.167)

(t7, s7) ≈ (0.43, 0.56) (2.168)

From (F.2) and (F.3), γ2 therefore leaves through the spacelike link, at a point

(

t7+ 1

2

, s7+ 1

2

)

=

(

1,
1 +R

R
(1− t7)

)

(2.169)

The numerical value will be used in analysis of the results, so

(

t7+ 1

2

, s7+ 1

2

)

≈ (1, 1.82) (2.170)
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2.4.7 Final Separation

To determine what effect the vertex has had upon the paths of the photons, the
separation of the photons after they have passed the vertex is calculated. Since the
two photons finish in the same triangle, ∆7, the interval may be calculated simply
from (2.2)

(

(∆l)2
)

final
= gss

(

s0γ1 − s0γ2
)2

=
a2

4
(0.53− 1.82)2 ≈ 0.42a2 (2.171)

There is thus no change in the separation of the photons, as should be expected when
a vertex with no curvature passes between them.

The results of this algorithm on the other vertices of §A are found in §F.3, and
comparison of these results with the deficit angle results is discussed in §5.1. If the
two photons do not end up in the same triangle after they have passed by the vertex,
care must be taken when measuring their separation. In this piece of work, the
vertex of interest is always chosen to be surrounded by regular vertices (Figure A.1),
so that the photons only ever pass around one vertex with curvature. Since it is
now confirmed from the above example that regular vertices cause no deflection, any
deflection measured will be due to the vertex of interest alone. The measurement
of final separation is done along the next spacelike line crossed by both photons
after they have passed around vertex, whose vertices will all be regular and thus
not introduce extra deflections. Details of how exactly this measurement is done are
included with the results, in §F.3.
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Chapter 3

Vertex Causal Structure in
(2 + 1)-Dimensional gCDT

3.1 Introduction

The purpose of this chapter is to show that the causality conditions implemented in
(2 + 1)-dimensional gCDT, chosen to ensure that the light cone structure is correct
around edges in the triangulations, are sufficient to ensure that the light cone struc-
ture around vertices of a certain type is also correct. The type of vertices to which
this proof will apply is those vertices which have at least one spacelike edge attached
to them. It is possible that a vertex has only timelike edges attached to it, but this
kind of vertex will not be of concern here.

The (2 + 1)-dimensional model considered here is the one which has the greater pos-
sible range of α, with triangulations of topology [0, 1]× [0, 1]× [0, 1]. The tetrahedra
used are thus T2, T3, T5 and T9 as identified in [16]. These will be labelled here
with τ instead to avoid confusion with T as a symbol for a triangulation, employed
elsewhere in this work. The tetrahedra are drawn in Figure 3.1, where the conven-
tion from [16] that spacelike edges are blue and timelike edges are red is employed.
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Lightlike directions will be indicated by green where required.

1
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4

τ2

1

2

3

4

τ3

1

2

3

4

τ5

1

2

3

4

τ9

Figure 3.1: The four tetrahedra used in the (2 + 1)-dimensional gCDT model that
will be considered here.

In investigating the causality of these triangulations, the existing causality conditions
on the model will provide the starting point. These too are given in [16], and are
collectively known as edge causality . The causality conditions are formulated as rules
for gluing tetrahedra around an edge, derived by considering a plane perpendicular to
the edge and considering the light cone structure induced on this plane. It turns out
that the timelike edges have no restrictions upon them (because the perpendicular
planes are Euclidean), but the spacelike edges (with Lorentzian perpendicular planes)
have the requirement that there must be a complete light cone in the plane. In the
model, this may be formulated as

“ About each edge, there must be exactly two sectors of “spacelike triangles”, and
exactly two sectors of “timelike triangles”. ”

Spacelike triangles are those including only spacelike edges, and timelike triangles are
those including at least one timelike edge. Considering that each pair of triangles at
an edge must be members of some tetrahedron included in whose edges is the edge
itself, the volume around the edge can be thought of as being divided into 8 sectors
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of tetrahedra

Spacelike Spacelike

Timelike

Timelike

Transition Tra
ns
itio

n

Transition
Tr
an
sit
io
n

Figure 3.2: The 8 sectors of tetrahedra around a spacelike edge.

Since only one of the four tetrahedra in Figure 3.1 possesses two spacelike triangles,
making it therefore capable of joining two spacelike triangles together, only τ2 tetra-
hedra may appear in the spacelike sectors. Furthermore the τ2 must be arranged
such that their edge 23 (Figure 3.1) coincides with the edge about which the causal-
ity conditions are being considered, since this is the only edge shared by two spacelike
triangles in τ2.

All four of the tetrahedra in Figure 3.1 possess at least two timelike triangles, but in
order to attach two such triangles to the edge e about which the causality condition
is formulated, it is necessary for two of the timelike triangles in the tetrahedron to
also share a common spacelike edge. This occurs only in τ3 (at edge 34 of triangles
134 and 234) and τ9 (at edge 12 of triangles 123 and 124, at edge 34 of triangles 134
and 234). Thus, only τ3 and/or τ9 may appear in the timelike sectors.

The transition sectors are those in which one “part” of the light cone lies. This can
be though of as one light line in the Lorentzian plane perpendicular to the spacelike
edge (the term “light line” is defined later, for example Figure 3.20). In this model a
light cone segment occurs where, in a tetrahedron, there is a timelike triangle sharing
an edge with a spacelike triangle (note that no light cones occur where a timelike
triangle shares an edge with a timelike triangle or where a spacelike triangle shares
an edge with a spacelike triangle). A complete list of such possibilities is given in
Table 3.1, be be used in conjunction with Figure 3.1. From this table, it can be
seen that all tetrahedra except τ9, which has no spacelike triangles, may be in the
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transition sector.

τ2 (12, 123, 124) , (13, 123, 134) , (24, 124, 234) , (34, 134, 234)
τ3 (12, 123, 124) , (13, 123, 134), (23, 123, 234)
τ5 (12, 123, 124) , (13, 123, 134) , (23, 123, 234)

Table 3.1: A table of the edges of the four tetrahedra in Figure 3.1 for which the
tetrahedron lies in the edge’s transition sector. The notation (ab, cde, fgh) means
edge ab shared by triangles cde and fgh.

It should be noted that there need not be any tetrahedra at all in the lightlike
and spacelike sectors around the edge. A “minimal edge” thus consists of just 4
tetrahedra, each lying in a transition sector, and each contributing one light line in
the perpendicular plane, thus making a complete light cone.

How these tetrahedra can be attached together about the edge may now be consid-
ered. The following provides some guidance in this regard

Lemma 1. A tetrahedron τ which is located entirely within either a spacelike or
timelike sector of an edge e lies at the edge in such a way that the two triangles of τ
which share the edge e are of the same type (sss, tts or sst)

Proof. This is proved by considering the type of triangles as seen in Figure 3.1 which
occur in the possible arrangements for the spacelike and timelike sectors which were
previously identified.

The case of the spacelike sector is quite trivial. The only possible edge is 23 of τ2,
which is shared by two spacelike (sss) triangles.

For the case of the timelike sector, τ3 and τ9 must be considered. τ3’s appropriate
edge is 34 of triangles 134 and 234, both of which are sst triangles. For τ9, the edge
is either 12 of triangles 123 and 124 (both of which are tts), or 34 of triangles 134
and 234 (both of which are tts).

It is clear then that the spacelike sector must end (at both extremes) in an sss trian-
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gle. An inspection of the transition sector tetrahedra and how they may be arranged
about the edge easily shows that the timelike sectors “inbetween” the spacelike sec-
tors at the edge may begin and end with either a tts or an sst triangle, depending
upon the tetrahedra in the transition sectors. Note however that, because of Lemma
1, with whichever triangle a timelike sector begins, this must be the one which occurs
throughout the entire timelike sector, including the triangle at the other end of that
timelike sector. Because τ3 carries two sst triangles in a timelike sector, and τ9 two
tts triangles, it is clear from this that any timelike sector which has an sst triangle in
it has only τ3 tetrahedra, and similarly any timelike sector which has a tts triangle
in it has only τ9s. So, combining the possible structures for the timelike sector with
the possible transition sector tetrahedra, the six possibilities found in Figure 3.3 are
those that may occur.

τ3 τ3 τ3

τ9 τ9 τ9

τ3 τ3τ3τ2τ2τ2

τ3 τ3 τ3 τ5 τ5 τ5

Figure 3.3: The six possible structures in and bounding a timelike sector about a
spacelike edge. Shown are the timelike sector, and two transition sectors either side
of it. There may be any number (including 0) of the indicated tetrahedra in the
timelike sector.

3.2 Structure About The Vertex

3.2.1 Fundamental Spacelike Structures

In this subsection, firstly some spacelike structures are defined which will prove to
be fundamental to the goal of this chapter. By spacelike structures, it is meant
structures which are composed entirely of spacelike triangles. There will turn out to
be two important types of structure - the plane and the spiral. Some properties of
these structures, which will also be important in what follows, are also proved.
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In order to study the causal properties of the triangulation as a whole, it will prove
useful to understand first the causal structure around a vertex, and as far as possible
the complete local structure around a vertex. This will require the consideration of
objects which are localised about a single vertex.

Definition 1. A local triangulation about a vertex v, Tv, is the set of all tetrahedra
which include v as one of their vertices.

Consider one sss triangle ∆ in the local triangulation Tv. Place this in a set p.
By edge causality, at each edge of this triangle there is at least one sss triangle
in the edge’s other spacelike sector (unless the edge lies in the timelike boundary).
Suppose one triangle from each of these spacelike sectors is chosen and added to
p. Now there is in p a new set of edges, which also have at least one triangle in
their other spacelike sectors by edge causality (again, if they are not in a timelike
boundary), so one triangle is taken from each of these spacelike sectors and added to
p. This can be continued until no more triangles can be added, that is, when all of
the newest edges added to p lie in the timelike boundary, or no new edges are added
to p.

In order to use this procedure to obtain a relatively nice object p, by which is meant
one that is in fact “two dimensional” (resembling a plane with some folds), some
other conditions should be imposed. There exists for example the possibility that
the series of sss triangles that are recursively added lead back to an edge that is
already part of the object. In other words, there could be two triangles in the object
p which share a spacelike edge and lie in the same spacelike sector of that edge. At
this edge, the object would not be nicely two dimensional. A condition that at each
edge, only one sss triangle from each spacelike sector may be a part of the object, is
thus essential.

Definition 2. A local spacelike plane p is a set of sss triangles in a local triangulation
about a vertex, Tv, such that all triangles in p have v as one of their vertices and
satisfying the following conditions

1. For each edge of each triangle in p, exactly one sss triangle from each of the
spacelike sectors at the edge is in p.

70



2. By starting at some triangle in p, moving through one of its edges into a triangle
with which it shares an edge, and repeating this process, any triangle in p can
be reached.

3. The intersection of the plane with the boundary of Tv is a circle

An example of a local spacelike plane may be seen here

v

Figure 3.4: An example of a local spacelike plane in a triangulation. The red lines
need not be timelike, but are used here for perspective, to demonstrate that the
plane can be folded.

Some useful properties of these objects can subsequently be shown.

Lemma 2. A local spacelike plane1 p about a vertex v in a local triangulation Tv,
divides the local triangulation into two disconnected parts, which will be labelled Tv,i

and Tv,f .

Proof. The spacelike plane p is a connected object whose intersection at the boundary
of Tv is a continuous connected spacelike line in the timelike boundary. There can
be no “holes” in p, since if there were they would exist edges in p for which there is
a spacelike sector with none of its triangles in p. Hence starting in some tetrahedron
τ ∈ Tv, there must be some other tetrahedra in Tv to which a continuous path cannot
be drawn from τ without crossing p. So, if Tv is cut along p, there will be at least
two disconnected pieces.

1It must be assumed here that p does not lie entirely within the boundary of Tv. Some thought
reveals that this must be the case unless v is in a spacelike boundary, but since this statement has
not been proved it must be assumed.
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Because the plane at no point “branches”, meaning that two sss triangles at the same
edge in the same spatial sector are members of the plane, there will be exactly two
disconnected pieces.

Suppose there is some spacelike triangle in Tv with v as one of its vertices. As
with the considerations that lead to the definition of the spacelike plane, there are
triangles in Tv which share spacelike edges with this triangle (unless these edges are
in the timelike boundary), so an object can be made which is a set containing these
triangles, and new triangles added in a similar fashion. The procedure for building
this set may be formalised in the following way.

Take an sss triangle in a local triangulation Tv about a vertex v, one of whose vertices
is v. Form a set O containing only this triangle. This triangle possesses two spacelike
edges which end at v. By edge causality at each of these two edges there is at least
one sss triangle in the spacelike sectors which do not contain the initial triangle.
One spacelike triangle from each of these two sectors is added to O. It is possible
to continue adding triangles to O from the spacelike sectors of the spacelike edges
added to O which have v as one of their vertices. However, it is required at all times
that for each spacelike edge e in O, there is at most one triangle included in O from
each of e’s spacelike sectors.

It is clear that this procedure must terminate at some point, because the number of
tetrahedra and thus triangles in Tv is finite. There are then two possibilities for how
the process ends, the resulting O having slightly different properties in each case.

Definition 3. If the object O as constructed above is such that all edges at v included
in O have exactly one triangle from each of their spatial sectors in O, the set so
formed is a local spacelike plane p about the vertex v.

This particular possibility can be be thought of as when the sequence of triangles
added to O meets to form a closed object, thus ensuring that all edges in O have one
triangle in O for each of their spacelike sectors in Tv, and that no more triangles can
be added to O. The result is equivalent to Definition 2 above. The local spacelike
plane may be visualised as in Figure 3.5.
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Figure 3.5: The appearance of a local
spacelike plane. Figure 3.6: A local spiral - the arrow rep-

resents a continuation of the spiral.

Definition 4. If the object O as constructed above is not such that all edges at v
included in O have exactly one triangle from each of their spatial sectors in O, the
set so formed is called a untrimmed local spiral S̄ about the vertex v.

This definition will be later refined. This possibility can be thought of as when the
sequence of triangles added to O eventually passes “under” or “over” other triangles
in O, and the termination of the addition procedure occurs, in contrast to the local
spacelike plane, when the only triangles available in the spacelike sectors in Tv of the
edges in O which do not already have a triangle in O contain only triangles which
share an edge with other triangles in O that lie in the same spacelike sector of that
edge as those triangles. The local spiral may be visualised as in Figure 3.6.

The construction of the two possibilities and how the procedure terminates may be
illustrated more explicitly. Consider an object as above, in the process of being
constructed. It currently appears to satisfy the conditions for being a spiral, in that
all of its edges at v except for two have one triangle in O for each of their spacelike
sectors in Tv. Suppose by starting in some triangle of O, and moving through an
edge of the triangle to an adjacent triangle in the set, and repeating this movement
as many times as desired into other triangles, a complete circuit in space around the
vertex v cannot be made, regardless of which triangle is chosen as the first triangle.
Such an object may appear as in Figure 3.7.

73



Figure 3.7: A collection of sss triangles at
a vertex, moving through which a com-
plete circuit around the vertex cannot be
made.

α

β

γ

e

Figure 3.8: The three possible types of
extension to the collection of triangles.
The three triangles of interest are those
which have one vertex marked α, β or γ
and one edge marked e.

It must be the case that such an object can still be extended by the above detailed
moves, so this cannot actually be a local spiral given the way at which the definition
above was arrived. There are several possibilities for how the object could be ex-
tended, as can be seen in Figure 3.8. One (with vertex marked α) goes “above” an
existing member of the set (this will thus form a local spiral), another (with vertex
marked β) connects to an existing member of the set (thus forming a local spacelike
plane), the final (with vertex marked γ) going “below” an existing member of the set
(again going on to form a local spiral). By edge causality at least one of the three
kinds of triangle shown must be present, allowing extension of the object.

Either this object must be continued to form a local spacelike plane as in Figure
3.9, or continued until more than a whole complete circuit around the vertex can
be made by moving through the triangles in the set as above, in this case without
passing through any triangle twice. In must thus be that the set of triangles goes
“above” or “below” some other triangles in the set, thus “spiralling” around the
vertex, as in Figure 3.10.
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Figure 3.9: The object that results if the
collection of triangles may be closed to
form a local spacelike plane.

Figure 3.10: The objects that may result
if the collection of triangles may be ex-
tended to form a local spiral.

Lemma 3. An untrimmed local spiral S̄ about a vertex v must be bounded by two
local spatial planes about v.

Proof. Consider the process of building an untrimmed local spiral as defined above.
Suppose some triangle is added to the local spiral. Suppose it is already clear that
the object must be a local spiral because more than a complete circuit around the
vertex v can be made by moving through the triangles in the set without passing
through any triangle twice.

e

Figure 3.11: A collection of sss triangles
that can only go on to become a local spi-
ral.

Figure 3.12: The triangle of interest in
the other spacelike sector of the final tri-
angle added to the object, one of whose
edges is coloured grey.

How may the construction of the set proceed onward from this triangle? By edge
causality there must be at least one sss triangle in the other spacelike sector at the
edge e.
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It is clear that this cannot be a triangle such that one of its edges at v is shared with
the currently unshared edge of this triangle and the other of its edges at v is shared
with the currently unshared edge of the triangle at the other end of the set. Were
this possible, the object could be closed to form a local spacelike plane.

One possibility is that there is an sss triangle in e’s other spacelike sector whose
other edge at v is not yet a part of the set. In this case, the object is expanded by
one triangle, but the same question of how to extend the object may be asked of the
new edge extending from v of the new triangle added to the set. Furthermore, this
possibility can only happen a finite number of times, because Tv is finite in size.

There remains only one other possibility, and that is that the sss triangles in the other
spacelike sector at e all have an edge which is already a part of the set since it is
shared with another triangle which is already a part of the set. Thus the construction
of the set would have to stop here.

Suppose a new set is formed p′, which initially contains only this triangle that links
the two triangles of the spiral (represented by the triangle with one grey edges in
Figure 3.12). This may be seen in Figure 3.13, denoted by ∆1. Now, the final triangle
of the spiral is added to p′ (∆2), and the triangle to which it is attached (∆3), and so
on, until the other triangle with which the first triangle to be added to p′ (which was
∆1) shared an edge would have to be added (this is ∆6). This is not yet added. It
should first be seen that, because of the manner in which the spiral was constructed,
all of the edges emanating from v so far added to p′ have exactly one triangle from
each of their spacelike sectors in p′, with the exception of the first triangle to be
added, which at this moment shares only one of its edges from v (with the second
triangle added to p′), and the last triangle to be added to p′, which shares only one
of its edges from v, that which is shared with the second to last triangle to be added
to the set. Now, add to p′ the triangle (∆6) which shares edges from v with both
the first triangle to be added to p′ and the latest triangle to be added to p′. We
know this exists because this is the triangle to which the first triangle was unable
to be joined in the original spiral, because there would have to be two sss triangles
in one of this triangle’s edges spacelike sectors. Since the two edges of this triangle
now have an sss triangle in p′ from each of their spacelike sectors, and the addition
of this triangle has ensured that both the first and (now) second to last triangles to
be added to p′ have edges for which each of their spacelike sectors have exactly one
triangle in p′, the object so formed, p′, is a plane. It may be called pi.
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Figure 3.13: The identification of the a boundary plane of a spiral.

This argument applies to both ends of the spiral, therefore at the other end of the
spiral, there is a plane pf .

Definition 5. The planes pi and pf identified in the previous lemma shall be called
the bounding planes of a spiral S.

Definition 6. Take the untrimmed local spiral S̄ and remove from it any triangles
which are part of its bounding planes, that is, form S\ {pi, pf}. This is the definition
of a local spiral about the vertex v.

Suppose there is a local triangulation Tv which includes a spiral S. Take pi associated
with this spiral, and with it divide Tv into two volumes Tv,i and Tv,f . Suppose Tv,i

was the label used for the piece of the triangulation in which pf now lies. pf now
splits Tv,i into two pieces, Tv,ii

and Tv,if
. Suppose Tv,ii

is the volume which includes
pi as part of its boundary.

Definition 7. The volume Tv,ii
identified above is the set of tetrahedra which form

the volume of space bounded by the two bounding planes of the spiral S, and shall be
denoted by TS.
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3.2.2 Relationships between Planes and Spirals

The relationships between places and spirals, by which is meant how planes and
spirals about a single vertex may be connected to one another and how the may
be located relatively to one another in the triangulation, will be explored in this
subsection. The point of this subsection is to show that planes may be grouped into
certain collections (“stacks”), and the causal structure within such collections will
be vital to the remainder of the proof. In order to do this, it is necessary to consider
first how a single tetrahedron can be oriented with respect to a vertex, which will
lead to a split of the kinds of orientation into two classes, with the orientation of
a tetrahedron relative to a vertex revealing information about the causal structure
contained in that tetrahedron as it relates to that vertex.

It is possible that, within TS for some local spiral S, more than just the two planes at
the end of the spiral can be identified. This leads to the definition of minimal local
spirals

Definition 8. Take a spiral S. Identify the set of all planes which occur in TS, {pi}.
Now choose a triangle in S. Move through the two edges at v of this triangle into
triangles in S adjacent to this triangle, marking each triangle, including the initial
triangle. Continue this until, in each direction, a triangle is marked which is adjacent
to any triangle which lies in one of the planes pi. The set of triangles so marked is
called a minimal local spiral about v, and may also be denoted S, since it is also a
valid local spiral.

All local spirals discussed from here onwards should be assumed to be minimal local
spirals unless otherwise explicitly stated.

Take then a vertex v, and identify all local spirals Sa that lie about it. These
local spirals are bounded by local spacelike planes at either end, pSa,i and pSa,f . The
designations i and f are chosen in the following way: first Tv is divided into a number
of subvolumes by cutting the volume at all of the bounding planes of all of the Sa;
then a bounding plane pSb,f should have on one side TSb

, and on the other a volume
which includes either pSc,i for some c in its boundary or whose boundary is the union
of pSb,f and some subset of the boundary of Tv only.
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Suppose then that there is a local spacelike plane p at a vertex v. It was shown that
such a local spacelike plane splits the local triangulation Tv into two parts, Tv,i and
Tv,f . Take just Tv,i. The triangles that make up p must be faces of tetrahedra which
lie in Tv,i. The possible arrangements of such a tetrahedron about v are listed in
Figure 3.14, where vertices marked with a v are the possible locations for the vertex
v.

v

v

v

v

τ2

v

v

v

τ3

v

v

v

τ5 τ9

Figure 3.14: All possible locations for the vertex v.

The possible locations of v will be split into two cases, which shall be called class 1
and 2. Class 1 tetrahedra (Figure 3.15) incorporate the sss triangle in p such that
the edge of the tetrahedron at v which is not a part of the plane p is spacelike. For
class 2 tetrahedra (Figure 3.16), this edge is timelike.
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τ2

τ3
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v

Figure 3.15: The locations of v that lead to a class 1 tetrahedron.
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τ2
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v

v

v

v

v

v

Figure 3.16: The locations of v that lead to a class 2 tetrahedron.

Definition 9. Take two local spacelike planes {p1, p2} about a vertex v. If there is a
triangle in one of the two local spacelike planes (say pi) which is a face of a class 1
tetrahedron τ at v such that one of τ ’s spacelike edges which are not in pi is in pj 6=i,
then {p1, p2} shall be called a single sector pair.

The rationale behind the name will become clear in the following - it will turn out
that there can be no part of a light cone between such a pair.
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Definition 10. Take two local spacelike planes p1, p2 at a vertex v. Cut Tv along
p1 finding Tv,i and Tv,f , and suppose Tv,f contains p2. Now cut Tv,f along p2 to find
Tv,f i

and Tv,f f
. Suppose Tv,f i

contains p1 in its boundary. Then Tv,f i
is the volume

between the planes p1 and p2, denoted by Tp1,p2.

Lemma 4. Suppose one of the triangles of the plane p is a face of a class 1 tetra-
hedron τ in Tv,i (where Tv was cut by p) which leads to another plane p′ such that
{p, p′} is a single sector pair. Then Tp,p′ is of non-zero size.

Proof. By definition τ has one of its faces in p and a spacelike edge which is not
part of this face in p′. Is is clear then that p must pass “below” τ and p′ must pass
“above” τ , meaning τ is between the two planes, and hence a member of Tp,p′. Thus
Tp,p′ has at least one member, and cannot be of zero size.

Lemma 5. Suppose one of the triangles ∆ in the local spacelike plane p about v is a
face of a class 1 tetrahedron τ in Tv,i (where Tv was cut by p), and this tetrahedron’s
spacelike edge that is not in p is part of a minimal local spiral S about v also in Tv,i.
Then ∆ is part of one of S’s bounding planes.

Proof. A minimal local spiral by definition cannot continue through a local spacelike
plane. Therefore, it is clear that S cannot carry on into Tv,f through p. It is however
possible that the bounding plane p′ of the spiral S is not identical to p.

τ has a plane p below it and a component of the spiral above it. The bounding plane
of S is bounded to be between the component of S which is a part of τ (exclusively)
and ∆ (inclusively). Since there is clearly no way the plane can lie between these
two extremes (i.e. in the interior of τ), the only possibility is that ∆ coincides with
the plane.

Definition 11. A stack of local spacelike planes Pv at the vertex v is a non empty
set of local spacelike planes {pi} about v for which the following is true.

• ∀i∈I where I is the index set of {pi}, if pj ⊂ Tv is a local spacelike plane about
v such that {pi, pj} is a single sector pair then pj ∈ Pv.

82



• Starting from any plane pi ∈ Pv, moving to some plane pj ∈ Pv with which it
forms a single sector pair, and repeating this for each subsequent plane reached,
any other plane in Pv may be reached.

It is possible that such a stack of local spacelike planes contains only a single local
spacelike plane.

A visualisation of how such a stack of local spacelike planes in a triangulation could
look may be seen in Figure 3.17.

v

Figure 3.17: A possible example of a stack of local spacelike planes about a vertex
v.

It is clear that such stacks of local spacelike planes cannot occur within a minimal
local spiral. One place a stack of spacelike planes may occur is in the volume between
two planes which are bounding planes of two minimal local spirals. The other such
place is in the volume between a local spacelike plane at the end of a minimal local
spiral and the boundary of Tv. It is however the case that a minimal local spiral
may occur with a single sector pair of local spacelike planes as its bounding planes,
and thus within a stack of local spacelike planes. As will be shown in the following,
this does not complicate the analysis of the local structure around v with regard to
causality.

Within a stack of local spacelike planes, it will be useful to identify local spacelike
planes which can be considered to be the outermost of the stack, that is to say, local
spacelike planes between which all local spacelike planes in the stack of local spacelike
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planes can be said to lie. The following algorithm allows such a local spacelike plane
to be identified.

1. Suppose there is a local spacelike plane p in a stack of local spacelike planes
Pv. Set pc ≡ p. Set either Tc ≡ Tv,i or Tc ≡ Tv,f .

2. Take local spacelike plane p′ from Pv which lies in Tc and forms a single sector
pair with p. This splits Tc into Tc,i and Tc,f . Let Tc,i be the volume that
contains p.

3. Redefine pc ≡ p′ and Tc ≡ Tc,f .

4. Continue the previous two steps until pc is the only local spacelike plane left in
Pv that is in Tc (it will be in Tc’s boundary), whereupon the algorithm cannot
continue.

Since Tv,i is finite and the redefinition decreases the size of Tc each time (from Lemma
4), it is clear that this algorithm must in fact terminate.

Definition 12. Given a stack of local spacelike planes Pv, the final pc identified by
the algorithm above is called an extremal plane of Pv. Since there are two per stack
of local spacelike planes, one each from choosing Tv,i and Tv,f as the first Tc in the
algorithm, these will be labelled pex,i and pex,f .

Definition 13. The subtriangulation Tex,i (Tex,f) is the subtriangulation of the two
subtriangulations that result from cutting Tv along pex,i (pex,f) which contains no local
spacelike planes from Pv except pex,i (pex,f).

Definition 14. The triangulation between the two extremal planes of a stack of
local spacelike planes Pv, Tpex,i,pex,f (where pex,i and pex,f are those extremal planes
associated with Pv), shall be denoted TPv

.

Suppose then that all possible stacks of local spacelike planes at a vertex v have been
identified. Since a stack of local spacelike planes is exactly a set of local spacelike
planes, which are located inbetween two extremal planes (in the sense that they are
contained in TPv

≡ Tpex,i,pex,f ), no minimal local spiral can have elements both in and
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outside of a stack of local spacelike planes (that is, it cannot be the case that the
sizes of both S ∩ TPv

and S ∩ (Tex,i ∪ Tex,f) are non zero). Thus the minimal local
spirals may be divided into two types.

Definition 15. An intrastack minimal local spiral is a minimal local spiral about v
which lies entirely within some TPv

(in other words S ∩ TPv
6= ∅).

Definition 16. An interstack minimal local spiral is a minimal local spiral about
v which lies in Tv, but lies in TPv

for no stack of local spacelike planes Pv at v (in
other words S ∩ [Tex,i ∪ Tex,f ] 6= ∅).

Lemma 6. Take a stack of local spacelike planes Pv about v, and one of its extremal
planes pex,i. Suppose that pex,i is not a bounding plane of a minimal local spiral S in
Tex,i. Then all of the triangles in pex,i are faces of class 2 tetrahedra at v in Tex,i.

Proof. The algorithm which identifies pex,i proceeds stepwise through local spacelike
planes in a stack of local spacelike planes which are single sector pairs, that is,
connected by tetrahedra which are class 1 at v (as given by Definition 10).

More specifically, given a local spacelike plane p1 ∈ Pv, the algorithm proceeds onto
a local spacelike plane p2 ∈ Pv in (Tv,i\Tp,p1) ∪ p1. It is known however that this
algorithm must terminate when it reaches some local spacelike plane, which is then
called the extremal plane pex,i. This implies that either the local spacelike plane is
the bounding plane of a minimal local spiral, which was explicitly excluded from the
lemma, or simply that the extremal plane pex,i is not connected to another plane by a
class 1 tetrahedron at v in Tex,i , otherwise the algorithm could continue. Therefore,
all of the tetrahedra in Tex,i which have faces in pex,i must be class 2 at v.

3.2.3 The Causal Structure Associated with a Stack of Planes

In this section the causal structure about stacks of planes will be determined. The
causal structure inside the four kinds of tetrahedron in this gCDT model are more
fully investigated, showing explicitly the importance of the two classes of tetrahedra.
Further considerations of how the tetrahedra may be arranged within the vertex’s
local triangulation will eventually show how the causal structure in the tetrahedra
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comes together to determine the causal structure associated with a single stack of
planes.

In the following, some properties of the light cone around v will be shown. For
this, the following terminology will be used - a half light cone at a point refers to
just the past or future part of the full light cone at that point (Figure 3.18); a half
light cone segment is a connected subset of a half light cone which extends along
the complete length of the light cone in the direction parallel to the direction of
photon propagation on the light cone, but does not extend completely “around” the
light cone in the direction perpendicular to this (Figure 3.19). Finally, the light
cone structure in triangles will be considered, and a light cone at a point in a two-
dimensional object is just four lines emanating from that point. One such line shall
be referred to as a light line (Figure 3.20).

Figure 3.18: A half light cone, according
to its definition - the dotted lines indi-
cate extension to the end of the object in
which it is contained.

Figure 3.19: A half light cone segment,
a subset of the half light cone, according
to its definition - the dotted lines indi-
cate extension to the end of the object in
which it is contained, the dashed line in-
dicate the segment of the half light cone
which is missing here.
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Light Line Light Line

Light Line Light Line

Figure 3.20: Each of the four green lines extending from the black point is a light
line; the black rectangle is a part of a plane.

It will then prove useful to consider the light cone structure inside the four tetrahedra
τ2, τ3, τ5 and τ9. More specifically, to consider what can be inferred about the light
cone structure at the vertices of these tetrahedra given what is known already about
the light cone structure of the tetrahedra. The easiest way to approach this is to
consider the light cone structure of the triangles which are the faces of the tetrahedra,
then use the fact that the space inside the tetrahedra is always flat, Minkowski space.
Since the form of the light cones in Minkowski space is well known, this allows
inference of the light cone structure above a vertex in three dimensions from the
known two-dimensional structure about that vertex, by smoothly connecting light
cone structure in the faces that meet at the vertex.

This is most easily illustrated with an example. Take the tetrahedron τ2, with the
light cone structure in its faces displayed in Figure 3.21.
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1

2

3

4

τ2

Figure 3.21: The light lines in the triangles which are the faces of τ2.

It is seen that, for example, there are light lines extending from vertex 1 into triangles
124 and 134. It may be deduced that one half light cone segment about vertex 1
which lies inside τ2 connects these two light lines. Similarly at vertex 4, there are
two light lines extending from the vertex into 124 and 134. Therefore, there is one
half light cone segment about vertex 4 inside τ2 which connects these two light lines
also. The other two vertices, 2 and 3, have no light lines extending from them into
the triangles of τ2, so there are no half light cone segments about vertices 2 and 3
inside τ2.

Applying similar reasoning to the other three tetrahedra, the light cone structure
about the vertices in these tetrahedra turns out to be the following.

In τ2 there is a half light cone segment extending between faces 124 and 134 about
both vertices 1 and 4.

In τ3 there is a half light cone segment extending between faces 124 and 134 about
vertex 1, between faces 124 and 234 about vertex 2, and between faces 134 and 234
about vertex 4.

In τ5 there is a half light cone segment extending between faces 124 and 134 about
vertex 1, between faces 124 and 234 about vertex 2, and between faces 134 and 234
about vertex 3.
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Finally, in τ9 there is a half light cone segment extending between faces 123 and 124
about both vertices 1 and 2, and between faces 134 and 234 about both vertices 3
and 4.

1

2

3

4

τ2

Figure 3.22: The half light cone segments
contained within τ2.

1

2

3

4

τ3

Figure 3.23: The half light cone segments
contained within τ3.

1

2

3

4

τ5

Figure 3.24: The half light cone segments
contained within τ5.

1

2

3

4

τ

Figure 3.25: The half light cone segments
contained within τ9.

All other vertices not mentioned have no (half) light cone (segment) about them
which extends into the tetrahedron.

From this it is easy to see that
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Lemma 7. Inside a class 2 tetrahedron at a vertex v there is a half light cone segment
inside the tetrahedron about the vertex v.

Proof. A class 2 tetrahedron at v is such that v is one of the vertices of one of its sss
triangles, and also such that one of its timelike edges extends from v. Inspecting the
tetrahedra in Figures 3.22, 3.23, 3.24 and 3.25, it is seen that a timelike edge shares
a vertex with an sss triangle at vertices 1 and 4 in τ2, vertices 1 and 2 in τ3, and
vertices 1, 2 and 3 in τ5. These vertices are thus those where v could be located in
a class 2 tetrahedron (this was previously identified in Figure 3.16). It is also seen
from these figures that these vertices all have a half light cone segment about them
which extends into their respective tetrahedra. So a class 2 tetrahedron at v has a
half light cone segment inside itself about v.

Lemma 8. Take a spacelike edge σ ∈ pex,i. The two triangles in pex,i which share σ

are faces of tetrahedra in Tex,i which lie in transition sectors of σ, and between these
two tetrahedra in Tex,i lies exactly one of the timelike sectors of σ.

Proof. These triangles are known to be faces of class 2 tetrahedra in Tex,i, because
they lie in pex,i. Consider the three possible class 2 tetrahedra one by one.

In τ2, v can be vertex 1, in which case σ can be one of the edges e1 or e3 from Figure
3.26, or v can be vertex 4, in which case σ can be one of the edges e5 or e6 from
Figure 3.26. In any of these cases, σ is an edge of exactly one spacelike and one
timelike triangle in the τ2, which means therefore that τ2 is in a transition sector of
σ.

In τ3, v may be vertex 1, in which case σ can be one of the edges e1 or e3 from Figure
3.27, or v can be vertex 2, in which case σ can be one of the edges e1 or e2 from
Figure 3.27. All of e1, e2 and e3 are shared by exactly one spacelike triangle and one
timelike triangle, so if σ is one of these three edges, τ3 lies in a transition sector σ.
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Figure 3.26: The labelling of the edges of
τ2.
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Figure 3.27: The labelling of the edges of
τ3.

In τ5, v may be vertex 1, in which case σ can be one of the edges e1 or e3 from
Figure 3.28, or v may be vertex 2, in which case σ can be one of the edges e1 or e2
from Figure 3.28, or v may be vertex 3, in which case σ can be one of the edges e2
or e3 from Figure 3.28. In all 6 cases, the possible edges are shared by exactly one
timelike and exactly one spacelike triangle, so if σ is one of these edges, τ5 lies in the
transition sector of σ.

1

2

3

4

τ5

1 2

3

4
6

Figure 3.28: The labelling of the edges of τ5.

Since this exhausts the possibilities, it is concluded that the tetrahedron must be in
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the transition sector of σ.

By the definition of the local spacelike plane, the two sss triangles in pex,i which
are faces of these tetrahedra lie in different spacelike sectors of σ. Thus these two
tetrahedra cannot be located in the two transition sectors which occur at the two
ends of a single spacelike sector of σ. Furthermore, because when Tv,i is cut by pex,i to
make Tex,i, only one of each of the timelike sectors of the edges in pex,i can remain in
Tex,i (because the local spacelike plane contains one triangle in each of σ’s spacelike
sectors), it is clear that these two tetrahedra have exactly one of σ’s timelike sectors
between them.

Lemma 9. Suppose there are two tetrahedra at a vertex v, τ1 containing a half light
cone segment extending from v and spanning from one of its faces labelled ∆1,a to
another ∆1,b, and similarly τ2 containing a half light cone segment extending from
v and spanning between faces ∆2,a and ∆2,b. If the face ∆1,b and ∆2,a are identified
with one another, then there is one complete half light cone segment at v in τ1 and
τ2 extending from ∆1,a to ∆2,b.

Proof. It is clear a priori that there are two half light cone segments about v which
fully span the space from ∆1,a to ∆2,b, but it is not clear a priori that together
these connect smoothly to form again one half light cone segment. This is however
guaranteed by the following.

The half light cone segments in their respective tetrahedra are known to terminate
at ∆1,b and ∆2,a. The half light cone segment must terminate at a light line when
it meets a boundary triangle of the tetrahedron. Therefore, the two half light cone
segments end at light lines extending from v in ∆1,b and ∆2,a.

But it is also the case that the light lines extending from a vertex of a triangle into
that triangle are unique, that is to say, from each vertex of the triangles considered
in this model, at most one light line may extend into the triangle. So the half light
cone segments end at these unique light lines in ∆1,b and ∆2,a.

Now when the two triangles ∆1,b and ∆2,a are identified with one another, these two
light lines extending from v must also overlay one another exactly since they both
extend from the vertex v, so the ends of the half light cone segments at ∆1,b and
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∆2,a also join smoothly to form a single half light cone segment spanning from ∆1,a

to ∆2,b.

Lemma 10. Suppose there are two adjacent triangles in an extremal plane pex,i
sharing a spacelike edge σ, which are faces of the associated tetrahedra τ1 and τ2 in
Tex,i. Label the faces of τ1 and τ2 which have v as a vertex but which are not in
pex,i and are not in σ’s timelike sector as ∆1 and ∆2. Then there is a half light
cone segment extending from v contained within τ1, τ2 and tetrahedra in σ’s timelike
sector lying in Tex,i between τ1 and τ2 which spans from ∆1 to ∆2.

Proof. It is known that the tetrahedra in Tex,i with these triangles as faces are of
class 2 at v, and therefore by Lemma 7 have a half light cone segment extending
from v inside them.

It is also known that between these two tetrahedra, about their common spacelike
edge which shall be called σ, there is one of σ’s timelike sectors.

If there are no tetrahedra in the timelike sector of σ between the two class 2 tetra-
hedra, then by Lemma 9 it is immediately clear that the half light cone segments of
the two class 2 tetrahedra are joined in such a way to make one wider half light cone
segment.

Suppose instead that there is some non zero number of tetrahedra in the timelike
sector of σ in Tex,i between the two class 2 tetrahedra. As identified previously, the
timelike sector may only have two possible structures, a series of τ3 tetrahedra or a
series of τ9 tetrahedra.

The τ3 tetrahedra in the timelike sector of σ would be arranged in the following way
about v and σ
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Figure 3.29: The arrangement of τ3 tetrahedra in the timelike sector of a spacelike
edge. The black dotted lines indicate that more τ3 may be inserted in here, so long
as the s edge of each τ3 shared by its two sst faces is identified with the edges marked
vx, and each connects to two other τ3 with its two sst faces.

The τ9 tetrahedra in the timelike sector of σ would be arranged in the following way
about v and σ

v v v

w
w

x

x x

Figure 3.30: The arrangement of τ9 tetrahedra in the timelike sector of a spacelike
edge. The back dotted lines have the same meaning as the previous figure, except
now τ9 tetrahedra may be inserted, and are connected to two other τ9 at the edge
vx by their two tts edges which have vx as an edge.

Since the τ3 (τ9) tetrahedra have a half light cone segment extending from v which
spans from one sst (tts) face with σ as an edge to the other sst (tts) face with σ as an
edge, and the τ3 (τ9) are joined to each other at exactly these faces, it is clear that
the half light cone segments join to make one long half light cone segment extending
through all of the τ3s (τ9s), terminating at the two sst (tts) faces which have σ as an
edge which are not shared with another τ3 (τ9).

These are the faces at the end of this timelike sector of σ, and so will need to be
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joined to the two tetrahedra in the transition sectors of σ which lie at the ends of
this timelike sector. These two tetrahedra are the two (class 2) tetrahedra identified
in the lemma, so there is a half light cone segment about v in τ1 extending from ∆1

to the face of τ1 which connects to σ’s timelike sector in Tex,i, and similarly for τ2,
∆2 and τ2 face which connects to σ’s timelike sector.

It is therefore clear that τ1’s half light cone segment joins to the half light cone
segment of the tetrahedra in the timelike sector of σ to make again a half light cone
segment, and similarly for τ2 and the tetrahedra in the timelike sector. There is
thus one complete half light cone segment extending from v and spanning from ∆1,
through τ1, any tetrahedra in the timelike sector of σ to which it attaches, τ2, and
terminating at ∆2.

Lemma 11. In the tetrahedra of Tex,i which have an edge or face in the extremal
plane pex,i at a vertex v, there is a half light cone extending from v.

Proof. From Lemma 10, it has been shown that there is a half light cone segment
extending from v spanning through any two tetrahedra in Tex,i which have adjacent
triangles in pex,i as faces and the associated timelike sector between them. So take
a triangle ∆ in pex,i, and its two adjacent triangles in pex,i labelled ∆− and ∆+.
By Lemma 10, there is such a half light cone segment spanning throughout the two
tetrahedra in Tex,i associated with ∆− and ∆ and the timelike sector between them
(Figure 3.31). But there is also such a half light cone segment spanning throughout
∆ and ∆+ and the timelike sector between them (Figure 3.32). The uniqueness of
the light cone extending from a point means that the unique half light cone segment
in ∆ is a part of the half light cone segments spanning throughout both ∆−, ∆ and
their associated timelike sector, and ∆, ∆+ and their associated timelike sector. It
is clear that taking the union of these two half light cone segments will produce a
half light cone segment which spans through ∆−, ∆, ∆+ and any associated timelike
sectors (Figure 3.33).
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Δ-
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Figure 3.31: The half light cone segment
spanning ∆−, ∆, and intermediate trian-
gles.

Δ+

Δ-

Δ

Figure 3.32: The half light cone segment
spanning ∆, ∆+, and intermediate trian-
gles.

Δ+

Δ-

Δ

Figure 3.33: The union of the previous two half light cone segments, resulting in
a complete half light cone segment spanning ∆−, through ∆, into ∆+, through all
intermediate triangles.

Now the other triangle adjacent to ∆+, say ∆++, can be considered, and the half
light segment in its associated tetrahedron in Tex,i can be added to the previous half
light cone segment (Figure 3.34). This can be continued through all triangles of the
plane, until the other triangle adjacent to ∆− is reached, say ∆−− (Figure 3.35).
Here it is clear that the half light cone segment must “close” because the growing
half light cone segment can be joined to that of ∆−, which was the start of the half
light cone segment. But a half light cone segment which covers the entire angular
range about the point from which it extends is no longer a half light cone segment,
but is in fact a half light cone.
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Δ+

Δ-

Δ

Δ++

Figure 3.34: The half light cone segment
as it spans further along the plane.

Δ+

Δ-

Δ

Δ++

Δ--

Figure 3.35: The half light cone segment
joins to its own start, to form a half light
cone.

Lemma 12. Suppose there is a class 2 tetrahedron τ at a vertex v, which has an
sss triangle ∆ as a face with v a vertex of ∆. Take an edge of ∆ that includes v as
one end, labelled σ. In the transition sector of σ in which τ does not lie, but which
is such that the transition sector in which τ lies and itself lie at the two ends of a
single timelike sector, there must be another class 2 tetrahedron at v.

Proof. Because τ is a class 2 tetrahedron, the face it shares with a tetrahedron in the
timelike sector to which was alluded in the above statement is timelike, that is, sst or
tts. Furthermore one of the t edges must extend from v. If there are no tetrahedra
in this timelike sector, then it is clear that the face of the tetrahedron in the other
transition sector of σ to which was also alluded above must match exactly the face
τ shares with the timelike sector of σ, and therefore it must also have a t edge at v,
and thus the tetrahedron which possess it must be of class 2.

Suppose there are tetrahedra in the timelike sector. The two possible arrangements
of tetrahedra in this sector were shown in Figures 3.29 and 3.30. It may be seen from
these diagrams that the two faces which share σ always both have a t edge at v. This
means that whatever the structure of the tetrahedra in this timelike sector, at the
end of the timelike sector the face to which the tetrahedron in the other transition
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sector of σ to which was alluded previously must join is timelike with a t edge at
v. Therefore, to be able to share this face, this tetrahedron in this transition sector
must also be of class 2.

Lemma 13. Suppose there is some class 2 tetrahedron τ at a vertex v. Take the sss
triangle ∆, a face of τ which has v as a vertex. ∆ is a member of a local plane about
v whose sss triangles are all members of class 2 tetrahedra at the vertex v.

Proof. Form a set containing initially just ∆. Label the two s edges of ∆ which have
v as an end as σ1 and σ2. τ lies in the transition sectors of both of these edges. By
edge causality, for both σ1 and σ2, attached to one of the faces of τ there is a timelike
sector of the edge which leads to another transition sector of the edge. At each edge,
add the sss triangle that is a face of the tetrahedron in this sector which has v as
a vertex. Note that the triangles added are also members of class 2 tetrahedra (by
Lemma 12). This in turn adds two more s edges extending from v, for which this
process of adding triangles can be repeated. This may be continued in the standard
way until no more triangles can be added. Since this is just a set of sss triangles
built in a way that satisfies the building rules used in earlier considerations, it may
be seen that the object so constructed must form either a local spacelike plane or a
minimal local spiral.

But it was seen earlier (Lemma 3) that a minimal local spiral must be bounded by a
local spacelike plane at either end. Suppose then that the set constructed above goes
on in such a way that it should form a minimal local spiral, and so consider what
must happen when this minimal local spiral reaches the bounding plane. This was
also determined previously - there must be a point where the minimal local spiral
meets the bounding plane where the one sss triangle of the minimal local spiral lies in
the same spacelike sector of some spacelike edge σ as one sss triangle of its bounding
plane. However, no tetrahedron which is class 2 at v supports such a structure.
Therefore at least one of the tetrahedra in this spiral would have to be of class 1,
but the process specified above for selecting sss triangles does not allow for this.
Therefore, a set of sss triangles built in this way outlined above can never lead to
minimal local spiral. The only other option is that the set closes onto itself, forming
a plane.

Lemma 14. A subtriangulation TPv
between two extremal planes whose triangles are

members of class 2 tetrahedra at the vertex v in Tex,i ∪ Tex,f contains only tetrahedra
which are class 1 at v.
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Proof. Note that a local spacelike plane whose triangles are all members of class
2 tetrahedra in some subtriangulation is exactly an extremal plane of a stack of
local spacelike planes such that these tetrahedra are on a “side” of that stack of
local spacelike planes for which the extremal plane cannot be a boundary plane of
a minimal local spiral in that subtriangulation. Therefore, any class 2 tetrahedron
τ which has an sss triangle ∆ of a stack of local spacelike planes Pv as a face, must
be such that ∆ is a member of pex,i or pex,f and such that τ is not in TPv

. Thus
class 2 tetrahedra at v can only occur in Tex,i or Tex,f . There are hence only class 1
tetrahedra at v in TPv

.

Note that, since intrastack minimal local spirals are contained within such a stack
of local spacelike planes, intrastack minimal local spirals about a vertex v may thus
only contain class 1 tetrahedra about that vertex.

The only structure remaining to be determined, that within the volume between two
bounding planes of a interstack minimal local spiral, TS , and hence on the bounding
planes in TS, is considered in the following.

Lemma 15. For an interstack minimal local spiral S about a vertex v, TS contains
only class 1 tetrahedra at v.

Proof. The earlier consideration of local spacelike planes of sss triangles belonging to
class 2 tetrahedra guarantees that no minimal local spirals can extend from such a
local spacelike plane. However, if there is a single class 2 tetrahedron at v, then the
existence of the plane is guaranteed (Lemma 13). Therefore, there can be no class
2 tetrahedron at v that lies within TS, because it would introduce a plane through
which any minimal local spiral in Tv\TS could not continue, and it is known that no
spiral can extend from the side of a local spacelike plane where the triangles are all
members of class 2 tetrahedra at v. Thus, TS is filled entirely by class 1 tetrahedra
at v.

This lemma also implies that a triangle in the bounding plane of a interstack minimal
local spiral, equivalent to the extremal plane of a stack of local spacelike planes
attached to the end of this interstack minimal local spiral, must be a face of a class
1 tetrahedron at v in TS.
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Lemma 16. There are no parts of any light cone about a vertex v which lie in TPv
for

any stack of local spacelike planes Pv present at v, or TS for any interstack minimal
local spiral S present at v.

Proof. It can be seen from Figures 3.15, 3.22, 3.23, 3.24 and 3.25 that class 1 tetra-
hedra have no half light cone segments inside them extending from v. From Lemma
15, within the volume of a stack of local spacelike planes TPv

and the volume of a
interstack minimal local spiral TS the only possible tetrahedra are class 1 at v, it may
be deduced that there is no part of a (half) light cone (segment) extending from v

that lies within any volumes of these kinds.

3.2.4 The Arrangement of Stacks of Planes about a Vertex

The final piece of the puzzle is to consider in what follows how (multiple) stacks of
planes are arranged about a vertex. It is shown that it is actually not possible to have
multiple stacks of planes at a single vertex v - one is the maximum number allowable
if the rules upon which the triangulation is built are to be respected. Taken together
with the considerations of causal structure in the previous subsection, it is shown
how this proves that the causal structure about the vertex is of the kind desired.

The structure about a vertex v has now been fixed to the extent shown in Figure
3.36.
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ΣΠ Π Σ Π ΣΠ Π Σ Π

Ρ

Figure 3.36: An expanded representation of the possible structure at a vertex v as
indicated by all of the previous definitions and lemmas. The black dots at the centre
of the planes are all the vertex v. Π represents a stack of local spacelike planes, Σ
represents an interstack minimal local spiral. The thinner black dotted lines represent
some number of alternating stacks of local spacelike planes and interstack minimal
local spirals. The thicker black dotted lines represent some number of stack of local
spacelike planes/interstack minimal local spiral complexes (like that denoted P in
the diagram), each with a half light cone at either end.

Re-expressing this in terms of which kind of tetrahedra (class 1 or 2) occur where in
the structures in Figure 3.36 produces Figure 3.37.

II I II II I IIAlternating

Figure 3.37: The sections marked I are those with class 1 tetrahedra, and those
marked II are those with class 2 tetrahedra. In the central section marked “alter-
nating”, there are sections of tetrahedra alternating between classes 1 and 2, due to
the repetition of the basic P-like object some number of times.

There are objects which are a series of stacks of local spacelike planes, connected by
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interstack minimal local spirals, with at each extreme an extremal plane with a half
light cone extending from it, and no (half) light cone (segments) anywhere else.

Such an object P can be characterised in the following way.

Definition 17. Take an extremal plane at a vertex v which has a half light cone
associated with it, pex,1. Tv may be split into two volumes by pex,1, suppose the one
which does not contain the half light cone associated with pex,1 is labelled Tv,i. Now
suppose there is an extremal plane in Tv,i, pex,2 which also has a half light cone
associated with it. Tv,i is split into two volumes by pex,2. Suppose pex,2 is such that
one of these volumes, say Tv,ii

, contains pex,1 but no parts of any light cone. The
stacks of local spacelike planes and interstack minimal local spirals contained within
this Tv,ii

(which include the two planes pex,1 and pex,2) together shall be called a
collection of spacelike objects at v.

To show that a vertex v is causal, i.e. that there are exactly two half light cones and
hence one full light cone at v, all that remains to be shown is that there is exactly
one collection of spacelike objects at v.

Suppose instead that v has two or more collections of spacelike objects about it. Take
two such collections such that there exists a pair of extremal planes, one from each
collection, which will be denoted pex,1 and pex,2, for which Tpex,1,pex,2 does not contain
any part of a collection of spacelike objects except for these planes themselves. It is
known that at the ends of the collections there are extremal planes whose triangles
are members of class 2 tetrahedra about v in this volume. A necessary condition for
a vertex v to have two collections of spacelike objects about it is therefore that it
must be possible for there to be two local spacelike planes at a vertex v such that in
the volume contained between these two local spacelike planes all of the triangles in
the local spacelike planes are faces of class 2 tetrahedra at v.

Lemma 17. For a class 2 tetrahedron τ in the situation given just above, whose sss
triangle ∆ lies in the local spacelike plane p1 which in turn lies in the boundary of the
volume, the vertex w which lies at the other end of τ ’s timelike edge which includes v
as an endpoint is part of the other local spacelike plane p2 which lies in the boundary
of the volume.

Proof. This can be established by considering the possible class 2 tetrahedra at v.
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These were given in Figure 3.16.

Take first τ2. Suppose that the sss triangle at the bottom of Figure 3.21 is in p1. It
is known that the other sss triangle cannot be a member of a local spacelike plane
in the same stack of local spacelike planes as the triangle at the bottom, because
otherwise the bottom triangle could not be in an extremal plane. The volume being
considered is however bounded by extremal planes, and since no other (part of a)
plane can fit between the two sss triangles in this tetrahedron, it follows that the top
sss triangle must be a member of the other extremal plane in the boundary of the
space, p2. This triangle also includes the vertex w.

Now consider τ3. Notice that the timelike edge which extends from v in the class
2 τ3 connects to another s edge besides those of τ3’s sss triangle. This s edge must
have two sectors of sss triangles about it by edge causality. Note that there can be
no other sss triangle or local spacelike plane between this edge and the sss triangle
in τ3’s base - it follows that this edge must be a member of the extremal plane that
lies in the boundary of this volume of space. Since w is one of the end points at this
edge, w is thus also in this extremal plane.

And finally, τ5. Now w does not automatically have a spacelike object associated
with it. To find this object, it is necessary to consider how other tetrahedra with
edges or faces in p1 connect to τ5. It could be connected to the tts face of a τ3, in
which case the statements about τ3 above apply, since the w mentioned there becomes
equivalent to τ5’s w. Another option is to glue a τ9 to the τ5. Note then that τ9 has a
spacelike edge connected to each vertex at the end of each of its timelike edges, so in
whatever way this is done, it will connect a spacelike edge to τ5’s w. Then the exact
same arguments for why this edge is in p2 as for τ3 apply. The final option is to glue
some number of τ5s together, the result being that all of the timelike edges join to
a single vertex with only timelike edges connected to it. These produce sources and
sinks of time, and are the form of vertex which should not be considered as part of
this work, so this case may safely be ignored.

In all three cases, the vertex w is a part of p2.

However, it was an assumption that v was also a part of p2, since p2 is a local spacelike
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plane about v. Thus, both v and w are members of p2, and both ends of a single
timelike link are part of p2.

Lemma 18. Suppose there is a local spacelike plane p about v, with some vertex
w 6≡ v in p. If there is a timelike link attached to both v and w, the structure that
results is not one which can occur in this (2 + 1)-dimensional gCDT model.

Proof. For each spacelike triangle which lies in the local spacelike plane p (Figure
3.38), one of the vertices must be identified with v, as per the definition of a local
spacelike plane.

Now, in the triangle ∆ in Figure 3.39, it is clear that all vertices in the triangle are
connected to the other two vertices by a spacelike edge. So, if any one of a triangle’s
vertices is v, the other two vertices of the triangle are connected to it by a spacelike
edge.

v

Figure 3.38: In a local spacelike plane,
all of the triangles must include the sin-
gle vertex v.

1

2 3

Δ

Figure 3.39: Connectivity of the triangle.

Note for Figure 3.38 that all vertices in p which are not v (so including w) are vertices
of triangles one of whose vertices is v, meaning all vertices in p which are not v are
connected to v by a spacelike edge. But this means v and w are connected by both
a spacelike and timelike edge. The face between these two edges is not a triangle, so
this is not a structure permissible in the model being considered here.
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The consequence of this result is that there cannot be two local spacelike planes p1,
p2 about v such that the volume between the two local spacelike planes contains
tetrahedra which are class 2 tetrahedra on one of either p1 or p2. This means that
there can be no more than one collection of spacelike objects at a single vertex v.
The most general permissible structure of the vertex reduces to Figure 3.40.

ΣΠ Π Σ Π

Figure 3.40: The final picture of the structure of the vertex (the symbols and features
are explained in Figure 3.36).

The vertex in Figure 3.40 has exactly one complete light cone extending from it, and
so it is causal.
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Chapter 4

Contractible Closed Timelike
Curves in (1 + 1)-Dimensional CDT

4.1 Introduction

The aim of this chapter is to present a proof of a slightly modified version of a major
theorem presented in [18], where it is called Proposition 2.9

In any spiral gCDT configuration, it cannot happen that two directed time walks away
from the initial boundary end up at opposite sides of the spatial edges at a vertex.

By “spiral gCDT configuration”, the (1 + 1)-dimensional gCDT triangulations being
considered in this thesis are meant, and “opposite sides of the spatial edges at a
vertex” would be “different timelike sectors of a vertex” in this language of this
thesis.

The slight modification of this theorem to which was previously alluded is that
Hoekzema considered triangulations on a cylinder, [0, 1]× S1 whereas the triangula-
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tions considered here are gCDT triangulations on what is topologically [0, 1]× [0, 1]
with four pieces of boundary of alternating character - two timelike, two spacelike.
This seems to be the only topology on which closed timelike curves are understood,
so it is the logical starting point. The possible extension to other topologies can then
be considered in the future - there is further discussion about this point later.

The motivation behind obtaining this alternative proof is that it may prove easier to
be applied to higher dimensions than the approach used in [18]. This is explained in
greater detail in §5.2.

4.1.1 A Useful Restatement in (1+1)-dimensions

The following proof allows a restatement of Hoekzema’s theorem in (1 + 1) dimen-
sions that takes on a more convenient form for what follows in this chapter.

Lemma 19. A triangulation allows a timewalk T that starts at some boundary to
return to the same boundary iff it allows two timewalks starting at the same boundary
to arrive at some vertex v in the two different timelike sectors of that vertex.

Proof. Take the example given in Figure 2.10 of [18]. Because the final edge of T2

lies in a different timelike sector of v to the final edge of T1, T2 could be extended
to include T1’s final edge at v (with the arrow pointing in the opposite direction,
of course). Then, because T1 is a timewalk, it was constructed such that all of its
adjacent t edges lie on opposite sides of the light cone to each other (i.e. in different
timelike sectors of the vertex). So T2 could be subsequently extended by each of T1’s
edges, until it reaches the first vertex of T1, which originated from the same spacelike
boundary as T2.

Consider now a timewalk T2 which returns to the boundary from which it originated.
Some vertex on T2 which does not lie in a spacelike boundary may be labelled v. A
timewalk T1 is started from the point at which T2 returns to the spacelike boundary,
and uses at each vertex the edges that are part of T2 (each subsequent edge of T2

is known to lie in a different timelike section of the vertex by construction of T2).
Continuing until T1 arrives at v, then T1 and T2 T1 are the required timewalks.
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A consequence of Lemma 19 is that Proposition 2.9 of [18] may now be expressed as

“A timewalk in a gCDT triangulation which begins at a spacelike boundary cannot
return to that same boundary.”

4.2 Spacelike Objects in the gCDT Triangulation

4.2.1 Introduction

The main aim of this first section is to identify within the gCDT triangulations sub-
objects which will prove to be useful in later proofs. These sub-objects are usually
composed of spacelike edges, some carrying with them some triangles associated with
those spacelike edges. It is also the aim of this section to establish and provide proofs
for properties of these sub-objects which, again, will be used in later proofs. The
work in this section was also done in the hope of providing a rigorous definition
to some structures which have been introduced in earlier work, but may have been
defined in a less methodical way, or have been identified for the first time here but
may be useful to other researchers.

4.2.2 Preliminary Definitions

It will first prove necessary to make a series of definitions, in order to be able to
phrase the subsequent lemmas and proofs more elegantly. The most important object
defined in this subsection is the subline (and hence also the line), which will play
a fundamental role in all that follows in this section, and an important role in the
next section. A great deal of this subsection concerns defining directionalities on
objects within the triangulations, which may seem pedantic because the definitions
can appear somewhat trivial, but the aim of this section is to establish a framework
in which all statements can be expressed without ambiguity.
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Renee’s statement of the gCDT local causality condition (LCC) is the following:

“When walking around a vertex we encounter every colour twice with any multiplic-
ity, as illustrated in Figure 4.1, except for vertices on the boundary, which have no
outward pointing t-edges.”

This statement has been shown to be equivalent to the following condition on the
vertices:

“About each vertex, there are 4 angles (2 angles for boundary vertices) between t and
s edges.”

Figure 4.1: The vertex structure that results from the gCDT local causality condi-
tions.

Each of the 4 sets of edges in Figure 4.1 will be referred to as a “sector”. Where
necessary a sector will be specified to be a spacelike sector or a timelike sector,
indicating which type of edge it contains.

The boundary vertices follow similar conditions - a timelike boundary vertex is as
above with one of the spacelike sectors removed, and a spacelike boundary vertex is
as above with one of the timelike sectors removed (shown in Figure 4.2). There are
also “corner” vertices where timelike and spacelike boundary sections meet, which
have only one timelike and one spacelike sector (shown in Figure 4.3).
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Figure 4.2: The vertex structure, for a boundary vertex, that results from the gCDT
local causality conditions. Left is a vertex in the spacelike boundary, right is a vertex
in the timelike boundary.

Figure 4.3: The vertex structure, for a corner vertex where two sections of the
boundary of different characters meet, that results from the gCDT local causality
conditions.

Suppose there is a spacelike edge. The two vertices between which it extends both
have the form of Figure 4.1, resulting in the structure seen in Figure 4.4.
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Figure 4.4: The structure that results when two vertices obeying the gCDT local
causality conditions are joined by a spacelike edge.

The gCDT LCC thus ensures that for a spacelike edge e at a vertex v, if v is not
in the timelike boundary, then in the spacelike sector of v which does not contain
e there is at least one spacelike edge. A set l̃ is formed, initially containing only e.
The vertices at the two ends of e are labelled v1 and v2. If v1 is not in the timelike
boundary, then there is a spacelike sector at v that does not contain e. One edge e2
from this sector this chosen and added to l̃. The same may be done for an edge e2
at v2. Now e1 has a vertex v3 6≡ v1, and e2 a vertex v4 6≡ v2. The process of selecting
edges at these vertices and adding them to l can be continued iteratively as new
vertices are added to l̃ (so long as the vertices are not in the timelike boundary). A
condition is imposed, requiring that only one edge from each spacelike sector of each
vertex v which is in l̃, may be a member of the set l̃.

The procedure may be continued until one of three things occurs at each end of the
line. In the first case, l̃ loops back upon itself such that adding another edge would
require including two edges from a single spacelike sector. In the second case, the
two expanding ends of l̃ meet to form a closed loop. In the final case, l̃ expands until
it meets a timelike boundary where the expansion must stop because the timelike
boundary vertices have only one spacelike sector.
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Figure 4.5: The possible end points of the construction specified above. Above,
the two expanding ends meet to form a closed loop. Below left, l meets a timelike
boundary. Below right, l loops back onto itself, and no more spacelike edges can be
added.

Definition 18. If the object l̃ constructed above has two vertices in different timelike
boundaries, it will be called a line l̃. In any other case, it shall be called a looplike
line, ℓ.

Looplike lines will be of no further interest.

The triangulations that are being considered here are the kind which have two space-
like boundaries and two timelike boundaries. Therefore, it must be the case that the
initial spacelike boundary of the triangulation is a line, called here linit. This can be
seen in Figure 4.6.

Figure 4.6: The most general form of linit in gCDT.
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Line

  Subline

  Subline

(A Subline) (A Subline)

(A Subline)

  Subline

(A Subline)

Figure 4.7: An example of a subline, and how it may be obtained by cutting along
vertices in a line. Many other examples of sublines occur in this figure, which are
indicated in brackets.

Definition 19. A subline l is a connected, non empty subset of a line l. The vertices
of the subline which are members of only one edge in l are called the terminal vertices
of l.

Some examples of sublines are illustrated in Figure 4.7. It is also seen how cutting a
line at a vertex which does not lie in the timelike boundary produces two sublines.

Note that the line itself satisfies the requirements of subline (the subset does not
have to be a proper subset), and for this reason all line and sublines will be denoted
with symbols without tildes. Thus, the line would be the single subline produced if
the line was “cut” at one of its vertices that lie in the timelike boundary (the other
set produced would contain just the vertex at which the cut was made).1

Some properties of the spacelike structure “in the vicinity of” linit shall be proved
in the following. What is meant by this will become clear shortly. However, in
the following it will be useful to introduce a labelling of the vertices in the timelike
boundaries.

1It will be taken here to be the case that any set containing a certain d-dimensional simplex
contains implicitly also the simplices of (d− 1), (d− 2), . . . , (d− d) dimensions associated with
that d-dimensional simplex.
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Definition 20. Beginning at a vertex where linit and one of the timelike boundaries
meet, this vertex is labelled 0. A timewalk is performed along this timelike boundary,
labelling each vertex that is encountered such that, if an edge is added to the timewalk
at a vertex i, then the next vertex (at the other end of this edge) will be labelled i+1.
Such a labelling of the vertices in the timelike boundaries will be called an ordering
of the timelike boundary.

It is possible to perform a timewalk along the timelike boundary for the following
reasons. The timelike boundary is a series of vertices that have two timelike sectors
and one spacelike sector, seen in Figure 4.8. Each vertex in the timelike boundary is
connected to another vertex in the timelike boundary by a timelike edge. Further-
more, if a vertex in the timelike boundary is joined by timelike edges to two other
timelike boundary vertices, these must be in different timelike sectors, and in fact
clearly must be the vertices at the end of edges e1 and e2 in Figure 4.8.

e1

e2

Figure 4.8: A vertex in the timelike boundary. The vertices e1 and e2 are members
of the timelike boundary.

An ordering of the timelike boundary is illustrated in Figure 4.9.
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1

Figure 4.9: An ordering applied to the vertices of a timelike boundary.

In Figure 4.6, linit has been shown fully generally, that is, where the vertices of linit
have some arbitrary number of spacelike and timelike edges in each of their sectors.
Suppose however as seen in Figure 4.10 that each of the vertices in linit has exactly
one spacelike edge in each of its spacelike sectors.

Figure 4.10: A special form of linit, which would occur for example in CDT.

Definition 21. A directed line is a line l for which one of its vertices which is in
the timelike boundary is labelled “left”, and the other labelled “right”.

Definition 22. For a vertex v in a directed line l, split the line l into two sublines,
one extending between the vertex marked “left” and the vertex v, and the other be-
tween the vertex marked “right” and the vertex v. The spacelike sector of v which
contains a spacelike edge of l in the same resulting subline as the vertex marked “left”
(“right”) is the left spacelike sector ( right spacelike sector).
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This definition is illustrated in Figure 4.11.

Rightv

Right Spacelike Sector

Left Right
v

Left
v

Left Spacelike Sector

Figure 4.11: An example of how the line is split at the vertex to determine which of
the spacelike sectors is left and which is right.

Definition 23. A left facing sst triangle ( right facing sst triangle) at a vertex v in
a directed line l is an sst triangle whose two spacelike edges lie in the left spacelike
sector (right spacelike sector) of v.

The definition and rationale behind it are illustrated in Figure 4.12.

Left Right
l r

v

Figure 4.12: An example of a left facing sst triangle and a right facing sst triangle
at a vertex v on a line l. The triangle marked “l” is a left facing sst triangle, and
that marked “r” is a right facing sst triangle.
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Definition 24. An object O1 which includes elements of a directed line l is said to
be to the left (right) of another object O2 which also includes elements of that line if,
upon removing all elements of the line associated with O2 and hence splitting the line
into some number of sublines or vertices, all elements of O1 which are also elements
of the line l are now in the part of the line which also contains the vertex marked
“left” (“right”).

Definition 25. Rotation in an anticlockwise ( clockwise) direction is always defined
as if the vertex marked “left” pointed West on the compass. In this analogy, this
ensures that rotating around a vertex in an anticlockwise (clockwise) direction from
right to left moves through the North (South) direction, and rotating around a vertex
in an anticlockwise (clockwise) direction from left to right moves through the South
(North) direction.

The definition of anticlockwise and clockwise is illustrated in Figure 4.13.

Left Right

Left Right

Left Right

Left Right

wise

Anticlockwise

LeftRight

LeftRight

LeftRight

LeftRight

Figure 4.13: An illustration of the definitions of clockwise and anticlockwise in this
piece of work. If the sides labelled “left” and “right” are swapped, the definitions
change in a way that amounts to a reflection in a vertical line. That is to say, the
diagrams on the right hand side of this figure are the diagrams from the left hand
side, but reflected through a vertical line.

Definition 26. Given a vertex v in a directed line l, the lower timelike sector (upper
timelike sector) is the timelike sector of v which is encountered when travelling anti-
clockwise (clockwise) around v from the left spacelike sector of v to the right spacelike
sector of v.
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Definition 27. Given a left (right) spacelike sector of a vertex v in a directed line
l the bottommost spacelike edge in that spacelike sector is the spacelike edge of that
sector that is the last (first) to be crossed when circling around v in an anticlockwise
direction.

Left

Right

Left

Spacelike

Sector

Right

Spacelike

Sector

Upper

Timelike

Sector

Lower

Timelike

Sector

Bottommost

Spacelike Edge
Bottommost

Spacelike Edge

Figure 4.14: An illustration of the definitions of left and right spacelike sectors, upper
and lower timelike sectors, and bottommost spacelike edges.

Definition 28. The notation (v, w), where v and w are vertices, will be used for the
edge that connects v and w. The triangulations used here are simplicial manifolds,
which have as a condition that no two vertices are connected by more than one edge,
thus there is no ambiguity in this notation.

4.2.3 CDT-like Initial Boundary

In this subsection it is shown that, if a gCDT triangulation begins with a CDT like
initial boundary, associated with this boundary there is a certain line. The boundary
and this line together with the triangles contained “between” them form a single strip,
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as is meant in the context of CDT, allowing arrival at a rigorous definition of such a
strip in the context of gCDT triangulations.

Lemma 20. Suppose the timelike boundaries of a triangulation T have orderings
such that the two vertices of the initial spacelike boundary linit are labelled 0. Suppose
further that linit is a directed line and has the form of Figure 4.10. Then there is a
line l′ which extends between the vertices labelled 1 in each timelike boundary.

Proof. Since linit is directed, one of its two vertices that are also in the timelike
boundaries is labelled “left”, and the other “right”. Since these are also the vertices
labelled 0 in the orderings of the timelike boundaries, the vertex labelled “left” will
be referred to as 0L and the vertex labelled “right” will be referred to as 0R. The
vertex labelled 1 that is in the same timelike boundary as 0L shall thus be called
1L, and similarly the vertex labelled 1 in the same timelike boundary as 0R shall be
called 1R.

An set l′ is created containing at first only the vertex 1R.

Consider the vertices 0L and 1L. There is a timelike edge (0L, 1L) in the timelike
boundary which includes both these vertices. The structure of the triangulation
around these points is fixed up to Figure 4.15.

0

1

L

L

Figure 4.15: The start of the structure being considered. The other timelike edges
connected to the vertices 0L and 1L are ignored for now - this structure is to be
determined later.

The bottommost spacelike edge in 1L’s spacelike sector (which is a right spacelike
sector) is identified and the rest of the spacelike edges in this sector ignored. Since
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the vertices of linit have no spacelike sectors in which there are two edges which are
also in T , the other end of this spacelike edge cannot be attached to a vertex of linit.
It must therefore be attached to a vertex v which is not part of linit. The structure
around 0L and 1L is fixed up to Figure 4.16. Note that the vertex in linit which is
connected to 0L by a spacelike edge has been labelled w.

v

w0

1

L

L

Figure 4.16: The relevant parts of the structure in the vicinity of 0L and 1L.

It must be the case that (0L, 1L) is a member of a triangle. Since ttt triangles are
not permitted in this model, the triangle must have at least one spacelike edge. The
other two edges of the triangle must be connected to the vertices 0L and 1L. But 0L
has only one spacelike edge (0L, w) in its single spacelike sector, and (1L, v) is the
bottommost spacelike edge in 1L’s single spacelike sector. Thus the only possible
spacelike edges which can be edges of a triangle including (0L, 1L) are (0L, w) and
(1L, v).

It is possible that (0L, 1L) and (1L, v) form two sides of a triangle. To complete this
triangle, there must be an edge (0L, v) connecting 0L and v. Since 0L already has
the maximum amount of spacelike edges allowed in its spacelike sector, (0L, v) must
be timelike. The structure has the form of Figure 4.17. It may also be noted that
(1L, v) is the bottommost edge of left spacelike sector of v. In this case, (1L, v) is
added to l′.
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v

w0

1

L

L

Figure 4.17: One of the possibilities for extending this structure.

The other possibility is that (0L, 1L) and (0L, w) form the sides of a triangle. There
must be an edge (1L, w) connecting the two vertices 1L and w that completes the
triangle. Since w has the maximum amount of allowed spacelike edges in its spacelike
sector already, (1L, w) must be timelike. This leads to the structure in Figure 4.18.

v

w0

1

L

L

Figure 4.18: The other possibility for extending the structure.

It should be noted that, in either case, the vertices are arranged such that the timelike
edges that are added always extend between one vertex of l′ and one vertex of linit.
That is to say, the timelike lines in the lower timelike sectors of l′’s vertices always
end at a vertex of linit.

In the case illustrated by Figure 4.17, consider then the other spacelike sector of v,
seen in Figure 4.19. Again, the bottommost spacelike edge of this sector (v, v + 1) is
chosen, and the others ignored. By the same reasoning as for v, the vertex v + 1 is
not in linit.
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v v+1

w0

1

L

L

Figure 4.19: A further extension of the structure in the first case.

In the case illustrated by Figure 4.18, consider the next spacelike edge of linit,
(w,w + 1), as seen in Figure 4.20.

v

w w+1
0

1

L

L

Figure 4.20: A further extension of the structure in the second case.

Some consideration will show that, in the case of Figure 4.19, by ignoring certain
now irrelevant edges, the vertices 0L, w, v & v + 1 and the associated edges (0L, w)
, (0L, v) & (v, v + 1) present the same situation as was encountered for 0L, 1L, v &
w and associated edges (0L, 1L) , (0L, w) & (1L, v) under the identifications 0L → 0L
, w → w, v → 0L & v + 1 → v (the identifications of edges following from those of
the vertices).
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Figure 4.21: The identification of vertices in this first case.

Similarly in the case of Figure 4.20, the vertices 1L, v, w & w + 1 and associated
edges (1L, v), (1L, w) & (w,w + 1) can be seen to present the same situation as 0L,
1L, v, & w and associated edges (0L, 1L) , (0L, w) & (1L, v) under the identifications
1L → 1L, v → v, w → 0L & w + 1 → w (the identifications of edges following from
those of the vertices).

v

0

1

L

L

Figure 4.22: The identification of vertices in this second case.

Hence the same argument that led to Figures 4.17 and 4.18 may once again be
applied. Since this will one again produce something of the form of one of the
Figures 4.17 and 4.18, there will be another set of vertices and lines as in Figure 4.19
or 4.20. Hence, this set of arguments may be applied iteratively.

The iteration will continue until one of the vertices added is part of a timelike bound-
ary. Why it must stop in this way will be shown in the following. When a vertex
is added that is in a timelike boundary, this vertex will not have a second spacelike
sector, and therefore only one of the two possibilities illustrated by 4.17 and 4.18 will
actually be possible. This is more easily illustrated graphically.
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First suppose that 0R in linit has been reached, as in Figure 4.23. Here it is clear that
(0R, v

′) and (v′, v′ + 1) must form the sides of a triangle, the final side (0R, v
′ + 1)

being a timelike edge. Upon adding this line, the vertices 0R, 1R, v
′+1 & v′ +2 and

associated edges (0R, 1R), (0R, v
′ + 1) & (v′ + 1, v′ + 2) (Figure 4.24) are in the same

situation as the vertices 0R, 1R, v
′ & v′ + 1 and associated edges (0R, 1R), (0R, v) &

(v′, v′ + 1) were (Figure 4.23), and so the same arguments can be applied iteratively
until a vertex that is in a timelike boundary is added to l′.

v'

w'
0R

R

v'+1

0

1

L

L

Figure 4.23: The vertex 0R is added to the structure.

v'

w'
0R

1R

v'+1 v'+2

0

1

L

L

Figure 4.24: The process may be continued in this way until a boundary is reached.

Suppose on the other hand, that the one of the vertices of l′ is in a timelike boundary,
as in Figure 4.25. Now it is clear that the only triangle that may be formed contains
the edges (v′, w′ − 1) and (w′ − 1, w′), by adding a timelike edge (v′, w′). Note that it
is not a priori clear that v′ must be in the timelike boundary containing 0R (this will
be shown shortly). It should be similarly clear that this process can also be continued
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until 0R is reached in linit, because timelike edge between v′ and the vertices of linit
considered corresponds to an extra spacelike edge in linit, which is of finite size.

v'

w'
w'-1

0

1

Figure 4.25: A vertex v′ lying somewhere in a timelike boundary is added.

These two modes of extension of the structure may be seen as versions of the extension
process applied to 0L, 1L and v (and their associated edges) at the start of the proof,
only restricted to one possibility (i.e. Figure 4.17 or Figure 4.18). So all timelike
edges in the bottom timelike sector of the vertices of l′ considered here must still end
at vertices of linit.

Note then that, because the two processes just explained are special cases of the
original process outlined, all of the timelike edges added have at one end a “v”
vertex and at the other end a vertex in linit.

Using this fact, it can be shown that the final vertex added to l′ actually corresponds
to 1R.

In the case illustrated by 4.23 and 4.24, in order to add a vertex vfin which lies in
the timelike boundary, it is necessary to consider the single timelike edge in vfin’s
lower timelike sector, which lies in the timelike boundary. But it is also clear from
Figures 4.23 and 4.24 that all timelike edges thus considered must be connected to
0R. However the timelike edge that is in the timelike boundary and that is connected
to 0R has as its other vertex 1R. So vfin ≡ 1R.

In the second case, 0R is the final vertex to be added. But on the other hand, each
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timelike edge added during this process was connected at one end to v′ in Figure
4.25. It is furthermore clear that, since v′ and 0R are both somewhere in the timelike
boundaries, the timelike edge that connects them must form a part of this boundary.
So 0R and v′ must then be in the same timelike boundary, and be connected by one
timelike edge, meaning that v′ ≡ 1R.

l′ was constructed such that for each of its vertices exactly one spacelike edge in each
of its spacelike sectors is member of l′. Furthermore, l′’s first vertex was 1L, and it
was shown that the final vertex was 1R, these two vertices being in different timelike
boundaries. Therefore l′ satisfies the requirements of being a line.

Lemma 20 was formulated for an initial line linit. Suppose a triangulation T is cut
along a line l. Because of the requirements of how the spacelike edges of l are chosen,
in the two resulting triangulations T1 and T2, if a vertex v of l is not in the spacelike
boundary of T , T1 and T2 will each get one of v’s timelike sectors. So, if l at no
point coincides with the spacelike boundaries of T , it will be possible to consider l an
initial line in both l1 and l2. In this way, Lemma 20 and future lemmas formulated
for initial lines are extendable to more lines in the triangulation.

Definition 29. The line l′ identified in Lemma 20 shall be called a strip adjacent
line to linit.

Definition 30. If the initial line linit is such that all of its vertices have exactly one
spacelike edge in each of their spacelike sectors in T , then linit and its strip adjacent
line l′ will be called a strip boundary.

4.2.4 Non CDT-like Initial Boundary

This subsection considers what happens if an initial boundary is not of the CDT
type, but of the more general type allowed in gCDT. This will lead towards a rigorous
definition of the bubble as considered in previous work, and a newly identified object
known as the subspiral, also based on terminology used in previous work. The
definitions are built up in stages. Firstly it is shown that, if the initial boundary is
of the more general gCDT type, then there exist certain types of sst triangles which
can be said to lie on that initial boundary. It is then shown that certain sublines
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may be associated with the initial boundary which can be said to have one end at
these sst triangles. The boundary, triangles and lines may then be used together to
provide the sought definitions.

Suppose instead that not all of linit’s vertices had only one spacelike edge in each of
their spacelike sectors. Then it must be the case, as seen in Figure 4.26, that at least
one of linit’s spacelike edges is a member of an sst triangle.

α

β

Figure 4.26: If at least one of linit’s vertices has more than one spacelike edge in
one or more of its spacelike sectors, then it must be the case that one of linit’s edges
is part of an sst triangle. In this example, the edges α and β must be edges of a
single triangle, and the third edge of this triangle must be a timelike edge because
sss triangles are not permitted in this model.

Lemma 21. Suppose there is a directed initial line linit, one of whose edges is a
member of a right facing sst triangle ∆1 at a vertex v1, and another of whose edges
is a member of a left facing sst triangle ∆2 at a vertex v2 respectively. Suppose ∆1

and ∆2 are such that ∆1 lies to the left of ∆2, and correspondingly ∆2 lies to the
right of ∆1 on linit.

Then there exists a right facing sst triangle ∆′
1 at some vertex v′1 and a left facing

sst triangle ∆′
2 at some vertex v′2 such that ∆′

1 is to the left of ∆′
2 and ∆′

2 is corre-
spondingly to the right of ∆′

1, and such that the subline between v′1 and v′2 contains
no edges which are members of sst triangles apart from those which are members of
∆′

1 and ∆′
2.

Proof. Consider the subline l, defined as the piece of the line between v1 and v2 with
the spacelike edges associated with ∆1 and ∆2 removed. Note that everything on
this subline is to the right of v1/∆1 and to the left of v2/∆2.
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Left Right
 �


 �

Figure 4.27: A directed line upon which sst triangles lie at v1 and v2.

It could be the case that there are no edges in l which are members of sst triangles
(Figure 4.28), in which case ∆1 = ∆′

1, ∆2 = ∆′
2, v1 = v′1 and v2 = v′2, and the result

is obvious.

v1 v2

Figure 4.28: All the vertices in l have exactly one spacelike edge in each of their
spacelike sectors. The dashed lines here represent some number of spacelike edges of
the line l, none of which is a member of an sst triangle.

Suppose instead that there are some edges of l which are members of sst triangles.
Choose one of these edges, say e in an sst triangle ∆′. ∆′ must be a left facing sst
triangle or a right facing sst triangle at some vertex v′.

Suppose ∆′ is a left facing sst triangle at the vertex v′ (Figure 4.29). Then ∆′ is a
left facing sst triangle which lies to the right of the right facing triangle ∆1, so ∆1

and ∆′ have the same relation to one another as ∆1 and ∆2.

v1 v2e

Figure 4.29: One of the edges of the subline between v1 and v2 is a member of a left
facing sst triangle at v′. The dashed lines represent some number of spacelike edges
in the line l, which may or may not be members of sst triangles.
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Suppose instead that ∆′ is a right facing sst triangle at the vertex v′ (Figure 4.30).
Then ∆′ is a right facing sst triangle which lies to the left of the left facing sst triangle
∆2, so ∆2 and ∆′ have the same relation to one another as ∆1 and ∆2.

v1 v2e

Figure 4.30: One of the edges of the subline between v1 and v2 is a member of a right
facing sst triangle at v′. The dashed lines represent some number of spacelike edges
in the line l, which may or may not be members of sst triangles.

In the first case, a new subline l′ is defined as the piece of linit between v1 and v′

with the edges that are members of ∆1 and ∆′ removed. In the second case, a new
subline l′ is defined as the piece of linit between v2 and v′ with the edges that are
members of ∆2 and ∆′ removed. The above arguments can be re-applied to this line,
because the triangles that bound it have the same relation to one another as the two
triangles that bounded l.

The argument may be repeated as required until a subline (defined as the piece of
the line between the two vertices about which the two triangles in l in Figure 4.31 are
left facing or right facing with the edges associated with these two triangles removed)
is found which satisfies the first possibility in the argument, that is, that there are
no edges in the subline which are members of sst triangles. This must occur because
it is clear that the size of the subline shrinks with each iteration of the argument,
whereas linit must be finite. The right facing triangle of the two is denoted ∆′

1, the
vertex about which it is right facing is denoted v′1, the left facing triangle of the two
is denoted ∆′

2, and the vertex about which it is left facing is denoted v′2.
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Figure 4.31: To the right of ∆′
1 and to the left of ∆′

2 there are no sst triangles at all.
Thus no edges of the dotted line between v′1 and v′2 are members of sst triangles. The
dotted lines between “left” & v′1 and “right” & v′2 may have any number of edges
which are members of sst triangles.

Definition 31. The pair of triangles {∆′
1,∆

′
2} identified in Lemma 21 is called a

bubble pair of triangles.

Lemma 22. Suppose there is a directed initial line linit at least one of whose members
is an edge of an sst triangle, and whose ends are marked 0 in the orderings of the
timelike boundaries. Suppose no two of linit’s edges may be identified as members of
a right facing sst triangle ∆1 at a vertex v1 and a left facing sst triangle ∆2 at a
vertex v2 respectively, such that ∆1 lies to the left of ∆2, and correspondingly ∆2 lies
to the right of ∆1 on linit (that is, no pair of triangles such as those seen in Lemma
21).

If there is at least one edge which is a member of a left (right) facing sst triangle,
then there exists a left (right) facing sst triangle ∆l (∆r) at some vertex vl (vr) such
that the subline between vl (vr) and 0L (0R) with the edge associated with ∆l (∆r)
removed contains no edges which are members of sst triangles.

Proof. At least one of l′inits edges e must be a member of an sst triangle ∆. This sst
triangle must be a left facing sst triangle or a right facing sst triangle at some vertex
v. Suppose it is a left (right) facing sst triangle at v. Consider the subline to the left
(right) of ∆, that is, the subline l′ between v and vL (vR) with the edge associated
with ∆ removed. As stated in the theorem, this left (right) facing sst triangle may
have no right (left) facing sst triangles to the left (right) of it, so l′ may contain no
edges which are members of right (left) facing sst triangles. Furthermore it is either
the case that this subline does or does not contain edges which are members of left
(right) facing sst triangles. This is summarised in Figure 4.32.
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Left Righte

Figure 4.32: One left facing sst triangle with some number of left facing sst triangles
to the left of it, and one right facing sst triangle with some number of right facing
sst triangles to the right of it. Any sst triangles on linit between the two possible ∆s
are not important here.

If the subline does contain at least one such edge, choose one of these edges e′ such
that it is a part of a left (right) facing sst triangle at a vertex v′ (Figure 4.33). Now
consider the subline l′ to the left (right) of e′ (that is, the subline between v′ and 0L
(0R) with e′ removed).

Left

Figure 4.33: One of the left facing sst triangles to the left of the original left facing
sst triangle is chosen. For right facing sst triangles, the appropriate diagram is given
by this diagram reflected through a vertical line.

This procedure is repeated until a left (right) facing sst triangle has been found at a
vertex v′, such that the subline to the left of the triangle contains no edges which are
members of left (right) facing sst triangles (Figure 4.34). This must occur because
each repetition of this process reduces the size of the subline between v′ and vL (vR),
and linit is finite in size, meaning the subline can only be shrunk a finite number of
times. This subline, v′, and the left (right) facing sst triangle associated with v′ are
the objects required.

Left

Figure 4.34: Here the left facing sst triangle has no more left facing sst triangles to
its left. Again, for right facing triangles the appropriate diagram is given by this
diagram reflected through a vertical line.
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Note that if linit has some edges which are members of left facing sst triangles, and
some which are members of right facing sst triangles, the steps of the proof could
be repeated twice, once choosing a left facing sst triangle as ∆, and the second time
choosing a right facing sst triangle as ∆.

Definition 32. Either of the triangle ∆l or ∆r identified in Lemma 22 is called a
subspiral triangle.

Lemma 23. Given a directed initial line linit which has no spacelike edges which are
members of an sst triangle, all of the timelike edges attached to linit end on some
vertex of linit’s strip adjacent line l′.

Proof. It was shown in the Lemma 20 that there is a line l′ extending from the points
marked 1L and 1R the timelike boundaries (assuming 0L and 0R are the end vertices
of linit), all of whose vertices are connected to vertices of linit by at least one timelike
edge. Furthermore, note that in the two possibilities for adding timelike edges to the
lower timelike sectors of l′’s vertices, seen in Figures 4.17 and 4.18, the timelike edge
always ends at a vertex of linit. This is illustrated in Figure 4.35.

0 0R

1 1R

linit

l'

Figure 4.35: All timelike edges in l′’s lower timelike sectors (i.e. those timelike edges
which are attached to vertices of l′ and which are also between the two lines of the
CDT strip) must have their other end at a vertex of linit.

Now suppose that the triangulation is cut into two along l′, and only the subtrian-
gulation T ′ containing linit is kept (Figure 4.36). Now l′ may be considered to be
an initial spacelike boundary. The orderings of the timelike boundaries should be
likewise be altered, but the directions of the two lines may be retained (Figure 4.37).
Note that the timelike edges just discussed are now in the upper timelike sectors of
l′.
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0L 0R

1L 1R

1L 1R

T'

linit

l'

l'

Figure 4.36: Cutting the triangulation along l′ produces two objects. The one con-
taining linit (the lower of the two in this diagram) is T ′.

0L 0R

1L 1R

0L 0R

1L 1R

0L 0R

1L 1R

Reflect

Relabel

linit

l'

linit

l'

linit

l'

Figure 4.37: Reflecting T ′ through a horizontal line and relabelling it as described
to show that l′ can now be considered to be an initial spacelike boundary.

Lemma 20 may then be applied. This means there must be some line l′′ in T ′
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extending from the timelike boundary vertices now marked 1L and 1R (which were
marked 0L and 0R in Lemma 1), such that all of l′′’s vertices are connected to vertices
of l′ by at least one timelike edge. But it is known that linit is a line extending between
these two points in the timelike boundaries - moreover, because linit’s vertices are
such that there is only one spacelike edge in each of their spacelike sectors, linit is
the only line which extends between these two points, implying that l′′ ≡ linit.

Now l′′ is such that all of its timelike edges in the lower timelike sectors of its vertices
terminate at vertices in l′. Thus, all of the timelike edges connected to linit must end
at vertices of l′.

Lemma 24. Suppose there is a subline l ⊂ l′ (where l′ is a directed line) none of
whose edges is a member of an sst triangle, with its two end vertices marked v1 and
v2, where v1 6≡ v2. One timelike edge each connected to v1 and v2, and being either
both in the upper timelike sectors of these vertices or both in the lower timelike sectors
of these vertices, is selected and labelled e1 and e2 respectively, and the other vertices
of e1 and e2 lines labelled v′1 and v′2 respectively, such that v′1 6≡ v′2. Then there is a
subline l′′ which connects v′1 to v′2.

The purpose of this Lemma is to show that sublines on which are located no sst
triangle have certain other sublines associated with them, which will prove useful for
example in Lemma 25

Proof. Some considering of l along with the two timelike edges e1 and e2 leads to the
conclusion that the same arguments as Lemma 20 may be applied to demonstrate
the presence of a subline l′′ between v′1 and v′2.

Definition 33. The subline l′′ identified in Lemma 24 is a strip adjacent subline to
the subline l.

Note that, depending upon the choices of e1 and e2, a subline l may have many
associated strip adjacent sublines l′′. Note further than the strip adjacent subline
must contain at least one edge.

Lemma 25. Suppose there is a subline l such that none of l’s edges is a member
of an sst triangle. Suppose further that l has an associated strip adjacent subline
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l′. The leftmost vertex of the subline l is labelled v1, with a timelike edge e1 in v1’s
upper timelike sector connecting v1 to l′’s leftmost vertex v′1, and the rightmost vertex
of the subline l is labelled v2, with a timelike edge e2 in v2’s upper timelike sector
connecting v2 to l′’s rightmost vertex v′2.

Then all of the following timelike edges starting in l terminate at vertices of l′:

• Those in the upper timelike sectors of vertices vi 6= v1, v2 in l

• Those in v1’s upper timelike sector which are either e1 or are clockwise about
v1 from e1

• Those in v2’s upper timelike sector which are either e2 or are anticlockwise
about v2 from e2

And all of the following timelike edges starting in l′ terminate at vertices of l:

• Those in the lower timelike sectors of vertices vi 6= v′1, v
′
2 in l′

• Those in v′1’s lower timelike sector which are either e1 or are anticlockwise
about v′1 from e1

• Those in v′2’s lower timelike sector which are either e2 or are clockwise about
v′2 from e2

Proof. The various objects defined in the lemma are illustrated in Figure 4.38.

l

l'e1 e2

1'

1

2'

2

0L 0

1L 1

Figure 4.38: The lines, sublines, vertices and edges associated with Lemma 25. Pur-
ple indicates some set of edges of unknown character, irrelevant for this proof.
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The proof is trivial for e1 and e2.

All of the other timelike edges listed in the statement of the lemma have the property
that they start at a vertex in l ∪ l′ ∪ e1 ∪ e2 and extend then into the area bounded
by l ∪ l′ ∪ e1 ∪ e2. These edges must end upon another vertex, which clearly cannot
lie outside of l ∪ l′ ∪ e1 ∪ e2 and its enclosed area because then the edge would have
to cross one of the edges in l ∪ l′ ∪ e1 ∪ e2, so must end upon a vertex either in
l ∪ l′ ∪ e1 ∪ e2 or the area bounded by it. Since there are no vertices within this area
(i.e. not in the boundary), the timelike edges must end on vertices in l ∪ l′ ∪ e1 ∪ e2.

Now, note that all vertices in l ∪ l′ ∪ e1 ∪ e2 may be characterised as being either
members of l or l′. Therefore a timelike edge must begin on l or l′ and terminate
once again on l or l′.

Suppose an timelike edge begins on the subline l at the vertex v′ and ends again on
l at v′′. An object as seen in Figure 4.39 is so formed. The vertex marked v′′′ must
have at least one timelike edge extending into the bounded area in 4.39 by the gCDT
LCC. Since there are no vertices within this bounded area, this edge must end at
one of the vertices in the boundary. This cannot be v′, since v′ and v′′′ would share
two edges, disallowed in a simplicial complex. It must be one of the other edges in
l, which may include v′′. But as seen in Figure 4.40, adding this new timelike edge
produces another structure of the same form as Figure 4.39. Hence, this argument
can be repeated, but not indefinitely because the subline l is finite, and each time a
new timelike edge is considered the “enclosed” part of l decreases in size. Eventually
a structure of the form Figure 4.41, and it is clear that the vertex v′′′ needs a timelike
edge extending into the bounded area in Figure 4.41 in order to satisfy the gCDT
LCC, but it cannot have this because it must end on either v′ or v′′, disallowed by
the fact that this is a simplicial complex. The conclusion is that a timelike edge in
a triangulation obeying the gCDT LCC cannot begin and end on the same subline.

v' v''

v'''

Figure 4.39: A subline, two of whose vertices are members of the same timelike edge.
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v' v''

v'''

Figure 4.40: Adding a timelike edge to this structure forms a new version of the
same structure.

v'''

v''v'

Figure 4.41: The result of recurrently applying the procedure outlined above.

The conclusion then is that all timelike edges outlined in the lemma statement that
begin at a vertex of l end at a vertex of l′, and all timelike edges outlined in the
lemma statement that begin at a vertex of l′ end at a vertex of l.

Lemma 26. Suppose there is a directed initial line linit, two of whose edges are
members of a bubble pair of triangles {∆′

1,∆
′
2}, the subline of linit between these

triangles being denoted l′. Then, connecting vertices which are members of the pair
of triangles ∆′

1 and ∆′
2 but which are not in linit, there is a subline l′′.

Proof. Note that the structure being considered here is exactly the structure identi-
fied in Lemma 21.

Consider the subline l′, and the timelike edges e1 and e2 which are members of the
bubble pair of triangle that bound l′. Label by v1 the vertex of e1 in l′ and by v′1 the
other vertex of e1. Similarly for e2, label by v2 the vertex of e2 in l′, and by v′2 e2’s
other vertex (Figure 4.42).
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Figure 4.42: Identification of l′, v1, v2, v′1, v′2, e1 and e2. This figure should be
compared with Figure 4.31.

Because none of l′’s edges is a member of an sst triangle, l′ together with e1 and
e2 satisfy all the conditions of Lemma 24, and there is a subline l′′ which connects
the vertices v′1 and v2’. The two vertices are exactly the vertices of the two timelike
edges which are not in l, which are in turn the vertices of the sst triangles which are
not in linit.

Lemma 27. Suppose there is a directed initial line linit, one of whose edges is a
member of a subspiral triangle, specifically a left (right) sst triangle. Then there is
a subline l′′ which connects the vertex of the sst triangle that is not in linit, and the
vertex 1L (1R).

Proof. Note that the structure being considered here is exactly the structure identi-
fied in Lemma 22.

Consider the subline l′ of linit, which is between the subspiral triangle and the time-
like boundary that the triangle faces (e.g. for a left facing subspiral sst triangle,
the timelike boundary containing linit’s vertex marked “left”). Consider further the
timelike edge e2 of the subspiral triangle, and the timelike edge e1 in the timelike
boundary which includes a vertex of l′. The vertex of e1 in l′ is labelled v1, the other
of e1’s vertices being labelled v′1, and the vertex of e2 in l′ is labelled v2, the other of
e2’s vertices being labelled v′2 (Figure 4.43).
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Left Right

Right

e e

Figure 4.43: Identification of l′, v1, v2, v′1, v
′
2, e1 and e2. If the proof is read with

right in place of left, the appropriate diagram is this diagram but reflected through
a vertical line. This figure should be compared with Figure 4.34.

Because none of l′’s edges is a member of an sst triangle, l′ together with e1 and e2
satisfy the requirements of Lemma 24. There is thus a subline l′′2 connecting v′1 and
v′2. These two vertices are exactly the two vertices which are at the ends of the two
timelike edges e1 and e2 but which are not in l′, which in turn are the vertices 1L
(1R) and the vertex which is in the sst triangle but which is not in l′.

Lemma 28. Suppose there are two sublines l1 and l2 such that a single vertex v is
a terminal vertex of both l1 and l2, l1 ∩ l2 = v, and l1’s edge at v is not in the same
spacelike sector as l2’s edge at v. Then l1 ∪ l2 = l3 is a subline.

Proof. Since l1 and l2 share no vertices other than v (since l1∩ l2 = v), all vertices of
l1∪l2 = l3 except for v retain the properties they had in l1 and l2, i.e. that there is no
more than one spacelike edge of l3 in each spacelike sector of each of these vertices.

At the vertex v, l1 contributes one spacelike edge to l3 and l2 contributes another
spacelike edge. But it was given explicitly that these two edges are not in the same
spacelike sector, so v has no more than one edge in l3 per spacelike sector.

Finally, it is clear that the set is connected, since l1 ∩ l2 6= ∅.
2This is a subline of some line whose details are unimportant for this proof.
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The result l3 hence satisfies all of the requirements of a subline.

Lemma 29. If a line linit has an edge which is part of an sst triangle, then there is
at least one line l′ (recall that a line stretches to both timelike boundaries) for which
the intersection linit ∩ l′ 6= ∅ and the complement of the intersection in the union
(linit ∪ l′)\(linit ∩ l′) 6= ∅.

Proof. If linit has at least one edge which is a member of an sst triangle then some
of linit’s elements are members of either a bubble pair of triangles or a subspiral
triangle.

Suppose there is a bubble pair of triangles (Figure 4.44). Note that linit = l1 ∪ e1 ∪
l2 ∪ e2 ∪ l3. A second set is formed lb = l1 ∪ e′1 ∪ l′2 ∪ e′2 ∪ l3. l1 or l3 could either be
sublines (each with a vertex in a different timelike boundary) or simply vertices in
the timelike boundary.

l2l1 l3

l2

1 2

1 2

Figure 4.44: The various sublines, edges and vertices from which linit and lb are
composed in the case of Lemma 21.

Start then with e′1 ∪ l′2 ∪ e′2. l
′
2 is known to be a subline. Note that a single spacelike

edge such as e′1 or e′2 are sublines. Applying Lemma 28 to e′1 and l′2 ensures that
e′1 ∪ l′2 is a subline. This Lemma also applies to both l′2 and e′1 ∪ l′2 together with e′2,
so l′2 ∪ e′2 and e′1 ∪ l′2 ∪ e′2 are sublines.

Suppose l1 and l3 are just vertices. Because they are then vertices at the end of e′1
and e′2, and are vertices in different timelike boundaries, the subline e′1 ∪ l′2 ∪ e′2 is
a subline lb with one vertex in each of the two timelike boundaries, and hence it is
also a line.

Suppose for example l1 is a subline. Now l1 ∪ e′1 ∪ l′2 ∪ e′2 can be formed. Again by
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Lemma 28, this is a subline. If l3 is a subline, the Lemma also ensures e′1∪ l′2∪ e′2∪ l3
and l1 ∪ e′1 ∪ l′2 ∪ e′2 ∪ l3 = lb are sublines.

Hence lb is in all cases a subline. But vertices in different timelike boundaries are
always present in l1 and l3, be they sublines or vertices. Hence lb has two vertices in
different timelike boundaries, and it is also a line.

Finally:

linit ∩ lb = (l1 ∪ e1 ∪ l2 ∪ e2 ∪ l3) ∩ (l1 ∪ e′1 ∪ l′2 ∪ e′2 ∪ l3) = l1 ∪ l3 6= ∅ (4.1)

(linit ∪ l′) \ (linit ∩ lb) (4.2)

= [(l1 ∪ e1 ∪ l2 ∪ e2 ∪ l3) ∪ (l1 ∪ e′1 ∪ l′2 ∪ e′2 ∪ l3)] (4.3)

\ [(l1 ∪ e1 ∪ l2 ∪ e2 ∪ l3) ∩ (l1 ∪ e′1 ∪ l′2 ∪ e′2 ∪ l3)] (4.4)

= [l1 ∪ e1 ∪ e′1 ∪ l2 ∪ l′2 ∪ e2 ∪ e′2 ∪ l3] \ [l1 ∪ l3] (4.5)

= e1 ∪ e′1 ∪ l2 ∪ l′2 ∪ e2 ∪ e′2 6= ∅ (4.6)

The other possibility is a subspiral triangle (Figure 4.45) (or Figure 4.45’s reflection
through a vertical line).

Left
e1

e1'

l1 l

l1'

Figure 4.45: The various sublines, edges and vertices from which linit and ls are
composed.

Here, linit = l1∪ e1∪ l2. Consider the object ls = l′1∪ e′1∪ l2. It could now be the case
that l′1 and/or l2 is just a vertex. If they both are, then e1 itself is automatically a
line.
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Suppose l′1 is actually a subline. Consider l′1 ∪ e′1. By Lemma 28, l′1 ∪ e′1 is a subline.
This Lemma also ensures e′1 ∪ l2 and also l1 ∪ e′1 ∪ l2 = ls are sublines. However, if
l′1 and/or l2 are sublines, then they have vertices in different timelike boundaries, so
the subline ls has two vertices in different timelike boundaries, and hence is also a
line.

And for these lines:

linit ∩ ls = (l1 ∪ e1 ∪ l2) ∩ (l′1 ∪ e′1 ∪ l2) = l2 6= ∅ (4.7)

(linit ∪ ls) \ (linit ∩ ls) (4.8)

= [(l1 ∪ e1 ∪ l2) ∪ (l′1 ∪ e′1 ∪ l2)] (4.9)

\ [(l1 ∪ e1 ∪ l2) ∩ (l′1 ∪ e′1 ∪ l2)] (4.10)

= (l1 ∪ e1 ∪ l2 ∪ l′1 ∪ e′1) \l2 (4.11)

= l1 ∪ e1 ∪ l′1 ∪ e′1 6= ∅ (4.12)

Depending upon which structure was being considered, either lb or ls is the l′ that
was sought.

Definition 34. Together, the lines {linit, lb} of Lemma 29 are called a bubble bound-
ary on both linit and lb.

Together, the lines {linit, ls} of Lemma 29 are called a subspiral boundary on both
linit and ls.

In general, an object which is either a bubble boundary or a subspiral boundary will
be called an embellishment boundary.
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4.2.5 Sub-areas of the Triangulations

The first thing considered in this subsection is how a cut along a line is defined to
produce two sub-areas of a single triangulation. It is then shown that a strip bound-
ary, a bubble boundary and a subspiral boundary all contain an interior, obtained
by cutting along the two lines present in the appropriate boundary, which consists of
at least one triangle. Finally, these interiors are taken together with the boundary
to finally form the CDT strip, the bubble and the subspiral. Some straightforward
proofs regarding properties of the triangles in these interiors end this subsection.

Definition 35. Suppose there are two lines l1 and l2 in a triangulation T such that
(l1 ∪ l2) \ (l1 ∩ l2) 6= ∅3. Suppose that if T is cut along l1 yielding two subareas of the
triangulation then one of these subareas contains all of l2. Now take this subarea,
and cut it along l2, again yielding two subareas, and retain the one which contains
all of l1. The set of complete triangles in this subarea, complete with their edges and
vertices, is called the area between the lines l1 and l2, and will be denoted Tl1,l2.

Some examples of how these cuts are made may be seen in Lemmas 30 and 36. Note
that, in general, such an object could be a disconnected set, though it will not prove
to be so for all examples of importance in what follows.

Lemma 30. Suppose l1 and l2 in a triangulation T form an embellishment boundary.
Then the size4 of Tl1,l2, |Tl1,l2| 6= 0.

Proof. By the definition of an embellishment boundary, it must be the case that at
some point the two lines pass through the two edges of a single sst triangle ∆. So
∆ has one spacelike edge in l1, a different spacelike edge in l2, and a timelike edge
which has one vertex in l1 and one vertex in l2 (Figure 4.46).

3From here on, this property will be indicated by l1 6≡ l2
4Here taken to mean the amount of triangles in the area.
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Δ Δ

Δ

Figure 4.46: The two kinds of embellishment boundary, and the possible locations
of ∆.

T is cut along l1 (Figures 4.47 and 4.48). This gives two pieces of triangulation, one
of which contains all of l2, because l2 does not cross l1 by its definition. This piece
of triangulation contains ∆’s spacelike edge which is in l1 because it contains all of
l1’s edges, and for the same reason it contains also ∆’s spacelike edge which is in l2.
Finally, the timelike edge of ∆ shares a vertex with each of these spacelike edges,
and not the vertex that the two spacelike edges share with one another. Therefore
this timelike edge must also be in the piece of the triangulation in which l2 lies.
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Δ Δ

Figure 4.47: The cut along l1 in the bubble boundary.
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Δ

Figure 4.48: The cut along l1 in the subspiral boundary.

Next, this piece of triangulation is cut along l2, and the piece of triangulation that
contains all of l1 kept (Figures 4.49 and 4.50). Again, this exists because l1 and l2
do not cross by definition. The kept piece of triangulation contains still all of the
edges of l1 and l2. Again the timelike edge of ∆ shares one vertex each with the two
spacelike edges of ∆ (which lie in l1 and l2) that are not the vertex that these two
spacelike edges share. Therefore, this timelike edge must also be in the kept piece of
the triangulation which includes all of l1.
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Figure 4.49: The split along l2 in the bubble boundary.
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Δ

Figure 4.50: The split along l2 in the subspiral boundary.

Thus, the three edges of ∆ are in Tl1,l2 , hence ∆ ∈ Tl1,l2 , and |Tl1,l2 | 6= 0.

Definition 36. Two lines l1 and l2

Lemma 31. Given a strip boundary {l1, l2} in a triangulation T , |Tl1,l2| 6= 0.

Proof. Note that l1 and l2 must be of length at least one in order for the object to be
a manifold. Then consider the timelike edge in the timelike boundary that extends
from a vertex of l1 to a vertex of l2. From the construction of the strip adjacent line
in Lemma 20, it is known that this timelike edge is a member of a triangle ∆ which
includes either the spacelike edge of l1 with which it shares a vertex, or the spacelike
edge of l2 with which it shares a vertex, and in either case includes another timelike
edge which connects to one vertex in l1 and another in l2.
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Figure 4.51: The cuts along l1 and l2 in a CDT strip.

Since the two timelike edges both have a vertex in l2, when T is cut along l1 (upper
arrow of Figure 4.51), they are both in the resulting piece which contains l2 (which
exists because l1 ∩ l2 = ∅ by definition). Furthermore, all of l1’s spacelike edges are
still in this piece.
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Now this piece of triangulation is cut along l2 (lower arrow of 4.51), and the piece
containing l1 kept. Note that since l1 ∩ l2 = ∅, all edges which were connected to
vertices of l1 in the previous piece of triangulation are also in this piece. Hence, the
two timelike edges are in Tl1,l2 . By definition, all spacelike edges in l1 and l2 are still
in this piece, so the spacelike edge ∆ must be in Tl1,l2.

Since the spacelike edge and the two timelike edges of ∆ are in Tl1,l2 , ∆ ∈ Tl1,l2 and
|Tl1,l2| 6= 0.

Definition 37. Two lines {l1, l2} that form a bubble boundary in a triangulation T ,
together with Tl1,l2 in a set {l1, l2, Tl1,l2}, shall be called a bubble on l1 and l2.

Two lines {l1, l2} that form a subspiral boundary in a triangulation T , together with
Tl1,l2 in a set, {l1, l2, Tl1,l2}, shall be called a subspiral on l1 and l2.

An object that is of one of these two types will generally be referred to as an embel-
lishment.

Definition 38. Two lines {l1, l2} in a triangulation T such that one is a strip adja-
cent line of the other, together with Tl1,l2 in a set {l1, l2, Tl1,l2}, shall be called a CDT
strip on l1 and l2.

Lemma 32. Suppose there is a CDT strip {l1, l2, Tl1,l2}. All triangles in Tl1,l2 have
an edge or vertex in l1 or l2.

Proof. The construction of the strip adjacent line in Lemma 20 shows that all timelike
edges extending from vertices of l1 in Tl1,l2 terminate on vertices of l2, and Lemma
23 shows that all timelike edges extending from vertices of l2 into Tl1,l2 terminate on
vertices of l1. Similarly Lemma 20 and 23 show that there are no spacelike edges in
Tl1,l2 except for those of l1 and l2. Since all triangles in Tl1,l2 must have edges in Tl1,l2 ,
and all edges in Tl1,l2 are either in l1 or l2 or have vertices in l1 or l2, all triangles in
Tl1,l2 have edges or vertices in l1 or l2.

Lemma 33. Suppose there is a bubble or subspiral {l1, l2, Tl1,l2}. All triangles in
Tl1,l2 have an edge or vertex in l1 or l2.

Proof. Recall that the bubble (Figure 4.44) can be broken down into two shared
sublines or vertices, two sst triangles, and two unshared sublines between those two
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sst triangles, and that the spiral (Figure 4.45) can be broken down into a shared
subline or vertex, an sst triangle, and two unshared sublines between that sst triangle
and a single edge of the timelike boundary. In both cases, Tl1,l2 is the region of the
triangulation bounded by the spacelike edges of the sst triangle(s), the unshared
sublines and possibly a single edge of the timelike boundary. It is clear that the sst
triangle(s) has (have) edges and vertices in the two lines l1 and l2.

T l1 l2,

l2

l1

Figure 4.52: The area of triangulation enclosed within a bubble boundary (shaded
grey).

l2

l1

T l1 l2,

Figure 4.53: The area of triangulation enclosed within a subspiral boundary (shaded
grey).

Consider again Figure 4.44 and Figure 4.45. Two unshared sublines, and the time-
like edges of the sst triangles and/or the single edge of the timelike boundary form
exactly the structure considered in Lemma 25. Therefore all timelike edges from the
unshared sublines which extend into Tl1,l2 terminate at a vertex of the other subline.
Furthermore because these are sublines, there are no spacelike edges in Tl1,l2 except
those of the lines l1 and l2. Since all triangles in Tl1,l2 must have edges in Tl1,l2 , and
all edges in Tl1,l2 are either in or have vertices in l1 or l2, all triangles in Tl1,l2 have
vertices or edges in l1 or l2.

Note that this means that the area Tl1,l2 , where {l1, l2} is an embellishment boundary,

151



is always has “height” of at most one triangle, similarly to the CDT strip.

4.3 Transformations Between Triangles

In this section, the triangles in a gCDT triangulation are assigned an explicit coordi-
nate system, as seen earlier in this work. The triangles are pieces of flat Minkowski
space, and within each triangle there is a constant Minkowskian frame. Taking some
vector V and parallel transporting it along some curve within a single triangle thus
results in no change of V ’s components. However, if this curve moves from one trian-
gle into an adjacent triangle, for example, as V moves through the edges shared by
these two triangles it may experience a change in its components that corresponds
to a rotation. This rotation can also be though of as a transformation between the
frames in the two triangles joined by this edges, and these are the transformations
which will be of interest here. Note that, whilst the frames chosen on the triangles
and all of the conventions with which they are assigned are indeed choices, they will
be employed in a way in the end which will yield results that do not depend upon
these choices.

The aim of the section is to show that within the choices of coordinate frames already
mentioned the Lorentz transformations along certain paths through certain special
sets of triangles always have desirable properties. The section begins with a series of
definitions, which allow these desirable properties to be stated explicitly and math-
ematically, and the holonomies along paths within sets of triangles of increasing size
and complexity are subsequently explored to reach the goal of the section.

Definition 39. A proper orthochronous Lorentz transformation (or “POLT”) is a
Lorentz transformation Λ (ϕ) of the form (4.13) such that ϕ ∈ R. That is to say the
transformation matrix is an element of SO+ (1, 1).

Λ (ϕ) =

(

coshϕ sinhϕ
sinhϕ coshϕ

)

(4.13)

Definition 40. The notation p1
t≡ p2 shall denote that there exists at least one path
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Γ with p1 and p2 as end points such that the transformation between p1 and p2 along
Γ, that is the holonomy along Γ which takes values in Lorentz group, is a POLT.

Again, whether or not this is true may change should different conventions be used
for assigning frames in the triangles. The conventions used here are those of §(the
section on Wilson Loops), so statements made in the following will be true within
those conventions. Note also that both space and time inversions are excluded from
the SO+ (1, 1) component of the group.

Lemma 34. The relation
t≡ is an equivalence relation

Proof. Suppose there are points p1, p2, p3 such that p1
t≡ p2 and p2

t≡ p3.

Reflexivity The coordinate transformation between a point p1 and the same point is

trivial, i.e. I = Λ (ϕ = 0). This is clearly an POLT, so p1
t≡ p1.

Symmetricity Since p1
t≡ p2, an POLT Λ (ϕ) transforms p1’s coordinate frame into

that of p2. But the transformation from p2 to p1 is the inverse of this transformation

Λ (ϕ)−1, which in this case is Λ (−ϕ), also an POLT. So p2
t≡ p1 also.

Transitivity Now since p1
t≡ p2 and p2

t≡ p3, there is an POLT Λ (ϕ1) between p1
and p2, and an POLT Λ (ϕ2) between p2 and p3. The transformation between p1 and
p3 is hence the product of these two transformations, Λ (ϕ1) Λ (ϕ2) = Λ (ϕ3) where

ϕ3 ∈ R. Hence there is an POLT between p1 and p3, and p1
t≡ p3.

Since the space inside the triangles is flat Minkowskian space, the following will
assume that, in the interior of a single triangle ∆, the frame has been chosen to be
the same for all points, and it is a frame such that ηµν = diag (−1, 1, 1, 1).

Definition 41. The notation ∆1
t≡ ∆2 will be taken to mean that for any point

p1 ∈ ∆1 and p2 ∈ ∆2, p1
t≡ p2.
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The overloading of the notation here should cause no confusion, because it should
be clear from the context in which the symbol is used which definition is meant,

and furthermore because
t≡ is also an equivalence relation when applied to these

triangles. This is because the triangles contain pieces of flat Minkowski space, so all
points within a triangle are related to one another by POLTs.

Lemma 35. Between any two triangles ∆1, ∆2 which share a vertex v a path can be
drawn which goes through only triangles which share the vertex v.

Proof. Start in ∆1. Choose one of ∆1’s edges that end at v and extend the path
through this edge into an adjacent triangle, which shares this edge and thus also is at
v. Now this triangle has another edge at v, so the path is extended through this edge
too. This is continued as far as possible or until the original triangle ∆1 is reached.

...

Δ1

Figure 4.54: The generation of the path that winds around the vertex and back to
the original triangle. The purple dotted line stands for some number of timelike and
spacelike edges, the black dotted line for a continuation of this path through more
triangles.
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Suppose the vertex is not in a boundary. Then because there are a finite number
of triangles about v and because there are no edges which are not shared by two
triangles, the path will always have another triangle to go into, so it must eventually
return to ∆1. To show that it goes through all of the triangles at that vertex, first
suppose that it does not go through some triangle ∆. If this is the case, it should be
possible to remove that triangle from the vertex and still have the path return to ∆1.
But, if this triangle is removed, it is clear that the path also cannot pass through
a triangle with which ∆ shares an edge at v, because if the path passes through
such a triangle, the path must pass through this edge shared with ∆ into ∆, and
this is known not to be the case. Then this triangle also can be removed, and the
same arguments made to remove the next triangle with which it shares an edge at
v. Because the topology around the vertex is that of a plane, this can be continued
until all triangles from around the vertex have been removed. Thus the path must
pass through all triangles at the vertex, and hence also through ∆2.

Δ

Figure 4.55: How triangles are removed from around the vertex to show that the
path must pass through all triangles at the vertex.

Suppose the vertex is in a boundary. A boundary vertex obeying the appropriate
gCDT LCC can be obtained by cutting a bulk vertex through either two timelike
edges in different timelike sectors, or two spacelike edges in different spacelike sectors.
A corner vertex obeying the appropriate gCDT LCC can also be found by cutting
through one timelike edge and one spacelike edge such that the vertex retains only
one timelike sector and one spacelike sector.

Suppose the path through all of the triangles had been drawn, and is also cut. It
should be clear that cutting a closed path in two places produces two open paths, one
of which now lies inside the triangulation. Furthermore, because the edges through
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which the cut was made now forms part of the boundary, this path runs from the
boundary, through all the triangles at the vertex v in the triangulation, and then
back to the boundary.

Figure 4.56: The vertices here are cut along the dotted lines to produce bound-
ary vertex. The upper produced vertices are timelike boundary vertices, the lower
produced vertices are spacelike boundaries.

The following lemmas hold for the conventions for choosing frames on triangles about
a single vertex given in §2.3.2, which will assumed throughout the rest of this work.

Lemma 36. For a triangle ∆1 at a vertex v and any other triangle ∆2 also at that
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vertex, ∆1
t≡ ∆2.

5

Proof. In previous work, all possible arrangements of two gCDT triangles which
share an edge have been considered, and the transformations between their two
frames calculated. These are all POLTs.

From Lemma 35 a path Γ can be drawn from a triangle ∆1 at a vertex v to any other
triangle ∆2 at that vertex by moving only through triangles which lie about v. The
transformation between the two frames in ∆1 and ∆2 are then easily calculated as the
series of transformations along Γ, each occurring when moving through the edge of a
triangle into an adjacent triangle. Since these are all POLTs, by repeated application
of the result Λ (ϕ1) Λ (ϕ2) = Λ (ϕ3) with ϕ1, ϕ2, ϕ3 ∈ R, this transformation is also a
Lorentz transformation with real angle.

Lemma 37. Suppose there are two vertices v1, v2 which are connected by a single

edge e. Then for any triangle ∆1 at v1 and any other triangle ∆2 at v2, ∆1
t≡ ∆2.

Proof. It is known that any two triangles about v1, say ∆1 and ∆′
1, ∆1

t≡ ∆′
1, and

similarly ∆2
t≡ ∆′

2 for triangles at v2.

v1

v2

e
1

1

2

2

'

'

Figure 4.57: Two vertices v1 and v2 connected by the edge e, and their associated
triangles.

5This result may seem somewhat trivial, but it is useful to show that the idea that all of the
frames around a single vertex can be arranged in some consistent way may be captured in a much

more concise way by using this relation
t≡, which is put to use in the theorems that follow.
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Now, since e is connected to v1 and v2, there must be some triangle ∆′ which contains
v1 and v2 as vertices, and e as an edge. Now the following can be identified6, ∆′ ≡
∆′

1 ≡ ∆′
2.

v1

v2

v1

v2

Δ'

Δ'

Figure 4.58: Two possible choices for ∆′.

Since now ∆1
t≡ ∆′ and ∆2

t≡ ∆′, by symmetricity and transitivity of the equivalence

relation
t≡, it is also true that ∆1

t≡ ∆2.

Lemma 38. Suppose there is a subline l. For any two triangles ∆m at a vertex vm

in l and ∆n at a vertex vn in l, ∆1
t≡ ∆2.

Proof. The subline l has a vertex each at its two ends for which only one spacelike
line attached to each vertex is in l. Label one of these 0. Move along the spacelike
edge in l which is attached to it, and label the next vertex 1. Since there is one
spacelike edge in the other spacelike sector of this vertex, move along this edge to
the next vertex and label it 2. This can be continued (since all edges which are not
the two extreme vertices have one spacelike edge from each of their spacelike sectors
in l) until the other extreme vertex in l is reached, which is labelled with k.

Now suppose m 6= n, the case m = n being already shown by Lemma 36. Suppose
without loss of generality that m < n. Then, a path of edges can be followed from vm
to vn via the intermediate vertices vm+1, vm+2, . . . , vn−2, vn−1. By Lemma 37, for any
vj from the set V = {vm, vm+1, . . . , vn} except vn, for any two triangles ∆1 at vj and

6Note that this does not say
t≡, although such a relation is also true (and trivial given the

identification made)
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∆2 at vj+1, ∆1
t≡ ∆2. Suppose then a triangle ∆j is identified at each vertex vj ∈ V,

of course choosing those at vm and vn to be those triangles ∆m and ∆n identified in

the lemma. Now ∆m

t≡ ∆m+1, and ∆m+1
t≡ ∆m+2, . . . , ∆n−2

t≡ ∆n−1, ∆n−1
t≡ ∆n.

Then by transitivity, ∆m

t≡ ∆m+1
t≡ ∆m+2

t≡ . . .
t≡ ∆n−2

t≡ ∆n−1
t≡ ∆n.

4.4 The Structures and Transformations Associ-

ated With A Timewalk

In this section, the objects and properties derived in the previous two sections are
used together to demonstrate the theorem that is the subject of this section.

4.4.1 Paths Through the Triangulations

The purpose of this subsection is to define a certain kind of piecewise linear path
on the gCDT triangulations, along which holonomies will be considered. A special
closed path is then defined on a general gCDT triangulation, whose holonomy will
be the the primary object of interest in the theorem that this chapter aims to prove,
and it is shown how this path relates to the structure introduced in this theorem and
furthermore how the coordinate frames which will be important for this holonomy
are induced.

Definition 42. A dual path Γ on a triangulation T is a piecewise linear path which
consists of a connected series of straight lines7, each straight line beginning at the
centre of one triangle in T and ending at the centre of another triangle in T with
which it shares an edge. If more than two straight lines should end at the centre of
a single triangle, the ends of the edges are displaced slightly from the centre so that
there are at most two lines ending at any single point.8

7These are of course not lines in the sense of Definition 18, they are lines in the more usually
understood sense

8The name dual path is used because the path described here is equivalent to a path that runs
along a series of edges in the dual graph.
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Definition 43. A simple dual path Γ on a triangulation T is an dual path which
does not cross or touch itself.

Definition 44. A directed dual path Γ on a triangulation T is an dual path whose
terminal points have been identified as a start point and end point, and an orientation
has been added that points along the dual path away from the start point towards the
end point. If the dual path is closed, then clearly choosing the orientation alone is
possible.

Definition 45. The holonomy along a dual path Γ, which takes values in the Lorentz
group SO (1, 1), will be denoted ΛΓ.

Now suppose there is a timewalk T which begins and ends at the same spacelike
boundary (on the same side of this boundary), with the subline of this boundary
enclosed within the timewalk denoted B. The area bounded by T and B is denoted
Σ.

B

Σ

T

Figure 4.59: The timewalk T, the piece of the spacelike boundary B contained within
the timewalk T, and the area Σ enclosed between these two.

The orientation of the timewalk can be used to induce a time orientation in the
triangles which include the timelike edges in the timewalk. So here such triangles
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are taken to have the standard metrics described earlier with the time direction
of these metrics oriented such that it is compatible with the orientation on the
timewalk. Some examples of this may be seen in Figure 4.60. Around each vertex in
the timewalk, using that the timelike edges of the timewalk that meet at that vertex
have a consistent time flow (edges in one of the vertices timelike sectors point into
the vertex, those in the other timelike sector point out), by applying the rules of
choosing frames around a vertex from earlier in this work, now all of the triangles
with a vertex or edge in the timewalk can have a frame chosen for them with time
orientation consistent with both all other such triangles and the timewalk itself. The
extension of the example in Figure 4.60 may be seen in Figure 4.61.

t

s

t

s

t

s

t

s
t

s

t

s

Figure 4.60: How the timewalk induces a time orientation on the triangles which
have edges in the timewalk. The timelike edges with red arrows are those which
form a part of the timewalk.
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Figure 4.61: Extending the time orientations induced directly by the timewalk to all
triangles which have an edge or vertex in the timewalk.

A simple directed dual path ΓT is defined that is a path beginning in the triangle
which contains both the vertex vr and an edge of B, then moving from this triangle
only through triangles of Σ which have edges or vertices in T, following T until the
triangle is reached which contains both an edge of B and the vertex vl (Figure 4.62).
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B

Σ

T

vrvl

ΓT

Figure 4.62: ΓT and the triangles through which it passes. An arrow has been added
to indicate a directionality along this dual path.

Next, a second simple directed dual path ΓB is defined starting at the end point of
ΓT, moving only through triangles which have edges and vertices in B, and ending
at the start of ΓT.

note that, for simplicity in the following, both ΓT and ΓB are taken to be entirely
within Σ. This whole section could be reformulated with ΓT and ΓB allowed to leave
Σ, so long as they stay within the triangles which have a vertex or an edge in T.
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B

Σ

T

vrvl

ΓT

ΓB

Figure 4.63: ΓB and the triangles through which it passes. The ends of ΓT and ΓB

have been displaced from the centre to make clear that they are two different paths.
Note also that the principle of displacing line end points such that only two lines end
at a single point is (exaggeratedly) illustrated in the triangle adjacent to the bottom
right most triangle. Examples of spirals and bubbles on B may also be seen here.

These may be combined into a single simple directed dual path ΓTB, by first following
ΓT from start to finish, and then ΓB from start to finish. The directionality of these
dual should be noted, since an dual path’s directionality will be preserved if the dual
path is cut, and applied to the subpaths that result.

164



B

Σ

T

vrvl

ΓT B

Figure 4.64: ΓTB = ΓT ◦ ΓB is formed, by joining the two dual paths ΓT and ΓB.
Note the consistency of the directionalities of ΓB, ΓT and hence the directionality
that results on ΓTB.

Now consider the total transformation of the coordinate frames experienced along
ΓTB, ΛΓTB

. This is the total transformation along ΓT, ΛΓT
, followed by that along

ΓB, ΛΓB
. Hence it is ΛΓTB

= ΛΓT
·ΛΓB

. From Lemma 38, ΛΓB
is an POLT. Therefore,

the orientation of the time direction at the start of ΓB is preserved along ΓB until
the end is reached. However, concerning ΓT, from the arrows on the edges of the
timewalk and their connection to the orientation of the time coordinate in the frames
of the associated triangles, it is clear that the time orientation at the end of ΓT, after
being carried unchanged to ΓT’s start along ΓB, is not the same as that at the start
ΓT. So ΛΓTB is not an POLT. Since ΛΓB

is an POLT, this means ΛΓT
is not an POLT.
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4.4.2 An Algorithm to Shrink The Path

In this subsection an algorithm will be discussed which redefines the path considered
in the previous subsection, by using the objects defined in the first chapter, decreasing
the size of the path with the goal of making it as small as possible. It will be shown
how these redefinitions affect the holonomy along the path, and this will lead to a
contradiction which provides proof of the theorem that is the subject of this chapter.

It is known that the area of triangulation Σ has in its boundary at least a spacelike
subline B (which becomes a line in Σ, since it lies in Σ’s timelike boundaries). It
will also contain some other spacelike structures, such as the CDT strip, bubble and
subspiral investigated above. An algorithm can be defined which starts at B and
moves contiguously through Σ via the spacelike structures contained within it.

• Start at B. Define lc ≡ B, Tc ≡ Σ.

• If lc has no vertices in Tc which have two or more spacelike edges in one of their
spacelike sectors, then there is a strip adjacent line to lc, l

′.

• If lc has at least one vertex in Tc which has two or more spacelike edges in
one of its spacelike sectors, then there is an embellishment boundary which
includes lc and another line l′.

• Cut Tc along l′ to obtain T1 and T2, suppose T2 is the one which contains all
of lc. Redefine lc ≡ l′ and Tc ≡ T1.

• Repeat until no more moves can be made.

Two examples of the cuts that could be made in the fourth step may be seen in
Figures 4.65 and 4.66.
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vl

vl

vr

T1

T2

Figure 4.65: A cut that may be made through a line of a bubble boundary.
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vr

vrvl

T1

T2

Figure 4.66: A cut that may be made through a line of a subspiral boundary.

It is clear that this algorithm must terminate. Σ is finite in size, it was shown earlier
that an embellishment boundary encloses an area of at least one triangle (Lemma
30) and that a CDT strip encloses an area of at least one triangle (Lemma 31).
Therefore, as these objects are trimmed away from Tc in the 4th step, Tc’s size is
decreasing. The algorithm terminates when lc is the only line left in Tc.

The dual path ΓTB may also be modified in the algorithm such that it always lies
entirely within the triangles which have edges or vertices in the boundary of Tc.

• Start at B. Define lc ≡ B, Tc ≡ Σ, Γc ≡ ΓTB.
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• If lc has no vertices in Tc which have two or more spacelike edges in one of their
spacelike sectors, then there is a strip adjacent line to lc, l

′.

• If lc has at least one vertex in Tc which has two or more spacelike edges in
one of its spacelike sectors, then there is an embellishment boundary which
includes lc and another line l′.

• Cut Tc along l′ to obtain T1 and T2, suppose T2 is the one which contains all
of lc.

• Wherever Γc passes through one of l′’s edges, Γc is cut at the centre of both
triangles associated with that edge. This produces 4 smaller dual lines, since
four such cuts are made. Label the dual line entirely in T1 by Γ2, the two dual
lines which cross members of l′ by Γ1 and Γ3 (such that Γ1, Γ2 and Γ3 form a
line running anticlockwise), and the remaining dual line Γ4.

• Define Γ5 to be an dual line that connects the two end points of Γ2 by moving
only through triangles in T1 which have edges and vertices in l′.

• Redefine lc ≡ l′, Tc ≡ T1 and Γc ≡ Γ2 ◦ Γ5.

• Repeat until no more moves can be made.

How the path would be modified if the cuts in Figures 4.65 and 4.66 were made can
be seen in Figures 4.67 and 4.68.
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Σ
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rl

Γ

Γ

Γ ΓΓ

Figure 4.67: If a cut were made as in Figure 4.65, then Γc would become the solid
black path seen here. The purple dashed lines indicate the divisions at which the
various Γs start and end.
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Σ
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Γ

Γ

Γ

ΓΓ

Figure 4.68: If a cut were made as in Figure 4.66, then Γc would become the solid
black path seen here. The dashed purple lines have the same meaning as in Figure
4.67.

Lemma 39. ΛΓ1
and ΛΓ3

are POLTs.

Proof. Γ1 and Γ3 are the two dual lines which cross edges of l′. The line Γc was
however cut at the centre of both triangles which had an edge in l′ through which
Γc crossed. Since dual lines consist only of straight lines which end at the centres
of triangles, it is clear that Γ1 and Γ3 both consist of a single straight line which
connects the exactly the centres of triangles which share an edge through which Γc

passes. Since these two triangles share a vertex at the end of this edge, they are

related by
t≡ (Lemma 37), and hence the transformation between their frames is an

POLT.

Lemma 40. ΛΓ4
is an POLT.

Proof. Γ4 was defined as whatever is left of the dual path Γc after Γ1, Γ2 and Γ3

are removed. Note that Γ2 is entirely contained within T1 and its terminal (start
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and end) points are in triangles which have an edge in l′. Γ1 and Γ3 are dual paths
consisting of one single line which crosses these edges in l′, and so Γ1 and Γ3 each
have one terminal point inside T1 and one terminal point outside T1. Since Γ4 must
be connected to these terminal points, Γ4’s terminal points lie in Tc but outside of
T1.

Γc always passes only through triangles which have a vertex or edge in the boundary
of Tc. This means there is some subset of Γc which passes only through triangles
which have a vertex or edge in the spacelike part of Tc’s boundary, lc. Whether a
strip adjacent line or the other member of an embellishment boundary on lc, l

′ always
has exactly two spacelike edges with exactly one vertex in ∂Tc. This can be seen
in Figures 4.46 and 4.51. This means that Γc can pass through only these spacelike
edges of l′.

Thus, Γ4 not only begins and ends in Tc outside of T1, but it cannot be the case that
Γ4 crosses l′ into T1 at all. In the algorithm {lc, l′} were identified as either as CDT
strip boundary or an embellishment boundary. This means that the region of the
triangulation Tc which is not in T1 is Tlc,l′. It was shown in Lemmas 32 and 33 that
all triangles in Tl1,l2 where {l1, l2} form an embellishment boundary have vertices or
edges in the lines l1 or l2. Since Γ4 only passes through triangles in Tlc,l′, Γ4 only
passes through triangles which have vertices or edges in the lines lc or l

′. By Lemma

38, any two such triangles are related by
t≡. Hence, the total transformation along

Γ4 which has its start and end in two such triangles is an POLT.

Lemma 41. In the first step of the algorithm, ΛΓ2
is not an POLT, but is a trans-

formation that changes the orientation of the time direction.

Proof. It is known that in the first iteration of the algorithm ΛΓc≡ΓTB
is a transfor-

mation that changes the time orientation. But it was also shown that ΛΓ1
, ΛΓ3

and
ΛΓ4

are POLTs. Since Γc = Γ1 ◦ Γ2 ◦ Γ3 ◦ Γ4, ΛΓc
= ΛΓ4

ΛΓ3
ΛΓ2

ΛΓ1
. At least one

term on the right hand side of this equation must introduce a transformation which
changes the time orientation, but the only term that can do this is ΛΓ2

. Hence, ΛΓ2

must be a transformation which changes the time orientation.

Lemma 42. ΛΓ5
is an POLT.
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Proof. The piece Γ2 of the dual path was defined to start and end at a triangles
with edges in l′. Γ5 starts and ends at Γ2’s end and start points (respectively), and
was further defined as an dual path which moved only through triangles which have
edges and vertices in the line l′. From Lemma 38, all triangles which have an edge or

a vertex in a single line are related by
t≡. Hence, a transformation between these two

triangles is an POLT, so the total transformation between the start and end points
of Γ5. So the total transformation ΛΓ5

must also be an POLT.

Lemma 43. At each step of the algorithm, the total transformation along the dual
line Γc is not an POLT, but a transformation which changes the orientation of the
time direction.

Proof. At each stage of the algorithm, the dual path is modified from Γc,old = Γ1 ◦
Γ2 ◦ Γ3 ◦ Γ4 to Γc,new = Γ2 ◦ Γ5. This can be thought of as changing the total
transformation along the dual path in the following way: ΛΓc,old

= ΛΓ4
ΛΓ3

ΛΓ2
ΛΓ1

→
ΛΓ5

Λ−1
Γ4
ΛΓ4

Λ−1
Γ3
ΛΓ3

ΛΓ2
Λ−1

Γ1
ΛΓ1

= ΛΓ5
ΛΓ2

= ΛΓc,new
. It was shown above that ΛΓ1

,
ΛΓ3

, ΛΓ4
and ΛΓ5

are always POLTs, which implies that Λ−1
Γ1
, Λ−1

Γ3
and Λ−1

Γ4
are also

POLTs. Since only ΛΓ2
may be a transformation which changes the time orientation,

if this is indeed the case, both Γc,old and Γc,new are transformations which change the
time orientation.

After the final step of the algorithm, however, Γc encloses no vertices. So the trans-
formations along Γc are simply a series of POLTs, the product of which is another
POLT. But it was also shown that the total transformation along Γc cannot be an
POLT. A contradiction has been reached, and the only resolution is that the total
transformation along Γc must have been an POLT at the start. But in order for
there to be a timewalk that returns to the same boundary from which it started, an
dual path Γc must exist along which the total transformation is not an POLT. The
conclusion therefore is that no such timewalk can exist.
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Chapter 5

Discussion

5.1 Local Curvature in (1 + 1) Dimensions

In this thesis several results were found regarding local curvature in (1 + 1)-dimensional
gCDT. The formula (C.44) and Wilson loop calculations for gCDT triangulations
represent original results. The correspondence of the Sorkin angle calculations and
the Wilson loop calculations for curvature at a vertex, and any number of vertices,
represents an important test of the tools used to investigate curvature properties
of the model, this correspondence being expected from the Abelian nature of the
Lorentz group in (1 + 1) dimensions.

Unfortunately there was no time to consider the very interesting unsolved question
of how to extract information about the average scalar curvature from Wilson loop
results in higher dimensions than (1 + 1). A logical extension of the work done here
would be to consider similar curvature calculations in (2 + 1) dimensions, where the
Lorentz group SO (2, 1) is non-abelian. Whilst this creates no difficulties for loops
which bound a surface passing through only one edge, Wilson loops calculated on
paths bounding surfaces which intersect with multiple edges yield results which are
related in a more complicated way to the total scalar curvature concentrated upon
those edges. For the Abelian (1 + 1)-dimensional case, this is not so - the Wilson

174



loop result always matches the total scalar curvature concentrated on the vertices
lying inside the loop.

The algorithm for photon propagation in (1 + 1)-dimensional gCDT is also a new
construct, to the best of the author’s knowledge. It is unfortunate that it cannot
be used to derive curvature information relatively straightforwardly by measuring
photon deflections. To illustrate one reason that this could be the case recall that
two metrics can be said to be conformally equivalent if g′ = Ω2g for some real
function Ω [37]. Calculating the length |V | of a vector V for both metrics gives
(

|V |g′
)2

= Ω2
(

|V |g
)2

, and since Ω is real the signs of the two squared lengths

appearing in this equation are the same, meaning that the character of any given
vector is the same in both metrics. Since this applies also to (infinitesimal) lightlike
vectors which run along the light cones, this means that the causal structure is also
preserved. From this it is clear that there is at least one degree of freedom in the
metric, corresponding to this conformal factor, upon which the light cones do not
depend, and therefore the causal structure can contain no information about this
degree of freedom. Perhaps then it is the case here that the photon deflections take
account only of some of the required degrees of freedom, whereas the scalar curvature,
being as it is constructed directly from the metric, depends upon all of the metric
degrees of freedom.

However, it is my hope that this algorithm (or at least the principle behind it) could
find use in another context. In quantum gravity generally, an ongoing problem is
to find diffeomorphism invariant quantities which can be derived from a spacetime,
with the hope that these can function as observables. Assuming a gCDT model with
a cylindrical topology, suppose two photons are allowed to propagate away from the
same point on the initial spacelike boundary, one moving to the left and the other
moving to the right. Their separation (or the deviation of their separation from that
which would be found in a flat spacetime) could be calculated. It could be the case
that averaging the separation (or a related quantity) over all possible starting points
and all possible triangulations may yield useful information about the average curva-
ture of the triangulations, and if the model is in a regime where it is approximating
a classical spacetime, the average curvature of this spacetime. The two averaging
procedures should produce a diffeomorphism invariant observable. Furthermore, this
algorithm and calculation should be fairly straightforward to implement in a gCDT
Monte Carlo simulation.
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5.2 Global Causal Structure in (1 + 1)-Dimensional

and (2 + 1)-Dimensional gCDT

The demonstration that the causal structure is correct at most (2 + 1)-dimensional
gCDT vertices follows from the edge causality typically assumed in this model is a
new result. It shows that there are still interesting new gCDT results to be found
from exclusively geometric arguments, and hopefully it can serve as a guide for others
who wish to understand gCDT triangulations as to how this can be achieved through
consideration of (sub)structures of various dimension. More importantly, it reduces
the number of assumptions that have to be made - one of gCDT’s most desirable
features is its small number of a priori assumptions, so showing that one or some of
these are still superfluous makes the model yet more desirable.

The alternative proof of Hoekzema’s result in (1 + 1) dimensions shows of course
nothing new, and in fact it could be (rightly) claimed that the alternative proof
shows less, since it is formulated on triangulations of topology [0, 1]× [0, 1], whereas
Hoekzema’s was formulated on triangulations of topology S1 × [0, 1]. During this
work however it has become apparent that Hoekzema’s proof applies only to a subset
of closed timelike curves on a (1 + 1)-dimensional gCDT triangulation of cylindri-
cal topology - there is no account in the proof for non-contractible closed timelike
curves (closed timelike curves that circle around the cylinder), which have now been
demonstrated to exist in several explicit example triangulations. Whilst it seems
likely that this proof could be extended to non contractible closed timelike curves
with some modification, it is correct to consider this an open question at this stage.

The alternative proof is however useful in a number of other ways. Formulating
the proof has produced ancillary benefits such as a rigorous definition of some of the
structures introduced in Hoekzema’s work, for example “bubbles”. Most importantly
the alternative proof no longer requires the enclosed surface Σ which was a crucial
part of Hoekzema’s proof. Of course this is of no consequence in (1 + 1) dimensions,
where the closed timelike curve together with any section of boundary it encloses
yields automatically such a surface Σ. In higher dimensions this no longer holds,
since for a given closed curve there are potentially many surfaces which have the
curve as a boundary. It is therefore hoped that the alternative proof will generalise
more easily to higher dimensional gCDT models.
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There are thus two important pieces of work which could follow from this.

Firstly, the nature of non-contractible closed timelike curves in (1 + 1) dimensions
has not yet been fully investigated. A study of situations in which they can, do or
must occur is needed, not only for the purposes of modifying Hoekzema’s proof or
extending the alternative proof to more topologies but additionally for the practi-
cal reason of finding a simple method of identification of triangulations which do
have a closed timelike curve in order to reject them from Monte Carlo simulations.
Their behaviour must also be studied and checked to see what, if any, difficulties or
pathologies they produce. For example, the triangulation seen in Figure I.1 has the
property that a timewalk starting from the initial boundary can never reach the final
boundary (and vice versa), whereas before it was thought that a timewalk starting at
a boundary of a gCDT triangulation could always reach the other boundary. Only
when the behaviours of these curves in triangulations of the topology of interest
(for example, the cylinder) are well understood can there be any progress towards
rigorously establishing similar proofs for those topologies.

Secondly, the motivation behind the alternative proof was to allow (relatively) straight-
forward generalisation to higher dimensional gCDT models. The vertex causal struc-
ture result in (2 + 1) dimensions implies that each vertex (of the appropriate type)
has two bunches of timelike edges, each bunch sitting within a different half of the
light cone. Only by knowing this is the case is it possible to define one as an “incom-
ing” bunch and the other as an “outgoing” bunch, which is exactly what is necessary
to define a timewalk on a triangulation, which at each vertex “enters” through a
timelike edge in the incoming bunch, and “exits” through a timelike edge in the
outgoing bunch. With the timewalk suitably definable, the statement of the theorem
from §4 may be meaningfully formulated in a (2 + 1)-dimensional gCDT triangula-
tion. A guide to how the author thinks that the proof may be carried over, firstly
to triangulations of topology [0, 1]×B2, is outlined in the following in sparse detail,
since it should be somewhat similar to the proof in §4 (see also §H).

1. Define a set of coordinate frames on the four tetrahedra of the (2 + 1)-dimensional
gCDT model.

2. Given a vertex v show that there exists a convention for assigning coordinate
frames such that time orientation in each τ ∈ Tv is consistent with all other
τ ∈ Tv.
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3. Show that if there is a series of vertices in a suitably defined open line, this
convention can be extended to all tetrahedra at all of these vertices.

4. Define a timewalk T which starts at and ends at the initial spacelike surface,
and pick some line B of spacelike edges in this surface S with connects the end
points of the timewalk.

5. In the convention from points 2/3 the holonomy along a path moving only
through tetrahedra which have edges or vertices in T or B is in the proper and
orthochronous sector of the Lorentz group - combining these this statement
also applies to T ∪ B.

6. However, since this convention along T means the time coordinate points away
from S at the start of T, and towards S at the end, applying this conven-
tion along B means that the time orientation has changed around T ∪ B, so
its holonomy cannot be in the proper and orthochronous sector. This is the
required contradiction.

It would also be very helpful, in order to impose clarity on what has become a
somewhat unclear subject, to collect all of the results so far found and which will
be found into one volume and explain in which context (dimensionality, topology,
...) they do and do not apply and what consequences this has in those contexts - a
“review” of causal structure in gCDT models.

Finally, there is another possible gCDT model with five possible tetrahedra and a
restricted range of α, mentioned previously, which has not been heavily worked on.
Therefore questions of causality and causal structure in this model are very much
open. There may be exotic causal phenomena in this model which have not yet
been discovered, or it could be very well behaved and thus an excellent test of or
extension to the geometric method of proof used in this thesis. The implementation
of the condition of appropriate causal structure at the edges of this model differs
from the four tetrahedron model, so firstly it would be necessary to establish if this
also leads to the correct causal structure at the vertices.
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Appendix A

Representative Vertices

Vertices that may be found in CDT (and thus also in gCDT) are listed first, each
with a name assigned to it.

Figure A.1, the “regular” vertex, so called because it should carry no curvature at
the vertex and thus should not be singular.

Figure A.2, the “minimal” vertex, so called because it is the vertex with the smallest
number of triangles that may be found in CDT.

Figure A.1: The “regular” vertex. Figure A.2: The “minimal” vertex.
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Figure A.3, the “m1t” (minus one top) vertex, so called because one triangle is
removed from “above” the vertex (the above direction being as it lies on the page)
compared to the regular vertex.

Figure A.4, the “m1b” (minus 1 bottom) vertex, so called because one triangle is
removed from “below” the vertex (below again as it lies on the page) compared to
the regular vertex.

Figure A.3: The “m1t” vertex. Figure A.4: The “m1b” vertex.

Figure A.5, the “pnt” (plus n top) vertex, so called because n triangles are added
“above” the vertex compared to the regular vertex.

Figure A.6, the “pnb” (plus n bottom) vertex, so called because n triangles are added
“below” the vertex compared to the regular vertex.

Figure A.5: The “pnt” vertex. Figure A.6: The “pnb” vertex.
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Following these are vertices that can be found only in gCDT:

Figure A.7, the “sli” (substituted, left, inwards pointing - referring to the position
and nature of the single sst triangle) vertex.

Figure A.8, the “sri” (substituted, right, inwards pointing) vertex.

Figure A.7: The “sli” vertex. Figure A.8: The “sri” vertex.

Figure A.9, the “slo” (substituted, left, outwards pointing) vertex.

Figure A.10, the “sro” (substituted, right, outwards pointing) vertex.

Figure A.9: The “slo” vertex. Figure A.10: The “sro” vertex.
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Figure A.11, the “pnl” (plus n left) vertex.

Figure A.11: The “pnl” vertex.

182



Appendix B

Useful Triangle Properties

B.1 Triangle Metrics

B.1.1 Down

gµν =

( −
(

α+ 1
4

)

a2 0

0 a2

4

)

(B.1)

B.1.2 Left

gµν =

(

−αa2

4
0

0
(

1 + α
4

)

a2

)

(B.2)
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B.1.3 Right

gµν =

(

−αa2

4
0

0
(

1 + α
4

)

a2

)

(B.3)

B.2 Triangle Volumes

The volume of a simplex can be calculated once a measure of volume on that simplex
has been established. In this case the measure of volume comes from the chosen
metric, and the volume is given by (B.4).

Vol (∆) =

∫

d∆
√

|g| (B.4)

B.2.1 tts

Recalling (2.14) and (B.1), the determinant of the metric is:

∣

∣gtts
∣

∣ =

∣

∣

∣

∣

−
(

α +
1

4

)

a2 · a
2

4

∣

∣

∣

∣

=
1

4

(

α +
1

4

)

a4 (B.5)

Consider the coordinate system in the up triangle of Figure 2.1. As t varies between
0 and 1, the range of s values for each t value is t−1 ≤ s ≤ 1− t, from the equations
(B.18) and (B.19) defining the triangle’s timelike edges. The limits of integration so
set:
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Vol (∆tts) =

∫ 1

0

dt

∫ t−1

1−t

ds

√

1

4

(

α+
1

4

)

a4 (B.6)

=

∫ 1

0

dt

√

α+
1

4

a2

2
[(1− t)− (t− 1)] (B.7)

=

∫ 1

0

dt

√

α+
1

4

a2

✁2
✁2 (1− t) (B.8)

=

√

α +
1

4
a2
[

t− t2

2

]1

0

=

√

α +
1

4
a2
[

1− 1

2

]

=

√

α +
1

4

a2

2
(B.9)

B.2.2 sst

Recalling the metric (B.2) and (B.3) chosen in the left and right triangles, the de-
terminant is:

∣

∣gsst
∣

∣ =

∣

∣

∣

∣

−αa2

4
·
(

1 +
α

4

)

a2
∣

∣

∣

∣

=

∣

∣

∣

∣

−αa2

4
·
(

1 +
α

4

)

a2
∣

∣

∣

∣

= α
(

1 +
α

4

) a4

4
(B.10)

In the left triangle of Figure 2.3, whilst s ranges from −1 to 0, for each s value t may
take values in range −s up to 2 + s, from the two spacelike edges’ equations (B.24)
and (B.25). These set the limits of integration:
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Vol (∆sst) =

∫ 0

−1

ds

∫ 2+s

−s

dt

√

α
(

1 +
α

4

) a4

4
(B.11)

=

∫ 0

−1

ds

√

α
(

1 +
α

4

) a4

4
[2 + s− (−s)] (B.12)

=

∫ 0

−1

ds

√

α
(

1 +
α

4

) a4

4
2 (1 + s) (B.13)

=

√

α
(

1 +
α

4

) a4

4
2

[

s− s2

2

]0

−1

(B.14)

=

√

α
(

1 +
α

4

) a4

4
2

[

− (−1)−
(

1

2

)]

(B.15)

=

√

α
(

1 +
α

4

) a4

4 ✁
✁
✁

2
1

2
=

√

α
(

1 +
α

4

) a4

4
(B.16)

B.3 Equations for Triangle Edges

B.3.1 Up

Spacelike: t = 0 with − 1 ≤ s ≤ 1 (B.17)

Left Timelike: t− s = 1 with 0 ≤ t ≤ 1 (B.18)

Right Timelike: t + s = 1 with 0 ≤ t ≤ 1 (B.19)

B.3.2 Down

Spacelike: t = 1 with − 1 ≤ s ≤ 1 (B.20)

Left Timelike: t + s = 1 with 0 ≤ t ≤ 1 (B.21)

Right Timelike: s− t = 1 with 0 ≤ t ≤ 1 (B.22)
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B.3.3 Left

Timelike: s = 0 with 0 ≤ t ≤ 2 (B.23)

Lower Spacelike: t + s = 0 with 0 ≤ t ≤ 1 (B.24)

Upper Spacelike: t− s = 2 with 1 ≤ t ≤ 2 (B.25)

B.3.4 Right

Timelike: s = 0 with 0 ≤ t ≤ 2 (B.26)

Lower Spacelike: t = s with 0 ≤ t ≤ 1 (B.27)

Upper Spacelike: t+ s = 2 with 1 ≤ t ≤ 2 (B.28)
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Appendix C

Lorentzian Angle Results

C.1 Inner Products

For clarity, first the inner products for the tts triangles in Figures 2.1 and 2.2 are
given:

〈sµ, sν〉 = a2 (C.1)

〈sµ, t1ν〉 =
a2

2
(C.2)

〈−sµ, t2
ν〉 =

a2

2
(C.3)

〈t1µ, t1ν〉 = −αa2 (C.4)

〈−t1
µ,−t2

ν〉 = −
(

α +
1

2

)

a2 (C.5)

〈t2µ, t2ν〉 = −αa2 (C.6)

And subsequently those for the sst triangle Figure 2.3 and 2.4:
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〈tµ, tν〉 = −αa2 (C.7)

〈tµ, s1ν〉 = −αa2

2
(C.8)

〈−tµ,−s2
ν〉 = −αa2

2
(C.9)

〈s1µ, s1ν〉 = a2 (C.10)

〈−s1
µ, s2

ν〉 =
(

1 +
α

2

)

a2 (C.11)

〈s2µ, s2ν〉 = a2 (C.12)

C.2 Cosines and Sines For General α

First those occurring in the tts triangles of Figures 2.1 and 2.2 are given:

cos θst1 =
1

2iα
1

2

(C.13)

sin θst1 =

[

−
(

α + 1
4

)]
1

2

iα
1

2

(C.14)

cos θst2 =
1

2iα
1

2

(C.15)

sin θst2 =

[

−
(

α + 1
4

)]
1

2

iα
1

2

(C.16)
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cos θt1t2 = 1 +
1

2α
(C.17)

sin θt1t2 = −

[

α2 −
(

α + 1
2

)2
]

1

2

α
(C.18)

And secondly those occurring in the sst triangles of Figures 2.3 and 2.4:

cos θs1t = −α
1

2

2i
(C.19)

sin θs1t =

[

−α − a2

4

] 1

2

iα
1

2

(C.20)

cos θs2t = −α
1

2

2i
(C.21)

sin θs2t =

[

−α − a2

4

]
1

2

iα
1

2

(C.22)

cos θs1s2 = 1 +
α

2
(C.23)

sin θs1s2 =

[

1−
(

1 +
α

2

)2
] 1

2

(C.24)

C.3 Cosines and Sines For α = 1

For the tts triangle:
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cos θst1 =
1

2i
; sin θst1 =

√
5

2
(C.25)

cos θst2 =
1

2i
; sin θst2 =

√
5

2
(C.26)

cos θt1t2 =
3

2
; sin θt1t2 = −i

√
5

2
(C.27)

For the sst triangle:

cos θs1t = − 1

2i
; sin θts1 =

√
5

2
(C.28)

cos θs2t = − 1

2i
; sin θts2 =

√
5

2
(C.29)

cos θs1s2 =
3

2
; sin θs1s2 = i

√
5

2
(C.30)

C.4 Angles

θst1 cos−1 1

2i
=

π

2
+mi ; sin−1

√
5

2
=

π

2
−mi (C.31)

θst2 cos−1 1

2i
=

π

2
+mi ; sin−1

√
5

2
=

π

2
−mi (C.32)

θt1t2 cos−1 3

2
= 2mi ; sin−1−i

√
5

2
= −2mi (C.33)

θs1t cos−1− 1

2i
=

π

2
−mi ; sin−1

√
5

2
=

π

2
−mi (C.34)

θs2t cos−1− 1

2i
=

π

2
−mi ; sin−1

√
5

2
=

π

2
−mi (C.35)

θs1s2 cos−1 3

2
= 2mi ; sin−1 i

√
5

2
= 2mi (C.36)
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Using the prescription in §D, the following signs are chosen.

θst1 =
π

2
+mi (C.37)

θst2 =
π

2
+mi (C.38)

θt1t2 = −2mi (C.39)

θs1t =
π

2
−mi (C.40)

θs2t =
π

2
−mi (C.41)

θs1s2 = 2mi (C.42)

C.5 Deficit Angles

Vertex Figure
∑

i θi ε

Regular A.1 2π 0
Minimal A.2 2π + 4mi −4m
m1t A.3 2π + 2mi −2m
m1b A.4 2π + 2mi −2m
pnt A.5 2π − n2mi n2m
pnb A.6 2π − n2mi n2m
sli A.7 2π + 4mi −4m
sri A.8 2π + 4mi −4m
slo A.9 2π − 2mi 2m
sro A.10 2π − 2mi 2m
pnl A.11 2π + (4 + 2n)mi − (4 + 2n)m

In addition, there are formulae (C.43) and (C.44) for completely general CDT and
gCDT vertices respectively.
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εvCDT
= m (2p− 4) (C.43)

εvgCDT
= m (2p− 2q + r − s) (C.44)

Here p is the number of θtt, q the number of θss, r the number of θt1s = θt2s, s the
number of θs1t = θs2t angles about the vertex v.
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Appendix D

Determination of Sign for Sorkin
Angles

In Sorkin’s paper [31] it is not made entirely clear how the sign of (the imaginary part
of) the angle is to be decided. It may be determined in the following way. Consider
a complex angle θ = α + iβ. Recall also:

cos θ =
1

2

(

eiθ + e−iθ
)

(D.1)

sin θ =
1

2i

(

eiθ − e−iθ
)

(D.2)

This may thus be written:

cos θ =
1

2

(

eiαe−β + e−iαeβ
)

(D.3)

sin θ =
1

2i

(

eiαe−β − e−iαeβ
)

(D.4)
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Suppose α = nπ, with n ∈ N. Then:

e±iα = cosα± i sinα = (−1)n →
{

cos θ = 1
2

(

(−1)n e−β + (−1)n eβ
)

sin θ = 1
2i

(

(−1)n e−β − (−1)n eβ
) (D.5)

It is easy to see that under β → −β, cos θ → cos θ but sin θ → − sin θ. This means in
this case that the sine is sensitive to the sign of the imaginary part of θ, so sin−1 (sin θ)
will give the correct sign.

Suppose instead that α = (2n+1)π
2

. Thus:

e±iα = cosα± i sinα = ±i (−1)n →
{

cos θ = 1
2

(

i (−1)n e−β − i (−1)n eβ
)

sin θ = 1
2i

(

i (−1)n e−β − (−i) (−1)n eβ
)

→ sin θ =
1

2i

(

i (−1)n e−β + i (−1)n eβ
)

(D.6)

Now it is clear that under β → −β, cos θ → − cos θ and sin θ → sin θ. So in this
case, the cosine is sensitive to the sign of the imaginary part of θ, and cos−1 (cos θ)
will thus return the correct sign.

To summarise, both cos−1 (cos θ) and sin−1 (sin θ) should be calculated, and the fol-
lowing should be used:

θ =

{

cos−1 (cos θ) if R (θ) = (2n+1)π
2

where n ∈ N

sin−1 (sin θ) if R (θ) = nπ where n ∈ N
(D.7)

What should be done if R (θ) is not one of the values given in (D.7) has not been
investigated here, since it did not turn out to be needed in this thesis.
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Appendix E

Wilson Loop Calculations

E.1 Relation between Coordinates in Left & Right

sst Triangles and Standard Minkowski Coor-

dinates

gt′t′ =
∂t

∂t′
∂t

∂t′
ηtt +

∂s

∂t′
∂s

∂t′
ηss = −

(

∂t

∂t′

)2

+

(

∂s

∂t′

)2

(E.1)

gt′s′ =
∂t

∂t′
∂t

∂s′
ηtt +

∂s

∂t′
∂s

∂s′
ηss = − ∂t

∂t′
∂t

∂s′
+

∂s

∂t′
∂s

∂s′
(E.2)

gs′s′ =
∂t

∂s′
∂t

∂s′
ηtt +

∂s

∂s′
∂s

∂s′
ηss = −

(

∂t

∂s′

)2

+

(

∂s

∂s′

)2

(E.3)

The system is once again underdetermined, and a choice must be made for one of
the derivatives. Once again, one of the “cross-terms” is chosen to be zero, say ∂s

∂t′
.
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Then:

(

∂t

∂t′

)2

= −gt′t′ →
∂t

∂t′
=

√
αa

2
(E.4)

t =

√
αa

2
t′ ↔ t′ =

2√
αa

t (E.5)

→ ∂t′

∂t
=

2√
αa

(E.6)

0 = −
√
αa

2

∂t

∂s′
+ 0 → ∂t

∂s′
= 0 (E.7)

gs′s′ = −0 +

(

∂s

∂s′

)2

→ ∂s

∂s′
= a

√

1 +
α

4
(E.8)

→ s = as′
√

1 +
α

4
↔ s′ =

1

a
√

1 + α
4

s (E.9)

→ ∂s′

∂s
=

1

a
√

1 + α
4

(E.10)

E.2 Lorentz Transformation in the Left and Right

sst Triangles

Λt′

t′ =
✚
✚
✚✚∂t′

∂t

∂t

∂t′

1

Λt
t +

∂t′

∂t✓
✓
✓∂s

∂t′

0

Λt
s +

✓
✓
✓∂t′

∂s

0
∂t

∂t′
Λs

t +
✚
✚
✚✚∂t′

∂s

∂s

∂t′

0

Λs
s (E.11)

Λt′

t′ = coshϕ (E.12)
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Λt′

s′ =
∂t′

∂t✓
✓
✓∂t

∂s′

0

Λt
t +

∂t′

∂t

∂s

∂s′
Λt

s +
✚
✚
✚✚∂t′

∂s

∂t

∂s′

0

Λs
t +

✓
✓
✓∂t′

∂s

0
∂s

∂s′
Λs

s (E.13)

Λt′

s′ =
2√
α✚a

✚a

√

1 +
α

4
sinhϕ =

2√
α

√

1 +
α

4
sinhϕ (E.14)

Λs′

t′ =
✓
✓
✓∂s′

∂t

0
∂t

∂t′
Λt

t +
✚
✚
✚✚∂s′

∂t

∂s

∂t′

0

Λt
s +

∂s′

∂s

∂t

∂t′
Λs

t +
∂s′

∂s✓
✓
✓∂s

∂t′

0

Λs
s (E.15)

Λs′

t′ =
1

✚a
√

1 + α
4

√
α✚a

2
sinhϕ =

√
α

2
√

1 + α
4

sinhϕ (E.16)

Λs′

s′ =
✚
✚
✚
✚∂s′

∂t

∂t

∂s′

0

Λt
t +

✓
✓
✓∂s′

∂t

0
∂s

∂s′
Λt

s +
∂s′

∂s✓
✓
✓∂t

∂s′

0

Λs
t +

✚
✚
✚
✚∂s′

∂s

∂s

∂s′

1

Λs
s (E.17)

Λs′

s′ = coshϕ (E.18)

In one expression, now representing a Lorentz transformation between two frames
with metric (B.2).

Λµ′

ν′′ =

(

coshϕ 2√
α

√

1 + α
4
sinhϕ

√
α

2
√

1+α
4

sinhϕ coshϕ

)

(E.19)

E.3 Lorentz Transformation Properties

Some well known properties of Lorentz transformations are demonstrated here for
which a clear formulation is hard to find in the literature.
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Suppose there are two transformations between Minkowski frames Λ (θ1)
µ

ν and Λ (θ2)
µ

ν .
Then:

Λ (θ1)
µ
νΛ (θ2)

ν
ρ =

(

cosh θ1 sinh θ1
sinh θ1 cosh θ1

)(

cosh θ2 sinh θ2
sinh θ2 cosh θ2

)

(E.20)

=

(

cosh θ1 cosh θ2 + sinh θ1 sinh θ2 cosh θ1 sinh θ2 + sinh θ1 cosh θ2
sinh θ1 cosh θ2 + cosh θ1 sinh θ2 sinh θ1 sinh θ2 + cosh θ1 cosh θ2

)

(E.21)

Using cosh θ = eθ+e−θ

2
and sinh θ = eθ−e−θ

2
:

cosh θ1 cosh θ2 + sinh θ1 sinh θ2 (E.22)

=
eθ1 + e−θ1

2

eθ2 + e−θ2

2
+

eθ1 − e−θ1

2

eθ2 − e−θ2

2
(E.23)

=
1

4

(

eθ1+θ2✘✘✘✘
+eθ1−θ2✘✘✘✘✘

+e−θ1+θ1 + e−θ1−θ2 (E.24)

+eθ1+θ2✘✘✘✘✘−e−θ1+θ1✘✘✘✘✘−eθ1−θ2 + e−θ1−θ2
)

=
1

4

(

2eθ1+θ2 + 2e−θ1−θ2
)

= cosh (θ1 + θ2) (E.25)

cosh θ1 sinh θ2 + sinh θ1 cosh θ2 (E.26)

=
eθ1 + e−θ1

2

eθ2 − e−θ2

2
+

eθ1 − e−θ1

2

eθ2 + e−θ2

2
(E.27)

=
1

2

(

eθ1+θ2✘✘✘✘✘
+e−θ1+θ2✘✘✘✘✘−eθ1−θ2 − e−θ1−θ2 (E.28)

+eθ1+θ2✘✘✘✘✘−e−θ1+θ2✘✘✘✘✘−eθ1−θ2 + e−θ1−θ2
)

=
1

4

(

2eθ1+θ2 − 2e−θ1−θ2
)

= sinh (θ1 + θ2) (E.29)

Hence:
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Λ (θ1)
µ
νΛ (θ2)

ν
ρ =

(

cosh (θ1 + θ2) sinh (θ1 + θ2)
sinh (θ1 + θ2) cosh (θ1 + θ2)

)

= Λ (θ1 + θ2)
µ
ρ (E.30)

Secondly, consider the inverse of a Lorentz transformation:

Λ (θ)−1µ

ν =

(

cosh θ sinh θ
sinh θ cosh θ

)−1

(E.31)

=
[

✭✭✭✭✭✭✭✭✭
cosh2 θ − sinh2 θ

1
]−1

(

cosh θ − sinh θ
− sinh θ cosh θ

)

(E.32)

=

(

cosh (θ) sinh (−θ)
sinh (−θ) cosh (θ)

)

= Λ (−θ)µν (E.33)

where

(

a b

c d

)−1

= 1
ad−bc

(

d −b

−c a

)

, cosh2 θ − sinh2 θ = 1 and sinh (−θ) =

− sinh (θ) have all been used.

Finally, consider what happens to the squared length of a vector V µ when it is
transformed:

|ΛV |2 = V ρΛµ
ρV

σΛν
σηµν = ηρσV

ρV σ = |V |2 (E.34)

where the identity ηµνΛ
µ
ρΛ

ν
σ = ηρσ [32] has been used. Squared lengths are thus

invariant under the Lorentz transformation, as they should be since they are scalars.

Note that because the equations above are all tensor equations all of these properties
also apply to the frames set up in the tts and sst triangles
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E.4 Arrangements of Adjacent Triangles in gCDT

The labels i and i + 1 in these figures indicate how a right-moving photon would
move through these pairs of triangles, starting in the triangle i and moving through
the shared edge into triangle i+ 1.

The Lorentz transformation angles quoted in §E.5 are those that transform the co-
ordinate directions in the triangle marked ∆a onto those of triangle ∆b. It should be
noted that such a transformation can be thought of as a hyperbolic rotation in an
anticlockwise direction about the vertex marked v in the figures that follow. When
using these results, extra care should be taken as to whether the transformation being
considered goes in the same direction as this convention - if it goes in the opposite
direction (clockwise about v), then the inverse of the transformations found here is
appropriate, in practise meaning a Lorentz transformation of the negative of the an-
gle given in §E.5 (that this is true can be seen in §E.3). The pairs of triangles which
require no transformation do not have this information, since it is not required.

i i+1

v

ΔaΔb

Figure E.1: lrpdpd

i
i+1

v

Δa

Δb

Figure E.2: lrpdpr

i
i+1

Figure E.3: lrpdpu

i

i+1

v

ΔaΔb

Figure E.4: lrplpd

201



i i+1

Figure E.5: lrplpr

i
i+1

v
Δa Δb

Figure E.6: lrplpu

i

i+1

Figure E.7: lrpupd

i

i+1

v

Δa
Δb

Figure E.8: lrpupr

i i+1

v

Δa Δb

Figure E.9: lrpupu

i

i+1
v

Δa

Δb

Figure E.10: tbplpd

i

i+1
v

Δa

Δb

Figure E.11: tbplpl

i

i+1

Figure E.12: tbplpr

202



i

i+1
v

Δa

Δb

Figure E.13: tbprpd

i

i+1

Figure E.14: tbprpl

i

i+1
v

Δa

Δb

Figure E.15: tbprpr

i

i+1

Figure E.16: tbpupd

i

i+1
v

Δa

Δb

Figure E.17: tbpupl

i

i+1
v

Δa

Δb

Figure E.18: tbpupr
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E.5 Lorentz Transformation Angles for Adjacent

Pairs

Figure Label coshϕ (α) sinhϕ (α) coshϕ (α = 1) sinhϕ (α = 1) ϕ

E.1 ϕ1
R+R−1

R−1−R
2

R−R−1

3
2

−
√
5
2

−2m

E.2 ϕ2
α

1
2

R−1−R
2α

1
2R

R−R−1

√
5
2

−1
2

−m

E.3 ϕ3 1 0 1 0 0

E.4 ϕ4
1

2Rα
1
2

− 1

2α
1
2

√
5
2

−1
2

−m

E.5 ϕ5 1 0 1 0 0

E.6 ϕ6
2α

1
2

R−1−R
2Rα

1
2

R−R−1

√
5
2

−1
2

−m

E.7 ϕ7 1 0 1 0 0

E.8 ϕ8
1

2Rα
1
2

1

2α
1
2

√
5
2

−1
2

−m

E.9 ϕ9
3R−R−1

R−R−1

2
R−1−R

3
2

−
√
5
2

−2m

E.10 ϕ10
2

α[Q−Q−1]
2

α
1
2 Q[Q−Q−1]

√
5
2

1
2

m

E.11 ϕ11
Q+Q−1

Q−Q−1

2
Q−Q−1

3
2

√
5
2

2m

E.12 ϕ12 1 0 1 0 0

E.13 ϕ13
Qα

1
2

2
α

1
2

2

√
5
2

1
2

m

E.14 ϕ14 1 0 1 0 0

E.15 ϕ15
Q+Q−1

Q−Q−1

2
Q−Q−1

3
2

√
5
2

2m

E.16 ϕ16 1 0 1 0 0

E.17 ϕ17
2

Qα
1
2

α
1
2

2

√
5
2

1
2

m

E.18 ϕ18
Qα

1
2

2
α

1
2

2

√
5
2

1
2

m

E.6 Single Vertex Wilson Loop Results

Here the resulting angles are presented for the cases of Wilson loops which surround
only the vertices from §A.
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Vertex Figure Formula Result
regular A.1 0 0
minimal A.2 −ϕ1 − ϕ9 4m
m1t A.3 −ϕ9 2m
m1b A.4 −ϕ1 2m
pnt A.5 nϕ1 −2mn

pnb A.6 nϕ9 −2mn

sli A.7 ϕ18 + ϕ13 − ϕ9 4m
sri A.8 ϕ10 + ϕ17 − ϕ9 m+m+ 2m
slo A.9 ϕ4 − ϕ10 −2m
sro A.10 ϕ2 − ϕ13 −m−m

pnl A.11 nϕ15 + ϕ18 + ϕ13 − ϕ9 n2m+m+m+ 2m
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Appendix F

Photon Propagation Algorithm
and Results

F.1 Entry and Exit Points

It is useful to name some of the edges in the down, left and right triangles, this
terminology being used throughout this section and also §2.4.

The “left” timelike edge of the down triangle (Figure 2.2) is the one that extends
between (1, 0) and (0, 1) in the triangle’s coordinate system. The other timelike edge
the “right” timelike edge.

The “lower” spacelike edge of the left triangle (Figure 2.3) is the one that extends
between (0, 0) and (1,−1) in the triangle’s coordinate system, the other spacelike
edge being the “upper” spacelike edge.

The “lower” spacelike edge of the right triangle (Figure 2.4) is the one that extends
between (0, 0) and (1, 1) in the triangle’s coordinate system, the other spacelike edge
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being the “upper” spacelike edge of the triangle.

F.1.1 Down tts Triangle

A photon may enter this triangle only through the left timelike edge. It does this
at a point (t0, s0), but from the equation for the left timelike edge from §B.3.2, this
may be written (t0, 1− t0). Then from this entry point and (2.95), the constant in
the equation of motion in this triangle may be calculated:

t0 = R (1− t0) + c → c = t0 −R (1− t0) (F.1)

The photon may leave through the spacelike edge. It does so if:

1−R

1 +R
≤ t0 ≤ 1 (F.2)

and at a point:

(

1,
1 +R

R
(1− t0)

)

(F.3)

It may alternatively leave through the right timelike edge, doing so if:

0 ≤ t0 ≤
1−R

1 +R
(F.4)

and at a point:
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(

1 +R

1− R
t0, 1 +

1 +R

1− R
t0

)

(F.5)

F.1.2 Left sst Triangle

The photon must enter the triangle through the lower spacelike edge. The photon
will enter the triangle at coordinates (t0, s0), from §E.1 this becomes (t0,−t0) .

This allows the constant c in the triangle to be found from (2.96) via:

t0 = Q (−t0) + c → c = t0 (1 + Q) (F.6)

The photon could go on to leave through the upper spacelike edge, doing so if:

2

1 +Q
≤ t0 ≤ 1 (F.7)

and doing so at the point:

(

2Q− t0 (1 +Q)

Q− 1
,
2Q− t0 (1 +Q)

Q− 1
− 2

)

(F.8)

The only other alternative is that the photon leaves through the timelike edge, which
it does if:

0 ≤ t0 ≤
2

1 +Q
(F.9)
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(t0 (1 +Q) , 0) (F.10)

F.1.3 Right sst Triangle

The photon may enter this triangle through the timelike edge or the lower spacelike
edge.

In the former case, it does so at a point (t0, 0) setting the constant to be:

t0 = c (F.11)

The photon then leaves via the upper spacelike edge, at a point:

(

2Q+ t0

1 +Q
, 2− 2Q+ t0

1 +Q

)

(F.12)

In the latter case, it does so at a point (t0, t0) setting the constant to be:

c = t0 (1−Q) (F.13)

Again the photon must leave through the upper spacelike edge, in this case at a
point:

(

2Q+ t0 (1−Q)

1 +Q
, 2− 2Q+ t0 (1−Q)

1 +Q

)

(F.14)
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F.2 Coordinate Transformations

When a photon passes through an edge, leaving one triangle and entering another
triangle, the coordinates of the point at which the photon leaves the first triangle must
be transformed into the coordinate system of the second triangle in order to continue
tracking the photon’s path. The appropriate transformations (ti, si) 7→ (ti+1, si+1)
for all possible pairs of triangles (Figures E.1 to E.18) may be found below. The
photon is taken to move from the triangle labelled i into the triangle labelled i + 1
in those diagrams.

Figure E.1 (ti+1, si+1) = (ti, 2− si)

Figure E.2 (ti+1, si+1) =
(

1
2
ti, 0
)

Figure E.3 (ti+1, si+1) = (ti, si − 2)

Figure E.4 (ti+1, si+1) =
(

1
2
ti, 1− 1

2
ti
)

Figure E.5 (ti+1, si+1) = (ti, si)

Figure E.6 (ti+1, si+1) =
(

1
2
ti,

1
2
ti − 1

)

Figure E.7 (ti+1, si+1) = (ti, si)

Figure E.8 (ti+1, si+1) = (2ti, 0)

Figure E.9 (ti+1, si+1) = (ti,−si)

Figure E.10 (ti+1, si+1) =
(

1− 1
2
si,

1
2
si − 1

)

Figure E.11 (ti+1, si+1) = (2− ti, si)
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Figure E.12 (ti+1, si+1) = (ti − 1, si − 1)

Figure E.13 (ti+1, si+1) =
(

1
2
si,

1
2
si
)

Figure E.14 (ti+1, si+1) = (ti + 1, si − 1)

Figure E.15 (ti+1, si+1) = (2− ti, si)

Figure E.16 (ti+1, si+1) = (0, si − 1)

Figure E.17 (ti+1, si+1) = (0, 2si + 1)

Figure E.18 (ti+1, si+1) = (0, 2si − 1)

F.3 Photon Deflections

Where it is not the case that both photons end in the same triangle, the total interval
between them has been calculated by adding together each individual interval, i.e.
(∆l)1 + (∆l)2 + . . . .

Similar calculations have been performed for all of the vertices in §A, and the results
are as follows:
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Vertex Figure
(

(∆l)2
)

final

(

(∆l)2
)

final
−
(

(∆l)2
)

initial

Regular A.1 0.42a2 0
Minimal A.2 0.82a2 0.40a2

m1t A.3 0.18a2 −0.24a2

m1b A.4 1.25a2 0.83a2

pnt* A.5 1.49a2 1.07a2

p1b A.6 0.22a2 −0.20a2

p2b A.6 0.16a2 −0.26a2

p3b A.6 0.13a2 −0.29a2

sli A.7 0.51a2 0.09a2

sri A.8 6.75a2 6.33a2

slo A.9 0.33a2 −0.09a2

sro A.10 0.07a2 −0.35a2

p1l A.11 1.05a2 0.63a2

p2l A.11 0.94a2 0.52a2

p3l A.11 0.90a2 0.48a2

* When the photons propagate across the pnt vertex, it is found that γ2 reaches the
final spacelike edge in the first triangle of the n triangle complex. Therefore, when
n > 1, all that happens is extra triangles are inserted between the end points of the
two photons, and the interval between them becomes:

(∆l)final =
(

(∆l)final

)

n=1
+

a

2
2n (F.15)

Thus there is a strange situation where the interval between the photons can be
made arbitrarily large by making n arbitrarily large.
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Appendix G

Explanation of Hoekzema’s Proof

Perhaps the most important proof so far found regarding global causal structure in
(1 + 1)-dimensional gCDT spacetimes was that found by Hoekzema [18]. The proof
has two useful consequences, firstly that there cannot be contractible closed timelike
curves in a gCDT triangulation, and secondly that a consistent time orientation can
be defined across the whole of a gCDT triangulation. Unfortunately there has been
some confusion about the details of this proof, the proof itself being written down
in a way that focuses upon conciseness, rather than pedagogy. In what follows the
steps of the proof will be explained in some detail, hopefully in such a way as to
make the proof completely clear. For the definitions of terms used here, see [18].
Please also note that no statement regarding the correctness or validity of this proof
is made in this section - the purpose is exclusively to explain the steps, not to verify
their correctness.

The statement to be proven is -

In a gCDT triangulation generated by the local rules found in Figure 1.5, there can
be no two timewalks T1 and T2 which begin at the same spacelike boundary and reach
opposite timelike sectors of a vertex v.
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Diagramatically, this means a situation as seen in Figure G.1. Here T1 and T2 are
the two timewalks, B is the section of the spacelike boundary from which T1 and T2

extend that lies between the two timewalks and Σ is the area of the triangulation
enclosed by T1∪T2∪B, that is to say ∂Σ = T1∪T2∪B. Note that, in general, both the
piece of B strictly enclosed by the timewalks T1 and T2 (that is to say B\ (T1 ∪ T2))
and the interior of Σ (that is to say Σ\ (T1 ∪ T2 ∪ B) contain some finite number of
vertices.

Σ

B

T1

T2

v

Figure G.1: The objects that are the focus of this proof.

Consider the vertices in B. These are vertices in the spacelike boundary, so have
the form of Figure G.2. Note therefore that with any vertex in B there must be
at least one timelike edge which extends into Σ associated. Furthermore note that
this can serve as the first edge of a timewalk, which can then be continued onwards
thanks to the local gCDT causal structure condition (see [18]). This timewalk must
continue until it reaches a spacelike boundary, where it can continue no more. This
may be either the same boundary from whence T1 and T2 came, or it may be the
other spacelike boundary.
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Figure G.2: A general gCDT spacelike boundary vertex.

Suppose that there is a timewalk T ′ which falls into the former category. Then
the situation appears as in Figure G.3. Choosing some vertex v′ on T ′ splits T ′

into two timewalks T1
′ and T2

′. It is now easily seen (Figure G.4) that these two
timewalks present exactly the same situation as the situation with which the proof
began (Figure G.1). Therefore, the objects marked T1

′, T2
′, B′ and Σ′ in Figure G.4

may be considered to be T1, T2, B and Σ (respectively) and the the proof may be
taken from the start. Note however that Σ′ is necessarily smaller than Σ, so the area
Σ has shrunk (this is also true of B′ compared to B).

Σ

B

T1

T2

v

T'

Figure G.3: A timewalk which returns to
the boundary from which it came.

Figure G.4: Splitting the timewalk into
two timewalks which meet in opposite
sectors of a vertex.

Suppose instead that there is a timewalk T ′ which falls into the latter category. The
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timewalk is known to have begun in the area Σ, and is known to end on the spacelike
boundary which is in no way a part of Σ or ∂Σ, and therefore its end lies outside of
Σ. This means the timewalk eventually must leave the area Σ which in 2 dimensions
means it must pass through ∂Σ. It did not return to the boundary from which T1 and
T2 came, therefore it must leave Σ through either T1 or T2. Therefore the situation
appears as in Figure G.5.

Σ

B

T1
T2

v

T'

Figure G.5: A timewalk beginning at the spacelike boundary and intersecting one of
the timewalks bounding Σ.

Now from Figure G.6, it can be seen that whichever of the two ways of encountering
the line T1 ∪ T2 applies to T ′, Σ is divided into two subareas such that at least one
of these areas is a Σ′ with ∂Σ = T1

′ ∪ T2
′ ∪ B′, where T1

′ and T2
′ are timewalks and

B′ a section of the spacelike boundary. Therefore the situation is again identical to
the situation at the start of the proof, and the considerations above may be repeated
with T1

′, T2
′, B′ and Σ′ in place of T1, T2, B and Σ. Once again, note that since T ′

divided Σ into two subareas, and T ′ did not coincide with T1 or T2, it must be the
case that Σ′ is smaller than Σ, and similarly for B′ and B.
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T1'

T2'
v'

B'

T1'
T2'

v'

B'

Σ'Σ'

Figure G.6: How this timewalk can be used to form a Σ′ to continue the argument.

This argument is repeated some number of times. Note that with each repetition B

shrinks, so the number of vertices in B is decreasing. Since the number of vertices in
B at the beginning of the proof was finite, eventually this must stop. It does so when
either there is only one vertex or there are only two vertices left in B, in which case
this vertex (or these vertices) is (are) also the start point (points) of the timewalks.
This is shown in Figure G.7.
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Σ Σ

B

T1

T2

v

B

T1

T2

v

Figure G.7: The point at which B only contains vertices also in T1 or T2.

Take now a vertex v′′ which lies in the interior of Σ, that is to say in Σ\ (T1 ∪ T2 ∪ B).
By the gCDT local causal structure condition this vertex has two sectors of timelike
edges each containing at least one timelike edge, and from each of these sectors there
thus extends at least one timewalk. Suppose one timewalk from each timelike sector
is chosen. Each of these two may be continued until it reaches a spacelike boundary.
Since B now contains no vertices which are not a part of T1 or T2, the only way
these timewalks may reach a boundary to terminate is by either leaving the area Σ
(in which case they cross the timewalks T1 or T2) or terminating at the same vertex
as one of the timewalks T1 and T2 does in B (again intersecting one of the timewalks
T1 or T2 at that point). There exists also the possibility that the two timewalks
extending from v′ intersect one another. All possibilities are summarised in Figure
G.8.
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Σ'T1'

T2'

v'' v'' v''

Σ'

Σ'

T1'

T1'

T2'T2'

Σ'

T1'

v''

T2'
Σ'

T1'

v''

T2'

Figure G.8: All possible forms of the timewalk extending from v′′ inside Σ.

In all possible scenarios for these timewalks extending from v′′, there is an area Σ′

bounded by T1
′ ∪ T2

′ ∪ B, where T1
′ and T2

′ are timewalks, and B may now be the
empty set. Here Σ′ is a subarea of Σ, so again it must shrink.

A new vertex in the new (smaller) Σ\ (T1 ∪ T2 ∪B) can be chosen, and this whose
argument repeated. Applying this argument repeatedly continually shrinks Σ, which
was of finite size in the beginning. Therefore there must come a point at which the
argument can no longer be applied. Since the argument may be applied whenever
there are vertices in Σ\ (T1 ∪ T2 ∪B), the argument terminates when there are no
longer internal vertices of Σ.
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Consider however an area Σ, containing no vertices, but bounded by the two time-
walks T1 and T2. By construction, at each vertex in a timewalk (ignoring vertices in
a spacelike boundary), two timelike edges at that vertex are in the timewalk, such
that each of these two edges is in a different timelike sector of the vertex. This means
that for all vertices in the timewalks bounding Σ, except for at most one vertex, one
of their spacelike sectors resides within Σ, and one without. This is shown in Figure
G.9.

Σ'

Σ'

Figure G.9: An area Σ′ bounded by time-
walks and containing no internal vertices.

vi

vj

vi

vj

Σ'

Σ'

Figure G.10: A closed area containing
no internal vertices and bounded by two
timewalks, showing one of the spacelike
edges that links the two timewalks.

Consider a vertex which does have a spacelike sector which extends into Σ. This
must contain at least one spacelike edge. This edge must end at another vertex, and
since there are no vertices inside Σ, this vertex thus must be a member of one of
the timewalks T1 or T2. This divides the area Σ into two areas - in the former case
of Figure G.9 the subarea whose boundary does not contain the vertex that has no
spacelike sector in Σ shall be labelled Σ′ (Figure G.10), in the latter case either of
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the two subareas may be labelled Σ′.

The vertices vi and vj must be two vertices of a triangle in the region Σ′. Since there
are no vertices within Σ′, the third vertex of the triangle must be vi+1 or vj+1. So
there must be either a line (vi, vj+1) or (vj , vi+1), of some character which is not of
concern here (Figure G.11).

vi

vj vj+1

vi+1 vi

vj vj+1

vi+1

Figure G.11: The closed area is divided by the triangle that must be formed including
vertices vi and vj .

This new edge divides Σ′ again into two areas, one of which is the triangle just
formed, the other of which is labelled Σ′′ in Figure G.12. The same arguments here
may be applied then with Σ′′ in place of Σ′. This may be continued for each new area
so formed, but may not continue indefinitely, since each new area is smaller than the
previous one and the beginning Σ was finite.

vi

vj vj+1

vi+1

vi

vj vj+1

vi+1

vi

vj+1

vi+1vi

vj vj+1

vj vj+1

vi+1
vi

vj

vi+1

Figure G.12: The area Σ′′.
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How the process comes to a point where it cannot continue further may be considered
in the following way. Suppose there are 3 timelike edges left in the timewalk bounding
Σ′. As can be seen from Figure G.13, a line can be added splitting Σ′, so the process
does not end when there are 3 timelike edges left in the timewalk.

vi

vj

vi

vj

vi

vj

Figure G.13: The area Σ′′.

vi

vj

vi+1

vj+1

Figure G.14: The area Σ′′.

Consider however the situation to which the above leads, namely a Σ′ bounded by
only two timelike links of the timewalk. It is immediately clear (Figure G.14) that
the vertex which turns out to be labelled both vi+1 and vj+1 in the boundary cannot
have a spacelike edge which extends into Σ′, since the only vertices upon which this
edge could terminate are vi or vj, which are already connected to vi+1 ≡ vj+1 by
a timelike edge, so this would break the rule that only one edge may connect two
vertices. Therefore the gCDT local causal structure conditions cannot be satisfied
at the vertex vi+1 ≡ vj+1 in a triangulation which supports the structure seen in
Figure G.1, or equivalently, the structure seen in Figure G.1 cannot occur in a gCDT
triangulation for which all vertices satisfy the local causal structure conditions.
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Appendix H

Notes from A Meeting to Discuss
gCDT Causal Structure

In July 2013 Prof. Renate Loll, Reneé Hoekzema, Ben Ruijl and I met at Radboud
University in Nijmegen to discuss Proposition 2.9 of [18] and its associated proof, the
new proof of this theorem (§4), the extension of this theorem and proof to (2 + 1)
dimensions, and the other recent developments and discoveries regarding the causal
structure of gCDT models. The conclusions of that meeting are summarised here,
in order that they might be made available to researchers who are working on the
kinds of question discussed in this thesis.

• Non contractible closed timelike curves can and do occur gCDT triangulations
of topology C = [0, 1]× S1.

• Hoekzema’s proof is valid on a gCDT triangulation of topology P = [0, 1] ×
[0, 1].

– Contractible closed timelike curves can not occur on gCDT triangulations
of topology P .

– A globally consistent time orientation can be defined on gCDT triangula-
tions of topology P .
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• It is unclear whether non contractible closed timelike curves invalidate Hoekzema’s
proof on triangulations of topology C.

– Though it is likely that the proof on C, or a proof to a slightly modified
theorem, can be recovered with some adjustments.

– If the proof is extended to C, the resulting theorem will mean both that
gCDT triangulations of topology C may have globally consistent time ori-
entations defined upon them and that contractible closed timelike curves
do not occur in these triangulations.

• The new proof is formulated on P and holds on P .

• The new proof does not extend trivially to C, and similar adjustments to those
required for Hoekzema’s proof will be needed if this extension is to be made.

• It is probable that the new proof can be extended to (2 + 1)-dimensional tri-
angulations of topology A = [0, 1] × B2 (where Bn is an n-dimensional ball)
whilst largely retaining its structure.

– It is likely that contractible closed timelike loops can appear in gCDT tri-
angulations of topology A, so this proof would not exclude the occurrence
of these.

– This proof would be able to be used to show that gCDT triangulations of
topology A may have globally consistent time orientations defined upon
them.

It was also noted during this meeting that the new proof in (1 + 1) dimensions could
have been finished in two alternative ways, which may prove more convenient when
extending the proof into other contexts.

For the first alternative, it is known that in (1 + 1) dimensions all Wilson loops
which enclose a single vertex have holonomies in SO (1, 1)+. It is also known that
in (1 + 1) dimensions that a Wilson loop which encloses a number of vertices has a
holonomy that is a product of the holonomies of the enclosed loops, and hence any
Wilson loop in (1 + 1) dimensions has a holonomy in SO (1, 1)+. But at (Lemma
43) in the proof, it is established that the Wilson loop defined here has a holonomy
which is not in SO (1, 1)+. This is then the contradiction required.
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For the second alternative, it is noted that the proof (Lemma 38) regarding spacelike
(sub)lines should be able to be extended fairly straightforwardly to timewalks, so
the holonomy along the line ΓT (Figure 4.62) can be shown to be in SO (1, 1)+.
Therefore the combined holonomy, along ΓT ◦ ΓB (Figure 4.64), can be shown to be
in SO (1, 1)+. This is also demonstrated to not be the case (Lemma 43), this being
the required contradiction.

It should be somewhat straightforward to adapt all steps of the new proof up to and
including this second step to (2 + 1)-dimensional gCDT triangulations with topology
A (this is discussed in §5.2).
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Appendix I

Example Triangulations

In Figure I.1, the vertices marked with the same Greek letters are to be identified and
the edges marked with the same Latin letters are to be identified. Furthermore, the
lines marked with the same number are joined at the end marked with that number.
Of particular note in this example is that, starting from the initial spacelike boundary,
the final spacelike boundary cannot be reached by following a timewalk. In other
words, no timewalks extend from the initial spacelike boundary to the final spacelike
boundary.
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Figure I.1: An example of a triangulation which has non contractible closed timelike
curves.
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