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Abstract
In this paper we propose a method to use multiple generative models with latent variables
for classi cation tasks. The standard approach to use generative models for classi cation is
to train a separate model for each class. A novel data point is then classi ed by the model
that attributes the highest probability. The algorithm we propose modi es the parameters of the
models to improve the classi cation accuracy. Our approach is made computationally tractable
by assuming that each of the models is deterministic, by which we mean that a data-point is
associated to only a single latent state. The resulting algorithm is a variant of the support vector
machine learning algorithm and in a limiting case the method is similar to the standard perceptron
learning algorithm. We apply the method to two types of latent variable models. The rst has a
discrete latent state space and the second, principal component analysis, has a continuous latent
state space. We compare the e6ectiveness of both approaches on a handwritten digit recognition
problem and on a satellite image recognition problem.
c 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Probabilistic graphical models, such as hidden Markov models [2], sigmoid belief networks [16] and hierarchical mixtures of experts [12] are excellently suited to
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discover hidden structures in complex data. In particular if prior knowledge is available
about the sources that generate the observed data, such generative models can provide
a compact representation of a data distribution that reFects its underlying structure.
In addition to this explanatory task generative models can also be used for classication. In their standard use this is done by training separate models on each class.
A data pattern is then classi ed with Bayes decision rule which compares the likelihoods of the models for each class. This will work well if each model is an accurate
representation of the ‘true’ probability distribution. In practice, however, there can be
several reasons why models optimized for probability estimation will not be optimal
for classi cation: (1) The amount of available data is not suIcient to make accurate
probability models of the input distribution. The corresponding classi cation boundary
will also be inaccurate. To improve classi cation it may be better to use an objective
function which directly depends on the classi cation rate; (2) Model selection algorithms consider a limited class of structures. In practice, it is unlikely that this class
contains the ‘true’ structure of the data-generating process.
On the other hand, models that are directly optimized for classi cation e.g., support
vector machines [22] or multi-layer perceptrons, often operate like black-boxes and
lack insight into underlying generative mechanisms. In addition, since these techniques
only consider information in the data which is relevant for classi cation, generalization
might be improved by incorporating information about the input distribution of the
classes. Also, in many applications one is better able to a priori specify the structure
of the input distribution than to describe the shape of the classi cation boundary. For
example, it is easier to give a separate a priori description of handwritten 2’s and 9’s
than to describe their di6erences.
Recently, Jaakkola et al. (1999) [9] proposed a general framework in which they tune
a given set of probabilistic models such that the classi cation error on training data is
minimized. Out of all sets of models with the same classi cation performance, it nds
the set which is closest to the initial (prior) set of models. A natural choice for this
prior set is the set of models obtained from maximum likelihood tting. This maximum
entropy discrimination (MED) method is based on the maximum entropy principle. As
a special case, this framework includes support vector machines. However, application
of this framework on a set of generative models with a layer of latent variables is
computationally intractable. Variational techniques which can be used to optimize the
log-likelihood of such models are not applicable, since in this scheme they do not
provide a lower bound of the objective function any more. In this paper we deal with
this problem by using deterministic generative models, which have been introduced in
[23,24]. In these models, the layer of latent variables is represented by a single state,
which simpli es the framework considerably, while the principle of hidden explanatory
features of the data is retained. Similar to MED our method nds a new set of models
by solving a constrained minimization problem. The method minimizes the distance to
initial models found e.g., by maximum likelihood estimation, under constraints which
are given by the classi cation objective. In doing this, we need to make a linearity
assumption. As a result the solution is in general not exact. To improve the solution,
the procedure is repeated a number of times until the model parameters converge.
An alternative procedure is to apply the standard perceptron learning rule [5] to the
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generative models. Techniques, which are based on the latter approach, are not new.
They have been developed, for example, for vector quantization [14].
In Section 3, we derive a new learning rule from the constraint minimization objective. In a recent paper [25], we have derived a similar learning rule within the MED
framework for one speci c type of latent variable model. The learning rule derived
here provides a more general method to optimize generative models for classi cation.
We show that the perceptron learning rule can be seen as a limit of this technique.
We will apply the method to two types of linear latent variable models, namely principal component analysis (PCA) and generative vector quantization (GVQ) and show
results on a satellite image recognition problem and a handwritten digits recognition
problem in Section 4.
In the next section, we start with our de nition of latent variable models and its
special case of linear Gaussian latent variable models.
2. Latent variable models
In generative models, it is assumed that data vectors are generated by an underlying
process. In latent variable models, this process is assumed to depend on the state s
of a latent variable. The latent variable itself is generated by an independent process.
Generally, the state space of the latent variables is (much) smaller than the state space
of the data vectors, such that the latent states can provide a compact description of the
data. In this paper, we consider generative models in which the data are modeled by
a D-dimensional continuous variable x = (x1 ; : : : ; xd ; : : : ; xD ) ∈ RD . The components xi
are called visible units, which are organized in a visible layer. The latent variables are
represented by an n-dimensional vector with states s = (s1 ; : : : ; sn )T . Depending on the
type of model the latent unit states si can be discrete or continuous.
In a probabilistic framework, a generative model with model parameters , generates
visible states x with probability

p(x|s; )p(s| ):
(1)
p(x| ) =
s

A common approach to nd the model parameters
given a training set
D = {x }P=1 is to maximize the log-likelihood L( |D) of the model, which is dened as

log p(x | ):
(2)
L( |D) =
In this paper we also consider deterministic generative models. In a deterministic
model, only a single latent state sx is responsible for generating a visible state x.
We will consider such models as limiting cases of probabilistic generative models, i.e.,
the probability distribution of p(s|x; ) is sharply peaked around sx . In this limit, the
probability of latent states other than sx are in nitesimally small. However we can still
do likelihood maximization for a given data, or compute the latent state that maximizes
the probability of a data point to be generated, and we ignore the fact that the actual
likelihoods and probabilities vanish in the limit.
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2.1. Linear Gaussian latent variable models
In linear Gaussian latent variable models the distribution p(x|s; ) is a Gaussian
distribution in which the means are linear in s, i.e.


1
−1=2
−1
p(x|s; ) = 2
exp
(3)
(x − Fs) (x − Fs)
2
in which = (F; ) are model
n parameters. F is a real-valued D × n matrix with
columns f1 ; : : : ; fn , and Fs ≡ i=1 fi si . The column vectors fi of F will be referred to
as features.
A large number of models and methods for data analysis t into this form. Well-known
examples are principal component analysis (PCA), [11], factor analysis (FA) [1] and
vector quantization (VQ) [8]:
• Standard PCA is a deterministic model. The starting point is a linear Gaussian model
with continuous latent states si which have a prior distribution p(s) given by the
(improper) constant distribution. The covariance matrix is proportional to the identity
matrix ()ij = 2 ij . The model then corresponds to a linear subspace spanned by
the features fi around which the data are uniformly scattered with variance 2 . The
deterministic model can be viewed as a  → 0 limit. One can show, see [21], that
in this limit, the maximum likelihood solution for the features fi are the principal
components of the covariance matrix of the data (xi − xi )(xi − xi ) where the
averages are taken over the data set. In the nite  case with p(s) ∼ N(0; 1) the
model is known as Probabilistic PCA (PPCA) [20].
• Factor analysis is a proper probabilistic linear Gaussian model. In this model, the
continuous latent states si have a Gaussian prior p(si ) ∼ N(0; 1). The covariance
matrix is related to the features F in the following manner  = FF T + R, where R
is a diagonal matrix. The parameters F and R are to be determined by likelihood
maximization,
• Mixture models and vector quantization. The starting point is a linear Gaussian
model in which the latent states s are binary (0/1) vectors with exactly one component being 1. So the state space consists of states s1 =(1; 0; 0; : : : ; 0), s2 =(0; 1; 0; : : : ; 0);
: : :, sn = (0; 0; 0; : : : ; 1). Each of these states corresponds to a unique vector fi = Fsi .
In Gaussian mixture models the covariance matrix  may depend on si and is found
by maximum likelihood estimation through an expectation maximization (EM) procedure.
Now consider a Gaussian mixture model with a covariance matrix proportional to the
identity matrix ()ij = 2 ij . In the deterministic limit  → 0, the distribution of the
latent states given a certain input p(s|x) will then peak at a single state si . In that
case, if we take the priors p(si ) to be constant, the Gaussian mixture model reduces
to vector quantization. The corresponding centers fi are known as codebook vectors
and represent cluster centers in the data. Finally, if more components of the states s
are allowed to have value 1 e.g., s = (1; 0; 1; 0; 1; 1) such that the codebook vectors
are additive compositions of the basic features we have generative vector quantization
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[23,25]. We will discuss this model in more detail in Section 4. The probabilistic
counterpart of the model is known as the cooperative vector quantization model [27].
3. Sequential constraint optimization
Suppose we have a set of training data {x } with corresponding class labels {y }.
We consider two-class classi cation problems with classes y = 1 and y = −1. A
common approach for using multiple input models in classi cation tasks is to compare
the likelihoods of an input pattern x . The model that gives the pattern the highest
likelihood then classi es the pattern. Equivalently, using log-likelihoods, patterns are
classi ed with the log-odds discriminant function
L(x| ) = log

p(x|
p(x|

1

)

−1 )

;

(4)

where p(x| 1 ) is the model trained on the class 1 data and p(x| −1 ) is trained on
the class −1 data. The log-likelihood function (2) which is constructed to nd a good
input density model is not optimally tuned for nding the best classi cation boundary.
Our aim is to use (4) for tuning the parameters c of each model to improve the
classi cation boundary.
The rst assumption that we make is that the pattern x is generated by a single
latent state sx namely that state sx with the maximum a posteriori (MAP) probability
sx = arg max p(s|x)p(s):
s

(5)

Hence, we approximate the distribution over patterns p(x) with
pM (x|

c

) = p(x|sx ; F c )p(sx ):

(6)

In the Hidden Markov Model literature [18] the search for the MAP state sx is also
known as Viterbi search. Note, that in deterministic models, such as PCA, VQ and
GVQ, the assumption that a pattern is generated by a single state sx is already implicitly
made.
The (soft) classi cation constraint that each training point x should satisfy is
y L(x | )) ¿  −  ;

(7)

where  is a parameter which has to be xed in advance and  is a variable which
should be positive i.e., it is subject to the constraint  ¿ 0. Suppose that both  and
 in (7) are taken zero. In that case the constraint implies that y and L(x | ) have
the same sign which means that all patterns must be situated at the correct side of the
classi cation boundary. In general, with larger values,  speci es a margin between
the classi cation boundary and the data point x . In many practical situations it will
not be possible to nd a parameter setting such that all training patterns are outside
the margin. For this reason the slack variables  are introduced, which allow for
violations of the strict margin constraint.
While satisfying the constraints (7) and  ¿ 0 we want the new model 0 + O to
be as close to the initial model 0 as possible. Furthermore, we want to minimize the
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training errors  . The new model that meets these criteria is found by minimizing


( c − 0c )T S( c − 0c ) + C

(8)
E( ; ) =
c

with respect to and  subject to the constraints (7) and  ¿ 0. The local metric
structure in -space close to 0 is parameterized by the symmetric positive-de nite
Fisher matrix S = ∇ log p(x| )∇T log p(x| ) . The distance ( c − 0c )T S( c − 0c )
corresponds to a second-order expansion of the Kullback–Leibler divergence at 0 .
The Kullback–Leibler divergence is a proper measure to determine di6erences between
probability distributions since it is invariant to arbitrary re-parameterizations of the
parameters .
The classi cation constraints can be dealt with by introducing Lagrange multipliers
 ¿ 0. The resulting Lagrangian


( c − 0c )T S( c − 0c ) −
 {(y L(x | )) − }:
(9)
L( ; ) =
c

has the same minimum for as (8) in the constraint region given by (7) and  ¿ 0
if L( ; ) is at a maximum for the Lagrange multipliers  subject to the constraints
0 6  6 C.
By setting the derivatives of L( ; ) w.r.t. to the model parameters equal to zero
one arrives at the dual objective function J () which has to be maximized with respect
to . In general, it is not possible to nd a suitable expression for this dual objective
function. In Appendix A, we show that if the discriminant function L(x| ) is linearly
dependent on the parameters in a region around 0 then the  are given by the
solution of the following quadratic form:
J () = LT  − T Q;

(10)

with constraints 0 6  6 C. The matrix Q is a P × P matrix with elements Q ; 
formed by the inner products of the model derivatives H (x| 0 ; c) ≡ ∇ c L(x| c )| c = 0c
at points x and x  ,

1
H (x | ; c)T S −1 H (x  | ; c):
(11)
Q; = y y
4
c
The matrix elements Q  measure the similarity between data points x and x according to their e6ect on the discriminant function. The linear contribution in (10) is
given by the P-dimensional vector L with components,
L =  − y L(x | ):

(12)

which speci es how much each pattern x is in- or outside the margin (speci ed by ).
Recently, due to the interest in support vector machines (SVM), many eIcient techniques [4,10,19] have been developed with which the quadratic programming problem
can be solved. A brief description of the method we used for this paper is given in
Appendix B.
After obtaining the Lagrange multipliers  that maximize (10) we can construct
the new, improved, model parameters c ← 0c + O c . The shift O c is given by a
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weighted combination of the derivatives H of the discrimination error L,

1
O c = S −1
 y H (x| ; c):
2

173

(13)

Due to the nonlinearity of L, the resulting parameters c are only an approximation of
the desired parameters that minimize (9). The assumption that the obtained c are close
to 0 , motivates us to do the optimization a second time, but now with the obtained c
as initial parameters. This leads us to the proposition of an iterative procedure, which
we call sequential constraint optimization (SCO). In SCO, the discriminant function L
is linearized around the initial parameters 0 . For the linearized discriminant function,
the optimal parameters c are obtained by the above-described optimization procedure.
Subsequently, these parameters are used as the initialization for the next iteration. Thus
the parameters are iteratively updated c ← c +O c until some convergence criterion
is reached (see Section 4).
3.1. The standard perceptron learning rule
The Lagrange multipliers in the SCO algorithm are found by maximizing the quadratic
form (10). The maximization problem would be greatly simpli ed if the quadratic terms
given by the Q matrix could be neglected, i.e., if we could ignore the similarities between data points according to their e6ect on the discrimination function. The solution
for the Lagrange multipliers is then simply found by comparing the value of the discriminant function at each data-point with the margin parameter:

C y L(x | t ) ¡ ;
 =
(14)
0 y L(x | t ) ¿ :
Hence, only those patterns that are close (within a region of size ) or at the wrong
side of the classi cation boundary contribute with a constant weight to the change
in the model parameters O . If we apply this solution to the update rule (13) we
arrive at a simpler learning algorithm. In fact, this version of the algorithm is closely
related to a standard learning algorithm which can be found in many text books on
machine learning (see for example [6]), namely the batch perceptron algorithm (BPA).
In its standard form BPA is applied to adjust the orientation of a linear classi cation
boundary to maximize the classi cation score. Adapted versions of BPA have been
applied to more advanced models. For example, the application of BPA to a Vector
Quantization model is closely related to the Learning Vector Quantization Algorithm
(LVQA) [13]. Other choices for the loss function (x) have also been proposed, such
as in the LVQ2 learning algorithm [14].
A more direct correspondence between BPA and the SCO algorithm can be made
by considering the limit C → 0. If we make the parameter C in the SCO algorithm
small enough then (10) is maximized within such a small region that the quadratic
term can be neglected. In that case the two algorithms have identical behavior.
One of the points we will investigate in the next section is to see what the practical
di6erences are between the two approaches, for large C and for small C.
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Fig. 1. The cluster (circles) are generated by a small set of basic features f1 ; f2 and f3 , which correspond to
the states (1 0 0); (0 1 0) and (0 0 1), respectively. The cluster corresponding to the state (0 1 1), for example,
is given by the sum of the features corresponding to the two states (0 0 1) and 0 1 0 (see broken lines).

4. Application to linear models and results
4.1. Application to generative vector quantization
In this section, we apply the SCO technique to generative vector quantization (GVQ)
models discussed in [23]. In a GVQ model, data points are explained in terms of binary
combinations of feature vectors. We rst review the basic idea of this technique and
then we apply SCO to GVQ and show results on handwritten digit recognition.
Consider a generative model (1) with one latent layer of n binary units with states
s ∈ {0; 1}n and a continuous visible layer (the layer corresponding to the data) with
values x = (x1 ; : : : ; xd ; : : : ; xD ) ∈ RD . The prior latent state distribution p(s) is constant,
so that it does not play a role in GVQ. An example of a set of clusters generated by
3 features in a 2-dimensional space is shown in Fig. 1. The data points for which this
clustering is found are plotted with small dots. Note that the number of features n is
not related to the dimensionality of the data space. Hence, considered as a basis, the
feature set may be under or over complete.
Finding the features F0 that maximize the log-likelihood (2) proceeds as follows:
After initialization of the features F, the GVQ learning algorithm iterates between
two steps. Step 1 is nding the MAP state which associates to each data point x
the single most nearby cluster center sx (5). Step 2 is nding the optimal feature
con guration F for the given MAP state. The rst step is computationally diIcult
since, in principle, it involves a search through all 2n binary states s. In a recent paper
[24] we compared di6erent search methods, such as variational mean- eld and Bayesian
inference methods, for GVQ on a large variety of problems. In most situations it is
possible to nd a good solution within reasonable time even for large numbers of latent
variables.
Application of the SCO algorithm to GVQ models is quite straightforward. For these
linear deterministic models, the log-likelihood at a data point x is proportional to the
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Fig. 2. A sample of binary images of handwritten digits.

‘distance’ of the data point to the model:
log p(x |

c

) ˙ −x − F c sxc 2 ;

where sxc is the solution of (5). The derivative H and the Fisher matrix S are computed
as follows: Let z = (z1 ; z2 ; : : : ; zn ) denote the vectorial distance between data-point
x and the model:

zic ≡ xi −
filc slc ;
l

slc

is the lth component of sxc , and filc are the matrix entries of F c . The derivative
where
c
of the discriminant function w.r.t. to feature component fdn
is then
H (x |

c

)dn = −2zdc snc ;

and the (empirical) Fisher matrix S for each class c is

c
c c
Simjn
= 4=Nc
zic zjc sm
sn ;

(15)
(16)

where Nc is the number of training patterns of class c.
4.1.1. Results on handwritten digit recognition
The data set we used to test our method consisted of 11 000 handwritten digits
compiled by the US Postal Service OIce of Advanced Technology. We used the
same preprocessed data as Saul et al. (1996) [20] and Sallans et al. (1998) [19]. Each
processed image is built up out of 8 × 8 black and white pixels. A data sample of each
digit class is shown in Fig. 2.
In the experiments discussed below we address the following questions:
1. Is there a di6erence in the learning behavior between SCO and BPA in terms of
convergence behavior and training time?
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2. What is the inFuence of the initialization on the nal results after training? Is it
useful to start with the maximum likelihood solution instead of a random initialization?
3. Final experiments: does post-training help improving the test score over the maximum likelihood models?
First, we will discuss results of the learning behavior on the training data. We compared the behavior of BPA with the behavior of SCO. For both methods we chose
 = 1 for the margin parameter. This value gave the best convergence behavior, i.e.,
the training score increases with the least amount of oscillations, for all values of the
other parameter C. In contrast, the parameter C has a strong impact on the convergence behavior of BPA. Taking C too small results in an extremely slow decrease
of the training error; if it is taken too large we get wild oscillations and there is no
convergence at all. Hence, in each experiment we needed to ne tune C to get convergence within reasonable time. The values found in this manner varied within the
range 10−4 ¡ C ¡ 10−3 . This sensitivity to C is not present if we use SCO. If we
take small values C ¡ 10−3 in SCO convergence is slow and the learning curve is,
as expected, almost identical to the learning curve found with BPA. However, if we
increase C then SCO needs fewer and fewer iterations to converge. For values C ¿ 20
the learning curve no longer depends on C and convergence is reached after about four
or ve iterations.
To see the e6ect of the initialization, we did experiments starting with a random
initialization and starting with model parameters obtained from maximum likelihood
tting. These experiments were performed for both SCO and BPA, so there are four
types of experiments which we will abbreviated as follows: BPA with random and maximum likelihood initialization are abbreviated as BPA-R and BPA-ML, respectively;
SCO with random and maximum likelihood initialization are abbreviated as SCO-R
and SCO-ML, respectively.
Fig. 3 shows typical learning curves on a 2-class classi cation problem: separating
digits 3 and 5. We chose these classes for this example since these were found to be
more diIcult to separate than other pairs of classes. The data samples on which the
models were trained consisted of 200 patterns per class. The two GVQ models each
have four feature vectors fi . Later we present a more extensive experiment where the
number of features is determined with a cross-validation procedure. The three gures
show learning curves plotted on a di6erent scale. In the left subplot we see that,
compared with the other procedures, BPA-R needs many iterations to converge. At the
end it also reaches a smaller maximum training score than all the other procedures. In
the middle subplot we rescaled the vertical axis. The lower, staircase-shaped learning
curve corresponds to BPA-ML, which converges after about 80 iterations. We see that
the initial maximum likelihood models (# of iterations = 0) already classify 0.9775
of the training patterns correct. In the right subplot we see the learning curves of
SCO. Both SCO-R and SCO-ML converge to one after only three iterations. Although,
SCO needs fewer iterations to converge, the training time needed per iteration di6ers
considerably for SCO and BPA. In Fig. 4, we plotted the CPU time as a function
of the number of iterations. Clearly, in the rst two iterations SCO requires a lot of
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Fig. 3. Learning curves on two classes (3 and 5) of the digit data set. The plots only di6er by the range of
the horizontal and vertical axis. Left: Black solid curve: BPA-ML initialized with the maximum likelihood
solution. Dotted curve: BPA-R. In both cases C = 2 × 10−4 . Middle: Rescaled vertical axis. In this range,
we again see two curves. The lower staircase-shaped curve is perceptron learning with maximum likelihood
initialization (BPA-ML). The other curve is SCO-ML. Right: Here we also changed the range of the horizontal axis. The solid line is SCO with random initialization and the dashed line is SCO with maximum
likelihood initialization.

80

CPU time

60

40

20

0
0

20
40
60
# of iterations

80

Fig. 4. Comparison of CPU times (s): SCO (solid line) and Perceptron (dashed line).

CPU time to compute the Lagrange multipliers by solving the quadratic programming
problem. The time needed is not constant but depends on the current shape of the
decision boundary: if it better separates the classes, more Lagrange multipliers will be
zero and the easier it is to solve the quadratic programming problem.
One important point of our investigation is to see how much the trained models
di6er from the original maximum likelihood solutions. For this purpose we plotted the
(negative) log-likelihood against the training set score after training. To get an idea
how large the e6ects of potential local minima and the choice of the speci c training
set are we repeated the experiments several times with di6erent training samples. The
results are plotted in Fig. 5. Again, we made plots at di6erent scales. In the left subplot
we see that randomly initialized procedures end up far away from the maximum likelihood models. The SCO-R procedure is still able to maximally separate all the training
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Fig. 5. Fraction of mis-classi cation versus the log-likelihood on the training set after learning. The labeling
is chosen as follows: ‘x’=BPA-R, ‘O’=SCO-R, ‘o’=SCO-ML and ‘*’=BPA-ML. All experiments were
repeated 10 times with di6erent randomly selected training sets. Left: Large ranges of the horizontal and
vertical axis. Right: By taking a smaller range for the horizontal and vertical axis we see the di6erence
between SCO and BPA if we initialize them both with the maximum likelihood solution.
Table 1
Test error rates on discriminating between 3’s and 5’s using GVQ models with four latent variables
ML

SCO-R

BPA-R

SCO-ML

BPA-ML

6 ± 1%

11 ± 1%

24 ± 5%

5 ± 1%

5 ± 1%

data. The BPA-R procedure seems to get stuck in local minima of the classi cation
error. In the right subplot we focused on the procedures starting with the maximum
likelihood initializations, SCO-ML and BPA-ML. For comparison: the original maximum likelihood solutions had an average negative log-likelihood − log p(x) = 1649.
We see that the solutions after applying SCO and BPA are close to this solution.
Each time we selected a training set, we also selected a (disjoint) validation set. The
error rates on these data-sets are summarized in Table 1. The rst column presents the
validation set score of the maximum likelihood solution without applying either SCO
or BPA. Clearly, the randomly initialized procedure performs poorly. The test set score
hardly improves if use SCO-ML or BPA-ML. In the next ( nal) experiment, we show
that the test set performance does improve greatly if we use all the training data and
use larger GVQ models.
In the nal experiment, we used the same partitioning of the data into a training set
and a test set as Saul et al. (1996) [20] and Hinton et al. (1995) [7]. The training set
consisted of 700 examples of each digit and the test set consisted of 400 examples of
each digit.
The multi-class classi cation problem was split up into 10 binary classi cation problems for which we trained 20 models in total. For each digit, we constructed a classication boundary between the training examples of that digit and the examples of the
other digits. To do this we used the SCO procedure to train two GVQ models for each
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Table 2
Test error rates on the full 10-class digit recognition problem. Each GVQ model had eight latent variables
GVQ max.
likelih. (%)

Nearest
neighbor (%)

Back
prop. (%)

Wakesleep (%)

GVQSCO/BPA (%)

Mean
eld (%)

7.8

6.7

5.6

4.8

4.8

4.6

digit class, one for the positive training examples (the 700 examples corresponding to
the digit) and one for the negative training examples (the 9 × 700 = 6300 examples
corresponding to the remaining digits). 1 Cross-validation within the training set, where
we varied the number of latent states from 1 to 8, revealed that we had to choose at
least eight latent units for each model. To restrict the computational overhead we did
not investigate the performance of larger numbers of units. The reason for this is that,
for the purpose of this paper, we did not incorporate any approximating techniques to
nd the Viterbi solutions sx for each pattern x. As explained before, the exact algorithm scales exponentially with the number of features. There exist, however, di6erent
accurate algorithms (such as mean- eld) to speed up the association step [25]. With
the eight latent unit con guration the CPU time needed for a 500 MHz Pentium III to
t a positive and negative model for one digit was 1:4 h.
c
To classify a test example x we computed its distance Eic (x) = mins x − M(i)
s to
both the positive c = 1 and negative c = −1 models of each class i. We then computed,
for each digit i, the di6erence OEi between the distances to the positive and negative
model, i.e., OEi = Ei1 (x) − Ei−1 (x). The class i for which OEi was minimal was then
chosen to label the test example x. This procedure corresponds to the intuitive notion
that an example belonging to a certain class should be close to the model corresponding
to that class and far away from the negative model of that class.
The initial GVQ models, trained by maximum likelihood tting, misclassi ed 7:8%
of the test patterns. After application of the SCO procedure the test error was reduced
from 7:8% to 4:8%. The di6erence with BPA was less than 0:1%; we did not include
this in the table.
Using exactly the same partitioning of the data set into train- and test-set, Hinton et al. (1995) reported test error rates of 6:7%, 5:6% and 4:8% obtained with
nearest-neighbor classi cation, a back-propagation multi-layer perceptron and generative models trained with the wake–sleep algorithm, respectively. Using the same data
partitioning, Saul et al. (1996) obtained a slightly smaller error rate of 4:6% with sigmoid belief networks. In that case a single network was trained for each digit using
standard (unconstrained) maximum likelihood optimization. Each network was very
large compared with our GVQ models. It consisted of an 8 × 8 grid of visible units,
a middle layer of 24 binary latent units and a top layer of 8 binary units.
An overview of the test error results is presented in Table 2.
1

As in SVM, the SCO framework can also be extended to multi-class classi cation problems in a direct
way. On the other hand, there are indications [26] that, for practical purposes, the multi-class formulation
does not have a great advantage over the multiple two-class approach.
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4.2. Application to principal component analysis
PCA reduces a high-dimensional data space to a low-dimensional linear sub-space.
The components, which span the low-dimensional sub-space, are chosen such that they
capture as much of the variance of the data as possible. Although PCA is not considered
to perform excellently in classi cation tasks, it is often used for this purpose because
of its transparency and clear feature-wise data representation. For this reason PCA has
been used to classify, for example, images of faces [3]. In this section, we apply SCO
to PCA models and investigate whether the accuracy of such models can be improved
without moving too far away from the original models.
As explained in Section 12, PCA can be seen as the zero noise limit of a probabilistic
generative model, namely a probabilistic principle components analyzer [21]. The latent
states si are continuous in PCA. The Viterbi solution sx corresponding to data pattern
x is simply given by the projection of x onto the columns fi of F, where the vectors
fi now represent the principal components. In other words, in PCA the components of
the states sx are given by six = fi · x=fi 2 . A data pattern 
is classi ed by comparing
the distances of the pattern to the projections: L(x ) = − c cx − F c sxc 2 .
Application of SCO to PCA is the same as for GVQ: the derivative H and the Fisher
matrix are also given by (15) and (16)
4.2.1. Results
We show results of SCO applied to PCA on the Landsat Satellite Image data set
obtained from the Statlog data repository [15]. The spatial resolution of a pixel in
a Landsat Image is about 80 m × 80 m. Each pattern in the data set corresponds to
a 3 × 3 square neighborhood of pixels. Such a pattern contains the pixel values in
the four spectral bands of each of the 9 pixels in the 3 × 3 neighborhood and a
number indicating the classi cation label of the central pixel. Thus, the total number
of data-dimensions is d = 3 × 3 × 4 = 36. There are six classes: 1 red soil (24:17%), 2
cotton crop (10:80%), 3 gray soil (21:67%), 4. damp gray soil (09:36%), 5 soil with
vegetation stubble (10:60%), 6. very damp gray soil (23:40%).
We rst show the results of the learning behavior on a 2-class classi cation problem.
For this purpose we chose the pair of classes 2 and 4. We show the end points
of learning in Fig. 6. From this gure we see that the negative log-likelihood of
the randomly initialized models is much larger than the models initialized with the
maximum likelihood solution.
In this case the validation set performances were not signi cantly di6erent: all methods misclassi ed 2 ± 1% of the test data. The initial PCA models misclassi ed 3 ± 1%.
Hence, it seems that with PCA on this data set it does not make a di6erence for
classi cation if the nal models are ‘close’ to the data or not.
The time needed for learning is plotted as a function of the number of iterations in
Fig. 7. We see that SCO computation of the Lagrange multipliers does not take much
time in this case.
As a nal experiment we trained models on all the training data of all classes and
determined the test error. The multi-class classi cation problem was split into 6 binary
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Fig. 6. Results of PCA learning on the LandSat image data. Each point represents the fraction of
mis-classi cation versus the log-likelihood on the training set after learning. The labeling is chosen as follows: ‘x’=BPA-R, ‘o’=SCO-ML and ‘*’=BPA-ML. SCO-R points fall outside the gure. All experiments
were repeated 10 times with di6erent randomly selected training sets.
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Fig. 7. Comparison of CPU times: SCO (solid line) and Perceptron (dashed line).

classi cation problems for which we trained 2 × 6 models in total. For each class, we
constructed a classi cation boundary between the training examples of that class (200
randomly chosen patterns) and the examples of the remaining ve classes (5 × 200
patterns). To do this we used the SCO procedure to train two GVQ models for each
class, one for the positive training examples and one for the negative training examples.
In Table 3, we show the test error rates. We see that there is a substantial improvement over using the initial PCA solutions. The test error di6erences between SCO and
BPA are small.

182

M. Westerdijk, W. Wiegerinck / Neurocomputing 56 (2004) 167 – 185

Table 3
Test error rates on the Landsat image data base

Train error
Test error

PCA max. likelih.

PCA BPA

PCA SCO

27%
27.4%

16.2%
18.2%

2.5%
17.4%

5. Discussion and conclusions
In the standard approach generative models are optimized for maximum likelihood
estimation and are therefore not directly optimized for the task of classi cation. In this
paper we proposed a method, sequential constraint optimization (SCO), to adjust the
models to improve their performance as a combined classi er. The basic idea of our
method is to use a deterministic approximation to the distribution of the latent states
within each model. While xing this distribution we adjust the models to improve the
separation of the training data. Iterating further in this manner leads to a new set of
models which is better suited for the purpose of classi cation. We have shown that in
the limit for small upper bound C this algorithm is equivalent to the BPA.
The main di6erences between SCO and BPA are: In BPA the value of C is diIcult to
determine: taking it too large leads to oscillations and not to convergence; taking it too
small leads to extremely slow learning. Adaptive adjustment of C during learning could
help. SCO is not sensitive to the value of C: a large value leads to convergence within
a few iterations. The iterations in SCO are, however, computationally more demanding
since we need to solve a quadratic programming in each step. The diIculty of solving
the quadratic objective function depends on the problem at hand. Also our method
for solving the quadratic programming problem is perhaps not very eIcient. We can
expect a signi cant speed up by using the faster methods that have been developed
recently for SVM. The methods do not di6er much in their nal performance.
We also investigated whether it is useful to initialize training with the maximum
likelihood solution. Especially in the GVQ experiments we saw that it makes a big
di6erence if we start with randomly initialized models or with models initialized with
the maximum likelihood solution: With random initialization, the models end up far
away from the data; in contrast, with maximum likelihood initialization the modi ed
models are much closer to the input data. In the GVQ experiments this also resulted
in a better test set performance.
From the experiments on the full handwritten digits and Landsat image datasets with
all classes, we conclude that post-training (using either SCO or BPA) after maximum
likelihood training does greatly improve the classi cation performance of the latent
variable models.
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Appendix A. Derivation of the objective function for the Lagrange multipliers
We want to nd a new model as close as possible to the original model 0 such
that most training patterns x are outside the margin (parameterized by ). The solution
is found by minimizing the Lagrangian


( c − 0c ) S ( c − 0c ) −
t {(yt L(x|F)) − };
(A.1)
L( ; ) =
c

t

with respect to the model parameters and to maximize it with respect to the Lagrange
multipliers . Since L(x|F) is, in general, a non-linear function of we optimize (A.1)
by considering suIciently small steps in O = t+1 − t . In that case the discriminant
function can be approximated with the rst-order expansion
L(x|

c
t

c

+O

) = L(x| tc ) + HxTt ; tc · (O ) + O((O )2 );

(A.2)

where Hxt ; tc = ∇ L(x| c )| = t . The approximation L∗ ( ; ) to L( ; ) then becomes

( tc + O )T S −1 ( tc + O )
L∗ ( ; ) =
c

−




t

yt

t


c




HxTt ;

c
t

·O

− t

−



t yt L(x| t );

(A.3)

t

Setting the derivatives of (A.3) w.r.t. O c equal to zero gives the optimal value of
O c in terms of the Lagrange multipliers

1
t yt Hxt ; 0c :
(A.4)
∇ c L∗ ( ; ) = 0 → O c = S −1
2
t
By substituting (A.4) into (A.3) we obtain the objective function J () for the Lagrange
multipliers


1 
J () =
 −
  y y 
HxT ; tc S −1 Hx  ; tc
4

c
−



 y {L(x | t )};

(A.5)

where the Lagrange multipliers  are subject to the constraints 0 6  6 C.
In a more compact notation
J () = LT  − T Q;

(A.6)

in which Q is a P × P matrix with elements formed by the inner product of the
derivatives H of the discrimination error L at points and  ,

1
H (x | tc )T S −1 H (x  | tc )
(A.7)
Q; = y y
4
c
and L is a P-dimensional vector specifying how much each pattern x lies at the wrong
(de ned by threshold ) side of the classi cation boundary
L =  − y {L(x | t )}:

(A.8)
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Appendix B. Solving the quadratic programming problem
Our method for doing the constraint optimization of the quadratic form (10) is related
to the sequential minimal optimization (SMO) algorithm [17] which is developed for
training SVM classi ers. At each stage in this algorithm two Lagrange multipliers t
are selected for optimization while holding the others xed. This is repeated until the
error is within a * distance from the (unique) maximum.
In SVM’s there is an additional constraintthat the products of Lagrange multipliers
with the class labels have to add up to zero
y  = 0. In SCO, we do not have this
constraint and therefore we can maximize J () by doing 1-dimensional optimizations.
Each optimization is done analytically for a given t .
A new Lagrange multiplier  is selected by comparing all derivatives @J=@ . We
know that if  has reached the global maximum within the constraint region then
@J=@ = 0 if 0 ¡  ¡ C. Otherwise @J=@ ¡ 0 if  = 0 and @J=@ ¡ 0 if  =
C. The Lagrange multiplier  which violates these criteria the most is selected for
optimization.
In the problems we tested, this optimization method was suIciently fast. The speed
depends, however, on the noise in the problem which determines the number of Lagrange multipliers for which  ¿ 0.
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