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Summary
‘Standard recipe’ 
variational and 
diffusion Monte Carlo 

Practical many-body 
method for first 
principles calculations

Application to strongly 
correlated systems
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Beyond the standard 
recipe to more 
accurately describe 
excited states

Density matrix 
downfolding 

Using correlated 
excited states to derive 
effective models—
interpolation



Variational Monte Carlo

⟨Ψ |𝒪 |Ψ⟩
⟨Ψ |Ψ⟩

=
∫ ⟨Ψ |R′ ⟩⟨R′ |𝒪 |R⟩⟨R |Ψ⟩dRdR′ 

∫ |⟨R |Ψ⟩ |2 dR

∫
⟨R |𝒪 |Ψ⟩

⟨R |Ψ⟩
|⟨R |Ψ⟩ |2

∫ |⟨R |Ψ⟩ |2 dR
dR

If  is semi-local (doesn’t need to be!):𝒪

𝒪L(R) ρ(R)

⟨𝒪L(R)⟩R∼ρ

A method for evaluating many-body integrals

Sample electronic coordinates, 
average local energy



The Slater-Jastrow wave function
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Short-range  
correlation

Charge 
rearrangement

Fumenal, Droghetti, Sanvito, Wagner 
JCTC 12 4233 (2016)



Fixed node diffusion Monte Carlo

E0 =
⟨Ψ |e−HτH |Ψ⟩
⟨Ψ |e−Hτ |Ψ⟩

=
∫ ⟨Ψ |R⟩⟨R |e−Hτ |R⟩⟨R′ |H |Ψ⟩dRdR′ 

∫ ⟨Ψ |R⟩⟨R |e−Hτ |R⟩⟨R′ |Ψ⟩dRdR′ 

lim
τ→∞

e−Hτ |Ψ⟩ = |Φ0⟩

Path integral!

Sign problem: When  is large,  is 
uncorrelated with  and the ratio goes to 0/0. 

Fixed node: Set 

 

τ ⟨Ψ |R⟩
⟨R′ |Ψ⟩

⟨R |e−HFNτ |R′ ⟩ = {⟨R |e−Hτ |R′ ⟩ if ⟨R |e−HFNτ |R′ ⟩ ≥ 0
0 otherwise



Fixed node DMC properties

1) Energy is an upper bound to the exact 
ground state energy. 

2) If the wave function nodes correspond to 
the ground state nodes, then will obtain the 
exact ground state energy. 

3) If the wave function nodes correspond to 
an excited state, then under some conditions  
you obtain the exact excited state.

Ceperley and. Alder.  J. Chem. Phys. 81 5833 (1984) 

Foulkes, Hood, and Needs. PRB 60 4558 (1999)



Example: TiO molecule ground state energy

90-95% of the correlation energy 
with scaling of  

Applications up to ~1000 electron 
systems

𝒪(N3
e ) + ϵ𝒪(N4

e )

Simons Collaboration on the Many-Electron Problem. PRX 10 011041 (2020)



Summary: ground states

Standard QMC methods offer a 
good scaling and accuracy 
tradeoff. 



VMC/DMC for excited states: standard method

Ψ0(r1, r2, …) ≃ Det[ϕi(rj)]e ∑ uij, i = 1,2,3,4,…, N

Ψ1(r1, r2, …) ≃ Det[ϕi(rj)]e ∑ uij, i = 1,2,3,…, N − 1,N + 1

Simply promote an electron from the N’th orbital to the N+1 orbital, then run DMC on 
that nodal surface.



VO2
Rutile  
high temperature  
metal

Monoclinic  
low temperature  
insulator) Kawakubo & Nakagawa 

J. Phys. Soc. Japan. 19 517 (1964)

Transition at  
340 K



Cartoon explanations

Peierls

Formation of 
dimers is major 
effect. 

MIT is a function 
of structure

Mott

MIT is a correlated ‘traffic 
jam’ effect 

MIT is NOT a function of 
structure

Parameters

First principles calculation

Model solver to compute 
electronic and magnetic 

properties

Guessed effective model



Cartoon explanations: predictions for zero temperature

MIT is a function 
of structure

MIT comes from 
electronic temperature



Density functional theory: a zoo of functionals

Wentzcovitch, Schulz, Allen Phys. Rev. Lett. 72 3389 
Liebsch, Ishida, Bihlmayer Phys. Rev. B 71 085109 
Grau-Crespo, Wang & Schwingenschlögl. Phys. Rev. B 86, 081101 (2012). 

Gap is too large!
Inconsistent 
with both 
theories

Simple first principles calculations are 
inconclusive.  

Problem with the model?  
Problem with the calculations?



Fixed node quantum Monte Carlo

Huihuo Zheng

Fixed-node DMC is consistent with a 
Peierls picture. 

Hypothesis: this is good enough first 
principles and it looks like a Peierls 
system.



Predicting a triplet excitation in VO2

Zheng, Wagner PRL 114 176401 (2015) 

 meV/VO2 

Therefore triplet state at 123 meV. 
Note: much larger than latent heat of transition!

E( ↑ ↑ ) − E( ↑ ↓ ) = 123(6)

Experiment, He et al.  PRB 94, 16119 (2016) 
Excitation at 460 meV

Zheng, Wagner PRL 2018 (erratum) 

Revised estimate: 
1) Should be per dimer! 
2) Singlet state is much lower than  

Underestimated by a factor of 4:  

Corrected estimate: 494(24) meV

↑ ↓



The guess and hope method is pretty decent

Systematic overestimate of a few 0.1 eV.
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Wagner, Ceperley. Rep. Prog. Phys. 79 094501 (2016)



Summary: simple VMC/DMC recipe (circa 1990-2010’s)
Recipe 

1) Prepare a mean-field wave 
function from DFT or HF.  

2) Optimize a Jastrow factor, 
perform DMC.  

3) For excited states, promote 
one-particle orbitals.

Advantages 

•Fairly efficient 
•90-95% of correlation 
energy 

•Can be accurate even for 
‘correlated’ systems

Disadvantages 

•State-by state approach, 
one many-body wave 
function at a time 

•If the mean field is bad, 
then we can’t always 
recover.

Density matrix downfolding: 
effective Hamiltonian from a 
sampling of states 

Excited state optimization 
algorithms: beyond mean-field 
ansatze for excited states



Density matrix downfolding: the idea

Diagonalized first principles  
Hamiltonian matrix

⟨Ψ1 |Hfp |Ψ1⟩ = ⟨Ψ1 |Heff |Ψ1⟩

+ all on- and off-diagonal matrix elements 

Strategy:  
Use high accuracy many-body wave functions to 
approximate the low-energy first-principles wave 
function. 

Find a compressed (simplified) representation of 
 so that all equations are satisfied. Heff

HeffHfp

Objective:  
Simplified model Hamiltonian

Proofs and details in: 
Zheng, Changlani, Williams, Busemeyer & Wagner. Front. Phys. 6 43, (2018). 
.
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Hand construction of low-energy wave functions

 

Minimize 

Heff ≃ − t∑
⟨ij⟩

c†
i cj + U∑

i

n↑
i n↓

i + V01 ∑
⟨ij⟩

ninj + V02 ∑
⟨⟨ij⟩⟩

ninj

(⟨Ψ |Heff |Ψ⟩ − ⟨Ψ |Hai |Ψ⟩)
2

Low-energy wave 
functions only vary  
orbitals

π

Map  states onto operatorsπ



Benzene molecule: selection of terms



DMD/QMC for graphene, comparison to cRPA

Schüler et al. PRL 111, 036601 (2013) 
Changlani, Zheng, Wagner. J. Chem. Phys. 143, 102814 (2015) 

t U* U*/t

cRPA 2.80 4.5(6) 1.6(2)

VMC 

(S-J, 

unoptimized)

3.6(1) 6.8(2) 1.9(1)

DMC 

(S-J, 

unoptimized)

3.04(3) 3.7(2) 1.2(1)

t

VMC 

(S-J, unoptimized) 2.5(3)

DMC 

(S-J, unoptimized) 2.5(1)



Extensions to spin-orbit models

Chang and Wagner. Phys. Rev. Res. 2 013195 (2020) 
Zhao et. al. ACS Nano. 7 791 (2013)
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Spin-orbit coupling in WS2 monolayer: 

DMC SO-splitting: 0.39(2) eV 
Experiment: 0.4 eV



Summary: simple VMC/DMC recipe (circa 1990-2010’s)
Recipe 

1) Prepare a mean-field wave 
function from DFT or HF.  

2) Optimize a Jastrow factor, 
perform DMC.  

3) For excited states, promote 
one-particle orbitals.

Advantages 

•Fairly efficient 
•90-95% of correlation 
energy 

•Can be accurate even for 
‘correlated’ systems

Disadvantages 

•State-by state approach, 
one many-body wave 
function at a time 

•If the mean field is bad, 
then we can’t always 
recover.

Density matrix downfolding: 
effective Hamiltonian from a 
sampling of states 

Excited state optimization 
algorithms: beyond mean-field 
ansatze for excited states



Going beyond the standard implementation

E[Ψ] =
⟨Ψ |H |Ψ⟩

⟨Ψ |Ψ⟩
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Moving beyond the standard recipe: using the flexibility of  in VMC|Ψ⟩

Many options, including new neural 
network wave function ansatze. Most have 
only been applied to ground states. 

Can we design an algorithm to optimize 
excited states for general wave functions?

Pfau, Spencer, Matthews, Foulkes. Phys. Rev. Res. 2 033429 (2020)



Penalty method
O[Ψ]
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Entire Hilbert 
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O[Ψ] = E[Ψ] + λ |⟨Ψ0 |Ψ⟩ |2

If  then the minimum is the first 
excited state. 

This method has been used in DMRG 
calculations. 

There are technical issues with 
implementation in VMC, which we overcame.

λ > E1 − E0

E1

E0

E0 + λ

Pathak, Busemeyer, Rodrigues, Wagner.  
J. Chem. Phys. 154 034101 (2021)



Optimizing orbitals in the presence of correlation: benzene

No optimization

Determinants and Jastrow

Orbitals, determinants, 
Jastrow



Importance of state-specific orbital optimization: Benzene

No optimization
Determinants and Jastrow
Orbitals, determinants, 
Jastrow



Comparison to experiment and coupled cluster

Improve accuracy by around 
30% by optimizing orbitals 
here.



pyscf/pyqmc package

It’s important to be able to apply different method to 
a problem.  

A single ecosystem that allows us to apply many 
techniques to first principles models of systems. 

http://github.com/pyscf/pyscf 
http://github.com/WagnerGroup/pyqmc

Garnet Chan

Tim Berkelbach

William Wheeler

Edgar Solomonik

http://github.com/pyscf/pyscf
http://github.com/WagnerGroup/pyqmc
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