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Abstract

Causal Dynamical Triangulations is a promising theory for describing quantum gravity. Nev-
ertheless, much about the theory is still unknown, such as how it converges to a continuum
limit. The geometry of CDT may provide information about how the theory may converge to a
continuum limit. This study investigates two different aspects of the geometry: the geometric
structure as a function of the time extent of CDT and the correlation between layers within
CDT configurations. To study these small scale aspects of the geometry, new observables are
introduced that measure the small-scaled properties. To define these observables, coordinates
are assigned to CDT through the conformal gauge on the harmonic embedding. The conformal
gauge allows rewriting the metric of the geometry into a flat metric and a conformal factor.
The conformal factor can be Fourier expanded and the coefficients of the expansion serve as the
observables in this study. Some observables showed a mild change as the time extent increased,
while others did not. Moreover, they showed some correlation between layers. However, both
results were not convincing enough to draw definitive conclusions.
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Chapter 1

Introduction

1.1 Observables in CDT

In the 20th century, two new theories emerged that fundamentally changed the way we look
at physics. One theory is known as the theory of general relativity that introduced the notion
that space and time are intertwined into space-time. The curvature of space-time interacts with
particles and is interpreted as the force of gravity. The other theory is known as the theory of
quantum mechanics that first described the wave-like nature of point particles. This concept
introduces the superposition principle of particles, where a linear combination of solutions to a
quantum state is also a solution.

On microscopic scales, quantum effects are necessary to accurately describe a system. For
three of the fundamental forces, the strong, weak and electromagnetic force, the quantum
effects are well known and described by the Standard Model. For the fourth fundamental force,
gravity, the scale where quantum effects become significant is much smaller, at the Planck scale,
1.62 · 10−35m. Making predictions at this scale requires a quantum theory that incorporates
gravity, a theory of quantum gravity.

Attempts to create such a theory were unsuccessful. In particular, a perturbative expansion
around flat Minkowski space resulted in a non-renormalizable theory [1]. Different approaches
have been taken to solve this problem. One was to question the underlying space-time geometry
and search for more degrees of freedom at the microscopic scale. This is the approach adopted
by the field of string theory [2]. Another approach is to question the perturbative methods that
are used on Minkowski space, which is the approach followed in this study.

The theory of causal dynamical triangulations (CDT) was proposed to describe quantum
gravity without applying perturbative methods [3]. CDT is a lattice approach that describes
space-time as constructed by simplicial building blocks of flat space-time. Consequently, quan-
tum gravity is described by the superposition of all possible configurations of CDT. CDT has a
preferred time variable, which gives it a layered structure of spatial hypersurfaces. Simulations
of CDT have provided some evidence for semi-classical behaviour of the spectral dimension
[4, 5] and the volume profile of the sphere in 2+1 and 3+1 dimensions [6, 7].

These studies measure the global structure of CDT. The subject of interest in this study is
whether observables that consider the fine-grained details also show semi-classical behaviour.
Answering this question is difficult since in quantum gravity the observables cannot explicitly
depend on coordinates. Observables are only diffeomorphism invariant when integrating over
all curvature, absorbing all detail in the process. One option is to assign coordinates to CDT
through gauge fixing. Unfortunately, this is a difficult task in 3+1 dimensions and instead,
CDT in 2+1 dimensions will be studied. This is reasonable since both dimensions share relevant
properties. For instance, both show a phase with a volume profile closely matching the one for
de Sitter space.
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To assign coordinates, CDT with spatial volume with torus topology is studied. The torus
is conformally equivalent to the flat torus, which provides gauge fixing of coordinates using
the so-called harmonic embedding. Hence, every layer of CDT can be embedded onto the flat
torus. The conformal gauge decomposes the metric of the geometry of CDT into a flat metric
and a conformal factor. Particular about this study is that a Fourier expansion is made for
the conformal factor. The observables used in this study are the Fourier coefficients of the
expansion, where the absolute value of the coefficients is diffeomorphism invariant. The benefit
of these observables is the information they can provide about both the large scale aspects and
the small scale aspects of the geometry. Moreover, they form a complete set of observables and
contain, except for a phase, all information of the spatial geometry.

1.2 The spatial geometry of CDT

The purpose of this study is to investigate the spatial geometry of CDT in 2+1 dimensions
using observables that are sensitive to details of the geometry. This is done in a two-part study
where two different aspects of the geometry are investigated. In the first part, the behaviour
of the geometry of the torus is studied for an increasing time extent i.e. increasing number of
layers. This is interesting since the behaviour of the geometry could provide information about
if and how CDT converges if the number of building blocks increases to very large numbers, the
continuum limit. We expect the geometry to become more smooth as the time extent increases.
To make quantitative statements about the geometry we will use the new observables since their
distribution is a measure of the fluctuation of the geometry.

The second part focuses on the correlation of the geometry between layers within CDT
configurations. The correlation is already studied for different observables such as the spatial
volume and the moduli. This study could strengthen the results of previous works using the
new observables. To study the correlation, we effectively describe the theory using the ADM
formalism. The leading term of the ADM action is the kinetic term, which is described by the
so-called Wheeler-DeWitt metric. With the new observables, this study attempts to verify if
the kinetic term is indeed described by the Wheeler-DeWitt metric.

Before covering the main subjects, we want to verify that the defined observables behave
according to theory. Two-dimensional quantum gravity is described by Liouville quantum grav-
ity (LQG). Studies have shown correspondence between LQG and two-dimensional dynamical
triangulations [8, 9, 10]. This correspondence enables us to compare the observables with LQG,
which will be done for two-dimensional dynamical triangulations and CDT with one layer.

1.3 Outline

In chapter 2, we discuss the relevant details of CDT. In chapter 3, we look into the harmonic
embedding and define the observables. In chapter 4, we set up a description of LQG in terms
of the Fourier coefficients and compare theory to two-dimensional dynamical triangulations. In
chapter 5 we compare theory to one-layer CDT and see how the observables behave as the time
extent of CDT increases. In chapter 6, we examine the correlation of the observables between
layers within CDT. In chapter 7 the results of the study are discussed. In chapter 8 we briefly
discuss the code which is used and created for this study.
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Chapter 2

Causal Dynamical Triangulations

This chapter covers the important aspects of causal dynamical triangulations (CDT), the sub-
ject of this study. To understand the theory a brief overview of the history of CDT is covered,
allowing to explain every aspect of CDT individually. It also covers previous studies that show
evidence for why this theory might be a successful description of quantum gravity. Subsequently,
the chapter discusses how to do measurements in CDT using Monte Carlo simulations.

2.1 The CDT path integral

Quantum gravity in the covariant formulation is given by a formal path integral. The main idea
of CDT is to replace the integral over all space-time metrics with the sum over all triangulations
constructed from simplices.

The path integral is given by

Z =

∫
Dg
Diff

e
i
h̄
SEH [g], (2.1)

with
∫
Dg the functional integral over all Lorentzian space time metrics gµν(x).

The action is the Einstein-Hilbert action of classical general relativity,

SEH [g] = κ

∫
ddx
√
−g(R− 2Λ), (2.2)

with κ = 1
16πG

, G Newton’s constant, R the Ricci curvature, Λ the cosmological constant and
g the determinant of the space-time metric. This path integral follows Feynman’s formulation
of quantum mechanics, which obeys the superposition principle. For this path integral, the
superpositions are of all possible geometries in space-time.

This path integral appears to be particularly difficult to solve. A Wick rotation would sim-
plify the path integral, but it is unclear how this rotation could be done in a unique coordinate-
invariant way. We could say this is not relevant, as long as the theory can make physical
predictions. This leads us to the Euclidean quantum gravity approach introduced by Hawking
[11],

Z =

∫
Dg
Diff

e−
1
h̄
SEH [g], (2.3)

where the integral is now over the Riemannian metrics, gab(x), with action

SEH [g] = −κ
∫
ddx
√
g(R− 2Λ). (2.4)
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The path integral can be interpreted as a partition function of a thermal system, where the
space-time metrics have a Boltzmann weight determined by the action, SEH [g].

CDT replaces the integral over all space-time metrics by the sum over all simplices of the
triangulation. The CDT partition function becomes

ZCDT (T ) =
∑
T∈T

1

CT
e−SCDT [T ], (2.5)

where the sum is over all triangulations T in the set T of n-dimensional triangulations. CT is
the order of the automorphism group of triangulation T. The action is derived from the Regge
action.

CDT uses this simplicial description to describe quantum gravity nonperturbatively. To
better understand CDT, we first look at its predecessor: dynamical triangulations (DT). DT
is a nonperturbative path integral approach to quantum gravity. It constructs space-time
with equilateral building blocks of flat Euclidean space, where n-dimensional space-time is
constructed with n-simplices, see figure 2.1. Curvature is located at the connection between
the building blocks, the n-2 dimensional simplices. The collection of building blocks form
random geometries, see figure 2.2. In this thesis, size is referred to as the number of building
blocks in CDT or DT.

The superposition of these random geometries give expectation values of observables. As
the building blocks become smaller, they better succeed at describing random geometries and
approximate the observables better. Increasing the number of building blocks to the limit of
infinity while taking their edge length to zero is considered the continuum limit.

Figure 2.1: DT building blocks for two, three, and four dimensions. Source: [12]

Figure 2.2: Two random configurations of two-dimensional DT embedded in three dimensions.
Created by T. Budd.

It is unclear if a continuum limit exists. The work of Weinberg suggests the asymptotic
safety scenario [13], which introduces an ultraviolet fixed point. At this fixed point, the number
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of relevant couplings is finite, so the theory could still be predictive in the limit of infinite
energies. The evidence supporting the existence of an ultraviolet fixed point is growing and
lattice theories, such as CDT, might add to that evidence. Conversely, the existence of an
ultraviolet fixed point would allow for taking the lattice spacing of CDT to zero while keeping
observable quantities finite. This would allow for a proper continuum limit. The smallest
length scale of DT is determined by the edge length of the building blocks, which makes the
edge length a natural UV regulator. A proper theory of quantum gravity needs a scale-invariant
limit. However, it is not yet clear how to remove the UV cut-off when taking the edge length
to zero [3].

Unfortunately, DT appeared to be unsuccessful as a proper theory for quantum gravity.
Previous studies have found that changing the parameters of the DT action reveals different
phases of the DT geometries. The phase transitions between the phases all appeared to be of
first-order both in three and four dimensions [14, 15], while second-order phase transitions are
crucial for the theory to have a good continuum limit. Moreover, the different phases showed
convergence to non-physical volume profiles.

In the late nineties, a modification of DT was introduced, CDT [3]. CDT gives time a
preferred direction, introducing time foliation. This allows for a well defined Wick rotation
creating building blocks of Lorentzian nature which distinguishes space-like edges from time-
like edges, see figure 2.3. Here the length of the time-like edges is related to those of the
space-like edges by a2

t = −αa2
s. Without loss of generality, α can be set to one.

The preferred time direction gives CDT a layered structure that consists of spatial hypersur-
faces connected by space-time simplices. Setting the distance between each spatial hypersurface
to one allows the assignment of a time index t to each layer. This gives boundary conditions to
CDT which can be free or periodic. See figure 2.4 for an example of CDT in 2+1 dimensions
with free boundary conditions.

Figure 2.3: Change from simplices of Euclidean signature used in DT to simplices with
Lorentzian signature used in CDT. The red lines indicate time-like edges

Figure 2.4: CDT in 2+1 dimensions with free boundary conditions. Source: [12]
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2.2 Previous results in CDT

Studies have shown promising results for CDT. First was the discovery of a scale-dependent
spectral dimension. In 3+1 dimensions, a spectral dimension of two was measured at small
scales, but when going to larger scales, the spectral dimension increases to a value of four,
which is expected for de Sitter space [4], see figure 2.5. The same behaviour was found for
the spectral dimension of 2+1 dimensional CDT, where the spectral dimension converged to a
value of three [5], see figure 2.6. This behaviour of the spectral dimension is also in line with
Hořava-Lifshitz gravity [16].

Figure 2.5: Spectral dimension versus the diffusion time in 3+1 dimensions. The diffusion time
is related to the CDT size. Source: [4]

Figure 2.6: Spectral dimension versus the diffusion time in 2+1 dimensions. The diffusion time
is related to the CDT size. Source: [5]

Later, promising results were found for the volume profile of CDT. In 3+1 dimensions, the
CDT action has the form

SCDT [T ] = −(κ0 + 6∆)N0(T ) + κ4(N41(T ) +N32(T )) + ∆(2N41(T ) +N32(T )). (2.6)
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Here ∆ is related to the ratio of space-like and time-like edges of the configuration, κ4 to the
cosmological constant and κ0 to Newtons constant. N41(T ) and N32(T ) are the number of 41
and 32-simplices, the two building blocks of CDT in 3+1 dimensions. N0(T ) are the number
of vertices in the triangulation.

Varying the parameters ∆ and κ0 reveal a phase diagram with four phases, see figure 2.7.
The A and B phases show a crumpled and a clotted phase respectively both for CDT with a
spatial topology of the sphere and the torus, depicted in figure 2.8. However, phases C show a
volume profile for the sphere that matches that of the Euclidean de Sitter space [7]. Moreover,
the phase transition between phases B and C is second order. This is essential for a theory to
have a proper continuum limit.

Figure 2.7: Phase diagram of CDT in 3+1 dimensions (left) and volume profile of the CdS and
Cb phase (right). Source: [3, 17]

Figure 2.8: Volume profiles of the phases depicted in figure 2.7 for the sphere (top) and torus
(bottom). Source: [18]

In 2+1 dimensions, CDT also shows a phase space parametrised by the coupling constants
k3 and k0, which come from the action in 2+1 dimensions,

7



SCDT [T ] = k3N3 − k0N0. (2.7)

N0 is the number of vertices and N3 is the number of 3-simplices. The phase space is confined
to a line since k3 and k0 are not independent: both parameters can be expressed in constants of
nature and the edge length a of the lattice. This leaves a the only variable of the phase space.

The phase space shows two phases: a smooth phase and a crumpled phase, see figure 2.9.
The volume profile of the smooth phase matches that of three-dimensional Euclidean de Sitter
space. The phase transition between the two phases is only first order and therefore not a good
candidate for quantum gravity. However, it can still serve as a suitable toy model for CDT in
3+1 dimensions.

Figure 2.9: Phase diagram of CDT in 2+1 dimensions (left) and volume profile of the smooth
phase (right). Source: [6]

2.3 Measurements in CDT

To inspect the detailed structure of CDT’s geometry, we would like to gauge fix coordinates.
This is difficult in 3+1 dimensions, so we will study CDT in 2+1 dimensions instead. It
is reasonable to study 2+1 dimensions since it shares relevant properties with CDT in 3+1
dimensions. An important one is that both show a phase with a volume profile closely matching
the one for de Sitter space. Local dynamics and degrees of freedom are indeed very different in
2+1 dimensions. One example is the absence of a second-order phase transition. Nevertheless,
for this specific study, CDT in 2+1 dimensions serves as a proper toy model. An additional
benefit of CDT in 2+1 dimensions is that computations of CDT are a lot less heavy in 2+1
dimensions.

In 2+1 dimensions, the spatial volumes are layers of two-dimensional dynamical triangula-
tions connected by three-dimensional space-time simplices, see figure 2.10. The two-dimensional
triangulations are connected by 2+1-dimensional simplices which come in three types: the 13,
22 and 31-simplex. Here ij-simplex means that the simplex has i vertices lying in the upper
two-dimensional triangulation and j vertices in the lower triangulation. The action of CDT in
2+1 dimensions is given by equation 2.7.
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Figure 2.10: One layer of CDT with a 13, 22 and 31-simplex, shown from left to right. Source:
[12]

With this simplicial description, CDT is merely a combinatorial structure, which allows
for computer simulations. In these simulations, observables are found by averaging over many
random geometries.

CDT configurations of random geometry are created using Monte Carlo simulations. To ob-
tain correct results, the configurations need to be Boltzmann distributed [19]. This distribution
is achieved using the Markov process. New configurations are made from old configurations
using moves on randomly chosen connected simplices. There are three possible moves which
we call the flip-move, the 26-move and the 23-move and are shown in figure 2.11, see [20, 21]
for more details.

The process starts with a CDT configuration with a certain number of triangles and topol-
ogy. Moves are performed until the initial configuration has the desired properties. This process
is called thermalisation. Then, a large number of moves are performed on the initial configu-
ration to produce a new CDT configuration that is independent of the previous configuration.
Repeating this process produces a Markov chain of CDT configurations. In practice, it takes
a long time to reach true independence. By applying sufficient moves, the correlation between
configurations can be reduced enough to perform measurements.

The Monte Carlo moves may change the total number of tetrahedra. As the spatial volume
can change drastically between different configurations, we choose it to be constant by fixing
the number of 31 and 13-simplices. This excludes the 26-move.

Figure 2.11: The set of possible Monte carlo moves. From top to bottom: the flip-move,
26-move and 23-move. Source: [12]
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To produce a Markov chain with a Boltzman distribution, there are three restrictions on the
Monte Carlo moves: they need to preserve topology, detailed balance and ergodicity. Ergodicity
implies any state can be reached from any other by a finite number of moves. This makes sense
since a state should be reached with Boltzmann probability, not with zero probability. Detailed
balance implies that going from one state to another is as likely as going back to the first
state. To formulate detailed balance, we define P(a), the probability of being in a state a. This
probability is given by

P (a) =
wa∑
iwi

(2.8)

with wi the Boltzmann weight of state i, which is related to the CDT action by

wi = e−SCDT [Ti]. (2.9)

If we call P (a → b) the transition probability going from the state a to b, then detailed
balance implies

P (a)P (a→ b) = P (b)P (b→ a). (2.10)

The ratio of transition probabilities can be found by rewriting equation 2.10,

P (a→ b)

P (b→ a)
=
P (b)

P (a)
=
e−SCDT [Tb]

e−SCDT [Ta]
= e−∆SCDT . (2.11)

To get a better understanding of the application of the transition probability in the simu-
lation, we divide it into the selection probability g, the probability of generating a new state,
and the acceptance ratio A, the probability of accepting the new state,

P (a→ b) = g(a→ b)A(a→ b). (2.12)

In the simulation, the selection probability is the probability of randomly choosing a move
and applying it to a location in the CDT configuration. The code tries to apply a move to one
of the N locations in the configuration with probability 1

N
, performs it if the move is possible on

that location, discards it if it is not possible. A consequence of this approach is that relatively
many attempts are needed before a move is successful. To counter this, the code tries to
determine the failure quickly and continue to the next move.

Detailed balance requires a probability of the system returning to the previous state. To
guarantee detailed balance, the moves are chosen with specific probability related to the Boltz-
mann weight. For the flip move, the inverse is in principle equal to itself and does not change the
action. Thus, detailed balance is satisfied regardless of its selection probability. The 23-move
changes the Boltzmann weight by a factor w and thus its inverse changes the action by a factor
1
w

. The 23-move satisfies detailed balance if its probability is w
1+w

and the probability of the

inverse move is 1
1+w

. The ratio of flip-moves versus the 23-move and its inverse is determined
by a manually chosen flip ratio f. The moves are then selected with a probability according to

move =


flip-move, with p = f

23-move, with p = w(1−f)
1+w

inverse 23-move, with p = 1−f
1+w

.

(2.13)

As detailed balance is satisfied with this choice of selection probability, the acceptance ratio in
the simulation can be set to one.
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Chapter 3

The conformal gauge

To find observables we want to find a gauge fixing of the metric of CDT such that it provides
coordinates. The uniformization theorem says that simply connected Riemannian surfaces
are conformally equivalent to Riemannian surfaces of constant curvature. In particular, the
geometry of the torus is conformally equivalent to the flat torus. The discrete analogue of the
conformal gauge is referred to as the harmonic embedding and is used to embed every layer of
CDT.

Subsequently, we define a scalar field on the harmonic embedding in terms of the conformal
factor. A Fourier expansion of the conformal factor produces the observables used in this study,
the Fourier coefficients.

3.1 The harmonic embedding

The conformal gauge allows us to choose coordinates such that the metric takes the form

gab(x) = eφ(x)ĝab(τ). (3.1)

Here the metric is divided into a conformal factor eφ(x) dependent on the coordinate x and a
flat metric ĝab(τ) paramatrized by a complex parameter τ = τ1 + iτ2 with τ1, τ2 ∈ R. If we
choose the coordinates on the torus to be periodic and limit them to 0 ≤ x1, x2 < 1, we can
write the metric position independently,

ĝab(τ) =

(
1
τ2

τ1
τ2

τ1
τ2

τ2
1 +τ2

2

τ2

)
. (3.2)

Notice that the determinant ĝ = 1.
Typical about the conformal gauge is that it preserves angles on the embedding, but not

distances. The advantage of the conformal gauge is that it produces coordinates that are easily
implemented into computer simulations. Moreover, the gauge demands harmonic coordinates,
see equation 3.3, which is easily discretised.

∆gx
a =

1
√
g
∂b(g

bc√g∂cxa) =
1
√
g
ĝbc∂b∂cx

a = 0. (3.3)

The discrete version of the conformal gauge fixing is the harmonic embedding, which is
defined for every layer of CDT. There are multiple ways to define the harmonic embedding
with respect to a CDT layer. One way is to choose the spatial triangulations as a basis
for the harmonic embedding. Another is to make an intersection of the simplices between the
triangulations. The latter is chosen, since it provides more structure to the harmonic embedding
and therefore, smaller spatial volumes will suffice for the study, see figure 3.1.
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Figure 3.1: Intersection of a layer of CDT that produces the harmonic embedding.

This intersection produces a flat torus scaled to have vertices between 0 and 1 and trans-
formed to the parallelogram. Having the topology of the torus means that the left and right
edges are connected and the top and bottom edges. The top-left coordinate of the parallel-
ogram is given by the modular parameter τ . The embedding lies in the complex plane and
consists of triangles and quadrangles. The triangles correspond to the 13 and 31-simplices and
the quadrangles to the 22-simplices. The embedding is harmonic, which implies that the sum
of all squared edge lengths of the embedding is minimised i.e. every vertex is at the centre of
mass of its neighbours,

1

deg(v)

∑
w

xa(w) = xa(v). (3.4)

Here is summed over all vertices w neighbouring vertex v and divided by the degree of
the vertex i.e. the number of links it has connected. This property is invariant under linear
transformation.

The parameter is not unique. There are diffeomorphisms of the flat torus such that τ can
be transformed as

τ → aτ + b

cτ + d
, (3.5)

where the transformations are elements of the modular group,(
a b
c d

)
∈ SL(2,Z)/Z2. (3.6)

To define τ uniquely we restrict τ to be in the fundamental domain M,

M = {−1

2
≤ τ1 ≤ 0 ∧ |τ |≥ 1} ∪ {0 < τ1 <

1

2
∧ |τ |> 1}, (3.7)

illustrated in figure 3.2.
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Figure 3.2: Illustration of the fundamental domain M.

To find τ , we need to find the harmonic forms. We will first look at how to find harmonic
forms in the continuous case and then translate that to a formulation in the discrete case. A
more complete description can be found in section 3.2 of [12] and in [22].

To find the harmonic forms, we define the 1-forms ω1 and ω2 on a two-dimensional Rie-
mannian geometry. Here, harmonic forms are 1-forms, which are both closed and co-closed.
Closed implies dω = 0, with d the exterior derivative and co-closed implies δω = 0, with δ the
co-differential. This is equivalent to solving ∆ω = 0, with ∆ the Hodge Laplacian ∆ = dδ+ δd.
The space of solutions of ∆ω = 0 is 2g dimensional. On the torus, with genus g = 1, this is
two.

This definition of the harmonic forms has no preferred basis yet. To find this preferred
basis, we define γ1 and γ2, two oriented simple closed curves that generate the fundamental
group of the torus, see for example figure 3.3.

Demanding ∫
γi

αi = δji (3.8)

uniquely determines the harmonic forms αi.

Figure 3.3: The two topologically different curves around the torus. Source: [23].

Subsequently, τ is expressed in terms of the harmonic forms αi, given by

τ = −〈α
1, α2〉

〈α2, α2〉
+ i

√
〈α1, α1〉
〈α2, α2〉

−
(
〈α1, α2〉
〈α2, α2〉

)2

, (3.9)

where 〈αi, αj〉 is the standard inner product of 1-forms.
To find τ belonging to the lattice, we need the discrete analogy of the previous. We can

define the exterior derivative d and the co-differential δ working on the oriented simplicial
edges of the triangulation. These edges consist of two half-edges with opposite orientation.
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The discrete 1-form φ associates a real number φ(ij) to each half edge ij and each opposite half
edge ji with the condition φ(ji) = −φ(ij). Likewise, we take φ(ijk) to be a real number associated
to triangle ijk. The discrete exterior derivative and co-differential are then given by

(dφ)ijk = φ(ij) + φ(jk) + φ(ki) (3.10)

and

(δφ)i =
∑
j(i)

φ(ij). (3.11)

Here the summation is over all vertices j neighbouring i. (dφ)ijk can be interpreted as the
curl at triangle ijk and (δφ)i as the divergence at vertex i. We find the harmonic forms by
solving (dφ)(ijk) = 0 and (δφ)i = 0 or the matrix equation (∆φ)ij = 0.

Again on the torus, we find a two-dimensional space of solutions. We select the solutions
that satisfy ∑

(kl)∈γi

αj(kl) = δji . (3.12)

To find the oriented closed cycles γ1 and γ2, we construct a non-intersecting primal and dual
tree on the triangulation. Together they cover all edges but two. Adding each of the uncovered
edges to the primal tree produces a cycle. Figure 3.4 shows an example of the spanning trees
on a two-dimensional torus embedded in three dimensions.

Also in the discrete case, τ is given by equation 3.9.

Figure 3.4: Left: two-dimensional triangulation of the torus decorated with a primal (red) and
dual (blue) spanning tree. Right: the primal spanning tree together with the two uncovered
edges forms a graph with the two cycles γ1 and γ2. Source: [12]

3.2 The observables

To find the observables, we need to define the real scalar field φ of the conformal factor on
the harmonic embedding, which plays the analogue role of φ in section 3.1. This is done by
taking φ constant within each polygon ∆ while taking the conformal factor eφ proportional to
the density of the polygons in the harmonic embedding. This allows us to express φ in terms
of the two-dimensional volume of the polygons:∫ ∫

∆

√
gdx1dx2 =

∫ ∫
∆

eφ(x)dx1dx2 = eφ(x)V∆ = 1. (3.13)

14



Polygons with zero volume may appear in the harmonic embedding as well. Of course, we
do not want them to contribute to the φ-field and set them to zero. This gives for φ

φ(x)
x∈∆
=

{
ln( 1

V∆
), if V∆ > 0

0, if V∆ = 0.
(3.14)

To find the observables in CDT, we Fourier expand φ,

φ(x) =
∞∑

m,n=−∞

am,ne
−2πi(mx1+nx2). (3.15)

φ is a real field. This adds the constraint

a∗m,n = a−m,−n. (3.16)

Conversely, we find the Fourier coefficients by integrating φ with the plane wave,

am,n = 〈φ, e−2πi(mx1+nx2)〉 =
∑

∆

ln(
1

V∆

)

∫
∆

e−2πi(mx1+nx2)dx1dx2, (3.17)

where the integral is over a polygon ∆ and summed over all polygons of the harmonic embed-
ding. Notice from equation 3.17 that indeed a∗m,n = a−m,−n. Evaluation of the integral and a
discussion of the results can be found in appendix A. The Fourier coefficient is given in terms
of the vertices i and j of polygon ∆,

am,n =
∑

∆

ln(
1

V∆

)

( ∑
i→j=1,2,3

e−2πi(mxi+nyi) − e−2πi(mxj+nyj)

4π2n(m+ n
yj−yi
xj−xi )

)
∆

. (3.18)

The Fourier coefficient is sensitive to coordinate translation. To define a diffeomorphism
invariant observable, we take the absolute of the Fourier coefficient as observable, since the
absolute value is invariant under coordinate transformations.

Notice that the harmonic embedding may contain polygons with zero volume. How would
these polygons contribute to the Fourier coefficients? We see from equation 3.17 that polygons
with a very small volume contribute with a value proportional to −ln(V )V . This goes to zero
for vanishing V, so polygons with zero volume do not contribute to the Fourier coefficients.
This agrees with the chosen convention φ(x) = 0 for V = 0.

We also see from equation 3.18 that am,n decreases for increasing m and n. So higher index
coefficients contribute less to φ.

Figure 3.5 shows how the Fourier modes can reconstruct the original harmonic embedding.
Using the coefficients determined from the harmonic embedding, the associated two dimensional
Fourier modes were retrieved. Summing these modes gives an approximation of the field φ on
the harmonic embedding, which is plot. The values of φ of every polygon in the harmonic
embedding can be computed using equation 3.14. These values should match the values of φ in
the reconstruction. The colours of both illustrations do not match exactly, because they have
slightly different colour schemes. However, computing the values of φ on the polygons turns
out to indeed match the values within the reconstruction.
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Figure 3.5: Harmonic embedding (left) and its reconstruction with Fourier modes (right).

Figure 3.6 nicely shows the benefit of the Fourier coefficients as an observable. The larger
coefficients, with a lower value of m and n, describe the global structure of the harmonic
embedding. Adding lower coefficients adds detail to the picture, as they describe the local
structure. The full set of Fourier coefficients contains all information of the spatial geometry
of that layer, up to a phase, as they would exactly describe the complete harmonic embedding.

Figure 3.6: Harmonic embedding constructed with an increasing number of Fourier coefficients
included.
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Chapter 4

Two-dimensional dynamical
triangulations

This chapter studies how the observables behave compared to theoretical predictions. Studies
have shown that LQG surfaces describe the continuum limits of discrete random surfaces such
as triangulations [9]. Moreover, studies have shown that discrete conformal embeddings of
uniform triangulations of the disk or sphere converge in a suitable sense to LQG with γ =

√
8/3

[8]. This allows us to use LQG to test the observables produced by CDT. However, creating
triangulations in CDT is a very time-consuming task, limiting the accessible spatial volume.
Therefore, instead, we start by comparing LQG to more efficiently constructed two-dimensional
dynamical triangulation.

4.1 Liouville quantum gravity

We want to compare the observables with LQG. To do so, we need to express the Liouville
path integral in terms of the observables. The derivation up to equation 4.9 is also described
in [12], section 3.1. We start with the fixed genus partition function for conformally invariant
matter coupled to 2d gravity,

Z =

∫
DgDXe−SEH [g]−Sm[g,X]. (4.1)

SEH is the Einstein-Hilbert action and Sm is the action for the matter fields X, with background
metric gab(x).

We can solve this path integral using the conformal gauge,

gab(x) = eγφ(x)ĝab(τ). (4.2)

φ is the Liouville field in this setting and γ is a normalization constant.
We can now write the path integral as an integral over the Liouville field and τ ,

Zĝ =

∫
Dφd2τDXJĝe−SL[φ,ĝ]−Sm[X,ĝ]. (4.3)

Jĝ is a Jacobian which can be associated with the gauge fixing to the conformal gauge. SL[φ, ĝ]
is the Liouville action, depending on the Liouville field φ and the metric ĝ. Sm[X, ĝ] is the
matter action, which depends on the matter field X and the metric ĝ, but not on the Liouville
field φ.

We are only interested in the quantum geometry of the surface, so we can integrate out
Sm[X, ĝ] by integrating over the matter fields. We find
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Zĝ =

∫
Dφd2τe−SL[φ,ĝ]. (4.4)

The Liouville action here is given by

SL[φ, ĝ] =
1

4π

∫
dx
√
ĝ(ĝab∂aφ∂bφ+QR̂φ+ 4πλeγφ). (4.5)

R̂ is here the Ricci scalar curvature of ĝ, λ the cosmological constant. Since we are now dealing
with the flat metric, we have R̂ = 0.

The path integral defines only a proper conformal field theory if Q = 2
γ

+ γ
2
. Q is also related

to the central charge by c = 25− 6Q2, which permits c to be expressed in terms of γ,

γ =

√
25− c−

√
1− c√

6
. (4.6)

A plot of γ versus c shows that there is no value of gamma for c > 1, see figure 4.1.

Figure 4.1: Plot of gamma versus c. There is no value of gamma for c > 1.

Values of γ used in this study are γ =
√

8/3, which is associated with purely gravitational

triangulations with c = 0, and γ =
√

2, which is associated with triangulations coupled to
matter with c = −2, see section 4.2 for their application.

The volume of the triangulation can fluctuate wildly for different values of τ . Therefore, we
consider a fixed volume by requiring

∫
dx2eγφ = V . We get for the Liouville action

SL[φ] =
1

4π

∫
dx
√
ĝ(ĝab∂aφ∂bφ) + λV. (4.7)

Using the inverse Laplace transform, we can switch to the fixed volume partition function

Z =

∫
dV e−λVZ(V ), Z(V ) ∝

∫
Dφd2τe−

1
4π

∫
d2xĝab∂aφ∂bφδ(V −

∫
d2xeγφ). (4.8)

We can deal with the delta function by shifting φ by a constant φ′ = φ−a0,0 and integrating
over a0,0. This integrates out the δ function. We find the free scalar field partition function,

Z(V ) ∝
∫
Dφd2τe−

1
4π

∫
d2xĝab∂aφ∂bφ. (4.9)
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It turns out Z(V) is also proportional to the distribution of τ integrated over region M in
equation 4.10, see [12], section 3.1,

Z(V ) ∝
∫
M
d2τ

f(τ)c−1

τ 2
2

. (4.10)

f(τ) is related to the eta Dedekind function and is given by:

f(τ) = τ
−1/2
2 eπτ2/6

∞∏
n=1

|1− e2πinτ |−2. (4.11)

Notice that f(τ) grows exponentially with τ2, so the Z only converges for c < 1.
Finally, we apply the Fourier expansion to the Liouville field and express the partition

function as function of the observable. Recall

φ(x) =
∞∑

m,n=−∞

am,ne
−2πi(mx1+nx2). (4.12)

Substituting the Fourier expansion of φ and distribution 4.11 into equation 4.9 transforms
it into the partition function

”Z ∝
∫
M
d2τ

f(τ)c−1

τ 2
2

∞∏
m,n=−∞

∫
d2am,ne

−πkm,n(τ)|am,n|2” (4.13)

with

km,n(τ) = m2 τ
2
1 + τ 2

2

τ2

− 2mn
τ1

τ2

+ n2 1

τ2

. (4.14)

See appendix B for specifics of the computation.
Notice that the integral for a0,0 would diverge. However, this integral is not included in the

sum of integrals of equation 4.13, since it is integrated out in equation 4.8. This means the
coefficient a0,0 can not be compared to theory and, as a result, is not considered in this study.

Equation 4.13 is not yet the final form, since it is double-counting some of the coefficients.
We know a∗m,n = a−m,−n which implies |am,n|= |a−m,−n|. This restricts the products of integrals
to run from m = 1 → ∞, n = −∞ → ∞ for m > 0 and to n = 1 → ∞ for m = 0. This
changes the partition function to its final form

Z ∝ 2

∫
M
d2τ

f(τ)c−1

τ 2
2

∞∏
m=1

∞∏
n=−∞

km,n(τ)

∫
d2am,ne

−2πkm,n|am,n|2 m > 0 (4.15)

Z ∝ 2

∫
M
d2τ

f(τ)c−1

τ 2
2

∞∏
n=1

k0,n(τ)

∫
d2am,ne

−2πk0,n|a0,n|2 m = 0 (4.16)

with the integrals over the real and imaginary part of the modular parameter and the Fourier
coefficient.

4.2 Two-dimensional triangulations

Two-dimensional triangulations can be constructed in various ways, for example using the
spanning-tree-decorated, the uniform, the Schnyder-wood-decorated or the bipolar-oriented
model. Details of these models can be found in [24]. The two-dimensional spatial volumes in
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2+1 CDT are triangulations based on the uniform model, which has c = 0 and is interpreted
as purely gravitational i.e. without matter.

The two-dimensional dynamical triangulations used in this chapter are constructed with
the spanning-tree-decorated model. This is a more efficient way to produce two-dimensional
dynamical triangulations than the uniform model and allows for much larger sizes. It has
c = −2 and is interpreted as gravity coupled to matter.

To compare two-dimensional dynamical triangulations to LQG, the observables are ex-
tracted from the harmonic embedding of the triangulation. For the theoretical prediction of
the values of the observables, we use the partition function derived in the previous chapter to
find observable O with

〈O〉 =
1

Zπ

∫
dτ
f(τ)c−1

τ 2
2

∞∏
m=−∞

∞∏
n=0

km,n(τ)

∫
d2am,ne

−km,n(τ)|am,n|2O (m 6= 0 ∧ n 6= 0). (4.17)

We see from this equation that the Fourier coefficients are Gaussian distributed. Addition-
ally, we see that for m 6= m′∨n 6= n′, 〈|am,n||am′,n′ |〉 = 〈|am,n|〉〈|am′,n′ |〉. This means the covari-
ance matrix of the observable should be diagonal, 〈|am,n||am′,n′|〉−〈|am,n|〉〈|am′,n′|〉 ∝ δm,m′δn,n′ .
This implies that two observables with different indices must be independent, bearing in mind
that 〈|a±m,±n|2〉 = 〈|am,n|2〉.

First, we check whether the observables are distributed as expected. Figure 4.2 shows the
distribution of the real and imaginary value of the Fourier coefficient a0,1. The black line is the
expected Gaussian distribution given by

p(x) =
1

σ
√

2π
e−

1
2

(x−µ
σ

)2

(4.18)

with the standard definition of the mean and standard deviation determined from the data.
The figures show a close resemblance to the Gaussian distribution. Also, the absolute value of
the Fourier coefficients is Gaussian distributed, see figure 4.3. Again the black line as expected
distribution given by

p(r) =
2r

σ2
e−( r

σ
)2

(4.19)

with σ =
√
〈|am,n|2〉 and zero mean.

Notice that the distribution of the real part of the coefficient has an offset relative to the
origin. This is a bias caused by the embedding algorithm. Every vertex is equally likely to
be chosen as the origin. This means the vertex density, and value of the Liouville field, at the
origin is higher than average, creating a bias. This bias is not present for the imaginary and
absolute value of the coefficient.

The figures 4.2 and 4.3 illustrate the distribution for coefficients with index (0,1), but
observables with different coefficients also show a Gaussian distribution.
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Figure 4.2: Distribution of the real value (left) and imaginary value (right) of the Fourier
coefficient a0,1 of a size 1000 triangulation with 105 samples. The black line is the expected
Gaussian distribution.

Figure 4.3: Distribution of the absolute value of the Fourier coefficient a0,1 of a size 1000
triangulation with 105 samples. The black line is the expected Gaussian distribution.

Second, we plot the covariance matrix of the observables, varying the indices of the coeffi-
cient. We expect only non-zero values at the diagonal of the plot in the continuum limit. It
is unclear at which triangulation size this diagonal behaviour will appear, so we examine plots
with increasing size and see what values it converges to, see figure 4.4. High values in the
matrix plot hide lower values in the plot, so the logarithm of the plot is shown in figure 4.5.
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Figure 4.4: Plot of the covariance matrix 〈|am,n||am′,n′|〉 − 〈|am,n|〉〈|am′,n′|〉 with size 10, 100,
1000, and 10000.

Figure 4.5: Plot of the logarithm of the covariance matrix log(|〈|am,n||am′,n′ |〉−〈|am,n|〉〈|am′,n′|〉|)
with size 10, 100, 1000, and 10000.

As the triangulation size increases, a diagonal becomes visible in both the matrix plot as
the logarithm of the matrix plot. This agrees with theory.
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Now we are interested in whether the expectation values of the observables take the values
expected from LQG. We again expect correspondence at the continuum limit. We do not know
for which size the values of the variance resemble those of the continuum limit, so we again
plot increasing sizes and see if and how they converge to the theoretical value. Figure 4.6 plots
the values 〈|a0,1|2〉 and the theoretical value expected from LQG.

Figure 4.6: Value of 〈|a0,1|2〉 plotted against the size of the triangulation (blue dots) together
with the theoretical value (yellow line). The error bars are too small to see.

The figure shows that the experimental values reach a value of about a factor two below the
theoretical value. This means further inspection is needed. The difference with the theoretical
value may be caused by the integration over τ in equation 4.17. To inspect this, we consider
the observables for the triangulations with a fixed value of τ , specifically τ = i. This is done by
rejecting all triangulations where τ is not close to i. This means that the harmonic embeddings
of all triangulations have a shape resembling the square. We compare this to LQG with τ = i.
Restricting τ to i in equation 4.17 gives a variance of

〈|am,n|2〉 =
1

2π(m2 + n2)
. (4.20)

Values for the variance for τ = i are shown in figure 4.7. Again the difference between
simulation and theory remains.
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Figure 4.7: Value of 〈|a0,1|2〉 plotted against the size of the triangulation. The error bars are
too small to see.

4.3 Smearing of the Liouville field

The mismatch between theory and simulation might be caused by the fluctuations of the field,
which are at any scale for the Liouville field. This is in contrast with the harmonic embedding,
which only has fluctuations up to the level of the polygons and within the polygon, the field is
constant. We can hope to understand the discrepancy by considering the regularised version of
the Liouville field. The procedure of regularisation is described in work [25]. Here the Liouville
field is constructed with Fourier coefficients randomly sampled from the Gaussian distribution.
The Liouville field is then regularised on a square lattice with side lengths 2k, k ∈ N, see figure
4.8.

On the lattice, the Liouville field is averaged over N boxes that each have volume 1
N

of the
total volume defined by eγφdx. Taking the number of boxes close to the number of triangles
in CDT should yield about the same variance of the observables when averaged over a large
number of configurations, provided that γ is the same for both.

The Liouville field is regularised on a symmetric square lattice. To compare to the triangu-
lation, the harmonic embedding needs to have these symmetric properties as well. Therefore,
τ is set to i, for which the parallelogram has the shape of a symmetric square. Recall that
the corresponding variance is 1

2π(m2+n2)
. As the harmonic embedding rarely has exactly τ = i,

instead, τ is restricted to |τ − i|< 0.2.
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Figure 4.8: Liouville field (left) normalised smearing of the Liouville field (right). The number
of boxes is 1024.

The results of the smeared Liouville field together with the results of the simulation are
displayed in figure 4.9 for the coefficient a0,1. The expectation values from the smeared Liouville
field depend on the number of boxes of the smearing, so the theoretical value is no longer a
constant line. We observe a good resemblance between the simulation and theory.

The correspondence seems to hold across many observables. Figure 4.10 shows the variance
of theory and simulation for different observables for a size of about 2000.

Figure 4.9: Value of 〈|a2
0,1|〉 plotted against the size of the triangulation restricted to τ = i

for the simulations (blue) and the theoretical smeared value (orange). Size corresponds to the
number of triangles for the simulation and the number of boxes for the smeared Liouville field.
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Figure 4.10: Value of 〈|a2
m,n|〉 plotted for different observables restricted to τ = i for the

simulations (blue) with 2000 triangles and the theoretical smeared value (orange) with 2048
boxes. The values of the coefficients on the x axis are ordered as x=n+5m, where n and m run
from 0 to 4. The error bars are too small to see.

The question is now whether 〈|am,n|2〉 of the smeared Liouville field equals the value of the
original Liouville field if the number of boxes becomes very large. It is computationally not
feasible to simulate smearing fields large enough to see the variance approach the value of the
original Liouville field. Nevertheless, it is possible to make a statement about the variance in
this limit. To see this, we need to look at a quantity called the Liouville measure.

The Liouville measure is a measure of areas given by the limit ε
γ2

2 eγφε(x)dx2 ε→0→ dµ. Here
φε(x) is the mean of the Liouville field within a circle of radius ε and centre x.

∫
A
dµ would be

a measure for an area enclosed by A within the Liouville field.
On the lattice of the smeared Liouville field with ω lattice sites, the Liouville measure takes

a very similar form: µγ,µ(x) = ω−2−γ2/2eγh(x). Here h(x) is the field on the lattice.
The question is whether the Liouville field φ can be retrieved from the Liouville measure

dµ. Article [26] states that φ can indeed be retrieved from dµ. It does so by showing that
the volume of a ball of radius ε, µφ(Bε(x)), does not deviate much from the properly scaled
exponent of the circle average of the Liouville field at scale ε, i.e.

eγφε(x) = µφ(Bε(x)). (4.21)

We assume that this holds on average for the smeared Liouville field as well, where is
averaged over boxes rather than balls. Thus, we can assume that 〈|a(m,n)|2〉 will indeed
converge to the value of LQG for large enough triangulations.

26



Chapter 5

Statistics of the observables

We want to study the behaviour of the geometry of CDT as it increases in size. To this end,
the size of the spatial volume is taken constant, while the number of layers is increased. The
observables are a measure of the fluctuations of the flat background. As the CDT become
larger, it is a reasonable hypothesis that the fluctuations decrease. Ultimately, in the classical
limit, these fluctuations would disappear and the harmonic embedding would then be a regular
lattice with a constant field. As the time extent of CDT increases, it is expected that the
distribution becomes more narrow. Ultimately, in theory, in the classical limit, the regular
lattice would be described by a constant field where all coefficients that do not describe the
constant field vanish. In this chapter, we start by studying one-layer CDT as a benchmark and
then increase the time extent up to eight layers.

5.1 Single layer CDT

For one-layer CDT, we use free boundary conditions. This means the layer consists of two
triangulations of spatial volume connected by space-time simplices. Taking a slice through
the space-time simplices, as depicted in figure 5.1, gives a map of triangles and quadrangles.
The assumption is that this map lives in the same universality class as the map of the two-
dimensional dynamical triangulations. This assumption is plausible because both maps are
planer maps with restrictions imposed by the structure of their simplices. These planar maps
correspond to two colour maps where 31-simplices have one colour, 13-simplices another and
22-simplices have a double colour. Fortunately, two coloured maps are properly studied [27].
The difference with studies on two-coloured maps is that there are restrictions imposed on the
colouring of the map of one-layer CDT. However, these restrictions are local, since they are
mostly determined by the colours in their close neighbourhood. Local restrictions typically do
not change the universality class of a map.

Because both maps live in the same universality class, they should converge to the same
random geometry in the limit of infinite polygons. Hence, the harmonic embedding of one-layer
CDT should also converge to the distribution described by LQG with γ =

√
8/3. Figure 5.2

shows an example, for illustrative purposes, of the harmonic embeddings of two-dimensional
dynamical triangulations without matter and one-layer CDT, both having c=0, which in the
continuum limit should have the same distribution.
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Figure 5.1: Harmonic embedding from the intersection of CDT with one-layer.

Figure 5.2: Harmonic embedding of two-dimensional DT (left) and single layer CDT (right).

Comparing one-layer CDT with the smeared Liouville field with γ =
√

8/3 gives the result
shown in figure 5.3. The figure shows a remarkable resemblance with figure 4.10 of the previous
section and again shows a correspondence between simulation and theory.
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Figure 5.3: Value of 〈|a2
m,n|〉 plotted for different observables restricted to τ = i for the simu-

lations (blue) with 2000 triangles and the theoretical smeared value (orange) with 2048 boxes.
The values of the coefficients on the x axis are ordered as x=n+5*m, where n and m run from
0 to 4. The error bars are too small to see.

5.2 Multilayer CDT

In this section, we increase the number of layers to two, four, six, and eight and study how that
affects the distribution of the observables. Contrary to one-layer CDT, we now use periodic
boundary conditions. This means that the top and bottom triangulations of CDT are also
connected through simplices. The benefit is that there will be no boundary artefacts as there
would be with free boundary conditions. Additionally, periodic boundary conditions make CDT
time-independent and allow data from all layers to be treated equally.

For the multi-layer CDT simulation, data was used from a main data set of 574 configu-
rations with a large thermalisation time. From each of those configurations again 20 branch
configurations were created with a shorter thermalisations time, making a total data set of
11480 configurations. As new configurations of the main data set are constructed from older
configurations, we first examine to what extend the configurations are correlated. Therefore we
determine the autocorrelation, defined as ρ(n) between observable O(t) at time t and O(t+n)
at time t+n,

ρ(n) =

(
1

N

N∑
t=0

O(t)O(t+ n)− 1

N2

N∑
t=0

O(t) ·
N∑
t=0

O(t+ n)

)
/σ2

O. (5.1)

σO is the regular standard deviation of O(t).
Results of the distribution of the observable Im(τ) for triangulations are published in [22].

Therefore we first examine this observable and compare it to the study. The autocorrelation
of Im(τ) is given in figure 5.4 for different time extents. The figure shows that within ten
configurations, the autocorrelation drops well below the correlation time 1

e
for all plots. This

is an appropriate correlation time for our measurements.
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8 layers 6 layers

4 layers 2 layers

1 layer

Figure 5.4: Autocorrelation time of the main data set of Im(τ) for layer 8, 6, 4, 2, and 1 CDT
with a spatial volume of size 2000. n is the difference between configurations in the Markov
chain. The horizontal line represents the 1

e
threshold.

Next, we plot the distribution of the imaginary value of τ in figure 5.5 for increasing time
extend. The figures show the plumes of the uncertainty of the distribution. As the data is
correlated, the uncertainty is computed using the bootstrap method. A trend is visible for 1,
2, and 4-layer CDT.
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Figure 5.5: Distribution of Im(τ) for layer 8, 6, 4, 2, and 1 CDT with a spatial volume of size
2000.

J. Ambjørn, J. Barkley, and T.G. Budd made a distribution of Im(τ) for triangulations
with size 64000 [22], see figure 5.6. It approximates the distribution of one-layer CDT with a
spatial volume of size 2000 in figure 5.5.

Figure 5.6: The distribution of Im(τ) for on layer CDT taken from figure 5.5 with a spatial
volume of size 2000 (top) and the distribution of Im(τ) from a previous study with two-
dimensional triangulations of size 64000 (bottom). Source: [22]
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Subsequently, we study the the observable, |am,n|. First, the autocorrelation of |a0,1| is plot
using the data from the main data set. Plots for different spatial volumes and time extents are
shown in figure 5.7. We can see that |a0,1| is even less correlated than Im(τ).

layers size 2000 size 1000 size 500

8

6

4

2

1

Figure 5.7: Autocorrelation time of the main data set of the |a0,1| for layer 8, 6, 4, 2, and 1 CDT
with a spatial volume of size 2000, 1000, and 500. n is the difference between configurations in
the Markov chain. The horizontal line represents the 1

e
threshold.

Next, we analyse the distribution of |am,n|. To use more data points, observables with
different coefficients were summed. First, the observables |a0,−4| until |a0,4| were summed and
the result is plot in figure 5.8. Second, the distribution of the sum |a1,−4| until |a1,4| was
analysed and is plot in figure 5.9.

For m=0 a dependence of the distribution on the time extent seems to appear for an in-
creasing spatial volume. In particular, the line of one-layer and eight-layer CDT seem to be
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significantly different from the other three lines. However, for m=1 no change in distribution
is visible.

size 2000

size 1000

size 500

Figure 5.8: Distribution of
∑4

n=−4|a(0, n)| for layer 8, 6, 4, 2, and 1 CDT with a spatial volume
of size 2000, 1000, and 500.
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size 2000

Figure 5.9: Distribution of
∑4

n=−4|a(1, n)| for layer 8, 6, 4, 2, and 1 CDT with a spatial volume
of size 2000.
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Chapter 6

Layer correlation

The study of the previous chapter shows large fluctuations around the mean of the observable.
These fluctuations make it difficult to determine a mean, but they may make it easier to
observe correlations. This chapter studies the correlation of the observables between layers
within CDT, as depicted in figure 6.1. We will see that the correlation has significantly fewer
unknown parameters in its leading term, which should also make it easier to find results.

Figure 6.1: In this four-layer CDT, the correlation would be computed between all four layers.

The covariance of the observables between layers t and t′ is given by

Cm,n,m′,n′(t, t
′) = 〈|am,n(t)||am′,n′(t′)|〉 − 〈|am,n(t)|〉〈|am′,n′(t′)|〉 (6.1)

It is related to the correlation via Cor(|am,n(t)|, |am′,n′(t′)|) =
Cm,n,m′,n′ (t,t

′)√
V ar(|am,n(t)|)V ar(|am′,n′ (t′)|)

, but

we will consider the covariance in this chapter.
To relate the correlation to theory, we need to find an effective action for CDT. Here,

effective means that the action agrees with semi-classical approximations of measurements of
the relevant observables in CDT. To find an effective action, we take advantage of the ADM
formalism.

6.1 The ADM formalism

Three-dimensional general relativity with Euclidean signature is described by the Euclidean
Einstein-Hilbert action

SEH [g] = −κ
∫
d3x
√
g(R− 2Λ). (6.2)

However, the action 6.2 is not suitable as an effective action for CDT as it is unbounded from
below. We want the effective action to describe the quantum fluctuations observed in simulation
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and to do that it needs to have a minimum at the classical solutions. This unboundedness of
the Euclidean Einstein-Hilbert action is known as the conformal mode problem. This problem
becomes more clear if we write the metric in the proper time gauge of the ADM formalism,
ds2 = N2dt2 + gab(dx

a +Nadt)(dxb +N bdt). Here Na is a shift vector and N is the time-lapse.
For CDT, N can be set to 1 without loss of generality. The Einstein-Hilbert action now takes
the effective form

SADM [gab, N
a, N ] = κ

∫
dt

∫
d2x
√
gN(KabGabcdKcd −R + 2Λ). (6.3)

with extrinsic curvature

Kab =
1

2N
(ġab −∇aNb −∇bNa) (6.4)

and Wheeler-deWitt metric Gabcd

Gabcd =
1

2
(gacgbd + gadgbc)− gabgcd. (6.5)

This metric is positive definite on the traceless deformations on the linear space of metric
deformations, but negative definite on the conformal deformations. Fortunately, there is a whole
family of ultra-local diffeomorphism-invariant metrics parametrised by λ. This modification of
the Wheeler-DeWitt metric is inspired by the approach of Hořava-Lifshitz on gravity and the
preferred time-slicing in CDT and yields:

Gabcdλ =
1

2
(gacgbd + gadgbc)− λgabgcd.[28] (6.6)

This is referred to as the generalized Wheeler-DeWitt metric and is positive definite for
λ < 1/2, whereas in general relativity the value λ = 1.

In the action, the kinetic term, KabGabcdλ Kcd, is the main contribution to the effective action.
This term only has one unknown parameter, the parameter λ. T. Budd studied the value of λ
for an action expressed in terms of the spatial volume and the modular parameter in [28] and
chapter 5.3 of [12]. The study found values of λ as a function of the coupling constant k0, see
figure 6.2.

Figure 6.2: Measured values for λ as function of the coupling constant k0. Here k0 ≈ 5.6 refers
to a critical coupling with λ = 1

2
. Source: [12]
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To relate this action to the covariance, we rewrite equation 6.3 in terms of the functional
Gm,n,m′,n′ [am,n(t)],

Seff [gab] = κ

∫
dt

(
1

4
ȧm,nGm,n,m′,n′ [am,n(t)]ȧm′,n′ + ...

)
. (6.7)

The inverse of this functional is related to the expansion of the covariance of equation 6.1
in the limit where t′ approaches t,

Cm,n,m′,n′(t, t
′) = Cm,n,m′,n′(t, t)− |t′ − t|〈(G−1

m,n,m′,n′ [am,n(t)]〉+O(|t′ − t|2). (6.8)

Here the first order term has no factor 1
2

since it has a jump by an amount equal to twice
〈(G−1

m,n,m′,n′ [am,n(t)]〉. See [12], section 6.1 for a more detailed derivation. With this equation,

〈(G−1
m,n,m′,n′ [am,n(t)]〉 can be determined by measuring the covariance of the observables for one

moment in time t and short moment later, t′.
The inverse of the functional, G−1

m,n,m′,n′ [am,n(t)] can be computed using the inverse of the

Wheeler-DeWitt metric Gλabcd,

G−1
m,n,m′,n′ [am,n(t)] =

∫
d2x

1
√
g

δam,n
δgab

Gλabcd
δam′,n′

δgab
, (6.9)

where the inverse of the Wheelder-deWitt metric is given by

Gλabcd =
1

2
(gacgbd + gadgbc − µgabgcd) (6.10)

with µ = λ
2λ−1

.
The benefit of the functional Gm,n,m′,n′ [am,n(t)] is that it does not require individual geome-

tries to be close to the background geometry. Gm,n,m′,n′ [am,n(t)] only requires to peak around
its average 〈Gm,n,m′,n′ [am,n(t)]〉.

We want to compare the simulation to an analytical expression of Gm,n,m′,n′ [am,n(t)]. To

this end, we first compute δam,n
δgab

.

δam,n = δ〈f, φ〉 = δ

∫
d2xfm,n(x)φ(x) =

∫
d2xfm,n(x)δφ(x) (6.11)

where f is the plane wave f = fm,n(x) = e2πi(mx+ny) and

δφ(x) = δln(
√
g(x)) =

1

2
gabδgab + (∂cφ)δxc. (6.12)

We could in theory find δxc by taking advantage of harmonicity of xc, ∆xc = 0.

δ∆xc = δ[
1
√
g
∂a(g

ab√g∂bxc)] = ∂a(δ(g
ab√g)∂bx

c)) + ∆δxc = 0. (6.13)

This gives

δxc = −∆−1∂aδ(g
ac√g). (6.14)

Solving for δxc produces Green’s functions which give most likely a very difficult expression.
Instead, we take the approximation where the term (∂cφ)δxc is small in equation 6.12, so
δφ(x) ≈ 1

2
gabδgab. This approximation is valid if the fluctuations of (∂cφ) are small. Whether

this is a good approximation is unclear and has to be verified by theory. This approximation
allows us to find a simple expression for 〈G−1

m,n,m′,n′〉 using am,n,

〈G−1
m,n,m′,n′〉 = 〈

∫
d2x

1
√
g

δam,n
δgab

Gλabcd
δam′,n′

δgcd
〉 ∝ 1− 2µ

2
δ−m,m′δ−n,n′ (6.15)
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Similarly we find 〈G−1
m,n,m′,n′〉 using |am,n|,

〈G−1
m,n,m′,n′〉 = 〈

∫
d2x

1
√
g

δ|am,n|
δgab

Gλabcd
δ|am′,n′ |
δgcd

〉 ∝ 1− 2µ

4
(δm,m′δn,n′ + δ−m,m′δ−n,n′) (6.16)

See appendix D for specifications of the computation.

6.2 Simulation of the correlation

The harmonic embeddings have degrees of freedom in translation and rotation. Thus, to make
proper measurements of the correlation function, the coordinates in the different layers of a CDT
configuration must be properly aligned. This ensures the axes of the harmonic embedding are in
the same direction. Aligning can be done by making sure that the pair of oriented generating
cycles of the torus, γj, in different layers are in the same homotopy class. These cycles are
defined in section 3.1.

Aligning the harmonic embeddings of different layers can be done by transforming the
harmonic forms of the embedding or its 1-forms, defined in section 3.1. Integrating a 1-form ωi
over an oriented generating cycle γj gives an integer that indicates how many times the path
winds around a cycle of the torus. As the torus has two generating cycles and the 1-form has
two directions, there are four integrations possible yielding a two-dimensional matrix, which is
an element of the modular group, mij ∈ SL(2,Z). On the discrete triangulation, integrating
over the 1-forms implies summing over the 1-forms along the edges e on the cycles γj,∫

γj

ωi =
∑
e∈γj

ωi(e) = mij. (6.17)

Determining this matrix of two neighbouring layers allows transforming the 1-forms of the two
layers such that their harmonic embeddings align.

Aligning all layers leaves one degree of freedom for the orientation of the layers. We could
use this degree of freedom to transform it such that its modulus lies in the fundamental domain,
see section 3.1. However, this was not yet implemented in the simulation and the degree of
freedom is oriented at random by the simulation. Nevertheless, this is not a problem, since it
does not influence the correlation between the layers.

To find the same curves on two neighbouring slices, the cycles γ1 and γ2 defined on the
triangulation are both projected to the slice above and below the triangulation, see figure 6.3.
This transportation only covers the edges of the 31 or 13 simplices in the slice. This means
it leaves gaps in the cycles there where the cycles meet edges of 22-simplices. These gaps are
covered by transversing the edges of 22-simplices until a vertex of the next cycle edge is found.
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Figure 6.3: Cycle on the triangulation projected on the slices above and below.

Figure 6.4 depicts the two cycles of two neighbouring layers of CDT with a spatial volume
of size 2000. The white cycle of layer 0 corresponds to the white cycle of layer 1 and the same
is true for the blue cycles. As the layers are aligned the cycles should approximately be aligned
in the same direction and wind around the harmonic embedding the same number of times.
The figure shows that this is indeed the case. Note that some cycles in the figure seem to have
branches. However, these branches are the cycle going forth and back on the same edges.

Figure 6.4: Plot of the two cylces, blue and white, on the harmonic embedding of neighbouring
layers, layer 0 and layer 1.

In addition, the real and imaginary value of the Fourier coefficients are measured. To make
this possible, the slices are translated such that the coordinates of neighbouring edges in the
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two slices are close to each other. Measurements of the real and imaginary value might give
more insight into the correlation between layers.

Ideally, the edges of one layer would have the same coordinates as their neighbouring edges
in the next layer. However, the difference in the shape of the harmonic embeddings makes this
impossible. To reduce the distance between all neighbouring edges, different methods can be
used. The most simple method is to choose a vertex of one random edge and match it to the
vertex of the edge in the neighbouring layer. This is the approach taken. An illustration of two
aligned embeddings is shown in figure 6.5. The green dot indicates the aligned vertex.

Figure 6.5: Harmonic embeddings of two neighbouring layers aligned using a single vertex. The
vertex is shown as a green dot at position (0.1, 0.6).

This raises the question of how well this procedure aligns neighbouring edges. To give an
indication, in figure 6.6 lines are drawn between the neighbouring vertices of figure 6.5, showing
the distance between them. Shorter lines indicate better alignment between the vertices. The
length of the lines in the figure suggests that the displacement of the two layers is relatively
mild. Notice that for every vertex in figure 6.5, there is not always a line drawn in figure 6.6.
This makes sense as half of the vertices of layer 1 have a neighbour in layer 2, rather than layer
0.

Figure 6.6: Lines between neighbouring vertices of the harmonic embeddings of figure 6.5.
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6.3 Results for the correlation

The results for the covariance of the observable are measured as function of the distance between
layers. The covariance of the observable between layer t and layer t+ l is given by

C(l) = 〈O(t)O(t+ l)〉 − 〈O(t)〉〈O(t+ l)〉. (6.18)

In this study, t is averaged over all layers.
With this equation, the results are plot for the absolute value of the Fourier coefficient in

figure 6.7 and the real and imaginary values in figure 6.8 for CDT with a spatial volume of size
2000 and eight layers. Note that the maximum value of l is four for CDT with eight layers.

Figure 6.7: Covariance for O(t) = |a0,1| and O(t + l) = |a0,1|. The CDT has a spatial volume
of size 2000, eight layers, averaged over all layers t. l is the distance between layers, with a
maximum of four for eight layer CDT.
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Figure 6.8: Covariance for O(t) = Re(a0,1) and O(t + l) = Re(a0,1) (top) and O(t) = Im(a0,1)
and O(t+ l) = Im(a0,1) (bottom).

Figure 6.7 shows a small but significant correlation between layers. Figure 6.8 illustrates
that the attempt to find a correlation for the real and imaginary values of the Fourier coefficient
has failed.

The covariance between different coefficients of each layer is also studied. The covariance
of the absolute value of the coefficients a0,1 and a1,0 is shown in figure 6.9. The values of the
covariance are very small and effectively zero. This is also true for other observables with
unequal coefficients.
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Figure 6.9: Covariance for O(t) = |a0,1| and O(t+ l) = |a1,0|.

Ideally, we would compare the results from simulation to previous results shown in figure
6.2 and find an effective model for some value of λ. For the coefficients with unequal indices,
figure 6.9, the covariance is zero, as predicted by theory. For the covariance of coefficients
with equal indices, theory predicts a linear decrease. However, it is not possible to make an
accurate fit with current data. Apparently, the CDT used is too small and the observables do
not yet resemble the behaviour they would in the continuum limit. Nevertheless, at least some
correlation was expected and that is what was observed.
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Chapter 7

Discussion

The purpose of this study was to investigate the spatial geometry of CDT in 2+1 dimensions.
To this end, observables were developed that describe the detailed structure of the geometry.

At first, the expectation values of the observables from two-dimensional dynamical trian-
gulations and one-layer CDT were compared to the theoretical values of the continuum limit
for different sizes. The experimental expectation values of the observables both did not match
the values of LQG itself, but they did match the values of smeared LQG. The reason is that
the Liouville field provides detail at any scale, while the harmonic embedding only provides
detail up to the scale of the polygons. To compare the smeared Liouville field to the harmonic
embeddings, the number of boxes of the averaged field have to be similar to the number of
triangles in the triangulation.

The results from the simulations showed correspondence with theoretical values from the
smeared LQG. This means the expectation values of the observables produce expected results
for both two-dimensional dynamical triangulations and one-layer CDT. Remarkable is that the
values of the simulation at any size matched the smeared Liouville field for any number of boxes.
Apparently, smearing of the Liouville field produces Fourier coefficients that resemble those of
the harmonic embedding even for small sizes. The small difference that remained between
theory and experiment could partly be explained by the value of τ of the triangulations. These
were not exactly equal to i, but τ < |i−0.2|. The remaining difference between experiment and
theory could be explained by the limited sizes used in the simulation. This difference would
decrease when studying larger sizes.

Subsequently, two aspects of the observables were examined. For the first aspect, the
distribution of the observables for an increasing time extent was studied. The distribution
showed a slight trend for coefficient m equal to 0. It did not show a significant trend for values
for m equal to 1. Altogether, the results show too little evidence to conclude that there is a
dependence of the distribution on the time extent and more research is needed. The reason
is most likely that the size of both spatial volume and time extent was insufficient for these
specific observables to get correct results. CDT with larger sizes may give more conclusive
results. However, simulations with CDT with an appropriate size may not yet be attainable
computationally wise. The thermalisation time increases for larger CDT and might increase to
large values.

For the second aspect, the correlation of the observables between layers of the same con-
figuration was studied. The absolute value of the Fourier coefficient showed some correlation
between layers. However, the observed correlation was not sufficient to compare the results to
theory. The results could be improved by using CDT with a larger spatial volume and time
extent. This would increase the resemblance of neighbouring harmonic embeddings, increas-
ing the correlation between them. Again this may be difficult computationally. Additionally,
the theoretical prediction of the correlation can be enhanced by improving the approximation
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made in the equation of the correlation. More terms of the expansion could be included or, if
manageable, the exact value could be computed.

The real and imaginary value did not show a correlation between different layers. This
implies that the method used to align the edges of neighbouring harmonic embeddings did
not suffice. This could be improved in several ways. First, increasing the spatial volume and
reducing the number of layers to the minimum of two would increase the resemblance of the
harmonic embeddings. Second, the method to align the edges could be improved. For example,
the total distance between all neighbouring edges could be minimised.

To summarise, both parts of the study show indications of positive results, but further
research is needed with larger structures of CDT to make definitive statements.
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Chapter 8

Coding

For this study, a template of c++ code was used that generates CDT configurations for genus
one surfaces with a certain size and number of layers, created by Timothy Budd. It does so by
performing flips on previous configurations. It has the option to import saved configurations
to perform flips on them and export configurations to save them. The relevant output of the
code is coordinates and harmonic forms of the harmonic embedding for every layer. The code
uses the Eigen library to compute the harmonic forms.

I created and added functions to this template that I needed for the study. First, I created
the function that computes the Fourier coefficients. Second, I made a function that deals
with the modular transformation of the coordinates, see chapter 3. This entails that when the
modular parameter is transformed to the fundamental domain, the coordinates of the harmonic
embedding are transformed accordingly.

For the second part of the study, I had to modify the template code to transform the
harmonic embeddings such that they align with their neighbours. First, I had to find two
closed cycles on the map, the graph of the harmonic embedding. I started with a code, made
by Timothy Budd, that finds closed cycles on triangulations. I expanded this code to include
quadrangles so it could find closed cycles on the map. Next, I made code that transforms the 1-
forms of the map such that the coordinates of the harmonic embedding of every layer align. This
code is recursive, as it uses the 1-forms of the previous layer to find the transformation. Finally,
I made a function that relates neighbouring vertices of neighbouring layers and computes their
distance.

All visualisation was done in python. First, I created code that plots the harmonic embed-
ding using the coordinates and harmonic forms from the c++ code that generates the CDT
configurations, see figure 3.5, left. Second, I made code that reconstructs the harmonic embed-
ding using the Fourier coefficients that match with the original harmonic embedding, see figure
3.5, right. Third, I plotted the closed cycles in the harmonic embedding, used in the second
part of the study, see figure 6.4.

Python was also used for the data analysis, such as computations and plots of distributions,
autocorrelations, and covariances of the observables.

Mathematica numerically computed the integral 4.15. The results were confirmed by a
homemade c++ code. Mathematica also calculated the expectations of the observables pro-
duced by the smeared Liouville field used in chapter 4.2. These computations were based on a
source code by Timothy Budd that produces smeared Liouville fields and extracts their Fourier
coefficients. I adapted this code to produce a large number of Fourier coefficients and find their
expectation value.

If you are interested in the code, contact me: djvdsluis@gmail.com.
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[26] Nathanaël Berestycki, Scott Sheffield, and Xin Sun. Equivalence of liouville measure and
gaussian free field. 2020.

[27] Vladimir A. Kazakov and Paul Zinn-Justin. Two-matrix model with abab interaction.
Nuclear Physics B, 546(3):647–668, May 1999.

[28] T G Budd. The effective kinetic term in cdt. Journal of Physics: Conference Series,
360:012038, May 2012.

49



Appendices

50



Appendix A

The Fourier coefficient

We find the Fourier coefficients by integrating φ with the plane wave for every polygon in the
harmonic embedding,

am,n = 〈φ, e−2πi(mx1+nx2)〉 =
∑

∆

ln(
1

V∆

)

∫
∆

e−2πi(mx1+nx2)dx1dx2. (A.1)

For triangles, the integral can be solved using Green’s Theorem, where we use the edges of
the polygon instead of the area to solve the integral. Green’s Theorem is given by∫ ∫

D

∂Q(x, y)

∂x
− ∂P (x, y)

∂y
dxdy =

∮
C

P (x, y)dx+

∮
C

Q(x, y)dy. (A.2)

In equation A.2 either Q or P can be freely chosen. Taking Q = 0 and P = e−2πi(mx+ny)

2πin
gives

I∆(x, y) =

∫ ∫
D

−∂P (x, y)

∂y
dxdy =

∫ ∫
D

e−2πi(mx+ny)dxdy (A.3)

=

∮
e−2πi(mx+ny(x))

2πin
dx =

∑
i→j=1,2,3

∫ xi

xj

e−2πi(mx+ny(x))

2πin
dx (A.4)

=
∑

i→j=1,2,3

e−2πi(mxi+ny(xi)) − e−2πi(mxj+ny(xj))

4π2n(m+ n
yj−yi
xj−xi )

(A.5)

=
∑

i→j=1,2,3

e−2πi(mxi+nyi) − e−2πi(mxj+nyj)

4π2n(m+ n
yj−yi
xj−xi )

(A.6)

with y(x) = yi − yj−yi
xj−xixi +

yj−yi
xj−xix, the equation of a triangle edge and xi and yi the vertices

of the polygons. The expression is summed over a permutation of i and j, which for triangles,
both take the values 1, 2 and 3.

The Fourier coefficient is then given by,

am,n =
∑

∆

ln(
1

V∆

)

( ∑
i→j=1,2,3

e−2πi(mxi+nyi) − e−2πi(mxj+nyj)

4π2n(m+ n
yj−yi
xj−xi )

)
∆

. (A.7)

Quadrangles can be calculated by summing their two constituent triangles defined in equa-
tion A.3 - A.6,

am,n =
∑

∆

ln(
1

V∆

)(I∆1 + I∆2). (A.8)

The volume V∆ is the volume of the quadrangle.
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Equation A.7 has a singularity at m+ n
yj−yi
xj−xi = 0 and at n = 0. The first singularity has a

simple limit, lim
m→−n

yj−yi
xj−xi

I∆(x, y) =
∑

i→j=1,2,3
−e−2πi(mxi+nyi)(xi−xj)

2πin
.

The n = 0 singularity can be evaded using our freedom of choice of P and Q in equation
A.2. Taking P = 0 and Q = − e−2πi(mx+ny)

2πim
gives

am,n =
∑

∆

ln(
1

V∆

)

( ∑
i→j=1,2,3

e−2πi(mxi+nyi) − e−2πi(mxj+nyj)

−4π2m(m
xj−xi
yj−yi + n)

)
∆

. (A.9)

Now, equation A.9 has a singularity at m = 0. This means equations A.7 and A.9 have
singularities for different coefficients. Thus, combining equation A.7 and A.9 provides a solution
for allm,n ∈ Z/{m = 0∧n = 0}. Notice that equation A.9 also has a singularity atm

xj−xi
yj−yi +n =

0. It has limit lim
m→−n

yj−yi
xj−xi

I∆(x, y) =
∑

i→j=1,2,3
e−2πi(mxi+nyi)(yi−yj)

2πim
.
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Appendix B

The partition function

To compare the observable to LQG, the partition function of LQG needs to be expressed in
terms of the observable. The partition function derived in chapter 4 is given by,

Z(V ) ∝
∫
Dφd2τe−S[φ] (B.1)

with action

S[φ] =
1

4π

∫
dx(ĝab∂aφ∂bφ). (B.2)

Substituting the Fourier expansion of φ,

φ =
∞∑

m,n=−∞

am,ne
−2πi(mx1+nx2), (B.3)

gives
S[φ] =

∫
dxgab∂a

∑
m,n am,ne

2πi(mx1+nx2)∂b
∑

m′,n′ am′,n′e
2πi(m′x1+n′x2)

= 1/4π
∫
dxg11∂1

∑
m,n am,ne

2πi(mx1+nx2)∂1

∑
m′,n′ am′,n′e

2πi(m′x1+n′x2) +

1/4π
∫
dxg12∂1

∑
m,n am,ne

2πi(mx1+nx2)∂2

∑
m′,n′ am′,n′e

2πi(m′x1+n′x2) +

1/4π
∫
dxg21∂2

∑
m,n am,ne

2πi(mx1+nx2)∂1

∑
m′,n′ am′,n′e

2πi(m′x1+n′x2) +

1/4π
∫
dxg22∂2

∑
m,n am,ne

2πi(mx1+nx2)∂2

∑
m′,n′ am′,n′e

2πi(m′x1+n′x2)

Substituting the inverse metric

ĝab(τ) =

(
τ2
1 +τ2

2

τ2
− τ1
τ2

− τ1
τ2

1
τ2

)
(B.4)

gives

S[φ] = 1/4π
∫
dx
∑

m,n

∑
m′,n′ [

τ2
1 +τ2

2

τ2
∂1am,ne

2πi(mx1+nx2)∂1am′,n′e
2πi(m′x1+n′x2) +

− τ1
τ2
∂1am,ne

2πi(mx1+nx2)∂2am′,n′e
2πi(m′x1+n′x2) +

− τ1
τ2
∂2am,ne

2πi(mx1+nx2)∂1am′,n′e
2πi(m′x1+n′x2) +

1
τ2
∂2am,ne

2πi(mx1+nx2)∂2am′,n′e
2πi(m′x1+n′x2)]

= −π
∫ ∫

dx1dx2

∑
m,n

∑
m′,n′ [

τ2
1 +τ2

2

τ2
mm′− τ1

τ2
mn′− τ1

τ2
m′n+ 1

τ2
nn′]am′,n′am,ne

2πi(m′x1+n′x2)e2πi(mx1+nx2)

= −π
∑

m,n

∑
m′,n′ [

τ2
1 +τ2

2

τ2
mm′ − τ1

τ2
mn′ − τ1

τ2
m′n+ 1

τ2
nn′]am′,n′am,nδ(m+m′)δ(n+ n′)

= −π
∑

m,n[
τ2
1 +τ2

2

τ2
m2 − 2 τ1

τ2
mn+ 1

τ2
n2]am,na−m,−n

= −π
∑

m,n[
τ2
1 +τ2

2

τ2
m2 − 2 τ1

τ2
mn+ 1

τ2
n2]|am,n|2
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Since a∗m,n = a−m,−n, we are double-counting some coefficients. Then, the correct expression
for the action becomes

S[φ] = −2π(
∞∑
m=1

∞∑
n=−∞

[
τ 2

1 + τ 2
2

τ2

m2 − 2
τ1

τ2

mn
1

τ2

n2]|am,n|2+
∞∑
n=1

[
1

τ2

n2]|a0,n|2) (B.5)

= −2π(
∞∑
m=1

∞∑
n=−∞

km,n|am,n|2+
∞∑
n=1

k0,n|a0,n|2) (B.6)

The integral over φ becomes the integral over the real and imaginary part of the Fourier
coefficient,

Dφ =
∞∏

m,n=−∞

dRe(am,n)dIm(am,n). (B.7)

Together with proportionality

Z(V ) ∝
∫
M
d2τ

f(τ)c−1

τ 2
2

(B.8)

we obtain the partition function,

Z ∝ 2km,n(τ)

∫
M
d2τ

f(τ)c−1

τ 2
2

∞∏
m=1

∞∏
n=−∞

∫
dRe(am,n)dIm(am,n)e−2π(km,n|am,n|2) m > 0 (B.9)

Z ∝ 2k0,n(τ)

∫
M
d2τ

f(τ)c−1

τ 2
2

∞∏
n=1

∫
dRe(a0,n)dIm(a0,n)e−2π(k0,n|a0,n|2) m = 0. (B.10)

For τ = i we have τ1 = 0 and τ2 = 1. This give for the action
S = 1/4π

∫
d2x[(∂Φ)2 + (∂Φ)2]

= −π
∑∞

m,n=−∞(m2 + n2)|am,n|2
= −2π(

∑∞
m=1

∑∞
n=−∞[m2 + n2]|am,n|2+

∑∞
n=1[n2]|a0,n|2.

The partition function now no longer integrates over τ , so this gives

Z ∝ 2(m2 + n2)
∞∏
m=1

∞∏
n=−∞

∫
dRe(am,n)dIm(am,n)e−2π(m2+n2)|am,n|2) m > 0 (B.11)

Z ∝ 2n2

∞∏
n=1

∫
dRe(a0,n)dIm(a0,n)e−2πn2|a0,n|2) m = 0. (B.12)
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Appendix C

The variance

The expectation value 〈|am,n|2〉 is given by

〈|am,n|2〉 = 1
Z

2km,n
∫
M dτ f(τ)c−1

τ2
2

∏∫∞
−∞

∫∞
−∞ dRe(am,n)dIm(am,n)e−2πkm,n|am,n|2|am,n|2

= 1
Z

2[
τ2
1 +τ2

2

τ2
m2 − 2 τ1

τ2
mn+ 1

τ2
n2]
∫
M dτ f(τ)c−1

τ2
2

∫∞
0

2π|am,n|3d|am,n|e−2π[
τ2
1 +τ2

2
τ2

m2−2
τ1
τ2
mn+ 1

τ2
n2]|am,n|2

= 1
Z

∫
M dτ f(τ)c−1

τ2
2

1

2π[
τ2
1 +τ2

2
τ2

m2−2
τ1
τ2
mn+ 1

τ2
n2]

=
∫
M dτ f(τ)c−1

τ2
2

1

2π[
τ2
1 +τ2

2
τ2

m2−2
τ1
τ2
mn+ 1

τ2
n2]
/
∫
M dτ f(τ)c−1

τ2
2

.

Numerical solutions of the first 24 indices are given in table C.1.

coefficient 〈|am,n|2〉
(0,1) 0.237954
(0,2) 0.0594884
(0,3) 0.0264393
(0,4) 0.0148721
(1,0) 0.110781
(1,1) 0.0741451
(1,2) 0.0369398
(1,3) 0.0204369
(1,4) 0.0126683
(2,0) 0.0276952
(2,1) 0.0247684
(2,2) 0.0185363
(2,3) 0.0130151
(2,4) 0.00923495
(3,0) 0.012309
(3,1) 0.0117043
(3,2) 0.0101413
(3,3) 0.00823834
(3,4) 0.00651463
(4,0) 0.00692379
(4,1) 0.00672956
(4,2) 0.0061921
(4,3) 0.0054402
(4,4) 0.00463407

Table C.1: The numerical values 〈|am,n|2〉 computed from Liouville quantum gravity.
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For τ = i we have

〈|am,n|2〉 = 2[m2 + n2]
∏∫∞

−∞

∫∞
−∞ dRe(am,n)dIi(am,n)e−2π[m2+n2]|am,n|2|am,n|2

= 2[m2 + n2]
∫∞

0
2π|am,n|3d|am,n|e−2π[m2+n2]|am,n|2 = 1

2π[m2+n2]
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Appendix D

The functional

The expectation value of the inverse functional 〈G−1
m,n,m′,n′〉 is computed with the variation of

the Fourier coefficient with respect to the metric δam,n
δgkl

. This variation is given by

δam,n = δ〈f, φ〉 = δ

∫
d2xfm,n(x)φ(x) =

∫
d2xfm,n(x)δφ(x) (D.1)

with fm,n(x) the plane wave fm,n(x) = e2πi(mx+ny).
Here the variation of φ is given by equation D.2 where the approximation is made where

(∂cφ)δxc is small,

δφ(x) = δln(
√
g(x)) = (

1

2
gabδgab + (∂cφ)δxc) ≈ 1

2
gabδgab. (D.2)

Hence, the final form of δam,n
δgkl

is

δam,n
δgkl

=
δ〈f, φ〉
δgkl

=

∫
d2yfm,n(y)

δφ(y)

δgkl
=

∫
d2yfm,n(y)δ(x− y)

1

2
gkl =

1

2
fm,n(x)gkl. (D.3)

The expectation value of the inverse functional 〈G−1
m,n,m′,n′〉 is given by inner product of the

gradient of am,n,

〈G−1
m,n,m′,n′〉 = 〈

∫
d2x

1
√
g

δam,n
δgab

Gλabcd
δam′,n′

δgcd
〉. (D.4)

Here Gλabcd is the inverse generalized Wheeler-DeWitt metric

Gλabcd =
1

2
(gacgbd + gadgbc)− µgabgcd (D.5)

with µ = λ
2λ−1

.

〈G−1
m,n,m′,n′〉 = 〈

∫
d2x 1√

g

δam,n
δgab
Gλabcd

δam′,n′

δgcd
〉

= 〈 (1−2µ)
2

∫
d2x 1√

g
fm,n(x)fm′,n′(x)〉

= 〈e−φ(x)〉 (1−2µ)
2

∫
d2xfm,n(x)fm′,n′(x)

∝ (1−2µ)
2

δ−m,m′δ−n,n′ .
Finally, we have

〈G−1
m,n,m′,n′〉 ∝

(1− 2µ)

2
δ−m,m′δ−n,n′ . (D.6)

We can also compute the functional for the observable |am,n|. This is again given by the
inner product of the gradient of the observable,
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δ|am,n|
δgkl

=
δ
√
〈f,φ〉〈f̄ ,φ〉
δgkl

=
√
〈f, φ〉 δ

√
〈f̄ ,φ〉
δgkl

+
√
〈f̄ , φ〉 δ

√
〈f,φ〉
δgkl

= 1
2

√
〈f,φ〉√
〈f̄ ,φ〉

δ〈f̄ ,φ〉
δgkl

+ 1
2

√
〈f̄ ,φ〉√
〈f,φ〉

δ〈f,φ〉
δgkl

= 1
4

√
am,n√
a∗m,n

f̄(x)gkl + 1
4

√
a∗m,n

√
am,n

f(x)gkl.

This gives the following expression for the functional,

〈G−1
m,n,m′,n′〉 = 〈

∫
d2x 1√

g

δ|am,n|
δgab
Gλabcd

δ|am′,n′ |
δgcd

〉

= 〈e−φ(x)〉(
√
a∗m,n

√
am,n

√
a∗
m′,n′√

am′,n′

(1−2µ)
8

∫
d2xfm,n(x)fm′,n′(x)+

√
am,n√
a∗m,n

√
am′,n′√
a∗
m′,n′

(1−2µ)
8

∫
d2xf̄m,n(x)f̄m′,n′(x)+

√
am,n√
a∗m,n

√
a∗
m′,n′√

am′,n′

(1−2µ)
8

∫
d2xfm,n(x)f̄m′,n′(x) +

√
am,n√
a∗m,n

√
a∗
m′,n′√

am′,n′

(1−2µ)
8

∫
d2xf̄m,n(x)fm′,n′(x))

= 〈e−φ(x)〉( (1−2µ)
8

δ−m,m′δ−n,n′ +
(1−2µ)

8
δ−m,m′δ−n,n′ +

(1−2µ)
8

δm,m′δn,n′ +
(1−2µ)

8
δm,m′δn,n′)

= 〈e−φ(x)〉1−2µ
4

(δm,m′δn,n′ + δ−m,m′δ−n,n′)

∝ 1−2µ
4

(δm,m′δn,n′ + δ−m,m′δ−n,n′).
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