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Motivation

• I assume you are mostly interested in strongly 
correlated materials

• DFT does not work for such systems.

• But DFT increasingly used for inputs to model 
Hamiltonians

• You’d better understand the starting point.
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A DFT in general
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Molecules versus materials

• Molecular calculations are easier
• Have many small cases where very accurate 

results (e.g., 10 x better than DFT) available
• Chemistry far ahead in DFT accuracy
• Use term first-principles instead of ab initio
• Please extract only total energies from ground-

state DFT quantities
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The electronic structure problem

• Use atomic units
• Born-Oppenheimer 

approximation
• All non-relativistic 

(but added back in)
• Wavefunctions

antisymmetric and 
normalized

• Only discuss ground-
state electronic 
problem here, but 
many variations.

Hamiltonian

Hamiltonian for N electrons in the presence of external potential v(r):
Ĥ = T̂ + V̂ee + V̂ ,

where the kinetic and elec-elec repulsion energies are

T̂ = ≠1
2

Nÿ

i=1

Ò2

i , V̂ee =
1
2

Nÿ

i=1

Nÿ

j ”=i

1
|ri ≠ rj |

,

and di�erence between systems is N and the one-body potential

V̂ =
Nÿ

i=1

v(ri)

Often v(r) is electron-nucleus attraction

v(r) = ≠
ÿ

–

Z–

|r ≠ R–|

where – runs over all nuclei, plus weak applied E and B fields.
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Schrödinger equation

6N-dimensional Schrödinger equation for stationary states

{T̂ + V̂ee + V̂ } = E  ,  antisym

The one-particle density is much simpler than  :

n(r) = N

ÿ

‡1

. . .
ÿ

‡N

⁄
d

3
r2 . . . d

3
rN | (r‡1, r2‡2, . . . , rN‡N)|2

and n(r) d
3
r gives probability of finding any electron in d

3
r around r.

Wavefunction variational principle:
I E [ ] © È |Ĥ| Í is a functional

I Extrema of E [ ] are stationary states, and ground-state energy is

E = min
 

È |T̂ + V̂ee + V̂ | Í

where  is normalized and antisym.
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HK theorem (1964)

• Makes TF an 
approximation to 
an exact theory

• Can find both 
ground-state 
density and 
energy via Euler 
equation

Hohenberg-Kohn theorem (1964)

1 Rewrite variational principle (Levy 79):

E = min
 

È |T̂ + V̂ee + V̂ | Í

= minn

;
F [n] +

⁄
d

3
r v(r)n(r)

<

where

F [n] = min
 æn

È |T̂ + V̂ee| Í

I The minimum is taken over all positive n(r) such that
s

d
3
r n(r) = N

2 The external potential v(r) and the hamiltonian Ĥ are determined to
within an additive constant by n(r)

P. Hohenberg and W. Kohn, Phys. Rev. 136, B 864 (1964).

M. Levy, Proc. Natl. Acad. Sci. (U.S.A.) 76, 6062 (1979).
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KS equations (1965)
Kohn-Sham 1965

Define fictitious non-interacting electrons satisfying:

;
≠1

2Ò2 + vS(r)
<

„j(r) = ‘j„j(r),
Nÿ

j=1

|„j(r)|2 = n(r).

where vS(r) is defined to yield n(r).
Define TS as the kinetic energy of the KS electrons, U as their
Hartree energy and

T + Vee = TS + U + EXC

the remainder is the exchange-correlation energy.
Most important result of exact DFT:

vS(r) = v(r) +
⁄

d
3
r

n(rÕ)

|r ≠ rÕ| + vXC[n](r), vXC(r) =
”EXC

”n(r)
Knowing EXC[n] gives closed set of self-consistent equations.
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KS potential of He atom

n(r)

!2 !1 0 1 2

!4

!2

0

v(r)

vS(r)

≠2
r

z

Every density has (at most) one KS
potential.a
Red line: vS(r) is the exact KS
potential.

a Accurate exchange-correlation
potentials and total-energy components for
the helium isoelectronic series, C. J.

Umrigar and X. Gonze, Phys. Rev. A 50,

3827 (1994).
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Three key ingredients for a breakthrough

• A theorem (HK)

• A computational recipe (KS equations)

• An approximation (LDA)
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Today’s commonly-used XC functionals

• Local density approximation (LDA)
– Uses only n(r) at a point.

• Generalized gradient approx (GGA) 
– Uses both n(r) and |Ñn(r)|
– Should be more accurate, corrects overbinding of LDA
– Examples are PBE and BLYP

• Global Hybrid:
– Mixes some fraction of HF
– Examples are B3LYP and PBE0 

• Many, many improvements on these
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Applications

• E.g., a new better catalyst for Haber-Bosch process 
(‘fixing’ ammonia from air) was predicted after about 
25,000 failed experiments (Norskov’s group)

• Now scanning chemical and materials spaces using big 
data methods for materials design (materials genome 
project).

• Room temperature superconductors (under pressure), 
predicted by DFT calculations, then made.

• Understanding Jupiter’s interior using Juno probe
• Latest generation of intel chips (needed for Mac 

airbook) is half-size and Pb-free with help of DFT.
• Physiology of gilt-head seabream in acidic water
• Effect of water hardness on taste of coffee
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B. Hubbard dimer
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Lies
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Many-body book



Understanding the KS idea

• Correl 21 book chapter

• Ground-state review:

• Linear-response TDDFT review:

• General intro to DFT in real-space:
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DFT in a nutshell, Kieron Burke, Lucas O. Wagner, 
Int. J. Quant. Chem. 113, 96-101 (2013). 

The Hubbard dimer: a density functional case study of a many-body 
problem D J Carrascal D.J., Ferrer, J., Smith, J. and KB 2015 J. Phys.: 
Condens. Matter 27 393001

Linear response time-dependent density functional 
theory of the Hubbard dimer Carrascal, D.J., Ferrer, J., Maitra, 
N. and KB. Linear response time-dependent density functional theory 
of the Hubbard dimer. Eur. Phys. J. B 91, 142 (2018). 

Lies My Teacher Told Me About Density Functional Theory: Seeing Through Them 
with the Hubbard Dimer
Kieron Burke and John Kozlowski arXiv:2108.11534



Asymmetric 2-site Hubbard
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Hubbard Dimer: Background 6 of 44

which can be decomposed into kinetic TC and potential UC

contributions (see Eqs. (75) and (76) in Sec. 5). Addi-
tionally, all practical calculations generalize the preceding
formulas for arbitrary spin using spin-DFT [BH72].

For just one particle (N = 1), there is no electron-electron
repulsion, i.e., Vee = 0. This means

EX = �UH, EC = 0, (N = 1), (19)

i.e., the self-exchange energy exactly cancels the Hartree
self-repulsion. Since there is no interaction, F 0[n] = T [n] =
TS[n], and for one electron we know the explicit functional:

TS = TW =

Z
d3r |rn|2/(8n), (20)

which is called the von Weisacker functional[W35]. For two
electrons in a singlet (N = 2),

EX = �UH/2, TS = TW, (N = 2), (21)

but the correlation components are non-zero and non-trivial.
Many popular forms of approximation exist for EXC[n],

the most common being the local density approximation
(LDA)[KS65; BH72; PW92], the generalized gradient ap-
proximation (GGA)[P86; B88; LYP88; PCVJ92; PBE96], and
hybrids of GGA with exact exchange from a Hartree-Fock
calculation[B93; PEB96; AB99; HSE06]. The computa-
tional ease of DFT calculations relative to more accurate
wavefunction methods usually allows much larger systems
to be calculated, leading to DFT’s immense popularity to-
day[PGB15]. However, all these approximations fail in the
paradigm case of stretched H2, the simplest example of a
strongly correlated system[B01; CMY08; HCRR15].

B. The Hubbard model

The Hubbard Hamiltonian is possibly the most studied,
and simplest, model of a strongly correlated electron system.
It was initially introduced to describe the electronic prop-
erties of narrow-band metals, whose conduction bands are
formed by d and f orbitals, so that electronic correlations be-
come important[H63; F13]. The model was used to describe
ferromagnetic, antiferromagnetic and spin-spiral instabili-
ties and phases, as well as the metal-insulator transition in
metals and oxides, including high-Tc superconductors[Dc94;
LNW06]. The Hubbard model is both a qualitative version of
a physical system depending on what terms are built in[A87;
Sb90] and also a testing-ground for new techniques since
the simpler forms of the Hubbard model are understood very
well[Hb89; BSb89; BSW89; H93].

The model assumes that each atom in the lattice has a
single orbital. The Hamiltonian is typically written as [M93;
Hc96; EFGK05; Te05]

Ĥ =
X

i,�

vi� n̂i��
X

i j �

⇣
tij ĉ

†
i�

ĉj � + h.c.
⌘
+
X

i

Ui n̂i" n̂i#

(22)

where at its simplest the on-site energies are all equal vi� = 0
as well as the Coulomb integrals Ui = U . Further, the
hopping integrals tij typically couple only nearest neighbor
atoms and are equal to a single value t.

We note that here the interaction is of ultra-short range,
so that two electrons only interact if they are on the same
lattice site. Further, they must have opposite spins to obey
the Pauli principle. Simple examples of building in more
complicated physics include using next-nearest-neighbor hop-
pings or nearest neighbors Coulomb integrals for high-Tc

cuprate calculations and magnetic properties[LH87; DM95;
DN98], and varying on-site potentials used to model con-
fining potentials[RNKH08]. Also, adding more orbitals per
site delivers multi-band Hubbard models, where Coulomb
correlations may be added to some or all of the orbitals. The
Hubbard model has an analytical solution in one dimension,
via Bethe ansatz techniques[LW68; LW03].

If the Hubbard U is small enough, a paramagnetic mean-
field (MF) solution provides a reasonable description of
the model in dimensions equal or higher than two. As an
example, the Hubbard model in a honeycomb lattice can
describe correctly a number of features of gated graphene
samples[H06]. However, for large U or in one dimension,
more sophisticated approaches are demanded, which go
beyond the scope of this article[LW68; F13].

We describe briefly the well-known broken-symmetry MF
solution, where the populations of up- and down-spin elec-
trons can di↵er. The standard starting point for the MF
solution neglects completely quantum fluctuations:

(n̂i" � ni") (n̂i# � ni#) = 0, (MF ) (23)

where ni� = hn̂i�i, so that

V̂ MF

ee
=

X

i

U (ni" n̂i# + ni# n̂i" � ni" ni#) . (24)

The MF hamiltonian is then just an e↵ective single-particle
problem

ĤMF =
X

i�

ĥe↵
i�
, (25)

ĥe↵
i�

= vMF

i�
n̂i� � t

X

j

(ĉ†
i�
ĉj� + h.c.), (26)

where vMF

i�
= vi� + U ni�̄. This ĤMF can be easily diago-

nalized if one assumes space-homogeneity of the occupations
ni,� = n�. For large U , the broken symmetry solution (of-
ten ferromagnetic) has lower energy than the paramagnetic
solution.

C. The two-site Hubbard model

We now specialize to a simple Hubbard dimer model
with open boundaries, but we allow di↵erent on-site spin-
independent energies by introducing a third term that pro-
duces asymmetric occupations,

Ĥ = �t
X

�

(ĉ†1� ĉ2�+h.c)+U
X

i

n̂i" n̂i#+
X

i

vin̂i (27)



E as function of Dv

• E(Dv) is analytic

• Symmetric

• Tight-binding
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1.2 Hubbard dimer DFT on Hubbard Dimer

FIG. 2. Exact ground-state energy of the Hubbard dimer
as a function of �v for several values of U. The qualitative
behavior changes as �v passes through U.

state energy [25] is shown in Fig. 2. Simple limits include
the symmetric case

E = �
p
1 + (U/2)2 + U/2, �n = 0 SYM (3)

An expansion of the square root in the symmetric case
in powers of U has a radius of convergence of 2, while
the opposite expansion in 1/U has a radius of 1/2. Thus
there is a well-defined critical point at U =2, below which
perturbation in the electron-electron coupling strength
converges, i.e., the system is weakly correlated, and above
which it is strongly correlated. Another simple limit is the
non-interacting (tight-binding) case (U =0)

E = �
p

1 +�v2, �n = �2
�vp

1 +�v2
(U=0) (4)

which is given by the blue curve in the figure. We see from
the figure that, on a broad scale, E ⇡ �(�v�U)⇥(�v�
U). Explicit formulas exist for all the excited-state energies,
wavefunctions, and densities also. Approximations in
many di↵erent limits are given in the many appendices of
Reference [25].

We can also extract any other property we wish from the
analytic solution, such as the one-electron density (here the
occupations). Fig. 3 shows the ground-state density as a
function of �v for several values of U. For any U, n2 = n1

when �v = 0. The blue line is essentially the tight-binding
solution. In that case, as �v increases, the occupation
di↵erence rapidly increases towards 2. Then, as we turn on
U, this increase becomes less and less rapid. By the time U
reaches 10, the occupations remain close to balanced until
�v becomes close to 10, when (on the scale of �v), it
rapidly flips to close to 2.

FIG. 3. Ground-state occupation of the Hubbard dimer as
function of �v for several values of U.

Takeaway: We take the 2-site Hubbard model as
our Hamiltonian, and apply DFT concepts directly
to it. Here, it is not a simple model for a more
realistic Hamiltonian. Analytic solutions are trivial,
and we can plot any properties we wish.

2. DENSITY FUNCTIONAL THEORY

We have now defined the machinery required to
understand the central theorems of DFT through the lens
of the Hubbard dimer. The theorems discussed in this
section, like their real-space counterparts, are exact and
apply directly to ground-state calculations (we will cover
time-dependent DFT later). Most DFT calculations are
used to determine the ground-state electronic energy of
a system, or more specifically, determine the energy of a
system as a function of nuclear coordinates. In this section,
we will discuss the underlying principles of these calculations
by examining their role at the most fundamental level, in
their simplest form.
The Hohenberg-Kohn theorem[53] is actually three

theorems in sequence. These were proved in a simple
proof-by-contradiction argument based on the Rayleigh-Ritz
variational principle for the wavefunction. Later, the more
direct and more general constrained search approach was
given by Levy [54] and Lieb [13].

2.1. Hohenberg-Kohn I

HKI proves that the (usual) map of �v ! �n is
invertible, i.e., �n is a single-valued function of �v for
a given U. This is obvious from Fig. 3 (and its inversion,
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2.1 Hohenberg-Kohn I DFT on Hubbard Dimer

FIG. 4. Ground-state potential di↵erence as a function of �n
for several values of U .

Fig. 4), and in the TB case

�v =
�np

4��n2
(U=0). (5)

Fig. 4 is simply Fig. 3 drawn sideways, i.e., with x and y
axes reversed. Clearly, for any given value of U, there is a
unique �v.

A much-stated (but often out of context) corollary of
this is that all properties of the system are (implicitly)
functionals of n1. While this is true, almost all research in
DFT focuses on the ground-state energy functional, because
it is so useful, and we have few useful approximations
for others (e.g., for the first excited-state energy, but see
discussion in TDDFT section). Recently, machine learning
methods have been trained to find some of these other
functionals [55, 56].

2.2. Hohenberg-Kohn II

HKII states that the function below exists and is
independent of �v:

FU(n1) = min
 !n1

h |T̂ + V̂ee| i = max
�v

⇢
E(�v)��v�n/2

�
.

(6)

where the minimum is over all antisymmetrized normalized
2-electron wavefunctions whose occupation of site 1 is n1.
The middle expression is the constrained search definition
due to Levy [57]. The rightmost form is due to Lieb [13].
Either definition works here. This FU functional was termed
universal by HK, by which they simply meant that it does
not depend on the �v of your given system, i.e., it is a
pure density functional. The phrase, often appearing in the
literature, that F is a universal functional, is not meaningful.

Although one can write analytic formulas for the ground-
state energy for the dimer, there is no explicit analytic
formula for F. It is trivial to calculate F numerically and
F is shown in the Fig. 5. In the special case of U = 0, it is

FIG. 5. Universal part of the energy function(al) of a Hubbard
dimer as a function of n1 for several values of U. As U
increases, F tends to U |1�n1|.

easy,

FU=0(n1) = TS(n1) = �
p

n1(2� n1). (7)

Here we have attached the subscript S to remind us that
U = 0, so this is the kinetic energy function for a single
Slater determinant, and is indistinguishable from the blue
line of Fig. 5.

2.3. Hohenberg-Kohn III

HKIII states that there is a variational principle for the
ground-state energy directly in terms of the density alone:

E(�v) = min
n1

⇢
FU(n1) +�v�n/2

�
. (8)

This bypasses all the di�culties of approximating the
wavefunction (but of course buries them in the definition
of FU). Usually, the minimum can be found from the Euler
equation

dFU(n1)

dn1
� �v

2
= 0, (9)

and the unique n1(�v) is the one that satisfies this
equation.
This allows us to find a solution to the many-body

problem, without ever calculating the wavefunction. Given
an expression for FU(n1), either exact or approximate, for
any value of �v, one can solve Eq. (9) above to find the
corresponding �v (exact or approximate) and insert into
Eq. (8) to find the energy. Any approximation to F (n1)

provides approximate solutions to all many body problems
(every value of �v).

5

1.2 Hubbard dimer DFT on Hubbard Dimer

FIG. 2. Exact ground-state energy of the Hubbard dimer
as a function of �v for several values of U. The qualitative
behavior changes as �v passes through U.

state energy [25] is shown in Fig. 2. Simple limits include
the symmetric case

E = �
p
1 + (U/2)2 + U/2, �n = 0 SYM (3)

An expansion of the square root in the symmetric case
in powers of U has a radius of convergence of 2, while
the opposite expansion in 1/U has a radius of 1/2. Thus
there is a well-defined critical point at U =2, below which
perturbation in the electron-electron coupling strength
converges, i.e., the system is weakly correlated, and above
which it is strongly correlated. Another simple limit is the
non-interacting (tight-binding) case (U =0)

E = �
p

1 +�v2, �n = �2
�vp

1 +�v2
(U=0) (4)

which is given by the blue curve in the figure. We see from
the figure that, on a broad scale, E ⇡ �(�v�U)⇥(�v�
U). Explicit formulas exist for all the excited-state energies,
wavefunctions, and densities also. Approximations in
many di↵erent limits are given in the many appendices of
Reference [25].

We can also extract any other property we wish from the
analytic solution, such as the one-electron density (here the
occupations). Fig. 3 shows the ground-state density as a
function of �v for several values of U. For any U, n2 = n1

when �v = 0. The blue line is essentially the tight-binding
solution. In that case, as �v increases, the occupation
di↵erence rapidly increases towards 2. Then, as we turn on
U, this increase becomes less and less rapid. By the time U
reaches 10, the occupations remain close to balanced until
�v becomes close to 10, when (on the scale of �v), it
rapidly flips to close to 2.

FIG. 3. Ground-state occupation of the Hubbard dimer as
function of �v for several values of U.

Takeaway: We take the 2-site Hubbard model as
our Hamiltonian, and apply DFT concepts directly
to it. Here, it is not a simple model for a more
realistic Hamiltonian. Analytic solutions are trivial,
and we can plot any properties we wish.

2. DENSITY FUNCTIONAL THEORY

We have now defined the machinery required to
understand the central theorems of DFT through the lens
of the Hubbard dimer. The theorems discussed in this
section, like their real-space counterparts, are exact and
apply directly to ground-state calculations (we will cover
time-dependent DFT later). Most DFT calculations are
used to determine the ground-state electronic energy of
a system, or more specifically, determine the energy of a
system as a function of nuclear coordinates. In this section,
we will discuss the underlying principles of these calculations
by examining their role at the most fundamental level, in
their simplest form.
The Hohenberg-Kohn theorem[53] is actually three

theorems in sequence. These were proved in a simple
proof-by-contradiction argument based on the Rayleigh-Ritz
variational principle for the wavefunction. Later, the more
direct and more general constrained search approach was
given by Levy [54] and Lieb [13].

2.1. Hohenberg-Kohn I

HKI proves that the (usual) map of �v ! �n is
invertible, i.e., �n is a single-valued function of �v for
a given U. This is obvious from Fig. 3 (and its inversion,

4



Weak and strong correlation
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in the next section.
However, these are not explicit functionals of the density,

but rather they are post-calculation corrections to a stan-
dard TDDFT calculation with an adiabatic kernel. To con-
vert them to density functionals, we express x as a function
of ⇢ by using the relationship x = �@f/@⇢ and the ground-
state density functional F(⇢, u) described in Appendix C 2.
We expand the functional in powers of u as described in
Appendix C 2 a and find

x '
⇢

r
+ ⇢u+

5

8
⇢ r

3
u
2 +

1

4
⇢ r

2
�
1� 4 ⇢2

�
u
3
. (34)

where r =
p
1� ⇢2. This is then used to eliminate x in

Eqs. (33) power by power, yielding:

a
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D. When is a system strongly correlated?

In this section, we discuss the concept of strong correla-
tion in the context of density functional theory, with special
emphasis on the di↵erences from many-body theory. The
key point is that, because the exact KS system reproduces
the exact density of the system, even when correlations are
strong, it can be a much closer mimic of the true system
than the traditional many-body starting point, namely a
self-consistent Hartree-Fock approximation, depending on
what property is of interest. For example, when correlations
are strong, the lowest-energy self-consistent HF approxima-
tion breaks spin symmetry (the unrestricted solution, UHF),
whereas the KS wavefunction always remains a singlet, no
matter how strong correlation is (using the exact ground-
state functional). Thus the greatest di↵erences occur just
as correlations become strong.

The first issue to address is how to decide when our dimer
is strongly correlated. The most studied case is the symmet-
ric case (x = 0). Here, it is clear that a Taylor expansion in
small u has a radius of convergence of u = 2 (branch cut at
u = 2i), while a similar expansion in 1/u also converges up
to 1/2. Thus u = 2 is very definitively the dividing point
between weak and strong correlation.

But DFT is primarily concerned with inhomogeneous sys-
tems, which for our dimer means asymmetry, so our defini-
tion must be generalized to all values of x. When the poten-
tial is highly asymmetric, does this categorization change?
In fact, it does so, in an extremely important fashion.

In Fig. 7, we plot a contour of the square overlap of
the exact ground-state KS wavefunction with the exact in-
teracting wavefunction as a function of z̄ and ū. We have
chosen the value

p
3/2 ⇡ 0.86, as this yields precisely u = 2

(ū = 1/
p
2) when x = 0. We have also colored in the re-

gion where Mott-Hubbard physics dominates (dark blue)

FIG. 7: Physical regimes in the Hubbard dimer: Dark blue is
the pure Mott-Hubbard regime (limited error of approxima-
tions around MH limit), while pale blue is the pure weakly
correlated regime (limited error of appoximation about the
WC limit). The solid black line is the contour of 86% overlap
between the many-body and Kohn-Sham wavefunctions.

and the region where weak correlation approximations work
(pale blue). These will be quantified below. For now, the
important lessons of Fig. 7 are first that most of the phase
diagram is colored pale blue and second that the variable
on the x-axis is x/u, i.e., the asymmetry divided by the in-
teraction. In fact, if this ratio is greater than 1, the dimer
is always weakly correlated, i.e., the black borderline never
crosses x = u, no matter how strong the interaction. (The
edge of the pale blue region simply delineates a contour of
finite error for the WC approximation, as described below).
This is because, in the ground state, both electrons sit on
one site, despite the strength of the interaction.

E. Mott-Hubbard regime and expansions

To capture the physics described above, we introduce a
new variable

z =
x

u
=

�v

U
. (36)

This is the onsite potential di↵erence, but measured on the
scale of the interaction. We show below that this is a more
useful variable than x in considering strong correlation. A
similar variable was used in Ref. [76] in their analysis of a
Hubbard model of LiF. We also define the reduced variables,

ū =
u

p
4 + u2

, z̄ =
z

p
1 + z2

(37)

that run from zero to one as u and x span their whole range
from zero to infinity. Here, u = 2 corresponds to ū = 1/

p
2,

while x = u corresponds to z̄ = 1/
p
2.
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FIG. 4. Ground-state potential di↵erence as a function of �n
for several values of U .

Fig. 4), and in the TB case

�v =
�np

4��n2
(U=0). (5)

Fig. 4 is simply Fig. 3 drawn sideways, i.e., with x and y
axes reversed. Clearly, for any given value of U, there is a
unique �v.

A much-stated (but often out of context) corollary of
this is that all properties of the system are (implicitly)
functionals of n1. While this is true, almost all research in
DFT focuses on the ground-state energy functional, because
it is so useful, and we have few useful approximations
for others (e.g., for the first excited-state energy, but see
discussion in TDDFT section). Recently, machine learning
methods have been trained to find some of these other
functionals [55, 56].

2.2. Hohenberg-Kohn II

HKII states that the function below exists and is
independent of �v:

FU(n1) = min
 !n1

h |T̂ + V̂ee| i = max
�v

⇢
E(�v)��v�n/2

�
.

(6)

where the minimum is over all antisymmetrized normalized
2-electron wavefunctions whose occupation of site 1 is n1.
The middle expression is the constrained search definition
due to Levy [57]. The rightmost form is due to Lieb [13].
Either definition works here. This FU functional was termed
universal by HK, by which they simply meant that it does
not depend on the �v of your given system, i.e., it is a
pure density functional. The phrase, often appearing in the
literature, that F is a universal functional, is not meaningful.

Although one can write analytic formulas for the ground-
state energy for the dimer, there is no explicit analytic
formula for F. It is trivial to calculate F numerically and
F is shown in the Fig. 5. In the special case of U = 0, it is

FIG. 5. Universal part of the energy function(al) of a Hubbard
dimer as a function of n1 for several values of U. As U
increases, F tends to U |1�n1|.

easy,

FU=0(n1) = TS(n1) = �
p

n1(2� n1). (7)

Here we have attached the subscript S to remind us that
U = 0, so this is the kinetic energy function for a single
Slater determinant, and is indistinguishable from the blue
line of Fig. 5.

2.3. Hohenberg-Kohn III

HKIII states that there is a variational principle for the
ground-state energy directly in terms of the density alone:

E(�v) = min
n1

⇢
FU(n1) +�v�n/2

�
. (8)

This bypasses all the di�culties of approximating the
wavefunction (but of course buries them in the definition
of FU). Usually, the minimum can be found from the Euler
equation

dFU(n1)

dn1
� �v

2
= 0, (9)

and the unique n1(�v) is the one that satisfies this
equation.
This allows us to find a solution to the many-body

problem, without ever calculating the wavefunction. Given
an expression for FU(n1), either exact or approximate, for
any value of �v, one can solve Eq. (9) above to find the
corresponding �v (exact or approximate) and insert into
Eq. (8) to find the energy. Any approximation to F (n1)

provides approximate solutions to all many body problems
(every value of �v).
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1.2 Hubbard dimer DFT on Hubbard Dimer

FIG. 2. Exact ground-state energy of the Hubbard dimer
as a function of �v for several values of U. The qualitative
behavior changes as �v passes through U.

state energy [25] is shown in Fig. 2. Simple limits include
the symmetric case

E = �
p
1 + (U/2)2 + U/2, �n = 0 SYM (3)

An expansion of the square root in the symmetric case
in powers of U has a radius of convergence of 2, while
the opposite expansion in 1/U has a radius of 1/2. Thus
there is a well-defined critical point at U =2, below which
perturbation in the electron-electron coupling strength
converges, i.e., the system is weakly correlated, and above
which it is strongly correlated. Another simple limit is the
non-interacting (tight-binding) case (U =0)

E = �
p

1 +�v2, �n = �2
�vp

1 +�v2
(U=0) (4)

which is given by the blue curve in the figure. We see from
the figure that, on a broad scale, E ⇡ �(�v�U)⇥(�v�
U). Explicit formulas exist for all the excited-state energies,
wavefunctions, and densities also. Approximations in
many di↵erent limits are given in the many appendices of
Reference [25].

We can also extract any other property we wish from the
analytic solution, such as the one-electron density (here the
occupations). Fig. 3 shows the ground-state density as a
function of �v for several values of U. For any U, n2 = n1

when �v = 0. The blue line is essentially the tight-binding
solution. In that case, as �v increases, the occupation
di↵erence rapidly increases towards 2. Then, as we turn on
U, this increase becomes less and less rapid. By the time U
reaches 10, the occupations remain close to balanced until
�v becomes close to 10, when (on the scale of �v), it
rapidly flips to close to 2.

FIG. 3. Ground-state occupation of the Hubbard dimer as
function of �v for several values of U.

Takeaway: We take the 2-site Hubbard model as
our Hamiltonian, and apply DFT concepts directly
to it. Here, it is not a simple model for a more
realistic Hamiltonian. Analytic solutions are trivial,
and we can plot any properties we wish.

2. DENSITY FUNCTIONAL THEORY

We have now defined the machinery required to
understand the central theorems of DFT through the lens
of the Hubbard dimer. The theorems discussed in this
section, like their real-space counterparts, are exact and
apply directly to ground-state calculations (we will cover
time-dependent DFT later). Most DFT calculations are
used to determine the ground-state electronic energy of
a system, or more specifically, determine the energy of a
system as a function of nuclear coordinates. In this section,
we will discuss the underlying principles of these calculations
by examining their role at the most fundamental level, in
their simplest form.
The Hohenberg-Kohn theorem[53] is actually three

theorems in sequence. These were proved in a simple
proof-by-contradiction argument based on the Rayleigh-Ritz
variational principle for the wavefunction. Later, the more
direct and more general constrained search approach was
given by Levy [54] and Lieb [13].

2.1. Hohenberg-Kohn I

HKI proves that the (usual) map of �v ! �n is
invertible, i.e., �n is a single-valued function of �v for
a given U. This is obvious from Fig. 3 (and its inversion,

4
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2.1 Hohenberg-Kohn I DFT on Hubbard Dimer

FIG. 4. Ground-state potential di↵erence as a function of �n
for several values of U .

Fig. 4), and in the TB case

�v =
�np

4��n2
(U=0). (5)

Fig. 4 is simply Fig. 3 drawn sideways, i.e., with x and y
axes reversed. Clearly, for any given value of U, there is a
unique �v.

A much-stated (but often out of context) corollary of
this is that all properties of the system are (implicitly)
functionals of n1. While this is true, almost all research in
DFT focuses on the ground-state energy functional, because
it is so useful, and we have few useful approximations
for others (e.g., for the first excited-state energy, but see
discussion in TDDFT section). Recently, machine learning
methods have been trained to find some of these other
functionals [55, 56].

2.2. Hohenberg-Kohn II

HKII states that the function below exists and is
independent of �v:

FU(n1) = min
 !n1

h |T̂ + V̂ee| i = max
�v

⇢
E(�v)��v�n/2

�
.

(6)

where the minimum is over all antisymmetrized normalized
2-electron wavefunctions whose occupation of site 1 is n1.
The middle expression is the constrained search definition
due to Levy [57]. The rightmost form is due to Lieb [13].
Either definition works here. This FU functional was termed
universal by HK, by which they simply meant that it does
not depend on the �v of your given system, i.e., it is a
pure density functional. The phrase, often appearing in the
literature, that F is a universal functional, is not meaningful.

Although one can write analytic formulas for the ground-
state energy for the dimer, there is no explicit analytic
formula for F. It is trivial to calculate F numerically and
F is shown in the Fig. 5. In the special case of U = 0, it is

FIG. 5. Universal part of the energy function(al) of a Hubbard
dimer as a function of n1 for several values of U. As U
increases, F tends to U |1�n1|.

easy,

FU=0(n1) = TS(n1) = �
p

n1(2� n1). (7)

Here we have attached the subscript S to remind us that
U = 0, so this is the kinetic energy function for a single
Slater determinant, and is indistinguishable from the blue
line of Fig. 5.

2.3. Hohenberg-Kohn III

HKIII states that there is a variational principle for the
ground-state energy directly in terms of the density alone:

E(�v) = min
n1

⇢
FU(n1) +�v�n/2

�
. (8)

This bypasses all the di�culties of approximating the
wavefunction (but of course buries them in the definition
of FU). Usually, the minimum can be found from the Euler
equation

dFU(n1)

dn1
� �v

2
= 0, (9)

and the unique n1(�v) is the one that satisfies this
equation.
This allows us to find a solution to the many-body

problem, without ever calculating the wavefunction. Given
an expression for FU(n1), either exact or approximate, for
any value of �v, one can solve Eq. (9) above to find the
corresponding �v (exact or approximate) and insert into
Eq. (8) to find the energy. Any approximation to F (n1)

provides approximate solutions to all many body problems
(every value of �v).
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functionals of n1. While this is true, almost all research in
DFT focuses on the ground-state energy functional, because
it is so useful, and we have few useful approximations
for others (e.g., for the first excited-state energy, but see
discussion in TDDFT section). Recently, machine learning
methods have been trained to find some of these other
functionals [55, 56].
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HKII states that the function below exists and is
independent of �v:
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Either definition works here. This FU functional was termed
universal by HK, by which they simply meant that it does
not depend on the �v of your given system, i.e., it is a
pure density functional. The phrase, often appearing in the
literature, that F is a universal functional, is not meaningful.

Although one can write analytic formulas for the ground-
state energy for the dimer, there is no explicit analytic
formula for F. It is trivial to calculate F numerically and
F is shown in the Fig. 5. In the special case of U = 0, it is
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Here we have attached the subscript S to remind us that
U = 0, so this is the kinetic energy function for a single
Slater determinant, and is indistinguishable from the blue
line of Fig. 5.

2.3. Hohenberg-Kohn III

HKIII states that there is a variational principle for the
ground-state energy directly in terms of the density alone:

E(�v) = min
n1

⇢
FU(n1) +�v�n/2

�
. (8)

This bypasses all the di�culties of approximating the
wavefunction (but of course buries them in the definition
of FU). Usually, the minimum can be found from the Euler
equation

dFU(n1)

dn1
� �v

2
= 0, (9)

and the unique n1(�v) is the one that satisfies this
equation.
This allows us to find a solution to the many-body

problem, without ever calculating the wavefunction. Given
an expression for FU(n1), either exact or approximate, for
any value of �v, one can solve Eq. (9) above to find the
corresponding �v (exact or approximate) and insert into
Eq. (8) to find the energy. Any approximation to F (n1)

provides approximate solutions to all many body problems
(every value of �v).
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Takeaway: The HK theorems prove the existence
of an exact variational principle for the ground-state
energy based on the density, not the wavefunction,
but give no information on how to approximate it.
This is an (almost) useless statement in practice.
But to any unbeliever in DFT, one can always tell
them (to go look at) FU.

3. KOHN-SHAM DFT

The original DFT, called Thomas-Fermi theory [58, 59],
tried to approximate FU(n1) directly, but such direct
approximations have never been accurate enough for most
electronic structure calculations. A tremendous step
forward occurred when Kohn and Sham considered a
fictitious system of non-interacting fermions with the same
ground-state density as the true many-body one [60]. In
our case, this is just the TB problem, for which we already
have explicit solutions.

They wrote the F function in terms of quantities that
could easily be calculated in such a system:

FU(n1) = TS(n1) + UH(n1) + EXC(n1). (10)

Here, TS is just the TB hopping energy of Eq. (4), and
the Hartree energy is just the mean-field electron-electron
repulsion

UH =
U

2

�
n
2
1 + n

2
2

�
, (11)

which is an explicit function of the occupations. Then EXC,
the exchange-correlation (XC) energy (about which, much
more, later) is simply everything else, i.e., EXC is defined
by Eq. (10). It is then trivial to show, from the Euler
equation, that the TB potentials that will reproduce the
exact occupations are

vS,i = vi + Uni +
@EXC

@ni
. (12)

The first correction to vi is the Hartree potential, while the
second is the XC potential. These KS TB equations must
be solved self-consistently, as the potentials depend on the
occupations. Once converged, the final densities can be
used to extract the total energy of the MB system, via

E = TS+UH+EXC+V = "�UH+EXC��vXC�n/2 , (13)

where " is the eigenvalue in the TB KS calculation. Again,
just like in the HK case, once EXC(n1) is given (either
approximate or exact), the KS equations can be solved
for any electronic system and a ground-state energy and
occupation extracted.

The wondrous improvement due to the KS scheme is
that only a small fraction of the total energy (the XC
part) need be approximated. Many of the most important

FIG. 6. KS DFT view of an asymmetric half-filled Hubbard
dimer as a function of U . The on-site potential di↵erence �v
is shown in black and the KS on-site potential di↵erence �vS

is in red.

quantum e↵ects, such as screening, shell structure, binding
energies, etc. are mostly accounted for by the quantum
e↵ects of the one-body system. Finally, a very simple,
intuitive approximation suggested by KS themselves (the
local density approximation (LDA) [50, 61]) produced far
better results than they expected (but with binding energy
errors too large for quantum chemistry taste).
Fig. 6 gives us some sense of how this works, for �v = 1.

Then, if U = 0, most occupation is on the left. For U = 2,
the repulsion makes the occupations more equal. The KS
potential is simply that TB potential that produces those
(many-body) occupations. So it must be a smaller potential
di↵erence than the real potential. One can see that the
Hartree potential will typically overestimate repulsion, while
XC corrects that to give the exact answer. Finally, when U

is ramped up to 5, the occupations become very close to
equal, and the KS potential di↵erence becomes very small.
Traditionally, EXC is separated into an exchange and a

correlation contribution. The exchange contribution is then
defined as

EX = h�S|V̂ee|�Si � UH, (14)

where �S is the KS wavefunction, and EX is always negative.
Then one can show correlation is just

EC = h |Ĥ| i � h�S|Ĥ|�Si (15)

and, by the variational principle, is also never positive.
These definitions (almost) match those of quantum
chemistry [62], except that in KS-DFT, all orbitals come
from a single potential, while in HF orbitals are freely
chosen to minimize the HF energy. But there are some
surprises relative to the traditional many-body expansion.
For example, because of the definitions, EX includes some
‘self-exchange’, i.e., it is non-zero even for a single electron
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Takeaway: The HK theorems prove the existence
of an exact variational principle for the ground-state
energy based on the density, not the wavefunction,
but give no information on how to approximate it.
This is an (almost) useless statement in practice.
But to any unbeliever in DFT, one can always tell
them (to go look at) FU.

3. KOHN-SHAM DFT

The original DFT, called Thomas-Fermi theory [58, 59],
tried to approximate FU(n1) directly, but such direct
approximations have never been accurate enough for most
electronic structure calculations. A tremendous step
forward occurred when Kohn and Sham considered a
fictitious system of non-interacting fermions with the same
ground-state density as the true many-body one [60]. In
our case, this is just the TB problem, for which we already
have explicit solutions.

They wrote the F function in terms of quantities that
could easily be calculated in such a system:

FU(n1) = TS(n1) + UH(n1) + EXC(n1). (10)

Here, TS is just the TB hopping energy of Eq. (4), and
the Hartree energy is just the mean-field electron-electron
repulsion
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which is an explicit function of the occupations. Then EXC,
the exchange-correlation (XC) energy (about which, much
more, later) is simply everything else, i.e., EXC is defined
by Eq. (10). It is then trivial to show, from the Euler
equation, that the TB potentials that will reproduce the
exact occupations are

vS,i = vi + Uni +
@EXC

@ni
. (12)

The first correction to vi is the Hartree potential, while the
second is the XC potential. These KS TB equations must
be solved self-consistently, as the potentials depend on the
occupations. Once converged, the final densities can be
used to extract the total energy of the MB system, via

E = TS+UH+EXC+V = "�UH+EXC��vXC�n/2 , (13)

where " is the eigenvalue in the TB KS calculation. Again,
just like in the HK case, once EXC(n1) is given (either
approximate or exact), the KS equations can be solved
for any electronic system and a ground-state energy and
occupation extracted.

The wondrous improvement due to the KS scheme is
that only a small fraction of the total energy (the XC
part) need be approximated. Many of the most important

FIG. 6. KS DFT view of an asymmetric half-filled Hubbard
dimer as a function of U . The on-site potential di↵erence �v
is shown in black and the KS on-site potential di↵erence �vS

is in red.

quantum e↵ects, such as screening, shell structure, binding
energies, etc. are mostly accounted for by the quantum
e↵ects of the one-body system. Finally, a very simple,
intuitive approximation suggested by KS themselves (the
local density approximation (LDA) [50, 61]) produced far
better results than they expected (but with binding energy
errors too large for quantum chemistry taste).
Fig. 6 gives us some sense of how this works, for �v = 1.

Then, if U = 0, most occupation is on the left. For U = 2,
the repulsion makes the occupations more equal. The KS
potential is simply that TB potential that produces those
(many-body) occupations. So it must be a smaller potential
di↵erence than the real potential. One can see that the
Hartree potential will typically overestimate repulsion, while
XC corrects that to give the exact answer. Finally, when U

is ramped up to 5, the occupations become very close to
equal, and the KS potential di↵erence becomes very small.
Traditionally, EXC is separated into an exchange and a

correlation contribution. The exchange contribution is then
defined as
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(where EX is �UH and EC = 0). DFT approximations
which do not satisfy these conditions for all one-electron
densities are said to have self-interaction errors [63].
Moreover, ‘higher-order exchange e↵ects’ are all lumped
into the correlation energy. In any event, for our 2-electron
problem, in a spin singlet, EX = �UH/2, but no simple
relation exists for larger N.

The traditional Hartree-Fock approximation comes from
expanding the electron-electron interaction to first order,
which means neglecting EC, and then minimizing the
energy. In full DFT terms, for our 2-electron system,

F
HF

= TS +
1

2
UH, (16)

or in KS-DFT terms

E
HF
XC

= �UH/2 . (17)

Thus, solving the TB equation self-consistently with
Eq. (17) produces the minimum for the total energy using
F

HF of Eq. (16).
In Fig. 7, we show the contributions to the KS potential

for a sequence of di↵erent U values, as a function of the
occupation. The e↵ect of repulsion is to always oppose
the potential di↵erence, making the KS potential di↵erence
smaller. In the first, U is small, and correlation is of order
U

2 (see Reference [25]). Thus the correlation contribution
is negligible (red and green overlap) and HF is an excellent
approximation. In the middle, U = 1 is moderate, and
now we begin to see the di↵erence correlation makes in the
potential. Moreover, its e↵ect is to make �vHXC deviate
from a straight line. Finally, for strong correlation, the
HXC potential (almost) exactly is equal and opposite to the
one-body potential. Again, the HX contribution has much
curvature, but now correlation wipes that out (almost)
entirely. Clearly, the HF approximation will be terrible
for the potential in this case, and yield entirely incorrect
densities. In fact, a lower-energy solution appears if one
allows spin symmetry breaking [64].

It is now relatively routine to calculate accurate KS
potentials from highly accurate densities found, e.g., via
quantum chemical methods [65]. In an insanely demanding
calculation, it is even possible to solve the KS equations
using the exact XC functional [66]. Convergence becomes
more di�cult as correlations grow stronger, but remains
possible [67].

Takeaway: The KS scheme is exact meaning that,
if we only knew the exact exchange-correlation
functional, we could determine the ground-state
energy exactly, of every electronic problem. There
are many existing calculations of the exact XC
potential. In practice, we must approximate XC, but
because XC is a small fraction of the total energy,
standard KS calculations are usefully accurate for
ground-state energies and densities.

FIG. 7. Plots of �vS (blue) and its components, the one-body
potential �v (black), the Hartree plus exchange potentials,
U�n/2 (red), and the same with correlation added, U�n/2+
�vC (green) plotted against n1 for various values of U .
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Comments

• Ground-state DFT is a machinery for extracting 
ground-state electronic energies 

• Almost all calculations use KS scheme plus 
approximate XC

• 99% of all applications of gs DFT are to find E 
as function of nuclear coordinates

• Even the density can be extracted from E
• Uses about 30% of NSERC’s supercomputers
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Then Egs does not match the true gap, even with the exact
XC functional[SP08; BGM13]. We write

Eg = Egs +�XC (70)

where �XC 6= 0, and is called the derivative discontinuity
contribution to the gap (for reasons that will be more appar-
ent later)[Pb85; Pb86]. In general, �XC appears to always
be positive, i.e., the KS gap is smaller than the true gap.
In semiconductors with especially small gaps, such as ger-
manium, approximate KS gaps are often zero, making the
material a band metal, but an insulator in reality. The classic
example of a chain of H atoms becoming a Mott-Hubbard
insulator when the bonds are stretched is demonstrated
unambiguously in Ref. [SWWB12].

While this mismatch occurs for all systems, it is especially
problematic for DFT calculations of insulating solids. For
molecules, one can (and does) calculate the gap (called the
chemical hardness in molecular systems[PY89]) by adding
and removing electrons. But with periodic boundary con-
ditions, there is no simple way to do this for solids. Even
with the exact functional, the KS gap does not match the
true gap, and there’s no easy way to calculate Eg in a
periodic code. In fact, popular approximations like LDA
and GGA mostly produce good approximations to the KS
gap, but yield �XC = 0 for solids. Thus there is no easy
way to extract a good approximation to the true gap in
such DFT calculations. The standard method for producing
accurate gaps for solids has long been to perform a GW
calculation[AG98], an approximate calculation of the Green’s
function, and read o↵ its gap. This works very well for
most weakly correlated materials[SKF06]. Such calculations
are now done in a variety of ways, but usually employ KS
orbitals from an approximate DFT calculation. Recently,
hybrid functionals like HSE06[HSE06] have been shown to
yield accurate approximate gaps to many systems, but these
gaps are a mixture of the quasiparticle (i.e., fundamental)
gap, and the KS gap. Their exchange component produces
the fundamental gap at the HF level, which is typically a
significant overestimate, which then compensates for the
‘too small’ KS gap. While this balance is unlikely to be
accidental, no general explanation has yet been given.

B. Hubbard dimer gap

For our half-filled Hubbard dimer, we can easily calculate
both the N±1-electron energies, the former via particle-hole
symmetry from the latter[CFb12]. In Fig. 11, we plot �I,
�A, ✏HOMO, and ✏LUMO for U = 1 when 2 t = 1, as a
function of �v. We see that A (and even sometimes I)
can be negative here. (This cannot happen for real-space
calculations, as electrons can always escape to infinity, so
a bound system always has A � 0.) The HOMO level is
always at �I according to Eq. (68) but the LUMO is not at
�A. Here it is smaller than �A, and we find this result for
all values of U and �v. The true gap is I �A, but the KS
gap is ✏LUMO + I, which is always smaller. Thus �XC � 0,
just as for real systems.

FIG. 11. Plot of �A, �I, ✏HOMO, and ✏LUMO as a function
of �v with U = 1 and 2 t = 1.

FIG. 12. Plot of �A, �I, ✏HOMO, and ✏LUMO as a function
of �v with U = 5 and 2 t = 1.

Fig. 11 is typical of weakly correlated systems, where �XC

is small but noticeable. In Fig. 12, we repeat the calculation
with U = 10 t, where now Eg � Egs at �v = 0, but we
still see the di↵erence become tiny when �v > U . In both
figures, �XC is the di↵erence between the red line and the
green dashed line. In all cases, �XC � 0, and this has always
been found to be true in real-space DFT, but has never been
proven in general.

C. Green’s functions

To end this section, we emphasize the di↵erence between
the KS and many-body approaches to this problem by cal-
culating their spectral functions[ORR02]. We define the
many-body retarded single-particle Green’s function as

Gij��0(t�t0) = �i ✓(t�t0)h 0|{ĉi�(t), ĉ†j�0(t0)} | 0i (71)
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pushes the two occupation numbers closer, and so their KS
on-site potential di↵erence is smaller. Again, the red curve
is larger in magnitude than the green, showing that HF does
not suppress the density di↵erence quite enough. In our final
panel, U = 20 t, and the e↵ects of strong correlation are
clear. Now there is a huge di↵erence between black and
blue curves. Because U is so strong, the density di↵erence is
close to zero for most n1, making the blue curve almost flat
except at the edges. In the KS scheme, this is achieved by
the red curve being almost flat, except for a sudden change
of sign near n1 = 1. These e↵ects give rise to the �vS

values shown in Fig. 2. This e↵ect is completely missed in
HF.

FIG. 10. Plot of �vC for di↵erent U and 2 t = 1.

To emphasize the role of correlation, in Fig. 10, we
plot the correlation potential alone, which is the di↵erence
between the red and green curves in Fig. 9. Values from
the blue curves for �v = 2 were used to make Fig. 2. �vC

is an odd function of n1. In the weak- and strong-coupling
limits we can write down simple expressions for �vC (see
B 2):

�vC ⇡ 5U2�n

32 t
(1� (�n/2)2)3/2 (U ⌧ 2 t) (61)

�vC ⇡ U(1� |�n/2|) sgn(�n) (U � 2 t). (62)

These correspond to the 1st and 4th panels in Fig. 10. For
small U , it is of order U2 (see B), and has little e↵ect. As
U increases, it becomes proportional to U , and becomes
almost linear in U , with a large step near n1 = 1. If we
now compare this figure with Fig. 8, we see that it is simply
the derivative of the previous EC(n1) curve, as stated in Eq.
(60).

The self-consistent KS equations, Eqs. (57) and (58),
have, in this case, precisely the same form as those of
restricted HF (or mean-field theory), Eqs. (26) and (36),
but with whatever additional dependence on n1 occurs due
to �vC(n1). When converged, the ground-state energy is
found simply from:

E(n1) = TS(n1) + Vext(n1) + UH(n1) + EXC(n1). (63)

The energy can alternatively be extracted from the KS orbital
energy via Eq. (16):

E = 2✏S + (EC ��vC�n/2� EHX), (64)

where the second term is the double-counting correction.
But note the crucial di↵erence here. We consider HF an
approximate solution to the many-body problem whereas
DFT, with the exact correlation function(al), yields the
exact energy and on-site occupation, but not the exact
wavefunction.

4. THE FUNDAMENTAL GAP

Now that we have carefully defined what exact KS DFT
is for this model, we immediately apply this knowledge to
investigate a thorny subject on the border of many-body
theory and DFT, namely the fundamental gap of a system.

A. Background in real space

Begin with the ionization energy of an N -electron system:

I = E(N � 1)� E(N) (65)

is the energy required to remove one electron entirely from
a system. We can then define the electron a�nity as the
energy gained by adding an electron to a system, which is
also equal to the ionization energy of the (N + 1)-electron
system:

A = E(N)� E(N + 1). (66)

In real-space, I and A � 0. For systems which do not bind
an additional electron, such as the He atom, A = 0. The
charge, or fundamental, gap of the system is then

Eg = I �A, (67)

and for many materials, Eg can be used to decide if they are
metals (Eg = 0) or insulators (Eg > 0)[K64]. The spectral
function of the single-particle Green’s function has a gap
equal to Eg. For Coulombic matter, Eg has always been
found to be non-negative, but no general proof has been
given.
Now we turn to the KS system of the N -electron sys-

tem. We denote the highest occupied (molecular) orbital as
✏HOMO and the lowest unoccupied one as ✏LUMO. Then the
DFT version of Koopmans’ theorem[PPLB82; PL83; SS83;
AP84; AB85; CVU10] shows that

✏HOMO = �I, (68)

by matching the decay of the density away from any finite
system in real space, in the interacting and KS pictures.
However, this condition applies only to the HOMO, not to
any other occupied orbitals, or unoccupied ones. The LUMO
level is not at �A, in general. Define the KS gap as

Egs = ✏LUMO � ✏HOMO. (69)
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blue curves. Because U is so strong, the density di↵erence is
close to zero for most n1, making the blue curve almost flat
except at the edges. In the KS scheme, this is achieved by
the red curve being almost flat, except for a sudden change
of sign near n1 = 1. These e↵ects give rise to the �vS

values shown in Fig. 2. This e↵ect is completely missed in
HF.

FIG. 10. Plot of �vC for di↵erent U and 2 t = 1.

To emphasize the role of correlation, in Fig. 10, we
plot the correlation potential alone, which is the di↵erence
between the red and green curves in Fig. 9. Values from
the blue curves for �v = 2 were used to make Fig. 2. �vC

is an odd function of n1. In the weak- and strong-coupling
limits we can write down simple expressions for �vC (see
B 2):

�vC ⇡ 5U2�n

32 t
(1� (�n/2)2)3/2 (U ⌧ 2 t) (61)

�vC ⇡ U(1� |�n/2|) sgn(�n) (U � 2 t). (62)

These correspond to the 1st and 4th panels in Fig. 10. For
small U , it is of order U2 (see B), and has little e↵ect. As
U increases, it becomes proportional to U , and becomes
almost linear in U , with a large step near n1 = 1. If we
now compare this figure with Fig. 8, we see that it is simply
the derivative of the previous EC(n1) curve, as stated in Eq.
(60).

The self-consistent KS equations, Eqs. (57) and (58),
have, in this case, precisely the same form as those of
restricted HF (or mean-field theory), Eqs. (26) and (36),
but with whatever additional dependence on n1 occurs due
to �vC(n1). When converged, the ground-state energy is
found simply from:

E(n1) = TS(n1) + Vext(n1) + UH(n1) + EXC(n1). (63)

The energy can alternatively be extracted from the KS orbital
energy via Eq. (16):

E = 2✏S + (EC ��vC�n/2� EHX), (64)

where the second term is the double-counting correction.
But note the crucial di↵erence here. We consider HF an
approximate solution to the many-body problem whereas
DFT, with the exact correlation function(al), yields the
exact energy and on-site occupation, but not the exact
wavefunction.

4. THE FUNDAMENTAL GAP

Now that we have carefully defined what exact KS DFT
is for this model, we immediately apply this knowledge to
investigate a thorny subject on the border of many-body
theory and DFT, namely the fundamental gap of a system.

A. Background in real space

Begin with the ionization energy of an N -electron system:

I = E(N � 1)� E(N) (65)

is the energy required to remove one electron entirely from
a system. We can then define the electron a�nity as the
energy gained by adding an electron to a system, which is
also equal to the ionization energy of the (N + 1)-electron
system:

A = E(N)� E(N + 1). (66)

In real-space, I and A � 0. For systems which do not bind
an additional electron, such as the He atom, A = 0. The
charge, or fundamental, gap of the system is then

Eg = I �A, (67)

and for many materials, Eg can be used to decide if they are
metals (Eg = 0) or insulators (Eg > 0)[K64]. The spectral
function of the single-particle Green’s function has a gap
equal to Eg. For Coulombic matter, Eg has always been
found to be non-negative, but no general proof has been
given.
Now we turn to the KS system of the N -electron sys-

tem. We denote the highest occupied (molecular) orbital as
✏HOMO and the lowest unoccupied one as ✏LUMO. Then the
DFT version of Koopmans’ theorem[PPLB82; PL83; SS83;
AP84; AB85; CVU10] shows that

✏HOMO = �I, (68)

by matching the decay of the density away from any finite
system in real space, in the interacting and KS pictures.
However, this condition applies only to the HOMO, not to
any other occupied orbitals, or unoccupied ones. The LUMO
level is not at �A, in general. Define the KS gap as

Egs = ✏LUMO � ✏HOMO. (69)
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Then Egs does not match the true gap, even with the exact
XC functional[SP08; BGM13]. We write

Eg = Egs +�XC (70)

where �XC 6= 0, and is called the derivative discontinuity
contribution to the gap (for reasons that will be more appar-
ent later)[Pb85; Pb86]. In general, �XC appears to always
be positive, i.e., the KS gap is smaller than the true gap.
In semiconductors with especially small gaps, such as ger-
manium, approximate KS gaps are often zero, making the
material a band metal, but an insulator in reality. The classic
example of a chain of H atoms becoming a Mott-Hubbard
insulator when the bonds are stretched is demonstrated
unambiguously in Ref. [SWWB12].

While this mismatch occurs for all systems, it is especially
problematic for DFT calculations of insulating solids. For
molecules, one can (and does) calculate the gap (called the
chemical hardness in molecular systems[PY89]) by adding
and removing electrons. But with periodic boundary con-
ditions, there is no simple way to do this for solids. Even
with the exact functional, the KS gap does not match the
true gap, and there’s no easy way to calculate Eg in a
periodic code. In fact, popular approximations like LDA
and GGA mostly produce good approximations to the KS
gap, but yield �XC = 0 for solids. Thus there is no easy
way to extract a good approximation to the true gap in
such DFT calculations. The standard method for producing
accurate gaps for solids has long been to perform a GW
calculation[AG98], an approximate calculation of the Green’s
function, and read o↵ its gap. This works very well for
most weakly correlated materials[SKF06]. Such calculations
are now done in a variety of ways, but usually employ KS
orbitals from an approximate DFT calculation. Recently,
hybrid functionals like HSE06[HSE06] have been shown to
yield accurate approximate gaps to many systems, but these
gaps are a mixture of the quasiparticle (i.e., fundamental)
gap, and the KS gap. Their exchange component produces
the fundamental gap at the HF level, which is typically a
significant overestimate, which then compensates for the
‘too small’ KS gap. While this balance is unlikely to be
accidental, no general explanation has yet been given.

B. Hubbard dimer gap

For our half-filled Hubbard dimer, we can easily calculate
both the N±1-electron energies, the former via particle-hole
symmetry from the latter[CFb12]. In Fig. 11, we plot �I,
�A, ✏HOMO, and ✏LUMO for U = 1 when 2 t = 1, as a
function of �v. We see that A (and even sometimes I)
can be negative here. (This cannot happen for real-space
calculations, as electrons can always escape to infinity, so
a bound system always has A � 0.) The HOMO level is
always at �I according to Eq. (68) but the LUMO is not at
�A. Here it is smaller than �A, and we find this result for
all values of U and �v. The true gap is I �A, but the KS
gap is ✏LUMO + I, which is always smaller. Thus �XC � 0,
just as for real systems.

FIG. 11. Plot of �A, �I, ✏HOMO, and ✏LUMO as a function
of �v with U = 1 and 2 t = 1.

FIG. 12. Plot of �A, �I, ✏HOMO, and ✏LUMO as a function
of �v with U = 5 and 2 t = 1.

Fig. 11 is typical of weakly correlated systems, where �XC

is small but noticeable. In Fig. 12, we repeat the calculation
with U = 10 t, where now Eg � Egs at �v = 0, but we
still see the di↵erence become tiny when �v > U . In both
figures, �XC is the di↵erence between the red line and the
green dashed line. In all cases, �XC � 0, and this has always
been found to be true in real-space DFT, but has never been
proven in general.

C. Green’s functions

To end this section, we emphasize the di↵erence between
the KS and many-body approaches to this problem by cal-
culating their spectral functions[ORR02]. We define the
many-body retarded single-particle Green’s function as

Gij��0(t�t0) = �i ✓(t�t0)h 0|{ĉi�(t), ĉ†j�0(t0)} | 0i (71)
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Spectral functions, real and KS
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3.3 Mind the gap DFT on Hubbard Dimer

FIG. 9. Spectral function of the symmetric dimer for U = 1
and �v = 0. The physical MB peaks are plotted in blue, the
KS in red. Here I = 0.1, A = �1.1, and "LU = 0.9.

FIG. 10. Same as Fig. 9, but now U = 5. Here I = �0.3,
A = �4.7, and "LU = 1.3. Note that the KS gap remains
unchanged by the alteration of U because �n = 0 in both
cases.

On the other hand, Fig. 10 shows the same system with
a larger U value. Now the strong KS peaks are not in the
right place and are noticeably too large. Moreover, the blue
peaks with no KS analogs are a substantial contribution.
Finally, in the inhomogeneous case, the potential asymmetry
overcomes the e↵ects of the Hubbard U. In Fig. 11, we see
that for �v = 2 and U = 1, the KS spectral function is
almost identical to the true one.
Lastly, we finish this section illustrating the relevance of

this discussion to the thermodynamic limit. The canonical
example of the Mott-Hubbard transition is a chain (or
lattice) of H atoms. Each atom has one electron, so the
bands of the KS potential are always half-filled, with no gap
at the Fermi energy. Thus the gap is always zero and the KS
band structure suggests it’s a metal. This may be true at

FIG. 11. Same as Fig. 9, but now U = 1, �v = 2. Here
I = 0.27, A = �1.27, and "LU = 1.25.

FIG. 12. Exact gaps for chains of N soft hydrogen atoms
with atomic separation b = 4 (error bars are less than symbol
sizes). The upper curve is a quadratic fit of exact gaps of the
largest six systems and extrapolates to a finite value Eg ⇡
0.33. The exact Kohn-Sham gaps, in contrast, extrapolate to
zero showing that for N ! 1 the true KS system is metallic
(lower curve is a linear fit of exact KS gaps of the largest six
systems). Taken from Reference [46].

moderate separations of the atoms, but as the separation
is increased, the electrons must localize on atoms, and it
must become a Mott insulator.
Fig. 12 shows the gap, calculated for chains of well-

separated 1D H atoms of increasing length [46]. By
performing the calculation with finite systems, i.e., without
periodic boundary conditions, we calculate the gap for each
N by adding and removing electrons, as in Eq. (20), and
then take the limit as N ! 1. On the other hand, we
extract the exact ground-state density from our DMRG
calculation at each N, and find the corresponding exact KS
potential for each N. We could then as easily extrapolate
the KS gap, from the HO and LU, showing that indeed
the KS gap vanishes in the thermodynamic limit – exactly

9



Most important point

• When system is strongly correlated, KS spectral 
function not close to physical Green’s function

• But all XC needs do is yield accurate energy 
differences

• So when KS spectral function ‘fails’, DFT may 
still be working fine.

• What has failed is the naïve picture of the KS  
excitations as quasiparticle excitations
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Important points

• KS-DFT is NOT mean-field theory
• The KS-band gap does not match charge gap, 

and is not supposed to
• KS transitions are NOT quasi-particle 

excitations
• TD-DFT shows how to correct KS transitions to 

OPTICAL excitations
• For weakly-correlated systems, KS transitions 

often interpreted as excitations, but that’s NOT 
based on DFT
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About other stuff

• DFT+U is outside first-principles DFT but, when 
used carefully and appropriately, is a good fix

• DMFT is not a first-principles scheme for real-
space Hamiltonians at the same level as DFT

• DMFT is an excellent approach to capturing 
moderately strong fluctuations

• The KS Hamiltonian is usually well-defined and 
is that unique single-particle Hamiltonian which 
has the exact ground-state density
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C. Electronic structure in 1d
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Importance of real-space H

• DFT approximations rely on H being real space
• Theorems can apply to lattice systems, but 

approximations do not transfer
• LDA is universal semiclassical limit of ALL 

electronic systems
• Expansion around limit is asymptotic and not  

captured by single GGA.
• Actually, in general HK fails on a lattice!  See 

Penz and van Leeuwen arXiv:2106.15370
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Electronic structure in 1d

• Much easier and faster in 1d
• Use DMRG to get essentially exact solution
• Use grid of about 20 points per atom
• Choose single exponential (mimicking soft-

Coulomb repulsion) for both e-e repulsion and 
e-nuc attraction

• Do DMRG on 1d uniform gas to find LDA
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Generic failures of DFT approximations

• As a bond is stretched, eventually break spin 
symmetry but yield correct dissociated limit

• Exact wavefunction and exact KS 
wavefunctions remain as singlets

• Happens with almost all other practical DFT 
approximations as they contain local 
components

• Problem worsens with H4 as now 4 broken 
symmetry solutions
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Prototype of Strong/static  correlation

0 1 2 3 4 5 6
-1.45

-1.40

-1.35

-1.30

-1.25

-1.20

-1.15

-1.10

R

E 0
HR
L DMRG

UHF
RHF
ULSDA
RLSDA

H2

Kieron Burke Theory Cond Matt 34

D
DLSDA



KS algorithm (standard)

Given n(r)

Construct 
Vxc[n](r) 

(easy)

Construct 
vs[n](r)

Solve KS 
eqns for 

orbitals and 
eigenvalues

Find 
n(r)=sum of 

orbitals2

Mix old and 
new 

densities.
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Example of long chains
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Three levels of application to DFT:

Level I: compare exact results to   
            DFT approximations

Level II: study the exact 
             Kohn-Sham system

Level III: self-consistent KS
              calculation with the
              exact functional

Tuesday, February 28, 12

One-Dimensional Continuum Electronic 
Structure with the Density-Matrix 
Renormalization Group and Its Implications 
for Density-Functional Theory E.M. 
Stoudenmire, Lucas O. Wagner, Steven R. 
White, Kieron Burke, Phys. Rev. Lett. 109, 
056402 (2012).



Mott-Hubbard gap

• Classic prototype of 
condensed matter

• Infinite chain of H atoms
• When lattice spacing is 

large, must be an 
insulator

• But with one electron 
per site, always a band 
metal

interacting system, the KS system is the unique noninter-
acting system with the same density [20].) In the thermo-
dynamic limit, the KS gaps extrapolate to zero, so that
the exact N ! 1 KS system is a metal. This is consistent
with the fact that each finite KS system in Fig. 3 has one
electron per unit cell and thus a half-filled band (in contrast
to the unrestricted LSDAwhich breaks spin symmetry for
this system).

The discrepancy between the KS and exact gap was long
ago identified [21] with the exchange-correlation deriva-
tive discontinuity in DFT: Eg ! !s " !XC, where !s is
the KS gap, that is, the energy difference between the
lowest unoccupied and highest occupied orbitals of the
neutral KS system. Approximate functionals such as
LSDA that are continuous in particle number miss this
effect entirely. The LSDA KS gaps are almost identical
to the exact ones shown in Fig. 3, but the LSDA funda-
mental gap drops from close to Eg for small N to near zero
at large N (details reported elsewhere).

Previous calculations have found !XC for semiconduc-
tors [22,23] with finite KS gaps !s, but our system’s gap is
entirely due to !XC, underscoring its importance for strong
correlation physics. Our results rely on no uncontrolled
approximations and so demonstrate unambiguously the
behavior of Mott insulators in DFT. Present DFT research
on this issue focuses on extracting accurate Eg from semi-
local functional calculations [24,25].

The onset of strong correlation with increasing bond
length is often identified with the Coulson-Fischer point
[26], where an unrestricted Hartree-Fock calculation spon-
taneously breaks spin symmetry. A different way to dis-
tinguish strong from weak correlation is through the
entanglement spectrum, readily accessible in DMRG.

Defining the left reduced density matrix !L!TrRj"ih"j,
where the trace is over all grid sites in the right half of the
system, the entanglement spectrum consists of the energies
of the entanglement Hamiltonian HE ! # ln!L [27]. The
most probable density matrix eigenstates are those in the
low ‘‘energy’’ part of the spectrum. By classifying these
states according to their particle numberNL, we can under-
stand the dominant quantum fluctuations of the ground
state. Figure 4 shows the entanglement spectrum at the
center of a series of four-atom chains with increasing
interatomic separation. A sharp crossover at b ’ 5:5, where
the probability for charge fluctuations drops below that
of pure spin fluctuations, signals the onset of strongly
correlated behavior.
Many oxide materials of current interest are too strongly

correlated for present DFT methods, but crucial properties
must be calculated to an accuracy far beyond that of simple
model Hamiltonians. The method described here provides
a new, alternative route to studying strongly correlated
systems. All existing approximations, from heuristic cor-
rections to standard functionals, such as LDA" U [28], to
methods developed for lattice models, such as dynamical
mean field theory [29], can be applied and tested more
easily, thoroughly, and accurately in the present setting.
Because our 1D world captures a feature crucial to density
functional approximations, namely, the continuum instead
of a lattice, such studies should provide the insight needed
to construct more accurate density functionals for real
strongly correlated materials.
We gratefully acknowledge DOE Grant No. DE-FG02-

08ER46496 (K. B., L. O.W., and S. R.W.) and NSF Grant
No. DMR-0907500 (E.M. S. and S. R.W.) for supporting
this work.
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Possible problems with KS calculations for strongly 
correlated systems

• Uniqueness of the KS potential
– No problem, because of HK

• Existence of KS potential
– Uniqueness does not guarantee existence, and 

neither HK nor Levy/Lieb prove this.
– Always find it exists for all systems we’ve looked at.

• Convergence
– Even if a unique KS exists, what if you can never find 

it?
– What if you get stuck in an endless limit cycle?
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Interacting inversion (insanity)
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FIG. 2. Arbitrary density inversion for non-interacting and
interacting potentials.

vS[n](r) and orbitals �j(r), we can evaluate functionals
such as TS[n] using Eq. (8).

Interacting inversions are rarely done, since they are
far more expensive than non-interacting inversions, and
require solving the many-body problem many times.
Only two-electron problems have been studied, in one
case to understand the adiabatic approximation within
TDDFT [24, 25] and in another to study the self-
interaction error within LDA [4]; though we have recently
studied four-electron systems [29]. The potential v[n](r),
which corresponds to the interacting system of electrons
with density n(r), can be found using the same algorithm
as for vS[n](r), though in step 1 we must solve an in-
teracting problem for the many-body wavefunction  (i)

rather than the non-interacting Schrödinger equation for

orbitals �
(i)
j (r). At the end of the inversion we obtain

 [n], the wavefunction which minimizes F [n] in Eq. (4),
allowing us to compute F [n] for that specific density.

To illustrate the theory behind KS-DFT, we solve in-
teracting systems using the density matrix renormaliza-
tion group (DMRG) [26, 27], which is the most e�-
cient wavefunction solver in 1d, capable of handling both
strong and weak correlation. We apply DMRG to model
1d continuum systems by discretizing space into Ng grid
points with a small grid spacing � [23, 45]. With this
method, we can invert 1d systems with over 100 elec-
trons [45]. For our model systems we employ a softened
Coulomb interaction between electrons [23, 24, 45–47]:

vee(u) = 1/
p

u2 + 1. (14)

Figure 2 shows a four-electron example of an interact-
ing inversion [48]. For some arbitrary density like this
one (meaning a density we would not find in nature), we
want to find the associated KS and interacting poten-
tials. This is the problem we encounter during the self-
consistent calculation of the KS equations. Since we ulti-

mately find  [n] at the end of the inversion, we can evalu-
ate F [n] (given soft-Coulomb interactions); likewise with
�j(r) we can obtain TS[n]. For the example density of
Fig. 2 we find F [n] = 3.07, TS[n] = 0.843, U [n] = 3.628,
so EXC[n] = �1.397. The XC energy is thus calculated
using simple energy di↵erences; and we obtain the XC
potential in the same way. We further describe these
matters in the next section.
To close this section, we describe our recipe for step

3 of the inversion algorithm. The idea is to build an
approximation for the density-density response matrix,
�, which determines how a small change in the potential
will change the density:

Z
d
3
r
0
�(r, r0) �v(r0) = �n(r). (15)

Restricting our attention to 1d, we recast this equation
as the matrix equation � �v = �n, where � is an (un-
known) Ng ⇥ Ng matrix, and �v, �n are vectors with
Ng components, where Ng is the number of grid-sites
in the system. A constant change in the potential (i.e.
�v = c1) will give zero change in the density (�n = 0),
and a constant change in the density (�n = c2) is impossi-
ble, since N is fixed. Therefore we consider orthonormal
basis functions for changes in the potential and density
which integrate to zero, encoded as columns in the ma-
trices W and M , respectively [49]. Within this basis, the
density-density response matrix can be approximated by
a smaller matrix, A:

� ⇡ MAW
T
. (16)

This factorization of the matrix � looks very much like
(and is inspired by) the singular value decomposition
(SVD) of �, which would give an exact breakdown of
� into optimal bases M and W , with A being diagonal.
We do not know � a priori, but an approximation to �

(or A) can be iteratively improved using a quasi-Newton
method (we use Broyden’s method [50]). We construct
appropriate basis vectors for M and W using orthonor-
malized di↵erences of trial densities from the target den-
sity. As A is refined, the bases M and W can be opti-
mized (if desired) by computing the SVD of A, a pro-
cedure which is also useful to compute A

�1, and thus
�
�1. The next trial potential for step 3 is determined

by: v
(i+1) = v

(i) + �
�1(n � n

(i)). Typically around 20
basis vectors in M and W are required to obtain a trial
density indistinguishable from the target density on the
scale of Fig. 2.

IV. RESULTS

We have now su�cient machinery to calculate the ex-
act exchange-correlation energy and potential for any
trial density, as encountered in the KS scheme. For con-
venience, we write EHXC[n] = U [n] + EXC[n], which can
be evaluated (using Eqs. (4) and (7)) as:

EHXC[n] = h [n]|{T̂ + V̂ee}| [n]i � TS[n]. (17)

• To find the purple 
line:
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Proof of convergence

• Lemma: 

• Oops: Already proven by Gritsenko and 
Baerends (2005) – see our erratum.

• Consequence:  take one step for some 
– dE/dl always < 0 at ends of curve
– Guarantees a minimum
– Can prove always converges for l < lc

– Assume Hilbert space finite
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negative as in Fig. 1(b), we show there is always a linear
combination of the input and output densities that lowers
the energy. By sufficiently damping each KS step, the
energy is always reduced each iteration, yielding the
ground-state density and energy to within a given tolerance
in a finite number of iterations.

The KS algorithm is designed to minimize the energy as
a functional of the electron density n!r". For an N-electron
system with a reasonable [21] external potential v!r", the
energy functional is [1]

Ev#n$ % TS#n$ &
Z

d3rn!r"v!r" & EHXC#n$; (1)

where TS#n$ is the kinetic energy of noninteracting (NI)
electrons having density n!r", and EHXC#n$ is the Hartree-
exchange-correlation (HXC) energy [22,23]. The KS equa-
tions are, in atomic units,

' 1

2
r2!j!r"& !v!r"&vHXC#n$!r""!j!r" % "j!j!r"; (2)

where vHXC#n$!r" % #EHXC#n$=#n!r" is the HXC poten-
tial, !j!r" are the electron orbitals, and "j are their eigen-
values. (In this work, we consider spin-unpolarized systems
for simplicity.) An output density n0!r" is found by doubly
occupying the lowest-energy orbitals

n0!r" % 2
X1

j%1

fjj!j!r"j2; (3)

where 0 ( fj ( 1 and
P

jfj % N=2. Fractional occupation
is only allowed for the highest occupied orbitals if they are
degenerate, where fj is chosen to minimize the difference
between n!r" and n0!r" [24].

Consider convergence of the following simple algo-
rithm. Given an input density n!r", solve the KS equations
to obtain the output density n0!r". Define

$ ) 1

N2

Z
d3r!n0!r" ' n!r""2: (4)

Choose some small #> 0, and if $< #, then the calcu-
lation has converged. Otherwise, the next input is

n%!r" % !1' %"n!r" & %n0!r"; (5)

for some %2!0;1$, and repeat. An ensemble-v-representable
n!r" is the ground-state density (or an ensemble mixture of
degenerate ground-state densities) for some local potential
v#n$!r" [26,27]. For NI electrons, this potential is vS#n$!r".
We call n!r" physical when both potentials exist, and we
require all n%!r" to be physical. We refer to a single iteration
of Eqs. (2)–(5) as one step of the KS algorithm. Taking
full steps with % % 1 does not usually lead to a fixed point.
But taking damped steps with %< 1 ensures the algorithm
converges, as we now prove.

Lemma.—Consider two finite [28] systems of N elec-
trons, with ground-state densities n!r", n0!r", and potentials
v#n$!r" ! v#n0$!r", by which we mean the potentials differ
by more than a constant. Then [9]

Z
d3r!v#n0$!r" ' v#n$!r""!n0!r" ' n!r""< 0: (6)

Proof.—Following Ref. [9], we apply the variational
principle. Since n!r" is the ground-state density of the
potential v#n$!r", we have Ev#n$#n$< Ev#n$#n0$, or

Z
d3rv#n$!r"!n!r" ' n0!r""<F#n0$ ' F#n$; (7)

where F#n$ ) TS#n$ & EHXC#n$. It is also true that
Ev#n0$#n0$< Ev#n0$#n$, so we may switch primes with
unprimes in Eq. (7). Adding the resulting equation to the
original yields Eq. (6). j
Note that the lemma is true for any interaction between

electrons, including none.
Theorem.—Given an arbitrary physical density n!r" as

input into the KS algorithm,

E0
v#n$ )

dEv#n%$
d%

!!!!!!!!%%0
( 0; (8)

where n%!r" is defined as in Eq. (5). If equality holds, then
n!r" is a stationary point of Ev#n$.
Proof.—Consider !Ev resulting from %!n!r" )

%!n0!r" ' n!r"" % n%!r" ' n!r". Then

E0
v#n$ %

Z
d3r

#Ev#n$
#n!r" !n!r": (9)

For a physical density, the functional derivative is [27]

#Ev#n$
#n!r" % 'vS#n$!r" & v!r" & vHXC#n$!r": (10)

Since v!r" & vHXC#n$!r" defines vS#n0$!r" [n0!r" is the
output density of Eq. (2)], we have

#Ev#n$
#n!r" % vS#n0$!r" ' vS#n$!r": (11)

Combining Eqs. (11) and (9) gives

E0
v#n$ %

Z
d3r!vS#n0$!r" ' vS#n$!r""!n0!r" ' n!r"": (12)

Two cases arise: if vS#n0$!r" ! vS#n$!r", use the lemma
applied to NI systems: then E0

v#n$ must be less than zero.
Otherwise, vS#n0$!r" % vS#n$!r", so both E0

v#n$ and the
rhs of Eq. (11) are zero, and n!r" is a stationary point
of Ev#n$. j
We illustrate the theorem in Fig. 1(b), where we plot

Ev#n%$ and its linear-response approximation for the input
density of Fig. 1(a).
Corollary 1.—The KS algorithm described above is

guaranteed to converge to a stationary point of the func-
tional, if (1) only physical densities are encountered,
(2) the energy functional is convex, and (3) appropriate
values for % are used, e.g., from the algorithm of Ref. [29],
because it is effectively a gradient-descent algorithm [30].
Corollary 2.—When using the exact functional, the KS

algorithm using appropriate %’s converges to the exact

PRL 111, 093003 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
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093003-2

Guaranteed Convergence of the Kohn-Sham 
Equations Lucas O. Wagner, E. M. 
Stoudenmire, Kieron Burke, Steven R. White, 
Phys. Rev. Lett. 111, 093003 (2013).



Conditional Probability DFT

where N is the number of electrons. Here 1 denotes both r1
and !1, the spatial and spin indices. The " dependence is the
coupling constant in KS DFT, where the repulsion is
multiplied by " but the one-body potential v"!r" is adjusted
to keep the ground-state density n!r" fixed [19]. The XC
energy is

EXC # 1

2

Z
1

0
d"

Z
d3r

Z
d3r0

n!r"!ñ"r!r0" ! n!r""
jr ! r0j

; !3"

with ñ"r!r0" ! n!r" being the "-dependent XC hole, defined
via the "-dependent generalization of Eq. (1). Setting " # 1
in Eq. (3) yields UXC, the potential contribution to XC. The
integral over " is called the adiabatic connection.
Denote v"$n%!r" as the one-body potential that yields the

unique ground-state density for electron repulsion
"=jr ! r0j. The conditional probability potential is

ṽ"!r0jr" # v$ñ"r%!r0" # v"$n%!r0" & !ṽ"r$n%!r0"; !4"

being the unique potential whose ground-state density for
Coulomb interacting electrons yields the exact "-dependent
CP density. The CPKS potential is found self-consistently:

ṽ"S!r0jr" # vS$ñ"r%!r0" # ṽ"!r0jr" & vHXC$ñ"r%!r0"; !5"

where vHXC is the Hartree-XC potential [1]. Knowledge of
the CP correction potential, !ṽ"r$n%!r0" in Eq. (4), allows a
self-consistent KS calculation for the exact CP density.
Uniqueness of the CP potential is guaranteed by the
Hohenberg-Kohn (HK) theorem. As ñ"r!r0" is non-negative,
normalized to N ! 1, and found from a wave function, it is
in the standard space of densities, for which we routinely
assume KS potentials exist [20,21].
The above equations are for pure density functionals, and

their analogs for spin-density functionals are straight-
forward (but cumbersome). Decades of research in DFT
can be applied to the study of CP densities and potentials,
yielding many exact conditions. For example, at " # 0
where the exchange hole is never positive,

ñ"#0
r !r0" " n!r0": !6"

The CP densities satisfy a complementarity principle:

ñ"r!r0" #
n!r0"
n!r"

ñ"r0!r"; !7"

which is Bayesian, and may be amenable to modern
machine-learning methods. The electron coalescence cusp
condition requires

!ñ"r!r; u"
!u

!!!!
u#0

# "ñ"r!r"; !8"

where u # r0 ! r and the left-hand side has been spheri-
cally averaged over r& u [22]. Using Ref. [23], write

""!1;…; N" #
"""""""""""
n!r1"
N

r
"̃"

r!2;…; N"; !9"

where "̃"
r is not antisymmetric under interchange of the

electrons, but is uniquely defined by Eq. (9), and ñ"r is its
density. For large r, Ref. [23] shows that "̃"

r becomes a
ground state of the N ! 1 particle system and its gradients
with respect to r vanish, yielding

!ṽ"r!#!r0" !
"

jr ! r0j
; !10"

i.e., the blue electron approximation becomes exact in
this limit.
For N # 1, ñ"r!r0" # 0, there is no self-interaction error

[24]. If N # 2, the CP density has just one electron:

#̃"
r!r0" #

""""""""""""
ñ"r!r0"

q
#

"""""""""
2

n!r"

s

""!r; r0"; !11"
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FIG. 1. CP (blue curve) and exact (black curve). (a) XC energy
per particle in uniform gas at increasing Wigner-Seitz radii (rs)
and T # 0, (b) binding energy curve for H2 (red is KS DFT using
PBE [14]), and (c) XC free energy per particle at rS # 1 as a
function of reduced temperature (TF is the Fermi temperature).
Exact from Ref. [17] in (a), Ref. [18] in (c). Hartree atomic units
used throughout. See supplemental materials for numerical
values.
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Bypassing the Energy Functional in Density Functional Theory: Direct Calculation of
Electronic Energies from Conditional Probability Densities

Ryan J. McCarty ,1 Dennis Perchak ,1 Ryan Pederson ,2 Robert Evans ,3 Yiheng Qiu,2

Steven R. White ,2 and Kieron Burke1,2,*
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Density functional calculations can fail for want of an accurate exchange-correlation approximation. The
energy can instead be extracted from a sequence of density functional calculations of conditional
probabilities (CP DFT). Simple CP approximations yield usefully accurate results for two-electron ions,
the hydrogen dimer, and the uniform gas at all temperatures. CP DFT has no self-interaction error for one
electron, and correctly dissociates H2, both major challenges. For warm dense matter, classical CP DFT
calculations can overcome the convergence problems of Kohn-Sham DFT.

DOI: 10.1103/PhysRevLett.125.266401

Modern electronic structure calculations usually focus
on finding accurate ground-state energies, as many pre-
dicted properties of a molecule or a material depend on this
ability [1]. Wave-function-based methods, such as coupled-
cluster theory [2,3] or quantum Monte Carlo [4,5], directly
yield energies. Kohn-Sham (KS) density functional theory
(DFT) [6] incorporates the many-electron problem into the
exchange-correlation (XC) energy, which must be approxi-
mated as a functional of spin densities. Hundreds of XC
functionals with distinct approximations are available in
standard codes [7], reflecting the tremendous difficulty in
finding general, accurate approximations. Recently, KS
DFT at finite temperatures [8] has been tremendously
successful in simulations of warm dense matter [9,10].
However, it inherits all the limitations of ground-state
approximations and becomes impossible to converge for
very high temperatures [11].
We propose an alternative to KS DFT, in which we

directly calculate conditional probability (CP) densities,
from which the energy can be calculated. This bypasses all
the difficulties of approximating the XC energy. The
electronic pair density can always be written as

P!r; r0" # n!r"ñr!r0"; !1"

where n!r" is the single particle density, and ñr!r0" is the
conditional probability density of finding an electron at r0,
given an electron at r. The standard exact KS potential of
DFT, vS$n%!r", is defined to yield n!r" in an effective
fermionic noninteracting problem [12]. A conditional
probability KS potential (CPKS), vS$ñr%!r0", yields ñr!r0"
from such a KS calculation with N ! 1 electrons. Because
standard KS DFT calculations usually yield accurate
densities [13], an accurate CPKS potential should yield

accurate XC energies. Unlike XC approximations built on
theories of the XC hole [14], here we calculate that hole.
Just as in traditional DFT, we construct a simple,

universal approximation for the CPKS potential from exact
conditions and the uniform gas. At large separations or high
temperatures, the CP potential reduces to adding 1=jr ! r0j
to the external potential, as if the missing electron were
classical. We call this a blue electron (i.e., distinguishable
from all others), recalling the Percus test particle of
classical statistical mechanics [15]. At small separations,
the electron-electron cusp condition [16] requires adding
only 1=2 this potential (due to the reduced mass). We
locally interpolate between these two universal limits with
representative results shown in Fig. 1. For the uniform gas
at zero temperature, our CP potential interpolation is
extremely accurate. We added a strong repulsion for
rS < 1, to recover the exchange limit. Figure 1(b) shows
the H2 binding curve, where the inclusion of the electron-
electron cusp is vital. Unlike semilocal DFT, CP DFT
dissociates the molecule correctly, remaining spin unpo-
larized throughout. Figure 1(c) shows CPKS calculations
for many temperatures, where the error never exceeds 20%.
We show later that orbital-free Thomas-Fermi (TF), and
even classical, CP calculations agree reasonably with
CPKS, are accurate for all T > TF, and have errors that
vanish in the high temperature limit, providing an in-
expensive alternative when temperatures are beyond the
convergence limit of KS DFT.
Theory.—We consider nonrelativistic purely electronic

problems, and use Hartree atomic units throughout. The
pair density of the exact ground-state wave function !!

P!!r1;r2"#N!N!1"
X

"1"2

Z
d3;…;dNj!!!1;…;N"j2; !2"
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D. Finding the functional with machine learning
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Convergence for infinite chain
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Pure density functional for strong correlations and the thermodynamic limit from 
machine learning Li Li, Thomas E. Baker, Steven R. White, Kieron Burke, Phys. Rev. 
B 94, 245129 (2016).



J. Chem. Phys. 105, 9200 (1996)

Learning to approximate XC functionals potentials

density
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NN: 1 hidden layer with 8 units

J. Chem. Phys. 148, 241737 (2018) J. Phys. Chem. Lett. 10, 6425 (2019)

12,800 systems for training

J. Phys. Chem. Lett. 10, 7264 (2019)

50 H2 and HeH+→ 243,400 
points for training



Supreme importance of energy

• Almost all applications of ground-state KS-DFT 
are designed to produce E (not v(r), not n(r)).

• Most energy errors are dominated by the 
functional error, not the density error (and 
therefore not the potential error).

• Map from n(r) to v(r) notoriously tricky.
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Understanding and reducing errors in density functional calculations Min-Cheol Kim, 
Eunji Sim, Kieron Burke, Phys. Rev. Lett. 111, 073003 (2013).



Why the density?

• Density is all possible derivatives of energy 
with respect to the one-body potential

n(r) = !E /!v(r)

• Eg density contains the force, i.e., dE/dR, at a 
data point

• Bypasses all need for analysis of relation 
between density and potential.
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Kohn-Sham regularizer
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Kohn-Sham Equations as Regularizer: Building Prior Knowledge
into Machine-Learned Physics

Li Li (!!) ,1,* Stephan Hoyer ,1 Ryan Pederson ,2 Ruoxi Sun (!!!) ,1 Ekin D. Cubuk ,1

Patrick Riley ,1 and Kieron Burke 2,3

1Google Research, Mountain View, California 94043, USA
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(Received 18 September 2020; accepted 3 December 2020; published 20 January 2021)

Including prior knowledge is important for effective machine learning models in physics and is usually
achieved by explicitly adding loss terms or constraints on model architectures. Prior knowledge embedded
in the physics computation itself rarely draws attention. We show that solving the Kohn-Sham equations
when training neural networks for the exchange-correlation functional provides an implicit regularization
that greatly improves generalization. Two separations suffice for learning the entire one-dimensional H2

dissociation curve within chemical accuracy, including the strongly correlated region. Our models also
generalize to unseen types of molecules and overcome self-interaction error.

DOI: 10.1103/PhysRevLett.126.036401

Differentiable programming [1] is a general paradigm of
deep learning, where parameters in the computation flow
are trained by gradient-based optimization. Based on the
enormous development in automatic differentiation libra-
ries [2–5], hardware accelerators [6], and deep learning [7],
this emerging paradigm is relevant for scientific computing.
It supports extremely strong physics prior knowledge and
well-established numerical methods [8] and parametrizes
the approximation by a neural network, which can approxi-
mate any continuous function [9]. Recent highlights
include discretizing partial differential equations [10],
structural optimization [11], sampling equilibrium configu-
rations [12], differentiable molecular dynamics [13], differ-
entiable programming tensor networks [14], optimizing
basis sets in Hartree-Fock [15] method, and variational
quantum Monte Carlo [16–19] calculations.
Density functional theory (DFT), an approach to elec-

tronic structure problems, took an enormous step forward
with the creation of the Kohn-Sham (KS) equations [20],
which greatly improve accuracy from the original DFT
[21–23]. The results of solving the KS equations are
reported in tens of thousands of papers each year [24].
Given an approximation to the exchange-correlation (XC)
energy, the KS equations are solved self-consistently.
Results are limited by the quality of such approximations,
and a standard problem of KS-DFT is to calculate accurate

bond dissociation curves [25]. The difficulties are an
example of strong correlation physics as electrons localize
on separate nuclei [26].
Naturally, there has been considerable interest in using

machine learning (ML) methods to improve DFT approx-
imations. Initial work [27,28] focused on the KS kinetic
energy, as a sufficiently accurate approximation would
allow bypassing the solving of the KS equations [29,30].
For XC, recent works focus on learning the XC potential
(not functional) from inverse KS [31] and use it in the
KS-DFT scheme [32–35]. An important step forward was
made last year, when it was shown that a neural network
could find functionals using only three molecules by
training on both energies and densities [36], obtaining
accuracy comparable to human-designed functionals and
generalizing to yield accurate atomization energies of 148
small molecules [37]. But this pioneering work does not
yield chemical accuracy or approximations that work in the
dissociation limit. Moreover, it uses gradient-free optimi-
zation which usually suffers from poor convergence behav-
ior on the large number of parameters used in modern
neural networks [38–40].
Here, we show that all these limitations are overcome

by incorporating the KS equations themselves into the
neural network training by backpropagating through their
iterations—a KS regularizer (KSR) to the ML model. In a
traditional KS calculation, the XC is given, the equations
are cycled to self-consistency, and all previous iterations are
ignored in the final answer. In other ML work, functionals
are trained on either energies alone [41–44], or even
densities [33,34,45], but only after convergence. By incor-
porating the KS equations into the training, thereby
learning the relation between density and energy at every

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.
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1D H2 binding curves
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iteration, we find accurate models with very little data and
much greater generalizability.
Our results are illustrated in Fig. 1, which is for a

one-dimensional mimic of H2 designed for testing
electronic structure methods [46]. The distribution of
curves of the ML model directly predicting E from
geometries (direct ML) in Fig. 1(a) clearly fails to
capture the physics. Next, we demonstrate KSR with
neural XC functionals from the first two rungs of Jacob’s
ladder [47] by constraining the receptive field of the
convolutional neural network [48]. The local density
approximation (LDA) has a receptive field of just the
current point, while the generalized gradient approxima-
tion (GGA) includes the nearest-neighbor points, the
minimal information for computing the spatial gradient
of the density. In Figs. 1(b) and 1(c), the effect of the
KSR yields reasonably accurate results in the vicinity of
the data, but not beyond. The KSR LDA behaves
similarly to the uniform gas LDA [46]. When an XC
functional with a global receptive field is included in
Fig. 1(d), chemical accuracy is achieved for all separa-
tions including the dissociation limit. Similar results
can be achieved for H4, the one-electron self-interaction
error can easily be made to vanish, and the interaction
of a pair of H2 molecules can be found without any
training on this type of molecule (discussed below).
Modern DFT finds the ground-state electronic density by

solving the Kohn-Sham equations:

!
!
!2

2
! vs"n#$r%

"
!i$r% & "i!i$r%: $1%

The density is obtained from occupied orbitals n$r% &P
i j!i$r%j2. Here, vs"n#$r% & v$r% ! vH"n#$r% ! vXC"n#$r%

is the KS potential consisting of the external one-body
potential and the density-dependent Hartree (H) and XC
potentials. The XC potential vXC"n#$r% & #EXC=#n$r% is
the functional derivative of the XC energy functional
EXC"n# &

R
"XC"n#$r%n$r%dr, where "XC"n#$r% is the XC

energy per electron. The total electronic energy E is then
given by the sum of the noninteracting kinetic energy Ts"n#,
the external one-body potential energy V"n#, the Hartree
energy U"n#, and XC energy EXC"n#.
The KS equations are, in principle, exact given the exact

XC functional [20,54], which in practice is the only term
approximated in DFT. From a computational perspective,
the eigenvalue problem of Eq. (1) is solved repeatedly until
the density converges to a fixed point starting from an
initial guess. We use linear density mixing [55] to improve
convergence, n$in%k!1 & n$in%k ! $$n$out%k ! n$in%k %. Figure 2(a)
shows the unrolled computation flow. We approximate the
XC energy per electron using a neural network "XC;%"n#,
where % represents the trainable parameters. Together with
the self-consistent iterations in Fig. 2(b), the combined
computational graph resembles a recurrent neural network
[56] or deep equilibrium model [57] with additional fixed
computational components. Density mixing improves

(a) (b) (c) (d)

FIG. 1. One-dimensional H2 dissociation curves for several ML
models trained from two molecules (red diamonds) with optimal
models (highlighted in color) selected by the validation molecule
at R & 3 (black triangles). The top panel shows energy (with
ENN, the nucleus-nucleus repulsion energy) with exact values
shown by the black dashed line. The bottom panel shows the
difference from the exact curves with chemical accuracy in gray
shadow. (a) directly predicts E from geometries and clearly fails
to capture the physics from very limited data. (b)–(d) show our
method (KSR) with different inputs to the model to align with the
first two rungs of Jacob’s ladder [47] (LDA and GGA) and then
global (a fully nonlocal functional). Uniform gas LDA [46] is
shown in brown. Gray lines denote 15 sampled functionals during
training, with darker lines denoting later samples. Atomic units
used throughout.

(a) (b)

(c)

FIG. 2. KS-DFT as a differentiable program. Black arrows are
the conventional computation flow. The gradients flow along red
dashed arrows to minimize the energy loss LE and density loss
Ln. (a) The high-level KS self-consistent calculations with linear
density mixing (purple diamonds). (b) A single KS iteration
produces vXC;%"n# and EXC;%"n# by invoking the XC energy
calculation twice, once directly and once calculating a derivative
using automatic differentiation. (c) The XC energy calculation
using the global XC functional.
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major shortcomings. First, the exact density is unknown for
new systems, so the model is not expected to behave
correctly on unseen initial densities for KS calculations.
Second, even if a model is trained on many densities for
single iteration prediction, it is not guaranteed to converge
the self-consistent calculations to a good solution [80].
On the other hand, since KSR allows the model access to all
the KS iterations, it learns to optimize the entire self-
consistent procedure to avoid the error accumulation from
greedy optimization of single iterations. Further compari-
son for training without or with “weaker” KSR is in the
Supplemental Material [48].
Next, we retrain our neural XC functional with KSR on

Ntrain=2 examples each of H2 and H4 molecules. Figure 4
shows the prediction accuracy of KSR with both energy
and density loss (full KSR), in comparison to KSR with
only energy loss (energy-only KSR) and the direct ML
model. We compute the energy mean absolute error on the
holdout sets of H2 (R ! !0.4; 6") and H4 (R ! !1.04; 6").
The average mean absolute error of H2 and H4 with various
Ntrain is shown in Fig. 4(a). Full KSR has the lowest error at
minimum Ntrain # 4, reaching chemical accuracy at 6. As
the size of the training set increases, energy-only KSR
reaches chemical accuracy at Ntrain # 10, but the direct ML
model never does (even at 20). Then we test models on
unseen types of molecules. In Fig. 4(b), both KSR models
have perfect prediction on H$

2 (R ! !0.64; 8.48") because of
the SIG in the neural XC functionals, while direct ML
models always have large errors. Finally, we take a pair of
equilibrium H2 and separate them with R # 0.16 to 9.76
bohr denoted as H2H2. KSR models generalize much better
than ML for “zero-shot” prediction [81], where H2H2 has
never been exposed to the model during training.

Why is the density important in training, and what use is
the nonconverged iterations? The density is the functional
derivative of the energy with respect to the potential, so it
gives the exact slope of the energy with respect to any
change in the potential, including stretching (or com-
pressing) the bond. Thus, the density implicitly contains
energetic information including the correct derivative at
that point in the binding curve. KS iterations produce
information about the functional in the vicinity of the
minimum. During training, the network learns to construct
a functional with both the correct minimum and all correct
derivatives at this minimum. In the paradigm of differ-
entiable programming, density is the hidden state carrying
the information through the recurrent structure in Fig. 2(a).
Correct supervision from Ln greatly helps generalization
from very limited data; see Ntrain " 6 in Fig. 4. But as Ntrain
increases, both KSRs with and without Ln perform well in
energyprediction.We show the solution ofH4withR # 4.32

(a) (b)

(c)

(d)

FIG. 3. (a) t-distributed stochastic neighbor embedding (t-SNE)
visualization [78] of density trajectories (gray dots) sampled by
KSR during training for R # 3.84 from initial guess (cross) to
exact density (red diamond). Darker trajectories denote later
optimization steps t. Note t-SNE projection does not perfectly
preserve the distance between densities. The light red ellipse
illustrates the vicinity of the exact density within
log10!

R
dx%nKS # nDMRG&2=Ne" " #4.25. Densities from each

KS iteration in trajectories are plotted in the corresponding
highlighted colors for (b) t # 0 untrained, (c) t # 220 optimal
in Fig. 1, and (d) t # 560 overfitting to training with bad
generalization on validation.

(a)

(b)

(c)

FIG. 4. Test generalization of models as a function of the total
number of training examples Ntrain: full KSR (blue), energy only
KSR (pink), and direct ML (orange) on (a) holdout H2 and H4,
and unseen types of molecules (b) H$

2 , (c) H2H2. Black dashed
lines show chemical accuracy. See the Supplemental Material
[48] for training details.

(a) (b)

FIG. 5. Density and KS potential of H4 with R # 4.32 from
neural XC functionals trained with (a) full KSR (blue) and
(b) energy only KSR (pink) on training set of size Ntrain # 20.
Exact curves are in gray. vs are shifted by a constant for better
comparison.
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6

FIG. S1. Test generalization of ML models as a function of the total number of training examples Ntrain: full KSR (blue),
energy only KSR (pink) and direct ML (orange) on (a) holdout H2 and H4, and unseen types of molecules (b) H+

2 (c) H2H2.
Black dashed lines show chemical accuracy. All the numerical values are listed in Table V.

TABLE V. Numerical values of test errors plotted in Figure S1.

Model Molecule
Ntrain

4 6 8 10 12 14 16 18 20

KSR Ln + LE

H2 and H4 3.91⇥ 10�3 8.15⇥ 10�4 7.04⇥ 10�4 7.82⇥ 10�4 1.32⇥ 10�3 8.64⇥ 10�4 1.23⇥ 10�3 1.25⇥ 10�3 1.11⇥ 10�3

H+
2 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5

H2H2 1.42⇥ 10�2 3.23⇥ 10�3 4.02⇥ 10�3 9.41⇥ 10�3 2.83⇥ 10�3 6.23⇥ 10�3 5.62⇥ 10�3 3.23⇥ 10�3 6.87⇥ 10�3

KSR LE

H2 and H4 4.82⇥ 10�2 3.99⇥ 10�3 2.27⇥ 10�3 1.66⇥ 10�3 1.23⇥ 10�3 1.17⇥ 10�3 9.37⇥ 10�4 1.35⇥ 10�3 9.73⇥ 10�4

H+
2 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5 1.71⇥ 10�5

H2H2 9.19⇥ 10�2 5.56⇥ 10�3 5.99⇥ 10�3 2.36⇥ 10�2 5.35⇥ 10�3 4.38⇥ 10�3 4.67⇥ 10�3 1.68⇥ 10�2 1.26⇥ 10�2

ML
H2 and H4 4.95⇥ 10�2 1.18⇥ 10�2 3.77⇥ 10�3 2.60⇥ 10�3 2.80⇥ 10�3 2.65⇥ 10�3 2.79⇥ 10�3 3.89⇥ 10�3 2.70⇥ 10�3

H+
2 4.10⇥ 10�1 2.71⇥ 10�1 3.26⇥ 10�1 3.01⇥ 10�1 3.09⇥ 10�1 3.07⇥ 10�1 3.08⇥ 10�1 3.09⇥ 10�1 2.76⇥ 10�1

H2H2 1.36 1.11 1.27 1.14 1.15 1.14 1.15 1.16 1.15

V. NEURAL NETWORKS

A. Architecture

Figure S3 illustrates the model architectures used in Figure 1. In the ML model that directly predicts energy
from geometry (Figure S3(a)), we first solve Eq. S4 to obtain a density for a particular molecular geometry. We use
this density as a smooth representation of the geometry. The first few layers (global conv-conv-SiLU-conv-SiLU) are
identical to the KSR-global in Figure S3(d). Next, we use convolution layers with 128 channels and dense layers to
increase the capacity of the model. Finally, a dense layer with a single unit outputs the scalar E.

The KSR-LDA and KSR-GGA approaches do not have the global convolution layer because the use of global
information violates the local and semi-local approximation. The first layer of KSR-LDA is a convolution with filter
size 1. It mimics the physics of the standard LDA approach by mapping the density value to the XC energy density
at the same point, ✏LDA

XC,✓ : R1 ! R1. KSR-GGA uses a convolution layer with filter size 3 to map the density values
of three nearby points to the XC energy density at the center point, ✏GGA

XC,✓ : R3 ! R1. The XC energy density in
the entire space is also computed pointwise, ✏XC =

�
✏
GGA
XC,✓[n(x�1, x0, x1)], . . . , ✏GGA

XC,✓[n(xm�2, xm�1, xm)]
 
2 Rm. The

remaining network structure of KSR-LDA and KSR-GGA is identical to KSR-global, except for self-interaction gate
(SIG).



Better densities via training

major shortcomings. First, the exact density is unknown for
new systems, so the model is not expected to behave
correctly on unseen initial densities for KS calculations.
Second, even if a model is trained on many densities for
single iteration prediction, it is not guaranteed to converge
the self-consistent calculations to a good solution [80].
On the other hand, since KSR allows the model access to all
the KS iterations, it learns to optimize the entire self-
consistent procedure to avoid the error accumulation from
greedy optimization of single iterations. Further compari-
son for training without or with “weaker” KSR is in the
Supplemental Material [48].
Next, we retrain our neural XC functional with KSR on

Ntrain=2 examples each of H2 and H4 molecules. Figure 4
shows the prediction accuracy of KSR with both energy
and density loss (full KSR), in comparison to KSR with
only energy loss (energy-only KSR) and the direct ML
model. We compute the energy mean absolute error on the
holdout sets of H2 (R ! !0.4; 6") and H4 (R ! !1.04; 6").
The average mean absolute error of H2 and H4 with various
Ntrain is shown in Fig. 4(a). Full KSR has the lowest error at
minimum Ntrain # 4, reaching chemical accuracy at 6. As
the size of the training set increases, energy-only KSR
reaches chemical accuracy at Ntrain # 10, but the direct ML
model never does (even at 20). Then we test models on
unseen types of molecules. In Fig. 4(b), both KSR models
have perfect prediction on H$

2 (R ! !0.64; 8.48") because of
the SIG in the neural XC functionals, while direct ML
models always have large errors. Finally, we take a pair of
equilibrium H2 and separate them with R # 0.16 to 9.76
bohr denoted as H2H2. KSR models generalize much better
than ML for “zero-shot” prediction [81], where H2H2 has
never been exposed to the model during training.

Why is the density important in training, and what use is
the nonconverged iterations? The density is the functional
derivative of the energy with respect to the potential, so it
gives the exact slope of the energy with respect to any
change in the potential, including stretching (or com-
pressing) the bond. Thus, the density implicitly contains
energetic information including the correct derivative at
that point in the binding curve. KS iterations produce
information about the functional in the vicinity of the
minimum. During training, the network learns to construct
a functional with both the correct minimum and all correct
derivatives at this minimum. In the paradigm of differ-
entiable programming, density is the hidden state carrying
the information through the recurrent structure in Fig. 2(a).
Correct supervision from Ln greatly helps generalization
from very limited data; see Ntrain " 6 in Fig. 4. But as Ntrain
increases, both KSRs with and without Ln perform well in
energyprediction.We show the solution ofH4withR # 4.32

(a) (b)

(c)

(d)

FIG. 3. (a) t-distributed stochastic neighbor embedding (t-SNE)
visualization [78] of density trajectories (gray dots) sampled by
KSR during training for R # 3.84 from initial guess (cross) to
exact density (red diamond). Darker trajectories denote later
optimization steps t. Note t-SNE projection does not perfectly
preserve the distance between densities. The light red ellipse
illustrates the vicinity of the exact density within
log10!

R
dx%nKS # nDMRG&2=Ne" " #4.25. Densities from each

KS iteration in trajectories are plotted in the corresponding
highlighted colors for (b) t # 0 untrained, (c) t # 220 optimal
in Fig. 1, and (d) t # 560 overfitting to training with bad
generalization on validation.

(a)

(b)

(c)

FIG. 4. Test generalization of models as a function of the total
number of training examples Ntrain: full KSR (blue), energy only
KSR (pink), and direct ML (orange) on (a) holdout H2 and H4,
and unseen types of molecules (b) H$

2 , (c) H2H2. Black dashed
lines show chemical accuracy. See the Supplemental Material
[48] for training details.

(a) (b)

FIG. 5. Density and KS potential of H4 with R # 4.32 from
neural XC functionals trained with (a) full KSR (blue) and
(b) energy only KSR (pink) on training set of size Ntrain # 20.
Exact curves are in gray. vs are shifted by a constant for better
comparison.
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Future directions

• Generalize to spin DFT

• Test many different variations and flavors

• Does it work for weak correlation?

• Does it work for asymmetric cases?

• Should all work for 3D just as well
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CONSPECTUS: Density functional theory (DFT) calculations are
used in over 40,000 scienti!c papers each year, in chemistry, materials
science, and far beyond. DFT is extremely useful because it is
computationally much less expensive than ab initio electronic structure
methods and allows systems of considerably larger size to be treated.
However, the accuracy of any Kohn!Sham DFT calculation is limited
by the approximation chosen for the exchange-correlation (XC) energy.
For more than half a century, humans have developed the art of such
approximations, using general principles, empirical data, or a
combination of both, typically yielding useful results, but with errors
well above the chemical accuracy limit (1 kcal/mol). Over the last 15
years, machine learning (ML) has made major breakthroughs in many
applications and is now being applied to electronic structure
calculations. This recent rise of ML begs the question: Can ML propose or improve density functional approximations? Success
could greatly enhance the accuracy and usefulness of DFT calculations without increasing the cost.
In this work, we detail e"orts in this direction, beginning with an elementary proof of principle from 2012, namely, !nding the
kinetic energy of several Fermions in a box using kernel ridge regression. This is an example of orbital-free DFT, for which a
successful general-purpose scheme could make even DFT calculations run much faster. We trace the development of that work to
state-of-the-art molecular dynamics simulations of resorcinol with chemical accuracy. By training on ab initio examples, one bypasses
the need to !nd the XC functional explicitly. We also discuss how the exchange-correlation energy itself can be modeled with such
methods, especially for strongly correlated materials. Finally, we show how deep neural networks with di"erentiable programming
can be used to construct accurate density functionals from very few data points by using the Kohn!Sham equations themselves as a
regularizer. All these cases show that ML can create approximations of greater accuracy than humans, and is capable of !nding
approximations that can deal with di#cult cases such as strong correlation. However, such ML-designed functionals have not been
implemented in standard codes because of one last great challenge: generalization. We discuss how e"ortlessly human-designed
functionals can be applied to a wide range of situations, and how di#cult that is for ML.

! KEY REFERENCES

• Snyder, J. C.; Rupp, M.; Hansen, K.; Mu!ller, K.-R.;
Burke, K.Finding density functionals with machine
learning.. Phys. Rev. Lett. 2012, 108, 253002.1 In a
proof of principle, kernel ridge regression was used to
approximate the kinetic energy of noninteracting
Fermions, and highly accurate self-consistent densities
were obtained using projected functional derivatives.

• Brockherde, F.; Vogt, L.; Li, L.; Tuckerman, M. E.;
Burke, K.; Mu!ller, K.-R. Bypassing the Kohn!Sham
equations with machine learning. Nat. Commun. 2017, 8,
872.2 The density-potential and the energy-density maps
were learned directly using machine learning. A
molecular dynamics simulation of malonaldehyde using
machine-learned functionals could capture the intra-
molecular proton transfer process.

• Li, L.; Baker, T. E.; White, S. R.; Burke, K. Pure density
functional for strong correlation and the thermodynamic
limit from machine learning. Phys. Rev. B 2016, 94,
245129.3 By training a machine learning model for
exchange-correlation, with data from a density matrix
renormalization group calculation, chemically accurate
results were obtained for atomic chains, even when
strongly correlated, and extrapolated to the thermody-
namic limit.

Received: November 9, 2020
Published: February 3, 2021

Articlepubs.acs.org/accounts

© 2021 American Chemical Society
818

https://dx.doi.org/10.1021/acs.accounts.0c00742
Acc. Chem. Res. 2021, 54, 818!826

D
ow

nl
oa

de
d 

vi
a 

U
N

IV
 O

F 
CA

LI
FO

RN
IA

 IR
V

IN
E 

on
 F

eb
ru

ar
y 

18
, 2

02
1 

at
 1

7:
50

:1
6 

(U
TC

).
Se

e 
ht

tp
s:/

/p
ub

s.a
cs

.o
rg

/sh
ar

in
gg

ui
de

lin
es

 fo
r o

pt
io

ns
 o

n 
ho

w
 to

 le
gi

tim
at

el
y 

sh
ar

e 
pu

bl
ish

ed
 a

rti
cl

es
.

Learning to 
Approximate 
Density Functionals 
Bhupalee Kalita, Li 
Li, Ryan J. 
McCarty, and Kiero
n Burke Acc. 
Chem. Res. 2021, 
54, 4, 818–826



Summary

• DFT is an enormously successful approach to finding 
ground-state energies in electronic structure of 
everything.

• `Failures’ of DFT for strong correlation are failures of 
approximations (bias toward local approximations)

• KS spectral function not close to true function is not a 
failure of DFT.

• Can show
– exact gap does not match KS gap
– KS equations with exact Exc[n] converge
– ML can produce fully non-local functionals which capture strong 

correlation.
• Thanks to US DOE for funding.
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