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Abstract

Causal Dynamical Triangulation (CDT) has proven to be a viable candidate for
quantum gravity models. A natural generalization of CDT relaxes the foliation
constraint, allowing for more structures in the triangulation. The characteris-
tics of this Locally Causal Dynamical Triangulation (LCDT) model are currently
unknown, even in 1+1 dimensions. This thesis presents a detailed analysis of
LCDT in 1+1 dimensions and tries to find the characteristics of the theory using
Monte Carlo simulations. We present evidence that there are non-contractible
closed timelike loops in LCDT and we find that the spectral dimension is com-
patible with CDT, but that Hausdorff dimension is not evidently so.
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Introduction

1 Introduction

One of the most important unsolved problem in fundamental physics is the
problem of combining quantum mechanics and gravity. Quantum mechanics
describes the interactions of particles at very small distance scales and does so
very successfully. The Standard Model, which describes all known fundamental
particles including the Higgs boson, can make predictions with an error of less
than 10−8.

Gravity on the other hand, works on very large distances. It is described by
General Relativity and its predictions such as gravitational lensing have been
verified in countless observations and experiments. Quantum effects on the
gravitational field only become important at the Planck length, 1.6 · 10−35 m,
which is far beyond the current LHC level physics.

Even though the quantum scale and gravity scale barely overlap, there are
some regimes in which a theory that describes both of them is necessary. For
example, in the initial seconds of the universe there was a lot of matter in very
small regions of space. To understand what happened there, a theory that
unifies gravity and quantum mechanics is required. We shall call such a theory
quantum gravity.

The main idea behind GR is that spacetime is curved by the presence of mat-
ter. The main idea behind QM is that states can exist in superposition. Thus,
a quantum gravity theory should incorporate superpositions of curved space-
times.

In this thesis we shall look at a model called “Locally Causal Dynamical Trian-
gulations” (LCDT) which aims to address these issues. It is a generalization of
the popular “Causal Dynamical Triangulations” (CDT), since the time global
layering condition of this theory is relaxed to a local condition on its causal
structure.

We describe how such a theory can be simulated numerically, and we measure
various observables like the spectral dimension and the Hausdorff dimension.
We try to answer the question whether LCDT is fundamentally different from
CDT.

Due to the removal of the distinguished foliation, some seemingly trivial notions
like proper time disappear. Some results show that there are unexpected proper-
ties like the emergence of non-contractible timelike loops and some irremovable
finite-size effects.

Further research is needed to fully understand the global causal nature of
LCDT.
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Dynamical Triangulations

2 Dynamical Triangulations

One of the problems of unifying gravity with a quantum theory is that gravity
is perturbatively non-renormalizable [1]. This means that the standard way of
describing the gravitational quantum field using Feynman diagrams will not
work for arbitrary energies due to irremovable divergences of higher-order loop
corrections.

A way to work around these problems is to quantize gravity non-perturbatively.
One of the ways of achieving this is by solving the path integral without pertur-
bation theory around a given classical solution. Work has been put in this idea
since the 1980s. There have been many suggestions like quantum Regge calculus,
and its variant Euclidean Dynamical Triangulations (EDT) [2]. Most methods
use lattice techniques to obtain numerical results: a regularization on the space
of spacetimes is chosen and through sampling computer measurements can be
performed. In EDT the curvature degrees of freedom are discretized. The ob-
tained results are reliable in the continuum theory if the continuum limit exists
so that the regulator can be sent to zero.

Unfortunately, Euclidean Dynamical Triangulations has no phase in which this
is possible. In the 1998 R. Loll and J. Ambjørn invented Causal Dynamical
Triangulations [3]. This variant of EDT introduced causality by cutting the
triangles out of Minkowski-space. In their model time has a distinguished time
layering, called a foliation.

In this chapter we shall work from the beginnings of EDT, to CDT and finally
to LCDT. In 1 + 1 dimensional LCDT there will be an additional triangle that
is used, which breaks the distinguished foliation.

2.1 Action

The action of standard general relativity1 is called the Einstein-Hilbert action.
Including a cosmological counterterm, it reads:

S = 1
16πG

∫
dnx

√
− det g(R− 2Λ) (1)

where n is the dimension of spacetime, G the gravitational constant, gµν the Lo-
rentzian four-metric, R its Ricci scalar and Λ the cosmological constant.

The corresponding path integral can be defined as follows:

Z =
∫
D[g]eiS[g] (2)

where the integral is over the universality class of metrics with respect to n-
dimensional diffeomorphisms. This expression is not well-defined, as the inte-
gration space is infinitely dimensional and it is not clear how to define a measure
on it.

1Non-GR actions for gravity could also be considered. For example Hořava–Lifshitz gravity
[4].
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Action Dynamical Triangulations

An interpretation of the path integral is that it is the superposition over every
possible geometry of spacetime. One way to make sense of it is to introduce
a regulator on the space of spacetimes. Regge developed such a regulator by
constructing spacetime from piecewise linear triangular building blocks called
simplices [5]. These effectively discretize the curvature degrees of freedom.

Since the simplices are piecewise flat, there is no curvature in the simplices.
Curvature appears at so-called hinges, subsimplices of dimension n − 2 where
several (n-dimensional) simplices meet. In 2d this means that the hinge is a
vertex, and in 3d a hinge is an edge.

A collection of glued together simplices in two dimensions which form a simpli-
cial manifold is what we shall call a triangulation.

The regularized path integral is as follows:

Z =
∑
T

1
CT

eiSR (3)

where the sum is over all triangulations and CT is the symmetry factor of the
triangulation T .

If we regularize the n-dimensional Einstein-Hilbert action, we get the Regge
action:

SR = 1
16πG

∑
h

Vhδh −
Λ

8πG
∑
i

Vi (4)

where Vh is the volume of the hinge h, δh is the deficit angle at h and Vi is the
volume of the n-dimensional simplex i.

The deficit angle δh is the angle that describes the deviation from flat space at
a given hinge:

δh = 2π −
∑

i∈N(h)

αi (5)

where h is a hinge, N(h) is the set of all simplices connected to hinge h, and αi
the angle of the corner of the ith simplex at h.

In order to make a locally flat space in two dimensions, six equilateral triangles
are required, since a walk around the central vertex is 360◦. In figure 2.1 a
positive and negative deficit angle are shown.

Negative curvature is related to local saddle points. We immediately see that
positive curvature is limited, since a vertex that is not at the edge of a triangu-
lation needs to have a least three triangles connected to it 2.

Since this thesis will involve 2d spacetime, equation (4) can be simplified by
using the Gauss-Bonnet theorem:

∫
M

RdA+
∫
∂M

kgds = 2πχ(M) (6)

2And in CDT, as we shall see, the minimum is four
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δ δ

Figure 2.1: Left: a vertex with positive curvature (dh = 1/3π), obtained by
gluing together five equilateral triangles at a vertex. Right: a vertex with
negative curvature (dh = −1/3π), obtained by gluing together seven equilateral
triangles.

where M is a compact two-dimensional Riemannian manifold with boundary
∂M , R the Ricci scalar, and kg the geodesic curvature at the boundary and
χ(M) the Euler characteristic of the manifold M . Our triangulations will have
no boundary, since the topology will be that of a torus, so the second term is
zero. This means that the curvature term in the action, which is equal to the
first term in the equation above, yields a constant.This gives an overall factor in
the path integral (and in toroidal topology the contribution to the path integral
is a factor of 1, because χ = 0).

Our 2d action simplifies to:

SR = − Λ
8πG

∑
i

Vi (7)

2.2 Euclidean dynamical triangulations

One of the popular models to describe four-dimensional quantum gravity was
to use a single fixed-size four-simplex as a building block. This formulation uses
piecewise flat geometries of Euclidean signature (+,+,+,+), meaning that the
resulting “spacetime” has no notion of time. From the point of view of gen-
eral relativity, these are not the correct physical objects, but nonetheless some
interesting hints about gravity in a Lorentzian framework could be obtained.
Due to its signature, this model is called Euclidean Dynamical Triangulations
(EDT).

One of the ways of verifying results of EDT is to measure dimensionality on the
superposition of spacetimes. What one hopes to find is a result that matches
with the classical limit: a four-dimensional space. However, from computer
simulations researchers found that EDT has two phases [6]: a “crumpled” with
extremely large Hausdorff dimension and a “branched polymer” phase with
Hausdorff dimension 2. None of these phases reflect a good classical limit.

Additionally, a second-order phase transition is required in order for there to
be a continuum limit. The order of the transition between the two phases has
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Figure 2.2: Building block of CDT. Blue links are spacelike, red links are time-
like.

t = 0

t = 1

t = 2

t = 0

t = 1

t = 2

Figure 2.3: Piece of CDT triangulation of flat 2d (left) and curved 2d space
(right). A discrete time t is assigned to all vertices, which is the layer number
in the foliation starting from an initial slice t = 0.

been heavily debated for quite some years, but it turns out that the transition
is first-order [7, 8].

These shortcomings of EDT are a motivation to study a different model, which
has a notion of time and causality.

2.3 Causal dynamical triangulations

In order to incorporate a notion of time, we want to triangulate spacetimes of
Lorentzian signature (−,+,+,+). This means that instead of using Euclidean
simplices, simplices cut from Minkowski space should be used. These simplices
carry a 2d Minkowskian metric and a light cone structure. In 1 + 1 CDT
the triangle in figure 2.2 is used as a fundamental building block, where blue
indicates a spacelike edge and red indicates a timelike edge.

Using only this triangle as a building block, one can glue together timelike links
with timelike links and spacelike links with spacelike and in this way one creates
a complete triangulation. This gives rise to a layering of spacelike links, called
a foliation, as can be seen in figure 2.3.

This layering enables us to assign an integer time to a vertex and measure the
volume of a d − 1 spatial slice at a given time, where d is the dimension of
the building blocks. In 1 + 1 dimensions this volume is simply the number
of spacelike links at a given time t. The foliation ensures that there is local
causality at every point in spacetime and it also guarantees global causality,
since there can be no closed timelike curves.

There has been a lot of research into CDT in 3+1 dimensions. It is essential for
the viability of the theory that there is a phase that has a good classical limit
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and that there is a second order phase transition to enable a continuum limit
to be taken.

It turns out that CDT has three phases [9, 10]: a phase with a sequence of small
universes connected by small necks along the timelike direction (A-phase), a
phase with extremely limited timelike extension and very highly connected ver-
tices (B-phase) and a C-phase. This phase shows an extended four dimensional
universe with correct macroscopic scaling properties: the time extent scales as
V 1/4 and spatial volume as V 3/4, where V is the number of four-simplices.

Recently, compelling evidence was presented that the phase transition of the
B-phase to the C-phase is second order [11]. Thus, this makes CDT a viable
candidate to describe a theory of quantum gravity.
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lt

lt lt

ls

lt lt

lt

ls ls

ls

ls ls

Figure 3.1: Only the middle two triangles have a light cone structure. The
second triangle we shall call the tts-triangle and the third one the sst-triangle.

t s

Figure 3.2: Light cones at the corner points of the tts-triangle (left) and the sst-
triangle (right). Only the light rays propagating in the interior of the simplex
are fixed by the metric, indicated by a solid line.

3 Locally causal dynamical triangulations

In this thesis we will investigate the properties of a model that relaxes the
foliation constraint of CDT. This model was introduced by S. Jordan and R. Loll
in [12] and is called Locally Causal Dynamical Triangulations (LCDT).

We start by asking the question whether the triangle with two timelike links
and one spacelike link (tts-triangle) is the only triangle that can be built from
Minkowski space. In figure 3.1 we show all four possible combinations of space-
like and timelike links. Each spacelike link has length l2s , each timelike link has
l2t and the two are related by an anisotropy constant α > 0, with l2t = −αl2s .
The minus sign reflects the minus in the metric for the time coordinate. The
edge lengths completely determine the metric properties of a simplex, so now
we can check which of these triangles have a Minkowskian signature.

As can easily be checked, only the middle two triangles have a light cone struc-
ture, since lt and ls have Minkowskian signature (−,+). The outer ones are in
fact impossible in Minkowski space, since they have Euclidean signature (+,+).
The light cones of the inner two are shown in figure 3.2. Only the light rays
propagating in the interior of the triangle are fixed by the metric. We note that
only when there is a transition from timelike to spacelike links at a vertex, we
have a light ray in between.

Since there is a light cone structure, there is a local time direction if one specifies
which is the future light cone and which is the past. This is displayed with an
arrow designating the flow of time. In the figure on the right, time goes up or
down. In the right triangle the flow of time is either to the right or to the left.
The actual direction of what we shall call past and future is arbitrary. To have
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Vertex rules Locally causal dynamical triangulations

a global time direction the manifold will have to be orientable.

It should be noted that in theory there are more possibilities than these two. If
one takes the triangles with only spacelike links (the right one in figure 3.1), but
allows for the edges to have different lengths, the triangle can be compressed by
moving the top vertex very close to the base. This would result in the triangle
fitting entirely in the spacelike region of the light cone, and thus it does not
violate the Minkowskian signature. For simplicity, these special triangles are
not included.

3.1 Vertex rules

Now that we have the two fundamental building blocks, there are two extra
conditions to ensure that the causal structure is well-defined locally. Inside the
triangles the structure is always correct, because the space is Minkowskian, but
on the edges and on the vertex we need to impose additional conditions.

The rule for the edges is straightforward: only connect edges of the same type.
This is obvious, since a path between two points cannot be timelike and spacelike
at the same time.

For the vertex however, we need to have a less trivial extra condition. Let us
first consider what it means to have a locally causal space. This means that at
every point there should be a regular light cone structure, consisting of exactly
one past and one future light cone. In figure 3.3 a part of two triangulations is
shown.

(a) Non-causal structure (b) Causal structure

Figure 3.3: Causal structure at the vertex has to be enforced with an extra
requirement.

In figure 3.3a, there are only two light cones meeting at the central vertex.
This is clearly not causal. Figure 3.3b however, does have a well-defined causal
structure at the vertex.

From figure 3.3b and figure 3.2 the following rule can be derived: there should
be exactly four light rays meeting at a each vertex. This is equivalent to stating
that there should be four transitions from spacelike to timelike at each vertex,
since this transition requires a lightlike curve in between.

When one recognizes that there should be four transitions, one immediately sees
that there should be four sectors (illustrated in figure 3.4). This means that a
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The action Locally causal dynamical triangulations

generic neighbourhood of a vertex can be described by a cross of red and blue
lines, where each line represents edges in a sector.

Figure 3.4: Four sectors and four transitions. Sectors can be represented by
single lines.

3.2 The action

In order to construct the action for 2d locally causal dynamical triangulations
using eq. (7), we first have to calculate the volumes of the two triangles.

Now it becomes important to realize the difference between spacelike and time-
like edges. Since the triangles are in Minkowski space, it has to be the case
that l2t = −αl2s , α > 0. So the squared length of the timelike link is minus the
squared length of the spacelike link times some anisotropy constant α. Note
that we fix α and the length of the spacelike link, so that there are only two
unique triangles.

3.3 Volume of simplices

Since we have fixed the length of the three edges in terms of α and ls, the metric
is uniquely defined. Below we demonstrate how to calculate the volumes for the
tts-triangle. First we choose a convenient coordinate system (figure 3.5).

We find the following equations for the three edges, noting that the metric must
be symmetric:

ls

lt lt

(0, 0)

(0, 1)(1, 0)

Figure 3.5: Choice of coordinates for the tts-triangle
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l2t = −αl2s =
(
1 0

)
g

(
1
0

)
= g11 (8)

l2t = −αl2s =
(
0 1

)
g

(
0
1

)
= g22 (9)

l2s =
(
1 −1

)
g

(
1
−1

)
= g11 − 2g12 + g22 (10)

Thus, we derive the following metric:

gµν = −
(

α (1+2α)
2

(1+2α)
2 α

)
l2s (11)

Now that we have the metric, we can integrate the volume element to obtain
the volume:

Vtts = 1
2

∫ 1

0
dx

∫ 1

0
dy
√
|det g| = 1

4
√

4α+ 1 l2s (12)

where the factor 1
2 comes from the fact that the triangle has half the volume of

the rhombus we are integrating over.

Similarly, we obtain for the volumes of the sst-triangles:

Vsst = 1
4
√
α(4 + α) l2s (13)

3.3.1 Lorentzian angles

In order to calculate the flow of a timelike observable through a triangulation,
the angles of the triangles are required. Since the triangles are in Minkowski
space, we have both ordinary angles as well as hyperbolic angles. These Lo-
rentzian properties can conveniently be captured by a single complex angle
[13].

Angles can be computed using the abstract definition of a cosine:

cos(θ) = 〈v1, v2〉
〈v1, v1〉1/2〈v2, v2〉1/2 (14)

where 〈x, y〉 is the standard inner product gµνxµyν and the square root is de-
fined to be always positive imaginary for negative arguments or positive real for
positive arguments.

We shall label an angle by the two links that spans it and we append the third
link to distinguish between the tts and sst-triangle. So the angle θtst is the angle
between the timelike and spacelike link in the tts-triangle. This distinction is
important, because θtst 6= θtss.

12
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After setting l2s = 1 for simplicity, we obtain for the tts-triangle:

cos(θtts) = 1 + 2α
2α (15)

and
cos(θtst) = 1

2
√
−α

= − i

2
√
α

(16)

The angles for the sst-triangle can be computed likewise and are:

cos(θsst) = 2 + 2α
2 (17)

and
cos(θtss) = α

2
√
−α

= − i2
√
α (18)

The angles will not be required later on in our simulation, since the deficit angle
term drops out from the action.

3.4 The LCDT action

Now that we have the volumes, we substitute them into eq. (7):

SR = − Λl2s
8πG

(
1
4
√

4α+ 1Ntts + 1
4
√
α(4 + α)Ntss

)
(19)

where Ntts is the amount of tts-triangles and Nsst is the amount of sst-trian-
gles.

This is our Regge action that depends on two parameters: Λl2s and α. Note that
Λ is a free parameter, since the Λ appearing in the action is the bare cosmological
constant and not the physical, renormalized cosmological constant. Because l2s
appears only in the product with Λ, we set l2s = 1 for simplicity.

In order to compute the path integral by the Metropolis-Hastings algorithm
(see section 4), it is required that the path integral is real. If it is real, it
defines a probability distribution and is basically a statistical mechanical parti-
tion function. Making the path integral real can be be achieved through a Wick
rotation.

3.4.1 Wick rotation

Since our goal is to make the exponent real, each term in our action in eq. (19))
should pick up a factor of i to cancel the i in the exponent of the path integral.
This could be accomplished if the volume terms under the square root were
negative.

A suggestive prescription for obtaining geometries with Euclidean signature
(+,+) is to make all timelike links into spacelike ones by redefining l2t = +αl2s ,
for α > 0. Or in other words, to analytically continue α 7→ −α [14].
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The volumes transform as follows:

1
4
√

4α+ 1 7→ 1
4
√
−4α+ 1 (20)

1
4
√
α(4 + α) 7→ 1

4
√
−α(4− α) (21)

The new volumes have to be purely imaginary and nonvanishing, so −4α+ 1 <
0 ⇒ α > 1

4 and −α(4 − α) < 0 ⇒ 0 < α < 4. Thus the new bounds on α are
1
4 < α < 4. This is a much stronger restriction than the original α > 0.

We can pull the i from the volume term, but this can be done in two ways. We
use a continuation through the lower half of the complex plane, so we get an
additional minus sign:

1
4
√
−4α+ 1 7→ −i14

√
4α− 1 (22)

1
4
√
−α(4− α) 7→ −i14

√
α(4− α) (23)

subject to the above mentioned inequalities.

So the path integral is now:

Z =
∑
T

1
CT

eiSR[T ] =
∑
T

1
CT

e−SE [T ] (24)

where the Euclideanized action SE is

SE = Λ
32πG

(√
4α− 1Ntts +

√
α(4− α)Nsst

)
(25)

and 1
4 < α < 4.

For the isotropic case α = 1 the Euclidean action simplifies to:

SE = Λ
32πG

√
3 (Ntts +Nsst) (26)

When α approaches the boundary 1
4 , the volume of the tts-triangle goes to zero.

This means that there is almost no penalty in the action for creating arbitrarily
many tts-triangles. The sst-triangles however, still have a non-zero contribution.
Thus, we expect the tts-triangles to dominate. Since there are practically only
tts-triangles, this limit is essentially CDT. Accordingly, we can use this part of
the phase space to verify if the numerical simulation yields the same results as
the literature.

At the other bound of α = 4, we expect to only see sst-triangles. Note however
that the limiting behaviour is not the same: the bound of α = 4 has an additional
factor of α in the square root, making the saturation effects at 1

4 + ε bigger than
at 4− ε, for fixed ε.

14



Topology Locally causal dynamical triangulations

3.5 Topology

The Regge action in eq. (4) holds for a topology without boundaries. If there
are, boundary terms have to be added3. In our current construction of causal
triangulations, boundaries cannot exist because the vertex causality condition
is always violated. Thus, in order to support boundaries extra vertex rules have
to be added for boundary vertices. For simplicity, topologies with boundaries
are not considered here.

Figure 3.6: An almost flat CDT triangulation on a torus. The vertex with
coordinate number 8 is a saddle point with negative local curvature.

For CDT the torus is a natural topology without boundaries: one of the iden-
tifications is spatial and the other is time. In figure 3.6 a sketch is shown of
an almost flat CDT triangulation on a torus with only one vertex with more
than six neighbours. We have used the toroidal topology in our simulations for
LCDT as well4.

Another possibility is the topology of a sphere, similar to what was used in
[12]. This involves adding two new special vertices that can be represented as
a time source and a time sink. These vertices only have timelike links coming
out or going in respectively, making them non-causal. For these new vertices,
additional Monte Carlo moves have to be added (see section 4.5), since the
triangle connectivity at the source and sink vertices should be able to grow or
shrink.

I have not considered this topology, but for future research this may be inter-
esting to investigate, especially the effects of topology on time labeling.

3In 2d, this means that the Gauss-Bonnet theorem also adds an extra term
4Even though there is no clear spatial direction or time direction, as we shall see.
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3.6 Valid triangulations and symmetry

Now that there are two triangle types, it is interesting to look at the symmetry
properties, which we would expect in 1 + 1 dimensions. First, we determine the
requirements for locally causal triangulations.

A triangulation is valid if:

1. The triangulation is a manifold

2. Each triangle has type tts or sst

3. Triangles are glued together only on links of the same type

4. At each vertex there are four sectors

5. The manifold should be orientable

6. (Optional) The triangulation is a simplicial manifold

7. (Optional) The triangulation has no boundaries

If the manifold is not orientable, there is no well-defined time direction so we
disallow these topologies. A simplicial manifold has no degeneracies, making
each link unique (see section 4.10).

Proposition 1. If we have a valid triangulation and we change the link types
of all the links, we get another valid triangulation. We shall call this the dual
triangulation.

Proof. The proof consists of checking the requirements.

1. The connectivity is not changed, so the topology stays the same.

2. If all links are switched, tts becomes sst and vice versa. So this requirement
is met.

3. No new links are created so this cannot be violated

4. There are still four regions, because the transition triangles remain tran-
sition triangles. Sector triangles will just switch types.

5. (Optional) The connectivity is not changed, so the topology stays the
same.

6. (Optional) Same argument
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This symmetry has a consequence for the Monte Carlo moves which we shall
see in section 4.5: all moves that transform a valid triangulation into another
have a dual move with all the link types exchanged. In figure 3.7 it is shown
that every move M must have a counterpart M ′ that is the dual of M.

T T ′

S S′

M

D

M ′

D

Figure 3.7: A move M transforms a triangulation T into T ′. D is the dual
operation.

It should be noted that the dual triangulation may have a different probability
in the path integral: this is due to volume differences of sst and tts-triangles.
Only in the isotropic case do the triangulations have the same volume and thus
the same Boltzmann weight.
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4 Numerical simulation

Since there is currently no analytical solution for locally causal dynamical tri-
angulations in 1 + 1 dimensions, the path integral has to be sampled. This can
be done through Monte Carlo simulations. The basic principle is that triangu-
lations are created given a certain probability, using random numbers. In our
case this probability is linked to the action: we want states that give a high
contribution to the Euclidean path integral to appear more often.

4.1 Monte Carlo methods

The Euclideanized path integral in eq. (24) is nothing more than a partition
sum over all possible triangulations. This means that the path integral can be
sampled using the standard methods from statistical mechanics. One of these
is Monte Carlo simulations: through the use of random numbers, triangulations
are sampled according to the weight (which is a probability) of the particular
triangulation in the path integral.

Observables O[T ] on this ensemble of triangulations have a standard quantum
expectation value:

〈O〉 ≡ 1
Z

∑
T
O[T ] 1

CT
e−S[T ] (27)

where the sum is taken over all triangulations.

One could think of many observables, like the system size, the ratio of tts
and sst-triangles, etc. In the following sections we will discuss some of these
observables in detail.

There are many algorithms to perform Monte Carlo sampling, like rejection
sampling and Gibbs sampling. For our purposes, we choose the well-known
Metropolis-Hastings algorithm.

4.2 Metropolis-Hastings

The Metropolis-Hastings algorithm works by proposing transitions from one
valid state to the next. So instead of sampling new triangulations directly, only
small changes are proposed. These transitions, which we shall call moves, are
accepted with a certain probability. Since these moves will only depend on the
current state, this is a Markov process.

We shall call P (x→ x′) the transition probability of going from state x to state
x′, and P (x) the probability of being in state x. Then the following should
hold:

P (x)P (x→ x′) = P (x′)P (x′ → x) (28)

which ensures that P(x) is the only asymptotic distribution. This requirement
is called detailed balance.
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We can split up the transition function in two separate pieces:

P (x→ x′) = g(x→ x′)A(x→ x′) (29)
where g(x → x′) is the probability of proposing state x′ when in state x and
A(x→ x′) the probability of accepting this move.

The acceptance of the move can be rewritten using eq. (28) as

A(x→ x′)
A(x′ → x) = P (x′)g(x′ → x)

P (x)g(x→ x′) (30)

The Metropolis choice then is to pick the following condition that satisfies the
above equation:

A(x→ x′) = min
(

1, P (x′)g(x′ → x)
P (x)g(x→ x′)

)
(31)

In our case we know that P (x) is the probability of being in state x. This is
simply the action of state x divided by the partition sum: e−S(x)

Z .

For the fraction P (x′)
P (x) we get:

P (x′)
P (x) = exp

(
Λ

32πG

(√
4α− 1(∆Ntts +

√
α(4− α)∆Ntss

))
(32)

where ∆N = Nx′ − Nx describes the difference in triangle count after a move
has been performed.

For simple simulators, g(x→ x′) is symmetric, i.e. g(x→ x′) = g(x′ → x), but
in our simulator this is not the case.

In the isotropic case α = 1, about 85% of the moves are rejected because they
are impossible. Of the remaining 15%, about 50% is rejected due to detailed
balance. A lot of moves are impossible, because the neighbourhood is not com-
patible or due to some topological constraints. This large percentage is not a big
problem, since most of the rejections happen very early in the move verification
process, making rejections fast.

It is possible to improve the rejection rate by making smart selections. However,
this makes the probability calculations more difficult, as we shall see when the
moves are described in detail.

4.3 Grand canonical ensemble

The action has two free parameters: Λ and α. Since the Λ appears as a constant
in front of both terms, it controls the system size. The α controls the ratio of
sst and tts triangles.

We shall see that most of the moves change the system size. In fact, only one
move (the flip move) does not alter the number of triangles. Consequently, the
ensemble is a grand canonical ensemble.
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As a result, even when the Λ is fixed, the system size will fluctuate and often
spike. A way to get a better grip on these effects is to fix the system size, while
letting Λ fluctuate. In order to enforce that the system size is approximately
of the desired size, an extra term can be added to the action that suppresses
moves that make the size difference larger and favours moves that reduce it.
This term is called a volume fixing term.

In the literature, mostly a quadratic potential is used [15]:

Svol = δ(Vcur − V )2 (33)

where Vcur is the current volume and V is the desired volume and δ > 0 is a
constant that controls how strict the volume fixing should be. If this δ is too
large, most moves will be heavily suppressed.

The new acceptance A(x→ x′) is as follows:

A(x→ x′) 7→ −A(x→ x′)δ∆x→x′(2Vcur + δ − 2V ) (34)

where ∆x→x′ is the difference in triangles a move makes.

Note that the volume fixing term is in fact not really fixing the volume, but
the number of triangles. These two are not necessarily the same, because if
α 6= 1 the contribution to the volume of the triangles depends on the triangle
type.

4.4 Tuning lambda

Using large enough δ, the system will always fluctuate around the desired vol-
ume. However, if the Λ is not properly adjusted there will be a bias towards
the left or right of the potential. Preferably, we would like the system volume
to oscillate symmetrically around the bottom of the potential. Thus, we need
to update Λ.

First, we keep track of the bias for each sweep. We define the bias as:

B = z

LV

∑
i

(Vi − V ) (35)

where z is a new parameter that determines how severe a volume difference
should contribute and L is the length of a sweep (in our case 1.000.000). The
bias is by construction relative to the desired volume.

Λ can now be updated using the following third-order equation:

∆Λ = k(B3 +B) (36)

where k is also a new parameter that determines how heavily the bias influences
the update of Λ.

The rationale behind a third-order equation is that if the volumes differ much,
Λ is updated in big steps and when the difference becomes less, it is updated
only by a small amount. The effects can be noticed by a quick convergence of
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Λ at the start of a simulation, but could also be noticed at a phase transition
when the Λ suddenly changes to a new equilibrium. Typical values for k and z
are 100 and 30 respectively.

Since the volume now oscillates around the desired value, one can limit the
measurements to triangulations with precisely the correct system size. In my
implementation I make sure that about one sweep length L is between successive
measurements.

4.5 Monte Carlo moves

An important part of the sampler is to have an ergodic set of moves. A set is
ergodic if it is able to transform any valid triangulation into any other valid
triangulation, by combining an arbitrary number of moves in the set.

For CDT in 1 + 1 dimensions ergodicity is proven, and only has one move: the
link collapse move (see section 4.8). LCDT however, has a much greater and
more complicated set of moves.

For LCDT there is no analytic proof that our set of moves is ergodic. There
may be some moves that involve rather large structures that are transformed
in one go. For example, if one looks at the pinching move (section 4.9), there
are four triangles involved and as an extra complication, it is asymmetric. One
could imagine that similar moves exist with even larger structures.

As we shall see, each move requires a particular kind of local neighbourhood in
order for the move to be possible. Otherwise, causality will be violated.

When a move is selected, the Metropolis-Hastings algorithm requires that the
inverse probability is known as well in order to calculate the acceptance rate.
For example, if a move A transforms state x to x′, the probability of going from
x′ to x also has to be computed. This could be difficult, since the state x′ is
unavailable. Only the current state is stored in memory.

A naive solution would be to execute the move and then do the probability
checks. However, after some careful analysis, the probabilities can be calculated
from the state x as well, as we shall see below. Note that certain optimizations
may improve selecting valid moves (since most selected moves are invalid for a
given neighbourhood), but this means that calculating the transition probability
g(x→ x′) becomes much more complicated.

In my implementation I have a function that checks if the selected move can be
executed. If it is not, it is given probability 0.

4.6 Flip move

The easiest move is probably the flip move. This move flips a link in a rhombus,
as depicted in figure 4.1. Since it does not change the number of triangles, it
leaves the action unchanged.

In figure 4.1 the local neighbourhood is shown with dotted lines. In short, the
two triangles that share the link must both be sst-triangles with the timelike
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Figure 4.1: Flip move in a generalized local neighbourhood. A version where
the central link changes from spacelike to timelike is also possible.

edge on different sides. There is also a ‘flip and change’ move that flips the link
and then changes the link type. This is always possible in the same neighbour-
hood.

The move is executed after selecting a link. In my implementation this means
selecting a vertex v and then one of the neighbours w of this vertex. The
probability of selecting a specific link is:

Pflip = 1
NNe(v) + 1

NNe(w) (37)

where N is the number of vertices and Ne(x) is the number of neighbours of
x.

The inverse flip move probability is the same, but instead of v and w, the vertices
at the end points of the flipped line should be used. These are the third vertices
in the two original triangles.

4.7 Alexander move

The Alexander move is a move that makes a cross in a rhombus. It is the
only move that is always possible. Because the new vertex at the centre of
the rhombus should be causal, the link type of the newly added link should be
opposite to that of the chosen link.

Figure 4.2: The Alexander move in one of the eight possible neighbourhoods.
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It can easily be verified that the Alexander move is always possible. This is
because every possible link configuration on the rhombus is allowed. In figure
4.2, one of the eight possible Alexander moves is shown.

In order to perform the Alexander move, a link has to be chosen. The probability
of a given Alexander move is the same as the flip move:

Palex = 1
NNe(v) + 1

NNe(w) (38)

The inverse probability is the probability of selecting the newly created vertex,
which is:

P−1
alex = 1

N + 1 (39)

Inverse move The probabilities when the inverse moves are selected are as
follows:

Palex−1 = 1
N

(40)

and the inverse probability:

P−1
alex−1 = 1

N − 1

(
1

Ne(v) + 1
Ne(w)

)
(41)

where v and w are the two neighbouring vertices of the central vertex that have
the desired link type.

In my implementation I make a distinction between spacelike and timelike
moves. This is because in some neighbourhoods there are two inverse Alexander
moves possible. Because these moves are now regarded as different moves, an
additional factor of 1

2 does not have to be taken into account in the calculation
of Palex−1 .

4.8 Collapse move

The collapse move and its inverse is the only move that is required for ergodicity
in 1 + 1 CDT. This move picks a link and removes it. The only local neighbour-
hood in which this is possible is one where the rhombus has the opposite type
to the link.

In figure 4.3 the collapse move is shown. The collapse move with all the link
types inverted is also possible.

The probability of performing a collapse move is simply a link selection:

Pcollapse = 1
NNe(v) + 1

NNe(w) (42)
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Figure 4.3: Collapse move.

If the local neighbourhood is wrong, the probability is 0.

The inverse probability is:

P−1
collapse = 1

N − 1
2

(Ne(v) +Ne(w)− 4)(Ne(v) +Ne(w)− 5) (43)

where (Ne(v) +Ne(w)− 4) is the number of neighbouring vertices of the newly
created vertex.

Note that the collapse move is only valid if the two vertices selected are from
a different sector. This means that one vertex should be in the future and one
should be in the past. If the two are from the same sector, causality will be
violated after the move has been executed. In figure 4.3 the distinction between
sectors can be seen by a separating spacelike dotted line.

The inverse move involves picking a vertex and then selecting two adjacent links
of the same type from two different sectors.

Inverse move The probability of the inverse move is

Pcollapse−1 = 1
N

2
Ne(u)(Ne(u)− 1) (44)

where u is the central vertex. The additional two vertices that are required to
define the move, we shall call x and z. They are the bottom and lower vertex
in figure 4.3.

The inverse probability is more difficult to work out, because the probability
of selecting the link that would yield the current state involves the number of
neighbours of the points v and w. In order to get this number, the vertices
attached to point u have to be split up into points on the left and right side of
the barrier x-u-z. We shall call Lx-u-z the number of vertices on the left of this
barrier.

The inverse probability is:

P−1
collapse−1 = 1

N + 1
1

Lx-u-z + 2 + 1
N + 1

1
Ne(u)− Lx-u-z + 2 (45)
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4.9 Pinching move

The pinching move is the move that involves the biggest structure. It transforms
a group of four tts-triangles into two sst-triangles by “pinching” a link shared
by two tts-triangles and changing the type of the other two. This process is
depicted in figure 4.4.

Figure 4.4: Pinching move.

What is very special about this move is that it is asymmetric in the following
sense: selecting a link is enough to uniquely transform a triangulation, but for
the inverse move it is not enough to simply select a vertex (as was the case
with the Alexander move). The inverse also needs a direction to expand the
triangulation to. This is depicted in figure 4.5. By just selecting a link, either
the red or the green situation may occur. As is clear from the picture, the two
sst-triangles need to belong to opposite sectors.

Figure 4.5: Asymmetry between the pinching move and its inverse.

The transition probability of the pinching move is simply the selection of a link
consisting of vertices v and w:

Ppinching = 1
NNe(v) + 1

NNe(w) (46)

The inverse probability is more difficult. First we have to count the number of
spacelike triangles in both sectors at the remaining vertex. This is the sum of
the spacelike links of vertex v and w. Let us call NL(x) the number of spacelike
links on the left of vertex x and NR(x) the number of spacelike links on the
right. We obtain:
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P−1
pinching = 1

N − 1
1
2

1
(NL(v) +NL(w)− 1)(NR(v) +NR(w)− 1) (47)

where the factor 1
2 comes in due to the asymmetry. Also note that extra care

has to be taken that the left and right sector of v and w are consistent and are
not mixed.

Inverse move The inverse pinching move needs to have a vertex v to start the
expansion from, two spacelike triangles from different sectors and a direction in
which to expand. The probability of the inverse pinching move is then:

Ppinching−1 = 1
N

1
2

1
(NL(v)− 1)(NR(v)− 1) (48)

Let NR be the number of triangles on one side of the two selected spacelike
triangles from vertex v. Then the inverse probability of the inverse pinching
move is:

P−1
pinching−1 = 1

N + 1
1

NR + 2 + 1
N + 1

1
Ne(v)−NR + 2 (49)

where the +2 comes from the two extra triangles after the inverse move is
performed.

4.10 Simplicial manifold condition

Each move has its own set of conditions on the local neighbourhood in order
for it to be legal. Most of these have to do with preserving local causality and
topology, but in order for our algorithms to work we have to impose another
condition: the manifold should be simplicial manifold. This means that the
boundary of the neighbourhood of radius 1 of each vertex is a triangulated
circle (S1). In particular, this implies that each pair of vertices is connected by
at most one link.

Figure 4.6 depicts a piece of triangulation violating the simplicial manifold con-
dition. The dashed line indicates that the vertices are to be identified, imply-
ing that the central vertex connects to the outer vertex twice. The simplicial
manifold condition guarantees that the triangulations satisfy two important as-
sumptions of our algorithms. Firstly, any two vertices are connected by one
link at most. Secondly, two neighbouring vertices always share two triangles
instead of four or more (as in figure 4.6, where the two vertices appear in four
triangles).

In order to make sure that no moves violate the simplicial manifold condition,
we have to check every move that deletes vertices or flips links. For example,
in figure 4.7, we see that the inverse Alexander move could lead to a forbidden
configuration.

A similar check applies to the flip move, the collapse move and the pinching
move.
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Figure 4.6: Link overlap

Figure 4.7: Link overlap caused by the inverse Alexander move

In the end, we see that a rather simple rule describes when a situation is allowed
and when it is not: a closed, non-selfoverlapping path along links should always
have at least length 3. This is the case on the left in figure 4.7, whereas on the
right there is a loop of length 2.

4.11 Verification of simulation

In general, it is hard to verify if a statistical simulation yields the correct results.
If the problem was absolute in nature, for example an easy differential equation,
the results from the computer can just be evaluated. For statistical processes,
this is not always possible. And if it is, one generally has to wait a very long
time to get sufficient data for such checks. For short simulation times, sampling
can yield results that are unexpected. Especially Monte Carlo processes are
known to oversample states with low probability.

However, there are some consistency checks that should always hold. This
section names a few, like acceptance rate checks and state counting.

4.11.1 Acceptance rates

If the Monte Carlo simulation is thermalized, we would expect that the number
of executions for each move and its inverse are about the same, since the system
is in equilibrium. By keeping track of the acceptance rates, we can check if the
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Selected Accepted Impossible Rejected
Normal 4931520966 547980037 2465763064 1917777865
Inverse 4931502471 547981715 4383516648 4108
Ratio −3.7 · 10−6 3.1 · 10−6 - -

Table 1: Acceptance rates for the timelike Alexander move.

moves are selected with the same probability and if the moves are accepted with
the same probability.

If the acceptance rates are off, it is a clear sign that the probabilities for each
move are not calculated correctly, or that some moves are rejected when they
should not be.

Note that it is not trivially so that a move and its inverse have the same ac-
ceptance rate, since this acceptance probability is split up into a move selection
phase and a detailed balance check. For example, the Alexander move is always
possible, whereas its inverse certainly is not: the vertex needs to have exactly
four neighbours. This implies that a high number of rejections due to the move
being impossible is mitigated by a high detailed balance acceptance.

We have measured that in our simulations the moves have about equal accep-
tance rates. The results for the Alexander move are displayed in table 1.

4.11.2 State counting

A second test is verifying whether the Boltzmann statistics from the partition
function (the Euclideanized path integral) matches with the results from the
simulation. We can accomplish this by counting how many times a certain state
is sampled. Since the number of states scales exponentially with the system
size, this is only tractable for near-minimal system sizes. For our tests, we have
disabled volume fixing and have set the cosmological constant λ to a high value,
so the system size is between 14 and 20 triangles.

In order to perform this Boltzmann test, an equality operation should be defined
for triangulations. We say that two triangulations are the same if and only if
they have the same connectivity and the same link types for each link.

To be able to compare connectivity, we need to have a well-defined starting
position. This is facilitated by fixing a triangle throughout the entire simulation.
This triangle cannot be destroyed by moves. From this starting point and a fixed
orientation, we use the algorithm described in Algorithm 1 to make a compact
unique identification (ID) for a triangle.

The basics of the algorithm are sketched in figure 4.8. We start with the fixed
triangle in the center, and a given orientation, namely, the oriented link a − b.
Next we add the character (a description of the triangle type) of the neighbour
to the right of a − b. This is an unvisited tts-triangle, so write this character,
generate an ID for it and add it to a queue to be visited next. If we have visited
the triangle before, we add its ID instead of its character. We continue to the
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next neighbour of the starting triangle, following the orientation. This yields a
unique ID for the triangulation.

Input : Starting triangle t, First vertex u of t, Second vertex v of t
Result: Id for triangulation
id ← [], triId ← ∅, newId ← 8;
neighbours ← {(t, u, v)};
neighbours push (neighbour of t at (u, v), u, v);
while neighbours 6= ∅ do

(t, u, v) ← pop neighbours;
if t ∈ triId then

id ← id ++ triId[t];
continue;

end
w ← third vertex of t using (u, v);
character ← 4 * isTl(u, v) + 2 * isTl(v, w) + isTl(w, u);
id ← id ++ character ;
triId[t] ← newId;
newId ← newId + 1;
/* Push two other neighbours, keeping orientation

consistent */
neighbours push (neighbour of t at (v, w), v, w);
neighbours push (neighbour of t at (w, u), w, u);

end
Algorithm 1: Unique ID creation from triangulation.

a

b c

Figure 4.8: Starting from the central triangle and vertices a and b, an ID for
a whole triangulation is constructed. The ordered vertex pair (a, b) determines
the orientation of visiting the triangles.

In figure 4.9 the result of the state counting is shown for small system sizes and
at α = 1. The line is the expected Boltzmann distribution:

C(n) = N
e−λ
√

3n

Z
(50)

where C(n) is the state count, n the system size, N the total number of mea-
surements and Z is the partition function. Z is generally unknown, but its value
is also not relevant, since this is just a scaling constant. We fit the line through
the points to obtain an estimate.
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Figure 4.9: State count versus system size, measured at λ = 8. The line indicates
the expected frequency.

Even though the system is near-minimal, the number of measured states is
4.835.378. Only size 14 and 16 are really on the line and the others are much
higher. This has several reasons.

First, while the minimal system size of 14 triangles looks small in the image,
it actually consists of 2074 states. This means that the ground state is highly
degenerate, which greatly increases the time it takes to get accurate frequencies.
We have also run the same test on individual moves and for some the ground
state is non-degenerate. These results are better: at least 4 system sizes match
the line.

The other reason for higher frequencies is the nature of Monte Carlo simulations:
some unlikely states will always have a higher frequency due to the random
nature of the sampler. Longer running times should smooth out these effects,
but due to time constraints and memory constraints (more states will appear
and this will take up a lot of memory) we have not done this.

While the results may not seem convincing by themselves, the evolution of the
above state counting indicates correct behaviour. The low system size states
have the tendency to increase faster than the high system size states, indicating
that the desired distribution will be reached after some time.
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Figure 5.1: Time orientation on a toroidal LCDT lattice (upper and lower
boundary and left and right boundary are to be identified).

5 Time and space

In standard CDT the time coordinate of a vertex is determined by the foliation.
If one moves forward along timelike loops, where “forward” is defined by a fixed
time orientation, the vertex reached has time coordinate T + 1 if the starting
vertex was at time T . From figure 5.2a of a foliated CDT geometry this can
easily be seen to be true. However, when one looks at LCDT triangulations this
is no longer the case, as will be demonstrated in the following section.

5.1 Time orientation

In order to have a proper notion of time, time should have a well-defined global
direction, namely “to the future” and “to the past”. In order to do this consis-
tently, the manifold has to be time-orientable. This means that there should be
a non-vanishing timelike vector field. If there is none, like on a Möbius strip,
“going to the future” is not a well-defined concept.

The direction of the future can be chosen arbitrarily. If it is chosen for one link,
it is fixed for the entire triangulation. In figure 5.1 an example of an explicit
time orientation for LCDT is shown on a toroidal lattice.

We shall call a timelike cycle or a timelike loop a non-contractible non-selfover-
lapping set of vertices with S1 topology, which is also orientable in the sense
that two neighbours of each vertex are in different sectors. This makes a cycle
always follow the arrows of time (forward or backwards). A spacelike cycle or
spacelike loop is analogously defined.

5.2 Identifying time

In CDT one can simply follow a timelike path and attach time labels to vertices
by counting the number of timelike links passed and do it consistently. In
figure 5.2a this is shown. However, if one looks at a complete triangulation of
LCDT, as in figure 5.2b, one can see that this method will in general lead to
inconsistencies.

31



Identifying time Time and space

t = 0

t = 1

t = 2

t = 3

(a) Foliation makes time labeling trivial
t = 0

t = 1

t =?

t =?

(b) No distinguished time labeling

Figure 5.2: The difference between CDT and LCDT in time labeling.

t = 0

t = 1?

Figure 5.3: In LCDT the notion of time slices disappears, since the vertices at
time distance 1 can no longer be joined to a spacelike cycle. The thick lines are
what would have been spatial slices in CDT.

The reason why this algorithm works in CDT is that if one starts with a cycle
of spatial links, which we shall call t = 0, we can always move through timelike
links only and end up with a cycle once again, which we shall call t = 1. In
LCDT such a transition will in general not yield a cycle of spacelike links, but
a set of disjoint vertices.

For illustration, let us look at a piece of LCDT triangulation in detail. In figure
5.3 we see an initial spacelike slice, which we call t = 0. If we move forward
from every vertex of the initial slice, moving only through timelike links, we end
up with the bold lines as next ’slice’.

However, when we look at the central vertex on the third slice, we see that there
is also a path with length 1 from the initial slice. Furthermore, the slice is not
a cycle anymore, since there is a timelike link between two vertices.

This raises the interesting question of how to label time. First we have to specify
what we mean by time. One of the requirements is that time has an orientation,
and that it should increase if one moves along a timelike path.

A possible labeling scheme that meets these requirements is to call the time of
a vertex the length of the shortest timelike path. This has the consequence that
certain vertices that are on average very far away from a starting cycle, have
a low time label because there is one path that is very short. For example, in
figure 5.3 the central vertex on top is part of a ’fast lane’, giving it time label
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one instead of two.

Another possibility is to average over all timelike paths from an initial slice to
a vertex. This causes time to become a real number instead of an integer: for
example, the top central vertex has time 2+1

2 = 3
2 .

The algorithm associated with this latter scheme is as follows: we start by
generating an initial slice. Then we collect all vertices by moving only through
those timelike links that are on one side of the initial vertex. We put these in
a list as a tuple (v1, v0), where the second element is an element of the initial
slice and the first is from the newly found points. Essentially, this describes a
directed link moving away from the initial slice. Next, for each tuple we find all
the paths from the vertex to the initial slice, going the other way.

It is not feasible to test all paths, but a caching technique called dynamic pro-
gramming can make it tractable. We store extra information: for each point we
come across, we store the averaged distance and the number of timelike paths
to reach that point. Then, when the search finds nodes that have already been
visited, it can use this information to quickly calculate the time label of the
unlabeled point. Pseudocode can be seen in Algorithm 2.

Function(labelT ime(v, prev));
Input : Current vertex v, Previous vertex prev
Result: (Time label, Number of paths)
if v ∈ InitialSlice then

// time 0
return (0, 1);

end
if v ∈ TimeLabelCache then

// time is known
return TimeLabelCache[v];

end
Neigh ← v.getOppositeSector(prev);
for n ∈ Neigh do

p ← labelT ime(n, v);
dist ← dist + (p.first + 1) · p.second;
tot ← tot + p.second;

end
res ← (dist / tot, tot);
TimeLabelCache[v] ← res;
return res;

Algorithm 2: Labeling time for vertices in LCDT

The time labeling procedure can be extended from vertices to links and to slices
by averaging over all the vertices that make up the link or slice. We will use
this averaging when we measure the volume profile (see section 5.5).
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5.3 Closed timelike loops

Global causality should forbid the existence of closed timelike curves (CTCs).
Closed timelike curves are oriented cycles consisting entirely of timelike links.
When we have a piece of Lorentzian two-dimensional triangulation (with suit-
able boundary conditions), which we compactify to a cylinder or a torus, we
shall redefine a CTC to mean a timelike loop that does not intersect any arbi-
trarily chosen spacelike cycle (as defined in section 5.1). Since CDT has global
causality, these CTCs do not appear. However, as it turns out, in LCDT a
special subclass of these loops are possible.

Figure 5.4 shows an example of a non-contractible timelike loop on a cylinder
with spacelike boundaries. The bold red line is a closed timelike loop. The
numbers at the sides indicate how the cylinder should be folded. As can be seen,
the timelike loop does not intersect any of the two spacelike boundaries.

This result is rather surprising: apparently it is possible (on a compactified
geometry) to go from a spacelike cycle to a timelike one, by moving through
timelike links. This is a property of LCDT that can never occur in CDT.
Thus, this could be a hint that LCDT may not be in the universality class of
CDT.

It has been proven that local causality forbids the existence of contractible time-
like loops. This has been proven in the master thesis of R. Hoekzema5.

c

b

a

c

b

a

Figure 5.4: A non-contractible closed timelike loop on a cylinder in LCDT.

Even though it may seem that these CTCs only occur at small system sizes
due to the necessity of global timelike paths, our measurements show that still
about 30% of the triangulations at N = 100.000 have one or more CTCs. In
figure 5.5 a histogram of the frequencies of disjoint CTCs (CTCs which do not
overlap mutually) is shown. When the system size is 10.000 triangles, there can
be very many disjoint closed timelike loops in a single triangulation, whereas
when the system is 10 times larger, only 6 disjoint loops have been observed.

5However, the statement of her proposition “The timelike digraph does not have any inter-
nal cycles” appears to be too strong: the proof assumes that these loops have internal vertices,
which is only the case if the loops are contractible.
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Figure 5.5: The frequency of disjoint timelike loops in 48.000 sweeps. The upper
histogram is for n = 10.000 and the lower one for n = 100.000.

On the other hand, the CTC ratio of about 21% increases to 30%. This suggests
that when the system size increases, the number of CTCs decreases rapidly, but
when one is created, it takes longer to break up. This is due to the fact that
the probability of making a mutation to links involved in the CTC, decreases
like 1/N .

The number of non-disjoint CTCs is of course much higher, since a timelike
path could split up into two or more paths and rejoin later. Thus the number
of non-disjoint CTCs is likely to scale exponentially.

The time labeling algorithm described above cannot deal with closed timelike
loops6, and as such, all of these triangulations are removed from the ensemble.
We consider this an asset of the algorithm, since the interpretation of time inside
CTCs is rather dubious.

If one looks at figure 5.4 one sees that the neighbourhood of the central link of
the CTC is the neighbourhood of the flip move. If this move is executed, the
triangulation does not have a CTC anymore and is suitable for time labeling.
In order to prevent CTCs, one would hope to do so with local conditions, in the
same manner as the simplicial manifold condition. However, CTCs can occur
at any system size and thus cannot be prevented in the same way. Since locally
there is nothing wrong with the causal structure of CTCs, a global check is
required. This would involve checking if loops are created when for example a
link is flipped.

A priori there is no reason to disallow CTCs, so we keep them in the ensemble
if we are not labeling time.

6Since each timelike path is visited, this causes infinite loops.
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Figure 5.6: Vertex V is not part of a spatial slice.

V

Figure 5.7: A visual representation of a vertex that is not in a cycle.

5.4 Finding an initial slice

There is another small issue in labeling time which that of finding an initial
slice. A naive algorithm would be to start at a given vertex, move only through
spacelike links and stop when the search finds nodes that have already been
visited. This means that a loop has been found. However, in LCDT there can
be vertices that are not part of any spatial slice. An example is given in figure
5.6.

A visual representation of this situation is depicted in figure 5.7.

5.5 Volume profile

Once each vertex has been labeled, one could also analyse the volume profile:
the spatial extent for each time. In 1 + 1 the extent is simply the number of
links that span a spacelike cycle at a given time. We first have to associate a
time label with a given spacelike loop. The procedure we use is to average the
time labels of every vertex in a spacelike slice and count the length of the loop.
Since vertices on a spacelike loop can have different time labels, the notion of a
volume profile becomes less intuitive.

In figure 5.8 the volume profile is displayed. Since it is now non-trivial to find
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all loops, we have sampled 100 loops. As can be seen, some spacelike loops are
very close to each other, indicating that there are some loops sharing multiple
links.
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Figure 5.8: Sampled volume profile for N = 10.000. The t is the time label of
the spacelike loop and the extent is the number of links in the loop.

In 1 + 1 LCDT we see that there is no discernible pattern in the volume profile.
This is also the case in 1 + 1 CDT. In higher dimensions the volume profile
yields an interesting bell curve for LCDT and CDT, reflecting the existence of
nontrivial extended classical gravitational solutions [12].
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6 Dimension

One of the most interesting observables on the ensemble of triangulations is its
dimensionality. Naively, one might assume that the dimension is the same as
that of the simplicial building blocks. However, this is not the case. For example,
in EDT with 2d building blocks the (Hausdorff) dimension turns out to be 4
[16]. Furthermore, from the field of fractal analysis and graph theory it is known
that there are certain “spaces” which have non-integer dimensions.

Dimensionality is currently one of the few observables that can be compared to
empirical data. We would like that an ensemble of 3 + 1 triangulations behaves
like a Euclidean de Sitter spacetime on large scales, since this is what we observe
in our universe. In 3 + 1 CDT there is a phase in which this is the case. The
other two phases are a phase where the spatial extent fluctuates heavily and a
phase where there is a single peak in spatial extent whilst the rest of the universe
has minimal spatial extent (also called a tail). In 1 + 1 CDT and 1 + 1 LCDT
there is only one phase.

There are two canonical ways to define a dimension, namely the spectral di-
mension and the Hausdorff dimension. These concepts are used in graph theory
as well to describe the fractal nature of certain graphs. In this section we will
explore these methods in more detail.

From random graph theory it is proven that the spectral dimension for 1 + 1
CDT is at most 2 and that the Hausdorff dimension is almost surely 2 [17]. For
2d Euclidean dynamical triangulations the spectral dimension turns out to be
2 and the Hausdorff dimension turns out to be 4 [18]. Thus, dimensionality is
also a good check to see if LCDT belongs to the same universality class as CDT.
There is strong evidence that this is the case for three dimensions [12], so we
conjecture that it does in two dimensions as well.

6.1 Spectral dimension

The spectral dimension is described in terms of the return probability of a
random walk. On flat Rd one would expect that the return probability after
(continuous) diffusion time σ is:

P (σ) = aσ−
d
2 (51)

where a is a constant and d is the dimension. From this we can easily obtain
the dimension d, which we shall call the spectral dimension:

ds ≡ −2d ln(P (σ))
d ln(σ) (52)

This definition of dimension is commonly used in lattice calculations. For prac-
tical purposes, the equation first has to be discretized. This can be done in
multiple ways and its effects can be noted at small distances.

A commonly used discretization is the following:
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ds = −2 ln(P (σ + 1))− ln(P (σ))
ln(σ + 1)− ln(σ) (53)

To see what the effects of discretization are, we have also tested the following
one:

ds = −2d ln(P (σ))
d ln(σ) = −2d ln(P (ey))

dy

= −2ey P
′(ey)
P (ey) = −2σP

′(σ)
P (σ)

= −2σ 1
P (σ)

P (σ + 1)− P (σ)
1

= −2σ
(
P (σ + 1)
P (σ) − 1

)
(54)

which has the same continuum limit and has the additional advantage that there
are no expensive functions required.

6.1.1 Diffusion process

The random walk return probabilities can be retrieved from a diffusion process
with an infinite amount of particles. For each node i in the lattice we keep
track of the probability to return to a starting node i0, given a number of steps
σ.

The diffusion equation reads:

ρ(i, i0;σ + 1)− ρ(i, i0;σ) = ∆
∑
j↔i

(ρ(j, i0;σ)− ρ(i, i0, σ)) (55)

where ∆ is the time step, the sum is take over all neighbours j of i and ρ(i, i0;σ)
is the probability of going from i to i0 in σ steps. Moving terms, we get:

ρ(i, i0;σ + 1) = ∆
∑
j↔i

ρ(j, i0;σ) + (1−∆N)ρ(i, i0, σ) (56)

where N is the number of neighbours. If we are working on the dual lattice,
N = 3, so setting ∆ = 1

3 , we get:

ρ(i, i0;σ + 1) = 1
3
∑
j↔i

ρ(j, i0;σ) (57)

with initial conditions ρ(i, i0; 0) = δi,io .

When performing measurements on the dual lattice there are very large dis-
cretization artifacts at small σ. This is not surprising, because at small σ it
matters if the number of moves is even or odd7. In order to alleviate these

7Consider a discrete line, then P (2) > 0, whereas P (3) = 0
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issues, a diffusion constant can be introduced that specifies the probability with
which particles move to neighbours [19]. This means that at each node there is
a probability that a virtual particle stays there. Consequently, even at σ = 1 we
have ρ(i0, i0, σ) > 0 and the small σ probabilities are smoothed out. We have
picked a diffusion constant of 0.8.

For very large σ we expect the spectral dimension to approach 0, since we are
working on a compact manifold. A dimension of 0 means that there is almost no
difference in return probability if one moves σ or σ+ 1 steps, which is what one
would expect if the compactification property of the geometry dominates the
diffusion process. The interesting region of the spectral dimension is a stable
plateau that is reached before these finite-size effects occur. This is what we will
measure as the spectral dimension. Note that if the system size is too small, a
plateau will never be reached due to dominating finite-size effects.

For the implementation it means that since the return probability at σ + 1
depends only on the return probabilities of σ, we can use a double buffer to
update the probabilities using the diffusion equation. Since these buffers have
to contain every node, the updates take a lot of CPU cycles. This is especially
noticeable for large system sizes (n > 100.000). Using parallel processing, av-
eraging over some starting positions may be feasible, at the cost of memory for
the double buffers for each thread.

Since we are only interested in the behaviour at values of σ typically below 1000,
where a plateau is reached, and not in the behavior at very large σ, many nodes
of the triangulation will not be reached. Thus, an optimization is to keep track
of all the nodes with non-zero probability and to introduce a cut-off: if a node
is not reached after σmax steps, ignore the diffusion move to this node, since it
will not contribute to the return probability.

For performance, it does not matter whether a move is performed on the normal
lattice or on the dual lattice. This is because on a sphere and on a torus the
number of updates, which is the number of vertices times the number of links
for the standard lattice or for the dual lattice the number of triangles times 3
is equal.

Another aspect to consider is that one step on the lattice does not correspond
to one step on the dual lattice. For example, imagine that the triangulation
is a cylinder with a minimal spatial extension of 3 links. This means that
after 3 moves in the normal lattice, global effects like compactification start
influencing the outcome. On the other hand, it takes a walk of 6 triangles to
do the same. Thus, there is a relative scale between paths and dual paths.
In our measurements, this factor is about 4. This means that in order to do
measurements on the tail of the spectral dimension, working in the normal
lattice will be about 4 times as fast.

In figure 6.1 the spectral dimension is plotted for CDT, using two different
discretizations for ds. As can be seen, for σ < 500 the discretization prescription
does have an influence on the results. These discrepancies also appear when
plotting functions like P (σ) = σ−ds/2 instead of data8, implying that spectral

8In fact, for this function the discretization of eq. (53) is ds for any σ, whereas eq. (54)
slowly converges to ds.
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Figure 6.1: The spectral dimension for CDT on the dual lattice for n = 100.000.
The green line is the discretization of eq. (53) and the blue line is that of eq.
(54). Error bars are suppressed, because they are too small to see.

dimensions measured at small σ have a bigger error due to the arbitrariness of
the chosen discretization. The resulting dimension for CDT on the plateau is
ds = 2.0163± 0.0025.

For LCDT we get the results of figure 6.2, at α = 1. As can be seen, it takes a
somewhat longer time for the spectral dimension to reach the plateau, compared
to CDT. The result is ds = 1.9937± 0.0023.

Perhaps this difference in convergence time is caused by the fact that in CDT
the system cannot grow in the timelike direction (we have picked T = 80). This
means that for every point in the triangulation there is one direction in which the
breadth-first search stops expanding after T = 80. In isotropic LCDT growth
occurs in spacelike and timelike directions approximately equally, so it can be
expected that the length in the timelike direction9 fluctuates. If a new average
in length is reached, say T = 100, the plateau will shift to higher σ.

6.2 Shape of the Euclideanized triangulation

For the spectral dimension and the Hausdorff dimension (to be defined below)
the global structure of the triangulation is important once large scales are being
probed. In our case we are working on a torus, which means that once the
breadth-first search used in both methods is closed around the smallest non-
contractible loop, it will feel the compactification.

9Actually, the distinction cannot be made anymore, since spacelike and timelike loops can
have the same winding number. We shall refer to the direction of the shortest path as timelike.
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Figure 6.2: The spectral dimension for the isotropic LCDT (α = 1) on the dual
lattice for n = 100.000. The green line is the discretization of eq. (53) and the
blue line is that of eq. (54). Error bars are suppressed, because they are too
small to see.

Figure 6.3: A representation of an LCDT triangulation in 2d. Places where the
torus is “thin”, with short circumference, can have an effect on dimensionality
measurements.
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This could cause both dimensions to be dependent on the maximum number
of steps on the lattice. In the spectral dimension this is evident, because it is
not a constant over the entire σ range, but for the Hausdorff dimension this
is not explicit. In figure 6.3 a triangulation with fluctuating size of one of the
torus directions is sketched. If a breadth-first search were to start on a vertex
which is in a loop with minimal length, the triangulation would be more like a
one-dimensional graph, since the only direction of expansion would be the other
torus direction.

Measuring the fluctuations of the shortest loops on the torus is generally com-
putationally expensive. The shortest loops are minimal non-contractible cycles
on the graph. Because it is measured on the Euclideanized triangulation, the
shortest non-contractible loops need not necessarily be fully timelike or fully
spacelike. Thus the fact that timelike or spacelike cycles are non-contractible
can only be used to get an upper limit on the shortest loop length. Recently,
some new algorithms have been developed to find such cycles in graphs, for
example, in [20].

The algorithm we are using makes use of the fact that if one takes any cycle
and one starts a breadth-first search on both sides of the cycle without crossing
it, the search will only overlap when the loop is non-contractible. The search
can be aborted if overlap is found or if one of the searches runs out of new
nodes. In the former case, the loop is non-contractible and in the latter case,
it is contractible. For this algorithm we need a cycle to begin with, so we have
an helper routine that finds a non-contractible cycle close to a given starting
position.

Using this method and starting the cycle search on random starting positions
gives an indication of the average loop length of the triangulation. In figure 6.4
the evolution of the bounds on the minimal non-contractible loops are shown.
The bounds are the lengths of the shortest minimal non-contractible loop and
the longest minimal non-contractible loop we have sampled from a given trian-
gulation. In the case of figure 6.3 the lower bound would be on the front right
and the upper bound would be on the front left. It is likely that most min-
imal non-contractible loops that are sampled have the same winding number
(i.e. that the torus is tubelike and smaller in one direction than in the other),
though this is not guaranteed and cannot be detected by the algorithm.

The loops are sampled from 1000 starting points on a triangulation with 100.000
triangles. Only the bounds are shown, because the average of the data set is
not likely to be the average of all the loops in the triangulation since some
are counted more than once. This is because random points could belong to
the same cycle. Especially for longer cycles, the probability of double count-
ing increases. Unfortunately, it is not feasible to measure every shortest non-
contractible loop.

From figure 6.4 it can be seen that the lower bound is about 20, indicating that
there are no absolute minima with length 3.10 Furthermore, as the upper bound
increases, the lower bound decreases. This seems to indicate a trend that big
loops are compensated by smaller loops. This is not obvious a priori, because

10The simplicial manifold conditions imply that the minimal length is 3
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Figure 6.4: Evolution of the sampled upper and lower bounds on the minimal
non-contractible loops versus Monte Carlo time t. Thermalization has not yet
occurred.

differences could also be smoothed out by shortening loops in the other direction
on the torus.

There are some newer and more complicated algorithms, which may be worth-
while to check for future research [21].

6.3 Hausdorff dimension

Another interesting observable is the Hausdorff dimension. This can be defined
on a graph by the growth of the number of nodes in a shell of radius r. Let us
define n(r, i0) as the number of nodes at a distance r to the starting node i0.
The nodes can either be vertices in the standard lattice or triangles in the dual
lattice. In the latter case, n(0, i0) = 1, n(1, i0) = 3 should always be true. Every
node should be added only once, so from r = 2 and onwards n(r, i0) cannot be
predicted since it depends on the connectivity. Note that because every node
is only counted once,

∑
r n(r, i0) = n, where n is the number of nodes. The

shell counting can be implemented as a modified breadth-first search that keeps
track of when a change of shell occurs.

Averaging over every starting position gives us the shape n(r):

n(r) = 1
n

n∑
i0

n(r, i0) (58)

Then, the average linear extent of a given triangulation is [9]:

r̄ = 1
n

∑
r

r · n(r) (59)

which is just the weighted average of r.
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In practice it is slow to average over every starting position. However, some
optimizations can be applied. Since the computation of n(r, i0) does not change
the graph, measuring at each starting point can be done in parallel. After small
modifications to processing, all race conditions and memory sharing issues can
be avoided, making parallelization very fast.

The average linear extent is expected to scale as r̄(n) ∝ ndh , where argument n
is the system size and dh is by definition the Hausdorff dimension. Thus, a first
estimate of the Hausdorff dimension is to measure r̄ at many system sizes. This
can be done by jumping from one target volume to the next after a number of
sweeps and by allowing off-volume measurements. A fit through these points
using the function andh , for some constant a, should yield a first estimate. The
results are reliable if r̄ converges quickly, since this indicates that the shape
of n(r) has converged. However, in LCDT results are bad due to convergence
issues we will discuss below.

A more reliable method to obtain the Hausdorff dimension is to investigate
the scaling of the shape function n(r), for all values of r. If one compares an
entire shape, only a few measurements at different system size are required to
get reliable results. One expects that this scaling goes as r → n−1/dhr and
n(r)→ n−1+1/dhn(r).

I have done four simulations of 48000 sweeps, at system size 100.000, 200.000,
300.000 and 400.000 triangles for CDT and isotropic LCDT. These discrete
points are transformed into curves via spline interpolation and a Levenberg-
Marquard least squares fit is used to align the shapes.

The error function for the fit is the sum of the relative root mean square error
at each point. The error at point x is taken relative to the maximum value of
n(r), since the absolute error favours an infinite Hausdorff dimension due to the
scaling of n(r). The region the error function takes into account is where n(r)
is at least half of its maximum. We have also measured the “short-distance”
Hausdorff dimension for small r by fitting to the initial rising slope of n(r),
because it need not necessarily be the same as the global Hausdorff dimension
we have been considering [22], but in our case there was little difference.

The results for LCDT are that dh = 2.71 ± 0.2. In figure 6.5 the rescaling is
shown.

A similar test for CDT should yield 2, from theory [16]. Our results show that
dh = 2.19± 0.2 and the associated curve fit is plotted in figure 6.6.

We have set the error to be quite big, since the best curve match depends
significantly on the region that is used in the error function. In the literature,
some fitting problems are also mentioned. A “phenomenological” scaling is used
to improve the quality of the fits [18, 23]:

x = r + a

N1/dh + b
(60)

where a and b are scaling parameters that correct for lattice artifacts at short
distances. We have also tested this, but we have found that the additional
variables steer the CDT results further away from 2 and increase the dependence
on the error function region even more.
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Figure 6.5: Best overlapping fit for isotropic LCDT of (rescaled) shapes n(r)
as function of the (rescaled) distance r, corresponding to Hausdorff dimension
dh = 2.7.

It could be that in 1 + 1 dimensions the fits are inherently not as good as in
higher dimensions, because the volume fluctuations are large. Since there is
only one length scale in 2d, the size of the quantum fluctuations is of the same
magnitude as the volume of the universe. This is different in higher dimensions,
where one has two scales: one for the underlying classical solution – the volume
of the universe – and a different one for the fluctuations around that classical
volume shape.

Additionally, we observe some lattice artifacts and convergence issues which
may in part explain the poor overlap of figure 6.5.

6.3.1 Finite-size effects

When the system size is small, finite size effects may occur. This means that
the breadth-first search quickly starts feeling the global structure and thus the
compactification. For example, on a tube-like torus with very short extension
in one direction, one would expect the Hausdorff dimension to converge to 1 as
soon as the breadth-first search has wrapped around this direction.

In figure 6.7 peaks in r̄ are visible at a system size of N = 50.000 triangles.
The presence of these peaks indicates that either the system size is too small,
or the simulation has not yet converged. The latter would be a serious practical
issue, since a measurement is done every 8 sweeps, taking 3 days in total to
measure. All other observables converge in about 300 sweeps, so it is not very
likely that this is the case. As for finite-size effects, the same peaks also occur
at larger system sizes like N = 400.000. There is a possibility that something
else is causing these peaks, so a more detailed check is in order.

The peaks are not the result of small fluctuations of the weighted average of the
shape, but figure 6.8 shows that the shapes themselves differ quite significantly.
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Figure 6.6: Best overlapping fit for CDT of (rescaled) shapes n(r) as function
of the (rescaled) distance r, corresponding to Hausdorff dimension dh = 2.2.

The average shape starts out with an almost linear increase until it reaches a
single peak and then quickly drops off to zero. The shape at the peaks also
increases linearly until it reaches a peak, but then it becomes a large plateau.
The shape along the meta-stable bottom of r̄ ≈ 77 looks like the average shape.
This shape is expected when the geometry is a torus with equally long directions,
which we shall call square-like since this torus can be folded from a square
without stretching. The plateau is what one would expect from a tube-like
torus, where one direction is much smaller than the other.

A first hypothesis is that the system oscillates between a square-like and tube-
like state, regardless of system size. In LCDT this is quite hard to verify, but
the loop length bounds of figure 6.4 give an indication that such fluctuations do
not occur.

A second possibility is that highly connected vertices cause a clustering of tri-
angles. If there are two of these clusters, most of the vertices start in one of the
two highly connected regions. A move from one to the other would result in two
peaks in n(r), yielding similar behaviour. However, figure 6.9 shows that this is
not the case. There is no significant difference between vertex connectivity at
peaks and in stable regions.

Studying the moves, we have found that most combinations of moves yield the
same behaviour. Only in a very restricted (and non-ergodic) set with only
spacelike and timelike collapse moves, do we see no spikes. However, we do see
that most triangulations have a plateau in n(r). Since this set of moves is very
close to pure CDT, a study of the above effects in CDT may yield some new
insights.

CDT at medium system sizes, like 9000, shows expected behaviour: most trian-
gulations are square-like. The main difference between CDT and LCDT is that
the time direction is fixed in CDT, whereas it is fluctuating in LCDT. It could
be that the effects are caused by very short circumference. We have discovered
that in CDT we can replicate this scenario by decreasing the time extension
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Figure 6.7: Finite size effects at N = 50.000 in LCDT as function of Monte
Carlo time t result in the occurrence of isolated peaks in the average linear
extent r̄. Note that the y-axis starts at 70.
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Figure 6.8: Average shape n(r) (top) and shape at peaks in r̄ (bottom) at
N = 9000, exhibiting a long plateau.
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Figure 6.9: Connectivity of vertices in a LCDT configuration. Top is at a peak
in r̄, and below is in a semi-stable region. We observe no significant difference.

from T = 80 to T = 20. In doing so, we see the same spikes in the curve for
CDT as well. Measuring in CDT has the advantage that the volume profile is
well-defined. However, when we compare the volume profile at the peaks in n(r)
or at the smallest values of n(r), no real difference is visible: the volume is not
smaller at peaks, nor is the difference in extent between subsequent layers much
larger or smaller.

In summary, there appear to be some lattice artifacts in LCDT regardless of
system size that occur in CDT only in extreme configurations. Apparently,
they are not caused by vertex connectivity, nor by an anomalous volume profile.
Thus, the Hausdorff dimensions seems to be very sensitive to specific lattice
configurations. In LCDT these sensitivities cannot be removed by going to larger
system sizes, making the Hausdorff observable hard to measure properly.

6.3.2 Self-overlapping bubbles

It is possible that the instabilities described in the previous subsection are caused
by special configuration which, once they are created, are hard to remove. A
closed timelike curve is an example of such a structure.

A structure related to this is a self-overlapping bubble11. A bubble is a collection
of timelike links that is fully enclosed by spacelike links. A bubble always has two
tts-triangles at its end points. This structure is depicted in figure 6.10.

On a compactified geometry, it is possible for a bubble to wrap around a compact
direction and hit itself. We shall call this self-overlapping. Figure 6.11 shows a
very simple example of a self-overlapping bubble. However, more complicated
overlaps tend to occur, causing some timelike paths to pass through the same
bubble multiple times.

11In a currently unpublished proof R. Hoekzema has shown that in 1 + 1 LCDT self-
overlapping bubbles are required to have CTCs.
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Figure 6.10: An example of a bubble. There can be arbitrarily many tts-
triangles in a bubble.

a a

Figure 6.11: A self-overlapping bubble, where the sst-triangles of the same
bubble meet. The links with label a are identified.

Globally self-overlapping bubbles are known to cause severe thermalization is-
sues in 2 + 1 dimensions and they were removed from the ensemble [12]. They
could have the same effect in 1 + 1 dimensions, so we have removed them to
check if it makes a difference for the Hausdorff dimension.

Detecting the creation of self-overlapping bubbles is non-trivial. Since it is a
global property, we are forced to perform a computationally expensive walk on
the lattice. Our algorithm works by starting with a timelike link that is in a
bubble and for the vertices of this link we find all the connected links that are
in the same timelike sector (meaning these links are inside the bubble as well).
Then we repeat the check for these links as well. Effectively, this means that we
walk through the entire bubble while remaining on the inside. If we now find
that we have already visited a vertex, we check if we have done so from this side
of the bubble or if a link from the other sector was responsible for the addition
of the vertex. If the latter is true, we have a found a self-overlapping bubble.
An additional check has to be added to check if the sst-triangle hits itself, as in
figure 6.11.

Not all moves are capable of creating a self-overlapping bubble. In most cases,
the two moves that merge bubbles are responsible. These moves are the ‘flip and
change’ move and the inverse Alexander move with a specific neighbourhood,
as in figure 6.12.

When a bubble merge move is executed, it could happen that two neighbour-
ing bubbles become a big one that self-overlaps. A check on the timelike link
after a bubble merge move has been executed can detect the creation of a self-
overlapping bubble and the move can be reversed.

Some other moves, like the collapse of a timelike link, are able to cause self-
overlapping as well, albeit in a less intuitive way. We have implemented checks
for all these moves, so that bubbles are prevented.

We have run the Hausdorff measurement again to see if there is any difference.
Unfortunately, new results for the shape show that there are still peaks at
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Figure 6.12: A bubble merge move. The lines indicate the direction of the
bubbles.

N = 50.000. We have aligned the shapes to see if the Hausdorff dimension
itself has changed and the result is displayed in figure 6.13. We find a Hausdorff
dimension of dh = 3.10± 0.2.
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Figure 6.13: Best overlapping fit of rescaled curves for isotropic LCDT without
self-overlapping bubbles.

This Hausdorff dimension is different from the one without bubbles, but again,
the fit quality is rather poor. Even so, this Hausdorff dimension is even further
removed from 2, making it less likely that it without the finite-size effects, the
result would be 2.

The results suggest that the self-overlapping bubbles are not the cause for the
anomalous Hausdorff dimension. However, this is not completely ruled out. It
could be that the peaks are caused not only by self-overlapping bubbles, but as
well by self-overlapping dual bubbles. These are bubbles in which the link types
are exchanged, resulting in spacelike links on the inside and timelike links on
the outside. Further research has to be done to show whether this conjecture is
correct.

51



Implementation

6.3.3 Conclusion

Even though there are some problems with lattice artifacts, multiple measure-
ments show that the Hausdorff dimension of isotropic LCDT is larger than 2. If
this result is reliable this means that LCDT is somewhere between 1 + 1 CDT
with Hausdorff dimension 2 and 2d EDT with Hausdorff dimension 4.

A Hausdorff dimension that is not equal to 2 may not be that strange. Results
from standard CDT coupled to multiple Ising models show that the Hausdorff
dimension depends on the length scale r, and that the large scale Hausdorff
dimension for some couplings is equal to 3 [22]. It was our conjecture that
in two dimensions LCDT would behave like pure CDT (CDT with no matter
coupling), but this may not be the case.

In the literature the volume profile is used as an alternative way to measure the
Hausdorff dimension for CDT [22, 23]. However, in 1 + 1 LCDT it is hard to
measure this profile and more importantly, in two dimensions we do not observe
an interesting shape for the volume profile.

Further research is needed to understand what causes the fluctuations in the
shape n(r). We conjecture that some unknown persistent structure inside the
triangulation is causing the differences. Perhaps this could be a hint that our
set of moves is not ergodic.

Furthermore, the dependence of the Hausdorff dimension on α has to be re-
searched. If the Hausdorff dimension is indeed different from 2 at α = 1, it
transforms in an as yet unknown way to 2 when α → 1

4 , since this limit is
CDT.

7 Implementation

Writing a Monte Carlo simulation for LCDT is much more involved than for
CDT, since there are many more possibilities. In CDT, the foliation ensures
a fixed number of time steps and the only dynamical direction is the spacelike
direction. Thus, a linked list with some connectivity information representing a
slice is a perfectly reasonable data structure. An array of such lists would give
a representation for an entire triangulation.

In LCDT however, such simple representations will not work. Instead, one has
to view the triangulation as a graph. Each node in the graph can either be
a vertex or a triangle, depending on whether one works on the normal or on
the dual lattice. Each node should have connectivity information, namely, its
neighbours and it should contain some triangle type information. Monte Carlo
moves can add nodes, remove nodes and change triangle type.

For my implementation I have chosen to work in the normal lattice. This makes
it easier to work with the smallest element possible, namely, the vertex while
also having the possibility to work on the dual lattice.

One of the difficulties in efficiently working with a graph is that an update of the
graph could involve modifications in many structures. For example, if one keeps
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a list of all triangles, vertices and links, a Monte Carlo move has to correctly
edit all three lists. This is very bug sensitive, which is why I chose to work with
a model that involves storing very little information.

A classic way to store data is to have a Triangle as a basic structure, which
has three neighbouring triangles in an array. The triangle itself has type sst
or tts and the order of the neighbours defines if it is a T-link or an S-link.
Each Vertex could contain a reference to one Triangle. From this the basic
operation of getting all triangles around a vertex can be performed by travers-
ing the neighbours that contains the vertex until one ends up at the starting
point.

If one wants to remove a Triangle, special care has to be taken that the ref-
erence triangle of a vertex is not the deleted triangle. This is one of the small
maintenance issues that this model has to deal with.

In my implementation I decided to do something different: each Vertex stores
a set of all the Triangles that are connected to it. Each Triangle stores an
array of the three Vertexs that constitute the triangles.

Schematically it looks like this:

class Vertex {
Set<Triangle*> triangles;
Pair<Triangle*, Triangle*> getLinkTriangles(Vertex* second) {

return triangles.intersect(second->triangles);
}

};

and:

class Triangle {
TriangleType type;
Triangle* triangles[3];

};

One of the basic operations in this scheme is getting the triangles that are
attached to a link. In a simplicial manifold these are always 2. The function
getLinkTriangles takes care of this by performing a set intersection on the
triangles of two vertices.

Set intersections can be very fast if the set is small, which in the case of LCDT
it is (maximum observed triangle connectivity is 20). Another commonly used
operation is iterating over all triangles, which can be done in arrays much faster
than in ordinary hash sets. That is why I have chosen for the flat set data
structure: a set that is a sorted array. Deleting and inserting is not that fast,
but this only occurs when a Monte Carlo move is successfully executed.

In principle, one Vertex is enough to describe an entire triangulation. However,
for move selection, which happens a million times per sweep, a random link
has to be selected. To speed up this random selection, I keep track of a global
array of all the vertices. This is the only globally kept list, making bookkeeping
simple. Selecting a random element is thus O(1). Selecting a neighbour of a
vertex is done by picking the union of all the triangles connected to the vertex
and selecting an element from this list.
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In order to speed up multiple traversals through the entire triangulation, like
for the spectral dimension and the Hausdorff dimension, I have a routine that
creates a connectivity list. This list only has to be created once, since the
triangulation does not change when observing.

Each triangle is given a unique number, from 0 to N−1, where N is the number
of triangles. Next, the triangulation is traversed and for each triangle i, C[i]
is an array of neighbours. Once this connectivity list is built, traversal can be
done very fast, thanks to CPU caching. Note that the causal structure is lost
in this representation, but this is not necessary for the spectral and Hausdorff
dimension.

Due to the complexity and speed requirements I have used C++ together with
BOOST for high-performance random number generation and top-tier data
structures.

A full and up-to-date implementation of the LCDT Monte Carlo simulator is
freely available at https://github.com/benruijl/cdt.

8 Discussion

In this work we have researched the properties of locally causal dynamical trian-
gulations, a new model that relaxes the foliation constraint of CDT. The crucial
question is whether or not it is in the universality class of CDT.

To check for potential differences with CDT and to understand the causal struc-
ture of 1 + 1 dimensional LCDT a Monte Carlo simulation has been written.
Deviations from CDT behaviour should be visible in the observables.

We have found that time labeling is non-trivial: in CDT the foliation provides
a distinguished notion of time, whereas in LCDT there is no single method
to label time. We have devised an algorithm that averages the distance of all
timelike path to an initial spacelike slice which we call T = 0. When each point
has a time label, we can make a volume profile. As in CDT in 1 + 1 dimensions,
this volume profile has no recognizable shape.

Another difference is that there are some LCDT triangulations that have non-
contractible timelike loops (CTCs), a feature CDT does not have. CTCs make
consistent time labeling impossible and we have removed the corresponding tri-
angulations from the ensemble only when time labeling is required. For other
measurements like dimensionality measurements, triangulations with CTCs re-
main in the ensemble.

We have also checked whether the dimension of 1+1 LCDT matches the CDT
case. The spectral dimension has the same behaviour and converges to 2. The
Hausdorff dimension, however, appears to be different. For LCDT this yields
the value of dh = 2.7. For DT we would expect dh = 4 and for CDT dh = 2.
The results are not completely reliable since LCDT exhibits irremovable finite-
size effects at very large volumes. It is currently unknown what causes these
differences.
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The combination of a different Hausdorff dimension and the existence of non-
contractible timelike loops are perhaps hints that 1+1 Locally Causal Dynamical
Triangulations may not be in the universality class of 1+1 CDT. This is different
from the three-dimensional case, for which strong evidence is provided that 2+1
LCDT is in the same universality class as 2 + 1 CDT [12, 24].

Further research has to be put in understanding the causal properties of LCDT,
in finding better ways to label time and to make a Monte Carlo simulation of
3 + 1 LCDT. Especially the last research option is important, since the low and
high energy limits of the dimension have yet to be verified with nature.
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