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Abstract

Neutrino astronomy is a rapidly growing field. The primary motivation for neutrino telescopes is to find
sources of neutrinos in the sky, which will give a better insight into the origin of high energy neutrinos
and cosmic rays. To effectively observe a significant number of neutrinos, a neutrino detector must be con-
structed on a large scale and must be surrounded by a substantial amount of material (in the order of km3).
This requirement stems from the nature of neutrinos, which have an extremely low interaction probability
with matter.

In recent years, significant advancements have been made in improving the angular resolution (θres) of var-
ious neutrino telescopes, leading to resolutions below 1◦. As the angular resolution of neutrino telescopes
continues to improve, it becomes increasingly important to investigate the various uncertainties associated
with measuring the angles of incoming neutrinos. These uncertainties can be separated in two subcategories:
systematical uncertainties and physical uncertainties. Systematical uncertainties arise from the properties
of the detector and are different per neutrino detector. The total systematical uncertainty will be indicated
with θres, the angular resolution of a detector.

Two physical uncertainties are treated in this report. High-energy neutrinos will interact with target material
in a process that is called charged current deep inelastic scattering (CC DIS). In this process, a charged
muon will be created, which will be observed by the detector. There will be an angle between the incoming
neutrino and the outgoing muon, which is called the production angle and will be denoted by θprod.
After the muon is produced, it will propagate through the target material towards the detector itself. During
this propagation, it will lose some of its energy and will be scattered, thus changing its direction. This will
give the second physical uncertainty that will be treated in this paper: the propagation angle θprop.

Improvement of the angular resolution of a neutrino telescope is only useful when the systematical uncer-
tainties are bigger than the physical uncertainties. The goal of this thesis is to determine and characterize
θprod and θprop. To this end, the software packages GENIE and PROPOSAL are used.

It is found that the production angle decreases as the neutrino energy increases. New formulae are derived
that correctly describe the median of the production angle distribution in two different neutrino energy
ranges. It has also been found that the muon energy is able to determine the production angle more accu-
rately than the neutrino energy.
The analysis was extended to include antineutrinos, and it was observed that the production angle for an-
tineutrinos is consistently lower than that of neutrinos for (anti)neutrino energies below 100 TeV (1014

eV). However, above this energy threshold, the propagation angles for both neutrinos and antineutrinos ex-
hibit similar behavior. Furthermore, it was found that the production angle does not depend on the type of
nucleon that the (anti)neutrino scatters on (neutron or proton).

The analysis of the propagation angle showed that it is nearly independent of the muon propagation distance
or the initial energy of the muon. Instead, the propagation angle can accurately be determined using the
final muon energy. The analysis in this report has been performed for water. An analysis of antimuons
showed no significantly different behavior with respect to the muon analysis.

The production angle is the dominant contributor to the angular uncertainty at muon energies below 10 TeV.
Above this energy, the dominant uncertainty depends on the muon loss ratio, i.e. the fraction of initial muon
energy that is carried by the muon after propagating. Both the production angle and the propagation angle
are below the angular resolutions of the ARCA1 detector of KM3NeT, as was presented in 2016.

As the angular resolution keeps improving, the production angle and the propagation angle will become
an increasingly important uncertainty in reconstructing the direction of a neutrino, especially at low ener-
gies.

1Astroparticle Research with Cosmics in the Abyss
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1 Introduction
The field of neutrino astronomy has experienced rapid growth in recent decades. Neutrinos have emerged
as a compelling astronomical messenger due to their characteristic feature of rarely interacting with matter.
This implies that a neutrino will traverse the distance between its source and a hypothetical detector in a
straight line, only being affected by gravitational lensing1. This characteristic is very attractive for astro-
nomical applications, since the direction in which the neutrino has travelled will directly point back to its
source. In figure 1.1, this property is illustrated. The neutrino travels in a straight line from its source to the
earth. On the other hand, a cosmic ray is a charged particle and therefore has a very curved trajectory, since
it will be deflected by the magnetic fields that are present in the space between its source and the earth.
The high energy photon (gamma ray) can have an interaction with a photon of the cosmic microwave back-
ground, which will produce an electron-positron pair, which means it will not be able to propagate to the
earth. Furthermore, it can easily be scattered by charged particles or be reabsorbed. As a result, the cosmic
ray and the gamma ray are less useful for determining the exact position of astrophysical sources.

Earth

Source

γ e−

e+

CR

ν

Figure 1.1: Overview of the various astronomical messengers and their path from their source to the earth.
Orange line: cosmic ray (CR), green line: gamma ray (γ), blue line: neutrino (ν)

The advantage of neutrinos is at the same time its biggest disadvantage, since measuring a particle that rarely
interacts is very challenging. Most neutrinos would simply pass through a hypothetical detector, because
neutrinos only interact by means of the weak force, which makes it a very weakly interacting particle with
a very small cross section. In order to circumvent this problem, neutrino telescopes must be very big and
must measure for very long timescales to have sufficient statistics. Multiple neutrino telescopes have been
built, including IceCube [2] in Antarctica, ANTARES [3] in the Mediterranean Sea and, more recently, the
KM3NeT detector [4], which is located at 2 different spots in the Mediterranean Sea.

These detectors do not measure the neutrino directly, but rather a charged lepton (electron, muon or tau
particle) that is produced when the neutrino interacts with material inside or near the detector volume. The
interacting medium is liquid water in the case of KM3NeT and Antares. In the case of IceCube, the target
material is very dense snow. The interaction with the target material takes place by means of the weak force,
which is mediated by either a W± boson or a Z0 boson. If the interaction is mediated by a W± boson, it is
called a charged current (CC) interaction. If the interaction is mediated by a Z0 boson, it is called a neutral
current (NC) interaction. A schematic of a CC interaction can be seen in figure 2.3. Because the neutral

1Gravitational lensing is the effect that occurs when large amounts of matter (such as a cluster of galaxies) distort the spacetime in
its vicinity such that it redirects the neutrinos or photons that pass it. For more information, see [1]

3



current interaction does not produce a charged lepton, but another neutrino, it is even harder to measure this
process. This makes the NC interaction less relevant for neutrino telescope applications. Therefore, it is
left out of the analysis in this thesis.

Neutrinos are known to come in three different flavours: electron, muon and tau neutrinos. A different
lepton is produced, depending on the flavour of the neutrino that was involved in the interaction. If an
electron or a tau particle is produced, there will be a cascade of secondary particles, including mesons,
baryons and photons2. This is caused by electromagnetic interactions of the target material with the charged
lepton, which causes the lepton to quickly lose most of its energy. However, if a muon is produced, it will
propagate through the water with nearly no interactions, creating a so-called track. Both detection signatures
are displayed in figure 1.2. The main focus of this thesis will be on the interaction of muon neutrinos, due
to the superior angular resolution provided by the track signal of the muons they produce. This makes them
the primary signature for neutrino telescope applications.

The particles that are produced in these interactions will have extremely high energies and will produce
Cherenkov radiation, which is the result of the particle going through a medium at a velocity higher than
the speed of light through that medium, thereby producing coherent light ’shock waves’. The Cherenkov
radiation will be measured by photomultiplier tubes that are located at different positions in the detector.
Using the data that is measured by all the photomultiplier tubes, reconstruction algorithms are used to
reconstruct the direction and energy at which the particle entered the detector. The deposited energy can be
deduced by the angle of the Cherenkov radiation (cos(θch) = 1

βn ), where β is the normalized velocity and n
is the index of refraction of the medium). The intensity of the Cherenkov light deposited in the detector will
give an indication of the energy of the lepton. In chapter 2, a more exhaustive description of this principle
will be given.

Figure 1.2: Figure displaying shower and track signatures in the IceCube detector. The detector consists
of the grey vertical lines that are arranged in a hexagonal shape. Each dot on the line corresponds to a
digital optical module (DOM), which measures the Cherenkov photons that are emitted by the incoming
charged lepton. The grid at the bottom is shown for reference and represents the bedrock on which the
detector is placed. The colours indicate the measured time of a photon, from red (early) to blue (late),

following the rainbow. The size of a blob indicates the amount of photons measured. Left: A measurement
of an electromagnetic shower produced by an electron or a tau particle with a reconstructed energy of

1.14 PeV. Note that the shower doesn’t travel very far, and the whole event is contained within the detector
volume. Right: A measurement of a track caused by a muon with an energy of 2.6 PeV[5]

Measuring a neutrino will not directly mean that the position of its source can be known with ultimate
precision, because there are processes that will give rise to uncertainties to the angle under which the
neutrino entered the detector. The main uncertainty arises from the uncertainty in the direction that is
reconstructed by the reconstruction algorithm.
Thanks to recent advancements, the angular resolution (θres) for contemporary neutrino telescopes has been
pushed to below 1◦ for energies above 1 TeV (1012 eV) [4][6][7]. As this resolution keeps improving, it is
relevant to take into account factors that provide additional uncertainties that can be larger than the ultimate
angular resolution of any hypothetical detector. These uncertainties will be the main interest in the analysis
presented in this report.

2A meson is a particle that consists of 2 quarks, such as a pion. A baryon consists of 3 quarks, such as a proton
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Two processes will be treated that influence the measured direction of the muon neutrino. These processes
are illustrated in figure 1.3. The first process is the angle under which the muon is produced. At high
neutrino energies, the main interaction process is deep inelastic scattering, which will be treated in chapter
3. The muon that is produced in charged current deep inelastic scattering will have a direction that is
different from the initial direction of its parent neutrino. This angle will be called the production angle
in the remainder of this report. This angle cannot be measured experimentally, because the neutrino and
quark that were involved in the interaction cannot be measured. If this production angle is larger than the
uncertainty of the reconstructed angle, then this will impose a natural limit on the angular resolution and
attempts to reduce the resolution of the detector any further will be useless, since the production angle will
provide the biggest uncertainty in those cases and this uncertainty can’t be reduced.

Another process that introduces uncertainty in the neutrino angle is the scattering of the muon as it propa-
gates through the Earth and the detector medium [8]. Neutrino detectors are capable of detecting charged
leptons that emit Cherenkov radiation. Since muons can travel long distances without decaying or gen-
erating additional particles, it becomes possible to measure muons that had interactions occurring several
kilometers away from the detector. During this distance, the muon can be scattered by the medium, giving
rise to a propagation angle. Similar to the production angle, the propagation angle of neutrinos cannot
directly be measured, introducing an additional source of uncertainty in determining the direction of the
neutrino’s origin. Just like the production angle, the propagation angle has the potential to impose limita-
tions on the overall angular resolution of neutrino detectors.

(a) Production angle (b) Propagation angle

Figure 1.3: Schematics indicating the production and propagation angle for a muon neutrino that
interacts with material in the vicinity of a neutrino telescope

Ultimately, the combined impact of these two angular uncertainties sets a limit on the achievable angular
resolution of current and future neutrino telescopes, particularly when observing high-energy neutrinos.
Understanding the nature of these uncertainties is crucial, as it provides valuable insights into the absolute
achievable angular resolution for neutrino astronomy. This way, valuable knowledge is obtained to guide
the design and development of advanced neutrino detection techniques and improve the accuracy of obser-
vations in the field of neutrino astronomy. This understanding is crucial for future advancements in neutrino
telescope technology.

The aim of this report is to investigate these physical limits on the angular resolution. In chapter 2, the phys-
ical processes that are involved in the detection of high energy neutrinos are investigated, as well as some
basic properties of neutrinos. Next, the production angle will be calculated using relativistic calculations in
chapter 3. In this chapter, the various kinematic variables and their impact on the production angle will also
be analysed. In chapter 4, a brief overview of the theory of muon propagation through water is given.
In the following chapters, the production angle will be investigated by analysing neutrino interactions that
were produced in GENIE, a Monte Carlo neutrino event generator. A brief overview of GENIE is given in
chapter 5. The event files that are produced by GENIE will be analysed in chapter 6 for neutrinos and in
chapter 7 for antineutrinos. The impact of the target nucleon on the production angle will be investigated
in chapter 8. Next, the propagation angle is treated in chapter 9. The angle distributions for the production
and propagation angle are compared with current-day neutrino telescopes in chapter 10. Furthermore, this
chapter discusses the methods that were used in this thesis. An overview of all relevant results will be given
in chapter 11. Finally, chapter 12 proposes future investigations and offers an outlook on the implications
of the derived physical uncertainties in this thesis for the field of neutrino telescopy.
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2 Neutrino detection
Before treating the working principle behind modern-day neutrino telescopes, it is important to keep in
mind two characteristics of neutrinos. The first characteristic is that neutrinos only interact using the weak
force. This means that a neutrino rarely interacts with other particles. In figure 2.1, the cross section for
scattering of a muon on an isoscalar target is displayed in the multiple-GeV energy range. This cross section
has been calculated using the CTEQ31 parton distributions, which give the probability to find quarks and
gluons within a hadron that carry a given fraction of the total hadron momentum. A hadron is a general
term for a subatomic particle that is composed of 2 or more quarks. In the figure, CC stands for charged
current, and is the scenario where the neutrino interacts by means of a W± boson, as was mentioned earlier.
NC stands for neutral current and is the scenario where the neutrino interacts by means of a Z0 boson. The
figure illustrates that the (total) cross section exhibits an increasing trend with increasing neutrino energy.
This indicates a higher likelihood of neutrino interactions at higher energies. Additionally, the CC (charged
current) cross section surpasses the NC (neutral current) cross section, indicating a greater probability of
neutrino interactions involving W± bosons compared to Z0 bosons.

Figure 2.1: Cross sections of neutrinos scattering on an isoscalar target at high neutrino energies. The
cross sections were calculated using the CTEQ3 distribution functions [9]

The second consideration that needs to be taken into account for a neutrino detector, is the neutrino flux on
earth. In figure 2.2, the grand unified neutrino energy spectrum on earth can be seen [10]. This spectrum
covers a broad range of neutrino energies. For neutrino astronomy, the relevant part of this spectrum is
from the GeV up to the EeV region. This part corresponds to the astrophysical neutrino flux. This flux
is often expressed in the form of a simple power law; ϕ = ϕ0E

−γ , where ϕ0 is the normalized flux
at a specific energy. At an energy of 100 TeV, ϕ0 was measured to be ϕ@100TeV = 1.44+0.25

−0.26 · 10−18

GeV−1cm−2s−1sr−1. The letter γ represents the spectral index, which has been measured to be 2.47 ±
0.09 [11] in the energy range from 15 TeV to 5 PeV. Thus, the flux sharply decreases for high energy
neutrinos, meaning there are very few high energy neutrinos reaching the earth.

In summary, high-energy neutrinos are rare and weakly interacting particles. The main principle to meet
the challenge for detection is by increasing the amount of target material, i.e. to make the detector very
big. Luckily, water (which is cheap and abundant) suffices as a target material. As an example, ANTARES
(one of the earlier neutrino telescopes) was positioned in the Mediterranean Sea and covered 0.1 km3 [3].
IceCube, a neutrino detector in Antarctica, covers a volume of 1 km3. The future ARCA detector, will also
cover a volume of 1 km3 of sea water and will be positioned off the coast of Sicily.

1Coordinated Theoretical/Experimental Project on QCD Phenomenology and Tests of the Standard Model
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Figure 2.2: The grand unified neutrino spectrum as measured on earth [10]. CNB: cosmic neutrino
background. BBN: big bang nucleosynthesis. DSNB: diffuse supernova neutrino background.

2.1 Interaction
Since neutrinos only interact using the weak force, it is impossible to directly observe them (i.e. with
photons). Therefore, the neutrinos can only be measured indirectly. As mentioned before, it is known that
a neutrino can interact with matter using either a W± boson or a Z0 boson. The first interaction is called
a charged current (CC) interaction and the latter a neutral current (NC) interaction. A schematic of a CC
interaction can be seen in figure 2.3. In the charged current interaction, energy is transferred by the W± to
the particle that the neutrino scatters on. For the neutral current interaction, energy is transferred by a Z0

boson. The particle involved in the scattering can be either the whole nucleus or a single quark, depending
on the energy of the neutrino that scatters. A detailed description of this interaction will be given in chapter
3.

p; n

μ μ μ μ

k𝟏 k𝟐

𝒒

X

𝒒’
𝒒

Figure 2.3: A schematic describing an (anti)neutrino scattering on a nucleus. The letters in black denote
the particles that are involved in the interaction; νµ/ν̄µ: neutrino/antineutrino, µ−/µ+: muon/antimuon,
W+/W−: positive/negative W boson, p/n: proton/neutron, X: a collection of secondary particles that are
produced by the quark that has split off from its nucleon. The letters in blue denote the momenta of the
particles that are involved in the reaction. The arrows denote the direction in which the momentum is

transferred

In the case of a muon CC interaction, a muon will be produced, whereas in the case of a NC interaction, a
neutrino will be produced. The muon that is produced at a CC interaction, will be charged and very highly
energetic, travelling at relativistic speeds. This means that the energy is sufficient to produce Cherenkov
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radiation in the target material. A schematic of the emitted Cherenkov radiation can be seen in figure 2.4.
The condition for this light to be produced is vp > c/n, where vp is the speed of the particle, c is the
speed of light in vacuum and n is the index of refraction of the material. Cherenkov radiation is formed
when a charged particle traverses at a speed that is higher than the speed of light in a dielectric material.
The charged particle will excite the molecules in the material. Subsequently, these molecules undergo
de-excitation, emitting photons and generating a spherical wavefront. However, the speed of the charged
particle exceeds that of light in the material, causing new wavefronts to form more rapidly than the previous
wavefront can propagate. Consequently, overlapping wavefronts occur, resulting in constructive interfer-
ence. This phenomenon gives rise to a distinctive conical light signal at a characteristic angle.

The character of this radiation depends on the lepton that is produced at the interaction vertex. For CC
muon neutrino interactions, a muon will be created, which will be able to propagate for multiple kilometers
without decaying. This will produce a so-called ’track-like’ signature. During propagation, the muon will
radiate Cherenkov light under an angle cos θ = 1

nβ , where n is the index of refraction of the material and
β = v

c the normalized velocity. By measuring this light, one can reconstruct the direction of the muon as
well as the energy (from the Cherenkov angle). The exact method that is used for this will be treated in the
next subsection. The CC interaction of muon neutrinos can take place outside the detector, since the muon
is able to propagate over a long distance. This property greatly increases the effective detector volume,
since events do not need to be contained within the detector. A schematic of this can be seen in figure 2.5.
Here, the neutrino interacts outside the detector volume.

The directions of the muon neutrino and the resulting muon it produces in a charged current are not the same.
In this thesis, the angle between the directions of the neutrino and the muon is referred to as the production
angle (θprod). This angle introduces an uncertainty to the direction of the neutrino that is reconstructed by
the detector. The production angle is an important factor to consider, as it sets a fundamental physical limit
on the achievable resolution of any neutrino detector.

There are other interactions possible, which will be mentioned for completeness. If the interacting particle
is an electron neutrino and has a CC interaction, an electron is produced and a W± boson will transfer
some of the momentum to the parton that it scatters on. The produced electron will be highly energetic and
will produce a cascade of other particles in a so-called electromagnetic shower. The tau neutrino (ντ ) CC
interaction is similar to the electron neutrino (νe) CC case, except that instead of an electron, a tau particle
is produced. The tau particle will also produce a shower of secondary particles. If the tau has lost most
of its energy, it will decay, producing a second shower. This is called the double bang, since there are 2
different showers; one at the interaction vertex and one some distance away from the vertex where the tau
particle decayed. For NC interactions of any flavour, a neutrino will be produced and a Z0 boson will carry
off some of the neutrino momentum.

𝜃

Figure 2.4: A schematic depicting the Cherenkov radiation emitted by a muon traversing a medium. The
spheres represent Digital Optical Modules, which are treated in section 2.2
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Detector

νμ

Figure 2.5: Illustration depicting the angle between the muon neutrino and the resulting muon in a
charged current event (CC) occuring outside of the detector volume

2.2 Cherenkov detection
The problem at hand has now become how to measure the underwater Cherenkov photons that were pro-
duced by the produced lepton and how to use the measured photons to reconstruct the properties (energy,
direction) of the neutrino that was responsible for the interaction? Most neutrino detectors use so-called
digital optical modules (DOMs) for this purpose. These DOMs usually contain one or more photomultiplier
tubes (PMTs), which allows the DOMs to measure the Cherenkov photons. A photomultiplier tube is a very
sensitive photon detector which is able to measure individual photons. The measurement of a photon with
a PMT is called a ’hit’. Usually, a detector consists of thousands of these DOMs, in order to instrument a
large volume of detector material. The distance between the DOMs is determined by the intended energy
range of the detector. The higher the energy of the measured neutrino, the bigger the spacing between the
DOMs.

DOMs are designed with a time resolution in the order of nanoseconds. Some examples are the IceCube
detector in Antarctica, which has a timing resolution of 12 ns [12] and the KM3NeT ARCA detector, which
has a timing resolution of 1 ns [13]. Since the speed of light in a medium is vmedium = c/nmedium,
the position of light can be reconstructed up to an accuracy of vmediumtmeas. For example, the KM3NeT
detector, which uses water (nwater = 1.4) as interaction medium, has a position resolution of c·10−9

1.4 ≈ 0.21
m. Thus, when a DOM registers a hit, it indicates that the corresponding detected photon originated from a
location no further than 21 centimeters away from the DOM. The DOMs are all operated in time coincidence
with each other, i.e. they all have the same internal time. Each hit is recorded together with a timestamp.
This is sent to the surface for data processing. There, all DOM hits within a set time period are analyzed
and algorithms will reconstruct possible events by finding coincident hits between different DOMs.

2.3 Background
One of the difficulties in measuring neutrinos is the vast amount of background that impinges on the de-
tector. The main background will be the muons that originate from cosmic ray showers in the atmosphere.
One can significantly reduce this background by moving the detector to a depth that is sufficient to block a
large part of this background. However, some particles will inevitably reach the detector, thus producing a
background signal. Therefore, it is key to develop an analysis to effectively exclude this background.

Another contribution to the background is the optical background that is produced by 40K decay (mainly
in sea water). In this decay, a relativistic electron is produced, which will produce Cherenkov light. This
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light will trigger the DOMs, thus giving a false hit. The background noise frequency (the amount of hits
that are not part of an event) is ∼9.5 kHz per DOM, mainly from the 40K decay[13]. Most of these hits
will be uncorrelated2; the frequency of two correlated hits from this background is 1200 Hz. Another
background is caused by life forms that live in the region close to the detector that can emit light as well.
This bioluminescent background gives a 10% inefficiency to the detector[14]. These backgrounds can be
reduced to acceptable levels by applying selection cuts on the event reconstruction quality. The nature
of these selection cuts will not be treated in this thesis. For more information, the reader is referred to
[14].

2.4 The KM3NeT ARCA detector
As mentioned before, it is important to know the uncertainties that are intrinsic to the detector itself. This
will be called the systematical uncertainty. The angular resolution of the detector will be denoted with
θres. The angular resolution depends on the properties of the neutrino detector, such as number of DOMs,
track reconstruction algorithms and the spacing between the DOMs. This thesis will compare the physical
uncertainties with the angular resolution of the ARCA3 detector of KM3NeT4, which is a contemporary
telescope that is being built to the south of Sicily.

For the ARCA detector, the DOMs have a diameter of 17 inch, and contain 31 photomultiplier tubes
(PMTs), which are orientated in all directions on the sphere. Each DOM also contains an acoustic piezo sen-
sor, which is used for position calibration[15]. These DOMs are arranged in strings containing 18 DOMs,
the so-called detector units (DUs). The vertical spacing between the DOMs on a single DU is 36 meters.
The horizontal spacing between detection units is approximately 90 meters. In total, the full ARCA detec-
tor consists of two building blocks that each contain 115 detector units [14]. The ARCA detector is being
constructed at a depth of 2.5 kilometers below sea level. For further information concerning the ARCA
detector, the reader is referred to [14].

Figure 2.6: ARCA angular resolution as a function of neutrino energy for muon neutrino CC track-like
events[14]. The black line depicts the median angular resolutions, whereas the light blue and dark blue

areas represent the 68% and 90 % quantiles of the distribution. The red line denotes the angle between the
neutrino and the produced muon

Figure 2.6 displays the angular resolution of track-like events for the ARCA detector of KM3NeT. In the
figure, the black line corresponds to the median value, the dark blue shaded regions give the 90% uncertainty

2A hit is correlated when another hit has been measured in its vicinity at the same time as that hit
3Astroparticle Research with Cosmics in the Abyss
4Cubic kilometer neutrino telescope
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range and the light blue region gives the 68% uncertainty range. These are the regions in the plot which
contain 90 and 68% of the measurements, respectively. The most notable feature of the resolution of track-
like CC events is that the angular resolution becomes better as the energy increases. For energies that are
above 100 TeV, a resolution of 0.1° is reached, and it becomes even better above that energy. The red line in
figure 2.6 gives the angle between the parent neutrino and the true muon direction. This is a rough estimate
of the angle between the neutrino and lepton. This decreases quite steeply as a function of energy. For high
energies, this effect seems to be negligible with respect to the angular resolution.

Ongoing efforts are focused on enhancing the reconstruction algorithms to further improve the angular res-
olution in neutrino detection. These improvements will involve the removal of uncorrelated hits originating
from sources such as 40K decay and bioluminescence. Furthermore, the utilization of timing information
from individual PMT signals will be integrated into the reconstruction process.

In chapter 10, the θres of the ARCA detector will be compared with the results presented in this thesis. The
detector resolution of the ARCA detector will be taken as constant, due to the complexity of determining
this resolution.
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3 Deep inelastic scattering theory
In Appendix A.1, an overview of the notational conventions that are used in this report can be found.

3.1 Interaction types
There are multiple ways for a muon neutrino to scatter on a nucleon, all of which are mediated by the
weak force, since the electromagnetic and strong force do not couple to the neutrino. These scattering
mechanisms include quasi-elastic scattering (QES), resonant scattering (RES) and deep inelastic scattering
(DIS). All three interaction mechanisms are shown schematically in figure 3.1. The focus in this treatment
will be on muon neutrinos, since this report focuses on muon tracks.

n/p

νμ/νμ μ / μ

p/n

/

k𝟏 k𝟐

’

(a) QES

p; n

μ μ μ μ

k𝟏 k𝟐

𝒒

X

𝒒’
𝒒

(b) DIS

p;n

νμ/νμ μ / μ

p/n

k
k

’

; π

; / 

(c) RES

Figure 3.1: Schematics displaying various charged current (CC) scattering mechanisms. The letters in
black denote the particles that are involved in the interaction; νµ/ν̄µ: neutrino/antineutrino, µ−/µ+:

muon/antimuon, W+/W−: positively/negatively charged W boson, p/n: proton/neutron, X: a collection of
secondary particles that are produced by the quark that has split off from its nucleon, ∆q: delta baryon
with charge q, π+/π−: positively/negatively charged pion. The blue letters represent the momentum of

each particle, while the blue arrows indicate the direction in which the momentum is transferred. Table 3.1
provides an overview of the momenta associated with deep inelasic scattering (DIS)

In the case of quasi-elastic scattering (QES), the neutrino interacts with a nucleon through the exchange of
a W± or a Z0 boson. The nature of the boson involved determines the outcome of the scattering event: the
(anti)neutrino transforms into either a (anti)muon (in the case of a W± boson) or a muon (anti)neutrino (in
the case of a Z0 boson). Additionally, when a W± boson is involved, the charge of the nucleon undergoing
scattering changes: a neutron becomes a proton for a W+ boson, and vice versa for a W− boson. This
process is termed quasi-elastic scattering because, despite the nucleon charge change, the initial and final
number of particles remain the same and stable within the timescale of the interaction.
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Resonant scattering follows a similar pattern to QES, but in this case, the nucleon transforms into a ∆++,
∆±, or ∆0 particle. The ∆ particle subsequently decays into a pion and a neutron or proton, depending on
the charge of the ∆ parent particle.

Figure 3.1b illustrates the principle of deep inelastic scattering. As the name implies, this interaction is
inelastic, which means that the initial particles are not the same as the final particles. When the process is
mediated by a W± boson, it is called a charged current (CC) interaction. The CC interaction changes the
charge and flavour of the quark during this interaction. Instead of scattering on the full nucleon, the boson
that is involved in the interaction scatters only on a single quark, which is called the parton. Due to color
confinement of the quarks within the nucleon, free quarks do not exist. Color confinement arises from the
property of colour-charged particles that they cannot be isolated as asymptotically free particles. Therefore,
they must stick together to form hadrons; colour neutral compositions of colour charged particles. However,
in the parton approximation, the interaction between the neutrino and the quark within the nucleon happens
on such a short timescale, that the quark does not interact with the other quarks during the interaction.
Therefore, the parton can approximately be treated as a ’free’ quark.

Note that the "de Broglie" wavelength of the probing boson is proportional to λ ∼ 1√
Q2

, where Q2 =

−q2 in terms of the momentum squared (q2) of the probing boson. Therefore, at sufficiently high boson
energies, the "de Broglie" wavelength of the boson that mediates the interaction is small enough to resolve
the individual quarks within the nucleon, scattering on an individual quark. This parton will carry only a
fraction of the total nucleon energy, which is denoted by ξ.

This report will only focus on charged current (CC) neutrino interactions of muon neutrinos (νµ) on protons
and neutrons. During this interaction, a muon will be created (µ−). Instead of scattering on the whole
nucleus, the neutrino will scatter off a single quark; the so-called parton. After the interaction, the parton
will cause the nucleon to break up, leading to fragmentation of the nucleon. Fragmentation means that the
hadron will fall apart because of the energy kick that was obtained by one of its quarks (the parton) and will
produce new particles, called secondaries. Since this process does not affect the production angle of the
muon, it is not of relevance for this report and will not be treated further.

The interaction with a parton can also be mediated by a Z0 boson, in which case it is called a neutral current
(NC) interaction. This interaction is charge neutral and rarely changes quark flavour. This interaction
produces a neutrino, instead of a muon. This neutrino will not be measured in an experimental scenario,
since it will most likely not interact any further, Therefore, this interaction is less interesting for neutrino
astronomy applications and will not be treated in this thesis.

In Figure 3.2, the neutrino cross section for the three previously described processes is depicted within the
energy range Eν ∈ [10−1, 102] GeV. At low energies, quasi-elastic scattering (QES) is the dominant contri-
bution to the cross section. However, the significance of QES decreases as the neutrino energy surpasses 0.5
GeV. Above a few GeV, deep inelastic scattering (DIS) becomes the prevailing scattering process. More-
over, above 100 GeV, the contributions from the other processes effectively become negligible in the total
cross section. The simulations conducted for this report will be performed with energies equal to or exceed-
ing 100 GeV, focusing on the energy range where DIS predominantly occurs. Consequently, the QES and
RES interactions can be ignored.

The atomic nucleus consists of neutrons and protons. These nucleons both consist of three valence quarks
that carry the quantum numbers and charge of the nucleon. These valence quarks are bound together by
gluons, which are the mediators of the strong force. The parameter ξ represents the fraction of the nucleon
momentum that is carried by a single quark within the nucleon. If one were to assume the quarks to be
three non-interacting point charges, one would expect that this value is always 1

3 . There are, however, two
mechanisms at work that influence the momentum fraction of the quarks within the nucleon. Firstly, the
quarks can couple to each other by exchanging gluons, thus exchanging energy. This way, the momentum
fraction does not have a fixed value, but rather a continuous distribution of values for ξ. The other effect
is also caused by the coupling of gluons to quarks. Gluons can split up in a quark-antiquark pair, which
very quickly recombines into a gluon. These very short-lived quarks are called ’sea quarks’. It has been
discovered that roughly 54 percent of the nucleon momentum is carried by the valence quarks; the rest is
carried by the gluons and sea quark pairs they produce[17]. At low neutrino energies, the W± boson that
mediates the interaction does not have enough momentum to resolve the timescales of the sea quarks, so at
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Figure 3.2: Cross section per unit of energy for the different neutrino scattering processes in the energy
range from 0.1 to 100 GeV. The bold black line with the blue text and orange contour at the bottom denotes
the total NC cross section and the bold line at the top with the orange contour denotes the total CC cross

section. The legend describes the data points that were obtained by various neutrino scattering
experiments. The energy E indicates the neutrino energy (Eν) [16]

these energies, the neutrino mainly scatters off the valence quarks. At higher neutrino energies, it becomes
possible for the neutrino to resolve the sea quarks, hence making it possible to scatter on these sea quarks
as well. The reason for this behavior is given in section 3.3.

3.2 Scattering kinematics
The kinematics for deep inelastic scattering are schematically illustrated in figure 3.3. The notational con-
ventions for the momenta that are adopted in this report are given in table 3.1. The constant ξ ∈ (0, 1) is a
measure for the fraction of the total momentum of the nucleon that is carried by the parton that is involved
in the scattering.

Neutrino momentum kα1
Lepton momentum kα2

Nucleon momentum Pα

W± momentum qα = kα1 − kα2
Initial parton momentum ξPα

Final parton momentum ξPα + qα

Table 3.1: Table with the symbols for the various 4-momenta in the DIS process

In order to describe DIS, it is key to define some important Lorentz invariants.

The Lorentz invariant virtuality (Q2) is a crucial quantity in deep inelastic scattering. It is given by −qαqα,
where qα denotes the 4-momentum transferred from the neutrino to the boson, as defined in table 3.1. The
virtuality serves as a measure for the amount of momentum that is transferred by the W± boson during the
scattering process. This quantity, or rather

√
Q2, is vital for the resolution of the scattering. In the energy

region where
√
Q2 is small, the W± can only resolve the low-energy quarks. whereas at higher

√
Q2, it also

becomes possible to observe the sea quark, expanding the range of observable quark constituents.

The most important parameter for deep inelastic scatteringis the Björken x, which is given by:

x =
−q2

2P · q
(3.1)
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Figure 3.3: Schematic displaying charged current deep inelastic scattering of a neutrino on a nucleon.
The letters in black denote the particles that are involved in the interaction; νµ: neutrino, µ−: muon, W+:
positively charged W boson, p/n: proton/neutron, X: a collection of secondary particles that are produced
by the quark that has split off from its nucleon. The blue letters represent the momentum of each particle,
while the blue arrows indicate the direction in which the momentum is transferred. Table 3.1 provides an

overview of the momenta associated with deep inelastic scattering (DIS)

In the laboratory frame, the Björken x is defined as the ratio of the virtuality of the exchanged boson and
twice the product of the rest mass of the target and the energy transferred from the neutrino to the boson. It
is a Lorentz invariant, meaning it has the same value in all reference frames. Another important (Lorentz
invariant) parameter is the inelasticity y, which is a measure of the amount of energy that is transferred from
the neutrino to the virtual boson. It is given by

y =
P · q
P · k1

(3.2)

The inelasticity is defined as the energy transferred from the neutrino to the boson divided by the energy
of the neutrino. The inelasticity y can have a value between 0 and 1, where y = 1 indicates that all energy
will be transferred to the virtual boson and y = 0 means that no energy will be transferred to the virtual
boson. Since both cases would result in no interaction, the range is y ∈ (0, 1). Because the inelasticity is
Lorentz invariant, its value remains the same in all reference frames. In the laboratory frame, it is defined
as follows:

y = 1− Eµ

Eν
(3.3)

For a fixed centre of mass energy s1, the kinematics of deep inelastic scattering are completely determined
by the Bjorken x and the inelasticity, Therefore, the analysis of the production angle will only feature these
two kinematic variables. Alternatively, one can use the virtuality and either the Bjorken x or the inelasticity
to determine the DIS kinematics.

3.3 Breit frame
In the so-called Breit frame (or infinite momentum frame), it is assumed that the nucleon bounces of a ’wall’.
This frame is defined as the frame where the sum of the incoming and outgoing parton 3-momenta is zero,
i.e. Pq + P′

q′ = 0. Here, Pq is the 3-momentum of the incoming parton (ξP) and P′
q′ is the 3-momentum

of the outgoing parton (ξP + q). It is assumed that the interaction takes place in the z-direction and the

1The centre-of-mass energy is defined as s = (k1 + P )2, where k1 and P define the energy-momentum 4-vectors of the neutrino
and the nucleon, respectively
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transverse components of the momenta are zero. A schematic of this frame is shown in figure 3.4. The
momentum of the W± boson is Lorentz boosted2 in such a way that it has a very high momentum travelling
in the -z direction. In the Breit frame, the 3-momentum of P′

q′ is the reversed 3-momentum P of Pq . In
order to obey momentum conservation, the momentum of the boson must be −2ξP. Note that such a high
energy is assumed so that the mass of the W boson can be neglected. Also, it is assumed that |P| >> mN

and ξ|P| >> mq,mq′ . The 4-momentum of the boson can be calculated with qα = P
′α
q′ − ξPα. The

momenta of the partons and bosons are then as follows;

k

k

νμ/νμ

μ / μ

q

q'

Figure 3.4: An illustration of the momenta for DIS in the Breit frame. A quark (parton) with momentum Pq

scatters on a virtual boson with momentum q. The subscript q represents the quark prior to the interaction,
while q’ represents the quark after the interaction. The striped orange line denotes the W boson. The blue
letters represent the momenta of the particles involved in the interaction, while the blue arrows indicate

the direction in which the momentum is transferred.

Pα
q,BF = ξPα

BF =


ξ|P|
0
0

ξ|P|

 Pα
q′,BF =


ξ|P|
0
0

−ξ|P|

 qαBF =


0
0
0

−2ξ|P|

 (3.4)

From this, it follows that in the Breit frame, the following relation holds for the Bjorken x:

x ≡ −q2

2P · q
=

4ξ2|P|2

4ξ|P|2
= ξ (3.5)

Hence, in the Breit frame, the Björken x can be interpreted as the fraction of the nucleon momentum P that
is carried by the parton. This intuitive picture will be very convenient in the interpretation of the results for
the production angle.

Another way to consider the event, is from the point of view of the boson, which travels with a very high
velocity in the -z direction. At these extremely relativistic speeds, the approaching proton is contracted
to a pancake (since the contraction only takes place in the z-direction and the transverse directions stay
unaffected). Due to time dilatation, the quarks within the protons are more or less ’frozen’ during the
time that the boson traverses the proton. The higher the velocity of the boson, the more intense this effect

2For a given reference frame, a Lorentz boost will give the coordinates in a frame of reference that moves with constant velocity v
with respect to the given reference frame
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becomes. Thus, at high energies, the individual quarks are spread out on this pancake, making it possible
to interact with a single quark (the parton) at such short timescales that the parton does not interact with
the other quarks within the proton. When the boson momentum is sufficiently high, the timescales become
smaller than the time for a quark-antiquark pair to recombine. At these momenta, it becomes possible to
resolve the sea quarks.

3.4 Antineutrinos
This thesis will also investigate the deep inelastic scattering of muon antineutrinos. The motivation behind
this is that charged current DIS of muon antineutrinos are able to produce antimuons. These antimuons
can be observed by a neutrino detector, since an antimuon is able to produce Cherenkov light. The main
difference between CC DIS of neutrinos and antineutrinos, is that the processes are charge conjugated, i.e.
the charges are reversed. The process for antineutrinos is shown in figure 3.5. At the interaction vertex,
an antimuon and a negatively charged W-boson is produced. The W boson probes a positively charged
quark.

p; n

μ μk𝟏 k𝟐

𝒒

X

𝒒’
𝒒

Figure 3.5: Schematic displaying charged current deep inelastic scattering of an antineutrino on a
nucleon. The letters in black denote the particles that are involved in the interaction; ν̄µ: antineutrino, µ+:

antimuon, W−: negatively charged W boson, p/n: proton/neutron, X: a collection of secondary particles
that are produced by the quark that has split off from its nucleon. The blue letters represent the momentum

of each particle, while the blue arrows indicate the direction in which the momentum is transferred

In CC DIS, the neutrinos have left-handed chirality and antineutrinos have right-handed chirality. (Anti)neutrinos
and (anti)quarks are both spin- 12 particles. In the context of CC DIS, 2 possible spin configurations are pos-
sible, as illustrated in figure 3.6. The upper two schematics represent a configuration with total spin of 0,
which occurs in CC DIS of neutrinos on quarks and antineutrinos on antiquarks. The other configuration is
shown in the bottom two schematics and has a total spin of 1, which corresponds to CC DIS for a neutrino
on an antiquark or an antineutrino on a quark. In the spin-0 configuration, the scattering is isotropic, and
the production angle distribution does not depend on the inelasticity. On the other hand, the spin-1 config-
uration yields a production angle distribution that is proportional to (1 − y)2. This is the result of angular
momentum conservation.

Figure 3.6: Spin configurations for different helicity configurations. The black arrows denote the
momentum of the particle and the gray arrow its spin. Taken from [18]
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The spin of the neutrino is almost exclusively opposite to its linear momentum, which is defined as "left-
handed" helicity (helicity = -1). For antineutrinos, the spin is almost exclusively aligned in the same di-
rection as its linear momentum, which is defined as ’right-handed’ helicity (helicity = +1). Helicity thus
indicates the relative direction of the spin and momentum of a particle. Because neutrinos are almost
massless and therefore mostly ultrarelativistic, it can be assumed that their helicity is almost equal to their
chirality, which implies that figure 3.6 holds for (almost) all reference frames.

The CC DIS cross sections for a neutrino and an antineutrino scattering on a nucleus are given in 3.6 and
3.7, respectively. Both cross sections have been taken from [19].

d2σν

dxdy
∝ Σi=u,d,...

(
xqi(x,Q

2)
)
+(1−y)2Σi=ū,d̄,...

(
xq̄i(x,Q

2)
)
+
[(

1− mNxy

2E

) (
qi(x,Q

2) + q̄i(x,Q
2)
)]

(3.6)

d2σν̄

dxdy
∝ (1−y)2Σi=u,d,...

(
xqi(x,Q

2)
)
+Σi=ū,d̄,...

(
xq̄i(x,Q

2)
)
+
[(

1− mNxy

2E

) (
qi(x,Q

2) + q̄i(x,Q
2)
)]

(3.7)

In both equations, the functions xq(x,Q2) and xq̄(x,Q2) describe the parton density functions (PDFs).
These functions represent the probability to find a quark with a momentum fraction x in the nucleon that
the neutrino scatters on. The PDFs depend on the Bjorken x and the virtuality of the interaction. The
sum Σi=u,d,... runs over all quark flavours. Likewise, the sum Σi=ū,d̄,... covers all antiquark flavours. The
symbol mN denotes the mass of the target nucleon and E denotes the energy of the neutrino/antineutrino
involved in the scattering.
Note that the term in square brackets is identical for the neutrino and antineutrino cross section and will not
introduce any differences in the DIS cross section of neutrinos and antineutrinos. From these equations, it
becomes clear that the cross sections depend on the particle that the (anti)neutrino scatters on. At high in-
elasticities, the cross section of an (anti)neutrino on an (anti)quark is higher than for a neutrino/antineutrino
on an antiquark/quark. The interaction of neutrinos on antiquarks and antineutrinos on quarks is suppressed
with a factor (1− y)2. This behaviour is caused by the chirality of the (anti)neutrinos.

3.5 Production angle
The angle under which the lepton is created can be calculated using the 4-momenta of the particles involved
in the interaction. A schematic can be seen in figure 3.3.

The production angle calculation can most easily be performed in the lab frame, where the nucleon is at rest
and the neutrino scatters in the xz-plane. The angle θ describes the angle between neutrino momentum k1
and lepton momentum k2.

kα1 =


|k1|
0
0

|k1|

 Pα =


mN

0
0
0

 kα2 =


|k2|

|k2| sin θ
0

|k2| cos θ

 qα =


|k1| − |k2|
−|k2| sin θ

0
|k1| − |k2| cos θ

 (3.8)

For this event, a few additional assumptions will be made. Firstly, it is assumed that during the interaction,
the parton ’splits off’ and reacts with the neutrino, which is a valid approximation in the energy range above
100 GeV. The incoming neutrino effectively scatters on the single parton, which is non-interacting with
the other nucleon constituents during the timescale that the virtual boson is exchanged.Furthermore, the
impulse approximation will be employed, which implies that the scattering process is only influenced by
the properties and momenta of the parton involved. The parton will only carry a fraction of the nucleon
energy and momentum, given by Pq = ξP . The final parton 4-momentum is given by its initial energy and
the energy and momentum that was transferred by the virtual boson.
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Pα
q = ξPα =


ξmN

0
0
0

 P ′α
q′ =


ξmN + |k1| − |k2|

−|k2| sin θ
0

|k1| − |k2| cos θ

 (3.9)

In the lab frame, the expression for the inelasticity y simplifies to;

y =
mN (|k1| − |k2|)

mN |k1|
=

|k1| − |k2|
|k1|

(3.10)

Since it is assumed that the neutrino and the lepton are effectively massless, the magnitude of their momen-
tum can be approximated by |k1/2| ≃ Eν/µ. Therefore, equation 3.10 can be rewritten as;

y =
Eν − Eµ

Eν
(3.11)

It is also useful to calculate the virtuality Q2 (= -q2);

q2 = qαq
α

= (|k1| − |k2|, |k2| sin θ, 0,−(|k1| − |k2| cos θ)) ·


|k1| − |k2|
−|k2| sin θ

0
|k1| − |k2| cos θ


= (|k1| − |k2|)2 − |k2|2 sin2 θ − (|k1| − |k2| cos θ)2

= |k1|2 + |k2|2 − 2|k1||k2| − |k2|2(cos2 θ + sin2 θ)− |k1|2 + 2|k1||k2| cos θ
= −2|k1||k2|+ 2|k1||k2| cos θ
= −2|k1||k2|(1− cos θ) (3.12)

Using the equation for the Björken x (3.1), a formula for the production angle can easily be derived. Note
that the formula for y can be rewritten as |k2| = |k1|(1− y), or equivalently as Eµ = Eν(1− y). We then
obtain:

x =
−q2

2p · q
=

|k1||k2|(1− cos θ)

mN (|k1| − |k2|)
=

|k2|(1− cos θ)

mNy

⇒ xymN

|k2|
= 1− cos(θ) ⇒ cos(θprod) = 1− xy

1− y

mN

Eν
(3.13)

According to this formula, the production angle decreases for higher neutrino energy. The production angle
also decreases for a smaller Björken x and inelasticity y. One interesting case is the limit y → 1, for which
the angle seems to diverge. As mentioned before, a case where y = 1 is impossible, since this would mean
that all energy is transferred from the neutrino to the muon, which automatically implies that |q| = 0, i.e.
no interaction takes place. Close to y=1, this divergent behavior is still problematic and is most likely due
to the zero-mass assumption of the neutrino and muon.

Equation 3.13 can be simplified for small angles, i.e. for (cos(θ) ≈ 1).

θ2prod ≈ 2xy

1− y

mN

Eν
(3.14)
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Thus, the production angle is proportional to the square root of the Bjorken x and inversely proportional to
the square root of the neutrino energy. For small inelasticity values, the production angle is proportional to
the square root of the inelasticity.

In figures 3.7 and 3.8, the formula for the production angle is plotted for varying values of Bjorken x and
inelasticity. respectively. As expected, the angle becomes smaller for lower Bjorken x and inelasticity.
Since both variables lower the angle, the angle will be very low if both x and y are very low. Also note that
there is no line for y = 1, since this would lead to a divergence.

Figure 3.7: Plot of the production angle as a function of neutrino energy as described by equation 3.13.
Each line color corresponds to a specific value of Bjorken x

Figure 3.8: Plot of the production angle as a function of neutrino energy as described by equation 3.13.
Each line color corresponds to a specific value of inelasticity
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4 Muon propagation
As the muon that was produced in the deep inelastic scattering interaction travels towards the detector, it
will traverse the target material. During this propagation, it undergoes energy losses due to electromagnetic
interactions. These interactions change the direction of the muon. The difference between these two direc-
tions will be referred to as the propagation angle. Figure 4.1 provides an illustration of a muon propagating
towards the detector. The figure also depicts the propagation angle.

Figure 4.1: A schematic displaying the propagation angle for a muon propagating through the earth
towards a detector

As a muon propagates through matter, it will interact with the material through which it propagates. These
energy losses can be divided in two categories: continuous losses and stochastic losses. Continuous losses
are deterministic and are caused by electromagnetic interactions of the muons with atoms in the material
that it travels through.

dEµ

dx
= −a− bEµ (4.1)

The total differential energy loss as a function of traversed muon depth is given by equation 4.1. Here, a is
a factor representing continuous energy losses, and b is a factor that represents the stochastic energy losses.
The continuous loss amounts to 2 MeV/cm for a relativistic muon propagating through water.
Stochastic losses occur less frequently than continuous losses and can be caused by multiple loss mech-
anisms. The three most important stochastic loss mechanisms for muons are bremsstrahlung, pair pro-
duction and hadronic interactions. On average. the energy loss rate for these processes are proportional
to the energy of the muon [20]. Bremsstrahlung (µ± + nucleus → µ± + γ + nucleus) occurs when
the muon is deflected by the electromagnetic fields of the water molecules, whereby it will emit photons.
Pair production (µ± + Z → µ± + e+ + e− + Z ′) is the process where the muon emits a highly en-
ergetic virtual photon, which will annihilate and produce an electron-positron pair. Hadronic interactions
(µ±+nucleus → µ±+hadrons) involve specific interactions between the muon and the nuclei of the water
molecules. Both the continuous and stochastic processes will influence the direction of the muon.

The propagation angle plays a crucial role in determining the resolution of a neutrino detector. It will
provide an additional uncertainty on the reconstructed angle. If the propagation angle exceeds the angular
resolution of the detector, then that would mean that the underlying physics of the interactions will be the
main contributor to the maximum accuracy with which a source in the sky can be detected. Any attempts
to improve the angular resolution of the detector would be useless, since there is no possibility to eliminate
the uncertainties that are due to the production and propagation angle.

The overall energy loss and propagation angle will depend on a combination of all the aforementioned
processes and interactions.
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Chapter 9 will delve into the quantification and comprehensive examination of the propagation angle. The
analysis will also extend to antimuons, as the underlying theory governing the propagation angle remains
the same for both muons and antimuons.
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5 Methods
State-of-the art physics generators will be used in order to obtain event data that will be used to investigate
the production and the propagation angles. The analyses for the production angle and the propagation angle
have been performed independently.

5.1 GENIE

The software package GENIE1 is used for event data simulation for the production angle analysis. GENIE is
an object oriented neutrino Monte Carlo simulator. It is used by most modern neutrino physics experiments
and contains methods to generate neutrino interactions in the high-energy regime for various interaction
channels.

For the purpose of this report, the CCHEDIS2 generator within GENIE will be used. This generator is re-
sponsible for simulating charged current interactions involving high-energy deep inelastic scattering.

Using GENIE, the deep inelastic scattering of a muon neutrino on an oxygen atom was simulated. The
energy range of the initial muon neutrino was between 102 and 109 GeV. The flux of neutrinos was chosen
to be proportional to 1

Eν
, which means that the amount of neutrinos with energy Eν decreases as the en-

ergy increases. This was done in order to guarantee a homogeneous energy distribution for the exponential
binning that will be used in the analysis. Furthermore, the option "–force-flux-ray-interaction" was used to
ensure that every simulated neutrino underwent an interaction. The seed for the generation of pseudoran-
dom numbers was set to 171872. A total of 107 events was simulated.

The Parton Density Functions used for those events were based on HERAPDFNLO15_EIG [21], which
serves as the default PDF for GENIE. As previously mentioned, the parton density functions provide the
probability of encountering a parton with a momentum fraction of the total nucleon momentum. The term
NLO stands for "next to leading order", indicating that the expansion of the coupling constant for the strong
force (αs) has been perturbatively calculated up to the second order.

To speed up calculations, the cross sections per neutrino energy were pre-calculated and stored as splines.
Since the default configuration did not include the cross sections for the CCHEDIS generator, these were
computed separately using the tools that are provided in GENIE. The cross sections were calculated in the
energy range between 100 and 1012 GeV.

The same configuration was used for antineutrinos, with the only alteration that the muon neutrino was
replaced by a muon antineutrino.

The simulated scattering events generated by GENIE were stored in a .root file, which contains the in-
formation of each scattering event. This information includes the mass, energy and momentum of each
particle involved in the interaction, as well as the secondary particles that are produced by hadronization of
the parton. To extract the desired data from the event files, a pre-provided test loop was modified accord-
ingly.

The production angle was calculated from the 3-momentum vectors of the ingoing neutrino and the outgoing
lepton, using the fact that the geometrical angle between two vectors is given by;

cos(θprod) =
|k1 · k2|
|k1||k2|

(5.1)

For every event, the production angle, Bjorken x, inelasticity y and virtuality Q2 were calculated using the
information that was contained in the event file. Furthermore, the energies of the neutrino and muon were
extracted from the event file. These parameters were added to a 6-dimensional histogram.
To produce understandable results, a 2-dimensional projection of the 6-dimensional histogram was made

1Generates Events for Neutrino Interaction Experiments
2Charged Current High Energy Deep Inelastic Scattering
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by selecting 2 parameters as the x and y axes while the other axes remained unchanged. Next, the median
of the parameter on the y-axis was determined for each bin on the x-axis of the 2-dimensional histogram.
Additionally, the uncertainty distributions corresponding to the 68% and 90% confidence intervals were
computed for each 2D histogram.

5.2 PROPOSAL

PROPOSAL3 will be used for the propagation angle analysis. PROPOSAL is a 3-dimensional propagation
code for leptons and gamma rays through a variety of different media [22].

The simulations model the propagation of a muon through water over distances ranging between 0 and 30
kilometers. The initial muon energy was varied within the range of 100 to 109 GeV. In total, there were 180
initial energy bins, with each bin containing 1000 muons. The spacing of the initial energy bins was evenly
distributed in the logarithmic scale of the initial muon energies. The initial direction of the muon was set to
be in the z-direction. The propagation of a single muon was performed in 100-meter steps until the muon
reached an energy of 106 MeV, which is approximately equal to its rest mass.
The propagation angle depends on two parameters, which are the initial energy of the muon and the distance
the muon has travelled. The geometry of the surrounding material was set to the default setting, which is
a sphere with a radius of 1015 km. This geometry is significantly larger than the muon travel distance and
thus will contain all the muons that are simulated in this analysis. The starting position of the muon was set
to be the center of the sphere.
The simulations used the following stochastic energy loss mechanisms: bremsstrahlung, ionization4, pair
production and photonuclear interactions. The stochastic scattering effects were scaled by a factor of 1.0.
The multiple scattering was simulated using the Highland integral method, which is a Gaussian approxima-
tion of Molière theory[23][24][22]. Multiple scattering is used to describe the average scattering behaviour
of the muon that is the result of the electromagnetic interactions between the muon and the atomic or nuclear
charges in the material.

cos(θscatt) =
|p1 · p2|
|p1||p2|

(5.2)

The propagation angle is calculated using equation 5.2 in combination with the momenta of the simulated
particles. The 3-momentum vector p1 represents the initial momentum of the muon and the 3-momentum
vector p2 represents the momentum of the muon after it has propagated for a given distance.
The momentum p1 is the same as the momentum of the muon that is produced in charged current deep
inelastic scattering, which was denoted as k2 in chapter 3.
The propagation angle was calculated for each muon at every distance step, using the 3-direction vector of
the muon.
For each muon, its initial energy, as well as its energy and propagation angle at each propagated distance,
were recorded and stored in a 4-dimensional histogram for further analysis.

The same analysis was repeated for antimuons, where the muons were replaced by antimuons.

3Propagator with optimal precision and optimized speed for all leptons
4Ionization is the process where the muon loses energy by ionizing the surrounding material
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6 Production angle
The plots presented in this chapter were produced following the methods as described in chapter 5. In some
cases, an additional analysis was performed, such as fitting or comparing the data. The aim of this chapter
is to present an overview of the relevant results of this analysis. Less relevant plots can be found in the
Appendix.

6.1 Kinematic variables
It is very insightful to investigate the behaviour of the kinematic variables that were described in chapter 3,
due to their significant role in characterizing the DIS process. Using the definitions of the Bjorken x and
inelasticity y given in equations 3.1 and 3.2, it is possible to extract the values of these parameters from the
data, using the momenta of the interacting particles.

Figure 6.1a displays the median Bjorken x as a function of the neutrino energy. The value for the Bjorken
x decreases for increasing neutrino energy. This can be explained by examining in close detail the W± that
probes the hadron. The momentum

√
Q2 of the W± that is used for probing, will increase as the neutrino

energy increases. This implies that the "de Broglie" wavelength will become smaller, which facilitates
probing shorter-lived nucleon constituents such as sea quarks, that individually carry a lower fraction of
the total nucleon momentum than the valence quarks. As explained in section 3.3, the parton momentum
fraction ξ can be interpreted as the Bjorken x in the Breit frame.

Figure 6.1b illustrates the relationship between neutrino energy and inelasticity, which quantifies the energy
transferred from the neutrino to the muon. An inelasticity value of 0 corresponds to complete energy
transfer, while a value of 1 signifies no energy transfer. The line representing the median inelasticity exhibits
a slight decline as the neutrino energy increases. Comparing the median inelasticity from Figure 6.1b with
the median Bjorken x from Figure 6.1a, it is evident that the inelasticity decreases to a lesser extent than
the Bjorken x as neutrino energy increases. This observation suggests that the reduction in the production
angle with increasing neutrino energy will primarily be influenced by the decreasing value of Bjorken x
rather than the inelasticity.

(a) Median Bjorken x as a function of neutrino energy for
νµ CC DIS events

(b) Median inelasticity as a function of neutrino energy for
νµ CC DIS events

Figure 6.1: Figures displaying the Bjorken x and the inelasticity as a function of neutrino energy,
respectively. The dark and light red filled areas correspond to the 68% and 90% uncertainty ranges

Figures 6.2a and 6.2b display the production angle distribution as a function of the Bjorken x and inelasticity
y, respectively. Figure 6.2a shows a decrease of the production angle as the Bjorken x decreases. There is
an excess of events with a Bjorken x between 0.66 and 0.1, which could be attributed to DIS on valence
quarks. The absence of events with a Bjorken x close to 1 is expected, since a quark which carries nearly
all the momentum of the nucleon (corresponding to a Bjorken x close to 1) is highly unlikely. Figure 6.2b
exhibits an excess of events at an elasticity value between 1 and 0.6. The distribution sharply peaks as y
approaches 1, which corresponds to the singular behavior of equation 3.13 for y→1. The production angle
displays a broad distribution as a function of inelasticity. This implies that the dependence of the production
angle on the inelasticity is minimal.
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(a) Production angle distribution as a function of Bjorken x
for νµ CC DIS events

(b) Production angle distribution as a function of
inelasticity for νµ CC DIS events

Figure 6.2: Two-dimensional histograms depicting the relationship between the production angle and two
different kinematic variables. The colors in the plots represent the frequency of events with specific values

at each data point. The color bars on the right side of the figures provide a quantitative measure of the
event count

6.2 Neutrino energy dependence
Figure 6.3 displays the distribution of the production angle as a function of the neutrino energy. The red
line represents the median of the production angle. The solid black line represents the formula θprod =

1.5◦√
Eν [TeV]

, which is a frequently used rule of thumb for the median production angle[25].

Figure 6.3: The median production angle as a function of neutrino energy for νµ CC DIS events. The line
in black represents the production angle as calculated with the formula θνµ = 1.5◦√

Eν [TeV]
. The dark and

light red filled areas correspond to the 68% and 90% uncertainty ranges

The production angle decreases as the neutrino energy increases, which can be attributed to the ability to
observe quarks with lower momentum fractions, as demonstrated in figure 6.1a. The lower momentum frac-
tion signifies that there is a decreased amount of momentum available during the interaction, resulting in the
produced lepton having less transverse momentum. Consequently, a more collinear muon is produced. This
phenomenon explains why the production angle, directly linked to the amount of transverse momentum,
decreases as the neutrino energy increases.

Above neutrino energies of 103 GeV, a notable deviation between the calculated median production angle
and the rule-of-thumb line becomes evident. At a neutrino energy of 1 PeV, this discrepancy is approxi-
mately a factor of 10, while at an energy of 1 EeV, it escalates to roughly a factor of 1000. These findings
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Neutrino energy range Fit value c1 Fit value c2 Fit formula
100 - 2·104 GeV 0.820 ± 0.004 -0.630 ± 0.003 0.820 · (Eν [TeV])−0.630

2·104-109 GeV 2.12 ± 0.02 -0.9457 ± 0.0009 2.12 · (Eν [TeV])−0.9457

Table 6.1: Neutrino energy ranges and fit values for the fits shown in figure 6.4

indicate that the rule-of-thumb cannot be applied to the high-energy regime of muon neutrino charged-
current deep inelastic scattering (CC DIS) interactions. The mismatch between the rule-of-thumb and the
calculated median production angle can be attributed to the assumptions made regarding the scattering pro-
cess. The rule-of-thumb formula assumes a fixed Bjorken x value of 1/3, whereas in reality, the Bjorken x
is not fixed. The simulations presented in this report incorporate varying Bjorken x and inelasticity, leading
to a decrease in the production angle, as deduced from Equation 3.14.

Discovering an equation that is capable of accurately characterizing the median production angle for neu-
trino energies above 100 GeV holds significance for neutrino telescope applications.
For neutrinos ranging in energy from 100 GeV to 20 TeV, the median production angle can be described by
the expression 0.826 · (Eν [TeV])−0.617. In this energy range, the mass squared of the W± is still relevant.
Meanwhile, for energies above 20 TeV up to 1 EeV, the median production angle can be characterized by
the formula 1.96 · (Eν [TeV])−0.938. Notably, at these high energy ranges, the production angle exhibits a
nearly inverse relationship with the neutrino energy.

Figure 6.4: Median production angle with a power law fit in 2 different neutrino energy ranges for νµ CC
DIS. Black dashed line: fit in the energy range Eν ∈ [102, 2 · 104] GeV. Green dashed line: fit in the

energy range Eν ∈ [2 · 104, 109] GeV. The dark and light red filled areas correspond to the 68% and 90%
uncertainty ranges

The fitted formulas are displayed in table 6.1, whereas the fits are shown in figure 6.4. In figure 6.5, the
residuals for these fits are shown. The residuals quantify the discrepancy between the fit and the median
of the production angle. A residual of zero indicates that the value of the fit and the median are identical,
while a non-zero value indicates a deviation from the median value. Higher residual values indicate larger
deviations. For both fits, the absolute value of the residuals is below 0.15 over the full energy range,
suggesting that the fit describes the data with a maximum deviation of only 15%.

6.3 Muon energy dependence
In figure 6.3, the production angle was displayed as a function of neutrino energy. However, it is important
to note that neutrino telescopes are unable to directly measure this quantity. Instead, these telescopes
measure the energy of the resulting muon generated from the deep inelastic scattering (DIS) interaction
of the muon neutrino with the target material. Hence, it is more meaningful to investigate the production
angle as a function of muon energy. Figure 6.6 exhibits a comparison between the production angle as a
function of muon energy and the production angle as a function of neutrino energy. Notably, the graphs
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Figure 6.5: Fit residuals of the fits shown in table 6.1. The coloured dots in this plot correspond to the fits
of the same colour in figure 6.4

look very similar. This resemblance arises from the fact that the value of the muon energy is typically close
to the neutrino energy, especially for events with high neutrino energies, as was demonstrated in figure
6.1b.

Figure 6.6: Comparison of the production angle as a function of muon energy (depicted in green) and
neutrino energy (depicted in red) for νµ CC DIS events. The filled areas represent the 68% uncertainty

range

Figure 6.6 suggests that the distribution of production angles exhibits a narrower spread as a function of
muon energy when compared to neutrino energy. To further investigate the relative widths of the produc-
tion angle distributions, the ratio between the width of the muon distribution and the width of the neutrino
distribution was calculated. The resulting ratios, which quantify the comparative precision of determining
the production angle, are displayed in Figure 6.7. A ratio below 1 signifies that the production angle distri-
bution for muon energies is narrower in comparison to that for neutrino energies. The figure demonstrates
that, across the entire energy range, the muon energy provides a more precise and accurate determination
of the production angle compared to the neutrino energy.

In the context of neutrino telescopes, figure 6.7 indicates that for a measured neutrino, the uncertainty in its
angular position on the sky that is provided by the production angle can be known with higher precision if
the energy of the muon that was produced during the DIS process is known. This knowledge highlights the
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importance of obtaining an accurate measurement of the muon energy in order to minimize the positional
uncertainty.

Figure 6.7: The ratio of the width of the production angle distribution as a function of muon energy and
the width of the production angle as a function of neutrino energy. The ratio is depicted with a green line

for the 68% distribution and a red line for the 90% distribution

Formulating an equation to describe the production angle as a function of muon energy is of great value,
given that the muon energy has demonstrated superior accuracy in characterizing the production angle
compared to the neutrino energy. The corresponding equations are presented in Table 6.2. In the appendix,
Figures A.1 and A.2 depict the fits and their corresponding residuals, respectively. These equations describe
the data with a maximum discrepancy of 15%.

Muon energy range Fit value c1 Fit value c2 Fit formula
100 - 2·104 GeV 0.507 ± 0.002 -0.647 ± 0.003 0.507 · (Eµ [TeV])−0.647

2·104-109 GeV 1.18 ± 0.01 -0.9195 ± 0.0009 1.18 · (Eµ [TeV])−0.9195

Table 6.2: Muon energy ranges and fit values for the fits shown in figure A.1

The primary objective of this chapter was to investigate and characterize the production angle that is the
result of deep inelastic scattering of a neutrino on an oxygen atom.
The investigation of the dependence of the Bjorken x and the inelasticity on the neutrino energy was exam-
ined prior to studying the production angle. The investigation revealed that the inelasticity does not have a
substantial impact on characterizing the production angle, whereas the Bjorken x does have a significant role
in determining the production angle. It has been found that the widely used formula for the median produc-
tion angle for muon neutrino scattering (θ = 1.5◦√

Eν [TeV ]
) does not hold at neutrino energies above 1 TeV. A

new formula has been derived, whose parameters can be found in table 6.1. These fitted formulas describe
the median value of the production angle, with a maximum discrepancy of 15% between the fitted formula
and the simulated data. Furthermore, the results demonstrate that the production angle is best characterized
by the energy of the muon that is produced in the DIS interaction, which indicates that the muon energy
provides a more reliable measure for determining the production angle θprod. A formula that describes the
relationship between the production angle and the muon energy is presented in table 6.2.
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7 Antineutrinos
The analysis performed for deep inelastic scattering (DIS) of neutrinos in chapters 5 and 6 was repeated
for antineutrinos. The motivation for studying antineutrinos is the fact that neutrino telescopes have the
capability to detect charged current deep inelastic scattering (DIS) events involving muon antineutrinos.
This opens up opportunities for investigating the properties and interactions of antineutrinos in the context
of neutrino astronomy.

Figure 7.1 depicts the Bjorken x as a function of the antineutrino energy. The same figure also displays
the Bjorken x of νµ CC DIS events as a function of neutrino energy for comparison. For energies below
100 TeV, the value for the Bjorken x is slightly lower for antineutrinos than for neutrinos. This difference
arises from the fact that at low energies, the scattering antineutrino mainly resolves the valence quarks.
However, the cross section for antineutrinos scattering on quarks is suppressed with a factor of (1 − y)2.
Scattering on antiquarks (i.e. sea quarks) is proportional to 1. Therefore, the antineutrino has a bias to
interact with antiquarks. These antiquarks carry a lower fraction of the total nucleon momentum, which
can be interpreted as the Bjorken x. Scattering of neutrinos on quarks is not suppressed. Therefore, at
low energies, neutrinos will mostly interact with valence quarks. This explains why the Bjorken x for
neutrino events is higher than for antineutrino events, since the valence quarks carry a bigger part of the
total momentum as compared to sea quarks.

Figure 7.1: Median Bjorken x as a function of energy for CC DIS of antineutrinos (black line) and
neutrinos (red line). The shaded area denotes the 68% distribution of the Bjorken x for antineutrinos

(green) and neutrinos (red)

Figure 7.2 displays the inelasticity as a function of the antineutrino energy for antineutrino DIS events
with figure 6.1a shown in red for comparison. For energies below 1 PeV, the inelasticity of antineutrino
DIS events is lower than for neutrino DIS events. This behavior arises from the fact that the cross section
for antineutrinos interacting with quarks is proportional to (1 − y)2, so the cross section will increase
for decreasing inelasticity. Consequently, the probability of an antineutrino interacting with a quark will
increase for low inelasticity values. This effect is especially significant at low energies, where scattering
on valence quarks dominates. Therefore, the antineutrino events have a lower inelasticity than the neutrino
events for energies below 1 PeV.

Figure 7.3 shows the inelasticity distribution for (anti)neutrino CC DIS events at a fixed (anti)neutrino
energy of 100 GeV. At this energy, deep inelastic scattering mainly occurs on valence quarks. The cross
section of antineutrinos on quarks shows a (1 − y)2 dependence, which is reflected in figure 7.3b. The
ν̄µ events with high inelasticity values are highly likely to be caused by scattering on sea antiquarks. The
cross section of neutrinos on quarks does not show any dependence on the inelasticity, which is reflected in
figure 7.3a. Figure 7.4 displays the inelasticity distribution for neutrinos and antineutrinos at a fixed energy
of 100 PeV. At this energy, the neutrino has so much energy, that it is nearly impossible to transfer all the
energy to the parton it scatters on. The energy that is not transferred from the neutrino to the parton, will
be transferred to the lepton that is produced in the interaction. In the lab frame, where the inelasticity is
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Figure 7.2: Median inelasticity y as a function of neutrino energy for CC DIS of antineutrinos (black line)
and neutrinos (red line). The shaded area denotes the 68% distribution of the inelasticity for antineutrinos

(green) and neutrinos (red)

defined as y = 1 − Eµ

Eν
. Therefore, the inelasticity will decrease if more energy is transferred from the

neutrino to the muon, which is reflected in both figures.

(a) Neutrinos (b) Antineutrinos

Figure 7.3: Inelasticity distribution for νµ and ν̄µ CC DIS events at a (anti)neutrino energy of 100 GeV

(a) Neutrinos (b) Antineutrinos

Figure 7.4: Inelasticity distribution for νµ and ν̄µ CC DIS events at a (anti)neutrino energy of 100 PeV

Figure 7.5 shows the median production angle as a function of (anti)neutrino energy for antineutrino CC
DIS events with a black line and the median production angle for neutrino CC DIS events with a red line.
At low energies, the production angle for antineutrinos has a lower value than for neutrinos. Equation 3.7
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shows that scattering of an antineutrino on a quark is suppressed with a factor (1 − y)2. Since the valence
quarks of a nucleon are quarks, there will be more interactions of antineutrinos on sea antiquarks. Sea
quarks carry a lower momentum fraction (and thus a lower Bjorken x), which results in a lower production
angle for CC DIS of antineutrinos. The antineutrinos that do scatter on quarks, will have a higher cross
section at low inelasticities, which results in a higher probability of a scattering event with a low inelasticity
for neutrino-quark DIS, which was also reflected in figure 7.3. These lower inelasticity values also result in
a lower production angle, since the production angle scales with the inelasticity.
At energies above 200 TeV, the production angle distributions converge. At those energies, the scattering
mainly occurs on sea quarks. Therefore, the production angle at high energies is roughly the same for
neutrinos and antineutrinos, since sea quarks and sea antiquarks are both characterized by small values of
Bjorken x, which do not depend on the quark/antiquark nature of the sea quark.

Figure 7.5: Median production angle for CC events of neutrinos and antineutrinos as a function of
(anti)neutrino energy. The filled areas correspond to the 68% uncertainty ranges

It is useful to have a simple formula that describes the production angle for CC DIS of antineutrinos. Table
7.1 presents the formulae for the median production angle as a function of antineutrino energy. These
formulae are visualized in Figure 7.6. The associated residuals, which indicate the deviation between the
data and the fits, are displayed in Figure 7.7. The equations in table 7.1 describe the data that was generated
in GENIE for ν̄µ CC DIS events with a maximum discrepancy of 20%.

Figure 7.6: Fitted antineutrino production angle as a function of antineutrino energy. See table 7.1 for the
fit parameters and fit energy ranges
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Figure 7.7: Fit residuals of the fits shown in table 7.1. The coloured dots in this plot correspond to the fits
of the same color in figure 7.6

Antineutrino energy range Fit value c1 Fit value c2 Fit formula
100 - 5·104 GeV 0.547 ± 0.002 -0.628 ± 0.003 0.547 · (Eν̄ [TeV])−0.628

5·104-109 GeV 1.88 ± 0.03 -0.935 ± 0.001 1.88 · (Eν̄ [TeV])−0.935

Table 7.1: Antineutrino energy ranges and fit values for the fits shown in figure 7.6

Figure 7.8 displays the ratio of the width of the production angle distribution as a function of antimuon
energy and the width of the production angle distribution as a function of antineutrino energy for CC DIS
antineutrino events. The ratio is below 1 for the full energy range. This indicates that the antimuon energy
will give a more accurate indication of uncertainty provided by the production angle as compared to the
antineutrino energy.

In the appendix, a plot is provided that compares the production angle as a function of muon energy for
antineutrino and neutrino events. The median production angle for antimuons has a lower value than for
muons at muon energies below 1 PeV. Additionally, the appendix presents a formula describing the produc-
tion angle as a function of antimuon energy.

The objective of this chapter was to identify the differences between CC DIS events of neutrinos and an-
tineutrinos. These differences arise due to the spin configurations of the (anti)neutrinos and (anti)quarks,
resulting in a (1− y)2 suppression for antineutrinos (neutrinos) interacting with quarks (antiquarks) during
CC DIS. At energies below 100 TeV, the median value of the production angle is smaller for antineutri-
nos than for neutrinos. The median production angle for antineutrinos was characterized by a fit whose
values are shown in table 7.1. Additionally, it was observed that the median values of the Bjorken x and
the inelasticity are lower for antineutrino events compared to neutrino events at neutrino energies below
1 PeV. Finally, it was demonstrated that the antimuon energy provides a more accurate estimation of the
uncertainty provided by the production angle when compared with the antineutrino energy.
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Figure 7.8: The ratio of the width of the production angle distribution as a function of antimuon energy
and the width of the production angle distribution as a function of antineutrino energy for antineutrino CC
DIS events. The green line represents the ratio for a 68% distribution and the red line represents the ratio

for a 90% distribution.

34



8 Target
From a physics perspective, it is interesting to find out if the properties of the scattering target have an
impact on the production angle. First, scattering on different nuclei (protons and neutrons) is investigated.
Next, the impact of the type of scattered parton is examined. Both investigations will be repeated for
antineutrinos.

8.1 Nucleon
The CC DIS events presented in the previous chapters have been simulated for scattering on an oxygen
atom. This atom consists of 8 protons and 8 neutrons. By only considering oxygen atoms, the target
material of the detector is assumed to have an equal amount of protons and neutrons. The application of a
sea- or ice-based detector, implies that there is a slight excess of protons due to the presence of hydrogen
atoms in water. In the following, the difference between DIS on neutrons and protons will be investigated.
The fundamental difference between a proton and a neutron are the three valence quarks that make up the
nucleon; a proton consists of two up quarks and one down quark, whereas the neutron consists of one up
quark and 2 down quarks. The CC interaction is mediated by the W± boson. For neutrinos, a negatively
charged muon is created, which means that the interaction must be mediated by a W+ boson. At the quark
vertex, this means that scattering can only occur on negatively charged quarks, which changes the charge of
the target quark from - 13 to + 2

3 . This means that the neutrino can only scatter on down valence quarks. In
addition, the neutrino can also scatter on negatively charged sea quarks, which are down, strange, bottom,
anti-up and anti-charm quarks. The down quark is twice as heavy as an (anti)up quark; the mass of an up
quark is only 2.01± 0.14 MeV and that of a down quark is 4.79± 0.16 MeV[26]. At the energies that have
been used in this analysis, this difference can be neglected, i.e. mu ≃ md ≃ 0.

Figure 8.1: Median production angle as a function of neutrino energy for νµ DIS on neutrons and protons.
The shaded areas correspond to the 68% uncertainty ranges

Figure 8.1 depicts the median production angle for increasing neutrino energy for both neutrons and pro-
tons. The median angles are very similar, especially at high neutrino energies. At energies below 105 GeV,
the median angle for the DIS on neutrons is slightly higher than the median angle for DIS on protons. Since
a neutrino can only scatter on one valence down quark in a proton and on two valence up quarks in a neu-
tron, scattering of the neutrino on a proton is slightly more likely to involve a sea quark, which typically has
a lower Bjorken x and therefore will result in a smaller production angle. At higher energies, the median
angle is approximately the same. This can be explained by the fact that at higher energies, the sea quarks
can be resolved, and the valence quarks will not have a significant impact any more.

The same analysis has been performed for antineutrinos, which corresponds to the charge reversed scenario.
Since antineutrinos produce a positively charged muon (µ+), the interacting W boson must carry a negative
charge. Consequently, the antineutrino scatters off positively charged quarks, namely u, c, t, d̄, s̄, and b̄
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quarks. DIS of an antineutrino on a proton is more likely than on a neutron, because the proton contains 2
up quarks and the neutron contains 1 up quark. The median production angle for ν̄µ DIS on protons and
neutrons is shown in figure 8.2. There is no significant difference between scattering involving protons and
neutrons. The production angle is a little bit higher for interactions involving protons in the energy range
between 100 GeV and 100 TeV. This can be explained by the slight excess of scatterings on valence quarks
for protons as compared with neutrons.

Figure 8.2: Median production angle as a function of neutrino energy for ν̄µ DIS on neutrons and protons.
The shaded areas correspond to the 68% uncertainty ranges

In the appendix, figures displaying the production angle for (anti)neutrino CC DIS on both nucleon types
as a function of (anti)muon energy can be found.

The differences between scattering on neutrons and protons are expected to be most pronounced at low
energies, with a higher number of interactions involving neutrons for low-energy neutrinos and more in-
teractions involving protons for low-energy antineutrinos. At higher energies, interactions primarily occur
with sea quarks, rendering the valence quarks less significant. Consequently, at high energies, a similar
number of DIS events on protons and neutrons is anticipated.
Figure 8.3 depicts the number of charged-current (CC) events involving protons and neutrons for neutrinos
and antineutrinos. The figure confirms the anticipated distribution of neutrons and protons for both neu-
trinos and antineutrinos. For antineutrinos, the number fractions of events involving protons and neutrons
exhibit a slightly smaller difference at low energies compared to neutrinos.

(a) Number fraction for νµ CC events (b) Number fraction for ν̄µ CC events

Figure 8.3: Number fraction of events involving neutrons and protons as a function of (anti)neutrino
energy. The number fraction is calculated by dividing the number of events involving a specific nucleon at

a given (anti)neutrino energy by the total number of events at that particular (anti)neutrino energy.

Considering the results from this section, it has become clear that the type of nucleus that the neutrino
scatters on has no significant impact on the production angle. Therefore, no further efforts will be made
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to compensate for the small excess of protons in water. At low (anti)neutrino energies, neutrinos are more
likely to scatter on neutrons, while antineutrinos are more likely to scatter on protons.

8.2 Quarks
The flavour of the quark that the neutrino scatters on, is restricted by the type of interaction. In this report,
the charged current interaction of a muon (anti)neutrinos is considered. As discussed in section 3, this
interaction is mediated by the W± boson and a µ∓ is produced. Therefore, due to charge conservation, the
boson must be positively (negatively) charged. Consequently, the boson can only interact with quarks of
negative (postive) charge, because this interaction changes charge at the vertex (and a quark with charge
±5/3 doesn’t exist). This restricts the possible candidates for the νµ CC DIS interaction to the d, s, b, ū, c̄
and t̄ quarks, whereas the possible candidates for ν̄µ CC DIS are the d̄, s̄, b̄, u, c and t quarks. Scattering on
top (anti)quarks is not simulated in CCHEDIS and will therefore not feature in the DIS simulations.

Figure 8.4 shows the distributions of neutrino scattering events on quark flavours as a function of neutrino
energy. For low energies, more than half of the quarks involved in the DIS are down quarks. This high
contribution is due to the valence quarks in the nucleon, which dominate over the sea quarks at these low
energies. Furthermore, the neutrino also scatters on s and ū quarks, but significantly less. The other flavours
are ’unlocked’ at higher energies. Since the wavelength of a quark is proportional to the inverse of its mass,
it is not possible to observe very heavy quarks such as charm and bottom quarks at low energy (and thus
also low virtuality). In the case where the neutrino scatters on a bottom quark, enough energy is needed to
promote the bottom quark to a top quark. For this reason, scattering on bottom quarks only occurs from
105 GeV and onwards. At energies above 108 GeV, all flavours are more or less equally distributed. At this
point, the neutrino mainly scatters on the sea quarks and has enough energy to resolve every quark flavour,
such that the mass of the quark does not matter any more. There are more events which involve a quark
than an antiquark. This is caused by the (1-y2 suppression factor in the cross section of neutrinos scattering
on antiquarks, which is still present at extremely high energies.

Figure 8.4: Quark flavour distributions as a function of neutrino energy. The y-axis represents the number
of events that feature a specific quark flavour

Figure 8.5 shows the quark flavours per antineutrino energy for ν̄µ CC DIS events. The trends are very
similar to the neutrino case, but then with the flavours inverted. Scattering now takes place on mainly up
quarks. At low energies, there is already a significant amount of DIS on antiquarks, which must be sea
quarks. This is due to the (1-y)2 factor in the cross section of antineutrinos scattering on quarks. This
suppression persists at higher energies, where there are more events involving antidown and antistrange
quarks than events with up and charm quarks. Still, as the energy increases, the quark flavours are more
evenly distributed. The antibottom quark features in the distribution at an energy above 100 TeV.
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Figure 8.5: Quark flavour distributions as a function of antineutrino energy. The y-axis represents the
number of events that feature a specific quark flavour

8.3 Valence and sea quarks
Since a neutrino can scatter on either a valence or sea quark, it is interesting to investigate the difference
between scattering involving these two types of quarks. In figure 8.6, the quark distributions per neutrino
energy can be seen for valence and sea quarks for neutrinos. As discussed before, a neutrino can only
scatter on a valence down quark. At low energies, more than 2 out of 3 neutrino DIS events involve valence
quarks. From the colour of graph 8.6a, it is clear that the only valence quark that the neutrino can scatter on,
is indeed a down quark. At low energies, the valence quark distribution decreases linearly as the neutrino
energy increases. Around 2 · 104 GeV, the distribution decreases exponentially. At low energies, the down
sea quarks take up most of the distribution of the sea-quark events. As the energy increases, each flavour
occurs nearly as often. Note however that there are slightly more events with down and strange quarks for
neutrinos, which is caused by the suppression of neutrinos scattering on antiquarks.

In the appendix, figures A.8a and A.8b show the target distributions for CC DIS of antineutrinos on valence
and sea quarks separately. Surprisingly, the ratio of valence to sea quarks is 1:1 at low energies. This is
different from the neutrino case, where this ratio was at least 2:1. This can best be explained using the
preference of antineutrinos to interact with antiquarks. Since the valence quark does not have antiquarks,
there are fewer scatterings on valence quarks than for neutrino events. As the energy increases, all the quark
(anti)flavours are featured. The analysis reveals that there are more interaction events involving antiquarks
compared to quarks, especially in the case of antidown and antistrange quarks. This observation can be
attributed to the fact that antineutrinos interact preferentially with antiquarks.

38



(a) Valence quarks

(b) Sea quarks

Figure 8.6: Distribution of valence and sea quarks involved in the simulation sample as a function of
neutrino energy for CC muon neutrino events
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9 Propagation angle
In chapters 6 and 7, the interaction of a muon (anti)neutrino with the target material in the vicinity of a neu-
trino detector was discussed. The difference between the direction of the (anti)neutrino and the direction of
the (anti)muon was referred to as the production angle. The primary focus of this chapter is the propaga-
tion angle, which arises from the trajectory of an (anti)muon as it traverses a material, as was discussed in
chapter 4.

9.1 Energy losses
Prior to investigating the propagation angle, it is worthwhile to examine the energy losses experienced by
muons as they traverse the material. Matching the expected losses with the plotted data will also serve as
a means to verify the validity of the simulation. The maximum distance a muon can travel is dependent on
its initial energy, denoted as E0. Higher energy muons can travel greater distances. Figure 9.1 displays a
histogram which illustrates the travel distance of muons with a specific initial energy E0. Muons with an
energy below 100 GeV are unable to travel further than 500 meters, while a muon with an initial energy E0

of 1 EeV travels at least 15 kilometers before having lost all of its energy.

Figure 9.1: Number of surviving muons after a given propagation distance as a function of initial energy
E0 for a muon traversing up to 30 km of water for a total of 1000 muons per initial energy bin. The color
indicates the number of surviving muons per bin, decreasing from yellow to blue, following the rainbow

Figure 9.2 shows the survival probabilities of muons in standard rock as a function of travel distance,
expressed in kilometer water equivalent1 units, as taken from [8]. The arrows in the figure indicate the
average distance at which the muons have lost all their energy and subsequently decay. The colors in
figure 9.1 can be interpreted as representations of the survival probability, where yellow indicates a survival
probability of 100% and dark blue indicates a survival probability below 0.05%. According to the survival
probability curves, a muon of 10 TeV has a 80% survival probability at a distance of 5 km.w.e. This is in
good correspondence with the data, which shows a dark orange color at that distance, which corresponds
to 80% of the total muons. Figure 9.2 indicates a maximum travel distance of 10 km for a muon with an
initial energy E0 of 10 TeV. Figure 9.1 shows that a muon with an initial energy E0 of 10 TeV at a distance
of 10 km has a dark blue color (corresponding to a survival probability below 0.05%). This is in good
agreement with figure 9.2. Figure 9.1 also shows good agreement with the other curves that are shown in
figure 9.2.

1km.w.e. is a unit that is used to account for the densities of various materials. It is defined as the product of distance and the
density of the material. The density of water is assumed to be 1 g/cm3.
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Figure 9.2: Survival probability of muons with an energy of 1, 3.16, 10 and 31.6 TeV in standard rock
(from left to right). The arrows show the distances reached without taking into account any stochastic
fluctuations. The two lines per energy indicate the uncertainties in the Bremsstrahlung cross-section.

Taken from [8]

As a muon traverses the material, it will gradually lose its energy by means of interactions with the material.
Therefore, the measured energy of the muon should depend on the distance it has propagated. Figure 9.3
illustrates the relationship between the initial and final energy for various travel distances of the muon. As
expected, the final muon energy decreases for further distances, since the muon will have more interactions
with the surrounding material if it travels a longer distance. The lines representing the median final muon
energy become shorter for greater distances, which indicates the muons with a given initial energy E0 have
reached their maximum travel distance. For example, a muon must possess an energy of approximately 10
PeV in order to have a chance of reaching a distance of 30 km. It is worth noting that the lines that describe
the median final muon energy show small fluctuations. These fluctuations are a result of the limited number
of simulated events and become more pronounced at increasing travel distances.

Figure 9.3: Median of the final muon energy E1 as a function of the initial muon energy E0. The color of
the line indicates the distance that the muon has travelled
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9.2 Initial energy dependence
It has been found that the propagation angle does not depend strongly on the initial muon energy. This is
reflected in figure 9.4, which shows the relationship between the propagation angle and the initial muon
energies. The final muon energy was restricted to a fixed energy interval spanning one decade, in order to
study the behavior of the propagation angle independent of the final muon energy.
Additionally, figure 9.4 illustrates the relationship between the propagation angle and the final muon en-
ergy. The propagation angle increases as the final muon energy decreases, nearly independent of the initial
muon energy. Thus, if a muon is detected by a neutrino telescope, figure 9.4 can be used to derive the
corresponding propagation angle based on the measured energy of the observed muon.

Figure 9.4: Median propagation angle as a function of the initial muon energy E0 for a muon scattering in
water. The colors represent distinct final muon energy intervals spanning one decade. The filled areas

correspond to the 68% range of the propagation angle distribution. The muons in this figure have travelled
any distance ranging from 0 to 30 km

It is expected that the propagation angle increases for increasing propagation distance. This behavior arises
from the fact that a muon travelling greater distances encounters more material, resulting in increased
scattering, which leads to larger propagation angles. Figure 9.5 illustrates that the median values of the
propagation angle increase as a function of the travelled distance of the muons.

The points where the median lines terminate indicate the maximum distance that a muon with a specific
initial energy E0 can travel before having lost all of its energy. Additionally, it is observed that higher initial
muon energies correspond to lower propagation angles. This finding is in line with the conclusion drawn
from figure 9.4. The median lines representing initial muon energies ranging from 102 to 106 GeV exhibit
the same shape, while the median lines with an energy from 107 up until 109 GeV also share a similar
shape. At energies above 107 GeV, the propagation angle remains relatively constant for approximately 10
to 15 kilometers before it increases with a similar slope as the lines for lower energies. This behavior can
be attributed to the fact that at high initial muon energies, the muon possesses a large amount of momentum
in a particular direction, such that it will be very hard to give it a propagation angle. Therefore, the muon
propagates with a minimal propagation angle until it reaches a specific energy, at which point the interac-
tions it has with the surrounding material are able to influence the direction of the muon, thus increasing the
propagation angle. For distances beyond the point where that specific energy has been reached, the curve
resembles the curves for lower initial energies.

Using figure 9.3 to look up what energy a muon with an initial energy E0 between 107 and 108 GeV has
after propagating for 10 kilometers, it is found that it has a final muon energy of 105 up until 106 GeV. The
final energy E1 of a muon with initial energy E0 of 105 up until 109 GeV that has travelled 15 kilometers is
also between 105 and 106 GeV.
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In summary, the propagation angle increases more steeply for muons after they have reached an energy of
106 GeV.

Figure 9.5: Median propagation angle distribution as a function of propagated distance. The colors
represent distinct initial muon energy intervals spanning one decade.

9.3 Final energy dependence
The propagation angle displays a strong dependence on the final muon energy, which is the energy of the
muon after it has propagated a specific distance. For final muon energies below 1 PeV, The propagation
angle is inversely dependent on the final muon energy. The relation between the propagation angle and the
final energy E1 of the muon for distances between 0 and 30 kilometers is displayed in figure 9.6. In the
appendix, figure A.9 demonstrates that the dependence of the propagation angle on the final muon energy
can be described by a single curve, and that the propagation angle is independent of the initial muon energy
for travel distances greater than 5 kilometers.

Figure 9.6: Median propagation angle as a function of final muon energies for muons propagating through
water for distances from 0 to 30 kilometers. The colours of the lines indicate a fixed initial muon energy

interval spanning a decade. The error bars indicate the 68% uncertainty range
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The median propagation angle line in figure 9.6 exhibits a steep decrease as the final muon energy increases
for final muon energies in the range from 100 GeV up until 1 PeV (106 GeV). However, for muon energies
between 1 and 100 PeV, the line becomes more horizontal. This decreased dependence of the propagation
angle on the final muon energy was already reflected in figure 9.5, where it was noted that the propagation
angle increases less steeply for energies above 1 PeV.
The propagation angle is observed to have a lower value for muons with a final energy E1 falling within the
restricted initial energy range decade. This decrease in propagation angle can be attributed to the fact that
these muons have not propagated for a sufficient distance to acquire a significant propagation angle. The
steep increase in the propagation angle for energies above 108 GeV can be attributed to the rising trend of
the propagation angle in regions where the initial muon energy range overlaps with the final energy range.
This phenomenon is particularly noticeable as the final muon energy approaches the upper limit of the initial
muon energy range in the simulation (109 GeV).

Figure 9.7 displays the propagation angle as a function of the propagated distance of the muon. The lines
that describe the median propagation angle as a function of the travelled distance are nearly horizontal
across the full distance range. This indicates that the propagation angle is nearly independent of the prop-
agated distance when the final muon energy is restricted to an interval of one decade. On the other hand,
figure 9.7 shows that the propagation angle can accurately be determined for a given final muon energy.
This dependence of the propagation angle on the final muon energy is very useful for neutrino telescopes,
as these telescopes measure the energy of the muon after it has traversed the target material. This measured
energy corresponds to the final muon energy. By referring to figure 9.7, one can determine the propagation
angle based on the measured energy.
For final muon energies above 106 GeV, the median lines terminate at a specific distance. This indicates
that there are no more muons within that energy range beyond that distance. For instance, at propagation
distances beyond 10 kilometers, there are no muons with an energy above 108 GeV. The termination line
observed for high final muon energies is a consequence of the limited range of initial muon energies, which
extends only up to 109 GeV.

Figure 9.7: Median propagation angle distribution as a function of propagated distance. The colors
represent distinct final muon energy intervals spanning one decade

The aim of this chapter was to determine the propagation angle for muons within an initial energy range
from 100 GeV up to 1 EeV (109 GeV). The analysis revealed that the propagation angle does not exhibit
a significant dependence on the initial muon energy or the distance traveled. Instead, it was observed that
the propagation angle can be effectively determined solely by considering the final energy E1 of the muon,
which is the same energy measured by neutrino detectors. This allows for a straightforward interpretation
of the propagation angle using figure 9.7. Furthermore, it was observed that the propagation angle increases
more steeply at final muon energies below 106 GeV.
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9.4 Antimuons
The same analysis was repeated for antimuons. These figures are shown in the appendix A.3.2. There were
no significant differences for the propagation angle for antimuons as compared to muons. The only notice-
able difference is shown in figure 9.8, where the propagation angle increases more steeply as a function of
distance for muons with an initial energy E0 between 102 and 103 GeV.

Figure 9.8: Median propagation angle distribution as a function of propagated distance. The colors
represent distinct initial muon energy intervals spanning one decade
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10 Discussion
10.1 Angle comparisons
In chapters 6, 7 and 9, the production angle and the propagation angle were investigated and characterized.
In order to get a better understanding of the relative importance of the production angle and the propagation
angle, both results are plotted together.
Figure 10.1 displays the production angle and the propagation angle as a function of the initial (anti)muon
energy, which corresponds to the energy of the muon at the CC DIS interaction vertex. The initial muon
energy plays a pivotal role in understanding the relationship between the production angle and the propa-
gation angle, because it is the only parameter that influences both angles. The propagation angle was not
shown for antimuons, due to its similarity with the propagation angle for muons. The propagation angle is
shown for various final energy ranges spanning one decade.

For convenience, we introduce the concept of muon loss ratio, denoted as χ, which quantifies the fraction
of the initial muon energy that is carried by the final muon. It is defined as the ratio between the final and
initial muon energy, i.e. χ =

Eµ,1

Eµ,0
.

Figure 10.1 shows that the production angle is the main uncertainty for initial muon energies below 10 TeV.
For initial muon energies between 10 TeV and 10 PeV, the production angle is the main uncertainty if the
muon loss ratio has a value above 0.01. On the other hand, the propagation angle dominates as the primary
uncertainty if the muon loss ratio falls below 0.01, i.e. if the muon has lost significant amounts of energy
during its propagation. Above initial muon energies of 10 PeV, the propagation angle becomes the dominant
uncertainty factor when the muon loss ratio is lower than 0.1. In the initial muon energy range between
100 PeV and 1 EeV, the propagation angle and the production angle contribute approximately equally to
the overall uncertainty.

Figure 10.1: Comparison of the production angle as a function of anti(muon) energy at the interaction
vertex of CC DIS and the propagation angle as a function of initial (anti)muon energy. The filled areas

correspond to the 68% ranges

For neutrino telescopes, these observations imply that the production angle dominates the physical un-
certainty below initial muon energies of 10 TeV. However, as the muon energy increases, the dominant
uncertainty contribution depends on the muon loss ratio. This dependence on the muon loss ratio implies a
dependence on the muon travel distance, since the amount of energy that is lost by a propagating muon is
proportional to its propagated distance.

The central objective of this thesis was to explore how these angles compare to the angular resolution of
a neutrino detector. It is essential to consider the physical limitations imposed by the scattering and/or
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production angles when they exceed the angular resolution of the detector. To get a good understanding
of the impact of these physical limits, the results of the previous chapters will be compared to the current
resolution of present-day neutrino detectors.

Figure 10.2 displays the production angle as a function of (anti)neutrino energy for (anti)neutrino CC DIS,
along with the angular resolution of the ARCA detector of KM3NeT. The plot specifically focuses on the
production angle as a function of neutrino energy, since there is a lack of plots illustrating the angular reso-
lution as a function of muon energy.
From figure 10.2, it is clear that the production angle significantly impacts neutrino detections at neutrino
energies below 10 TeV. Below that energy, the production angle is the dominant contributor to the physical
uncertainty in the measured neutrino direction. As a result, present-day neutrino telescopes should take the
production angle into account when analysing neutrino energies ranging from 100 GeV and 10 Tev.

Currently, the maximum angular resolution achievable by neutrino telescopes is approximately 0.1 degrees.
According to figure 10.1, the propagation angle only reaches this value for final muon energies in the energy
interval between 100 GeV and 1 TeV.

Figure 10.2: A plot comparing the production angle as a function of (anti)neutrino energy with the
angular resolution of present-day neutrino telescopes for νµ and ν̄µCC events. θres: median angular

resolution of the ARCA (Astroparticle Research with Cosmics in the Abyss) detector [27]

To summarize, the production angle introduces a significant uncertainty in determining the direction of a
measured neutrino for neutrino energies ranging from 100 Gev to 10 TeV. This uncertainty is comparable
to the angular resolution of the ARCA detector. If the angular resolution further improves, the propagation
angle will provide a significant uncertainty for muons with final energy ranging from 100 GeV to 1 TeV.
Future neutrino experiments are likely to achieve even better angular resolutions. As the angular resolution
continues to increase, both the uncertainties provided by the production angle and the propagation angle
will become increasingly important in order to correctly reconstruct the direction of a measured neutrino.

10.2 Evaluation of used methods
The methods that were used to study each physical angle will be treated separately in this discussion. since
the analyses were performed separately for each angle.

10.2.1 Production angle
The analysis of the production angle used datasets that were generated using the GENIE framework, as
described in chapter 5. It is important to note that GENIE introduces certain uncertainties, since it is a gen-
erator. One significant source of possible errors in the simulation is the use of parton distribution functions
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(PDFs). These distributions cannot be calculated from first principles, and need to be obtained from fits
of data from collision experiments. For the simulations in this report, the distribution functions from the
HERA collaboration were used, more specifically, the HERAPDF15_nlo functions. A future analysis could
compare the production angles that were calculated using different PDFs, to understand the impact of the
choice of PDF on the result.

In chapter 3, it was assumed that the Breit frame is applicable for all neutrino energies considered in this
analysis. However, it should be noted that the mass of the W boson is approximately 80.398 GeV according
to HERAPDF15_nlo, which is slightly below 100 GeV. This implies that the condition

√
Q2 >> MW is

not satisfied for neutrino energies close to 100 GeV. Consequently, the validity of the Breit frame at this low
energy range is questionable, and the interpretation of the Bjorken x as the parton momentum fraction may
not hold under these conditions. Nevertheless, the simulation itself remains valid, albeit with a less reliable
interpretation of the Bjorken x parameter as the parton momentum fraction at neutrino energies near 100
GeV.

Aside from these uncertainties, the analysis relied on cutting-edge neutrino event simulator software and
analysis tools. A significant number of simulated events were generated, resulting in a dataset devoid of any
artifacts. Consequently, the methods employed to characterize the production angle were not constrained
by any other means.

10.2.2 Propagation angle
The analysis of the propagation angle was performed on datasets that were generated using PROPOSAL.
The final datasets that were used for muon and antimuon propagation contained 1000 muons per initial
muon energy bin, which provided significant statistics for most analyses, Nevertheless, certain plots exhib-
ited peculiar artifacts, indicating an insufficient number of statistics for accurate analysis.
In addition, the lack of constraints on the propagation distance introduced a bias in the results. This led to
an abundance of events with extremely low final energies, potentially impacting the observation of muon
behavior, particularly for muons with low initial energies.
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11 Conclusion
The aim of this report was to quantify the physical uncertainties affecting the angular resolution of neutrino
detection. Two key processes that contribute to these uncertainties were thoroughly examined.

The first process focused on the angle between the neutrino and the resulting muon in charged current deep
inelastic scattering events (CC DIS). This process introduced an angular uncertainty known as the produc-
tion angle (θprod). A formula was derived to describe the production angle based on the momenta of the
particles involved in the interaction within the rest frame of the nucleon that the neutrino scatters on. The
production angle was shown to be inversely dependent on the neutrino energy. Additionally, the kinetic
variables that influence the production angle are the Bjorken x and the inelasticity, which both provide
information about the particles that are involved in the DIS process. While both parameters decrease as
a function of neutrino energy, the Bjorken x exhibited a more significant decrease, indicating a stronger
dependence of the production angle on the Bjorken x.
The often-used rule-of-thumb to describe the median production angle as a function of neutrino energy has
been rejected, and a new formula has been derived, which is shown in table 11.1. Furthermore, it has been
shown that the muon energy provides a more accurate determination of the production angle as compared
to the neutrino energy.

Neutrino energy range Production angle formula
100 - 2·104 GeV 0.820 · (Eν [TeV])−0.630

2·104-109 GeV 2.12 · (Eν [TeV])−0.9457

Muon energy range
100 - 2·104 GeV 0.507 · (Eµ [TeV])−0.647

2·104-109 GeV 1.18 · (Eµ [TeV])−0.9195

Antineutrino energy range
100 - 5·104 GeV 0.547 · (Eν̄ [TeV])−0.628

5·104-109 GeV 1.88 · (Eν̄ [TeV])−0.935

Antimuon energy range
100 - 5·104 GeV 0.393 · (Eµ̄ [TeV])−0.646

5·104-109 GeV 1.14 · (Eµ̄ [TeV])−0.917

Table 11.1: Overview of derived formulae characterizing the median production angle as a function of
(anti)neutrino and (anti)muon energy

The investigation of the production angle was extended to muon antineutrinos. It was found that the produc-
tion angle exhibits a lower value for (anti)neutrino energies below 100 TeV. However, beyond this energy
threshold, the production angles are equal for neutrinos and antineutrinos. Additionally, the inelasticity was
observed to be lower for antineutrino events with respect to neutrino events at (anti)neutrino energies below
1 PeV. The antimuon energy was shown to provide a more accurate characterization of the production angle
compared to the antineutrino energy. In addition, it was observed that the production angle is independent
of the type of nucleon (proton or neutron) that the (anti)neutrino scatters on. This indicates that the nature
of the target nucleon does not significantly affect the determination of the production angle in the CC DIS
process.

The second source of physical uncertainty in the angular resolution is the scattering of the muon as it travels
through the surrounding material of the detector. This propagation angle has been investigated and found
to be accurately described solely by the energy of the muon after propagation. This finding is particularly
advantageous for neutrino telescope applications, as it means that this parameter can be directly measured
by the telescope itself. For final muon energies below 106 GeV, the propagation angle exhibits a steeper
increase. An analysis of antimuons yielded the same results as for muons.

A comparison between the production angle and the propagation angle as a function of muon energy at the
CC DIS vertex revealed that the primary factor contributing to the overall angular uncertainty depends on
the initial energy range of the muon. For muon energies below 10 TeV, the production angle dominates the
uncertainty. However, for initial muon energies above 10 TeV, the dominance is determined by the fraction
of the initial muon momentum that is carried by the muon when it reaches the detector. Specifically, if this
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fraction is less than 0.01, the propagation angle becomes the dominant uncertainty, whereas the production
angle takes precedence if this fraction exceeds 0.01.

Furthermore, a comparison was made between the production angle and the angular resolution of the
KM3NeT ARCA telescope. This comparison revealed that the production angle plays a significant role
in the overall angular uncertainty, particularly for neutrino energies below 100 TeV. Therefore, it is impor-
tant to consider and account for the production angle when analysing and interpreting data from neutrino
telescopes, in order to accurately assess the angular resolution. It should be stressed that these angular un-
certainties become increasingly important for future neutrino telescopes, which will most likely have even
better angular resolutions.
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12 Outlook
This thesis demonstrated the importance of the production and the propagation angles in neutrino telescopy.
In the following section, a number of follow-up investigations are proposed.

Firstly, the neutrino flux was assumed to be proportional to 1
Eν

, in order to improve the amount of statistics
over the full energy range. This is not a realistic representation of the neutrino flux in practical applications.
Thus, it would be valuable to repeat the analysis with a realistic neutrino flux.
Further investigations could explore the production angle for νe and ντ CC DIS events. Although the cur-
rent angular resolution for these events is worse than for νµ events, future advancements in the field of
neutrino telescope could make the production angle more important for these neutrino flavours. Addition-
ally, the production angle for neutral current (NC) DIS events involving neutrinos of all flavours could be
of interest, although this application is less relevant for neutrino telescope applications, since they are not
able to measure these events.
To gain a more quantitative understanding of the results, it would be useful to perform a three-dimensional
fit on the production angle. The parameters of the fit could be chosen to be the neutrino energy, the muon
energy and the Bjorken x, as these parameters provide the most intuitive understanding of the CC DIS pro-
cess. The inelasticity is dependent on the neutrino and muon energies and can thus be excluded from the fit.

For the propagation angle, this thesis assumed that the muon propagated through an immense sphere of wa-
ter. A more specific application could replace the water sphere with an accurate description of the material
surrounding the neutrino detector. In that case, the water sphere should be replaced by a description of the
material surrounding the neutrino detector.
Furthermore, the choice of the multiple scattering method in PROPOSAL could be investigated to deter-
mine if other multiple scattering methods provide different results.

As with the production angle, it would be insightful to perform a 3-dimensional fit of the propagation angle.
The optimal fit would describe the propagation angle as a function of distance, initial muon energy and final
muon energy.
This fit, together with the production angle fit, would provide a valuable tool for analysing and comparing
the physical uncertainties and the systematical uncertainties of any neutrino detector in the neutrino energy
range from 100 GeV to 1 EeV.

An additional analysis could investigate the possibility to combine GENIE and PROPOSAL in one sim-
ulation toolkit. This combination would allow for a more accurate and comprehensive analysis of the
propagation angle and the production angle. The muon momenta output from GENIE, can be used as the
input for the PROPOSAL simulation, which would propagate these muons using the information for the
initial energy and direction from GENIE.
Finally, combining the propagation angle and the production angle would enable the formulation of a sin-
gle physical uncertainty on the propagation angle as a function of final muon energy. This would make it
possible to accurately determine the angular uncertainty for any measured muon neutrino.

In summary, this study has made valuable contributions to enhancing the understanding of the physical
uncertainties that influence the angular resolution of neutrino detection. It has provided insights into the
factors impacting the production and propagation angles. The research has highlighted the significance
of both the production angle and the propagation angle for current neutrino telescopes, especially in the
energy range below 10 TeV. As advancements in the field of neutrino telescopy lead to improved angular
resolutions, these uncertainties become increasingly crucial to consider. Accounting for these uncertainties
is vital for accurate analysis and interpretation of neutrino observations.
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A Appendix
A.1 Notational conventions
In this report, natural units will be assumed (c = ℏ = 1). This means that the units for mass, energy and mo-
mentum all become electronvolts (eV). The neutrino and produced lepton are assumed to have sufficiently
high energy such that they can be taken to be massless.

For relativistic calculations, Lorentz tensors will be used. These are objects that transform as a tensor under
Lorentz transformations (for example, under transformations of reference frame). These tensors can be
recognized by their index, which is a Greek letter. Conventionally, µ and ν are used. Due to confusion with
muons and neutrinos in this paper, these letters will be replaced with α and β. In this report, 4-vectors will
be used to denote the energy and momenta of a relativistic particle. This vector has one index; α ∈ [0, 3].
For example, an energy-momentum 4-vector that describes a relativistic particle takes the form:

Pα =


P 0

P 1

P 2

P 3

 =


Ep

px
py
pz

 (A.1)

A vector can be either covariant or contravariant. Contravariant vectors are denoted with vα and covariant
vectors are denoted with vα.

The notation PαP
α (i.e. a covariant and contravariant 4-vector with the same index) uses the Einstein

summation convention. This means that repeated indices are summed over: Σ3
α=0PαP

α. This is called
contraction. Using the metric in Minkowski space, one can write this out as

PαP
α = ηαβP

βPα = P0P
0 + P1P

1 + P2P
2 + P3P

3 = E2 − p2x − p2y − p2z

One can switch between the two vectors by using the so-called metric. In Minkowski (flat) spacetime, this
metric is diagonal and is mostly negative; ηαβ = diag(1,−1,−1,−1). The Minkowski spacetime is the
spacetime coordinate system with dimensions (ct,x,y,z). Applying this to the example 4-vector Pα:

Pα = ηαβP
β = (Ep,−px,−py,−pz)

An inner product of 4-vectors is a special case of the summation convention. If one has two different
4-vectors v and p, then the inner product is given by

v · p = vαp
α = ηαβv

βpα

The notation v is used to denote a 3-vector, used mostly for momenta; i.e. p = (px, py, pz).

Any object that is made up of tensors and 4-vectors and that has no free indices (which means that all indices
have been contracted) is called Lorentz invariant. This means that the object is the same in all frames of
reference. Such an object is often referred to as a Lorentz scalar.
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A.2 Production angle
The figures presented in this subsection are derived from the same analysis employed in chapters 6, 7, and
8. These figures were not shown in the main text due to the fact that they display similar results to the
figures already shown in the aforementioned chapters,

A.2.1 (Anti)muon energy dependence
Figure A.1 illustrates the relationship between the median production angle and muon energy, accompanied
by the corresponding formulas presented in table 6.2. Figure A.2 displays the residuals of the fit from figure
A.1, compared to the median values of the production angle as a function of muon energy. The fits and fit
residuals of the production angle as a function the antimuon energy are shown in Figures A.3 and A.4, with
the respective formulae provided in Table A.1. Additionally, Figure A.5 displays the production angle as a
function of both muon and antimuon energy.

Figure A.1: Median production angle with a power law fit in 2 different muon energy ranges for νµ CC
DIS. Black dashed line: fit in the energy range Eµ ∈ [102, 2 · 104] GeV. Green dashed line: fit in the

energy range Eµ ∈ [2 · 104, 109] GeV.

Figure A.2: Fit residuals of the fits shown in table 6.2. The coloured dots in this plot correspond to the fits
of the same colour in figure A.1
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Figure A.3: Median production angle with a power law fit in 2 different antimuon energy ranges for ν̄µ CC
DIS. Black dashed line: fit in the energy range Eµ̄ ∈ [102, 2 · 104] GeV. Green dashed line: fit in the

energy range Eµ̄ ∈ [2 · 104, 109] GeV.

Figure A.4: Fit residuals of the fits shown in table A.1. The coloured dots in this plot correspond to the fits
of the same colour in figure A.3

Antimuon energy range Fit value c1 Fit value c2 Fit formula
100 - 5·104 GeV 0.393 ± 0.002 -0.646 ± 0.003 0.393 · (Eµ̄ [TeV])−0.646

5·104-109 GeV 1.14 ± 0.01 -0.917 ± 0.001 1.14 · (Eµ̄ [TeV])−0.917

Table A.1: Derived formulae characterizing the median production angle as a function of antimuon energy

A.2.2 Target
Figure A.6 illustrates the relationship between the production angle and muon energy, while Figure A.7
showcases the relationship between the production angle and antimuon energy. Both figures differentiate
between interactions on protons and neutrons.

Figure A.8 presents separate plots illustrating the quark distributions for valence and sea quarks in antineu-
trino charged current deep inelastic scattering (CC DIS) interactions.
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Figure A.5: Median production angle as a function of (anti)muon energy

Figure A.6: Median production angle as a function of muon energy for CC DIS on neutrons and protons

Figure A.7: Median production angle as a function of antimuon energy for CC DIS of antineutrinos on
neutrons and protons
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(a) Valence quarks

(b) Sea quarks

Figure A.8: Distribution of valence and sea quarks involved in the simulation sample as a function of
antineutrino energy for CC muon neutrino events

A.3 Propagation angle
This section shows plots that were obtained using the same analysis as was used for chapter 9. The differ-
ences between the cuts shown in the Appendix and the plots in the main text is usually the use of a different
interval for one of the parameters used in the analysis.

A.3.1 Final muon energy dependence
Figure A.9 illustrates the relationship between the propagation angle and the final muon energy for differ-
ent initial muon energy ranges spanning one decade. The muons included in this analysis were propagated
over distances ranging from 5 kilometers to 30 kilometers. Note that the median propagation angle fol-
lows a single curve as a function of final muon energy, suggesting its independence from the initial muon
energy.
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Figure A.9: Median propagation angle as a function of initial muon energies for muons propagating
through water for distances from 5 to 30 kilometers. The colours of the lines indicate a fixed initial muon

energy interval spanning a decade.

A.3.2 Antimuons
The figures presented in this subsection are identical to the figures shown and analyzed in Chapter 9, with
the exception that the muon has been replaced with an antimuon.
Figure A.10 displays the distance that the antimuon has travelled as a function of the initial antimuon energy.
Figure A.12 displays the final antimuon energy as a function of initial antimuon energy for travel distances
from 0 to 30 km. Figure A.12 displays the propagation angle as a function of initial antimuon energy, for
antimuon energies spanning a final energy range of one decade. Figure 9.8 displays the propagation angle as
a function of antimuon travel distance, for antimuons with an initial energy spanning one decade. The curve
for antimuons spanning the initial energy range from 102 up until 103 GeV shows different behavior with
respect to its muon counterpart (figure 9.5). Figure A.13 displays the propagation angle as a function of
final muon energy for antimuons with initial energies spanning a range of one decade. Figure A.14 displays
the propagation angle as a function of antimuon travel distance for antimuons with final energies spanning
a range of one decade.
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Figure A.10: Number of surviving antimuons after a given propagation distance as a function of initial
energy E0 for an antimuon traversing up to 30 km of water for a total of 1000 antimuons per initial energy
bin. The color indicates the number of surviving muons per bin, decreasing from yellow to blue, following

the rainbow

Figure A.11: Median of the final muon energy as a function of the initial antimuon energy. The color of the
line indicates the distance that the antimuon has travelled. Toevoegen: pijl met increasing distance
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Figure A.12: Median propagation angle as a function of the initial antimuon energy for an antimuon
scattering in water. The colors represent distinct final antimuon energy intervals spanning one decade.

The filled areas correspond to the 68% range of the propagation angle distribution. The antimuons in this
figure have travelled any distance ranging from 0 to 30 km

Figure A.13: Median propagation angle as a function of final antimuon energies for antimuons
propagating through water distances from 0 to 30 kilometers. The colours of the lines indicate a fixed

initial antimuon energy interval spanning a decade. The error bars indicate the 68% uncertainty range
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Figure A.14: Median propagation angle distribution as a function of propagated distance for final
antimuon energies that were restricted within a specific energy interval
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