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Feynman diagrams

in nonperturbative
regimes !

The two-fold challenge …
… of the many-electron problem:

~ 1023 interacting fermions !

huge number
of  D.o.F. !

Quantum field theory
as in:

NO control parameter
(like α =1/137)   

for the 
many-body expansion !



Two main
routes

to approximations

1.  Luttinger-Ward formalism

è “Pauli principle„2.  Crossing symmetries

è “conserving theories„



Nonperturbative

breakdown!

1.  Luttinger-Ward functionals

2.  Crossing symmetries

1

I. Multivaluedness of LW functional

II. Divergences of irreducible vertices ΓC
∞
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Two main
routes

to approximations



Binary-disorder
(Falicov-Kimball)

Atomic Limit

DIVERGENCES OF THE IRREDUCIBLE VERTEX … PHYSICAL REVIEW B 97, 245136 (2018)

FIG. 3. Left panel: T -U diagram of the AIM at half-filling, showing the first divergence lines along which the irreducible vertex functions
diverge. For red lines, this divergence takes place in the charge channel !

νnνn′ (#n=0)
c , along the orange lines simultaneous divergences in the

charge and the particle-particle up-down channel, !
νnνn′ (#n=0)
c and !

νnνn′ (#n=0)
pp,↑↓ , are observed. The dashed blue box marks the parameter region

where the “atomic” ordering of divergence lines is violated (see text). Right panel: divergence lines of the half-filled unfrustrated Hubbard
model (square lattice dispersion with 4t = 1), solved with DMFT. The lines are plotted with the same color code; the blue solid line represents
the Mott-Hubbard MIT [64]. Readapted from Ref. [14].

a given temperature where a vertex divergence occurs, i.e., !U ,
is identical. Further, for all cases considered in this work, the
numerical difference between the corresponding eigenvectors
was found to be negligible. Hence, in the rest of the paper we
will consider identical, for all practical purposes, the singular
eigenvectors of (χc/χph,0)νnνn′ and χ

νnνn′
c . The details of the

procedure for determining !U for a given temperature are
described in Appendix C.

For the specific CT-QMC calculations, of the one- and
two-particle Green’s function needed in this work, we have
employed the W2DYNAMICS software [61]. The vertex func-
tions generated by W2DYNAMICS were previously tested against
other established codes [62]. Additionally, we have bench-
marked the reliability of the impurity solver in computing
the vertex divergences of the AIM, against exact diagonal-
ization (ED) results in an intermediate T region, where the
discretization of the electronic bath affects the ED procedure
only moderately.

For the low-temperature calculations, we have quantified
the reliability of our results using a jackknife error analysis
[63], which is described in Appendix C.

III. NUMERICAL RESULTS

A. T -U diagram

We start to illustrate our numerical results by reporting
in the T -U diagram of the AIM (Fig. 3 left panel) the first
(five) lines along which the two-particle-irreducible vertex
diverges. These correspond to the interaction values !U at
given temperatures T , where an eigenvalue of the generalized
susceptibility (charge or particle-particle up-down channel)
vanishes [see Eqs. (4) and (5)]. Specifically, the red lines
mark irreducible vertex divergences taking place in the charge
channel only, while orange lines represent divergences taking
place in the charge and the particle-particle up-down channel
simultaneously.

Even from the first look at the data, the overall behavior of
the divergence lines of the AIM appears qualitatively very sim-
ilar to the one of the Hubbard model case [12,14], reproduced
in the right panel of Fig. 3. In particular, the similarity in the
high-temperature/large interaction area of both T -U diagrams
is not fully unexpected. In fact, here the divergence lines of both
models display a rather linear behavior, which is consistent
with the insights obtained from the results of the Hubbard atom
case [14]. The residual deviations can be ascribed to the fact
that the atomic limit condition, i.e.,U andT larger than all other
energy scales, is not fully complied. In the case of the AIM,
only for larger interactions than those shown in the left panel of
Fig. 3 (U ! D = 10), we recover a purely linear behavior as
well as the connection between the position of the divergence
line and the inflection point of Im G(iνn), as expected for the
atomic limit (for a more detailed analysis, see Appendix A).

At intermediate temperatures, the divergence lines show
a progressively stronger nonlinear behavior, starting to bend
rightwards. Lowering the temperature further, one reaches
the correlated metallic regime. Remarkably, in spite of the
differences in the ground states of the two models (there
is no MIT in the AIM), even there the results of the AIM
and the Hubbard model remain qualitatively very similar. For
both models, the lines show a “reentrance,” i.e. a bending
towards higher interaction values, as if the low-temperature
intermediate interaction regime were “protected” against the
nonperturbative mechanism originating the irreducible vertex
divergences. Particularly remarkable, however, is that finite-!U
values at T = 0 are observed in both cases; for the AIM the
low-temperature behavior of the first line is investigated in
detail in Sec. III C.

In the framework of the overall similarity discussed above,
a specific difference can be seen, however. This is highlighted
by the dashed blue box in the left panel of Fig. 3 (see Fig. 4
for a zoom): at intermediate temperatures, the second and
third divergence lines in the T -U diagram of the AIM cross,
breaking the typical line order found in all cases analyzed so
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FIG. 9. Upper panel: Matsubara frequency density plot of the
full (local) scattering amplitude F νν′("=0) of the DMFT solution of
the Hubbard model, on both sides of the first divergence (red) line of
Fig. 10 at T = 0.1. Middle/lower panels: The same for 2PI functions
in the charge #νν′("=0)

c and in all channels $νν′("=0), respectively. Note
that, for a better readability, in all cases the bare interaction term U

has been subtracted.

are evidently not the only ones where a vertex divergence takes
place. By approaching the MIT from the metallic phase, one
observes several eigenvalues of the generalized charge and
particle-particle susceptibilities progressively passing through
zero (“singular” eigenvalues) at certain values of (T̃ ,Ũ ). These
determine the corresponding divergences of the irreducible
vertices as well as a sign change of their low-frequency
structure on the two sides of the divergence line [24]. Their
positions in the phase diagram are marked—in the usual
notation—by red and orange lines. By moving further into
the nonperturbative parameter regime, because of the high
density of divergence lines, the extraction of the irreducible
vertex functions becomes more challenging, and we could
determine with sufficient numerical accuracy only the first
seven divergences of #c and #pp. However, by exploiting
the one-to-one large-U correspondence of the divergence
lines in the Hubbard phase diagram with the infinitely many
divergences of the exact atomic limit solution (see Sec. IV

and the rightmost scale in Fig. 10), we can infer a presence of
an infinite number of (red and orange) divergence lines over
the whole phase diagram. Finally, we should also remark that
the irreducible vertex in the (predominant) spin channel #νν ′"

s
does not exhibit any low-frequency divergences in the whole
parameter region considered.

As for the low-temperature regime (β ! 100), the numeri-
cal treatment becomes significantly harder. Hence, in addition
to HF-QMC, we have performed CT-QMC calculations in
the hybridization expansion [50,73,74]. The latter does not
suffer from the finite-size problems, neither the ones of ED
(bath discretization) nor the ones of HF-QMC (Trotter time
discretization), and can more easily access lower temperatures.
Let us however note that if a qualitative change in the shape of
the divergence lines would take place at exponentially small
temperature scales, even the CT-QMC analysis might miss
it. The presence of an exponentially small temperature scale
characterizes for instance the physics of some multiorbital
models [75], for which the Fermi-liquid coherence temper-
ature [76] could not be reached by CT-QMC calculations.
Bearing these limitations in mind, the results for the first two
divergence lines are compatible with a T → 0 extrapolation of
!U (T = 0) ≈ 1.45 and ≈1.95, respectively (for details about
the low-temperature data see Appendix B and Figs. 12 and 13
therein): In both cases !U < Uc2 ∼ 3 of the MIT, and, therefore,
the line terminates well inside the metallic regime, where a well
defined, coherent quasiparticle peak is visible in the DMFT
spectral functions.

Looking at our divergence results for the whole phase
diagram, one will—first of all—find a confirmation for the
heuristic interpretation proposed in Ref. [24] of the irre-
ducible vertex singularities as nonperturbative precursors of
the Mott-Hubbard transition, linked [38] to a gradual sup-
pression of the physical charge susceptibility and the opening
of a spectral gap when approaching the MIT. Besides this
rather generic consideration, however, it remains a problem
to gain deeper understanding of the origin of this impressive
manifestation of the breakdown of perturbation theory around
the MIT, of its interrelation with other theoretical aspects of
the nonperturbative physics, and—if they exist—of its effects
in observable quantities. To this aim, in the next subsection
we will proceed by performing a detailed comparison of the
Hubbard model data of Fig. 10 (right panel) with those of
simplified models reported in Secs. III and IV.

B. Interpretation of the results

Despite the high degree of complexity displayed by the
many vertex divergence lines surrounding the MIT of the
Hubbard model (Fig. 10, right panel), these can be classified—
in a large portion of the phase diagram—in a similar, simple
framework like that of the disordered/atomic-limit model. In
particular, by comparing our results for the Hubbard model
(Fig. 10, right panel) with those of the disordered models
(Fig. 10, left panel) and of the atomic limit (Fig. 10, rightmost
scale), we note immediately a qualitatively similar behavior
of both (red and orange) kinds of divergence lines in all three
cases in the region of large U and T . This corresponds to
the parameter region, where the relation between !U and !T
is approximately linear in the Hubbard model. On the other
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FIG. 9. Upper panel: Matsubara frequency density plot of the
full (local) scattering amplitude F νν′("=0) of the DMFT solution of
the Hubbard model, on both sides of the first divergence (red) line of
Fig. 10 at T = 0.1. Middle/lower panels: The same for 2PI functions
in the charge #νν′("=0)

c and in all channels $νν′("=0), respectively. Note
that, for a better readability, in all cases the bare interaction term U

has been subtracted.

are evidently not the only ones where a vertex divergence takes
place. By approaching the MIT from the metallic phase, one
observes several eigenvalues of the generalized charge and
particle-particle susceptibilities progressively passing through
zero (“singular” eigenvalues) at certain values of (T̃ ,Ũ ). These
determine the corresponding divergences of the irreducible
vertices as well as a sign change of their low-frequency
structure on the two sides of the divergence line [24]. Their
positions in the phase diagram are marked—in the usual
notation—by red and orange lines. By moving further into
the nonperturbative parameter regime, because of the high
density of divergence lines, the extraction of the irreducible
vertex functions becomes more challenging, and we could
determine with sufficient numerical accuracy only the first
seven divergences of #c and #pp. However, by exploiting
the one-to-one large-U correspondence of the divergence
lines in the Hubbard phase diagram with the infinitely many
divergences of the exact atomic limit solution (see Sec. IV

and the rightmost scale in Fig. 10), we can infer a presence of
an infinite number of (red and orange) divergence lines over
the whole phase diagram. Finally, we should also remark that
the irreducible vertex in the (predominant) spin channel #νν ′"

s
does not exhibit any low-frequency divergences in the whole
parameter region considered.

As for the low-temperature regime (β ! 100), the numeri-
cal treatment becomes significantly harder. Hence, in addition
to HF-QMC, we have performed CT-QMC calculations in
the hybridization expansion [50,73,74]. The latter does not
suffer from the finite-size problems, neither the ones of ED
(bath discretization) nor the ones of HF-QMC (Trotter time
discretization), and can more easily access lower temperatures.
Let us however note that if a qualitative change in the shape of
the divergence lines would take place at exponentially small
temperature scales, even the CT-QMC analysis might miss
it. The presence of an exponentially small temperature scale
characterizes for instance the physics of some multiorbital
models [75], for which the Fermi-liquid coherence temper-
ature [76] could not be reached by CT-QMC calculations.
Bearing these limitations in mind, the results for the first two
divergence lines are compatible with a T → 0 extrapolation of
!U (T = 0) ≈ 1.45 and ≈1.95, respectively (for details about
the low-temperature data see Appendix B and Figs. 12 and 13
therein): In both cases !U < Uc2 ∼ 3 of the MIT, and, therefore,
the line terminates well inside the metallic regime, where a well
defined, coherent quasiparticle peak is visible in the DMFT
spectral functions.

Looking at our divergence results for the whole phase
diagram, one will—first of all—find a confirmation for the
heuristic interpretation proposed in Ref. [24] of the irre-
ducible vertex singularities as nonperturbative precursors of
the Mott-Hubbard transition, linked [38] to a gradual sup-
pression of the physical charge susceptibility and the opening
of a spectral gap when approaching the MIT. Besides this
rather generic consideration, however, it remains a problem
to gain deeper understanding of the origin of this impressive
manifestation of the breakdown of perturbation theory around
the MIT, of its interrelation with other theoretical aspects of
the nonperturbative physics, and—if they exist—of its effects
in observable quantities. To this aim, in the next subsection
we will proceed by performing a detailed comparison of the
Hubbard model data of Fig. 10 (right panel) with those of
simplified models reported in Secs. III and IV.

B. Interpretation of the results

Despite the high degree of complexity displayed by the
many vertex divergence lines surrounding the MIT of the
Hubbard model (Fig. 10, right panel), these can be classified—
in a large portion of the phase diagram—in a similar, simple
framework like that of the disordered/atomic-limit model. In
particular, by comparing our results for the Hubbard model
(Fig. 10, right panel) with those of the disordered models
(Fig. 10, left panel) and of the atomic limit (Fig. 10, rightmost
scale), we note immediately a qualitatively similar behavior
of both (red and orange) kinds of divergence lines in all three
cases in the region of large U and T . This corresponds to
the parameter region, where the relation between !U and !T
is approximately linear in the Hubbard model. On the other
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è “Pauli principle„
è example:  parquet approx., DΓA, QUADRILEX

1

I. Multivaluedness of LW functional

II. Divergences of irreducible vertices

BOTH  numerically ....

...  AND analytically !

EQUIVALENT ASPECTS 
of the SAME „phenomenon“ !!!

[PRL  119 046402 (2017)]

Nonperturbative

breakdown!



Heuristic picture: 

G = G[G0] 

!

O. Gunnarsson, ... , & AT,  PRL 119 046402 (2017)

∞

(I) Multivaluedness
of LW functional

(II) Divergences of irreducible vertices



è “conserving approximations„
è example:  Hartree (1P) + RPA (2P) 

è “Pauli principle„

1

I. Multivaluedness of LW functional

II. Divergences of irreducible vertices

algorithmic

challenges parquet-based methods

dynamical vertex approximation (D!A)

QUADRILEX
[A. Toschi et al., PRB (2007); O. Gunnarsson et al., PRB (2016)
T. Ayral et al. , PRB (2016); G. Rohringer et al. , PRB (2018); ….]

iterative/self-consistent (=``bold’’) approaches
Diagrammatic Monte Carlo

Nested Cluster Schemes

[E. Kozik et al., PRL (2015); A.Stan et al., NJP (2015); 
R. Rossi et al. , PRB (2015); J. Vucicevic, et al. PRB (2018), ….]



Outline

1) What is the ``origin” of the breakdown
in many-body perturbation theories ?

2) Are there relevant physical consequences?

Ø How to ``read’’  the physics from the 2P quantities

Ø FINGERPRINTS of the local moment formation
and of its Kondo screening 

Ø Surprising IMPLICATIONS for the non-local properties !



How to „read“ the physics … as we can do at the „1P level“

Metallic vs. 
Insulating solutions

Low frequencies
→ #, %, &(()

• 1P – Dyson equation



• Irreducible vertex

∞
0

Going at the 2P level
• (local) Bethe Salpeter Equation (BSE)



Relation to the physics?
• (local) Bethe Salpeter Equation (BSE)
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The fingerprint of the Kondo regime is, thus, the onionlike
frequency structure of χ̃νν

0
, which is clearly recognizable in

the rightmost central panel of Fig. 1: (i) a high-frequency
perturbative asymptotic, (ii) a local moment driven struc-
ture (with suppressed diagonal) at intermediate frequencies,
(iii) an inner core [with a similar sign structure as (i)]
induced by the Kondo screening. A quick glance at the sign
structure of χ̃νν

0
therefore allows for an immediate under-

standing of the underlying physics. This nicely illustrates
the balanced competition in the charge sector between the
freezing effects of the local moment and the defreezing
effects of its low-energy screening, which characterizes the
Kondo regime.
Note, that the onionlike structure is also found for other

values of U, as well as in other models [54], discussed
below.

How to extract the Kondo temperature.—The behavior
described above is also reflected in the temperature
evolution of the lowest frequency entries of χ̃νν

0
:

the diagonal χ̃D ¼ T2χ̃πT;πT and the off-diagonal
χ̃O ¼ T2χ̃πT;−πT , shown in the lowest panel of Fig. 1.
We can readily trace the sign changes marking the three
regimes discussed above, associating the (negative) mini-
mum of χ̃D with the temperature at which the strongest
local moment effects are observed. The screening induced
enhancement of χ̃D at lower temperatures has remarkable
consequences: We find that crossing the Kondo tempera-
ture, as defined in a standard way from the behavior
of the static magnetic response of the system [54]
(TK ¼ 1=65 ≈ 0.015 at U ¼ 5.75 for the AIM), matches
with high accuracy the equality of χ̃D and χ̃O observed
at low-T (see inset of Fig. 1, marked by black triangle).

FIG. 1. Comparison of the Matsubara frequency structure of T2χ̃νν
0ðΩ ¼ 0Þ for the HA (top row) and the AIM (center row) for

U ¼ 5.75 [84] and different temperatures. The maximal Matsubara index is kept fixed for all temperatures (the labels are hidden to
ensure better readability). Black and white squares mark the main frequency structures, as described in the text. Lower panel:
Temperature evolution of the lowest Matsubara frequency elements of T2χ̃νν

0ðΩ ¼ 0Þ: χ̃D ¼ T2χ̃πT;πT (violet) and χ̃O ¼ T2χ̃πT;−πT

(green). They cross at Thigh at the divergence of Γ (red, I), and at low-temperatures at T ≃ TK (black triangle), see also the inset showing
a zoom around TK (vertical blue line). The arrows with and without the surrounding cloud sketch the local moment and the Kondo
screened regime, respectively.

PHYSICAL REVIEW LETTERS 126, 056403 (2021)
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➜ red = positive values

➜ blue = negative values



Anderson Impurity Model
• wide-band limit, half-filling

local magnetic moment Kondo screening

Main physical ingredients:
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lines where 9C diverges

… where  vertex divergences have also been found !

v P. Chalupa, P. Gunacker, T. Schäfer, K.Held, and A.T., PRB  97, 245136 (2018)

*) red lines:
9C = ∞

*) orange lines:
9C = 9pp = ∞

• Solved by means of
w2dynamics – CT-HYB



Physical response of the AIM • w2dynamics – CT-HYB

charge response

M.Wallerberger, et.al, CPC 235, 388 (2019) 
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Physical response of AL & AIM • w2dynamics – CT-HYB

charge response

M.Wallerberger, et.al, CPC 235, 388 (2019) 
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AIM phase-diagram

;<

local moment

Kondo screening



TK of the AIM - conventional determiation

;<

;<

H.R. Krishna-murthy, et.al., PRB 21, 1003 (1980); P. Chalupa, …, & AT PRB 97, 245136 (2018) 



1.Step: Non interacting case/bubble term

• 2 step
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2.Step : Perturbative regime

DE& &F

e.g.: high temperature regime   ( G = HT >  U) 



3.Step: Nonperturbative (local moment) regime

DE& &F
~J

e.g.:  intermediate  temperature region ( TK < T <<  U) 
;<



DE& &F

Negative ``images’’
one of the other
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positive diagonal
dominates

➜ all eigevalues
K > 0

negative diagonal
dominates

➜ all low-frequency
eigevalues K < 0

K = 0 
vertex divergences !!! 
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The fingerprint of the Kondo regime is, thus, the onionlike
frequency structure of χ̃νν

0
, which is clearly recognizable in

the rightmost central panel of Fig. 1: (i) a high-frequency
perturbative asymptotic, (ii) a local moment driven struc-
ture (with suppressed diagonal) at intermediate frequencies,
(iii) an inner core [with a similar sign structure as (i)]
induced by the Kondo screening. A quick glance at the sign
structure of χ̃νν

0
therefore allows for an immediate under-

standing of the underlying physics. This nicely illustrates
the balanced competition in the charge sector between the
freezing effects of the local moment and the defreezing
effects of its low-energy screening, which characterizes the
Kondo regime.
Note, that the onionlike structure is also found for other

values of U, as well as in other models [54], discussed
below.

How to extract the Kondo temperature.—The behavior
described above is also reflected in the temperature
evolution of the lowest frequency entries of χ̃νν

0
:

the diagonal χ̃D ¼ T2χ̃πT;πT and the off-diagonal
χ̃O ¼ T2χ̃πT;−πT , shown in the lowest panel of Fig. 1.
We can readily trace the sign changes marking the three
regimes discussed above, associating the (negative) mini-
mum of χ̃D with the temperature at which the strongest
local moment effects are observed. The screening induced
enhancement of χ̃D at lower temperatures has remarkable
consequences: We find that crossing the Kondo tempera-
ture, as defined in a standard way from the behavior
of the static magnetic response of the system [54]
(TK ¼ 1=65 ≈ 0.015 at U ¼ 5.75 for the AIM), matches
with high accuracy the equality of χ̃D and χ̃O observed
at low-T (see inset of Fig. 1, marked by black triangle).

FIG. 1. Comparison of the Matsubara frequency structure of T2χ̃νν
0ðΩ ¼ 0Þ for the HA (top row) and the AIM (center row) for

U ¼ 5.75 [84] and different temperatures. The maximal Matsubara index is kept fixed for all temperatures (the labels are hidden to
ensure better readability). Black and white squares mark the main frequency structures, as described in the text. Lower panel:
Temperature evolution of the lowest Matsubara frequency elements of T2χ̃νν

0ðΩ ¼ 0Þ: χ̃D ¼ T2χ̃πT;πT (violet) and χ̃O ¼ T2χ̃πT;−πT

(green). They cross at Thigh at the divergence of Γ (red, I), and at low-temperatures at T ≃ TK (black triangle), see also the inset showing
a zoom around TK (vertical blue line). The arrows with and without the surrounding cloud sketch the local moment and the Kondo
screened regime, respectively.
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Fingerprints of the local moment !

increasing
U➜ ⇅

correlations

magnetic
⇈ - ⇅

charge
⇈ + ⇅

nonpertubative image of 
local moment formation
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Beyond the single impurity AIM

We emphasize that this criterion holds more generally.
As shown in the phase diagram of the AIM in Fig. 2 (left
panel), the condition χ̃D ¼ χ̃O (black triangles) perfectly
traces TK (blue line) [85] in the entire local moment regime
T; V < U (see also the logarithmic inset), i.e., where the
definition of a Kondo scale is actually meaningful. Note
that this is not the case for other criteria one could naturally
think of, such as χ̃D ¼ −χ̃O or χ̃D ¼ 0 [54].
Moreover, our simple 2P definition of TK holds also

beyond the single impurity problem. In Fig. 2, we show
DMFT calculations for the periodic Anderson model on a
square lattice with nearest-neighboring hopping t (PAM,
central) and for a Hubbard model on a Bethe lattice with
unitary half-bandwidth D (HM, right) [54].
In particular, we observe that for the PAM, the same

matching of the condition χ̃D ¼ χ̃O (black triangles) and TK
[54,86,87] (blue line) is found in the local moment regime
(i.e., when V < t, blue-shadowed area).
In the HM, the Kondo temperature characterizing the

auxiliary AIM associated with the self-consistent DMFT
solution, depends on the temperature itself: THM

K ðTÞ.
Hence, χ̃D ¼ χ̃O (black triangles) indicates that the
temperature equals the effective Kondo temperature, i.e.,
THM
K ðTÞ ¼ T. Physically, it is natural to relate this con-

dition to the onset of low-energy electronic coherence: For
all temperatures below the χ̃D ¼ χ̃O condition, a conven-
tional Fermi-liquid behavior of the physical response can
be expected [e.g., ρðTÞ ∝ T2, cVðTÞ ∝ T, etc. [1] ]. This
would also be consistent with the χ̃D ¼ χ̃O condition
approaching the Mott Hubbard metal-insulator transition
(MIT) at UMITðT ¼ 0Þ ¼ Uc2 in the low-T limit (see also
recent DMFT studies of the physics in the proximity of the
MIT [88,89]).
The equality of the elements of the innermost 2 × 2

submatrix of χ̃νν
0
represents therefore a very simple, clear-

cut criterion for determining TK at the 2P level.

A nonperturbative Fermi liquid.—Beyond its physical
relevance, our improved 2P understanding sheds light onto
the nontrivial relation with the breakdown of perturbation
theory [41]. At high T, where ν0 ¼ πT ≳ V, U, t, the 2 × 2
submatrix encodes all relevant energy scales, the rest being
nonsingular high-frequency asymptotics. In this case
χ̃D ¼ χ̃O corresponds to a singular eigenvalue of the entire
χ̃νν

0
and hence to a divergence of the irreducible vertex

function Γνν0 ¼ ½χ̃νν0 %−1 − ½χ̃νν00 %−1, specifically to the first (I)
one encountered when reducing the temperature (red line in
Figs. 1 and 2) [42,45,47–49]. For intermediate temper-
atures, the 2 × 2 submatrix is controlled by the local
moment, leading to a strongly negative χ̃D and negative
eigenvalues of the submatrix (as in the HA case). At TK the
eigenvalue flips sign and one finds again χ̃D > χ̃O for
T ≲ TK, as in the perturbative regime (see Fig. 1, lowest
panel). Here, however, because of the onionlike structure of
χ̃νν

0
, the positive definiteness (and thus the invertibility) is

guaranteed only for an inner submatrix describing the
Fermi liquid regime, but not for the full χ̃νν

0
. This explains

why divergences of irreducible vertex functions can occur
also at low temperatures [47] even in the presence of a
Fermi liquid ground state. Indeed, such vertex divergences
mark the distinction between a Fermi liquid in the weak-
coupling and in the strong-coupling regime.
Limitations of perturbative approaches.—The direct

link between the 2P fingerprints of local moments and
vertex divergences, sets precise physical limitations for
perturbative methods, where—per construction—Γ is
finite [90]. Hence, the impact of the characteristic physics
emerging from the magnetic sector onto the charge
channel, cannot be described by perturbative methods.
We substantiate this statement by considering two
advanced perturbative schemes, the functional renormal-
ization group (fRG) [9,54] and the parquet approximation
(PA) [16,54,91–101]. The results obtained for the AIM

FIG. 2. Phase diagram of the AIM (left), the PAM (DMFT) (middle), and the HM (DMFT) (right) as a function of the interaction
U (hybridization V for the PAM, U fixed) and the temperature T showing the line where χ̃D ¼ χ̃O holds (black triangles, dashed), i.e.,
the singularity of the 2 × 2 submatrix of χ̃νν

0
. The left and central panels show the agreement at low temperatures between TK (blue solid

line) and the condition χ̃D ¼ χ̃O, clearly evident also in logarithmic scale (left inset). The local moment regime is represented by a bluish
shadowed area in both panels. The red lines denote the (first) divergence of the irreducible vertex Γ. For the HM on the Bethe lattice the
paramagnetic metallic (PM) and insulating (PI) phases are indicated together with their crossover. The coexistence region is shown in
gray. The arrow on the abscissa (left) marks the interaction value used in Figs. 1 and 3.
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Our questions

1) What is the physical ``origin” for the breakdown
of the many-body perturbation theories ?

2) Are there relevant physical consequences?

Ø Learn how to read the physics from the 2P quantities

Ø FINGERPRINTS of the local moment formation
and of its Kondo screening 

Ø Surprising implications for the non-local properties !!
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Compressibility Divergence and the Finite Temperature Mott Transition
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In the context of the dynamical mean-field theory (DMFT) of the Hubbard model, we study the behav-
ior of the compressibility near the density driven Mott transition at finite temperatures. We demonstrate
this divergence using DMFT and quantum Monte Carlo simulations in the one-band and the two-band
Hubbard model. We supplement this result with considerations based on the Landau theory framework,
and discuss the relevance of our results to the a-g end point in cerium.
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The Mott transition, namely, the metal-insulator transi-
tion (MIT) driven by electron-electron interactions [1], is a
fascinating phenomenon realized experimentally in many
compounds such as V2O3 and Ni!Se, S"2 [2]. The Mott
transition concept is also relevant to elements in the lan-
thanide and actinide series [3]. Viewed from a broader
perspective, the Mott transition problem forces us to de-
velop tools to describe materials where the electron is not
fully described by either a real space picture or a momen-
tum space picture, and continues to spur advances in many
body and electronic structure methods.

On the theory side, the Hubbard model is the simplest
Hamiltonian that captures some of the essential physics of
the transition. It has been intensively studied in one di-
mension, but in this limit no finite temperature phase tran-
sition can take place. In recent years, theoretical progress
has been made in the understanding of the Mott-Hubbard
transition using the DMFT [4]. In this framework, the tran-
sition can be viewed as bifurcation points of a functional
[5,6] of the local Green’s function, or of its conjugate vari-
able, the Weiss field which describes the local environment
of a correlated site.

The case of the correlation strength !U" driven MIT at
half filling (particle-hole symmetric case) is now well un-
derstood. At temperature T ! 0, there are two bifurcation
points, one denoted by Uc1!T ! 0", where the insulating
solution disappears, and the other denoted by Uc2!T ! 0",
where the metallic state disappears in a fashion reminis-
cent of the Brinkman-Rice scenario [7]. As shown in the
inset of Fig. 1, in the U-T plane, at zero doping, the phase
diagram of the frustrated Hubbard model displays a re-
gion where two mean-field solutions, one metallic- and one
insulating-like, can be obtained. This region is delimited
by the Uc1!T" and Uc2!T" bifurcation lines. Within this
region, there is a first-order MIT line [8,9] where the free
energies of the two solutions cross. The line starts out at
Uc2 for T ! 0 and ends at a finite temperature second-
order critical point !UMIT, TMIT", which has the character
of a regular Ising bifurcation with a rapid variation of the
susceptibility connected to the double occupancy [10,11].

At higher temperatures, the Uc1!T" and Uc2!T" lines be-
come crossover lines, which have a well-defined experi-
mental significance [12].

The zero temperature aspects of the doping driven MIT
were studied in [13]. It was shown that in the U-m plane
!T ! 0" there are two solutions within a region bounded
by the curves mc1!U" where the insulating solution disap-
pears, and mc2!U" where the metallic state disappears. At
T ! 0, one finds that the mc1 line ends at U ! Uc1 and
m ! U#2, and the mc2 line ends at U ! Uc2 and m !
U#2. The finite temperature aspects of the doping driven
Mott transition have not been investigated thus far. This is
the subject of our paper.

Our main interest is the behavior of the charge com-
pressibility near the doping driven Mott transition in the
paramagnetic phase at finite temperatures. We will not

µ=U/2

µc2(T)

µ

T

U

n=
1

n<1

n>1

T

U
Uc2Uc1

Umit <U <Uc2

U=Umit

U=Uc2

Uc2<U

µc1(T)

FIG. 1. Schematic phase diagram for the Hubbard model. The
cross sections shown are on the T -m plane for different values
of U . mc1 and Uc1 are the chemical potential and interaction,
respectively, at which the insulating solution gets destroyed. mc2
and Uc2 are those at which the metallic solution gets destroyed.
The dashed lines denote the first-order transition. The thick
solid lines denote the second-order lines where the compress-
ibility diverges. The black circle at !UMIT, TMIT" denotes the
second-order transition at n ! 1. The Uc2!T ! 0" end point is
denoted with a grey circle. Inset: phase diagram at particle-hole
symmetry m ! U#2 (m̃ ! 0). Solid lines denote Uc1!T" (left)
and Uc2!T" (right).
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analytical understanding based on the Bethe-lattice expres-
sion, Eq. (4). In fact, the deviations found for the square
lattice case are marginal in the parameter region of our
interest [23]. Equation (4) can be thus exploited, in an
approximated form (t2 → t2eff , where teff weakly depends
on μ [23]), as a key to the interpretation.
We start by separating χloc in terms of the two lowest real

λα-contributions and the rest to the sum in Eq. (2). As
shown in the bottom panel of Fig. 2, at finite doping one
observes a tiny positive contribution from λI (red bar)
enhancing χloc, which fully disappears at half filling where
its weight wI ¼ 0 due to symmetry. The corresponding
decomposition for κ shows, instead, that precisely the
contribution originated from λI is responsible for its non-
monotonous behavior as well as for the sharp maximum.
By comparing the two decompositions, one immediately
notes how the dichotomy of the local and the uniform
charge response is essentially controlled by the contribu-
tions (red bars) associated with the lowest real eigenvalue
of χνν

0
.

The outcome of our analysis can be readily understood in
terms of Eq. (4) by studying the behavior of λI and wI for
different dopings, as reported in Fig. 3. If λI becomes
negative enough, closely approaching the condition
βλI ≃ −2=t2eff , a maximum of κ is observed. The difference
with regard to the half-filled case is that the corresponding
weight wI is now finite and actually negative, thus
contributing to an overall enhancement of the charge
response. Because of the small weight wI, such an effect

is generally mild unless λI gets negative enough to trigger a
strong enhancement or even the divergence of κ. Figure 3
also shows that the weight associated with the second
lowest real eigenvalue (λII) always remains positive, as at
half filling. Hence, even if both λI and λII are negative, the
latter is responsible for a suppression of the charge
response. In fact, it is the overall sign of λαwα that
determines, in general, whether the net effect can be
interpreted as repulsive or attractive in the charge sector
since the sign of wα is no longer positive definite [23].
At the same time, the evolution of the wα of each λα is

smooth in the phase diagram (see Fig. 3 and [23]). Hence,
crossing the first divergence [1,3,7,8,17] line of Γνν0 , which
is associated with a sign change of λI, corresponds to
flipping the net action of the corresponding contribu-
tion (λIwI) to the charge response from suppressing to
enhancing.
We stress that having wI < 0 is crucial both for the

emergence of these strong-coupling phase instabilities and
for the dichotomy between the local and uniform response:
The sum in Eq. (4) can be recast as

κ ¼
X

α

χαloc
1þ βJαeff

ð5Þ

where χαloc ¼ λαwα and Jαeff ¼ ðt2eff=2wαÞχαloc. All sum-
mands of Eqs. (2) and (5) are rather similar, except close
to the phase separation, where the difference between the
local and uniform response is induced, mainly, by the first
term (α ¼ I). In that region, as χIloc > 0, wI < 0 implies a
negative coupling (JIeff < 0) in the charge sector.
The full momentum dependence.—We now extend our

analysis to the entire momentum dependence of χq,
performed at the same parameter set where the maximal
κ is found. In the left panel of Fig. 4, where χq is plotted, we
observe a rather sharp peak at q ¼ 0. In the central and right
panels, we decompose χq into the contributions from λI and
the remaining eigenvalues, respectively. We immediately
see that the nonperturbative enhancement of the charge
response is confined to the small-q sector. Further, we note
that without the critical, effectively attractive, contribution
from λI, the charge response would have a completely
different shape, one that closely resembles the shape at half
filling [23]: a rather low χq with a shallow maximum at
q ¼ ðπ; πÞ. This selective enhancement of χq around q ¼ 0
increases the corresponding correlation length ξ, which is
necessary to ensure the second-order nature of the critical
endpoints of the phase separation, as well as for inducing
the strong dichotomy between the local and the uniform
response discussed above.
We expect the same to happen along the entire, highly

nontrivial path of the phase-separation instability computed
in the DMFT phase diagram of Ref. [31]. We also want to
stress that the nonperturbative nature associated with the
negative sign of λI will prevent all approximations, where

FIG. 3. Top: lowest two real eigenvalues (λI in red, λII in
orange) of the local charge susceptibility for the same parameters
as Fig. 2; the weak frequency dependence of the bubble term for
the square lattice case is marked, for each μ by a blue-shaded
area; the values of −2=βt2eff [23] by a dashed line. Bottom:
corresponding spectral weights (wI and wII) on logarithmic y axis.
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the irreducible vertices do not diverge (such as RPA,
FLEX [21], fRG [46], the parquet approximation
[21,41,44,47–50], etc.) to capture this phenomenology.
Outlook.—It is insightful to generalize our considera-

tions by extending Eq. (4) to the other sectors that are
mostly reactive to attractive interactions. One can show
[51] that the corresponding DMFT expressions for the
Bethe lattice for any static particle-hole susceptibility at
q ¼ Π ¼ ðπ; π; π;…Þ (e.g., the charge-density wave in the
charge sector), as well as of the pairing (pp) s-wave
susceptibility at q ¼ 0, read

χq¼Π ¼ χppq¼0 ¼
X

α

!
1

λα
−½βt2

"−1
wα; ð6Þ

independently of the filling. This rules out the possibility of
introducing charge-density wave or s-wave pairing insta-
bilities through a strong local repulsion: divergences of the
corresponding responses can only originate from a large
and positive λα, a typical hallmark [17] of preformed local
pairs [52], and, hence, of the presence of bare attractive
interaction U < 0. Here, we clearly see the difference
between a bare (and frequency independent) attractive
interaction and an effective one, originating from non-
perturbative mechanisms: The effect of the latter can be
regarded as truly attractive only in specific sectors and
parameter regions.
In the future, it will be interesting to investigate whether

a similar nonperturbative mechanism is responsible for the
enhanced charge fluctuations and phase-separation insta-
bilities reported [53,54] in extended parameter regions of
Hund’s metal systems and whether it could even trigger the
onset of a s$ pairing.
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v M. Reitner, P. Chalupa, ….  & AT, PRL. 125 084402 (2020) [ https://www.tuwien.at/tu-wien/aktuelles/presseaussendungen/news/klebrige-elektronen-aus-abstossung-wird-anziehung ]

As in the case of

the liquid-vapor
transition

liquid-vapour coexistence effective attraction

vertex divergenciese.g. Van der Waals interactions
but without

Van Der Waals
interactions !!
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As in the case of

the liquid-vapor
transition

liquid-vapour coexistence effective attraction

vertex divergenciese.g. Van der Waals interactions
but without

Van Der Waals
interactions!!

effective attraction
in uniform charge response !

BUT what about other channels?
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multiorbital

Summary & Outlook

nonlocal í

The fingerprint of the Kondo regime is, thus, the onionlike
frequency structure of χ̃νν

0
, which is clearly recognizable in

the rightmost central panel of Fig. 1: (i) a high-frequency
perturbative asymptotic, (ii) a local moment driven struc-
ture (with suppressed diagonal) at intermediate frequencies,
(iii) an inner core [with a similar sign structure as (i)]
induced by the Kondo screening. A quick glance at the sign
structure of χ̃νν

0
therefore allows for an immediate under-

standing of the underlying physics. This nicely illustrates
the balanced competition in the charge sector between the
freezing effects of the local moment and the defreezing
effects of its low-energy screening, which characterizes the
Kondo regime.
Note, that the onionlike structure is also found for other

values of U, as well as in other models [54], discussed
below.

How to extract the Kondo temperature.—The behavior
described above is also reflected in the temperature
evolution of the lowest frequency entries of χ̃νν

0
:

the diagonal χ̃D ¼ T2χ̃πT;πT and the off-diagonal
χ̃O ¼ T2χ̃πT;−πT , shown in the lowest panel of Fig. 1.
We can readily trace the sign changes marking the three
regimes discussed above, associating the (negative) mini-
mum of χ̃D with the temperature at which the strongest
local moment effects are observed. The screening induced
enhancement of χ̃D at lower temperatures has remarkable
consequences: We find that crossing the Kondo tempera-
ture, as defined in a standard way from the behavior
of the static magnetic response of the system [54]
(TK ¼ 1=65 ≈ 0.015 at U ¼ 5.75 for the AIM), matches
with high accuracy the equality of χ̃D and χ̃O observed
at low-T (see inset of Fig. 1, marked by black triangle).

FIG. 1. Comparison of the Matsubara frequency structure of T2χ̃νν
0ðΩ ¼ 0Þ for the HA (top row) and the AIM (center row) for

U ¼ 5.75 [84] and different temperatures. The maximal Matsubara index is kept fixed for all temperatures (the labels are hidden to
ensure better readability). Black and white squares mark the main frequency structures, as described in the text. Lower panel:
Temperature evolution of the lowest Matsubara frequency elements of T2χ̃νν

0ðΩ ¼ 0Þ: χ̃D ¼ T2χ̃πT;πT (violet) and χ̃O ¼ T2χ̃πT;−πT

(green). They cross at Thigh at the divergence of Γ (red, I), and at low-temperatures at T ≃ TK (black triangle), see also the inset showing
a zoom around TK (vertical blue line). The arrows with and without the surrounding cloud sketch the local moment and the Kondo
screened regime, respectively.
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