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In arithmetic study of (super)congruences related to so-called Ramanujan-type
formulas for 1/π, a completely new strategy is established recently (joint work of
Victor Guo and Wadim Zudilin, Advances in Mathematics 2019). It is based on a
suitable q-deformation of the formulas; it leads to proofs of the congruences that are
not accessible to other methods and, additionally, hints at the way how one can q-
deform Dwork’s p-adic machinery of generalized hypergeometric functions. The new
method provides one with a natural key to not only q-deform arithmetic identities
but also the coefficients of underlying modular and automorphic forms and their L-
functions. One PhD project is aimed at this exploration and its applications. One
potential application of this q-strategy is to a study of ordinary primes.

Given a normalised cusp eigenform (aka newform) f(τ) =
∑∞

n=1 a(n)e2πinτ ∈
Z[[e2πiτ ]] (of some weight k and level N), ordinary primes are those for which a(p) 6≡
0 (mod p). It is widely accepted that the (Dirichlet) density of ordinary primes is 1
for non-CM newforms, though already the problem of showing that there are at least
infinitely many of them, when the weight of newform is greater than 3, remains open.
Slightly more can be said in the case when a newform f(τ) is CM. The problem
originates from another question of Lehmer (1943) about the nonvanishing of a(n)
for the Ramanujan’s Delta-function (which is a newform of weight 12 and level 1).
The expectation is that a(n) 6= 0 for all n = 1, 2, . . . , and this would follow from
a(p) 6= 0 for all primes p. For the “simpler” question about the ordinary primes, we
know that a(p) ≡ 0 (mod p) for p = 2, 3, 5, 7, 2411, 7758337633 and only for those,
in the range p < 1010. It is quite intriguing that almost nothing is known about the
ordinary primes, and the existing literature normally address the problem of finding
non-ordinary primes rather than ordinary ones. For the former, the “how often”
question makes perfect sense as well, however the expectation there is that there
are only finitely many of them for non-CM forms. Already a partial resolution of
the question about density of ordinary primes for a particular non-CM newform of
weight k > 3 is of great interest.

Other potential applications include constructing a conjectural q-de Rham com-
plex (and q-de Rham cohomology, aka Aomoto–Jackson cohomology) for smooth
Z-algebras.
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